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Abstract

The concertina pattern is a metastable stage in the switching process of elongated thin—
film elements. It is an approximately periodic structure of domains, separated by walls
perpendicular to the long axis of the element. In this paper, we give arguments in favor
of our claim that the period is frozen—in at nucleation, i. e. at the critical external field.

In prior work, [7, 8], we argued that there are four qualitatively different regimes for
nucleation. In one of these asymptotic regimes, the unstable mode displays an oscillatory
behavior in direction of the long axis. In this work, we derive a scaling limit of the
micromagnetic energy near the bifurcation point in the above regime. We also prove that
the scaling limit is coercive for all values of the reduced external field. Because of this
coercivity, there exists a branch of non—trivial local minimizers. Numerical minimization
of the scaling limit reveals that this branch is indeed a continuous branch of concertina
pattern.

The scaling limit is derived by I'-convergence of the suitably rescaled micromagnetic en-
ergy. This robust procedure combines the limit of an asymptotic parameter regime with a
zoom—in in configuration space. The coercivity of the scaling limit is derived by suitable
non-linear interpolation estimates.

Mathematics Subject Classification: 78A99, 49K20, 74G60

1 Introduction

1.1 Motivation

The micromagnetics of ferromagnetic thin—film elements is a paradigm for a multi-
scale pattern—forming system. On one hand, there is a material length scale which
is the effective range of the attractive spin—spin interaction (5 nm for Permalloy).
On the other hand, there are the sample dimensions (thicknesses typically hundreds
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of nm, widths typically several pum). Furthermore there is a long-range spin—spin
interaction expressed by the stray field.

There is a well-accepted continuum model for the magnetization m(z) for tempera-
tures well below the Curie temperature. In its static version it comes as a variational
problem for m. In recent years, several reduced models, suited for specific thin—film
regimes, have been derived. They have been derived based on scale separation,
within the framework of I'-convergence [13, 9, 16]. This means that they are rele-
vant for ground states and metastable states with energies close to the ground state
energy.

For the technologically important switching under external fields, however, meta—
stable states with energies far from the ground state are important. In a certain
sense, an external field probes the complex energy landscape with its many wells.
In the case of small samples, all stationary points of the energy have recently been
mapped numerically [10].

For soft (i. e. low crystalline anisotropy) materials, it is the sample shape which
enforces a discrete set of ground states. For an elongated thin—film element for
instance, the two magnetizations in direction of the long axis are favored. The
ubiquitous concertina pattern, cf. Figure 1, can be seen as a metastable state in the
cascade of events on the road to switching.

Figure 1: The concertina pattern

Figure 1 shows such a pattern seen from above for an elongated Permalloy thin—film
element of 300nm thickness and 18um width. The concertina pattern is the almost
periodic microstructure in the center of the element’s cross—section. It is formed by
stripe-like domains separated by low—angle Néel walls. Figure 2 gives more insight
into the experimental picture. On the left, the sample and the original ground state
are sketched. Note that for a thin film it can be assumed that the magnetization is
essentially in—plane and independent of the thickness direction x3. In particular, the
information received from the surface can be assumed as valid throughout the whole
thickness of the sample. This reduces the problem of a graphical representation to a
two dimensional one, which can be solved by a grey—shade color coding. The middle
picture shows how the color coding has to be interpreted. Increasing scales of grey
correspond to an increasing opacity of the sample sections with respect to polarized
light. The polarization information itself corresponds with the magnetization of the
sample, which lives on the unit circle. Finally, the sharp transitions between the
shaded regions show that the concertina pattern is formed by uniformly magnetized



domains, separated by comparatively sharp walls. This is taken up in the rightmost
sketch of Figure 2.
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Figure 2: Mesoscopic magnetization

The concertina pattern is experimentally generated as follows, cf. Figure 3: First,
the element is saturated along the long axis, then the external field is slowly reduced,
eventually reversed. At some field strength, the uniform magnetization buckles into
the concertina pattern.
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Figure 3: How the concertina pattern is generated

A traditional analytical approach to switching is “nucleation” theory. One envisions
a ferromagnetic sample which is saturated by a strong external field. As one reduces
the external field, an instability eventually occurs. The corresponding field is called
the critical field. This first instability of the saturation branch is called nucleation.
This may or may not be related to an irreversible event, i. e. switching, see [17].
Whether this is the case, depends on the type of bifurcation.

Mathematically speaking, the critical field is the value of the external field at which
the Hessian of the micromagnetic energy functional ceases to be positive definite.
The degenerate subspace consists of the “unstable modes”. The related eigenvalue



problem has been explicitly and completely solved for special geometries like el-
lipsoids of revolution [6, 11, 2]. As a consequence of the multiscale nature of the
problem, there are different types of unstable modes, depending on and defining
parameter regimes. For instance, for sufficiently small samples, the unstable mode
corresponds to a coherent rotation of the magnetization, as in the Stoner—Wohlfarth
model [18]. For sufficiently large samples, the unstable mode corresponds to a curl-
ing of m which does not generate a stray field [6]. A third mode, which corresponds
to a buckling of the magnetization, has been found numerically [11]. In [17], hystere-
sis simulations show the nucleation of a curling mode via a supercritical pitchfork
bifurcation.

In [7, 8], we studied the nucleation problem for a cylindrical geometry which mimics
an elongated thin—film element, cf. Section 1.2.2. In the physics literature, there are
only partial results for cylindrical geometries. In [7], we identify exactly four scaling
regimes in the two non—dimensional parameters. One of these regimes displays an
oscillatory buckling mode and is novel in the sense that the period of oscillation is
determined by a subtle interaction of sample geometry and material length scales. It
is therefore tempting to make the following hypothesis: The period of the concertina
pattern is the frozen—in period of the oscillatory buckling mode discovered in [7].
It is noteworthy that this thin—film buckling regime stretches over a wide range in
parameter space. This is in contrast with Aharoni’s claim that buckling plays only
a minor role [2, p. 202].

In the companion paper, [8], we asymptotically identify the unstable mode in the
oscillatory buckling regime. This is done by identifying the I'-limit of the Rayleigh
quotient of the Hessian. We so obtain an asymptotic expression for the period of
oscillation of the unstable mode in terms of the thickness ¢t and width ¢ of the sample.
This expression is consistent with the experimentally observed trends, see Figures 4
and 5: The width of the domains in the concertina pattern increases for increasing
sample width ¢ while it decreases for increasing sample thickness t.

Figure 4: Concertina pattern for different widths

In this third paper, we go beyond nucleation and identify a scaling limit of the
micromagnetic energy near the critical field. More precisely, we combine the above-
mentioned scaling regime with a zoom in on the bifurcation point in configuration
space. This is done by I'-convergence after suitable renormalization. We show that
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Figure 5: Concertina pattern for different thicknesses

the scaling limit is coercive for all values of the external field in the reduced set-
ting, which yields the existence of a branch of concertina—type minimizers not far
in energy from the original global minimizer.

It has to be emphasized that the concertina pattern is not a ground state but a
metastable state and, as such, not a global minimizer of the energy functional,
but merely a local one. Experimental evidence for this fact is given by coarsening
phenomena, as seen in Figure 6. The concertina pattern for one fixed sample is
shown in two stages of its development. In the second stage the domain structure
has coarsened by fusion of different domains. This effect may explain the deviation
of a factor of two between the period of oscillation of the unstable mode and the
experimental results, see Table 1.

Figure 6: Coarsening of the concertina pattern

Let us now give a short synopsis of this paper’s content. In Subsection 1.2, we
introduce the micromagnetic energy functional and the idealized sample geometry.
In Subsection 1.3, we recall the basics of nucleation theory. In Subsection 1.4 and
1.5, we review the results of [7] and [8], respectively. Section 2 presents the results
of this paper. The final section is devoted to the proofs.

1.2 The micromagnetic model
1.2.1 Energy functional

Our analysis is based on the micromagnetic model. Let 2 C R? describe the sam-
ple geometry. The micromagnetic model states that an experimentally observed



t [4 Wezp Wiheo Wiheo

d| d| d d | Wep

8 | 4000 | 1200 | 586 | 0.49
48 | 8000 | 700 | 512 | 0.73
60 | 3600 | 540 | 279 | 0.52
10 | 2000 | 500 | 347 | 0.69

82800 | 800 | 462]| 0.56

8 | 7000 | 1700 | 851 | 0.50

Table 1: Comparison of theory (see [8]) and experiment

magnetization m: Q0 — R? is a local minimum of the micromagnetic energy

E(m) = d2/9\vm\2dx (1)
+ |Vti,|? dz (2)

R3
— 2/Hext-mdx (3)

Q

among all m which satisfy the saturation constraint
Im[> = 1 inQ. (4)

This version of the model is partially non—dimensionalized: The magnetization m,
the external field H.., the stray field —Vu,,, and the energy density are non—
dimensional. Length on the other hand is dimensional.

Contribution (1) is the exchange energy, which is of quantum mechanical origin; d
is the exchange length, a material parameter. Contribution (2) is the energy of the
stray field —Vu,,. The stray field is determined by the static version of Maxwell’s
equations. They are conveniently stated in a distributional form:

/ Vi, - Vodr = / m - Vedr for all test functions . (5)
R3 Q

As can be seen from (5), there are two types of “magnetic charges” which give rise
to a stray field:

volume charges —V -m in (),

surface charges v-m  on 0.

