MIN-MAX THEORY AND THE WILLMORE CONJECTURE

FERNANDO C. MARQUES AND ANDRE NEVES

ABSTRACT. In 1965, T. J. Willmore conjectured that the integral of the
square of the mean curvature of a torus immersed in R? is at least 272,
We prove this conjecture using the min-max theory of minimal surfaces.
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1. INTRODUCTION

The most basic geometric invariants of a closed surface ¥ immersed in
Fuclidean three-space are the Gauss curvature K and the mean curvature
H. These invariants have been studied in differential geometry since its very
beginning. The total integral of the Gauss curvature is a topological invari-
ant by the Gauss-Bonnet theorem. The integral of the square of the mean
curvature, known as the Willmore energy, is specially interesting because
it has the remarkable property of being invariant under conformal trans-
formations of R3 [7, 47]. This fact was already known to Blaschke [7] and
Thomsen [42] in the 1920s (see also [47]).

Sometimes called bending energy, the Willmore energy appears naturally
in some physical contexts. For instance, it had been proposed in 1812 by
Poisson [34] and later by Germain [14] to describe elastic shells. In math-
ematical biology it appears in the Helfrich model [16] as one of the terms
that contribute to the energy of cell membranes.

If we fix the topological type of ¥ and ask the question of what is the
optimal immersion of ¥ in R3, it is natural to search among solutions to
geometric variational problems. It is not difficult to see that the Willmore
energy is minimized, among the class of all closed surfaces, precisely by
the round spheres with value 47. The global problem of minimizing the
Willmore energy among the class of immersed tori was proposed by T. J.
Willmore [48].

The main purpose of this paper is to prove the Willmore Conjecture:

1.1. Willmore Conjecture (1965, [48]). The integral of the square of the
mean curvature of a torus immersed in R is at least 272.

The equality is achieved by the torus of revolution whose generating circle
has radius 1 and center at distance v/2 from the axis of revolution:

(u,v) = ((V2 + cos u) cos v, (V2 + cos u) sin v,sin u) € R?.

This torus can also be seen as a stereographic projection of the Clifford torus
Sl(%) X Sl(%) c S3.

The Willmore conjecture can be reformulated as a question about sur-
faces in the three-sphere because if w : S%\ {(0,0,0,1)} — R? denotes the

stereographic projection and ¥ € $3\ {(0,0,0,1)} is a closed surface, then
(1) / H?dY = /(1 + H?)d¥.
X b

Here H and H are the mean curvature functions of ¥ ¢ §% and & = #n(X) C
R3, respectively.

The conformal invariance of (1) motivates the following definition. Unless
otherwise stated, we will assume throughout the paper that surfaces are
smooth and connected.
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1.2. Definition. The Willmore energy of a closed surface ¥ C S is the
quantity:

W(B) = /2(1 + H?)dx.

% where k1 and k9

Here H denotes the mean curvature of >, i.e., H =
are the principal curvatures.
Note that if F: S — S3 is a conformal map, then W(F(X)) = W(X).

The Willmore conjecture follows as a consequence of our main theorem:

Theorem A. Let ¥ C S be an embedded closed surface of genus g > 1.
Then

W(E) > 272,
and the equality holds if and only if ¥ is the Clifford torus up to conformal
transformations of S3.

Theorem A indeed implies the Willmore conjecture because Li and Yau
[27] proved that if an immersion f : ¥ — S3 covers a point z € S? at
least k times, then W(X) > 4wk . Therefore a non-embedded surface ¥ has
W(E) > 81 > 2r2.

If ¥ is a critical point for the functional W, we say that ¥ is a Will-
more surface. The Euler-Lagrange equation for this variational problem,
attributed by Thomsen [42] to Schadow, is

AH +2(H? - K)H =0,

where K denotes the Gauss curvature. Hence the image of a minimal surface
under a conformal transformation of S3 is Willmore. (Minimal surfaces in
S3 with arbitrary genus were constructed by Lawson [26]). These are the
simplest examples of Willmore surfaces, but not the only ones. Bryant [8]
found and classified immersed Willmore spheres and Pinkall [32] constructed
infinitely many embedded Willmore tori in S® which are not conformal to a
minimal surface. Weiner [46] checked that the second variation of W at the
Clifford torus is nonnegative.

The existence of a torus that minimizes the Willmore energy was estab-
lished by Simon [40]. His work was later extended to surfaces of higher
genus by Bauer and Kuwert [6] (see also [21]). We note that the existence
of minimizers among higher genus surfaces in three-space also follows from
our work, since Theorem A immediately implies the Douglas-type condition
of [40]. The minimum Willmore energy among all orientable closed surfaces
of genus g is less than 87 [26, 18, 20|, and converges to 87 as g — oo [23].
The minimum Willmore energy among all immersed projective planes in R?
is known to be 127 [9, 19].

Conjecture 1.1 was known to be true in some particular cases. Willmore
himself [49], and independently Shiohama and Takagi [38], proved it when
the torus is a tube of constant radius around a space curve in R3. Chen
[10] proved it for conformal images of flat tori in S® (see [43] and [5] for
related results). Langer and Singer [24] proved it for tori of revolution (see



4 FERNANDO C. MARQUES AND ANDRE NEVES

also [17] for a generalization). Langevin and Rosenberg [25] proved that any
embedded knotted torus ¥ in R? satisfies [y, |K|d¥ > 16m. (Recall that
a torus is knotted if it is not isotopic to the standard embedding.) Since
[x H*dY > } [ |K|dY for any torus £ C R3, we conclude that W(X) > 87
if ¥ is knotted. Li and Yau [27] introduced the notion of conformal volume
and proved the conjecture for a class of conformal structures on 72 that
includes that of the square torus. The family of conformal structures for
which their method applies was later enlarged by Montiel and Ros [31]. Ros
[36] proved the conjecture for tori ¥ C S3 that are invariant under the
antipodal map. This result also follows from the work of Topping [43, 44]
on integral geometry. The conjecture was also known to be true for tori in
R? that are symmetric with respect to a point (Ros [37]).

Due to its connection to mathematical biology, the fact that the Clifford
torus and its cyclides minimize the Willmore energy was observed in mem-
branes with the aide of a microscope by Mutz and Bensimon [30] (see also
20]).

Finally, our understanding of the analytical aspects of the Willmore equa-
tion has been greatly improved in recent years thanks to the work of Kuwert-
Schétzle (e.g. [22]) and Riviere (e.g. [35]).

The next result is a corollary of Theorem A, but in fact we will prove it
first. This theorem rules out the existence of a minimal surface of higher
genus with area less than 272

Theorem B. Let ¥ C S? be an embedded closed minimal surface of genus
g > 1. Then area(X) > 272, and area(X) = 272 if and only if ¥ is the
Clifford torus up to isometries of S°.

1.3. Remark. We note that a closed minimal surface ¥ C S® of genus zero
has to be totally geodesic (Almgren [4]), and so its area is 47. If g > 1 and
¥ is not embedded then area(X) = W(X) > 87 > 272, by Li and Yau [27].

Finally, Theorem B will follow from the min-max theorem below. The
relevant definitions are in Sections 7 and 8.

Theorem C. Let ¥ C S® be an embedded closed surface of genus g > 1,
W(X) < 8, and let I be the homotopy class associated with ¥ (see Defi-
nition 8.8) with width L(IT). Then there exists an embedded closed minimal
surface ¥ C S3 such that

4 < area(X) = L(II) < W(X).

Theorems B and C together immediately imply the next corollary. The
corollary presents the Clifford torus as the min-max surface of a 5-dimensional
family in S3.



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 5

Corollary D. Let I be the homotopy class associated with the Clifford torus

S = §'(5) % S'(J5) € 8% Then

~

L(II) = arca(3) = 272,

We give an outline of our proof in the next section. Very briefly, to each
embedded closed surface ¥ in S3, we associate a continuous 5-parameter
family of surfaces (integral 2-currents with boundary zero, to be more pre-
cise) in S3 such that the area of each surface in the family is bounded above
by W(X). This family is parametrized by a map ® defined on the 5-cube
I, and is constructed so that

o &(x,0) = ®(x,1) = 0 (trivial surface) for any z € I*,

e ®(x,t) is an oriented round sphere in S® for any = € 9I*, t € [0, 1],

o {®(x,1)}(0,1) is a homotopically nontrivial sweepout of S3 for any
x € oI

If genus(X) > 1, this map ® has the crucial property that its restriction
to OI* x {1/2} is a homotopically nontrivial map into the space of oriented
great spheres, which is homeomorphic to S2. The min-max theory developed
in this paper shows that for any such family ® there must exist y € I° such
that area(®(y)) > 272

Acknowledgements: The authors would like to thank Brian White
for his constant availability and helpful discussions. The authors are also
thankful to Richard Schoen for his friendliness and encouragement while
this work was being completed. Finally we would like to thank Rob Kusner
for his interest and useful comments. Part of this work was done while the
authors were visiting Stanford University.

2. MAIN IDEAS AND ORGANIZATION

We outline our proof of the Willmore conjecture. For the purpose of this
discussion, we will ignore several technical issues until Section 2.11. Until
then, we will appeal mainly to intuition in order to explain the principal
ideas behind our approach.

2.1. Min-Max Theory. We begin by describing the min-max theory of
minimal surfaces in an informal way. We restrict our discussion to the case
of 2-surfaces in a compact Riemannian three-manifold M.

Let I™ = [0, 1]™, and suppose we have a continuous map ¢ defined on I"
such that ®(z) is a compact surface with no boundary in M for each z € I™.
Two such maps ® and @ are homotopic to each other relatively to 9I™ if
there exists a continuous map ¥, defined on I"*!, such that:

e U(y) is a compact surface with no boundary in M for each y € I"+1;
e U(0,x2) = ®(x) and ¥(1,2) = ®'(x) for each z € I"™;
o U(t,z) = P(x) = P'(z) for every t € I, x € OI"™.
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The set II of all maps @’ that are homotopic to @ is called the homotopy
class of ®. The width of II is then defined to be the min-max invariant:

L(II) :@ilréfn ESE area(®'(z)).

For instance, we could define ®(s) = {z4 = 25 — 1} C S for s € [0, 1]. If
IT; denotes its homotopy class, one should have L(II;) = 47. Informally, ®
can be thought of as an element of 71 (S, {0}), where S denotes the space of
2-surfaces in 3 (0 means the trivial surface, of area zero).

The main goal of what we call min-max theory is to realize the width as
the area of a minimal surface. The prototypical result is:

Min-Max Theorem. If
L(II) > sup area(®(x)),
zealn

then there exists a smooth embedded closed minimal surface ¥ C M (possibly
disconnected, with multiplicities) whose area is equal to L(IT). Moreover, if
{®;} is a sequence of maps in I1 such that

lim sup area(®;(z)) = L(II),

1—00 xeln

then we can choose ¥ to be the limit, as i — oo, of ®;(x;) for some x; € I™.

2.2. Remark. By analogy with standard Morse theory, and since n is the
number of parameters, one should expect that the index of ¥ as a minimal
surface is at most n. In general verifying this could be a delicate issue.

2.3. Canonical family. Let B* be the unit ball. For every v € B* we
consider the conformal map

-
|z — o
Note that if v # 0 then F, is a centered dilation of S® that fixes v/|v| and

—v/|v|. To each smooth embedded closed surface ¥ C S2, we associate a
canonical five-dimensional family of surfaces:

Ywt) = a{x € 83 :dy(x) < t}, (v,t) € B x [—7, 7).

F,:S8% = 8% F,(zx) (x —v) —w.

Here d, : S® — S2 denotes the signed distance function to the oriented
surface ¥, = F,(X), which becomes well defined after we choose a unit
normal vector field N to ¥ in S2. The distance is computed with respect
to the standard metric of S3. Note that X(v,7) = X(v, —7) = 0 for every
v € B,

The fundamental relation between the canonical family and the Willmore
energy is given by Ros [36] (see also [15]):

(2) area(X(,4)) < W(E,) = W(X) for all (v,t) € B* x [—m, 7],

where the last equality follows from the conformal invariance of the Willmore
energy.
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2.4. Boundary blow-up. In view of (2), we would like to apply the min-
max method to the 5-dimensional family

{20, w,)eBAx[—m,m]-

Unfortunately this family is not continuous in any reasonable sense, if we
try to extend it to B x [—7, 7] = I°. Asv € B* converges to p € ¥, we will
see that the limit depends on the angle of convergence. In fact, if

Un = |vn|(cos(sn)p + sin(sn) N (p))

is a sequence in B converging to p € ¥, i.e., |v,| tends to one, |v,| < 1, and
sy, tends to zero, the limit of ¥, ;) is the geodesic sphere

OBz _p14(—sin(f)p — cos(0)N (p)),

where

f = lim arctan on € [—E,E} .
n—00 1-— |’Un| 2°2

2.5. Remark. As v € B* converges to p € S%\ X, Y (v,t) converges to
OBryt(p) or OBi(—p),

depending on which connected component of S3\ ¥ contains p.

In order to fix the failure of continuity, and after computing every bound-
ary limit, we reparametrize the canonical family to make it continuous on

B'x [, 7]. This is done by “blowing-up” B along the surface X, a procedure
which we describe now.
We first choose € > 0 to be small, and 2. to be a tubular neighborhood

of radius e around ¥ in B
Q. = {(1 — s1)(cos(s2)p + sin(s2)N(p)) : |(s1,s2)| < &,51 > 0}.

. =4 54
Then we construct a continuous map 7': B- — B such that:

e T maps §4 \ Q. homeomorphically onto B*;
e T maps ). onto X by nearest point projection;
e the map

O(’U, t) = E(T(v),t)a (’U, t) S (B4 \ﬁa) X [—71', 71'],
admits a continuous extension to (B4 \ Q) x [—m, x|, which we still

denote by C.

Finally we extend C' to €2 so that C is constant along the radial direc-
tions. The resulting map C, defined on B x [—7, ], satisfies the following
properties:

(i) area(C(v, 7)) = area(C(v, —7)) = 0 for every v € §4;
(ii) C(v,t) is a geodesic sphere whenever v € S3 U Q,;
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(iii) for each v € S3, there exists a unique s(v) € [—m/2,7/2] such that
C(v,s(v)) is a great sphere, i.e., such that

C(v,5(v)) = 0Br2(Q(v))

for some Q(v) € S3.

If we take into account the orientation, dBy 5(p) # 0By /2(—p). Hence Q(v)
is also unique.
In particular,

(3) sup area(C(v,t)) = 4.
(v,t)€d(B" x[~m,7])
Because of condition (i), we can extend C' to be zero (trivial surface) on
—4
B x (R\ [—m,7]).

2.6. Min-max family. To apply the min-max theory described earlier, we
will reparametrize C to get a map ® defined on I°. The min-max family is
given by

O(x,t) = C(f(x),2n(2t — 1) + 5(f(x))), 2zl tel,

. . —4 N
for some choice of homeomorphism f : I* — B~ and some extension § :

B~ [—7/2,7/2] of the function s to B'. Note that this reparametrization
is chosen so that when = € 014, we have that

(4) ®(x,t) is a great sphere if and only if ¢ =1/2.
The estimate (2) becomes

(5) sup area(®(z)) < W(X).

rel®

From (3), we also get

(6) sup area(®(x)) = 4.
x€dI®
Informally, the min-max family ® can be thought of as an element of the
relative homotopy group 75(S,G), where S denotes the space of 2-surfaces
in S? as before and G denotes the space of geodesic spheres.

2.7. Degree of Q. The map ® is continuous and defined on I°, so let II be
its homotopy class. Because of (6), we have that sup,cys area(®(z)) = 4.
Therefore we need to check that L(IT) > 4w, in order to apply the Min-
Max Theorem to this class. Of course this might not be the case if X
is a topological sphere, but we will prove that L(II) > 47 whenever g =
genus(X) > 1.

The main topological ingredient in the proof of this fact is:

Q: 5% = 5% is a continuous map with degree equal to g.
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This means that the canonical family detects the genus of X, and this is
what will make the min-max approach work. The above fact, derived in
Section 3, is a consequence of the Gauss-Bonnet Theorem.

This has an important homological implication as follows. First note that

(7) ®(z,1/2) = 0Br/2(Q(f(x)))

for every = € 0I*. Now let T denote the set of all unoriented great spheres
in S3. By associating to each sphere in 7 the line generated by its center,
we see that 7 is naturally homeomorphic to RP3. If |®|(z) = |®(x)| denotes
the surface ®(x) after forgetting orientations (the reason we introduce this
will be explained in Section 2.11), then |®| maps dI* x {1/2} into T. The

fact that deg(Q) = ¢g and (7) then implies
(8) |@1.(0I* x {1/2}) = 2g € H3(RP?,Z).
This will play a crucial role in the proof that L(IT) > 4.

2.8. L(II) > 4m. Here we assume g > 1. The proof is by contradiction,
therefore assume we can find a sequence of maps {¢; };cy in II such that

sup area(¢;(z)) < 47 + 1
xeclb (3
Note that ¢; = ® on OI°.

First we summarize the argument. We will construct a 4-dimensional
submanifold R(i) C I°, with OR(i) C OI* x I, that separates I* x {0} from
I* x {1}. We construct R(i) so that for every z € R(i), the surface |¢;(z)| is
close to a great sphere in 7. This can be used to produce by approximation
a continuous function

fi: R(i) > T such that fi((z,t)) = |®(x,1/2)| for (x,t) € OR(i).

Since we prove that dR(i) is homologous to dI* x {1/2} in 9I* x I, the
existence of f; implies that |®[,(9I* x {1/2}) = 0 in H3(RP3,Z). This is in
contradiction with (8).

We now give more details. In what follows € > 0 is a fixed small number.
We denote by A(i) the set of all z € I° such that the distance of the surface
|pi(z)| to T (in an appropriate sense) is at least €. Since ¢;, like ®, vanishes
on I* x {0} and I* x {1}, these sets are both contained in A(7).

We define A(i) to be the connected component of A(i) that contains
I* x {0}. For the purpose of this discussion, we assume A(i) and A(i) are
compact manifolds with boundary.

We claim that A(7) does not intersect I*x {1} if 7 is sufficiently large. Sup-
pose this is false. Then we find, after passing to a subsequence, a sequence
of continuous paths

vi 1 [0,1] = A(i) € A(i) with ~;(0) € I* x {0}, ~(1) € I* x {1}.

The maps o; = ¢; o y;, defined on I = [0,1], are all homotopic to each
other. Their homotopy class IIy, just like in the one-dimensional example
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in Section 2.1, satisfies L(II;) = 47. Moreover, we have

1
47 = L(IT;) < suparea(o;(t)) < sup area(¢;(z)) < 4r + —.
tel z€l’b ¢

Therefore, by the Min-Max Theorem, we can find ¢; € I such that o;(t;)
converges to an embedded minimal surface S with area 4w. We must have
that S is a great sphere, but this contradicts the fact that the distance of
loi(t:)| = |#i(yi(ti))| to T is at least .

One immediate consequence of the claim is that

DA(i) N oI° C (AI* x I) U (I* x {0}).

Let R(i) be the closure of 9A(i) Nint(I°). It follows from the definition
of A(i) that
(9) d(|¢i(x)|,T) <e forevery x € R(i).

In particular, OR(i) C 0I* x I. In fact it follows from (4) that, given any
0 > 0, we can choose € > 0 sufficiently small so that

(10) OR(i) C OI* x [1/2 — §,1/2 + 4]
Let C(i) = 0A(i) N (0I* x I). Since DA(4) has no boundary, we get that
dC (i) = OR(i) U A(I* x {0}).
Therefore, since C(i) C I* x I, we have that OR(3) is homologous to OI* x
{0} in OI* x I. Consequently, OR(i) is also homologous to dI* x {1/2} in
oI* x I.

Now let ®(z,t) = |®(2,1/2)| € T for x € I*. Because ¢; = ® on dI°,
we get from (31) that |¢i’|aR(z’) is close to ®|pp(;). We use this, together with
(9), to approximate |¢;| on R(i) by a continuous map f; : R(i) — T such
that f; = ® on OR(i). This implies in homology that

©.[0R(i)] = fi[OR()] = [fi4O(R(i))] = [0fi4(R(i))] = 0.
On the other hand, we have
d,[0R(i)] = .[0I" x {1/2}] = |®|.([0I* x {1/2}]) = 29 € H3(RP?,Z).
We have reached a contradiction.

2.9. Proof of Theorem B. Let ¥ be the minimal surface with least area
among all minimal surfaces in S% with genus greater than or equal to 1.
(The existence of X follows from standard arguments in Geometric Measure
Theory. This is explained in Appendix A.) The area of ¥ is of course
bounded above by 272, the area of the Clifford torus.

We claim that index(3) < 5. This claim implies, by a theorem of Urbano
[45], that ¥ must be the Clifford torus up to isometries of S°.

Suppose, by contradiction, that index(¥) > 6. If {3, 4} peBtx[—mq]
denotes the canonical family, then (2) gives

sup area(X(, ) < W(X) = area().
(v,t)EBA X [—m,7]
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The last equality follows from the fact that X is a minimal surface. The fact
that 3 is minimal also implies that the function (v,t) — area(X(,)) has an
isolated global maximum point at (0,0). Since we are assuming that the
index is strictly bigger than the dimension of the parameter space, we can
slightly perturb {¥, 4} in a neighborhood of (0,0) to produce a new family
{E/(v,t)} with

(11) y t)egjg[—n ; area(X, ;) < area(X).

Let @' be the min-max family produced out of {Z,(v, t)}, just like we con-
structed ® out of {¥(,}. Let II' be the homotopy class of ®'. Since @'
agrees with ® on 9I°, and since g = genus(X) > 1, we can argue similarly
as in 2.8 to get L(II') > 4m. Therefore, because of (6), we can apply the
Min-Max Theorem to II' in order to find an embedded minimal surface 3.
(with possible multiplicities) in S% such that

area(3) = L(IT') > 4r.
But it follows from (11) that

L(IT') < sup area(®'(z)) < area(X) < 272
z€lb

Thus area(i) < area(¥) < 272

The area of any embedded minimal surface in S? is at least 4. It follows
that the multiplicity of 3 must be equal to one (otherwise arca(Z) > 8).
Moreover, since area(3) > 47 we get that genus(X) > 1. Since area(S) <
area(X), we obtain a contradiction with the least-area property of 3. There-
fore index(¥) < 5, and ¥ is the Clifford torus up to isometries of S3.

2.10. Proof of Theorem A. Let ¥ be an embedded closed surface in S3,
not necessarily minimal, with genus g > 1. We can suppose W(X) < 87
(otherwise the theorem follows immediately). Let ® be the min-max family
associated with X, and let II be its homotopy class. From 2.8, we get that
L(II) > 4n. Because of (6), we can apply the Min-Max Theorem to II in

order to find an embedded minimal surface ¥ (with possible multiplicities)
in S3 such that
area(X) = L(II) > 4.
But it follows from (2) that
L(II) < sup area(®(z)) < W(X) < 8.
z€ld

~

Thus 47 < area(X) < W(X) < 87. As in 2.9, this implies that the multi-
plicity of S is equal to one and that genus(i) > 1. It follows from Theorem
B that area(3) > 272. Hence W(X) > 272, and the Willmore Conjecture
holds. The rigidity statement follows by a perturbation argument similar to
the one in 2.9.
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2.11. The technique. We discuss the technical work that is necessary to
rigorously implement the min-max argument described above. In this sub-
section we assume the reader is familiar with some concepts of Geometric
Measure Theory (see Section 4 for definitions).

In 1981, building on the work of Almgren [3], Pitts [33] succeeded in
proving by min-max methods that any compact Riemannian manifold of
dimension n < 7 contains a smooth embedded closed minimal hypersurface.
The methods of [3] and [33] are based in tools from Geometric Measure
Theory, and comprise what we refer to in this paper as the Almgren-Pitts
Min-Max Theory. The surfaces of a min-max family in this theory are inte-
gral currents, while the convergence to the min-max minimal hypersurface
is in the sense of varifolds.