Contribution (3) is the Zeeman term which models the interaction with the external
ﬁeld Hext'



1.2.2 An idealized geometry

Motivated by the concertina pattern we consider the following idealized sample
geometry

Q = Rx(0,0) x(0,t) with £>t,
see Figure 7. The reasons for this choice are:

e () mimics an elongated thin—film element of thickness ¢t and width ¢. In Section
2.1, a finite periodicity L in direction x; will be imposed.

e Due to the translation invariance in 1,  admits m* = (1,0, 0) as a stationary
point for all external fields of the form Heyy = (—hegt, 0,0), herr € R (note the
change of sign), and for an easy axis in direction of z; or perpendicular to x;.
In fact, we shall neglect crystalline anisotropy altogether without much loss of
generality.

X3

Figure 7: The geometry

1.3 Nucleation theory
1.3.1 The Hessian

The local stability of the stationary point m* = (1,0,0) is described by the second
variation of the energy F, its Hessian. Due to the constraint |m|? = 1, infinitesimal
perturbations of m* = (1,0, 0) are of the form

om = (0,0mg,0ms), om = dm(xy,xs,T3).

The Hessian HessE(m™*) in m* is given by
1 HessE(m*)(6m, dm) = 1 HessE®(m*)(dm, dm) — hm/Q |6m|? da, (6)
where HessE°(m*) denotes the Hessian without Zeeman term, i. e.
1 HessE®(m*)(dm, 6m) = d2/Q|V5m|2dx + /R3 Vs |* dr,
and the magnetostatic potential ug, is determined by dm in the usual way.
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Figure 8: Infinitesimal perturbations

1.3.2 Variational characterization of critical field and unstable modes

The critical field h.; is the value of hey for which HessE(m*) ceases to be posi-
tive definite. The unstable modes are the elements of the degenerate subspace of
HessE(m*) at hezt = herig. The following variational characterization of both can
be inferred from (6): he: and the (normalized) unstable modes are the minimum
and the minimizers, respectively, of the variational problem

L HessE® (m*)(6m, 6m) subject to /Q|5m|2dx = 1. (7)

It is natural to capitalize on the translation invariance of (7) in x; by a partial
Fourier transform in that variable. More precisely, the Hessian HessE°(m*)(-,-)
factorizes into {HessE°(m*)(ky, -, ) }x,er, Where

1
—HessE(m*)(ky, dm, 6m) = d2/ (kT [6m]* + 02 6m|? + |05 6m|?) dxodas
2 (0,)x(0.1)

+/ (KT |usm|® + |02 wsm|? + 105 usm|*) dwadas, (8)
R2

ki denotes the dual variable to x; and dm = dm(zy,x3). Hence we replace the
variational problem (7) in dm(z1, x2,x3) by the variational problem in dm(zs, z3)
and ki of minimizing

1HessE°(m*)(ky, dm, 6m) subject to / |6m|? doodzs = 1. (9)
(0,0)x(0,t)

Notice that unstable modes can also be seen as the ground states for the operator

Lom = ~d*DNeumannd™ — (gz) Usim- (10)
3

A complete explicit diagonalization beyond the obvious factorization (8) of £ seems
not at hand. Indeed, the contribution from the exchange energy is diagonal w. r. t.
cosine series in (9, x3) whereas the contribution from the magnetostatic energy is
diagonal w. r. t. the Fourier transform in (xs, x3). This lack of compatibility reflects
the fact that the exchange energy is confined to the sample but the energy of the
stray field extends into the ambient space.

8



1.4 Identification of four scaling regimes

A rigorous analysis of the scaling of the critical field h..; was carried out in [7]. By
dimensional analysis, h..; is a function of the non—dimensional parameters t/d, ¢/d:

hcm’t = hcrit(t/da g/d) (11)
In [7], all regimes for the scaling of this function are identified:

Theorem 1. [7] There exists a universal constant C' < oo, s.t. fort < £ (:

(tIn(%) for t < d;ln_l (£) Regime I )
lhcm. S (%)2 for %111_1(5) <t < % Regime I Con
¢ (&) for @ <t < (d0)V*  Regime Il
| (%)2 for (dO)/? < t Regime IV )
(12)

Theorem 1 can best be visualized in terms of a phase diagram for (11) in parameter
space, see Figure 9.

|
I

A} 1 U
A 1 U
A} § 1l
[ I Il Vv
, ‘
, ‘

LN
()" ) g
12 ‘

“\“‘ (d/ )2
Bin(h)

1 N..'\\']/
t
1 Ty

Figure 9: Phase diagram for he.;(t/d, (/d)

Theorem 1 is proved by establishing upper and lower bounds on (9) which match in
terms of scaling. The upper bounds stem from physically motivated models. The
main contribution of a mathematically minded analysis is to show that these models
can not be substantially improved, i. e. in terms of scaling. This is done by providing
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ansatz—free lower bounds, which rely on suitable interpolation inequalities. In this
sense the analysis of [7] is half-way between proposing (new) models and identifying
ground-state modes.

1.5 Identification of the unstable mode in Regime III

Theorem 1 identifies all scaling regimes by determining the scaling of h..;, but it
does not determine the degenerate subspace. We now present a result from [8] which
rigorously identifies the asymptotic degenerate subspace in the new Regime III.

1.5.1 The scaling

In [8] we identify the asymptotic minimizers (ki, dma(z2, x3), dms(xe, x3)) by char-
acterizing the I'-limit of (9). This requires a non—dimensionalization, which will be
performed anisotropically as follows

d202 1/3
r = <T) T1, T2 = Ly 3 = ta, (13)
with the implicit understanding that this also means k; = (657)1/ Pk, 0y = 0710y,
dxy = (dzy and so on. In view of the constraint in (9) we rescale the infinitesimal

perturbation as follows .
om = (L)% om.

1
2

2/3
HessE? = (%) HessEY.

We finally introduce the two non—dimensional parameters

d2 2/3 t2 2/3
€ = (E) and § := (@) (14)

which characterize Regime III:

In view of Theorem 1 and hepiy = 2 min HessE?, the Hessian itself has to be rescaled

as

e <1l and 0 < L (15)

1.5.2 The result

Theorem 2. [8] The variational problem of minimizing
%H?s@o(m*)(kl,ém, dm) subject to / |om|* doodrs = 1 (16)
(0,0)x(0,t)

['—converges in the regime (15) under weak convergence of (1%1,57712,57%3) in R x
L2((0,1) x (0,1))? to the variational problem of minimizing

1
2 ||

1 1 1
l;‘f/ (6mg)? dig + / (8 6my)? diey  subject to / |6mg|?diy = 1 (17)
0 0 0

10



if (5my, dmg) is of the form (8ma(ds),0) with ms € HE((0,1)), and +oc if this is
not the case.

The fact that 5/77\12 € Hj((0,1)), i.e.that the boundary values are fixed at zero, is
called “edge—pinning”. For the notion of I'-convergence, we refer to [5, Chapter
1.2]. The variational problem (17) can be solved explicitly, as illustrated in Figure
10. Edge—pinning fixes the shape of the eigenfunction as a sine in 5 with a multiple
of m as wave vector. Minimization in o yields sin(7wZs), which can be inserted.
Subsequent minimization in &; determines the oscillation wave vector.

w
A

sin(2r&,)

Sin(ry,)
. ~ Iy

Figure 10: Dispersion relation

The unstable subspace asymptotically consists of all perturbations dm of the form

2
omy = 2(£t)~Y% cos (W—xl) sin (%) and oms = 0. (18)
w
where the period w = % of oscillation in the infinite direction x; is asymptotically
given by
2 g2\ 1/3
(IS (327Td ¢ ) : (19)

which specifies (18).

We return to the hypothesis that the observed period we,;, of the concertina pattern
is the frozen-in length scale (19) of the unstable mode. We have compared w.,
to w for eight experiments pictured in [15]. These experiments cover a substantial
range of the non-dimensional parameters t/d and ¢/d, see Table 1.

2 Results

We recall our bold claim that the period of the concertina pattern is the frozen—in
length scale of the unstable mode. This claim is only substantiated if there are local
minimizers of concertina type close to the critical point m* in configuration space.
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This would be the case if the bifurcation was supercritical — which turns out not
to be the case, cf. Subsection 2.2. Despite this fact, we can show that such local
minimizers indeed exist near m*, see Theorem 5 in Subsection 2.2.

Our strategy is the following: We rigorously derive a scaling limit of a suitably
renormalized energy in Regime III which zooms in near m* in configuration space,
see Theorem 3 in Subsection 2.1. We then prove that this scaling limit is coercive
for all external fields, see Theorem 4 in Subsection 2.2.

2.1 Scaling limit of the renormalized energy

In this section we renormalize the energy in Regime III and identify a scaling limit
which includes the dominant nonlinearity. In order to preserve translation invariance
while working with a finite volume, we impose a convenient periodicity L in the
infinite x,—direction:

m(xy + L, x9,x3) = m(zy, T, T3).

This yields a well-defined energy functional

E(m) — d2/ |Vm|2d:c+/ V| do
(0,L)%(0,6) % (0,) (0,L) xR

2Nt / my dz, (20)
(0,L)x(0,£)x(0,t)

where u,, inherits the periodicity of m in ;.

In order to find the scaling limit, one zooms in on m™* in the energy landscape at the
right scale. The zooming—in is combined with the asymptotic Regime III, cf. Figure
11. This is done in Theorem 3, in the framework of I'-convergence.

I/CI

Figure 11: Zoom in on m*

2.1.1 The scaling

Length is non—dimensionalized as for Theorem 2, i. e. (13). The new element is the
rescaling of the (ms, mg)—components of the magnetization, which we motivate now.
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Notice that for m ~ m* = (1,0,0), (mq, m3) can be seen as the finite version of the
infinitesimal perturbation (dmq, dms). Remark that

mp = \/1-m3—m3 ~ 1—%(mj+m3) for m~(1,0,0).

As for Theorem 2 we expect that in Regime III the out—of-plane component is
strongly suppressed by the penalization of surface charges so that the above turns
into

my ~ 1—im3. (21)

The magnetization component msy will be rescaled in such a way as to balance the
two contributions to the volume charge distribution V - m, i. e.

1/3
13),(21 t ~ 1 4
81m1 ( g : - <—) 81(1771%) and 8277’12 (g) Zang.

This leads to
(mg, mg) = 81/2 (Thg, mg), cf. (14) (22)

The external field is measured in units of the critical field as identified in Theorem
1. As for the energy (20) itself, we subtract E(m*) and normalize appropriately:

dt 2/3 R d8t2 1/3 .
h'ewt - (6_2) h'ewta E—2heth£t == (7) E (23)

We are now left with four non—-dimensional parameters, ¢, from (14) and also L
and h..;. We are interested in Regime III close to critical field. In order to end up
with a finite volume in the limit, we are forced to assume

L~1 and likewise hoy ~ 1. (24)

This means that L is of the order of the oscillation period w; we think of L as being
a large, but O(1) multiple of w, where according to (13), L is defined as

202\,
L= (_) i
t
Throughout the analysis, it will be useful to work with the combined Fourier series

in x1 and Fourier transform in x5, i. e.

1
V21L Jo,L)xr

and to introduce the notation

dk' = /dk.
/%ZxR Z R ?

L kle%"Z

F(NHK) =

2
exp(ik’ - ') fda' for k' = (K1, ko) € %Z x R, (25)

13



2.1.2 The limit
Theorem 3. Fiz an M ~ 1. The variational problem of minimizing
E  subject to |m|*>=1 and / Im —m*|?di = eM? (26)
(0,L)x(0,1)x(0,1)

['—converges in the regime described by (15) € (24) under weak convergence for
(thg,ms3) in L2((0, L) x (0,1) x (0,1))? to the variational problem of minimizing

B [ g [ ) + )i
(0,£)%(0,1) (0,L)xR
_ﬁm/ m3di’ subject to / 3 di’ = M (27)
(0,L)x(0,1) (0,L)x(0,1)

if (1ha,13) is of the form (1my(2'),0) and Ey = +o0 if it is not of this form.

Here |0;|~"/2 denotes the operator with Fourier symbol |k;|~/2. The expression
—81( m3) + doming is to be understood distributionally where 1, is zero outside of
R x (0 0). As for Theorem 2, this imposes edge—pinning, i. e. mg(Zo=1) = Mma(Z2=
0) = 0 in a weak sense.

Let us point out that Fj, interpolates between a linear regime and a highly nonlinear
wall regime.

e For dominant égz’hg, E, is close to the I-limit (17) of the Hessian integrated
over frequencies ki:

EO ~ / (]{,‘2/ d$2+ | |/ (92m2 dZL‘Q e:ct/ m2 dﬁg) dkl,
1

thus, this is expected to be a good description near the bifurcation.

e For dominant —31(%7?13), Ej is close to a 1-d model for small-angle thin-film
Néel walls (“ripples”) normal to Z;, integrated over Zo:

. 1 L . 1
EO ~ / (/ (817?12) dl’l + = / H& ‘1/2 ‘ dl’l emt/ m2 dSL’l dl’g.
0 0

(28)
This picture closely corresponds to the theory of magnetic domains and is
expected to describe the situation for external fields large in this scale.

2.1.3 Numerical simulations

For the definition of a discrete energy functional EY{, we use a discrete approximation
of the magnetization on an equidistant grid. The discretization is straightforward
in the case of the exchange and Zeeman contributions via finite differences and
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quadrature. The stray—field contribution involves a nonlocal expression (in z;—
direction) of the nonlinear charge density

A discrete charge density can be defined by discrete differences. The nonlocality
impels us to use the Fast Fourier Transform for reasons of complexity. Thus, we
need to calculate the discrete Fourier multiplier. We recall that the stray—field term
can be expressed by the Dirichlet integral of a harmonic extension U into the half-

space R x {z3 > 0}, where
o
81'3

The elliptic problem can be discretized in the usual way in x;—direction. The Fourier
representation of the solution then yields the correct discrete multiplier.

= 0.
x3=0

For ﬁext > izmt, minimization of E{f is performed by means of a generalized descent
algorithm. The directions of descent are calculated via an inexact Newton method,
the resulting linear system is solved by a conjugate gradient method. In order to
calculate a good initial value at a certain h?,, > hei, E{f is first minimized on the
two—dimensional subspace (m3,m3 "), where ms, mj* are the discrete versions of
the modes given in Subsection 2.2.1. The minimizer so obtained can then be used

as an initial value for nearby values he.; > hY,,.

Numerical simulation of F, reveals a branch of solutions which turn into the con-
certina pattern as the critical field is increased, see Figure 12. L was choosen to be
an integer multiple of the theoretically predicted period (3 in the present case). The
figure displays the pattern at external field values of ﬁm = 5.4723, ﬁm = 9.6653,
and heyy = 18.6914. The figure displays moy by a gray scale plot.

Figure 12: A continuous branch of minimizers of the scaling limit

The numerical results show a branch of non—trivial minimizers of concertina type.
Note that the three selected figures show a transition from a pattern close to the
bifurcation mainly determined by the two modes m3, m3 ™, cf. Subsection 2.2.1, to

a pattern with a strict lengthscale separation between domain and wall width.
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2.2 Existence of non—trivial local minimizers
2.2.1 A subcritical bifurcation

A straightforward approach to ascertain the existence of non—trivial local minimizers
is the use of bifurcation theory. Classically, one distinguishes between a subcritical, a
transcritical and a supercritical bifurcation, see Figure 13. We shall now argue on the
level of the scaling limit Ej that the bifurcation is subcritical. Hence the traditional
bifurcation theory will not yield the existence of non—trivial local minimizers.

N e R A%y
a N\ s

™
/ Neie Nex K Peri \ Nex

Figure 13: Sub—, trans, and supercritical bifurcation

Neglecting the hats, the scaling limit can be rewritten as:

1
Eo(mg) = =(mq, Lmy) + N3(ma, mg, ma) + Ny(ma, ma, mg, ms)

2
where

1 L
—hm/ / mgdxldxg,
o Jo
1

1 L
1
§<m2, L m2> = A /(; [(817712)2 —+ 5 ‘ ‘81‘_1/2827712‘2 — hcrit mg] dl’l dl’g (29)

1 L
Ns(mg, ma,my) = _/0/0 |81|_1/232m2|81|_1/251(%m§)d$1d$2

1 1 L
Ni(mg, mg,ma, ma) = 5/0/0 }|01|_1/281(%m§)‘2dx1dxg.

The linear operator £ defined by the bilinear form (29) corresponds to the I'-limit of
the Hessian for the critical external field, integrated in z;. Thus, it has the following
properties:

L >0 and ker L = (cos(kyz1) sin(mzy)) =: (m3),

cf. Theorem 2. For an asymptotic expansion, the contributions of lowest order to Fj
restricted on the one-dimensional kernel of £, {t m3 |t € R}, have to be calculated.
It turns out that by symmetry

Ns(msz,mg,m3) = 0.
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As the cubic term degenerates on ker £, one has to include a perturbation of higher
order in the asymptotic analysis, thus the ansatz is to restrict Ey onto {tmj +
t?m3* |t € R}, to neglect all terms o(¢*) and to minimize in mj . This leads to an
Euler Lagrange equation for mj ™, by variation

V0 = (G Lmi) 4 (Na(Cm mid) + Ny(mi ¢ mi) + Ny(mi,mi, Q)).
Integration by parts yields

0 = —20img* — o '03mIT — 2heumy ™t
+[01| 71 0e01 (5(m3)?) + (210a] 01| P mg Ymy
= =20mIt — |01 OimI T — 2 heprmy T — g sin(2k111) sin(2may).

The solution is given by

12\
mit = m (%) sin(2k; 1) sin(275).

Thus, the behavior of Ey at the critical field in fourth order is given by

Bo(imy +Pmi®) = (= Slmd Lmi )+ Nafmg mimd mi)) £+ O(F)
_ (T 3T\ 5
n ( 40 * 128>t +O(#)
" 44 5
et} (30)

Because of the negative quartic term in the energy, the bifurcation is subcritical.
This is due to cancellations of the charge density ¢ in the small. In fact, the
secondary mode m™ " lowers the energy, see Figure 14. Though the exchange energy
rises by the new spectral component, the charges are moved closer together, s.t.the
stray—field contribution is lowered. The second effect is stronger than the first one,
yielding a lower energy.

2.2.2 Coercivity

Since the straightforward bifurcation argument fails to yield the existence of local
minimizers, we take another approach: We will establish the coercivity of E, for all
values of hm This yields the existence of non—trivial local minimizers for hm > hmt
which carries over to E.

Coercivity is called into question by cancellations in the charge density

Al R
o = —01 <§rh§) +02m2.

Note that o vanishes for all weak solutions of Burgers’ equation (with Z5 playing the
role of time and —&; that of space). Hence, there is the possibility that the quartic
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Unstable mode, t=1 Both modes, t=1

Figure 14: Improved dipolar charge screening

term in E, is ineffective in ensuring coercivity. In fact, the previous subcriticality
result is a consequence of charge cancellations in the small. The following theorem
shows that there are no cancellations in the large, though.

Theorgm 4. There exists a universal constant C' < oo such that for any mo €
L*((0,L) x (0,1)) we have

(oA [y A2 ga AN A2 ga
Eo(me) > =1L ms; di — Nyt ms di’.
C (0,1)x(0,1) (0,1)x(0,1)

It is not claimed that the exponent 14/9 is optimal; it is just important that it is
larger than 1.