There are other treatments of the min-max theory, such as [41, 12]. These
impose stronger regularity and convergence conditions on the surfaces of a
min-max family. These conditions are not satisfied by our sets ¥, ;). In
particular, the family {E(v,t)} can exhibit the well-known phenomenon of
cancellation of mass: the possibility that two pieces of the surface match
with opposite orientations and cancel out.

In Section 2.1, we considered families of surfaces parametrized by the n-
cube. In reality, Almgren and Pitts work with a discretized version: the
maps are defined on the vertices of grids in I that become finer and finer.
The notion of continuity is replaced by the concept of fineness of a map,
and appropriate discretized notions of homotopy have to be provided. Pitts
chooses to work with families of currents that are fine in the mass norm
M. The advantage of using the M-norm in Z5(S%) is that it can easily be
localized (unlike the F-metric), making it ideal for area comparisons, cut
and paste arguments, and thus, regularity theory. The other advantage is
that the mass functional is continuous in the M-norm, as in the F-metric
(but not in the flat topology).

The disadvantage is that even the simplest family, like the 1-dimensional
family {x4 = s} described in Section 2.1, is not continuous with respect to
the mass norm. This issue is addressed by discretizing the family {z4 = s},
and then interpolating, which means adding currents to the family or grid
so that it becomes fine in the M-norm. This is done is a way that both the
original and the new families represent, under a suitable homomorphism,
the same element in H3(S%,7Z). The min-max procedure is then applied to
the interpolated family.

In this work we deal with the technical difficulties mentioned above by
following Almgren-Pitts approach. The min-max family ® is defined on I°
(as in Section 2.6), takes values in Z5(S%), and is continuous in the flat
topology. By discretizing and interpolating, we construct a sequence of
discrete maps ¢; that are fine in the mass norm and approximate ® in the
flat topology. Since the original map @ is already continuous in varifold
sense when restricted to 0I°, we can take ¢; to approximate ® on 9I° in
the F-metric. We also need to keep the fact that the width is bounded by



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 13

the Willmore energy of 3. Therefore the interpolation has to be carried out
in such a way that the supremum of M(¢;) is not much bigger than the
supremum of M(®).

The sets A(:z) and R(i) that appear in Section 2.8 will be replaced by
cubical singular chains in the rigorous argument. This is more appropriate
for the homological conclusions, and fits nicely with the discrete nature of
¢;. The reason we sometimes need to forget orientations and work with
|pil, || instead of ¢;, @, as in Section 2.8, is that the convergence to the
minimal surface in the Min-Max Theorem, using the Almgren-Pitts Min-
Max Theory, is in the sense of varifolds. Later |T'| will denote the varifold
associated with the integral current 7.

The construction of the interpolating maps ¢; follows basic ideas of Alm-
gren and Pitts, but is quite lengthy and technical. We dedicate a consider-
able part of the paper to carry it out.

2.12. Organization. The remaining material of this paper is organized as
follows.

The main work needed to prove the Willmore conjecture is in Part I. This
contains Sections 3, 4, 5, 6, 7, 8, 9, 10, and 11.

In Section 3, we define the five-dimensional canonical family {X, )} as-
sociated with an embedded closed surface ¥ in S3. We prove that the area
of ¥, 4) is bounded above by W(X), and we compute the degree of the map
Q:5%— 83

In Section 4, we collect the notation and the definitions from Geometric
Measure Theory that are relevant in this paper.

In Section 5, we reparametrize the canonical family and then we extend
it to obtain the continuous map C' (in the sense of currents).

In Section 6, we define the min-max family ® to which we will apply the
Almgren-Pitts Min-Max Theory. We collect all of its relevant properties.

In Section 7, we give the basic definitions of the Almgren-Pitts min-max
theory, adapted to our setting.

In Section 8, we state a theorem that produces a discrete sequence of
maps, needed by Almgren-Pitts min-max theory, out of the min-max family
®. We also discuss Pitts Min-Max Theorem, adapted to our setting.

In Section 9, we show that the width is strictly bigger than 4 if the genus
of 3 is at least one.

In Section 10, we prove Theorem B.

In Section 11, we prove Theorem A.

The technical machinery that makes the min-max argument work is done
in Part II. This contains Sections 12, 13, 14, and 15.

In Section 12, we prove that the canonical family has no concentration of
area.

In Section 13, we construct the discrete sequence of maps mentioned in
Section 8. This is done by discretizing ® and then interpolating.
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In Section 14, we prove an interpolation theorem that associates to a
discrete map a continuous map in the mass norm. This is needed in the
pull-tight argument of Section 15.

In Section 15, we adapt the pull-tight procedure of Almgren and Pitts to
our setting.

In Appendix A, we use standard arguments of Geometric Measure The-
ory to show that there exists a minimal surface with least area among all
embedded closed minimal surfaces with genus g > 1 in S3.

In Appendix B, we compute the conformal images of geodesic spheres in
S3.
In Appendix C, we construct the map r,,(j) used in Section 13.

Part I. Proof of the Willmore conjecture

3. CANONICAL FAMILY: FIRST PROPERTIES

Before we construct the canonical family we need to introduce some no-
tation.

3.1. Notation and definitions. We use the following notation:
e B* C R* the open unit ball and S? = 0B* the unit sphere.
[

BE(@Q)={zcR': |z —Q| <R} and B.(p)={z e S :d(z,p) <r},
where Q € R, p € S, R,r > 0, and d is the spherical geodesic
distance.

For each v € B%, we consider the conformal map

1— |v)?
F,:8% =8 F,(z)= (|x|v||2)(x —v) — .
Consider ¥ C S3 an embedded closed surface of genus g. We make several
definitions regarding the geometry of a tubular neighborhood of ¥ in B

e A and A* denote the disjoint connected components of S2\ ¥ =
AU A*.

e N denotes the unit normal to ¥ that points into A*.

e Denote

Di(r) = {s=(s1,52) € R*: |s| < 1,51 > 0}.
e If £ > 0 is sufficiently small, the map A : ¥ x D% (3¢) — B given by
(12) A(p,s) = (1 — s1)(cos(s2)p + sin(s2) N (p))

is a diffeomorphism onto a neighborhood of ¥ in B
e Let Q. = A(X x D3 (r)) for all r < 3c.

Consider the continuous map 7T : B* = B" such that
e T is the identity on B \ Qae;



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 15

e on {23, we have

T(A(p,s))) = Ap, o(]s])s),

where ¢ is smooth, zero on [0, €], strictly increasing on [e, 2¢], and
one on [2g, 3¢].

The map T collapses a tubular neighborhood of ¥ onto X..
Define

A, = F,(4), A, =F,(A"), andX, =F,(X)=0A4,
and let d, : S® — R be the signed distance to 3, C S3:
_ ) d@,%,) if z¢ A,
() = { —d(z,%,) if z € A,
3.2. Definition. The canonical family of X is the five-dimensional family
of 2-rectifiable subsets of S2 given by
V) = 0Ay) where Ay ={r€ S3 1 dy(z) < t},
where (v,t) € B* x [—, 7).
3.3. Remark.

(1) Let N, be the normal vector to ¥, given by N, = DF,(N)/|DF,(N)]
and consider the smooth map

V@) * X — S3 V) (y) = exp, (tNy(y)) = costy + sint Ny(y).
We have
B(ut) C Y ({Jac Y > 0}).
and so ¥, ) is indeed a 2-rectifiable set.

(2) Notice that A, o) = Ay, A r) = S3, and Ay, —xy = 0, which means
that

E(’U,O) = Eva E(’U’ﬂ') = @, and E(Uv_ﬂ') = @

The importance of this family is described in the next theorem. A related
result appears in Proposition 1 of [36].

3.4. Theorem. We have, for every (v,t) € B* x (—m,7),
area (3, 1)) < W(E).
Moreover, if ¥ is not a geodesic sphere and
area (3(,.4) = W(Z),

then t =0 and X, is a minimal surface.

Proof. The following calculation can be found in [36]:
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3.5. Lemma. We have

(k1(v) — ka(v))?
4

where ki(v) and ka(v) are the principal curvatures of ¥, at y, and H(v) =
k1 (v)+ka (v)
2

Jac P 4(y) = (1+ H(v)?) — (sint + H(v) cost)? — sin?t,
is the mean curvature.

Proof. Let {e1,es2} C T)X, be an orthonormal basis of principal directions,
with principal curvatures ki(v) and ko(v), respectively. Hence

Dw(w)lyei = (cost — k;(v) sint)e;,
from which we conclude that
Jac ¥, 4)(y) = (cost — ki(v) sint)(cost — ka(v) sint).
The lemma follows by expanding this out. ([

Using this lemma we can finish the proof. From Lemma 3.5, the area
formula, and conformal invariance of the Willmore energy we obtain

area(X(y ) < area () ({Jac ¥4 (p) > 0}))

< / (Jac w(v,t)) dy
{Jac w('v,t) 20}

_ 2
< / (1+ H(v)?) — sin? t(kl (v) = ka(v)) dax,
{Jac Yy, (p)>0} 4

2 _
< /2(1+H(v) ) dS, = W(X).

If equality holds for some (v,t) € B* x (—m, ), we obtain from the set of
inequalities above that {Jac 1, ;) > 0} = X and

. 2t R 22 t R
S 1AP2ay, = 220 [ |APRds =0,
2 2

Yo b

where A denotes the trace-free part of the second fundamental form. This

implies the rigidity statement.
O

3.6. Extended Gauss map. For every p € ¥ and k € [—00, +00| consider
_ k 1

13 - 5

(13) Qp k ) k2p T2

This induces a function Q : Q. — S such that

Q(A(p,s)) = @p,k where k = %

N(p) € S
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We extend this map in the following way:
- B B ~T(v) ifve A*\ Q,
(14) Q:5%uUQ.— 8% Q) = T(v) ifved\Q,

Q) ifve ..

Remark. If p € ¥, i.e, p = A(p,(0,0)), then Q(p) = —N(p) is the classical
Gauss map for surfaces in S3.

The next theorem is absolutely crucial to the proof of the Willmore con-
jecture.

3.7. Theorem. The map Q is continuous and
Q:5°— 83
has degree g.

Proof. We start by showing that Q:s3 = 53 is continuous. Clearly Q is
continuous on S® N €., A*\ Q., and A\ Q.. Assume

v=A(p,(0,t)) = costp+sint N(p) € Qa..
If v € S3 N Q. we see from (14) that

tl—lg’l_ @(’U) = Qp,Jroo =D and ‘ lim @(U) = @p,foo = D-

——E4
If v € A\ Q. we see from the definition of T and (14) that
lim Q(v) = lim T(v) = — lim A(p,(0,t)) = p.
t——e_ t

t——e_ —0_
If v € A%\ Q. we see from the definition of T' and (14) that
lim Q(U) = _tllgi_ T(’U) = _t1~1>r(1)1+ A(pv (Oat)) = —b

t—et

Hence @ : S® — S is continuous.

3.8. Lemma. The degree of Q:S® — S3 is g.

Proof. We will use the fact that Q is piecewise smooth. Let dV denote the
volume form of S3 and V the induced connection on S3.

Since Q@ = —T on A* \ Q., we have from the definition of T' that Q is an
orientation-preserving diffeomorphism of A* \ Q. onto —A*. Therefore

(15) /A T )= / v = vol(a).

Since @ = T on A\ ., we have from the _definition of T" that Q@ is an
orientation-preserving diffeomorphism of A\ €. onto A. Therefore

(16) Q' (dV) = / dV = vol(A).

A\Q. A



18 FERNANDO C. MARQUES AND ANDRE NEVES

Recall that {e1,e2,e3} € TpS® is a positive basis if {e1,e2,e3,p} is a
positive basis of R%, and {ej,es} € T,% is a positive basis if {e1,e2, N(p)}
is a positive basis of TpS3.

Consider the diffeomorphism G : 3 x [—¢,¢] — S3 N Q. defined by

G(p,t) = A(p, (0,t)) = cos tp +sin t N(p).

The orientation of ¥ x [—e&, €] is chosen so that {e1, es,0;} is a positive basis
whenever {e1,e2} is a positive basis of T%. We have

G*(el AN WAN 815)‘(;070) =e; Nex A N(p)
and thus G is orientation preserving.

Consider Q = Qo G : ¥ x [—¢,¢] — S3 which is given by

Qut)=—p- i_ﬁ N(p).

Hence

/S L @) = /E L E@ ) - /E L@,

Let {e1, e2} be a positive orthonormal basis of 7,3 which diagonalizes the
second fundamental form:

Ve N = —kie; fori=1,2.
We have

1
Dy @) = =2r+ =5

and
A /62 _ t2

9

DQpy)(ei) = <—z + k1> e; fori=1,2,

and thus, denoting by volgs the standard volume form of R*, we have

Q™ (dV)|(p1)(e1,€2,0¢) = dV|q(p,r) (DQ(e1), DQ(e2), DQ(0}))
= ,UOlR4|Q(p,t) (DQ(el)v DQ(€2)7 DQ(at)a Q(pa t))

( " mlﬂ)( t+\/ﬂk2> (-1)

——+
€ € € € c2 — ¢

since

DQ|(p,t) (8t) N Q(p7 t) =

1 t t g2 — t2
<—€p+€€2_t2N(p)> A <—€p— EN(p)>

[\
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The Gauss equation implies that K = 1 4 k1ks, where K denotes the
Gauss curvature of 2 and so we conclude that

(17) /Z @)

// (/ﬁi@ 242 — (ky + ko)t + 5;2—752) dt dx.
_ _2/2( —1)ds — 2/ Ay = —m2x(2) = 72(2g — 2).

In the calculation above we have used that
o [°. Ve2 — 2dt = &2 f:{% cos? 0df = %,
o [°. tdt =0,
o [°. 2 t2 fW/Z sin Hdﬂ—%.
Finally, since VOI(SS) = 272, we combine (15), (16), and (17) to obtain

Q' (av) = / Tan+ [ T+ / G
53 AN\ A\ 5300

= vol(A™) + vol(A4) + /EX o Q*(dV)

=272 + 7%(29 — 2) :2712929'/ dv.
S3

It follows that deg(Q) = g.
O

This lemma finishes the proof of Theorem 3.7. ([

For technical reasons that will be relevant later, we need to ensure that
the areas of the sets X, ;) cannot concentrate at a point:

3.9. Theorem. For every § > 0, there exists v > 0 such that
area(X(, 4 N Br(q)) <6 for every q € 53 and (v,t) € BY x [-m, 7.

The proof of Theorem 3.9 will be postponed to Section 12.

4. DEFINITIONS FROM GEOMETRIC MEASURE THEORY

In this section we recall some definitions and notation from Geometric
Measure Theory. A standard reference is the book of Simon [39]. Sometimes
we will also follow the notation of Pitts book [33].

Let (M,g) be an orientable compact Riemannian three-manifold. We
assume M is isometrically embedded in R”. We denote by B,(p) the open
geodesic ball in M of radius r and center p € M.

The spaces we will work with in this paper are:
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e the space I, (M) of k-dimensional integral currents in R” with sup-
port contained in M;

e the space Z;(M) of integral currents T € I (M) with 9T = 0;

e the closure V; (M), in the weak topology, of the space of k-dimensional
rectifiable varifolds in R” with support contained in M.

Given T € Ix(M), we denote by |T'| and ||T|| the integral varifold and
Radon measure in M associated with T', respectively; given V € Vi (M),
||V]| denotes the Radon measure in M associated with V. If U C M is an
open set of finite perimeter, the associated current in I3(M) is denoted by
[1U]).

The above spaces come with several relevant metrics. The mass of T' €
I (M), defined by

M(T) = sup{T'(¢) : ¢ € D*(R"), [|¢]| < 1},

induces the metric M(S,T) = M(S — T) on Ix(M). Here D*(RY) denotes
the space of smooth k-forms in R” with compact support, and ||¢|| denotes
the comass norm of ¢.

The flat metric is defined by

F(S,T) = inf{M(P)+ M(Q) : S—T = P+0Q, P € Ty(M),Q € Tys1 (M)},
for S,T € I(M). We also use F(T') = F(T,0). Note that
F(T) <M(T) forall T €I(M).
The F-metric on V(M) is defined in Pitts book [33, page 66] as:
F(V,W) =sup{V(f) = W(f) : | € Ce(Gr(R")),
|fI < 1,Lip(f) < 1},
for V,{W € Vy(M). Here C.(Gy(RY)) denotes the space of all real-valued
continuous functions with compact support defined on Gy(R%) - the k-
dimensional Grassmann bundle over RY. The F-metric induces the varifold
weak topology on Vi (M), and it satisfies
F(|S|,|T)) <M(S—T) forall S,T € I(M).
Finally, the F-metric on I(M) is defined by
F(5,T) = F(S=T)+F(S[,[T]).

We assume that I, (M) and Zi (M) both have the topology induced by the
flat metric. When endowed with the topology of the mass norm, these spaces
will be denoted by I (M;M) and Zi(M; M), respectively. If endowed with
the F-metric, we will denote them by I (M;F) and Z;(M;F), respectively.
The space Vi (M) is considered with the weak topology of varifolds.

If v is either the flat, mass, or F-metric, then

B/ (T)={S € Z,(M):v(T,S)<r}.
Given A, B C Vi (M), we also define
F(A,B) =inf{F(V,IW):V € A, W € B}.
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The mass M is continuous in the topology induced by the F-metric, but
not in the flat topology. In the flat topology the mass functional is only
lower semicontinuous. Keep in mind that

F(S—=T)<F(S,T)<2M(S-T)

for every S,T € I,(M).
The following lemma will be useful.

4.1. Lemma. Let § be a compact subset of Zi(M;F). For every e > 0
there is 0 > 0 so that for every S € S and T € Z(M)

M(T) < M(S) + 6 and F(T — S) <6 = F(S8,T) < e.

Proof. In [33, page 68], it is observed that lim;_,., F(S,T;) = 0 if and only if
lim; 00 M(T;) = M(S) and lim;_,oo F(S — T;) =0, for T;,S € Z(M). The
lemma then follows from the continuity properties of the mass functional and

the compactness of S in Z;(M; F), via a standard finite covering argument.
O

Given a C'-map F : M — M, the push-forwards of V € V(M) and
T € I;(M) are denoted by Fyu(V) and Fy(T), respectively. Denote by
X (M) the space of smooth vector fields of M with the C'-topology. The
first variation

0 : V(M) x X(M) - R
is defined as
d dF;
oV(X)=— Fiy (V)H||(M here — =X
() =5 JESVIAD,  where T

The first variation is continuous with respect to the product topology of
Vi(M)x X (M). Recall that a varifold V is said to be stationary if 6V (X) =0
for every X € X(M).

We will also need the following definition. I"™ denotes the n-dimensional
cube.

4.2. Definition. Given a continuous map ® : I — Z5(M), with respect to
the flat topology, we define

m(®, 7) = sup{||®(x)|[(B,(p)) : © € I",p € M}.

5. CANONICAL FAMILY: BOUNDARY BLOW-UP

Following the discussion in Section 2.4, we want to reparametrize and
extend the canonical family to be defined on all of B'x [—7, 7]. The resulting
family will be continuous in the sense of currents.

The goal is to produce, out of the canonical family, a five-dimensional
family of integral currents of boundary zero that is continuous in the flat
topology of currents (Theorem 5.1).
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For every k € [—o0, +00], consider
_ o
=g - arctan k € [0, 7.

We note that

— — — k
4 3 _ n_ — _ .
(18) By (Qpr) NS” = Br, (@) where Ry = \/2 <1 — k2>'
Consider also 7 : Q. — [0, 7] given by
52

72
52

7 (A(p,s)) =T, where k=

We extend this function in the following way:

o 0 ifved*\Q,
(190  7:5°0Q. = [0,7], T(v)= T ifve A\ Q.
7(v) ifv e Q..

The goal of this section is to prove the following result.

5.1. Theorem. The map below is well defined and continuous in the flat
topology:

C: B x [-m,7] = Z5(5°),
Clo,t) = oAl ifve B\,
P ABrw @)l o sPua.,

Furthermore,
M(C(v,t)) <W(S) for all (v,t) € B x [—m, 7]

and C(v,m) = C(v,—m) = 0 for every v € B

5.2. Preliminary results. Given sets A, B of R*, the symmetric difference
is denoted by

AAB=(A\B)U(B\ A).

Recall the definition of the map A in (12). If v, € B* is a sequence
converging to p € 3, then for all n sufficiently large there are unique p, € X
and s, € Di (3¢) so that v, = A(py, sn). Necessarily, p,, tends to p and s,
tends to zero. By passing to a subsequence, we can also assume that

lim "2 = e [—00, +00].
n—00 Spq
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5.3. Proposition. Consider a sequence (vn,t,) € B* x [—m, 7| converging
to (v,t) € B x [—,7].
(i) If v € B* then
lim vol (A(vn,tn) A A(v,t)) =0.

n—oo
(ii) If v € A then
lim vol (A(Umtn) A B7r+t(v)) =0

n—oQ

and, given any § > 0,
S(ontn) C Brytrs(v) \ Brii—s(v)  for all n sufficiently large.
(iii) If v € A* then
lim vol (A, +,) A Bi(—v)) =0

n—o0

and, given any § > 0,
Y (ontn) C Biys(—v) \ Bi_s(—v)  for all n sufficiently large.
(iv) Ifv=pe X and

Un = App, (501, 5n2))  with  lim "2 = k € [—o0, +00),
n—00 Sp1

then
lim vol (A(vn,tn) A B?k-i-t(Qch)) =0

n—oo

and, given any § > 0,
Yomtn) C Brrtt+s(Qpi) \ Brt—s(Qpr)  for all n sufficiently large.

Proof. We denote by N, the normal vector to ¥, with the same direction
as DF,(N). Consider the normal exponential map of 3, given by

exp, : By x R — S% exp,(y,t) = costy + sint Ny(y).

For every x € S3, there exists y € ¥, such that * = exp,(y,d,(7)). In
particular,

(20) (A \A(w)) C exp, (X, x [s,t)) for s <t.
We now prove Proposition 5.3(i). Let 6 > 0 and choose 1 > 0 such that
vol (exp, (X, X [t —n,t +n])) < 4.

The sequence of surfaces ¥, converges smoothly to ¥, since v, tends
to v € B This, together with the triangle inequality and the fact that ¢,
tends to t, implies that we can choose ng such that

A(th—n) C A(vn,tn) C A(v,t-i—n) for all n > ny.
Hence, for n > ng, we have

A tn) AAw sy C (Awtin \ Ain) -
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From (20) we have

(Aw,trn) \ Agwi—n)) C expy (X x [t =1, + 1))
and thus
vol (A(Un,tn) A A(th)) < 0

for each n > ny.
We now prove Proposition 5.3(ii). Let » > 0 be such that B,(v) C A.
Given § > 0, there exists ng € N such that for all n > ng

N S

(21) By 52(0) € Fop(By(0)) © Fop(A) = A and tn — 1] <
In particular,
(22) Y, C Bsja(—v)  for all n > ny.

If t > 0, then from (21) and the triangle inequality we have, for all n > ny,

S%\ Bs(—v) = Br—5(v) C Ay, —5/2) C Aw, .-
Hence, because B (v) = S3,
(23) wvol (A(Umtn) ABW_H(U)) <wvol(Bs(—v)) and Y(omtn) C Bs(—v).

Notice that if ¢ > 0, (21) implies that A, ;.) = 53 and hence Blvpstn) =0
for any sufficiently large n.
If t < 0, choose n1 > ng such that ¢,, < 0 for each n > ny;. We have

A(vn,tn) C Britgs(v) foralln>mng

because, picking z € A, ¢,) and y € ¥, with d,, (z) = —d(z,y), we obtain
from (22) and the triangle inequality

d(z,—v) > d(z,y) —d(y, —v) = —dy, () — d(y, —v) > —t, — g > —t—6.