The expected shape of the bifurcation and the corresponding impressions of the
energy landscape are pictured in Figure 15.

This is indeed confirmed by numerical simulation via an explicit reparametrization,
see Figure 16.

For fields smaller than the field at the turning point — where the dashed curve
meets the full curve — there is only one minimizer m*. At the turning point, the
energy landscape becomes more complicated, as two further local minimizers +m°
appear. This does not influence m* yet, which is still a local minimizer until Beriz i
reached. At fLm't, the minimizer m* is completely destabilized. For fields larger than
ﬁm-t, m* is a local maximizer and the local minimizers +m° evolve into concertina
pattern.

2.2.3 Existence

We know that the reduced I'-limit Ey, of E experiences a subcritical bifurcation and
is coercive. Combining both results, we arrive at

Theorem 5. Let regimes (15) & (24) be true. Then there exists a constant C' < oo
s.t. for all hegy > herig — % there exists an my S. t.

18
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° mO 7é m*
e m? is a local minimizer of E w.r.t.the L*((0, L), (0,1), (0,1))~topology

0 *|2 A~
* Joixonxy M’ —m 7 dE < Ce.

3 Proofs

The proofs are organized as follows: Subsections 3.1 and 3.2 focus on the lower
semicontinuity part of the I'-convergence result. In Subsection 3.1, the necessary
compactness result is established, followed by the lower semicontinuity argument
in Subsection 3.2. The next two sections deal with the construction of a recovery
sequence. Central to the construction is the use of smooth functions, justified by
an approximation result in Subsection 3.3. The construction itself is performed in
Subsection 3.4. The last Subsection contains the proofs of Theorem 4 and Theorem
5.

Before starting with the proofs, let us introduce the notation f < g¢. By this
we qualify expressions whose ratio f/g is bounded from above by a nonnegative
constant independent of the parameters in question, e.g. € and 9.

3.1 Compactness

In this section, we establish a compactness result necessary for the proof of the lower
semicontinuity part of the I'-convergence. We introduce the vertical average of a
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quantity f:

() = %/Otfdxg _ /Olfdfzg.

Proposition 1. Let the sequences {€, }1100, {0y } 1100 cOnverge to zero. Let L, Rrow: be
given. Consider a sequence {m,, : R® — S?},1o0 of vector fields which are L-periodic
in xy, supported in x4 € [0,4,], x3 € [0,t,], such that

1

~

— im, —m*|*dz, FE(m,) bounded for v 1 oo. (31)
€v J(0,0)x(0,1)x(0,1)
Then
1
lim — / Imy, — (1, {my), (m3))|*di = 0, (32)
v1oo v J(0,£)%(0,1)%(0,1)
lim (hy,3)*d3i’ = 0, (33)
190 J(0,1)%(0,1)
{{w2)} 10 s compact in L*((0,L) x (0,1)). (34)

The first lemma shows that the exchange energy is strong enough to slave m to
(1, {ms), (m3)) in the L>-topology. It proves part (32) of Proposition 1.

Lemma 1. In regime (15),
/ Im—m*Pdi < e and E <1 (35)
(0,L)x(0,1)x(0,1)

20



imply
/ Im — (1, (my), (mg))|?di < &2 + §%. (36)
(0,L)x(0,1)x(0,1)

PROOF OF LEMMA 1. For notational convenience, we write [ di for the integral

f(o,ﬁ) <(01)x(0.) 4% and [ d#’ for fo iyx(0.) @4'. We start by observing

< 1. (37)

~Y

i}m/fl(ml —1)dz

Indeed, since fieyy ~ 1, cf. (24), it suffices to show [ Imy—1|di < e. To this purpose,
we observe that due to |m|* =1,

|m1—1|{: 1-— \/1—m2 m32 < m3+m3 form120}
< (m
(3

1) form; <0

and thus by assumption (35)

/|m1—1\d:% < /|m—m*\2di < e

This establishes (37).

We now argue that
/|élm|2dgz < e, /|32m|2di <1, /|égm|2dfc < 6%, (38)

Indeed, neglecting the non—negative magnetostatic energy we find after rescaling
according to (13)&(23)

P> /5_1|51m|2+|é2m|2+5_25_1|33m|2di+2fzext/5_l(m1—1)d:%.

Now (38) follows from (37) and our assumption £ < 1, cf. (35).
We now establish that

~Y

/ (ma)* + (mg)tdi’ < %2 (39)

We only treat the ms—component, since the argument for mg is identical. We remark
that (39) follows from (38) in its z3—averaged form, i. e.

AN
™

J@mprar < [ @Gy ai
[ < [ Gy as

(35)
/<m2>2di' < /dex < e

AN
\’)—‘

and



via the interpolation estimate

Jotar s ([nmrars [ ar)
. <51/2 stz air + e [ sy dx) o

The interpolation estimate (40) is easily established. We start with
1 L
/<m2>4di/ S / sup<m2)2 dli’g/ Sup<m2>2d§71. (41)
0 T1 0 To
On the one hand for fixed z;, the following estimate on the unit length interval

Z9 € ]0,1] holds for all € < 1:

1 1
sgp<m2>2 SJ 51/2 / (82<m2>)2 di’Q -+ 6_1/2 / <m2>2 di‘g,
0 0

z2

and thus

L
/ sup(ma)2diy < /2 / (Do (ma))? di + =~ 1/2 / (ma)2d.  (42)
0

T2
On the other hand, since L ~ 1, cf. (24), we have for fixed Z9

L L
sup<m2)2 SJ / (81<m2))2d§:1+/ <m2)2d§:1
0 0

1
and thus

/01 sup(mo)? diy S /(31<m2>)2di'+/<m2>2d§:’. (43)

T1
The interpolation inequality (40) now follows from inserting (42)&(43) into (41).

We now argue that (36) holds at least where m; is non—negative:

/{ >0}(m1 —1)%dz + /(mg — (ma))? 4 (mg — (m3))?di < 3%+ 6%, (44)
Indeed, ;ecause of [m|? = 1 we have in case of m; > 0

(m1—1)* < (mi+1)%(mi— 1) = (L—mi)* = (my+mg)* < 2(my +my).
Thus (44) follows once we show
/m;1 + (mg — (my))2di < %% 4 6% (45)
and a similar statement on ms. Since m3 < |m|? = 1 we have
my S (ma)t + (ma — (ma))" S (ma)* + (ma — (ma))?,
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so that (45) is a consequence of (39), i. e. [(ma)*dz’ < e*? and (38), via Poincaré’s
estimate in Z3 € [0, 1],

/ (ma — (my))* d2’ < / (Osma)?di < 6%,
Finally, we shall turn to the missing term in (44):
/ (1—my)?di < %2452, (46)
{m:1<0}

Obviously, (36) is just the sum of (44) and (46). To establish (46), we choose a
smooth function n = n({my)) with the property

1
n =1 for(m) < - and n = 0 for (my) >

: (47)

N —

Notice that we have for the 2—d Lebesgue measure w.r.t. z:

() € L2({(m) < %})

s [0 mrar
< /(1—m1)2di

(35)
S e L

Hence we have by Sobolev—Poincaré’s inequality, [14],
R 2
[tz s ([ 19amp1a)
< [oftmran [ 19mpPas (19)
where 7' denotes the derivative of  w.r.t. (m;). According to (38),
/\@'(mﬁﬁdi/ < /(31m1)2+(32m1)2di SJ 1.
Furthermore, we have on the one hand

[atimyzar = e (gm) < 1)

and on the other hand



so that (48) turns into
= gl 1
}) S L ({Z < (my) < 5}) (49)
We first estimate the r. h. s. of (49) by Poincaré’s estimate in 2, € [0, 1]
971 1 3 3 2 .
il <myly 5 Some+ [ - m)?d

S / (ml - 1)2 dz + /(ég m1)2 dz
{m1 >0}

(44),(38)
< 0 B2y (50)

We now address the 1. h. s. of (49):

/ 1—m)Pdi < £3({my < 0))
{m1<0}

< L({tm) <)) + /(m1—<m1))2di

1
4
2 1 3 2 g
1
4

S
(33)
S L({(ma) < =3) + 6% (51)
Finally, (51), (49) & (50) yield (46).

O

We now turn to the magnetostatic energy. We evoke a result from [8, Lemma 1],
which gives a lower bound in terms of the vertically averaged, in—plane divergence

o' = 01(my) + Da(my).

In fact, we need a minor modification of [8, Lemma 1], whose proof is given for the
reader’s convenience.

Lemma 2.
/ |V, |? do
(0,1) xR2
1
> 3 /Zgzm TEENCE | F (") dk’
8 J o T T E AN ) 2 (s = )P 52
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PROOF OF LEMMA 2. It is convenient to shift the sample from {0 < z3 < t} to
{—% < 23 < §} and to non-dimensionalize all length in units of ¢ (no hats). We
will actually show that for any vector field m supported in {—% < a3 < %} and
L-periodic in x; we have

min {/ |V, |? do ’ m’ given, (ms) given}
(0,L)xR2

ms
|2 T NNE:
R [ Ty
2y 2[R + K| 7R L+ 5[k + [F]

Notice that this implies (52). We first notice that (53) can be written as a saddle
point problem. This is a consequence of the following representation of the stray
field energy:

L

/ |Vu,|? dz
(0,L)xR2

= max{—/ |Vv|2dx+2/ Vv-mc&}.
v (0,L) xR2 (0,L)xR2

The first variation w.r.t. ms yields
Du, = 0 for z3€ (-1 1) (54)

Notice that since the average (mg) of mg in z3 is prescribed, it is only the second
derivative 3u,, w.r.t. x3 which vanishes and not the first. The first variation w.r. t.
v yields

Au,, = 0 for x5 & (—%, %),
Au, = V-m  forzsze(—3,3)
D3t (2, 24) — Osun(a’, 1=) = —my(a’, 3) for x5 =

O3t (2, —5+) — Osup (', —5—) = my(a',—3) for x5 =

1
2

We take the Fourier transform in 2’ and obtain by use of (54):
—|K"F(um) + O5F (um) = 0 foras & (—3,3),

—|KPF(um) = F(V-m) forazse (—1,1)

F (um) (K, 24) = O3F (um) (K, 3=) = —F(ms)(K', 3) foras=

O F (um) (K, —3+) — O3 F (um)(K',—3=) = F(mg)(k',—3) foras =

In view of (54) and (55), F(u,,) must be of the form

exp((z —w3)lk']) 5 <3
Fum) (K 23) = (k) x q 1 —$ <z < 4
exp((5 + w3)|K']) 3 < -1
3 exp((z —@)lK]) 5 <
+ F(k/) X T3 —% S X3 S % . (59)
=5 oxp((5 + ) [K) 3 < =3
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Because of

elesp((h—)lK]) b <
83f(um)(k:',x3) = ﬂ(k/) X 0 —% S T3 S %
Klep(b+ k) < -

—3lkexp((3 —z3)K']) 5 <3
+ (k') x 1 —+<z3 < L 5(60)
3R exp(3 +ag)lK)) s < -
(57) & (58) turn into
Fms)(K', 3) = |K|ak)+ 1+ 2Ik"l)ﬁ( ), (61)
Fms)(K',—3) = —|K[a(k)+ (1+ 3|k)o(K").

We now determine @ and ©. To this aim, we consider (56) which in view of (59)
turns into

—|K* @(k') + (k) 23) = F(V-m). (62)

For @, we take the average in z3 € (—3,3) of (62):

—[K'Pak’) = F(o)(K)+ (F(ms)(K,3) — F(ms)(K', —3))
= F(o)(K) + 2|k Tu(k),

yielding
F(a')(K)

a(k) = —2 TN
)= e e o)

For v, we multiply (62) with z3 and take the average in x3:

—SIKPOE) = —(@3) K[ ok)
= F({x3V'-m)) (k) + F({x305ms)) (k")
= k" F({xam’))(K') — F((m3))(K)
+3 (F(ms) (K, 3) + F(ma) (K, —3))
= ik F((wam))(K') = F((ma)) (k') + (1 + 3|k B(K),

yielding

il - F () (K) + F () (F)

v(k') = 64
o(F) 15 1] + SR o

Hence we obtain by Plancherel (mixed terms vanish because of different symmetry
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in [L’g)

/ |V u,|? dz
(0,L) xR2

- / / (K1 (i) 2 + 0 F ) 2) i AR
2 7xR JR

ﬁ [al” (|K[* + 21K']) dk’ + / [o2 (1 + S1K'| + SIK?) dk
22 7xR 2L 7 xR

iy g ) RS CE

(59),(60)
(63),(64)

g 21K 4 |K'|? 1+%‘k/|+%|k/‘2

L

The following lemma shows that the magnetostatic energy (in conjunction with
exchange) is strong enough to suppress the ms—component to leading order. In
combination with Lemma 1, Lemma 3 shows that m is slaved to (ms). Lemma 3 is
a variant of [8, Lemma2]. It proves part (33) of Proposition 1.

Lemma 3. In regime (15),

/ Im—m*?di < e and E <1
(0,L)x(0,1)x(0,1)

imply
/ (mg)?di’ < 6% + €.
(0,L)x(0,1)

PrOOF OF LEMMA 3. We start by observing that because of t < ¢ we have

" / (ms)? da’
(0,L)x(0,0)

S t/ |f(<m3))|2dk:’+t3/ (Da(mg))? da'. (65)
{tlka|<1} (0.)x(0.0)

For a proof of this elementary estimate (65) we refer to [7, Lemma 5]. The second
term in (65) can be estimated via Cauchy—Schwarz in x3 by the full exchange energy:

i\ 2
t3/ (Oa(m3))?da’ < (a) d2/ |Vm|? dx. (66)
(0,L)x(0,6) (0,L)x(0,£)x(0,t)

For the first term in (65), we appeal to the elementary Fourier multiplier estimate

1

1 < ind1
min{ FEE

~

[ for t|ko| <1, (67)
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cf. [7, Lemma 7]. Thanks to (67) we have

1
[ )P S e [ iy () P
{t|k2|<1} 22 ZxR t Vf|

o / (D1 (ma))? .
(0,L)x(0,¢)

For the last term in (68) we appeal once more to Cauchy—Schwarz

2
¢
t3/ (O1(m3))? da’ < <—) d2/ |Vm|? dx.
(0,)x(0.0) d (0.L)%(0.0)x(0.¢)

(68)

(69)

We now turn to the first r. h. s. term of (68). To this purpose, we appeal to Lemma

2, which yields in particular

1 , )
t F ik F _t d
/%TlxR1+%t|k’|+1—12(t|k’|)2‘ ({ma)) — ik - F ({(ws — 5)ma))]

< / Vi, |* d.
(0,L) xR

We use (70) in form of

/. 1 ()

zxr 1+ 5 K]+ 15 (¢E/])?

< 2/ (V| dz
(0,L) xR

|k/|2 t 2 g1/
+2t r . "
foee T TR e = i)

Since
12 1 1
> 2 min{l, ——-
tz‘k’|2 = 1—|—%t|k’|—l—%(t|k"|)2 ~ mln{ ’t2|]€"2}’
(71) yields
. 1 ,
t , mln{l,m}|f(<m3>)|dk
T"ZXR
1
< / V|2 de + & / (s — L) ma)? da.
t
(0,L) xR2 (0,L)x(0,6)
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The last term in (72) can be estimated via Cauchy—Schwarz and Poincaré:

1 / 1 /
! / (s — ymo)?de = 1 / (5 — ) (ma — (ma))))? da
t J0,0)x(0,0) t Jo,0)x(0,0)
t
< = (mg — (ma))?) do’
(0,L)x(0,0)
1

= 35 (mgy — <m2>)2 dx
(0,L)%(0,£)x (0,t)

5 t2/ (83m2)2dx
(0,L)x(0,£) x (0,t)

t\2
- (—) d2/ IVm|? dz. (73)
d (0,L)x(0,£)x(0,t)

Inserting (73) into (72) yields

. 1 ,
t/%rZXR min{1, W} |F((m3))| dk

2
< (1+ (f) ) (d?/ |Vm|2dx+/ |Vu|2dx). (74)
d (0,L)x (0,£)x (0,t) (0,1)xR2

We now collect (66), (69), and (74):

t/ (ms)? dx’
(0,2)x(0,0)
£\ 2
< (1—1— (—) ) (dz/ \Vmﬁdx—k/ |Vu\2d:c)
d (0,2)x(0,£)x (0,) (0,1) xR?
£\ 2
_ (1+ <_) ) (E—2hm/ m dx). (75)
d (0,2)x (0,£)x (0,)

This is the unrescaled version of

/ (1s)? di’
(0,L)x(0,1)
< (204 6%) (E —~ 2ﬁm/ e (my — 1) das) .
(0,L)x(0,1)x(0,1)

It remains to evoke (37).

O

The following lemma shows that (ms), which has been identified as the crucial
quantity in Lemmas 1 and 3, is compact.

Lemma 4. Let {€,}yt00, {00 }v100 C (0,00) and {m,, : R? = §?},1o be as in Propo-
sition 1. Then {{12,) }vi0e s compact in L*((0, L) x (0,1)).
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Proor oF LEMMA 4. We will derive the compactness statement from the following
ingredients:

(fh,) is bounded in  L2((0, L) x (0, 1)), (76)

1 (1hs,) is bounded in  L2((0, L) x (0,1)), (77)

e, 01 (my,) is bounded in L*((0,L) x (0,1)), (78)
181<m1 ,,) + 82<m2 ) 18 compact in Y((0,L) x (0,1)). (79)

In view of sy = &, *my, (76) follows from the first item in (31) and Cauchy-
Schwarz in x3. Similarly, (77) is a consequence of the first item in (38) (which
itself follows from (31)) and Cauchy—Schwarz in x3. For (78) we need the following
argument: Differentiating |m,|? = 1 with respect to z; we obtain the identity

817711,1/ = (1 - ml,u) 817”1,1/ — Moy 817712,1/ — m3u 81m3,z/7

and thus by Cauchy—Schwarz

A . 1/2(31),(38)
/‘81m1,y‘di’ < (/‘m,,—m*|2di’/‘alm,,|2di’) N

It remains to invoke [ |0 (my,)|di’ < [|0vma,| di.
We finally address (79), that is, the compactness of the averaged in—plane divergence
&) = e,'91(m,) + Do (1ng,) (80)

in H~'. For our purposes, the most suitable formulation of this statement is on the
Fourier side. We recall that on the rescaled level — cf. (25) —

~

F(f)E) =

exp(z'fc' &) fdi for K = (ky, ko) €

/%’“ZXR Z /de

k1 62"2

(81)

\/7 (0,1)x

and

We shall show that there exists a function %’TZ X R 3 k' — F(&')(k') such that for
a subsequence

1
lim
vioo Jarzur 1+ /|2

\F(6") — F(6")?dk' = 0. (82)

v

Using the lower bound on the magnetostatic energy from Lemma 2 and neglecting
the non—negative exchange energy, we find after rescaling according to (13)and (23):

/ 1

7 xR 2\/m + 0, (k2 + &, k2)

+2ilemt/ 8_1(77’L1 —1)dz.
(0,L)x(0,1) % (0,1)
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In view of (31) and (37) this implies

/ 1
Tk 0\ [ + 2k + 0, (K2 + 2, i3)

Furthermore we notice that

\F(6)?dk < 1. (83)

F(e,) (k) = exp(ik’ - ') ;131<m1,,,> dz’
vV 27‘( (0,L)xR
ik exp(ik’ - ) (1) ¥,
vV 2rL J(0,L)xR
and thus
aiggﬁ(&;)(l%/) exp( zk: 1) g, 31<m1u> dz’

\/ 27r (0,L)xR
+ =
V2nL J(OL)xR

We conclude in view of (76) and (78):
(67 (k )\ + 10, F(3,) ()

R 1/2
< — ‘8;181 <m1’y>‘ di’/ + 2‘]{72‘ (/ <ﬁl27,,>2 di’/)
V 2r L J(0,L)x(0,1) (0,L)xR

is bounded for v T oo.