Also
Brit-s(v) C Ay, 1,y foralln>mny

because if © € Bry4_s(v), then = ¢ Bs_;(—v) and we obtain from (22)

d(x,3y,) > d(z,0B;5/5(—v)) > —t —{—g > —tp.

Hence, for all n > nq,

(24) (Ao tn) A Brat(v)) Uy, 1) € Brtes(v) \ Brr—s(v)

In any case Proposition 5.3(ii) follows from (23) and (24), since we can
choose § arbitrarily small.

Proposition 5.3(iii) is proven exactly in the same way as Proposition
5.3(ii).

We now prove Proposition 5.3(iv).
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5.4. Lemma. There exists rg > 0 such that for every p € 3 we have

By, ((cosro)p — (sinrg)N(p)) C A,
and A C S\ By, ((cosro)p + (sinro)N(p)) .

Proof. Choose ry > 0 sufficiently small such that for every z € S3 with
d(z,¥) < rg, there exists a unique g € 3 such that the shortest geodesic
segment joining x and ¢ is orthogonal to ¥ at ¢. We must have d(z,q) =
d(z,Y).

If x1 = (cosro)p — (sinrg)N(p) and x2 = (cosro)p + (sinrg)N(p), then
d(z1,%) = d(x2,X) = ro. Therefore By, (z1) N X = By (x2) N X = (. The
result follows since 21 € A and zo € A*. O

Write vy, = A(pn, (Sn1, Sn2)), where ky, = spa/sn1 tends to k and p, tends
to p.

Set By = Br/2(=N(q)) = B
Lemma 5.4 that

4
2

f(—N(q)) N S3 for ¢ € ¥. Tt follows from

AAB,, C S*\ (By, ((cosro)ps + (sinro)N(p,))
U By, ((cosro)pn — (sinrg)N(pn))) -
From Proposition B.1 of the Appendix B, we obtain the existence of C' > 0
and ng € N such that
s3N B%kn_cm@pmkn) C F,,(A) c $°N By

ko o ar @pnkn)

for all n > ng, where a,, = \/1+ k2 s,,1. Notice that a,, — 0.
Therefore, from (18), we see that for each § > 0 there exists n; > ng such
that for every n > n; we have

(25) By, _5/2(Qp, k) C Fu,(A) C By, 15/2(Qp, k)
and
(26) Yo, C Bry 16/2(Qp ki) \ Bry, —6/2(Qp,. k)

Assume 7 € (0,7) and 0 < § < min{7, 7 — T }. The cases T = 0 and
7, = 7 can be dealt with as in the proof of Proposition 5.3(ii).
We can find ng > nq such that for each n > ny we have

|t = t] + d(Qp, » Qpe) + [Tk, — Til < 6/2.

Thus, from (25), we have @, 5, € F,, (4) and —Q,,; ¢ F,,(A) for n > ny.
We claim

Anitn) C Brytt16(Q, )  for all n > na.

Let n > ng, and z € Ay, +,)- Then d,, (z) < t,, and x = exp,, (¥, dv, (7))
for some y € ¥,,,.
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If d,,, (x) > 0, we obtain from (25)

d(l‘, @p,k) < d(l’, y) + d(y7 @p,k)
d(x7 y) + d(y7 @pn,kﬁn) + d(@pn,kn7@pvk)
dy, (2) + Tk, +08/2+d(@p, 1, Qp )

tn +Thy +0/24+dQp, 1 Qpii)
< Tr+t40.

If dy, (z) < 0, then z € F,, (A). Thus, from (25), any continuous path
joining z to —@Q),, . must intersect 3, and using (26) we obtain

d(z,—Q, 1) > d(x,—Q,, 1) — Q. k> Qp i)
> d(x,5y,) + d(0,, —Qp, 1,.) — AQp, £ Qp i)
> d(x,5y,) + 7 =T, —0/2—d(Q,, . Qpr)
= —dy,(x) + 7 =T, —0/2—d(Q,, 1, Qpr)

>ty + 1 —Th, —0/2 = d(Qp, 1 Qpi)
>t — Ty — 0.

VARV

A

In any case, d(x,épvk) < T +t+ 0 and the claim follows.
Arguing in the very same way, one can also show that
Bryyt-5(Qur) C Ay for all n > no.

Hence, for n > no,

This implies

(Ao tn) ABr1(Qpk)) U (0, t0) € Brpttrs(Qpi) \ Brypte—s(Qpi)-

The result follows since § > 0 can be chosen arbitrarily small. O

5.5. Proof of Theorem 5.1. We start by arguing that the function 7 de-
fined on §5 U €. is continuous. Clearly 7 is continuous on S3NQ., A%\ Q.,
and A\ Q.. Assume

v =A(p,(0,t)) = costp+sint N(p) € Q..
The continuity follows at once from

lim 7(v) = lim (g - arctan(k’)) =0

t—e_ k—o0

and
o . ™
lim 7(v) = lim (5 - arctan(k:)) =T.

t——eq k——oc0
Consider the map

4

U:B x|[—m 7] — I3(5%)
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AT if ve B*\ Q,
@) Ulo.t) = { [ (¢ )l | 3 \j
1By @) if v e S3UQL.
Note that, by Theorem 3.4, A(p(,) ) has finite perimeter and so indeed
U(v,t) € 13(S?) for all (v,t) € B x [—, 7]

5.6. Lemma. The map U is continuous with respect to the mass topology
of currents.

Proof. We will use the fact that if V, V5 C S3 are open sets, then
M([[Vi]] = [[V2[]}) = vol (V1 AV3).

Let (vn,t,) tend to (v,t) with v,,v € B*\ Q.. Hence (T(vy,),t,) tends to
(T'(v),t) and we obtain from Proposition 5.3(i) that

ILm MU (vn, t,) — U(v,t)) = 0.

Suppose now that (v,,t,) tends to (v,t) with v € A\ Q.. We have T'(v,,)
converging to T'(v) € A\ ¥ and 7(v) = 7. Thus U(v,t) = [|Brt(T(v))]].
For every n sufficiently large

U(vn, tn) = [|Brot, (T(vn))]]  if v, € S3,
or
U(vn, tn) = [‘A(T(Un),tn)” if v, € B".
In any case, using Proposition 5.3(ii), we get that

li_)m MU (vp, t,) — U(v,t)) = 0.

The case (vp,t,) tending to (v,t) with v € A*\ Q. follows similarly, using
Proposition 5.3(iii).

The restriction of U to Q. is clearly continuous in the mass topology
because @ and 7 are continuous functions.

It remains to consider the case (v,,t,) converging to (v,t) with v, €
B*\ Q. and v € 9Q.. We write

Un = A(pn, sn) and v = A(p,s),
where € = [s| < |sp|, s, sn € D% (2¢), and set

.S 82
lim 22 = 2 = k € [—o00, 400].

Recalling the definition of T in Section 3.1 we have
T(vyn) = Apn,uyn), where u, = ¢(|sn])Sn,

and so
. Un2
lim —=

=k.



28 FERNANDO C. MARQUES AND ANDRE NEVES

Therefore, Proposition 5.3(iv) implies that

nl;rrgo MU (vn, tn) = [| Bry+t(Qp i) 1])
= lim M([|Ar(w,)e)l] = [ Br:(@Qp 1)) = 0.

n—oo

We claim that U(v,t) = [|Br,++(Q,)|] and this implies the desired conti-
nuity at once.

Indeed, since
52

we see from the definition of @ in (13) and 7 in (19) that
Q) =Q,y and T(v) =7y
and this implies U (v,t) = (| Br,44(Qp 1) ]- O

|s|=¢ = k=

From the Boundary Rectifiability Theorem (Theorem 30.3 of [39]) we
know that C(v,t) = U (v,t) € Z2(S3) and Lemma 5.6 implies at once that
C is continuous in the flat topology.

We now argue that

M(C(v,t)) < W(S) forall (v,t) € B x [~m, 7).

This only needs justification if v € B*\ Q..

If 0" A(r(w)) C X(1(v),r) denotes the reduced boundary of A(p(y). (see
[13, Section 5.7] for the definition), we have from [39, Remark 27.7] and the
Structure Theorem in [13, p. 205] that

M(C(v,t)) = H* (0" Airw).p) < area(Sr).0)-

Theorem 3.4 then proves the desired inequality.

We are left to prove the final statement of Theorem 5.1. If v € S3UQ,, it is
clear from (27) that U(v,7) = [|S3|] and U(v, —7) = 0 and thus C (v, +7) =
oU (v, £m) = 0.

If v € B\ Q., set w = T'(v) € B*. Since ¥, is a smooth surface, there can
be no point p € S% with d(p,%,) > 7 (otherwise ¥,, C {—p}). Therefore
Ay = 5%, and Agy ) = 0. Since in this case U(v,t) = [|Aq4l], we
again have C'(v,£m) = U (v, £m) = 0.

6. MIN-MAX FAMILY

In this section we construct the continuous map ® into 25(S%) to which
we apply Almgren-Pitts Min-Max Theory.

Recall the definition of the map C in Section 5. From Theorem 5.1 we
can extend C' continuously to B'xR by defining C(v,t) = 0 when [¢t| > 7.
We denote this extension by C as well.

We also choose a continuous extension of 7, defined in (19), to a function

7B - [0, 7).
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. . . : —4
Choose an orientation preserving homeomorphism f : I* — B~ (hence
fiar+ is a homeomorphism from 91 4 onto S3) and consider

1 1
v:R—=R, y(s):Oifsgi, 7(8):23—1if32§.

6.1. Definition. The min-max family of ¥ is the map ® : I° — 2Z5(S?)
given by

(@) = C (f(@). 27 (2t = )+ (@) (5 —7(F@))-

6.2. Remark. The motivation for this definition is that if z € I* then we
see from the definition of the map C' in Theorem 5.1 that

(a,t) = C (@), 2 (2t = 1) + 2 —7(f(2)))
= 0| Bar (20— 1)1 /2(Q(f ()]

The properties of ® that are important for our proof are collected in the
next theorem. We denote by 7 C V5(S3) the set of all (unoriented) great
spheres, which is homeomorphic to RP?. The quantity m(®,r) appears in
Definition 4.2.

6.3. Theorem. Let ¥ C S? be an embedded closed surface of genus g. The
map

D I° = 2y(S%)
satisfies the following properties:

(i) @ is continuous with respect to the flat topology of currents;
(i) ®(I* x {0}) = @(I* x {1}) = {0};
(iii)
sup{M(®(z)) : z € I°} < W(Z);
(iv) the restriction ® : OI* x I — Z5(S3) is continuous in the F-metric;
(v) for every ¢ € I*, the map v : I — Z5(S%), ~(t) = ®(c,t) is such
that
o v(t) =0[|U(t)|]] for all0 <t <1, where U(t) are open sets of
finite perimeter of S3;
e U(0)=0 and U(1) = S3;
o the map t — [|U(t)|] is continuous in the mass norm.
(vi)
max{M(®(z)): 2 € OI°} < 4r
and
x€dI° and M(®(z)) =41 = |B(z)| € T;
(vii) for every § > 0 there is € > 0 so that, for all (x,t) € OI°,

F(|®(z, 1), T) <e = [t —1/2| <0
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(viii) the map |®|: OI* x {1/2} — T defined by
|®|(2,1/2) = |@(x,1/2)| = [0B7/2(Q(f ()]

has
| ([01" x {1/2}])| = 29 € H5(RP®, Z);
(ix) lim,_om(®,r) = 0.
Proof. Property (i) comes from the fact that ® is a composition of continuous

functions.
Because 0 <7 < 7, we have from Theorem 5.1 that

®(x,1) = C(f(2), 2 + (@) —7(f(@) =0 forall z € I*

Likewise, ®(z,0) = 0 and this shows property (ii).

Property (iii) follows from the mass estimate in Theorem 5.1.

From the definition of C' it is clear that C restricted to S% x [—7, 7] is
continuous in the F-metric and thus ® restricted to dI* x I is also continuous
in the F-metric. This proves property (iv).

Property (v) follows at once from the fact that C(v,t) = OU(v,t), where
the map U is defined in (27), and from Lemma 5.6.

Property (vi) follows from Remark 6.2. Property (vii) follows from prop-
erty (iv) and the fact that, from Remark 6.2, for every x € OI*

|®(z,t)| € T <= t=1/2.

Consider the 2-fold cover of 7 given by
7:8 =T, w(p) = 0B 2(p)|-
We have |®|(z,1/2) = 70 Qo f(z), and so Theorem 3.7 implies the degree
of x +— |®|(x,1/2) is 2g. This implies property (viii).

Property (ix) is a consequence of Theorem 3.9.

O

7. ALMGREN-PITTS MIN-MAX THEORY I

We will set up the notation needed to apply the Almgren-Pitts Min-Max
Theory to our setting. (M, g) will denote an orientable compact Riemannian
three-manifold.

7.1. Cell complexes. We denote by I" = [0,1]" C R" the n-dimensional
cube, with boundary I} = 0I™ = 1"\ (0,1)".

For each j € N, I(1,) denotes the cell complex on I' whose 1-cells and
0-cells (those are sometimes called vertices) are, respectively,

(0,379],[377,2-37],...,[1=377,1] and [0],[377],...,[1 —377],[1].
We consider the n-dimensional cell complex on I™:

I(n,j)=1(1,j) ®...®I(1,7) (n times).
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a=a® - ®ay,is a p-cell of I(n,7) if and only if «; is a cell of I(1,7)
for each i, and > | dim(a;) = p. We often abuse notation by identifying a
p-cell o with its support: aq X -+ X o, C I
We use the following notation:
e I(n,j), denotes the set of all p-cells in I(n,j);
e Iy(n,j), denotes the set of all p-cells of I(n,j) which are contained
in the boundary I§;
e Iy(n,j) is the subcomplex of I(n,j) generated by all cells that are
contained in the boundary Ijy.

Given a p-cell a € I(n, j), we use the notation:

e a(0) denotes the p-dimensional subcomplex of I(n, j) whose cells are
those with support contained in «;

o a(k) denotes the p-dimensional subcomplex of I(n,j+ k) formed by
all cells that are contained in «;

e o(k)y, with ¢ < p, denotes the set of all g-dimensional cells of a(k);

e og(k)q, with ¢ < p, denotes the set of all g-dimensional cells of a(k)
whose support is contained in the boundary of a.

e oy = a(0), denotes the g-dimensional faces of .

We also define the following cell subcomplexes of I(n, j):
(top) T(n,j) = I(n—1,5) @ ([1]),
(bottom)  B(n, j) = I(n —1,j) @ ([0]),
(side) S(n,j) = Io(n—1,j) ® I(1, 7).
(Here ([z]) is the cell complex whose only cell is [z].) Let T'(n, j),, B(n, j)p,
and S(n, j), be the corresponding sets of p-cells. Note that T'(1,j) = ([1]),
and B(1, j) = ([0]).
The boundary homomorphism
9:1I(n,j) = I(n,j)
is defined by

n

00" ®.. 0" => (-1 w.. . 000e.. 20",
=1
where

o(i) = Zdim(@p)
and

9(la,b]) = [b] = la] if [a,b] € I(1,j)1, O([a]) = Oif [a] € I(1,)o.

The distance between two vertices of I(n, j) is defined by

d:I(n,j)o x I(n,j)o = Zy, d(z,y) =3 |z —uyil.
=1
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It has the property that two vertices x,y satisfy d(z,y) = 1 if and only if
[z,y] is a 1-cell of I(n,j).

We will also need the map n(i,7) : I(n,i)o — I(n,j)o, defined as follows:
for each x € I(n,i)o, n(i,j)(x) is the unique element of I(n, 7)o such that

d(z,n(i,j)(z)) = inf{d(z,y) : y € I(n, j)o}-
Note that n(i,j)(z) =z if i < j, and n(k,7) = n(j,i) on(k,j) if i < j <k.

7.2. Maps into currents. Given a map ¢ : I(n,j)o = Z2(M), we define
the fineness of ¢ to be
M(¢(z) — 6(y))

f(¢) = sup { d(z.y)

The reader should think of the notion of fineness as being a discrete
measure of continuity with respect to the mass norm. The following lemma
is useful for computational purposes.

:x,yef(n,j)o,x#y}-

7.3. Lemma. f(¢) < § if and only if M(p(x) — ¢(y)) < & whenever
d(z,y) =1.

Proof. If f(¢) < 6, then it follows directly from the definition of fineness that
M(¢(z) — ¢(y)) < 0 whenever d(z,y) = 1. Suppose now that M(¢(z) —
¢(y)) < dif d(z,y) = 1. Given any =,y € I(n,j)o with d(z,y) = k, we can
find a sequence {y;}¥_, in I(n, 7)o so that yo = y, yx = =, and [y;, yi+1] is a
1-cell of I(n, 7). Thus

M(¢(z) — ¢(y)) _
d(z,y) B

k
3" M(b(yi) - dyi1)) < %k& _s
=1

S

7.4. Homotopy notions. Suppose we have a map
(I)O 201" — ZQ(M)
that satisfies

e ®( is continuous in the F-metric;
[}

o(I" ! x {0}) = Do(I" x {1}) = 0.
Let ¢; : I(n,k;)o — Z2(M), © = 1,2. We say that ¢y is n-homotopic to
o2 in (Z9(M; M), ®g) with fineness 0 if we can find k£ € N and a map

(U I(l,k)o X I(n,k’)o — ZQ(M)
such that

(i) £(v) <0;
(ii) if i = 1,2 and x € I(n, k)o, then

(i = 1], 2) = di(n(k, ki)(x));
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w(l(lv k)O X T(”a k)O) = UJ(I(L k)O X B(n’ k)O) = {0};

sup {F(¢(t,z) — o(x)) : (t,x) € I(1,k)o x S(n, k)o} <6,
M(y(t,x)) < M(Pg(z)) + ¢ for any (¢, ) € I(1,k)o x S(n, k)o.
In particular we must have that ¢; = 0 on T'(n, k;)o U B(n, k;)o,
sup{F(¢i(z) — Po(x)) : x € S(n, k;)o} <9,
and
sup{M(¢;i(z)) — M(®o(z)) : z € S(n, ki)o} <6,
for each i =1, 2.

We note that if ¢ is homotopic to ¢ with fineness §1, and ¢9 is homotopic
to ¢3 with fineness d2, then ¢, is homotopic to ¢3 with fineness max{dy, da}.

7.5. Remark. It is convenient to compare the above definition with a re-
lated definition used by Pitts [33, Section 4.1]: ¢ is n-homotopic to ¢9 in
(Z2(M;M),{0}) with fineness ¢, according to Pitts, if we can find k¥ € N
and a map
1/} : I(l, k‘)o X I(n,k)o — ZQ(M)
such that
(i) £(¢) < 6;
(ii) if i = 1,2 and x € I(n, k)o, then
U(li = 1], 2) = di(n(k, ki) (2));
(iii)
Y(S(n+1,k)o) = {0}.
Note that for the definition of Pitts to make sense, it is required that
¢i(Io(n, ki)o) = {0} for each i = 1,2. In the one-dimensional case (n =
1,®¢ = 0), our notion is equivalent to the definition of Pitts.

Instead of considering continuous maps from I™ into Zy(M; M), Almgren-
Pitts consider sequences of discrete maps into Z2(M) with fineness tending
to zero.

7.6. Definition. An
(n, M)-homotopy sequence of mappings into (Z2(M; M), @)
is a sequence of mappings {®; }ien,
¢i I(n, ki) — Z2(M),
such that ¢; is n-homotopic to ¢;+1 in (Z2(M; M), ®g) with fineness ; and

(i) lim;_y00 0; = 05
(i) sup{M(¢i(z)) : x € I(n, ki)o,i € N} < +o0.
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7.7. Remark. This is similar to the notion of an
(n, M)-homotopy sequence of mappings into (Z2(M; M), {0})

in [33, Section 4.1]. Both notions coincide in the one-dimensional case (n =
1,®9 =0).

The next lemma says that ¢; restricted to the boundary of its domain
tends to ®¢ in the F-metric.

7.8. Lemma. Let S = {¢;}ien be an (n,M)-homotopy sequence of map-
pings into (Z2(M; M), ®g). If I(n, k;)o denotes the domain of ¢;, then

Zlg& sup{F(¢i(z), Po(z)) : € Ip(n, ki)o} = 0.

Proof. First note that ¢;(z) = ®o(z) = 0 for x € T'(n, k;)o U B(n, ki)o. Since
®q is continuous in the F-metric, ®¢(I}) is a compact subset of Z3(M, F).
The lemma follows from condition (iv) in the definition of “homotopic to”,
by using Lemma 4.1. [l

The next definition explains what it means for two distinct homotopy
sequences of mappings into (Z2(M; M), ®¢) to be homotopic.

7.9. Definition. Given S' = {¢!};eny and S? = {¢?}ien (1, M)-homotopy
sequences of mappings into (Z3(M; M), ®q), we say that S is homotopic
with S? if there exists {d; }ien such that

e ¢! is n-homotopic to ¢? in (Z2(M;M), ®¢) with fineness d;;

7.10. Remark. There is a similar definition for (n, M)-homotopy sequences
of mappings into (Z2(M; M), {0}) [33, Section 4.1]. Once again these defi-
nitions coincide in the one-dimensional case (n =1, Py = 0).

The relation “is homotopic with” is an equivalence relation on the set
of all (n, M)-homotopy sequences of mappings into (Z2(M; M), Py). We
call the equivalence class of any such sequence an (n, M)-homotopy class of
mappings into (Z5(M; M), ®y). We denote by 77 (Z2(M; M), &) the set of
all equivalence classes.

Finally, a

(n, F)-homotopy sequence (or class) of mappings into (Z2(M;F)),{0})

is defined similarly to what we just did but with the mass M in the definition
of f being replaced by the flat metric F. The set of all equivalence classes
is denoted by 7} (Z2(M; F),{0}). In [33, Section 4.1] (see also [2, Section
3]) it is also considered 71 (Z2(M; F),{0}) to be the usual homotopy group
of equivalence classes of continuous mappings (I, Iy) — (Z2(M; F),{0})
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7.11. Min-Max definitions. Given II € 7} (Z5(M; M), ®y), let
L:1I— [0, +o0]
be defined by
L(S) = limsup max{M(¢;(z)) : « € dmn(¢;)}, where S = {¢;}ien.

1—00
Note that L(S) is the discrete replacement for the maximum area of a con-
tinuous map into Zo(M;M).

7.12. Definition. The width of II is defined by
L(II) = inf{L(S) : S € IT}.
We also consider
K :II - {K : K compact subset of Vo(M)},
given by
K(S)={V:V= ]lggo |¢i; (w5)| as varifolds, for some increasing

sequence {i;};en and x; € dmn(¢;;)}

for S = {¢i}i€N e IL
We say S € Il is a critical sequence for II if

L(S) = L(II).
The critical set C(S) of a critical sequence S € II is given by
C(5) = K(S) n{V : [[VI[(M) = L(5)}.
The set C(S) C V(M) is nonempty and compact.

8. ALMGREN-PITTS MIN-MAX THEORY II

In our setting, the Almgren-Pitts Min-Max Theory applies to elements
of 7 (Zo(M; M), ®g). Therefore it is important to generate an (r, M)-
homotopy sequence of mappings into (Z2(M;M), @) out of a continuous
map ® : I"™ — Z5(M) in the flat topology. This is the content of Theorem
8.2 below. In this section we also discuss Pitts Min-Max Theorem.

Let
1

c= g(1,...,1,0) e 1"t x {0},

and e, be the coordinate vector corresponding to the x,-axis.

We consider the following hypotheses for the continuous map in the flat
topology @ : I"™ — Z5(M).