A1

exp(ik’ - &) &y (1hy,) di.

Thus there exists a continuous %’TZ xR 3 k' — F(6")(k') such that for a subsequence

~ . ~ ~ 2
lim F(6) (k") = F(&')(k') locally uniformly in &’ %Z x R. (84)

vloo

In order to establish (82), in view of (84), it remains to show that

1 ~ ~ ~
lim sup / ———|F(6)) - F(&)Pdk' = o. (85)
{

Mfoowioo J {lkr|2ary 1 + [K/]?

Since

1 1
= - — 1 —= as v | oo,
o0 R+ e 2+ 6, (k2 +ed2) 2kl

it follows from (83), (84) and Fatou’s Lemma

1
/ZEFZXR Qm—i— 0y fc% + Eu%)

< [ FE)Pdi < oo, (36)
2“ZxR 2|kl|

() i
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so that .
| F(6,) — F(6')]* di

/%”MR W/ k2 + e k2 + 6,(k2 + e, k2) (87)

is bounded as v T oc0.

We now observe that for |/%’| > M and g, <1,

1 1 1
~ ~ N . Z 2 5 "/ 27
2/ k2 + e k2 + 0, (k2 +e,k2) 2 0w 1+ (K]
so that

1 . . .

/ | F(61) — F(6") di

(ir=my 1+ ||
< |F(67) — F(6"))? dk'.

2 1
< (M +0,) /2 - - - -
TRk 4 e k3 + 0, (k3 +e,k3)
According to (87), this yields (85).

The argument that (76)—(79) yields the compactness of {(1m2,)}.,100 is a classical
compensated compactness result, in the sense that the strong equi—continuity prop-
erties of {(Ma,) }10o In &1 compensate the weak equi—continuity properties in Z».
In view of (76) we may assume that there exist 7y € L? such that

(hg,) — 1y weakly in L2 (88)

Again, we pass to the Fourier side to express strong convergence: We have to show
that F((rng,)) converges to F(my) in L*(dk’). Since (my,,) is supported in &5 € [0, 1]
(88) automatically yields for all £’

F (o) R)? < / g,
(0,L)x(0,1)

F((na))(K) —  F(rna)(K).

Hence it remains to show that, uniformly in v, high frequencies do not carry much
energy, 1. e.

v]oo,MToo

lim sup / A | F (g, )2 dk’ = 0. (89)
{l&'[>M}

We notice that in frequency space, (80) translates into
ika F((in2y)) = F(f,) +F(6,) where f, == —&,'01(m1,) (90)
and (77) and (78) turn into

/ k2| F((rg,))|2dk is bounded for v T oo, (91)
ZIZXR
sup | F(£,))? is bounded for v | oo. (92)
L’

32



For arbitrary
My > M; > 1 (93)

we notice

[ )
{|k1|>M1}U{|k2|>M2}

< / | E(he)) PR+ / A | E ()R
{lk1|>M1} {lk1|SM1}N]{|k2|>M2}

(90) 1 Nol -
S [ BIFG)P
M; {Jke1|>M1}
1 . . 1 . )
s+ [ R
{1 | <MY { ks | > Mo} K3 (<Ml > Mo} K3
@9 1 121 (/A 2 g7 7 2 1 7
S e K| F ((a,)° k" + sup |[F(£)1° [ ) —dk
My J2zgym o (k| <M1y {Jko|> Mo} K5
1. )
+/A A —|F (o)) di
(I <Miyn{kal>Ma} 1+ [K/]
S [ RIEG )P+ 3w A7
My Jezzxm My
1. . X 1. )
+£ A,2|f(er;) — F(&" P dK + / A,2|f(er/)|2dk/.
Zzxk 1+ [F| {hal>0y 1+ [K]

Choosing My = M > 1 and M; = M3 in the above, we obtain

[ PP i
{K[>21}

! B2\ F((n 2 7 1 R ,
S A /ZJZXR EilF e+ 355 S}:’le—"(fu)l
L

T i X 1. X
+ / ——__|F(6) = F(6)|Pdk + / | F(6")>dk'. (94)
2y 14 [k (ir>my 1+ |K|?

L

Now (94) shows that (89) follows from (82), (86), (91) and (92).

3.2 Lower—semicontinuity part in the I'-convergence

In this section, we establish the lower semicontinuity part of the I'-convergence
stated in Theorem 3. Let us formulate this as a separate proposition.

Proposition 2. Let {€,},100, {0v}u100 C (0,00) be converging to zero. Let L and
hew: be given. Let {m, : R3 SZ}VTOO be a sequence of vector fields which are
L-periodic in x1 and supported in x5 € [0,4,], x3 € [0,t,] with

limsupE(m,,) < 00.
vToo

33



Let (1hg,m3) : R? — R? be such that
(1, ,3) — (1hg,13)  weakly i L*((0,L) x (0,1) x (0,1)). (95)

Then (1y, m3) is of the form

(g, mg) = (1ma(z'),0) (96)
and
1
/ madi’ = lim — / Im,, —m*|* dz, (97)
(0,L)x(0,1) vieo €y J(0,0)x(0,1)x(0,1)
Eo(iny) < lin%infEA(m,,). (98)

PROOF OF PROPOSITION 2.
We continue to use our short notation [ di’ and [ dz. We start with the argument
for (96). For this purpose we evoke part (32) of Proposition 1 in form of

lim (mlu - <m2,u>)2 + (m?w - <m3,u>)2 dr = 0, (99)

vToo

and part (33) of Proposition 1

lim [ (h3,)?dd’ = 0. (100)

vloo

Now (99) and (100) combine into

hm/| g, tsy) — ({2, 0)2dé = 0. (101)

v]oo

By the standard lower semicontinuity of this non—negative quadratic expression
under the weak convergence (95), (101) turns to

/ (13, 1hs) — ((a), O) d = 0,

which is a reformulation of (96).

We now turn to (97). According to part (34) of Proposition 1, {(1a,)}v1ee 18
compact in L2((0, L) x (0,1)). Hence the weak convergence of {(1itg,, 1it3,) }o1eo il
L2((0,L) x (0,1) x (0,1))2, cf. (95), which yields weak convergence of {(1,)} 1100
in L2((0, L) x (0,1)), improves to strong convergence, i. e.

(fhy,) — 1y  in L2((0,L) x (0,1)). (102)
For (97), we appeal to the triangle inequality

(e;lflmu _m*|2dg:~) e (/mg di’) -
< (= 1= (ufmaad <m3,y>>|2da:~)l/2
([t T () = ') "

34




Hence (97) follows from part (32) of Proposition 1, (100) and (102).
We now address (98) and start with the observation that due to Lemma 2,

A

E(m,) > /a;1|élmy\2+ |é2my\2+a;15;2|égmy\2d§:

AZXR 2/ k2 + e k3 + 0,(k2 + £, k3)

+2he:vt/ 1(m1 v 1) dz

[@ntia, i

+f 1
F0xE 0 [+ ek + 0, (K2 + e, i)

+2izewt/6;1(<m17,,) —1)dd, (103)

(o)) di!

v

(o)) di!

where

~ ~

&, = e, 01 (mu,) + Oa(inay,) = Oi(e, ((may) — 1)) + Daliing,).
Hence the main nonlinear ingredient is
e ((myy) — 1) — —Lm2 in LY((0,L) x (0,1)). (104)

2

We start by noticing that
/|m2u+m3u Th§|dfi‘

< [ Vi = sa) s, + il i+ [ 1 i
[( [ s, i,y az) Uj (e} = in?as') 1/2]
[( / mZde) " < / d@’) / 3, di.

Hence (101) and (102) imply

IN

: 52 52 S22 s
llm/|m27,,+m37,,—m2|dx =0

vloo

Thus for (104), it suffices to show

1im/|5 (my, — 1)+ 5(m3, +m3,)|di = 0,

vToo
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which can be reformulated as

lim e, / ((ma,, — 1) + 3(m3, +m3,)|di = 0. (105)
(0,£)x(0,1)x(0,1) ’ ’

vloo
We notice that due to |m,|? =1,
(miy = 1)+ 5(m3, +m3,) = (M, —1)+5(1—mi,) = —5(m, —1)%

so that (105) follows from part (32) of Proposition 1. This establishes (104).

Setting ¢’ := —élémg + Oy119 We have
lim F(6)(K) = F6') (k) forallk e (106)
Indeed, this follows from the representation
Fo,)(k) = eXp (i - &) (Drey " ((ma) = 1) + Do) d!

vV 27T (0,L)x

= eXp zk’ e, M ((my,) — 1) da’

VorL Jo.i)x

Z]{ZQ
VorL Joixr
and the convergences stated in (104) and (102).