(Ao) ®7» is continuous in the F-metric.
(A1) @(I""' x {0}) = @(I""! x {1}) = 0.
(A2) L(®) = sup{M(®(z)) : z € I"} < +o0.
(A3z) lim,_,om(®P,7) = 0 (recall Definition 4.2).
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(A4) The map t — ®(c + txy,), 0 < ¢t < 1, defines a non-trivial class in
m1(22(M; F),{0}).
The next lemma assures that the min-max family ® associated to an
embedded closed surface ¥ of S? satisfies the conditions above.

8.1. Lemma. Let ® be the min-max family defined in Definition 6.1. Then
& satisfies hypotheses (Ag)—(A4).

Proof. From Theorem 6.3 it is clear that hypotheses (Ap)—(As) are satisfied.
Let [y] € m1(22(5%; F),{0}) be the class generated by the map ~(t) =
D(c+try), 0 <t <1
For each i is sufficiently large, Corollary 1.14 of Almgren [2] guarantees
the existence, for each x € I(1,4)o \ {[1]}, of A;(x) € I3(S®) so that

(28)  0Ai(z) =(z +37") —v(x) and M(4i(z)) = F(94;(x)).

If F:m(22(8%F),{0}) — H3(S3,Z) is the natural isomorphism con-
structed by Almgren in Section 3 of [2] (see also Theorem 13.4 of [3]), then

3i-1
Flyl = | > Ai(j3™")| € Hs(S*,2),
=0

for every i is sufficiently large.

We now argue that F[y] = [S3] € H3(S%,Z) and so condition (A4) is also
satisfied.

From Theorem 6.3 (v) We know that

Y@ +37") = i(@) = 0([[U(z + 37 = [[U()]).
Thus
B(z) = [|U(z +37M)[] = [[U(2)[] - Ai(z) € I(5°)
satisfies 0B(z) = 0. The Constancy Theorem (see [39]) then implies that
B(z) = k[|M]] for some k = k(z) € Z. On the other hand, the continuity
of t — [|U(t)]] in the mass norm, together with continuity of v and (28),
implies that the mass of B(x) becomes uniformly and arbitrarily small as
i — oo. We conclude that if 4 is sufficiently large then B(z) = 0 for all
S I(l, kz)O
Therefore, for large 1,
Fil = | 22 (UG + 1379 = (UG
j=0
= [lv-[UO)l] = [$°] € H3(5*,2).

—

Then:
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8.2. Theorem. Assume ® satisfies hypotheses (Ag)—(Ay4).
There exists an (n, M)-homotopy sequence of mappings into (Z9(M; M), <I>|[6z)
éi : I(n, kz)O — ZQ(M),
with the following properties:
(i) There is a sequence {l;}ien tending to infinity such that for every
sequence z; € I(n, k;)o we have
lim sup M(;(z;)) < limsup{M(®(z)) : o € I(n,lj)n, z, z; € a}.
1—00 1—00

In particular
L({i}ien) < sup{M(®(2)) : z € I"};
(ii)
lim sup{F(¢i(z) — ®(2)) |z € I(n, ki)o} = 0;
(iii) The sequence of mappings
vt I(1,ki)o — Z2(M; M), vi(z) = (e + wey),
is a (1, M)-homotopy sequence of mappings into (Z2(M;M),{0})
that belongs to a non-trivial element of ﬂ#(Zg(M; M), {0}).
The proof of Theorem 8.2 is postponed to Section 13.

8.3. Definition. Let ¥ be an embedded closed surface in S? and let ® be
the min-max family associated to X constructed in Section 6. The homotopy
class associated with 3 is defined to be the homotopy class of S = {¢; }ien
given by Theorem 8.2 applied to .

8.4. Min-Max Theorem. We now adapt the celebrated Pitts Min-Max
Theorem to our setting. Assume we have a continuous map in the flat
topology
O I" — Z9(M)
which satisfies the hypotheses (Ap) — (A1). We denote by |®| : I" — Vo( M)
the map given by |®|(x) = |®(x)]| for z € I"™.
Consider IT € m}} (Z5(M; M), ®|jn).

8.5. Proposition. There exists a critical sequence S* € II. For each
critical sequence S*, there exists a critical sequence S € 11 such that
e C(5) C C(5);
o cvery 3 € C(S) is either a stationary varifold or belongs to |®|(1§).
The sequence S is obtained from a pull-tight procedure applied to S*. The
proof follows very closely Theorem 4.3 of [33] and is postponed to Section
15.
One consequence of Proposition 8.5 is the following theorem, established
by Pitts [33] when II is a non-trivial element of 7} (Z5(M; M), {0}). The
proof follows by simple adaptation of the arguments in [33].
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8.6. Theorem. Assume ® satisfies (Ag) — (A1).
Let IT € mff (Z5(M; M), Ppn) with
max{M(®(x)) : z € I} < L(II) < oo.

There exists a stationary integral varifold Y, whose support is a smooth
embedded minimal surface, such that

[1Z][(M) = L(I).
Moreover, if S* is a critical sequence then we can choose ¥ € C(S*).
Proof. Consider S = {p;}ien € II given by Proposition 8.5, and let
0 <e=L(S) — max{M(®(x)) : x € I}

Because every ¥ € C(S) satisfies

[IZ[[(M) = L(IT) > max{M(®(z)) : x € Ig'},
we obtain that every ¥ in C(.S) must be stationary. Since the construction
of [33, Theorem 4.10] can be made to not affect those ¢;(x) with

M(gpi(z)) < L(S) — /2,

and since

M(pi(z)) < max{M(®(z)): xz € Iy} +¢/2
for every z € dmn(y;) N I} and sufficiently large ¢, we can see that the
competitor {¢}ieny constructed by Pitts belongs to II. Therefore, as in
[33], we can find an almost-minimizing (in annular regions) ¥ € C(S). The

regularity theory developed in [33, Section 7] implies that ¥ is an integral
varifold whose support is a smooth embedded minimal surface. O

9. LOWER BOUND ON WIDTH

Let 7 C V2(S?) be the set of all varifolds that correspond to a great
sphere in S3 with multiplicity one. Note that 7 is naturally homeomorphic
to RP?.

Let

D I° = 2y(S°)
be a continuous map in the flat topology satisfying (Ag) — (A4) (thus The-
orem 8.2 can be applied) and the following hypotheses:

(A5) max{M(®(z)) : z € I} = 4, and
r el and M(®(z)) =4dr = d(z) € T;
(Ag) for every § > 0 there exists ¢ > 0 such that

1 1
(29) x €I} and F(\®($)\,T)§E:>:UEJ5:8I4><[2—5,2—1—(5];

(A7) |®|(OT* x [1/2]) C T and
D[, ([OI* x {1/2}]) # 0 in H3(RP?, 7Z).
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We define & : 9I* x I — T by
O(z,1) = |®(2,1/2)],

for (z,t) € dI* x I. In particular, ®(z) = |®(x)| for any = € dI* x {1/2}.
By applying Theorem 8.2 to ®, we obtain a (5, M)-homotopy sequence of
mappings into (Z2(S3; M), (I)\ISL)

C = {¢;}ien such that L(C) < sup{M(®(z)):z e I°}.
We denote by II the corresponding (5, M)-homotopy class.

9.1. Theorem. Assume ® satisfies hypotheses (Ag) — (Ar).
Then
L(IT) > 4r.

This theorem has the following important corollary.

9.2. Corollary. Assume ® satisfies hypotheses (Ag) — (A7). If
sup{M(®(z)) : x € I’} < 8,

then there exists a smooth embedded minimal surface ¥ C S with genus
g > 1 such that
area(X) = L(II) > 4.

Proof. Using Theorem 9.1 and (A5) we obtain that
4 = sup{M(®(z)) : = € I3} < L(II).

Hence we can apply Theorem 8.6 to conclude the existence of a stationary

integral varifold ¥, whose support is a smooth embedded minimal surface,

such that

4 < ||Z]|(S?) = L(IT) < L(C) < 8.

Every minimal surface in $® has area bounded below by 47 and so the

inequality above implies that ¥ has multiplicity one. Since by Almgren [4]

the great spheres are the only minimal surfaces in S® that are topological

spheres, it follows that ¥ has genus g > 1. This implies the desired result.
O

9.3. Proof of Theorem 9.1. We argue by contradiction. Assume that
L(IT) = 47, and consider the critical sequence S = {¢;}ien € II given by
Proposition 8.5. Suppose ¢; has domain I(5, k;), and f(¢;) = 0;. Note that
every varifold in C(9) is stationary, since any varifold in |®|(I3) with area
47 belongs to T.

We will use cubical singular homology groups with integer coefficients (see
Massey [28]). If X is a topological space, we denote by C),(X) the group of
cubical singular n-chains in X with integer coefficients. If f : X — Y is a
continuous map, we denote by fu : Cp(X) = Cp(Y) and fi : Hy(X,Z) —
H, (Y,Z) the homomorphisms induced by f.
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Note that we can identify a € I(5, k;),, with a p-singular cube « : IP — I°
in I° in a natural way (through an affine map). If R = Zael(5,ki)p N0 €

Cp(I%), ny € Z, we denote by R, the set of all g-cells of I(5,k;) that are

faces of some a with ny # 0. In this case we say that R is subordinated to

1(5,k;). The support of R is the union of the supports of all o with n, # 0.
The proof is divided in three steps.

9.4. First step: We construct a 4-chain R(i) € Cy(I°), subordinated to
(5, k;), with

support(9R(i)) C OI°.

The chain R(i) is constructed so that |¢;(x)| is sufficiently close to T for
any = € R(i)o.

Let &g > 0 be small, to be chosen later. Then we choose § > 0 such that
(30) zeJs=0I*x[1/2—6,1/2+ 6] = F(|®(x)],d(z)) < e0.
It follows from condition (Ag) that there exists 0 < ¢ < g¢/2 such that
(31) x € 0I°, F(|®(2)|,T) < 2 =z € Js.

Consider

ali) = {a e 1(5,k)s : F(|s(x)], T) > g for allz € ag} .

Let a(i) be the set of 5-cells o € a(i) for which we can find a sequence
{aj}é-zl C a(i) with a1 = o, oy = 8 ® [0,37%] for some B € I(4,k;)s, and
such that a; and aj41 share a common 4-face for each j = 1,...,1 — 1.
Because ¢; vanishes on (I(4, k;) ® ([0]))o, if € is sufficiently small we have
that 3 ® [0,37%] € a(i) for every 3 € I(4,k;)s. Loosely speaking, Uaea(i)@
is the connected component of Uyeqg(;)cv that contains I 4 x {o}.

Let b(7) denote the set of 4-cells in I(5, k;) that are faces of exactly one
5-cell in a(7). Consider the following 5-chain

Ay = D> aeCs5(I).
acali)
We have
0A(1) = Z sgn(a)a,
ach(i)

where sgn(«) is equal to 1 or —1. Note that 8 ® [0] € b(i) for every 3 €
I(4,k;)4. From the definition of the boundary homomorphism, we have that
sgn(f ® [0]) = —1 for every 5 € I1(4,k;)4.

Let ¢(i) be the set of 4-cells of b(i) that belong to the subcomplex T'(5, k;)U
S(5, k;). Then we have the disjoint decomposition below:

(32) b(i) N Io(5, ki) = c(i) U{a = B®[0]: B € I(4,ki)a}.
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We define the 4-chain:
(33) R(i) = 0A() — Z sgn(a)a

aEb(i)ﬁIo(5,ki)4
= 0A(1) + Z B ® 0] — Z sgn(a)a.
BeI(4.ki)a ace(i)
Note that support(9R(i)) C 9I°.

9.5. Lemma. We have
sup{F(|¢i(z)|,T) : x € R(i)o} < ¢
for every sufficiently large i such that R(i) # 0.
Proof. Let i be sufficiently large such that 50; < /2, and let x € R(i)o.
From the definition of R(i) we see that we can find a 4-cell
aecbi)N(I(5,ki)a\ Lo(5,ki)a) with z € ayp.

Thus « is the common 4-face of two distinct cells 8,y € I(5,k;)s. Since
a € b(i), we can suppose, after a possible relabeling, that § € a(i) and
v ¢ a(i). It follows from the definition of a(i) that v ¢ a(i). This means
that there exists y € vo with F(|¢i(y)|,T) < €/2. Note that d(z,y) < 5,
hence

F(oi(2), T) < F(|oi(y)l, T) + F(di(y)], [di(2)]) < % +50; <e.
(]

9.6. Second step: We prove that the support of R(i) separates I* x {0}
from I* x {1}. This uses the assumption that L(II) = 47 in a fundamental
way. Then we prove that R(i) is homologous to 9I* x {1/2} in H3(dI* x
I,7).

9.7. Lemma. If i is sufficiently large, then no 5-cell of the type f ® [1 —
37k 1], B € 1(4,k;)4, belongs to a(i).

Proof. Suppose, by contradiction, that there exists o = 8 ® [1 — 37% 1],
B € 1(4,k;)s, with a € a(i). Then we can find a sequence of maps
vi + I(1,m4)0 — 1(5, k;)o,

with

o n; > ki and d(vi(x),7vi(y)) < 1lifd(z,y) < 1;

e %([0]) € (I(4,k:) @ ([0]))o and ~;([1]) € (I(4, ki) @ ([1]))o;

e 7i(I(1,m:)0) C Uaea(s)ar-
In particular, putting o; = ¢; o y;, we have

(34) F(loi(2)], T) =

| M

for all z € I(1,n;)o.



42 FERNANDO C. MARQUES AND ANDRE NEVES

We now show that v; is homotopic to a vertical path, meaning we can find
a map
wi : I(l, Si)O X I(l, Si)O — 1(5, ]Ci>0
such that
(a) ¥;([0],+) = ~vi on(s;,n;) and ¥;([1],y) = ¢ + n(s;, ki) (y)es, where
1
c= g(l, 1,1,1,0) and e5; = (0,0,0,0,1);
I(4, ki) @ ([0]))o and  ¢5(-,[1]) € (1(4, ki) @ ([1]))o;

d(z,y) <1=d(¢i(z),¢i(y)) <5.

In order to show this we associate to each v; a piecewise linear continuous
curve 7; : I — I° given by
- . . J . . j+1
(35) Fi(t) =+ 1—=3"t)y <3m> + (3™t — )y ( 3 >
for every j37™ <t < (j+1)37™, j =0,...,3" —1. Note that ;(t) = v ([t])
if [t] S I(l,ni)o.
Let ¢ : I?2 — I° be given by 1(u,t) = (1 — u)%(t) + u(c + tes). Then

(36) ¥(0,t) = 35(t), (1,t) =cH+tes, foralltel,
and
(37) Y(I x {0}) € I* x {0}, (I x {1}) c I* x {1}.

Choose s; > n; sufficiently large so that

1 .
(38)  |Y(z) —v(y)| < ) for all z,y € 1(2,s;)p with d(z,y) < 1.
For z € 1(2,s;)0, we choose ¥;(z) € I1(5,k;)o to satisfy

d(¥i(x),(x)) = d(¢(x), I(5, ki)o)-

Note that such choice might not be unique. If 9 (z) € I* x {j}, j = 0 or
1, then it follows from the definition that v;(x) € (I(4,%;) ® ([j]))o. This
proves property (b) for ¢;. From (35) and (36) we obtain property (a) for ;.
Finally, from (38) we have that 1;(z) and 1;(y) are vertices of a common 5-
cellin I(5,k;) if z,y € I(2, s;)o satisfy d(x,y) < 1. This establishes property
(c).

Consider the sequence D = {0; };en, where o; = ¢;07;. From the fact that
7 is homotopic to a vertical path, we obtain that D is a (1, M)-homotopy
sequence of mappings into (22(5%; M), {0}) that is homotopic with {v; };en,
where

Vi - I(l, ki)O — 22(53), UZ(:U) = QZ)Z(C + 1‘65).

Hence D and {v; };en belong to the same element € in Wf(ZQ(SS; M), {0}).

Since S is homotopic with C (S, C' € II), we obtain from Theorem 8.2 (iii)
that € is non-trivial in 771éﬁ (Z5(53; M), {0}). Hence it follows from Pitts ([33],
Theorem 4.6, Corollary 4.7) that L(2) > 0. From Theorem 8.6 (applied



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 43

to Q € 71'?&(22(53;1\/_[), {0})), we get the existence of a stationary integral
varifold ¥ whose support is a smooth embedded minimal surface in S and
such that

(39) 4 < [|2]](83) = L(Q) < L(D) < L(S) = L(IT) = 4x.

The first inequality follows because the area of any minimal surface in S°
is at least 4w. The second inequality follows because D € 2, and the third
inequality follows because the definition of D implies K(D) C K(S). We
note that this string of inequalities implies that ¥ must be a great sphere.

From (39) we also get that D is a critical sequence (since L(Q2) = L(D)),
and that C(D) C C(S) (since L(D) = L(S)). In particular, every element
of C(D) is a stationary varifold because every varifold in C(S) is stationary.
We know from Theorem 8.6 that the surface ¥ in (39) can be chosen to
belong to C(D), hence

F(C(D), T)=0.

On the other hand, according to (34), we have F(C(D),T) > ¢/2. This

gives us a contradiction.

O

9.8. Lemma. For sufficiently large i, support(0R(i)) C Js and
[OR(i)] = [0I* x {1/2}]  in H3(Js,Z).
In particular, R(i) # 0.
Proof. We obtain from Lemma 9.7 that no 4-cell in b(i) belongs to the
subcomplex I(4,k;) ® ([1]). Therefore c(i) C S(5, k;)4. If
Ci) = Z sgn(a)a,
aee(i)

we get that C(i) is a 4-chain in OI* x I. Since, from (33),

OR(i)=0( Y Be0]|-0C(),

BeI(4,ki)a
we conclude that OR(i) is a 3-cycle in OI* x I and
[OR(i)] = [0I* x {0}] = [OI* x {1/2}] in H3(0I* x I, 7).
Since support(9R(i)) C OI* x I, we know from Lemma 7.8 that
Zlggo sup{F(¢i(z), ®(z)) : x € OR(i)o} = 0.

Combining this with Lemma 9.5 and (31), we obtain that support(9R(i)) C
Js if i is sufficiently large. Now we use a deformation retraction of 9I* x I
onto Js to get

[OR(i)] = [0I* x {1/2}] in H3(Js,Z).
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9.9. Third step: We construct a continuous map f; : support(R(i)) — T
that extends @ pport(ar(i))- From that we derive a contradiction, using that
||, ([OT* x {1/2}]) # 0 in H3(RP3, 7).

9.10. Lemma. For all sufficiently large i, there exists a continuous function
fi : support(R(i)) — T
such that fi\support((?R(z’)) = (I)|Support(aR(i))'

Proof. Throughout the proof of this lemma, D, (p) denotes a ball centered at
p of radius 7 in RP? with respect to the standard metric. Unless otherwise
stated, geometric quantities in RP? such as convexity, diameter, or distances,
are computed with respect to the standard metric.

Let 7 > 0 be chosen so that every ball of radius 117 in RP? is geodesi-
cally convex. The topology induced by the F-metric on 7 ~ RP? coincides
with the topology induced by the geodesic distance of RP3. Therefore, by
compactness, we can find ¢y > 0 so that

(40) p,q € T satisty F(p,q) < % = dist(p, q) <
0

N3

At this point we can choose g9 = ﬁ.
Let ¢ be sufficiently large such that Lemmas 9.5, 9.7, and 9.8 apply, and
we have:
(a) £(ei) < eo;
(b) for every z € S(5,k;)o we have F(¢;(x), ®(x)) < ¢ (using Lemma
7.8);
(c) for every a € Iy(5, ki),
sup{F(®(z),®(y)) : 2,y € N J5} < e0.
This combined with (40) gives

sup{dist(®(x), ®(y)) : 2,y € a N J5} < g

Define f0 : R(i)o — T as follows: if € dR(i)y we make fO(z) = (x),
otherwise we choose f?(z) € T such that
F(f)(x),16:(2)]) = F(|¢:(2)], T).
We now prove that

(41) diam(f2(ap)) < 2

2
for every o € R(i)4. From (40), it suffices to show that

F(f)(x), f)(y) < 2720

for every a € R(i)4 and z,y € ap. To that end, consider a € R(i)4 and
x,y € ap. In particular we have d(x,y) < 4. If both x,y € OR(i)p, then
the inequality above follows from property (c). If only one of the vertices,
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say x, belongs to OR(i)o then, using the definition of o, (30), Lemma 9.5,
Lemma 9.8, properties (a) and (b), we have that

(
F(f{(2),[{(y) < F(@(x),|2()]) +F(2()l, ()
< e+ F(2(2)l, £ (y))
< e+ F(2(2)l,|¢i(2)]) + F(li(x)], £ (1))
< 250+ F(lgi(@)], 19:()) + F(loiw)l, £ ()
< 6eo +F(oi(y)], T)

n

Tep < —.
€0 20

we have from Lemma 9.5 and property (a) that

IN

Finally, if 2,y ¢ OR(7)o
F(f; () P ()
F(f7(x), |¢i(2)]) + F(|¢i ()], |9:(y)]) + F(|di(y)

)
—F (I¢i(2)|, T) + F(|di(x)], [9i(y)]) + F(|oi(y)], T)

< begg < i
200

()

We now proceed to the iterative construction of f;. We cover RP? with
a finite union of balls {D, /5(pk)}n-,, where each Di1,(py) is geodesically

convex. We denote by R(i)%) (OR(i)1)) the union of the supports of all
g-cells o € R(i)q (o € OR(i)q) with ¢ < j. The map

ROV =T
is called a continuous j-extension of f if

(1) f] f? on R(i)o, and f] d on OR(i )( 7).
(2) for every a € R(i);, with j > 1, we have

diam(f/(a)) < (29 — 2+ 22)y,

Assuming the existence of a continuous j-extension fij of fio, J <3, we
will construct a continuous (j + 1)-extension f; Tof f2. Let a € R(i)j41. If
a € OR(i)j41, we set fi]Jrl = ® on a. In this case it follows from property (c)
that property (2) holds for . We note that, since f{ = ® on support(da),

we have fgﬂ = fg on support(da). If o ¢ OR(i);41, we know from (41)
and property (1) that

fﬁ(ao) C By(px) forsomek=1,...,N.

By applying property (2) to the j-faces of «, we obtain from the inclusion
above that

fij (support(da)) C B(21—1+2j72)77(pk)-
We can now use the convexity of Bii,(px) to construct a continuous map

fg“ : support(a) — B(i_14.25-2),(Pk)
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such that fij R fij on support(da). Furthermore, we have
diam(f/ ' (a)) < 2(27 =1+ 2772y = (271 — 2427 ).

It follows that fij *1 is a continuous and well-defined (j + 1)-extension of fzQ .
Arguing inductively, we construct a 4-extension f{ of f7. The map f; =

f#: support(R(i)) — T is continuous and satisfies f; = ® on support(9R(i)).
([

We now finish the argument. The map f; : support(R(i)) — T ~ RP3
constructed in Lemma 9.10 induces a homomorphism in homology

fis : Ho(support(R(i)), Z) — H,(RP?,Z).
Since f; = ® on support(9R(i)), we have
0. [0R(i)] = fi.[OR(D)] = [fix0(R())] = [0fi(R(i))] = 0.
But Lemma 9.8 implies that
O,[0R(i)] = ®.[0I" x {1/2}] = |®|.([0I* x {1/2}]) € H3(RP?,Z).
This is a contradiction since we have assumed from the beginning that
|®|.([01* x {1/2}]) # 0 in H3(RP3,7Z).
10. PrRoOF OoF THEOREM B
Let
F1 ={S c 5.8 is an embedded closed minimal surface of
genus g(S) > 1}.

The Jacobi operator of ¥ is given by L = A + |AJ? + 2, where A denotes
the second fundamental form of ¥. The index of 3, denoted by index(X), is
defined to be the number of negative eigenvalues of L.

Theorem B follows from the next theorem.