We are now ready to conclude on (98) based on the lower bound (103). From (102)
and standard lower semicontinuity we obtain

/ (By7ng)? di! < liminf / (01 (1)) di’.
(0,L)x(0,1) vioo J(0,L)x(0,1)

Furthermore (104) yields

—Pgws / m2di = lim 2R / e ((my,) — 1) dd’.
(0,£)x(0,1) vloo (0,£)%(0,1)

Finally, since

A

exp(ik’ - &) (iny,,) di’

1 1 9
lim S forallk’E%ZxR,

o2 4 e kg 40,02 + e k3) 2kl

(106) yields by Fatou’s Lemma

F (&) di!
/%ZxRQ\ 1\| 2l

< liminf

/ 1
B I R R M (- e )

|F(67))? dE’.
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3.3 Approximation by smooth functions

In this section, we prove that admissible functions s, of finite energy Ej can be
approximated by smooth admissible functions {12 4}« 0 in the energy topology, i. e.
such that Ey(rig,q) — Eo(rig). This is an important ingredient for the construction
of the recovery sequence of the I'-convergence (cf. Section 3.4) and will at the same
time facilitate the proof of coercivity (cf. Section 3.5). Because of the nonlinear
term 31(%7?1%), the approximation argument is not obvious.

Before stating the approximation result in Proposition 3, we now make precise what
exactly we understand by admissible functions with finite energy Ey. Consider i, €
L2((0, L) x R), L-periodic in #; and with bounded support in &, such that (112)
is finite. This means in particular that 317?12 (which always exists as a distribution
since 1M is in particular locally integrable) is actually in L2 Finiteness of Ej also
means that

& = Dorng — Oh(31md), (107)
which in view of 7, € L? is well-defined as a distribution, has the property that

|0,|71/26 (which is suitably defined with help of Fourier series in #1) is also in L?.
This implies in particular that in a distributional sense

L
/ odz; = 0 forall 2o € R. (108)
0
In view of (107) and the periodicity of 723 in #; this yields in a distributional sense
L
02 / mg dfi‘l = 0.
0
Since Mo has finite support in Zy, the latter implies

L
/ medi; = 0 fora.e. Iy € R. (109)
0

We now formulate the main result of this section:

Proposition 3. Let 1y : R? — R be ﬁfperiodic i T with vanishing mean in I,
and supported in To € [0,1] with ey € L*((0,L) x (0,1)). Let 1a, denote the
convolution of my with a Dirac sequence in o | 0. Then

lim sup (/ (élm27a)2 dz + %/
al0 (0,1)xR (0,L)xR

A . A A ~ A~ 2 S
S / A (alm2)2 d:L‘—l—%/ A “81| 1/2(—01(%7713) +a2m2)‘ de‘
(0,L)xR (0,L)xR

(= b )+ ) )

The following corollary will be helpful for the construction of a recovery sequence
in the next chapter:

37



Corollary 1. Let ms : R? — R be ﬁfperiodic wm T, with vanishing mean in T, and
supported in &y € [0,1] with my € L2((0, L) x (0,1)) and Ey(rny) < co. Then there
exists a sequence {ma, : R? — R}, 100 of smooth functions, [Aﬁpem'odic n T, with
vanishing mean in &1 and supported in Ty € [0, 1], such that

M, — 1y in L*((0,L) x (0,1)), (110)
lim sup Ey(rha,) < Eo(r). (111)

vloo

We start with some notational simplifications: For convenience we omit the hats
and the primes. We also notice that the main part of Ej, i. e.

/ (8177’12)2 dxr + %/ “81|_1/2( —81(%7”%) +(92m2)‘2d:c, (112)
(OvL)XR (O,L)XR

scales under the change of variables
z1 = Aiy, m = A28 and my = ATV,

Hence we may assume that L = 1. More precisely, the admissible my’s are 1-periodic
in z; and have bounded support in x5. Also, we write [ dz for f(o 1)xE dx.

We start with the following remark: If one identifies x5 with “time” and —z; with
“space” (107), 1. e.
82m2 —81(%7’113) = 0, (113)

can be read as the inviscid Burgers’ equation with a right hand side . This point
of view will motivate most of the subsequent analysis. We start by deriving what is
called entropy equations. Consider an “entropy” n = n(mz) and its “entropy flux”
q = q(my) related by

¢ (m2) = —man'(my). (114)
The entropy flux is defined such that for a smooth solution ms of (113) one has

dan(ma) + 01 q(ma) = n'(ma) 0.

The following lemma shows that this remains true for our class of solutions under
appropriate growth conditions for n. It shows that the chain rule remains valid for
the class of considered functions.

Lemma 5. Let the “entropy” n = n(msz) be smooth with

sup(|n'| + |n"]) < oo (115)
m2

and q defined as in (114). Then we have for an ms as in Corollary 1

s m(ma) + 01 q(ma) = n'(mg) o distributionally. (116)

38



PROOF OF LEMMA 5. Notice that because of my € L? the growth condition (115)
on 7, and thus on ¢ in view of (114), ensure that n(ms) and q(msy) are locally
integrable. Hence the . h. s. of (116) is well-defined distributionally. For an arbitrary
test function ¢, the r. h. s. of (116) is to be read as (o,7n(m2) (). This expression
is well-defined since on the one hand [ ||9;|7*/?¢|*dz < oo and thus a fortiori
J 11017 o? dz < oo due to the periodicity in z1, and on the other hand my, dyms €
L? together with (115) imply that 9;(n'(mz) () € L%

Since n can be recovered as the limit of linear combinations of convex n’s, we may
assume
n is convex. (117)

(In fact, we’ll apply Lemma 5 only for convex n’s.) By the symmetry xy ~» —xo, it
is enough to establish the distributional inequality

dan(ma) + 01 q(ma) > 1'(ms) 0.

So let a non-negative test function ¢ € C§°(R?) be given. We'd like to test (113)
with 7/(mg) (. In order to carry this out, we need to regularize n'(ms) ¢ in s, a
technique we learnt from [1]. Hence we test (116) with

1

—/ n'(ms) (dys for h > 0.
h xro—h

It remains to investigate the three terms

<82m2, % /I2 77/(7"12) Cdy2> ) (118)

2—h

(o [ wma)cane), (119)

(o [ st cane) (120)

in the limit & | 0. For the first term (118) we notice:

1 [* ,
<02m2, ﬁ/ n (mz) Cdy2>

= — [ ma(e) 3 (1 mata))G (o) = ' (mais = )¢z — ) d

- / F(ma(es + B) = ma(2)) (mae2)) () i

We observe that due to (117) and the non—negativity of ¢,

(ma(za + h) — my(22)) 1 (Ma(22)) ((22) < L (n(ma(z2 + h)) — n(ma(x2))) ¢(2),

==
>
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so that the above turns into

1 [*
<02m2, E / n/(mz) Cdy2>
xro—h

< [ G ntma(oa -+ )~ n(ma(ez))) C(o2) da

=~ [ nmalaa)) 3 (Caa + 1) = (o))

Hence we obtain for the first term as desired

1in;ls0up<azm2,% /:hn’<m2>wy2> < - / n(ms) BuC do
= (8277(m2),§).

We now address the second term (119). Because of my € L? and 9ymy € L? we have

81(—%771%) = —My almg € Ll,
so that
Ou(~4m2).C) = [ (ma0yma) ¢, (121)
Since 71’ is bounded, we have by definition (114) of ¢
d1q(msa) = —man(ma) dymy € L',
so that
@ralma). ) = [ (cma(ma) Dyns) (122)

We further notice that (modulo subsequence)

Y
i [ ) G = )¢

so that by dominated convergence

. 1 [
l}%l <81(—%m§), 7 /xz_h ﬁ/(mz)cdy2>
121) .. 1 [
(121) 1}%1 (—mg Oymy) Z /xz_h n'(mo)C dys dx

— /(—m2 d1ma) 1 (mg)C da

(122)

=" (01q(m2), ().

Finally, we turn to the last term (120). We note that because of my, 9ymy € L? we

have
2

lim dx = 0,
h10

5 (% [ stmaican - n’(mz)C)
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which due to [ ||01| to]*dz < oo immediately implies

im <a% / ;hnf<m2>wy2> = (0.7 (ma)O).
]

For this section, the main consequence of Lemma 5 is the following estimate of ms:

Lemma 6. We have for any mo as in Corollary 1

1/2
esssupm/ midr; < (/(01m2)2 dx/||81|_1/20|2dx) , (123)
3/2 1/2
/m2 dr < (/(01m2)2 dx) </||01|_1/20|2dx) . (124)

PROOF OF LEMMA 6. We first argue in favor of (123). Formally, (123) follows from

choosing n(msy) = %m% in Lemma 5 and integrating over z; and x. Since this n

violates the growth condition (115), we need an approximation argument. For any
M < o0, the entropy

im?2 for |msy| < M,
m(mz) = o
Mmy — M?  for |mo| > M

is admissible in Lemma 5 (after appropriate smoothing near |ms| = M). Integrating
(116) over z; yields due to the periodicity of $m3 in z;

d 1

1
T Ny (me) dey = / nhy(mz) o dry  distributionally in x. (125)
2 Jo 0

Notice that the r. h. s. of (125) makes sense even in a pointwise way, as

1
/ / Ny (me) o day
R 0
(125) / 2 112 2
< ([0t P [ Yoo o)
2
< essup iyl [0t ds [ o 1/%—|2dx)
< (/|01m2|2dx/||0| 1/20|2dx) : (126)

Since my has compact support in s we conclude from (125) and (126)

dIQ

1
esssups,, [ mi(ma) o,
0

d 1
< / de/ N (me) day
/2
< </|81m2\2dx/||8| 1/2a|2dx> :

dZL’Q




We now evoke the monotone convergence principle to obtain (123) in the limit
M T oo.