10.1. Theorem. We have

2% = inf area(S)
SeF1

and, for every ¥ € Fi, area(X) = 272 if and only if ¥ is the Clifford torus
up to isometries of S3.

Proof. From Theorem A.1, choose ¥ € F; such that
area(¥) = inf area(S) < 27°.
SeFi
Consider the min-max family ® (see Definition 6.1) and the homotopy class

IT (see Definition 8.3) associated with ¥. Theorem 6.3 (vi), (vii), and (viii)
implies that hypotheses (As), (Ag), and (A7) are satisfied. Thus we can
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apply Corollary 9.2 and conclude the existence of S € JFj so that, from
Theorem 6.3(iii), we have

area(S) = L(IT) < sup{M(®(z)) : 2 € I°} < W(X) = area(X).

Thus L(II) = area(X).

We want to show that index(X) < 5 because, by a theorem of Urbano [45],
that implies ¥ must be the Clifford torus up to isometries of S3. Before we
do so, we need to establish a non-degeneracy lemma for the Jacobi operator
on .

Let {e1,e2,e3,e4} be the standard orthonormal basis of R*. Forz € ¥,
define ¢;(x) = (N(x),e;) for each 1 < i < 4, and 95(z) = 1. Denote by E
the subspace of C*°(X) spanned by {¢;}1<j<s.

Notice that Lip; = 2¢p; for 1 <i < 4 (see [45]).

Recall the definition of F, in Section 3.1 and N, in Remark 3.3 (1).
Choose § > 0 such that the map

P:Bj(0) x (—6,8) x £ = 5%, P p(x) = (cost)Fy(x) + (sint)Ny(z)

has X, 4) = Pt (X), where {3, 4y} is the canonical family defined in Def-
inition 3.2, and such that P, is an embedding of ¥ into S8,
If1<i<4, z€X, we have

(4 Poe () N(e) ) = 2{es. N(a)) = ~201(0)

%\320

and so
d2
(42) o, e (Pl (9) = 4 JRT
Similarly,
d2
(43) (d8)2 area (P(O,s) (Z)) = —/ ¢5L¢5 dx.
[s=0 b

10.2. Lemma.

—/¢L¢d2<0 for every i € E\ {0}.
b

Proof. Let
f(v,t) = area(E(m)) = area(P(M)(E)), (v,t) € Bf;l(O) X (=4,9).

Since ¥ is minimal, we have f(0,0) = W(X) and Df(0,0) = 0. We also
know, from Theorem 3.4, that f(v,t) < f(0,0) for every (v,t) € B§(0) x
(—9,0). Hence D?£(0,0) < 0 and this means that

—/¢L¢d2<0 for every ¢ € E.
b
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Suppose the lemma is not true. We can find ¢ € E'\ {0} such that
—/ oLy dy = —/ YLpdY =0 for every ¢ € F.
Hence ” ”
(44) /quwidE—O for every 1 <i <4, and /EL¢dE—0.

This implies, since ¥5 = 1 € F, the existence of ¢ € R such that

4
1=cp+1v, where o= Zaiwi.
i=1
Hence, because 1 is an eigenfunction of L, we have

/E(|A|2—|—2)d2:/EL(l)dZ:/Z((:LQS—I—Lw)dZ:Q/EwdE.

On the other hand, we also have 1 = c?¢? + 2c¢tp + ¥, If we integrate
over 3, we obtain from (44)

area(X) :/2(02¢2+20¢¢+1/12)d2Z/EdeE:/Ew(l—cqﬁ) dy
:/wdz.
b

2area(X) < /(\A|2 +2)dx = 2/ P d¥ < 2area(X).
% b

Hence

This implies A = 0 and so X is a great sphere. This contradicts our assump-
tion that X € F7. O

Suppose, by contradiction, that index(X) > 6. The idea is to construct a
comparison map

C' B x [m, 7] = 25(5?)
which coincides with C', the map given by Theorem 5.1, outside a neighbor-
hood of the origin. Using this map we will conclude that
area(X,,) = area(X) for some w e B*\ {0}.

Finally, we show that this identity implies Y. is totally geodesic, which gives
us the desired contradiction.
Because index(X) > 6, there exists ¢ € C*°(3) such that
o — [pLpd¥ <0,
o — [pLypdE =0for 1 <i<5.
Let X be any vector field such that X = ¢N along ¥, and let {I's}s>0 be
the one parameter group of diffeomorphisms generated by X.
Define f: B}(0) x (—4,8) x (—4,8) — R by

f(v,t,s) =area(I's o P(U’t)(E)).
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We have f(0,0,0) = area(X), and Df(0,0,0) = 0 since ¥ is minimal. It
follows from the choice of ¢, (42), (43), and Lemma 10.2, that D?f(0,0,0) <
0. This means that there exists 0 < §; < ¢ such that

(45) area(l's o P, 4 (X)) < f(0,0,0) = area(X)
for every (v,t,s) € (B§1(0) X (—=d1,01) x (—01,61)) \ {(0,0,0)}.

Let 8 : R® — R be a smooth function such that 0 < B(y) < 61/2 for
y € RS B(y) = 0if |y| > 61/2 and B(y) = 61/2 if |y| < 61/4. We then define

C'(v,t) = [T © Prop (D[] € 22(5%)  for |(v, )] < 1.

We have that C'(v,t) = C(v,t) if 61/2 < |(v,t)| < 81, where C' is the map
given by Theorem 5.1, and this means we can extend C’ to a continuous
map in the flat topology

C' B x [m, 7] = 25(5?)
by defining C'(v,t) = C(v,t) if |(v,t)| > 61. Note that from (45) we have
(46) sup{M(C’(v,t)) : |(v,t)] < 61} < area()
and so
sup{M(C’(v,t)) : (v,t) € B* x [—7,m]} < area(X).
We use the map C’ to show:

10.3. Lemma. There is w € B*\ {0} so that area(X,) = area(X).

Proof. If we replace C by C’ in Definition 6.1, we get a continuous map in
the flat topology ®' : I® — Z5(5%) that, according to Theorem 6.3, satisfies
hypotheses (Ag)—(A7) and thus Theorem 9.1 can be applied.

Consider the (5, M)-homotopy sequence S = {¢;};cn of mappings into
(Z2(S%;, M), <I>" Ig) given by Theorem 8.2, and denote by II’ the corresponding

(5, M)-homotopy class. From Corollary 9.2 we get the existence of a smooth
embedded minimal surface ¥’ with genus g > 1 such that

47 < area(¥) = L(IT').
Thus
area(X) < area(Y’) = L(IT') < L(S) < sup{M(®'(z)) : = € I’} < area(%).

This implies that S is a critical sequence and hence, according to Theorem
8.6, we can choose ¥/ € C(S).

After passing to a subsequence, pick z; € dmn(¢;) so that |¢;(z;)| con-
verges to ¥ in the sense of varifolds. It follows from Theorem 8.2 (i) that,
for some sequence {l;};en tending to infinity, we have

area(X’) = lim M(¢;(z;)) < lim sup{M(®'(y)) : a € I(5,1;)5, 74,y € o}
71— 00 1— 00

< area(X).
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Thus we obtain from Theorem 8.2 (ii) the existence of a sequence {y;}ien
in I° such that

(47) llggof(@'(yl),gbl(a:z)) =0 and lim M(®'(y;)) = W(E) = area(X).

1—00

From the definition of ® we have ®'(y;) = C’(v;,t;) for some sequence
(vi, t;) € B x [—7,m] and we can extract a subsequence {(v;,t;)}ien con-
verging to (v,t) € B x [—7, 7).

Moreover, (46) implies that C(v;,t;) = C'(v;, t;) and |(v;, ¢;)| > 61/2 for
all ¢ sufficiently large.

10.4. Lemma. w = T(v) € B*.

Proof. Suppose T'(v) € S3, i.e., v € S3U Q.. Theorem 5.1 implies the exis-
tence of a geodesic sphere S such that, after passing to a further subsequence,
we have

lim f(@/(yi),S) B .lim .F(C,(Ui,ti),S) = 'lim f(C(Ui,ti),S) =0.

1—00 1—00 1—00

If F(S) = area(S) = 0, we obtain from Proposition 5.3 the existence of
q € S? such that for every r we have

S(T(wi)ts) C Br(q) for all i sufficiently large.

Thus, Theorem 3.9 gives us that M(C(v;,t;)) tends to zero. This is a con-
tradiction and hence F(S) > 0.

Combining with (47), we obtained two subsequences {;}ien, {¥i}ien in
I’ and a geodesic sphere S with F(S) > 0 such that

lim F(®'(y;),S8) =0, lim F(®'(y;), di(x;)) =0,
1—00 71— 00
and
lim F(|¢;(z;)], %) = 0.
1— 00

Lower semicontinuity of mass implies that S_(S%\ ¥') = 0 and so S C ¥
This is a contradiction because S is a geodesic sphere and ¥’ has genus
g>1. ([

From the lemma above we have w = T'(v) € B*. Recall that M(C(v;,t;)) =
M(C'(v;, t;)) tends to area(X), and so we obtain from Theorem 3.4 that ei-
ther ¢t = 0 or [t| = 7, because otherwise ¥ would be totally geodesic.

We argue [t| = 7 does not occur. Choose p € Yr(,). Theorem 3.9 tells us
that there exists r > 0 and ¢’ > 0 such that

(48) area(X(, 5 N Br(—p)) <8 < W()

for every (u,s) € BY x [—m,7].
For all 4 sufficiently large we have

71'*7’/2 < |tz| <7 and dH(ET(vi)vET(v)) < T‘/Q,
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where dy denotes the Hausdorff distance. Hence

A(E(T(wy) ) P) = A (1) )5 2T (w))
> d(X (7)) 2T(vs)) — A (ET(0)5 21(0))
= |tl| - dH(ZT(vi)a z:T(v)) > T =T

Thus ¥(7(w,)t) C Br(—p) and (48) contradicts the fact that M(C'(v;,;))
tends to W(X).

Thus ¢t = 0 and so, recalling that |(v;, ¢;)| > d1/2 for all i sufficiently large,
we have v # 0 which means that

area(X,) = area(X), w = T(v)e B*\ {0}.

Using Lemma 10.3 we now claim that ¥ must be totally geodesic.
From formula (1.12) of [31], by substituting g = ﬁ, we have that

area(X,,) = area(X) — 4/ Mdﬂ

» lz—w/!
Thus Lemma 10.3 implies that (w, N(x)) = 0 for every z € X.

On the other hand, let h : S3 — R be given by h(x) = (z,w). Because
(w, N(x)) = 0 for every z € 3, the conformal vector field V(x) = Vh(z) of
S3 satisfies V() € T,,¥ for all z € ¥. This means Y. is invariant by the flow
generated by V, but this is only possible if 3 is totally geodesic.

This is impossible because ¥ € F; and thus index(X) < 5. Hence we
obtain from [45] that ¥ is the Clifford torus up to ambient isometries. I

11. PROOF OF THEOREM A

Let ¥ C S3 be an embedded closed surface of genus g > 1. We can assume
W(E) < 8.

Consider the min-max family ® (see Definition 6.1) and the homotopy
class II (see Definition 8.3) associated with 3. We have from Theorem
6.3 that all conditions required in Section 9 are met and so we can apply
Corollary 9.2 to conclude the existence of a minimal surface ¥’ with genus
g > 1 so that, from Theorem 6.3 (iii), we have

area(Y) = L(TI) < sup{M(®(z)) : x € I’} < W(D).

From Theorem B we have area(X) > 272 and so we have proved that
W(x) > 272
Suppose now W(3) = 272

11.1. Lemma. There is w € B* so that area(X,) = W(X) = 272

Proof. Consider the map C' given by Theorem 5.1 and the (5, M)-homotopy
sequence S = {¢;}tien € II of mappings into (ZQ(SE};M),@‘IS) given by
Theorem 8.2.
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Thus, from Theorem B,
212 < area(Y) = L(IT) < L(S) < sup{M(®(x)) : z € I’}
<W(B) = 272,
This implies that S is a critical sequence and hence, according to Theorem
8.6, we can choose X' € C(S).
After passing to a subsequence, pick z; € dmn(¢;) so that |¢;(z;)| con-
(

verges to X in the sense of varifolds. It follows from Theorem 8.2 (i) that,
for some sequence {l;};en tending to infinity, we have

area(Y') = lli)rglo M(¢i(w:))
< lim sup{M(®(y)) : @ € I(5,1)5, 25,y € a} < W(E).

1—00

Thus we obtain from Theorem 8.2 (ii) the existence of a sequence {y;}ien
in I° such that
lim F(D(yi), ¢i(:)) =0 and  lim M(D(y;)) = W(Z).
From the definition of ® we have ®(y;) = C(v;,t;) for some sequence
(vi, ti) € B x [—7,m] and we can extract a subsequence {(v;,t;)}ien con-
verging to (v,t) € B x [—7, 7).

11.2. Lemma. w = T'(v) € B%.

Proof. If v € S% U Q. we argue like in Lemma 10.4, and obtain two subse-
quences {z; }ien, {¥i}ien in I° and a geodesic sphere S with F(S) > 0 such
that

lim F(®(y;),5) =0, lim F(®(y;), ¢i(x:)) = 0,

1— 00 71— 00
and

limn F(|6i(z1)], %) = 0.

Lower semicontinuity of mass implies that SL(S%\ ¥') = 0 and so S C Y.
This is a contradiction because S is a geodesic sphere and ¥’ has genus
g > 1. [l

Because M(C'(v;, t;)) tends to W(X), we combine the above lemma with
Theorem 3.4 to conclude that either t = 0 or |t| = 7. The same arguments
as in Lemma 10.3 show that |t| = 7 does not occur.

Thus ¢t = 0, which means that

area(3,) = W(Z) = 272
g

Lemma 11.1 implies at once Theorem A because in that case X, must be
a minimal surface with genus g > 1 and area 27% and thus, by Theorem B,
the Clifford torus up to ambient isometries. As a result, ¥ is the Clifford
torus up to conformal transformations.
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Part II. Technical work

12. NO AREA CONCENTRATION

The goal of this section is to prove Theorem 3.9:

Theorem 3.9. For every § > 0, there exists r > 0 such that
area(X(, ¢ N Br(q)) <6 for every q € S3 and (v,t) € B x [-m, 7.

The strategy for the proof is the following. From Remark 3.3 we know that
Y(v,t) is contained in the immersed surface

Plog) = Yoy © Fo : B — 52,

where

(19) (wo(@) =(cost) Fuf@) + (int) 5 "o,
=(cos — o)
—(cost) <(1 e )

) r—v
+ (sint) (N(a:) +2(N(x),v) P v|2> .
It suffices to show that P, ;) (¥) has no area concentration, meaning that
area(P, 4 (X) N By(q)) is small if 7 is small. The Jacobian of P, ;) is uni-
formly bounded outside a tubular neighborhood of ¥ and so we need to
analyze what happens when v approaches p € 3. We will do that by di-
viding X in three regions: a tiny disc D around p, where P, (D) tends
to a geodesic sphere and so there is no area concentration, a small annular
region N, where P, ;)(N) is forming a neck with area smaller than ¢ and
so there is no area concentration, and the remaining region X \ (D U N),
where the Jacobian of P, ;) is uniformly bounded and so there is no area
concentration.
Theorem 3.9 is proven at the end of this section.

12.1. Preliminary results. We derive three auxiliary results. Recall the
definition of A in Section 3.1.

12.2. Lemma. There exists a constant C > 0 such that if v = A(p, s) € B4
with |s| < C71, then

’S‘
DP, < 14 ———"——=
’ (v,t)’(a?) — C ( |8|2 | |2 )

1
D*P < 14+ —"—
PFale) < (14 ),

for all p,x € .
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Proof. For v € B*, consider
hy: X5 RY hy(z) = ——°

T o

We claim the existence of C; > 0 such that if v = A(p,s) € B* with
5| < Cy!, then

(50)  [D*hy|(z) <

forall p,z € ¥, k=0,1,2.

PSR

1
(Is[* + |z —pl?) =
There is Cy > 0 so that, for all z,p € X,

_ _ |z —pP 2
(51) 1—(z,p) = 5 and [z, N(p))| < Colz —pl*.

Therefore, recalling
A(p, s) = (1 — s1)(cos(s2)p + sin(s2) N (p)),
we obtain
|zt —v]? = 1-2(z,v) + |v]?
= 1—2(x, (1 —s1)(cos(s2) p +sin(s2) N(p))) + (1 — s1)*
= 1—2cossy(x,p) — 2sinse{x, N(p)) + 251 cos so(x, p)
+ 251 sin so(x, N(p)) + 1 — 251 + 7

= (1=51)(2—2(z,p)) + 5 + 55 + O(s155 + 55 + [sal|x — p|”).

Thus, from (51) we see that we can find C5 > 0 such that

1
(52) o= > S(le—pP+1s?) i s <t
Direct computation shows that
|D*hy|(z) = O (ya; . UH’HU) for k= 0,1,2

and thus the claim follows from (52).
From (51) we have for |s| < Cy*

(53)  [(N(x),v)| = (1 = s1)[ cos s2 (N (), p) + sin s (N (z), N(p))|
< Cy(sy + o — pf?).
Using the fact that (DN|,(Z),z) = 0 for all Z € T;;X, we have
(DNWL(Z),0)| = [(DN4(Z),0 — 2)| = O( 2|z — v])
for all z € ¥ and Z € 1. Finally we have
(54) 1—|v]? =251 — 57 = O(s1).
Since

Pupy(z) = (cost) (1~ [v[*)hv(z) - v)
+(sint) (N(z) + 2(N(x),v)hy(z))
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we use (50), (53), and (54), to conclude the existence of C' > 0 such that if
|s] < 1/C then

E
DP, < 14—
’ (v,t)’(‘r)—c( +‘S‘2+|{L’—p|2
and
1
D2P < 14 ————— .
PPl <€ (14 )

O

Let £, : T,X = ¥ C 53 be the exponential map of ¥ at p. We denote by
D, (0) C T,X the disk of radius 7, centered at the origin, and by D,(p) C £
the geodesic disk of radius r, centered at p, with respect to the induced
metric.

12.3. Lemma. For every § > 0, there exist L > 0 and o > 0 such that the
following holds: if v = A(p, (s, ks)) and (1 + k?)s® < a, then

/ |Jac( Py, o Ep)| dw < 6.
Da(0\D,

1+k25(0)

Proof. 1t follows from Lemma 12.2 that

/ [Jac( Py © Ep)|dw
Da(O\D /s (0)
(s, ks)| )2
< C1/ <1 + dw
00D, @ N T BIP + By(w) —
2
§02a2+C'2/ ( |(8,]2<:S)’ 2> dw,
R2\D, s (0) (s, ks)|? + [w]
for some constants C1,Ca > 0 depending only on .

After the change of variables w = ﬁ, we obtain

(k) N
RAD o \G k)P + )
L/ 14+k2s

= / <1 >2dw <X
B2\ Dy (0) \ 1+ [@]? - L2
h

Hence, if a > 0 is sufficiently small and L > 0 is sufficiently large, we

/ [Jac( Py 0 Ep)| < 0.
Da(0)\D,

1+k2s (0)

ave
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For every x € S® denote by 7, : S2\ {z} — {2} the sterecographic
projection centered at x:

T (p) = x + 7>(p — ).

The inverse of 7, is given by

_1 2

m, (w) = W(w —z)+z, we {z}t.

12.4. Lemma. Let (vy,t,) € B* x [—m, 7] with v, tending to v =p € %.
After passing to a subsequence, write

U = Apn, (Sn, knsn))  with h_)m kn =k € [—00, +00],

and set
fa(w) = Py, 1,) © Ep, (V14 kZspw).

Then fy, converges uniformly in Clloc to

mt(w) —

f(w) = (cost + ksint) < > — (costp —sint N(p)),

Vit R
where x = —\/11%2 p+ \/1]-€+k2N(p> c S3.
12.5. Remark.
(1) With z = _\/11]62 p + \/1]<€H€2 N(p), we have
Tyt (w) — _
~em TP (VI+#w=kN(@p)) forallwe T,
Thus, as expected when t = 0,
N (TY) — _
f(TpE) = W —p= aB?k(Qp,k)-

(2) For the definition of f, to make sense we choose sequences of or-
thonormal sets {e),e2} C Tp,,% such that ef, — e’ € T,%, i = 1,2.

n»-n
Then we identify w = (wy,w2) € R? with wyel + wee? € T, ¥ for
each n.

Proof. Note that both s, and ks, must tend to zero. We have
(55) v = (1 — sp)(cos (knSn)pn + sin (knsn) N (pn))
= Pn — SnPn + knsnN(pn) + O((1 + k2)s2),
and
Ep, (V1 + k2s,w) = pp 4+ /1 + E2spw + O((1 4 k2)s2 |w]?).
Hence
E,, (V1+kZspqw) — vy = /1 + k28w + sppp — knsnN(pn)

+O((1 4 E2)sp (1 + |[w]?)),
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and, using the fact that {w, p,, N(p,)} is a orthogonal set of vectors,

|Ep, (V1 + E2sp0) —on* = (1+E3)sp(1+ |w[*) (1 + O(/1 + k2s5)).
Therefore
(56) Ep, (/14 k2spw) — vy,
|Ep, (V14 kZspw) — vy|?
V1+ k2w + p, — ko N(pp)
— +0(1).
(14 k2)sn(1 + [w2) (1 + O(/1 + k2sp))

Combining 1 — |v,|? = 2s,, — s2 with (56) we obtain

(57) li_)m F,, 0 Ep (\/1+ kZs,w)

1+|w\ <1+k2 1+k2_1+k2) P

_7T
1+k: P

where © = —VlikQ D+ \/likZN(p).
From the fact that (N(x) — N(py), N(pn)) = O(|x —pp|?), we obtain from
(51) and (55) that
(N (), vn) = knsn(N(2), N(pa)) + Oz = pul* + (1 + k3)s7.)
= knsn + knsn(N(2) = N(pn), N(pn)) + O(|z — pal* + (1 + k7.)s3)
= knsn + O(lz — pal® + (1 + k7)s7)-

Thus

(N o Ep, (V1+kispw),vn) = knsp + O((1 + k%)s%(l + |w‘2))7
which when combined with (56) implies

E (\/1—1—7/{25”10) — Uy
58) lim 2(No E, 1+ k2s,w), v,) —22
( ) n—o0 < (\/7 ) >|E (\/msnw —Un‘Z

1+ k2 n — knIN (pp,
= lim | 2k,sn, + W+ p (Pn)
2 (1+ &2)sn(1+ [w])
B 2 ( kw N kp _kQN >
T+ wP)\VI+k2  1+k2 14k2
_ k(N (w) — @) )
V1+ k2

—_ 1 k
where & = — == p + \/1+k2N(p)'
From (49), (57), and (58) we obtain that f,, converges to f pointwise



58 FERNANDO C. MARQUES AND ANDRE NEVES

Fix K > 0. It follows from Lemma 12.2 that for every w € Dg(0),
D fn(w)]

n knsn)‘
<COV1+k2s, |1+ (5,
< |(8ns knsn)|? + [ Ep, (v/1 + ki spw) — pnl?

<C
and
’Dan (w)
<COA+EHs 1+ !
B o ’(Smknsn)’Q‘f“En(\/1+k%5nw)_pn‘2
<C.
Since we already know that f,, converges to f pointwise, the estimates above
give C'' convergence on compact subsets. O

12.6. Proof of Theorem 3.9. It suffices to show that for every § > 0 and
q € S3, we can find r = r(q,d) so that

area(X, ) N Br(g)) <6

because, via a standard finite covering argument, we can then find r inde-
pendent of ¢.

Suppose this statement is false. There exist ¢ € S, § > 0, and a sequence
(U, tn) € B* x [—m, 7] such that

axea(S(s, 1) N Buu(@) > 8

for every n € N. By passing to a subsequence, we can assume (v, t,)
converges to (v,t) € B x [—7, 7.

In what follows, we use repeatedly the fact that, from the area formula,

area(X(, ) N Br(g)) < / |Jac P, )| d% for all 7 > 0.
P(:,}t)(Br(q))

If v € B4, then Py, t,) converges uniformly to P, ;) in the C> topology
and so we can find r > 0 such that, for all n sufficiently large,

/ ]Jac P(Un,tn)| dy < §
PO o (Br(@) 2
This gives us a contradiction.

If v € S3\ %, we see from (49) that again Py, t,) converges uniformly, in
the C™ topology, to some P; : ¥ — S3. The proof proceeds as in the case
v e B

Finally we have to consider the case v = p € X. After passing to a
subsequence, we can write

(vn,tn)

U, = A(pn, (Sn, knsn)) with le kn =k € [—00, +00].
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According to Lemma 12.3, we can choose L > 0 and « > 0 so that

1)
(59) / [Jac(P, ) © Byl dw < ©
O\D, jz © 6

if n is sufficiently large.

Using Lemma 12.2, we extract a subsequence P, ;) that converges, ct
uniformly, on X\ Dy 4(p) to some C* map Py : X\ Dy 4(p) — S®. There
exists r1 > 0 such that

)
/ |[Jac Po|d¥ < —
Py (Bar, (9)) 12

and so, if n is sufficiently large, we have

(60) ‘JaCP(Umtn)’ d¥ <

D>

/(vnt )(BT1( ))\Da/2(p)

Consider f, : Dar(0) = 5% given by fn(w) = Py, 1) © Ep, (/1 + k2spw).
The sequence f, converges in the C! topology to f given by Lemma 12.4
and hence we can find r9 > 0 such that

/ |Jac f|dw < i
S~ (Bary (9))ND2L(0) 12
Therefore, if n is sufficiently large, we have
(5
(61) / C acfuldw < 2
f (Bry (@)D (0) =6

If r = min{ry, r2}, we have the decomposition

/ |Jac P(Umtn)\ dx
P( ! tn>(B’V‘(Q))

= ]Jac P(vn,tn)| dy
P(v tn )(BT(Q))QD mSn(pn)

+ |Jac P(Umtn) | dx
Pl >(BT(Q))Q(Da(pn)\DLm5n (e

+ |Jac P(Un’tn)| ds
Pl o (Br(@)\Da(pn)

S/ ~ Jac fu] dw

fa (Bry ()DL (0)

—|—/ |Jac (P(Umtn) o Ep)|dw
D (0)\DLmSn(O)

+ |JaCP(vn,tn)’dE'
P(:;:l,tn)(BT‘l (@)\Day2(p)
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Using (59), (60), and (61) in the identity above we obtain
/ ‘JaCP(vn,tn)| dZ S é
P o (Br(@) 2

for all n sufficiently large. This is a contradiction.

13. INTERPOLATION RESULTS: CONTINUOUS TO DISCRETE

In this section we prove an interpolation theorem and use it to show
Theorem 8.2.
Assume that we have a continuous map in the flat topology

O I" — Z9(M)

with the following properties:

° O 1y 1s continuous in the F-metric;

o L(®) =sup{M(®(z)) : z € I"} < +o0;

e limsup,_,om(P,r) =0.
13.1. Theorem. There exist sequences of mappings

¢i : I(?’L, k‘l)o — ZQ(M),
¢i : I(l, k‘l)o X I(n, k‘l)o — ZQ(M)

with ki < kiy1, ¥i([0],-) = ¢i, ®i([1],) = (dis1)|1(nks)o, and sequences
{di }ien tending to zero and {l;}ien tending to infinity, such that

(i) for everyy € I(n,k;)o
M(pi(y)) < sup{M(®(x)) : @ € I(n,li)n,z,y € a} + 0;.
In particular
max{M(¢i(z)) : z € I(n,k;)o} < L(P) + d;;

(i) £(vi) < di;
(i)

sup{F (¢i(y, ) — ®(x)) |y € I(1, ki)o,x € I(n, ki)o} < &i;
(iv) if x € In(n, k;)o and y € I(1, k;)o we have

M(vi(y, z)) < M(®(2)) + d;.

Moreover, if ®qoyxn—1 18 continuous in the mass topology then we can
choose ¢; so that

¢pi(x) = ®(x) for all x € B(n,k;)o.

For the reader’s convenience we recall Theorem 8.2. Let

1
c=3(1...,1,0) e 1"t x {0},

and e, be the coordinate vector corresponding to the x,-axis.
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We recall the following hypotheses for the continuous map in the flat
topology @ : I" — Z5(M). Set ¢ = 1(1,...,1,0) € " x {0}.

(Ao) ®r» is continuous in the F-metric.

(I”‘1 x {0}) = (1" x {1}) = 0.

L(®) = sup{M(®(z)) : x € I"} < +00.
lim, ,om(®,r) =0.
The map t — ®(c + tx,), 0 < ¢t < 1, defines a non-trivial class in
m(22(M; F),{0}).
Then:

(A

(A2
(A3
(Aq

\_/\_/\_/\_/

Theorem 8.2. Assume O satisfies hypotheses (Ag)—(A4).
There exists an (n, M)-homotopy sequence of mappings into (Z2(M; M), (I)U(’f)
gf;i : I(TL, k‘z) — ZQ(M),
with the following properties:
(i) There is a sequence {l;};en tending to infinity such that for every
sequence x; € I(n, k;)o we have
lim sup M(¢;(z;)) < limsup{M(®(z)) : o € I(n,lj)n, z, z; € a}.
1—00 1—00

In particular
L({:}ien) < sup{M(®(z)) : = € I"};
(i) ~
zliglo sup{F(¢pi(z) — ®(z)) |z € I(n,ki)o} = 0;
(iii) The sequence of mappings
I(1, ki)o = Zo(M; M), vi(x) = il + wen),

is a (1, M)-homotopy sequence of mappings into (Z2(M;M),{0})
that belongs to a non-trivial element of 7'('# (Z2(M;M),{0}).

Proof. Let ¢;, 14, 0; be given by Theorem 13.1. It follows from property (iv)
of Theorem 13.1 and (A;) that

(62) M(4i(y, z)) < 6
for all y € I(1,k;)p and = € T'(n, k;)o U B(n, ki)o.

Define t; : T I(1, ki)o x I(n, ki)o — Z2(M) by Uiy, x) = 0if z € T(n, k;)oU

B(n, k;)o and ;(y,z) = 1;(y,z) otherwise. Define also ¢;(z) = ;([0], z)
for z € I(n,k;)o. Note that f(t;) < 28;, by (62) and Theorem 13.1 part
(ii). It follows that {¢;}iey is a (n, M)-homotopy sequence of mappings into
(22(M;M), @|fn). Theorem 13.1 part (i) and part (iii) imply Theorem 8.2
(i) and (ii), respectively.

It remains to prove property (iii) of Theorem 8.2. Consider the auxiliary
sequence

I(1, ko = Z2(M),  %i(x) = B(c + zey)
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and the continuous map in the flat topology
v:[0,1] = Z9(M), ~(x)=P(c+ xey).
Because @ is continuous in the flat topology we have that

(63) lim  sup {F(vi(2) —7i(y)) : 2,y € ao} = 0.

=00 ae](l,kih
From that we get that 4 = {v;}ien is a (1, F)-homotopy sequence of map-
pings into (Z2(M;F),{0}). Furthermore, it follows from Theorem 13.1 (ii)
that 3

sup{F(¢i(z) — ®(z)) : x € I(n,ki)o} < 20;.

This implies that v = {v;}ieny and ¥ = {7i}ieny are in the same (1,F)-
homotopy class of mappings into (Z2(M; F),{0}):

[v] = [7] € 7} (Z22(M; F), {0}).

Since 77 (Zo(M; M), {0}), ¥ (Z2(M; F),{0}), and 7 (Z2(M; F),{0}), are
all naturally isomorphic by [33, Theorem 4.6], we get that [v] is non-trivial
in 7 (Z5(M; M), {0}) if and only if [§] is non-trivial in 77 (Zo(M; F), {0}),
which occurs if and only if [v] is non-trivial in 7, (Z2(M; F),{0}). The latter

condition is assured by hypothesis (A4).
O

The remainder of this section is devoted to the proof of Theorem 13.1.

13.2. Technical Results. We prove two technical results which will be
used in the proof of Theorem 13.1.

The first proposition is an extension result. It states that if T' € Z5(M)
and [,m € N are fixed, then we can find k¥ € N, k > [, such that any map
¢ that sends Ip(m,l)p into a small neighborhood of T' (with respect to the
flat metric) can be extended to I(m,k)o in a way that the fineness of the
extension ¢ and the maximum value of M(g?)) are not much bigger than the
fineness of ¢ and the maximum value of M(¢), respectively. The issue of
controlling the fineness of ¢ is nontrivial because apriori we only know that
d(Ip(m, 1)) is close to T in the flat metric, which is weaker than the mass
norm. A similar problem was addressed by Pitts in [33, Lemma 3.7]. The
fact, proven in Section 12, that there is no mass concentration will be used
in the proof (although we think it might not be necessary).

Let a(n) = 274+2°-2 where n € N is fixed.

13.3. Proposition. Letl,m € N, withm < n+1, and let 6,7, L be positive
real numbers. Fix
T e Zy(M)N{S:M(S) <2L}.
There ezist 0 < ¢ = e(l,m,T,d,r,L) < ¢ and k = k(l,m,T,0,7,L) € N for
which the following holds: given 0 < s < & and
¢ : In(m,1)o — BI(T) N {S: M(S) < 2L}
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with m(¢,r) < 0/4, there exists
¢ : I(m,k)o — B (T)
with
() £(6) <6 fm =1, and £(3) < m(E(8) +8) if m £ 1;
(ii) ¢ = ¢ on(k,l) on Io(m, k)o;
(ii)
5

sup  {M(¢(2))} < sup  {M(p(2)} + ——
zel(m,k)o zelp(m,l)o n+1

(iv) m(¢,r) < 2(m(¢,7) + a(n)é).

Proof. We assume m > 1 (the case m = 1 is easier) and argue by contradic-
tion. In this case we can find

ok To(m, 1) — BL (T) N {S: M(S) < 2L}
for each k > max{l,07'}, with e; < 1/k and m(¢y,r) < §/4, such that

there is no extension ¢y, of ¢y to I(m, k)o satisfying (i)—(iv).
The next lemma is a straightforward adaptation of [33, Lemma 3.7].

)

13.4. Lemma. There exists N € N, N > [, such that for a subsequence
{¢;} we can find

j: I(1,N)o x Io(m,1)o — BL(T)

satisfying
() £()) <8 if m =1 and £() < £(6) +8 if m £ 1;
<(ng ¥;([0], 2) = ¢j(x) and ;([1],2) =T for all x € Io(m,1)o;
sup{M(wj(y,:E)) : (y,:ﬂ) € I(la N)O X Io(m, l)O}

1)
< s (M)} +
CEEI()(m,l)O n—+

(iv) m(yj,r) < 2(m(ej,7) + a(n)d).

Proof. Since the set of varifolds in Vo (M) with mass bounded above by 2L
is compact in the weak topology, we can find a subsequence {¢;} of {¢x }ren
and a map

V. I[)(m, l)o — VQ(M)
so that
lim |¢;j(x)| = V() as varifolds,
j—o0
for each x € Iy(m,1)o. Note that

lim ¢;(z) =T as currents.
]—>OO
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Since the mass is lower semicontinuous in the flat topology, and since
m(¢j,r) < /4, we have

(64) ITI(Br(p)) < IV(@)[[(Br(p)) < m(ej,r)+a(n)d < g

for all j sufficiently large, p € M, and x € Iy(m,1)o.
We can choose points {p;}?_;, and positive real numbers {r;}}_,, r; <,
so that

BTil (pil) N Bn2 (pig) =0 if 21 75 19,
and such that

(65) ITH(Br (p0) < IV @) (Bro) < 5,

(66) T1|(0By,(pi)) = |V (2)[[(0Br; (pi)) = 0,

and

(67) V@I UL B, ) < o,

for all z € Io(m,l)g and i = 1,...,v. We can assume v = 3V — 1 for some

N € N satisfying N > [.
From [2, Corollary 1.14], we get that there exists Q;(z) € I3(M), for all
j sufficiently large and z € Iy(m,1)o, such that

0Q;(x) = ¢j(z) =T, M(Qj(x)) = F(¢;(x) = T).
In particular we have M(Q;(z)) < &; < 1/j.

For each i = 1,...,v, consider the distance function d;(x) = d(p;,z).
Using [39, Lemma 28.5], we find a decreasing subsequence {rf } converging
to r; with rf < r and such that the slices (Qj(as),di,rf) are in Io(M) and
satisfy

(69)  (Qs(@)sdiyr]) = Q@) By (1)) — (65(w) = T) B,y (1)

for every x € Iy(m,l)g. Note that since lim; oo M(Q;(z)) = 0, by the
coarea formula we can choose {r]} such that

v ] 5
(69) m%%;M<<Qj<w>,di,n>> < almd < 5ot

for every sufficiently large j. Furthermore, using (65), (66), (67), and the
lower semicontinuity of the mass functional, we get that

(70) s @II(B ) < o ITIB o) < 5,
(1) 165\ UL B(p)) < 3. ITIIM N\ UL By () < 5,
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and
)
2 T|| - || B(p) <
(72) (T = 1185 (@) N(B,; (pi) < 3n+ )0
for every sufficiently large j, i =1,...,v, and x € Iy(m,1)o.

We consider the map given by

o ([g9]2) = ¢j($)éa(Qj($)LBrg(pa)) it0<i<at -1,
e = 7.

defined on I(1, N)g x Io(m,1)o.
Note that

i i
0 ([ gv] 2) - T = 0@ 00\ Uiy )
from which it follows that v; ([?%N] ,x) € Bgfj (T'). From (68), we also have

@) 05 (|| ) = 81100\ U By o)) + S TLB, ()

a=1
—ZQ] )s das 73U B ; (Pa)-

It follows from (69), (70), (71), and (73) that
M (0[5 #) - (5] +))
forlgigv:3N—1, and

M (w5 (1 55] 0) - 7) = MO0 B, )

FMTLM\ Uy, By () + 5 <6

If d(x,y) = 1, we also have

WEEREr
<M ((gbj(x) — () (M \ Ué:lBri(p“))) + g

<f(p;)+6
Hence f(v;) < f(¢;) + 6.
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To prove Lemma 13.4(iii) we use (69), (72), and (73), to conclude

M (0 ([gv] o)) < I6@ION LBy o)
! 5
+; IT1[(B,; (pa)) + At 1)
< Jles(@)lI(M)
! 5
#D2TI= os@B 00D + 5.
< g @O0 +
Finally, Lemma 13.4(iv) follows from (64), (69), and (73):
' Bl )H ) < 185 @B + [TI(B () + a(n)s

<2m(¢g, ) + 2a(n)d.
([

In order to finish the proof of Proposition 13.3, we will use Lemma 13.4
to construct an extension ¢; for every sufficiently large j. This will imply a
contradiction.

Define
¢j  I(1,N)o x Io(m, N)o — BZ(T)
by

¢j(y, ) = ¢;(y, n(N, 1) ().
Recall that S(m + 1, N)o = I(1, N)o x Io(m, N)o. We extend ¢; to
S(m+ 1,N>0 UT(m+ 1,N)0

by setting it equal to 7" on T'(m + 1, N)g. The extension (;3]- :I(m, )0 —
Bg; (T) is defined by

¢; = ¢jory(N)on(j,N +q),

where r,,(N) and ¢ are as in Appendix C.
O

The next result removes the dependence of € and k on the parameters [
and m, in Proposition 13.3. Roughly speaking, it says that with 7" € Z5(M)
fixed we can find k£ € N such that every map ¢ from Iy(m, 7)o into a small
neighborhood of T (with respect to the flat metric) can be extended to a
map ¢ from I(m,k + j)o into the same neighborhood of 7' and having the
same properties as the map constructed in Proposition 13.3.

The constant b(n) mentioned below is universal.
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13.5. Proposition. Let 6,7, L be positive real numbers, and let
T e Z5(M)N{S:M(S) <2L}.
There exist 0 < e = (T,0,r,L) < 6 and k = k(T,0,r,L) € N for which the
following holds: given 0 < s < e, j,m € N withm <n+1, and
¢ : Io(m,5)o — BZ(T) N {S: M(S) < 2L — 6}
with
2"*2(m(¢,r) + a(n)d) < §/4,
there exists
¢: I(m,j+k)o — BI (T)
with
(i) £(¢) <6 if m =1 and £(¢) < b(n)(£(¢) +6) if m # 1;
(i) p = pon(k+7,7) on Io(m,k + j)o;
(iii)
sup  {M(¢(z))} < sup {M(¢(x))} +6;

zel(m,k+j)o z€lo(m,j)o
(iv) m(¢,r) < 22 (m(s,7) + a(n)s).

Proof. Assume m > 1 (the case m = 1 is easier). Using the notation of
Proposition 13.3, set

ko=0, ki :k(ovlvT’évraL)7 k; :k(ki—17i7T757r7L)a
where i =1,...,n+ 1, and
e = min{e(k;_1,4, 7,6, r,L):i=1,...,n+ 1}.

In what follows, we will apply Proposition 13.3 to maps defined on vertices
of a p-cell a € I(m, j),, after identifying o with I? through an affine map.

Let V,, be the set of vertices of I(m, j + kp) that belong to the p-skeleton
of I(m, j), i.e., V) = Uner(m,j),@(kp)o. We say a map

¢p:V, = BI(T)N{S: M(S) < 2L}

is a p-extension of ¢ if the following conditions are met:

(1) ép(x) = dpon(j + ky, j)(x) for x € I".
(2) If p = 1, we require f(¢1) < f(¢) + . If p > 1, we ask that there
exists ¢p—1, a (p — 1)-extension of ¢, so that

f(¢’p) < p(f(¢p—1) + 5)-

3)
sup (M(6,(n)} € _sup  {M(6(x))} + -2
x€Vp z€lo(m,j)o n

(4) m(¢p,r) < 2Pm(p,r) + 2(2P — 1)a(n)d.
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We will now construct a l-extension ¢ of ¢. First fix y € Iy(m,j)o, and

define
¢o : I(m,j)o — BI(T) N {S: M(S) < 2L — 4}

by ¢o(x) = ¢(z) if € Ip(m, 7)o and ¢o(x) = ¢(y) if x ¢ Lo(m,j)o. By
applying Proposition 13.3 to ¢g in each 1-cell of I(m,j), we get a map
Q;() V= B‘SF(T)

Let o € I(m,j)1. If v is a 1-cell of Iy(m, j), we set ¢1 = ¢ on(j + k1, )
on a(ky)o. If a ¢ In(m, 7), we set ¢1 = ¢ on a(k1)o. The fact that ¢y is a
1-extension of ¢ follows directly from the construction and Proposition 13.3.

13.6. Lemma. Given a p-extension ¢, of ¢, we can find a (p+1)-extension

¢p+1 Of ¢.
Proof. By applying Proposition 13.3 to ¢, in a (p + 1)-cell a of I(m, j), we
get a map ¢p o ¢ alkpy1)o — B (T). If @ and @ are adjacent (p+ 1)-cells of
I(m, j), then property (ii) of Proposition 13.3 guarantees that ép,a = qu@
on a(kpi1)oN@(kpy1)o. Therefore there exists ¢, : Vy11 — B (T) such that
bp = Pp.o ON a(kpt1)o for each o of I(m, j)p+1.

Note that ¢, satisfies:

o £(dp) < (p+1)(F(dp) + ).

sup (M@} < sup (M(,)} + —
x€Vpi1 z€eV)p n
(p+1)d
< IEI?(IEJ)O{M(QS(:B))}Jr T

m(qu,r) < 2(m(¢p, ) + a(n)d) < 2 m(¢p,r) + 2(2PT — 1)a(n)d.
Let a € I(m, j)p+1. If avis a (p+ 1)-cell of Io(m, j), we set ¢ppr1 = ¢ o
n(j+kpi1,7) on a(kpi1)o. If a ¢ Io(m, j)pi1, we set ¢pi1 = ¢p on a(kpi1)o.
The fact that ¢p41 is a (p + 1)-extension follows from the construction and

the properties of ¢, listed above.
O

It follows by induction that there exists an m-extension ¢, : V,, —
BZ(T)N{S : M(S) < 2L} of ¢. Note that V,, = I(m,j + km)o. To finish

the proof of Proposition 13.5, we make k = k;, and ¢ = ¢n,. O

13.7. Proof of Theorem 13.1. The idea of the proof is the following.
First, we cover {T : M(T) < 2L(®)} with a finite union of balls {B;}¥,
such that Proposition 13.5 can be applied in each ball. Then, we choose j
large enough so that, for every a € I(n, j)n, ®(ap) belongs to some ball B;.
Finally, we use Proposition 13.5 to first construct ¢ along 3 subdivisions
of 1-cells in I(n, ), then along 3%¥ subdivisions of 2-cells of I(n, j), and ar-
gue inductively until we have constructed ¢ defined on I(n,j + nk)y. Some
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care is in order to make sure that at every step of the inductive construc-
tion the hypotheses of Proposition 13.5 are still satisfied. The procedure is
straightforward but slightly long and tedious.

Choose 9, r small so that

(74) L=L(®)<2L—-2(n+1)6 and m(®,r) < a(n)d.
Compactness of Z5(M)N{T : M(T) < 2L} in the flat topology implies we
can cover this set with a finite number of balls BE]:_(TZ')7 i=1,...,N, where

T, € Z(M)N{T : M(T) < 2L} and ¢; = W

Here we use the notation of Proposition 13.5. We can assume that 1 <
. < en. Note that (9n + 4)ey < 0. Let k; = k(T;,0,r,L) denote the

constant given by Proposition 13.5, and let k = max{k;}ic(1,.. n}-
Choose j sufficiently large so that for all « € I(n,j), and 8 € Iy(n, j)n—1,

we have

(75) sup (F(@(x) ~ (1) <=1

and

(76) sup [M(8(a)) ~ M(2(3))| < &
RS

Additionally, if @91 n—1 is continuous in the mass norm, we also require
that for all v € [0] ® I(n — 1, ) we have
(77) sup {M(®(z) — ®(y))} < 6.
z,yey
Consider the function
c:I(n,j) —{1,...,N}
given by
c(z) = max{i: ®(z) € BZ:(TZ)} if x € I(n,j)o,
and
c(a) =max{c(z) 1z € o} fael(n,j)p
The key property of c is described below.

13.8. Lemma. Let o € I(n,j). Then ®(x) € B%’;c(a)(Tc(a)) for every
z €a. If x € ag, we also have

_F
Tc(z) € B36C(a> (Tc(a))'

Proof. There exists a vertex y € ag such that c(y) = c¢(«). Hence, by (75),
we know that
]:((I)($) - @(y)) <e < Ec(a)-

Furthermore, from the definition of ¢, we get
(P(y) € B/ (Tc(a))'

Ee(a)
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Hence ®(z) € B, (Te(ay) for every z € .

2€c(a)
If x € ap, we also have ®(x) € Bafc(z) (Te(z))- The lemma follows from the
triangle inequality and the fact that c(z) < c(a). O

Let V), be the set of vertices of I(n,j + pk) that belong to the p-skeleton
of I(n, j), i.e., Vp = Uaer(n),@(Pk)o- In particular, V,, = I(n,j + nk)o. We
say a map

Gp 2 Vo = Z2(M)
is a p-extension of ® if the following conditions are met:

(1) If p = 1, we require that f(¢1) < 6. If p > 1, we ask that there exists
a (p — 1)-extension ¢,_; of ® so that

f(¢p) < b(n)(f(¢p—1) +9).

(2) For every a € I(n,j), we have
sup {M(gy(2))} < sup {M(B(x))} + pb < 2L — 6.
z€a(pk)o TEQQ

(3) For every a € I(n,j), with ¢ < p we have

¢p(a(pk)0) € Bg;scm (Tc(a))'

(4) m(¢p,r) < 2022 (p + 1)a(n)é.

We start by constructing a l-extension of ®. In what follows, we will
apply Proposition 13.5 to maps defined on vertices of a p-cell a € I(n, j)p,
after identifying o with IP through an affine map.

Let ¢o : I(n,j)o — Z2(M) be the restriction of ® to I(n,j)o. Given a
1-cell « € I(n,j), we have from Lemma 13.8 that

By applying Proposition 13.5 to ¢¢ on a, with T' = T, we get a map

O akea)) — Bstc(a> (Te(a))- Since bo.a(x) = ¢o(z) for = € ag, the

map ¢1 : Vi — Z5(M) given by ¢1 = doq o n(j + k,j + kea)) on a(k)o,
a € I(n,j)1, is well-defined. It follows directly from Proposition 13.5 that
¢1 is a l-extension of ®.

13.9. Lemma. Assume 1 < p < n —1. Given a p-extension ¢, of ®, we
can find a (p + 1)-extension ¢py1 of ®.

Proof. Given o € I(n, j)p+1, we have from condition (3) and Lemma 13.8
that

p(an(pk)o) € B3 41)ey, ., (Te(a)-
Because of conditions (2) and (4) we can apply Proposition 13.5 to ¢, in a,
with j =pk, m =p+1, T =T), and get a map

(Z;p,a : a(pk -+ kc(a))o - Bg—(p+1)sc(a) (TC(O‘))'
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By property (ii) of Proposition 13.5 we get that

Op.a = bp O N(j + Pk + Ke(a), J + DK)
on the p-faces of a. Hence the map ¢p41 : Vpp1 — Z2(M) given by

¢p+1 = &p,a o n(] + (p + 1)k7j +pk§ + kc(a))

on a(p+ 1)k)o, & € I(n, 7)ps1, is well-defined.
Note that ¢, 1 satisfies:

o if o € I(n,j)pt1, then
Opr1 = dpon(j+ (p+ 1)k, j+pk) on ao((p+1)k)o;
o f(¢pr1) < b(n)(f(ep) + 0);

(78) sup  {M(¢pt1(x))} < sup  {M(dp(x))} + 0
z€a((p+1)k)o z€ao(pk)o

< sup {M(®(z))} + (p + 1)d;

TrEQ
e if a € I(n,j)pt1, then
Gpr1(al(p+DR0) € BY, 1. (Tew):
[ ]
m(Gy11,7) < 22O (4 Da(n)s + a(n)d) < 272 (4 2)a(n)s,

Furthermore, if 8 € I(n,j), with ¢ < p, we can find o € I(n,j)p41 such
that 3 is a face of a. Hence, by the first property of ¢, listed above,

Sp+1(B((p+ 1)k)o) = dp(B(pk)o) C B, , (Tes))-
We conclude that ¢p41 is a (p + 1)-extension of ®. O

By applying Lemma 13.9 inductively, we obtain the existence of an n-
extension ¢5 = ¢, of ®:

¢5 : I(n,j + nk)o — ZQ(M)
The map ¢ has the following properties:

a) f(¢s5) < c¢(n)d for some universal constant c(n);
b) for every x € I(n,j + nk)o

(79) M(¢5(x)) < sup{M(®(y)) : & € I(n,j)o,x,y € o} + nd.
In particular

(30) swp {M(é5(2))} < L(®) + no;
z€l(n,j+nk)o
c)

M(ps(x)) < M(®P(z)) + (n+1)d for all = € Iy(n,j+ nk)o;
d)
m(¢s,r) < 2" (n+ 1)a(n)s;
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e) For every a € I(n, j), with p <n

¢5(a(nk)o) € B, (Te(w)).

We note that property c) follows from (76) and (78). Furthermore, Lemma
13.8, (75), and property e) imply that
(81) sup{F(¢s(z) — (z)) : x € I(n,j +nk)o} <3(n+ 1l)eny < 6.

Before proceeding with the construction, we need one more definition. A
map B )

¢:I(n,k)o— Z2(M)N{S:M(S) <2L}

is called a (n, 6, k)-extension of ® if it satisfies

a’) £(¢) < c(n)d;

b?)
sup  {M(¢(2))} < L(®) + né;
z€l(n,k)o
)
M(p(z)) < M(®(z)) + (n+1)§ for all € Ip(n,k)o;
@)
m(¢,r) < 2" (n + 1)a(n)s;
)

sup{F(®(z) — ¢(x)) : v € I(n, k)o} < e1.
The constant d(n) mentioned below is universal.

13.10. Proposition. Let ¢ be an (n,d, k)-extension of ®, with k > j + nk.
Then there exists

(L I(L]AC)O X I(”? ]%)0 — ZQ(M)v
with k = (n+ 1)k + k, such that
W([0],-) = ¢s om(k, j +nk), $([1],) = don(k,k),

and
(i) £(¢) <d(n)d;
(ii)
Sup{F((y, ) — ®(2)) : y € I(1, k)0, x € I(n, K)o} < 5
(iii)

M(¢(y,z)) < M(®(2)) +2(n +2)8  for all (y,x) € I(1,k)o x Io(n, k)o.
Proof. Let ¢5 = ¢s on(k,nk + 7) on I(n, k). We also define
c:I(n,k)—{1,...,N}
by
c(a) =sup{c(B) : B € I(n,j) and anN B # 0}.

Note that €(a) < €() if @ C /. The next lemma is similar to Lemma 13.8.
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13.11. Lemma. Leta € I(n,k). We have
&5(&0), 5(0&0) - Bén+4)56(a> (T(_:(Ot))v

and
(D(CC) S B.g-{—-:a(a) (TE(a))
for every x € ag. In particular, if o,a’ € I(n, k) satisfy o C o/ then
TE(&) E Béé(a/) (TE(O/))'

Proof. Let n € I(n,j) with o C 1. From the definition of €, there exists
B € I(n,j) with an B # 0 such that ¢(«) = ¢(8). In particular, ¢(n) < ¢(B)
and S Nn # (. It follows from Lemma 13.8 and property e) that

$5(a0) C ds(n(nk)o) C B, (Tew))s

and
CI)(y) S B‘27:56<ﬂ> (Tc(ﬁ)) N Béc(n) (Tc(n)) for all y € 5 Nn.
Hence T, € Bfﬁc(s) (Te(s))- Tt follows that ¢s(ag) C Bén+4)ec(5) (Te(py)-

Let y € agNpB C n. From property ¢’) and (75), we get ¢(z) € B, (®(y))
and ®(z) € BZ (®(y)) for each = € ap. Therefore

¢lao) C B , (Tup) and @(z) € B (Tyg)-
O
We say a p-cell o of I(n+1,k) = I(1,k)®1(n, k) is horizontal if « = [y]®3
for some [y] € I(1,k)o and B8 € I(n, k), and vertical if « = v ® B for some
yeI(l,k) and B € I(n,k)p—1. B
Let W), be the set of vertices of I(n + 1,k + pk) that belong to the p-
skeleton 9f I(n+1,k), ie., Wp = Uy r(ns1,k), @(Pk)o. In particular, Wy41 =
I(n+1,k)o.
Consider B -
Yo : I(1,k)o x I(n,k)o — Z2(M)
given by )
}bo([o]ax) :¢5(CE), 1][)0([1"3_]6],1}) :¢($),
where 0 < i < 3*. We say that a map
Vp : Wy — Z5(M)
is a p-homotopy if the following conditions hold:
(1)
Pp([0],-) = s on(k + pk, k), ¥p([1],-) = pon(k + pk, k).
(2) If p = 1, we require that f(¢1) < ¢(n)d. If p > 1, we ask that there
exists a (p — 1)-homotopy 1 so that

£(ip) < b(n)(f(wp—l) +9).
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(3) If a =vy® B is a p-cell of I(n + 1,k), then

sup  {M(¢p(y,2))} < sup {M(¢s(x)), M(¢())} + pd.
(y,x)€a(pk)o x€fo

(4) If a = y® B is a p-cell of I(n + 1,k), then
Up(a(ph)o) C Bl 6y e, (o).

(5) m(ehy,7) < 200FP)F) (1 4 4 L)a(n)o.
(6) If « is a horizontal p-cell of I(n + 1, k), then

Vp = o o n(k + pk, k)
on a(pk)o.

We start by defining a 1-homotopy v1. Let a =~ ® 8 be a vertical 1-cell
of I(n + 1,k). By applying Proposition 13.5 to 1 on a, with T' = Tgg),
we get a map Yoo 1 a(kg(g)) — Bén+4)eé(ﬁ)
Proposition 13.5 here because of Lemma 13.11 and properties b), d), b’), d’)
above. Since 1/;0704(:5) = Yp(x) for z € ag, the map 1 : W; — Z9(M) given
by i = 1/;0704 on(k + k, k + kes)) on a(k)o if a is a vertical 1-cell, and by
1 =Yg on(k + k,k) on a(k)p if @ is a horizontal 1-cell, is well-defined. It
follows directly from Proposition 13.5 that v is a 1-homotopy.

(Te(s))- Note that we can apply

13.12. Lemma. Assume p < n. Given a p-homotopy v, we can find a
(p+ 1)-homotopy Ypi1.

Proof. Let a = v ® 8 be a vertical (p + 1)-cell of I(n + 1,k). Hence 8 €
I(n,k),. From condition (4) of the definition of a p-homotopy and Lemma
13.11 we have

Yp(ao(pk)o) C Bén+6(p+1)—2)65(5) (Te())-

From condition (3) of the definition of a p-homotopy, and properties b), b’),
we also have

sup {M(Yp(y,2))} < L+ (n+p)d <2L—4.
zao (pk)o

Now because of condition (5) we can apply Proposition 13.5 to ¢, in a, with
T =1Tgp), m=p+1, j=pk, to get a map

¢p,a : Oé(pk‘ + ké(ﬁ))o - B{;n+6(p+1)—2)85<5> (TE(B))'
By property (ii) of Proposition 13.5 we get that
Q,Z)p,a = ¢p o H(E‘ + pk + ké(/@)’ k + pk)

on the p-faces of a. ~
If « =y ® B is a horizontal (p + 1)-cell of I(n + 1, k), we define

Upa : Pk + kg(s))o — Bén+4)sé(ﬁ) (Tz())
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by ﬁp,a = ypon(k +pk+ke(s), k). Since the p-faces of a are again horizontal
cells, we get from condition (6) of the definition of a p-homotopy that
f&p,a = 1/}1) © H(E —i—pk‘ + ké(ﬁ)a ];7 —i—pk)
on the p-faces of a.
Hence the map ¢p41 : Wyp1 — Z2(M) given by
¢p+1 = '([}p,oz o n(E + (p + 1)k’ k + pk + ké(ﬂ))

on a((p+ 1)k)o, a =7 ® B € I(n, k)py1, is well-defined.
Arguing as in the proofs of Lemmas 13.6 and Lemma 13.9, we can check
that 1,41 is a (p + 1)-homotopy.
O

Proceeding inductively, we construct an (n + 1)-homotopy
Y =tni1: I(n+1,k)o — Z2(M).

From condition (2) of the definition of a p-homotopy it follows that there
exists a universal constant d(n) so that f(i) < d(n)é. From condition (4)
of the definition of a p-homotopy we have that

Thus, we obtain from Lemma 13.11 that
sup{F(¢(y,x) — ®(x)) sy € [(1,k)g,z € I(n,k)o} < (In + Ten < 4.

Finally, from (76), and property c), we have that for every 8 € Ino(n, k),_1
and z €

sup (M(d3()), M($(z))} < M(B(2)) + (n+ 2)6

Therefore, condition (3) of the definition of a p-homotopy implies that
M (i (y, z)) < M(®(z)) 4+ 2(n+2)5  for all (y,z) € I(1,k)o x Io(n, k)o.
O
We now finish the proof of Theorem 13.1. Let
e(n) = max{d(n), c(n),2(n+2)},

and let {0;};en be a decreasing sequence of positive numbers converging to
zero. Consider

Pi = G5, /e(n)  L(n, ki)o — Z2(M),
k; — oo, defined as before. From (79) we see that for every y € I(n, ki)o

M(¢i(y)) < sup{M(®(x)) : o € I(n, li)n, 2,y € a} + 0

and this proves Theorem 13.1(i).
We can extract a subsequence {¢; = ¢, } such that ¢, is an (n, J;,, kji+1)_

extension of ®. Proposition 13.10 applied to ¢; and ¢;41 (replacing ¢5 and ¢,
respectively) gives us a map 1); that satisfies Theorem 13.1(ii),(iii), and(iv).
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To prove Theorem 13.1(v), we change the construction of the p-extension
¢p of @ so that, whenever a € [0]®I(n—1,7)p, we have ¢, = Pon(j+pk,j)
on a(pk)o. This is still a p-extension because of (77). Then we redefine ¢;
so that, instead of having ¢5 = Pon(j+nk,j) ona € [0]@ I(n—1,j)n-1,
we have ¢5 = ® on a(nk)y. The rest of the construction follows exactly as
in the previous case.

14. INTERPOLATION RESULTS: DISCRETE TO CONTINUOUS

In this section we give conditions under which a discrete map is approxi-
mated by a continuous map in the mass norm. The main result is important
to prove Proposition 8.5 in Section 15.

We observe from Corollary 1.14 in [2] that there exists dy > 0, depending
only on M, such that for every

w : I(n,O)o — ZQ(M)
with f(¢0) < b, and « € I(n,0); with da = [b] — [a], we can find Q(«) €
I3(M) with
0Q(a) = ([b]) — ¥ ([a]) and M(Q(a)) = F(9Q(a)).

The main result of this section is:

14.1. Theorem. There exists Cy > 0, depending only on M and n, such
that for every map
¢ : I(n,O)o — ZQ(M)
with £(1)) < dg, we can find a continuous map in the mass norm
U I — Z5(M; M)
such that
(i) ¥(z) =(x) for all x € I(n,0)p;
(ii) for every a € I(n,0)p, U\, depends only on the values assumed by v
on the vertices of a;

(iii)

sup{M(¥(z) — ¥(y)) : 2,y € I"} < Co ;tlpo) {M(9Q(a))}-

An immediate consequence is:
14.2. Theorem. For every map
Y I(n,k)o — Z2(M)
with £(1) < 09, we can find a continuous map in the mass norm
U I — Z9(M; M)
such that

o U(z)=1(x) for allx € I(n,k)o;
o for every o € I(n, k),

sup{M(¥(z) — ¥(y)) : z,y € a} < Cof ().
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Proof. Let a be an n-cell of I(n,k). By identifying « with I™ and apply-
ing Theorem 14.1 to 94,, We get a continuous map W, : a — Z3(M; M)
satisfying

sup{M(¥o(z) = ¥a(y)) : 2,y € a} < Cof (¢).
It follows from Theorem 14.1 (ii) that these continuous maps obtained from

different n-cells coincide along common faces, thus giving us a well-defined
map ¥ : I" — Z9(M;M). O

14.3. Proof of Theorem 14.1. We note that a similar result was proven
by Almgren in Theorem 6.6 of [2]. In our case the situation is simpler
because we are dealing with codimension one currents (2-currents in a three-
manifold). The work of Almgren gives us a map ¥ that is continuous in the
flat metric and satisfies (i), (ii), and

(iii")

sup{F(¥(x) = V(y)) :z,y € I"} < Cy sup {M(Q(x))}.

a€cl(n,0)1
In Theorem 4.6 of [33], Pitts explains how to adapt the methods of [2] to
make them work in the context of maps that are continuous in the mass
norm. This involves the construction of the continuous map ¥ : [I" —
Z5(M;M). It follows from the proof of [2, Theorem 6.6], with no modifica-
tion whatsoever, that properties (i) and (ii) of Theorem 14.1 are satisfied.
Hence the statement of Theorem 14.1 which requires justification is the third
one. We will briefly sketch the proof of Theorem 6.6 of [2] and show that
Theorem 14.1 (iii) indeed holds.

Let A be a differentiable triangulation of M. Hence if s € A then the
faces of s also belong to A. Choose a linear order < on A such that s’ < s
if dim(s’) < dim(s). Given s,s" € A, we use s’ C s if s’ is a face of s. Let
U(s) = Uscgs’. In what follows we will denote by C' varying constants that
depend only on A and n.

The first ingredient in the construction of W is to consider, for every s € A,
a deformation map

D(s): I xIx(U(s);M) = Io(U(s); M)
such that

e D(s) is continuous in the mass norm;

e D(s5,0,T) =T and D(s,1,T) = 0 for every s € A, T € I5(U(s); M);

e forallse Ajt eI, and T € I5(U(s)), we have
(82) M(D(s,t,T)) < CM(T).

Here D(s,t,T) = D(s)(t,T).

The construction of such maps uses the deformation maps of [33, Theorem
4.5]. In the context of flat metrics, this construction was carried out in [2,
Section 5].

The second ingredient is to consider the cutting functions, which we de-
scribe now. Let A C I3(M) be a finite set with ¢ elements. Almgren [2,
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Section 5] associates to every s € A a neighborhood L(s) of s and con-
structs a function

Cpr:AxA—TI3(M)
satisfying, according to Definition 5.4, Theorem 5.8 and Lemma 5.9 of [2],

(83) Ca(s,T) = <T - Cals, T)) N L(s);

(84) M <8C’A(5,T) —-9 (T -> CA(s’,T)> N L(s))

s'<s
<C-q-M (T— ZCA(SlaT)) ;

s'<s
e support (Ca(s,T)) C U(s) for all (s,T) € A x A.
From (83) we see that
M(Cx(s,T)) < CM(T) for every (s,T) € A x A.
This inequality and (84) imply that
M(9Ch (s, T)) < CgM(T) + M(IT) + > M(IC,(5,T)).
s'<s
Thus we conclude that
(85) M(0CA(s,T)) < C-q-(M(T)+M(0T)) for every (s,T) € A x A.

Having defined the basic ingredients we recall Almgren’s construction of
the map . For every p-cell a of I(n,0), we consider the continuous function

ha : IP — Z5(M; M)

given by ho(0) = ¢(a) if p = 0, and by the following formula if p > 0 [2,
Interpolation Formula 6.3]:

(86) ha(zi,...,xp) = Z sign (7y)

€l

> D(s1,m1)0...0D(sp, 2p) 090 Ci(s,)(8p) 0. . .0 Cpyy) (51) (Q(M))

51,..,SpEA
where

e I, denotes the set of all sequences {;}¥_; such that 7, = a and
such that, for each 1 <i <p—1, v; is a (dim(7;4+1) — 1)-face of ;4.
e sign () is equal to 1 or —1, according to [2, Definition 6.2].
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e the finite sets A((3) are defined inductively in the following way: if
p € I(n,0)1, we have A(B) = {Q(B)}; if f € I(n,0); with j > 1, we
have

A(B) = {Cr(p,_1)(85-1) 0 ... 0 Cp ) (51)(Q(B1))
:sp € A and Sy is a k-cell of 8 for every k=1,...,7 — 1}.

Having fixed the triangulation A, the deformation maps (which depend
only on A), and the cutting function Cy(g) for each cell 3, it is clear that
hq is continuous in the mass norm and that it depends only on the values
assumed by 1) on the vertices of «.

14.4. Lemma. For every x € I and o € I(n,0),, with p > 1, we have
M(ha(z)) < Csup{M(9Q(B)) : B € 1(n,0)1,8 C a}.

Proof. The cardinality of every finite set A() is bounded above by a con-
stant depending only on A and n. Hence we obtain from (85) that

(87) M (D0 Cp(y,)(8p) 0 ... 0 Crpyy)(51)(Q(M1)))
< C(M(Q(m)) + M(0Q(71))) < CM(IQ(1))

for every {7;}¥_; € I'n, where the last inequality comes from the fact that

M(Q(71)) = F(9Q(11)) < M(9Q(m1))-

The number of elements of I',, is bounded above by a constant depending
only on n, hence the desired result follows from the expression (86) for h,
combined with (82) and (87). O

Using Lemma 14.4, the proof of [2, Theorem 6.6 (2) (b)] applies with no
modifications to conclude Theorem 14.1 (iii).

15. PULL-TIGHT

Assume we have a continuous map in the flat topology
O I" — Z9(M)

which satisfies the following hypotheses:

(Bo) @7y is continuous in the F-metric;

(B1) @(I" 1t x {0}) =®(I" ! x {1}) = 0.

We denote by |®| : I™ — V(M) the map given by |®|(z) = |®(x)| for
x e I™

Consider II € F#(ZQ(M; M), ®7n).
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Proposition 8.5. There exists a critical sequence S* € II. For each
critical sequence S*, there exists a critical sequence S € 11 such that

e C(S5) C C(5);

o cvery X € C(S) is either a stationary varifold or belongs to |®|(1).

Proof. We start with a basic lemma that proves the existence of critical
sequences. This is just like [33, Subsection 4.1, Proposition 4].

15.1. Lemma. There exists a critical sequence S* € II.

Proof. We choose S7 = {qﬁg}ieN € II such that L(S7) < L(IT) + 1/4, and
pick an increasing sequence {n;};cy so that we have, for all i > nj;,

o max{M(¢/(z)) : # € dmn(¢})} < L(S) + 1/j;

e ¢! is n-homotopic to ¢/, with fineness 1/j;

k+1
7

Let ¢f be given by ¢ = ¢! if i <ng — 1, and ¢F = ¢! if n; <i <njq — 1.
Then S* = {¢!} € IT and L(S*) = L(II). O

e and ¢% is n-homotopic to ¢! with fineness 1/j for any 1 < k < j.

Given a critical sequence S* € II, we apply a “pull-tight” procedure to S*
to find another critical sequence S € II such that all elements of C(S) are
either stationary varifolds or belong to |®|(I}'). We essentially follow the
method of [33, Theorem 4.3].

Suppose S* = {¢7 }ien, and set

¢ =sup{M(¢;(x)) : i € Nz € dmn(¢;)}.
We define the following compact sets of Vo(M):
A={V eV M):[|[VI[(M) <c},
B =[®[(Iy) C A,
Ap=BU{V € A:V is stationary in M},
Ay ={V €A :F(V,A) >27"},
Ai={VeA: 27" <F(V,Ap) <271 iec{23,...}.
For every V € A;, i > 1, we choose a vector field Xy € X (M) with
|Xv|ct <1 and such that
SV (Xy) < %inf{éV(Y) LY € X(M) with |Y]e < 1} < 0.

The map S € Vo(M) +— 0S(Xy) is continuous, hence we can find for every
Ve A;,i>1 aradius 0 < ry < 27 so that we have

1
05(Xy) < 5 mf{85(Y) : Y € X(M) with [Y]er < 1} <0

for every S € va (V). The compactness of A; implies that the open cover
BT (V) admits a finite subcover. Thus we can find ¢; € N and

e a set of radii {T’ij}?izl, rij < 272';
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a set of varifolds {Vj; }?;1 C A
a set of vector fields {X;;}7_; C X(M) with |Xij|cn < 1

a set of balls U;; = Bfij(V;j) NA,j=1,...,¢, with A; C U?i:l Uij;
a set of positive real numbers {e;; }?i:l such that

5S<XZJ) < —€ij < 0 for all S € Uij,j =1,...,q.

The condition r;; < 2% implies that {U;; }ien,1<j<q; 1s a locally finite cov-
ering of A\ Ag. Therefore we can choose a partition of unity {¢;; tien 1<j<q
of A\ Ap with support(¢;;) C Ui;.

We define

X:A— X(M),

continuous in the F-metric, by

X(V)=0 ifV e A,

X(V)=FV,A) > ¢(V)Xy ifVeA\A.

1€N,1<j<g;
It follows that
OV(X(V)=0if Ve Agand V(X (V)) <0if Ve A\ Ap.
This implies we can find a continuous function
h:A—1]0,1]

such that

e h=0o0n Apand h(V) >0if V € A\ A,

o and ||f(s, V) (MI(M) <|[[f(t,V)(V)I(M) if 0 <t <s < h(V),
where f(¢,V) denotes the one-parameter group of diffeomorphisms gener-
ated by X (V).

Now let

H:[0,1] x (Z2(M;F)N{S : M(S) < ¢}) = Z2(M;F)n{S : M(S) < ¢}
be given by
H(t,T) = f(£,[T]),(T) if 0 <t <h(|T]),
H(t,T) = F(R(T)), [T1) ,(T) i h(IT]) <t < 1.
The key properties of H are

(i) H is continuous in the product topology;
(il) H(t,T) =T for all 0 <t < 1if |T| € Aop;
(ii) |[H(1, T)]|(M) < |[T][(M) unless T € Ao;
(iv) for every £ > 0, there exists 0 > 0 so that

zely, F(T,®o(x)) <d=F(HT),®(x)) <e forall 0<t<1.

where x € I} and 0 < ¢ < 1. This property is a consequence of the
first two, since B = |®|(§) C Ap and ®» is continuous in the
F-metric.
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We now proceed to the construction of S = {¢;}ien € II with C(S) C

Ap N C(S5*). We would like to put ¢; = H(1, ¢). Since the map
G:Zy(M) = Z2(M), G(T)=Fu(T),

where F' € Diff(M) is fixed, is continuous in the F-metric but not in the

mass norm, the fineness of ¢; could be large even when f(¢7) is small. Thus

we need to interpolate H (1, ¢;) one more time, as in Theorem 13.1. When

doing this, it is important to check that the values assumed by ¢; stay close

in the F-metric to those assumed by H (1, ¢).

This minor issue was overlooked by Pitts [33, page 153]. We overcome this
difficulty using the Interpolation Theorem 14.2 of Section 14. This requires
a bit of extra work that we do now.

Denote the domain of ¢} by I(n, k;)o, and let §; = £(¢F). Apply Theorem
14.2 to obtain a continuous map in the mass norm

Qi I — ZQ(M;M),
such that for all x € I(n, k;)o and « € I(n, ki), we have
(88)  Qi(z) =¢{(x), and sup {M(Qi(2) — Qi(y))} < Codi.

Y,2€Q
We claim that

(89) llgglo sup{F(Q;(z), ®(x)) : x € IJ'} = 0.
Indeed, from Lemma 7.8 we have that
zliglo sup{F(¢; (z), ®(z)) : x € Iy(n, ki)o} = 0.
The claim then follows from (88).
Consider the continuous map in the F-metric
Qi I x I — Zo(M;F),  Qi(t,x) = H(t,Q(z)).
From property (iii) of H we have
(90) max{M(Q;(t,z)) : (t,x) € I x I"} < max{M(Q;(z))}.

rel™
From property (iv) of H and (89) it follows that

(91) Zliglo sup{F(Q;(t,x), ®(x)) : (t,z) € I x Iy} = 0.

15.2. Lemma. For everyi € N, lim,_,o m(€;,r) = 0.

Proof. Let 6 > 0. Note that C = ;(I x I") is a compact subset of Zo(M;F).
For every p € M and T € C, and since T is an integral current, we can choose
r=r(p,T) > 0 so that

I1S||(B,(p)) <& forall S € BF(T).

By compactness, we can select a finite covering { By, (pr) X Bfk (Ty) 3, of
M x C, where r, = r(pg, Tx) /2.



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 83

If 7 = min{ry}Y_,, then
||T'||(Br(p)) < ¢ for all (p,T) € M xC.

We can now apply Theorem 13.1 to €2; and obtain
ggij : I(l,SZ‘j)O X I(n,sij)g — ZQ(M)
such that

(a)

sup{M(¢;;(t,z)) : (t,x) € I(n +1,8;;)0} < gg}gf{M(Qz(x))} + ;S

sup{F(¢;(t,2) — Qi(t,x)) : (t,2) € I(n+1,555)0} < ;;

(d)
M((Eij(t, w)) < M(Qz(t,x)) + ; for all (t,x) € Io(n +1, 3ij)0§

(e) ¢i;([0), %) = (0, 2) = Qi(2) for all x € I(n, sij)o.
From Lemma 4.1, properties (c), and (d), we get

jlirgo Sup{F<$ij(t7x)a Qz(t7x)) : (t,IE) € IO(n + 17 Sij)O} =0.

Hence, using (91) and a diagonal sequence argument, we can find {¢; =
®ij(iy} such that

(92) leglo sup{F(¢i(t,x), %(t,x)) : (t,x) € In(n+1,8;5)0} =0

and

(93) zllglo sup{F(¢;(t,z), ®(z)) : t € I(1, sij)0,x € Io(n, si5)0} = 0.

We define ¢; : I(1, sij(iy)o X I(n, si5:))0 — Z2(M) to be equal to zero on
I(1,5;50))0 X (T'(n, 5450))0 U B(n, 54503y )0),

and equal to ¢; otherwise. Since f (czASZ) tends to zero, we obtain from (93) that
$i = ¢i([1],-) is n-homotopic to ¢;([0],-) in (Z2(M; M), ®|7n) with fineness
tending to zero.

On the other hand, it follows from (88) and property e) that ¢;([0],-) is
n-homotopic to ¢; in (Z3(M; M), ®|jn) with fineness tending to zero. Hence
S = {¢;}ien € II. From property (a) and (88) we obtain that S is a critical
sequence, i.e., L(S) = L(II).

We are left to show that

C(S) C Ao N C(S).
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Given V € C(S), there exists a sequence {|¢g,(x;)|}ien, ki — oo, that
converges to V' in the sense of varifolds. It follows from (92) that |Q, (1, z;)|
also tends to V' as varifolds. Moreover, from (88) we see that a subsequence
of |Qg, (z;)| converges as varifolds to an element W of K(S*). Since the map
H is continuous in the F-metric, we have

V= i |0 (L) = lim [ (L ()] = (), W) 47
If V ¢ Ay then, from property (iii) of H, we get
LAIL) = [[VI[(M) = ||f (h(W), W)xWI[(M) < [[W]|(M) < L(II).

This is a contradiction, hence V' € Ay. Property (ii) of H implies that
V=W eC(5").
O

APPENDIX A

Let

Fi1=1{S c 8: S is an embedded closed minimal surface of
genus g(S) > 1}.

The goal of this appendix is to prove
A.1. Theorem. There exists ¥ in Fy such that
area(X) = Siéljﬁ_l area(Ss).
The proof is largely standard and the method well known among the
experts (see, for instance, [23, Theorem 2.1]).
Proof. Let X% € F; be a minimizing sequence, i.e., such that
i—00

lim area(X') = Sin]fr area(Ss).
€/

Standard Allard Compactness Theorem implies that we can extract a sub-
sequence converging in V2(S?%) to an integral stationary varifold X. Since the
Clifford torus has area 272, we have

[|1Z[|(S?) = lim area(X?) < 27 < 8n(1 — 6)
1—00
for some § > 0.

A.2. Lemma. There is rg so that
IZ[[(Br(p))

5 <2—6 forallT <rg,pec S
T
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Proof. Suppose not. Then we could find sequences {¢; }ien, {7i}ien tending
to ¢ € ¥ and zero, respectively, such that

[Z0(Br9)) < 5 _ .

lim 5 >

1—00 ry
The monotonicity formula [39, Theorem 17.6] on a general ambient manifold
implies that
Y||(By
IS8 )

r—0 2
Consider the cone C in R* defined by

C=pyg(X xR), where pi: 5% xR —R* pu(p,r) =rp.

>2-4.

Because ¥ is a stationary varifold in S3, C is a stationary integral varifold
in R* where, denoting by w3 the volume of a 3-ball, we have

ICII(B:(0) _ [IE1I(S%)

<2(1-¢) forallr>0,

ws3rd 47
.
4
i ICUBE@) _ 1SN @) Ly
r—0 (,L)3’I°3 r—0 2

Combining these two facts with the monotonicity formula we obtain a con-
tradiction because
C||(B* C||(B4 C||(BX(0
s 5 < ICNB@) _  ICIB@) _  ICIEBIO) ) s
r—0 w37“3 T—00 w3r3 —+00 w3r3
O
A.3. Lemma. X is smooth with multiplicity one.

Proof. From Allard Regularity Theorem [39, Theorem 24.2] it suffices to see
that
Y||(B

1 5 =1 forallpeX.
r— mr

Choose p € ¥ and consider, for every A € R, the dilation map p*(z) = Az
defined in R%. Set 4
Nj=py(E-p), jEN

which is a varifold in R* with generalized mean curvature tending to zero
uniformly. From Allard Compactness Theorem, we have that a subsequence
converges to a stationary varifold V' C pt, where p- C R* denotes the
hyperplane orthogonal to p. Moreover, we must have from scale invariance
and Lemma A.2 that, for all s > 0,

4 J 4
o IVIBHO) _  IPIBIO) _ o IBIBG)
s j—00 TS r—0 r

and so the monotonicity formula implies that V is a stationary cone in p.
From [1] we know that V is a cone over a stationary l-varifold v C
5?2, which is a network consisting of geodesic segments meeting at triple
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junctions. If we show that v has no triple junctions then V' must be a plane,
which has multiplicity one from (95), and so (94) follows at once.

Suppose xq is a triple junction of v and consider the sequence of integral
stationary varifolds

Ve =puly(V—20), keN.

From [39, Theorem A.4] we know that, after passing to a subsequence, Vj
converges to a stationary varifold U, which consists of three half-planes
{P}, P, P3} of p* meeting along a common line L. Note that these half-
planes must have multiplicity one from (95). We can extract a diagonal
subsequence from

ik = M%(M#(E(i) —p)—zo), G,jkEN
denoted simply by {X;};cn, where the relevant properties are
a) 821‘ = 0;
b) ¥; has generalized mean curvature tending to zero uniformly;

c¢) from Lemma A.2 there is C' > 0 such that for every R and i suffi-
ciently large, we have

[|54]|(Bi(z)) < Cs?  for all z € BL(0),0 < s < R.

From Federer Compactness Theorem we know that X; converges to T €
Z5(S?) in the flat topology. We claim that we can assign orientations to the
half-planes { Py, P2, P3} so that U = T'. This gives a contradiction because,
regardless the orientation we assign to each half-plane, we have U # 0.

Denote by L; the set of all points at distance 277 from the line L, which
is the line of common intersection of the half-panes P;. We have that U\ L;
consists of multiplicity one planes and thus, from property b) and Allard
Regularity Theorem, we obtain that X; (R*\ L;) converges strongly to
UL(R*\ L;) for every j € N. This induces an orientation on U.

Consider any 2-form w with support contained in Bj(0) C R, for some
R, and comass ||w|| < 1. We now argue that U(w) = T'(w) and this finishes
the proof. There is an integer N, independent of j, such that we can cover
L;iNB%(0) with balls { B} % of radius 277. Hence, we obtain from property
c¢) that for all ¢ sufficiently large

N2J _
[1551(Z; 1 BR(0) < Y [15%]|(By) < CN279.
k=1
The strong convergence property of ¥; outside L; implies at once that
IT(w) — Uw)| <20N277,
and thus, making j — oo, we obtain U(w) = T'(w).
O

We are left to argue that the genus of ¥ must be bigger than zero. In-
deed, because ¥ has multiplicity one, Allard Regularity Theorem implies
the sequence ¥; converges strongly to ¥ and thus its genus g(3) > 1. ([
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APPENDIX B

In this appendix we collect some facts about conformal transformations
of R%. For each v € B*, let F, : S — S3 be given by

Given p, N € S3 with (p, N) = 0, we define

Alp,N,r) = S3\ (Br((cos )p + (sinr)N) U B, ((cosr)p — (sin r)N))
=93\ <B4 2(1760871)((005 r)p+ (sinr)N)

4 .
U B 2(1760“)((0087“)]?— (smr)N)) _

B.1. Proposition. There is Cy > 0 and, for each r € (0,7/4), C; =
Ci(r) > 0 and g9 = go(r) > 0 such that the following holds.
For every

v=(1—-s)(costp+sintN),

with
p,NeS® (p,NY=0, 0<s<ey, and |t|<eo,
we have
4 ol 3 4 3 4 = 3
BE_CO |(57t)\(Q) ns"chy (B\/i( N)ns ) . BE"FCO \(Svt)\(Q) ns
and
4 al 4 )
F’U<A(p7N7/r)) C Bﬁ_,'_cl |(8,t)‘(Q)\BE—C1 ‘(s,t)‘(Q>7
where

t/s 1

T Jirae

B o= o1t )
V14 (t/s)?
Proof. The next of lemma collects some basic identities, the proof of which

are left to the reader.

B.2. Lemma.
(i) Let Q € R*\ {0} and R > 0 such that (1 —|Q|)> < R®. Then

= ) R2 _ 012 — 1
B%(Q)QSSZB%<C~2|>QS3 where R:\/2—|—R|Q.

Q Q|
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(ii) Let Q € S®. Then

-4
S\ B ey @) = Byairama (@) N S”.
(iii) Let h € R*\ {0}, |n| <1, and
E={zcR':(x—h,h) >0}

Then ENS° = B! - (h/|h]) N 5°,

Let i : R*\ {0} — R, T, : R* = R* and D, : R* — R* be the conformal
transformations given by
x

i(z) = W, Tw(z) =x4+w, Dy(z)= N\,
x
where A € R and w € R*. We have
(96) Fy=Dy_yp20 T,% oi0T .

_‘U‘2

B.3. Lemma. Let h € R*\ {0} and E = {x € R*: (x — h,h) > 0}. Then
4 h 1

i(E) = B,(c), where c= e T o
Proof. The lemma follows from the calculation:
2
) e = [T P 1
|Z(«T) C| r = |$‘2 2|h|2 4‘h|2
N C e Y 0)
[P

B.4. Lemma. Let h € R4\ {0}, |h| < 1. Ifv € B, then
h Q
4 s 3) _ p4 [ =% 3
w2 () ) = (1) 7

Q = (1—[wPh=2(n* - (h,v)),

B RO+ o) — 2 0)
= \/ ? (1 Q )

Proof. From Lemma B.2(iii) and (96) we have

h
4 3 _ Y : 3
F, <B GTEmTN (|h!) ns > = Di_jyp OT_:HUP oioT_,(ENS?)
= (Dl,MQoT_ : oz’oT,v(E)) ns?,

1-[v]?

where

where £ = {x € R*: (z — h,h) > 0}.
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Suppose |h|? — (h,v) # 0 and set

‘h‘Q — <h7 ’U>

oc=1 ifve E, o=-1 ifv¢E, and h,= e

h.

Then
(97) T o(E) = {z € R*: o(x — hy, hy) > 0}.

Suppose |h|?> — (h,v) > 0, i.e., v is in the interior of E. We have from
Lemma B.3

. —4
i(T(B)) = BA(c)
where
h I
(98) c=— " and r=___ "
2(1hf? = (h,v)) 2/[h[? = (h, )]
Therefore
. —4
Dy_jyp o T vy 00 Too(B) = Bru_jop) (1 - [0]*)e —v)
and we conclude that F,(F) = B%(Q), where
5 (1 —[v[*)h
Q = st
2(|h|? = (h, v))
s 0P
2[|h|* = (h, )|

It follows from Lemma B.2(i) that

FU(E):B?%(Q), where R:\/2+RZ_Q|2_1.

Q| Q|
Since
2
R ojop -1 = St
2(h,v) — |h[>(1 + [v]?)
|h]? = (R, v) ’
we have

o (o RO oP) —2(h0)
= \/ ? <1 Q )

Lemma B.4 follows immediately when |h|? — (h,v) > 0 because % = 18
and R = R.

Suppose now |h|? — (h,v) <0, i.e., v ¢ E. From (97) and Lemma B.3 we
have

O

i(T-o(E)) =R\ B;(c)
where ¢ and r are as in (98). Therefore

Dy s 0 Tosy 0i0 T y(B) =R\ BY |y, (1~ o]P)e — ).

1—|v|2
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Thus ~
5 Q
R(F) =R\ BYQ) =R\ B2
where Q, R and R are as above. Since |h|? — (h,v) > 0, we have % = —%

and R? + R? = 4. We apply Lemma B.2(ii) and conclude Lemma B.4.
Finally, if |h|> — (h,v) = 0 then the result follows from the previous cases

by approximation, since the set of all v with |h|? — (h,v) # 0 is everywhere

dense in B*. O

Next we compute the conformal image of a geodesic ball in S3.

B.5. Lemma. Letx € S Ifv e B*, then

F, (Bil/i(:v) N 53) = B}, (&) ns3,

where

Q=(1—v*z+2(z,v)v and R:\/2 <1+2<’g|v>)

Proof. We apply Lemma B.4 with h; = tz in place of h, and let t go to
ZEero. O

We can now prove the first statement of Proposition B.1.
B.6. Lemma. There is Cy so that for every
v=(1-s)(costp+sint N),
with
p,NeS3 (p,N)=0, 0<s<1/2, and |t|<1/2,
we have

4 = 3 4 3 4 = 3
Bl coyia @ NS’ CF (Blp(-Nn8*) CBL  ren(@ s
where Q and R are defined in Proposition B.1.
Proof. From Lemma B.5,

R (Bl-No) 0 8*) = B4 (-~ &) 0,

where

Q=(1-[v*)N+2(N,v)v and R= \/2 (1 — 2<‘]Zj|v>)
Thus
(99) Q= (25 — s*)N 4+ 2(1 — s)?sint(costp + sint N)

= (25 — 52 +2(1 — 5)?sin®t)N 4 2(1 — s)?sint cos t p,



MIN-MAX THEORY AND THE WILLMORE CONJECTURE 91

and
Q1> = (25 — s%)? + 4(1 — s5)?sin ¢.

Hence we can find C; so that for all |s| < 1/2 and [¢t| < 1/2 we have

s+ 2

(100) < QP < 4(s* +)(1 + Cil(s, 1))

This implies the existence of Cy so that for all |s| < 1/2 and [t| < 1/2 we
have

2 1
‘ Ql  Vs2 412
From this inequality, (100), (99), and s > 0, we obtain constants C3 and Cy
so that

(101)

< (Ch.

— Q 27 25 — 52 +2(1 — 5)?sin?¢t s 2
'Q_ <_W\> N < Q| - \/82—|—t2>
N (2(1—s)zsintcost B t )2
Q| Vs + 12
<5 (—32+2(1—s)2sin2t>2 ) (2(1—3)281ntc05t—2t>2
Q| Q|

+Csl(s, )" < Cal(s, )]
From (101), (100), and s > 0, we obtain constants C5 and Cp so that

2 B2 _ _2<N,v> _ _ t/s
o= 2(1 IQ|> 2<1 \/1+(t/s)2>|

_ | 41— s)sint n 2t
Q) Vs? + t?

< 4t — 4(1 — s)sint +Cs|(5,8)]
Q|

< Gol(s, )]

Hence |R — R| < /Cg+/|(5,1)].
If we choose C' = /Cy + +/Cs, the result follows by applying the triangle
inequality. (Il

The next lemma finishes the proof of Proposition B.1

B.7. Lemma. For everyr € (0,7/4) there is C1 = C1(r) and g9 = eo(r) so
that for every
v=(1-3s)(costp+sint N),
with
p,NeS® (p,NY=0, 0<s<ey, and |t|<eo,
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we have

FU(A(pv Na T) N S3) C B%‘Fcl\/m(@) \ B%*le |(s,t)|(©)’

where Q and R are defined in Proposition B.1.
Proof. Let o; = (—1)iT! i =1,2. Define

B; = Bi/m((cos r)p + oi(sinr)N) N s3

and h; = (cosr)(cosrp + o;sinr N). Then, by Lemma B.4,

R =8l ()

where
Qi = (1= [v]*)hi —2(|hil* = (s, v)),

o CRP A+ o) = 2(hi, v)
= \/2 <1 Qi )

|hi|? = (hi,v) = cos®r — (1 — s)(cos®rcost + o; cosrsinrsint)

Notice that

—oitcosrsinr + scos?r + cosr O(|(s,)[%)

and so
(102) Q; = (25 — s*)(cos7)(cosrp + o;sinr N)
—2(1 — 8)(costp+sint N)(|hi|> — (hs,v))
= 20t cost sinr p 4 205 cosr sinr N 4 O(|(s,t)]?),

and
(103) 1Qi|?> = 4cos?r sin® r (s + t2) + O(|(s, t)°).
= 4cos?r sinr (s* 4 %) (1 + O(](z,t))) .
sin? r

Choose ¢ = €o(r) so that for all 0 < s < gq, [t| < g9 we have
(104) |Qi|> > 2cos® r sin? r (s + t2).
This inequality and (103) implies that for some Cy = Ca(r) we have

2cosrsinr 1

105 — < C
(105) |Qsl Vi T 2
and therefore, from (102) and (104), we have

Qi — Q; 20; cosrsinr

—(-0iQ)| < - (tp + sN)| + Csl(s, )]
Qi Qi Qi
O(|(s,t)?
< QD | 5,0 < cul(s, ),

- Qi
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for some constants Cs = C3(r), Cy = Cy(r).
Now
|hi|2(1 4 [v]?) = 2(hi,v) = 2(|hi|* = (hs,v)) + 2cos? r(—2s + s2)
= —20;tcosr sinr 4+ O(|(s, 1)[*)
and thus, combining with the expression for R;, (104), and (105), we obtain

ot o;tcosrsinr
R} 22— _ g‘R$—2—21 + Cy|(s,t
V2 + s2 |Qz’ 2|( )|
O(|(s,1)|?
sW+02\<s,t>|sc5<s,t>\

for some C5 = C5(r). We can then find Cs = Cg(r) such that
-2 -2
|Ri — (4= R)| < Cel(s,0)],  |R3—R'| < Cel(s, )],

which means

IR —\/(4—R)| </Csv/|(5,8)] and |Rs—R| < /Cs/|(5,1)].
If we choose C7 = +C4 + +/Cg, then

Bi/ﬁ—cg |(st)|(_@)mS3 C Fy(B1),

4 a2} 3
Bl . e @nS® C F(B).

We conclude that

Fy(A(p,N,7)N S3) = F,(S3\ (B1 U By))

3 4 Q 1 Q
<5 (B ey Y P @)

The result follows from Lemma B.2(ii).

ApPPENDIX C
Given m, j € N, we construct
rm(j) : I(m, j+q)o = S(m+1,5)oUT(m+1,j)o
satisfying:

e g depends on m but not on j;
o if x,y € I(m,j+ q)o satisfy d(z,y) = 1, then

(106) d(rm(5)(2), tm(5)(y)) < m.
o if z € Ip(m,j + q)o, then

(107) rm(j) (@) = (0(j + ¢, 7)(x), [0]).
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Let

R+ 1™ = (I % [0,1]) U (1™ x {1}) € Ig**!

be a Lipschitz homeomorphism such that

(108) Ry (z) = (x,0) for all x € I".
We choose ¢ € N such that
(109) IRy (x) — Rin(y)| <377 %x —y| forall z,ye I™.

Let K =S(m+1,5)0UT(m+1,j)o. Given z € I(m,j + q)o, we choose
rm(j)(z) € K such that d(r,,(j)(z), Rm(x)) = d(Rn(x), K). This choice
might not be unique, but if x € Io(m, j 4+ ¢)o we obtain from (108) that

rm(§) (@) = (07 + ¢, 7)(x), [0]).

This shows (107). If z,y € I(m,j + q)o satisfy d(x,y) = 1, we get from
(109) that

|Ron(2) — Rin(y)| < 397237070 = 3702,

This implies that r,,(j)(z) and r,,(j)(y) must be contained in a common
m-cell of In(m + 1, 7). Hence property (106) follows as well.
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