In view of (109), we have for a.e.xs € R

1
esssupxlmg S /(8177’&2)2613517
0

and thus
/esssupmlmg dry < /(01m2)2 dz. (127)
R

In order to obtain (124), it remains to combine (123) with (127):

1
/m;1 dz < / (/ m3 dxl) esssup,, mj dws
< (esssupgﬁ2 / my dxl) ( / esssup,, m; dfl'g)
(123),(127) /2
</(81m2 ) </||0 |~ 1/20|2dx> :

PROOF OF PROPOSITION 3. Let the subscript a denote convolution with the Dirac
sequence under consideration. Because of the standard inequalities

/(81m27a)2dx S /817712) d.fl,’,

/Ha‘ 1/2 m2) +82m2a } dx S /Ha‘ 1/2 mz)—i-&gmg)‘ dl’

N

O

the statement of Proposition 3 follows from
limsup / }\81|_1/2( — 81(%7”%7&) +82m2,a)}2dx

/Ha‘ V2( (3M3)a +82m2a)‘ d$} < 0. (128)

Hence we need to estimate the commutator of mollification and quadratic nonlin-
earity. Indeed, by the triangle inequality, (128) follows from

11m/\|al| V2 ( (Am2,) + 0 (Em2).) | de = 0. (129)
Again, by the triangle inequality, we may split (129) into
. 2
Eﬁl/“@l\lﬂ((%m%)a—%m%)‘ dvr = 0, (130)
: 2
El&)l/“@ﬂl/z(%m;a—%mg)‘ dr = 0. (131)
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A crucial ingredient in the sequel is the following estimate for two 1-periodic func-
tions g and h of x; with mean zero:

1
/ 10:1Y2(hg) ? day
0
1/2

1 1 1 1 /
(/ h2 d!L’l / (81h)2 dl‘l / 92 dl‘l / (819)2dl‘1) . (132)
0 0 0 0

We shall start by arguing that

1 1 1
Vo2 s < s, [ 110 oy + esssup, [ o2

(133)
To this purpose we recall the characterization of the homogeneous H'/?> norm as

trace—norm:
1
/ ||01|1/2h|2dl' / / 01 ) dl’ldl'g, (134)
0

where h(z1, x3) is the unique decaying harmonic extension of h(z1) in the upper half
plane {z3 > 0}. Then hg is a (non-harmonic) extension of hg so that we have by
the variational characterization of harmonic functions and the maximum principle

[ 1

(12 / / (01 ( hg 03(hg)) drdxs
/ / 01 hg 03(hg))2dx1dx3
S esssupy, 4,9 / / (O1h)? + (95h)? dayda

+esssup,, xShz/ / (019)* + (059)* dw1dx;

IN

1
(134 esssupx192/ 1012 day + esssupx1h2/ 101" da.
] 0

This establishes (133).

We now turn to (132). It is a consequence of (133) and the two following observations
(which hold both for h and g¢). Notice that fol hdx; = 0 implies that there exists an
xy with h(z;) = 0 and thus h%(z1) = 0 so that

1
esssup, h® < /\81(h2)\dx1
0

1
0
1/2

< </01h2dx1/01(81h)2dx1) . (135)



Observe further that by Cauchy—Schwarz in Fourier space

1 1 1 1/2
/ 100V 2h 2 day < </ hzdxl/ (81h)2dx1) . (136)
0 0 0

Now (132) follows from inserting (135) and (136) into (133).

We now turn to (130). By the standard convolution argument this follows from
/ ‘|81|1/2(%m§)}2dx < 00. (137)

The finiteness of (137) is a consequence of the estimate

1
/Haﬂl/z(%mg)fdx < esssupxz/ m3 d; /(81m2)2dx (138)
0

and (123) in Lemma 6. The argument for (138) is at hand: After integration in x5,
it follows from

1 1 1
[ oG e s [ e [ @m? s,
0 0 0
which itself is a consequence of (132) for g = h = mo.

We finally turn to (131). In fact, we shall show
[ o2 (i, — )t

1 1/2 1/2
< esssupm/ m3 dx, (/(81m2)2 dm) (/(817712,0[ — Oymy)? d:c) , (139)
0

invoke (123) and the standard property of convolution

hll'Iol (81 ma.q — 81 m2)2 = 0.

For (139), we apply (132) to g = 3(mq +m) and h = m, — m which yields

1
2
A\mﬁﬂ@m;—gm@\ml
1 1
S (/ (Mg, + m2)2 dx, / (O1magq + 317”2)2 dzy
0 0
1/2

1 1
X / (77’L2706 — m2)2 d!L’l / (017712706 - 817712)2 dl‘1>
0 0
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and thus by Cauchy—Schwarz in x5 and the triangle inequality
O 1/2(Lm2 1,2 2 d
H 1| (2m2,a 2m2>} z

1
N (eSSSUsz / (Mmoo + ms)? dz, /(81m2,a + 0imy)” dx
0

1 1/2
X esssup,, / (Moo — my)? da, /(017’112CY — Oymy)? dx)
0

1 1
< <esssupx2 / m;a dxy + esssup,, / m3 d:c1>

0 0

1/2 1/2
X (/(8177127@)2 dx + /(817”2)2 dﬂ?) (/(8177’12,0, — 8177’12)2 d.f(,’)

1 1/2 1/2

< esssupm2/ m3 dar, (/(81m2)2 dx) (/(8177@2,0, — O1my)? d:c) )
0

O

PROOF OF COROLLARY 1. According to Proposition 3, the given function ms can be
smoothly approximated by a convolution with a Dirac sequence. The corresponding
approximations be called {msa4}s. The support of the original function in z, is
changed to [—a, 1 4 «]. This can be amended, by rescaling with an affine function:

Mo, (T1,22) = (14 2a)maq(z1, (14 2a) 29 — ),
where o = v~1. The prefactor preserves a uniform scaling of the charge density:

g, = —81 (% m;l,) + 82m2y,,
= —(1+20)?0 ($73,) + (1+20)* Oomngq
= (1+20)%5,.

Likewise we obtain:

(817712’,/)2 = (1 + 206)2 (8177’1,2’0,)2,
m3, = (1+2a)*m3,.
Thus we have
Eo(mgﬂ,) = (1 + 20[)3 E(](’ﬁlza).

The standard convolution argument for (110) and Proposition 3 for (111) conclude
the proof.
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3.4 Recovery sequence in ['-convergence

In this section, we construct the recovery sequence for the I'-convergence stated in
Theorem 3. The construction of a recovery sequence can be carried out starting
from a smooth function mo, preceded by the approximation argument of the last
section. The crucial statement is given in the following proposition:

Proposition 4. Let 1y : R? — R be smooth, ﬁfpem'odic i T, with vanishing mean
in &1 and supported in &9 € [0,1]. Then there exists a sequence {m,, : R® — S*},1
of smooth wvector fields which are L-periodic in x1 and supported in xo € [0,4,],
xg € [0,t,], such that in the limit v T oo,

(1, y3) —  (12,0) in L2((0,L) x (0,1) x (0,1)), (140)

1
/ midi’ = lim _/ imy, — m* |2 di, (141)
(0,£)x(0,1) Voo €v J(0,0)%(0,1)x(0,1)
Eo(iny) > limsup E(m,). (142)
v]oo

The construction of the recovery sequence can be generalized to non—smooth func-
tions via the following corollary:

Corollary 2. Let 1y : R? — R be flfperiodic in Ty and supported in &y € [0,1]
with 1y € L*((0,L) x (0,1)) and Ey(ny) < oo. Then there exists a sequence
{m, : R® — §?},100, L-periodic in x, and supported in x4 € [0,0,], x3 € [0.t,], such
that (140), (141) and (142) are fulfilled.

PROOF OF PROPOSITION 4. In order to have |m,|? =1 and m, &~ m* and in view
of (22) we set

my1(r) = /1 —e,m3(3), mya(x) = /?my(') and mys(z) = 0, (143)

where z and Z are related via (13). With this definition, (140) is obvious. Statement
(141) follows from

1
— Imy, — m*|*dz
Ev J(0,L)x(0,1)x(0,1)
1
D Z (Mg — 1)2di + / 3 2!
€v J(0,L)x(0,1)x(0,1) (0,L)x(0,1)

and

1 9 . (1a3) 1 . 9 ? N
- (my1 —1)7dz "= - \/1—¢e,ms—1) dz

(0,L)x(0,1)x(0,1) (0,L)x(0,1)
< il !
4 ”
(0,L)x(0,1)
— 0.

46



We now turn to (142). First of all, recall the definition of £(m,,) in (23), and proceed
separately for each energy contribution. The exchange contribution turns into

- (23) l 13
Eeh(m,) = - d? |V, |* dx
ds 2 v
v (0,L)x(0,6,)x(0,t,,)

8
1/3
(143) 0, ) ) / £, o
il 1, _ & \Vrnlde
<d§ t (0.0)x(0.6,) 1 — €413

1 ~ A
s [ e ) o
(0,2)x(0,1) 1

— e, M3

Therefore, by dominated convergence we have

vloo

lim £*"(m,,) = / A (Dyriny)? di’.
(0,L)x(0,1)

We combine the additive constant E(m*) = 2 hey L ¢, t, with the Zeeman term, cf.

(23):
- My, 1 — 1) dx
(df} t,%) /(O,L)X(O,ZV)X(O,tl,) (
(143) 0, \'? s ,
L b () (V1-e,m3—1)ds
dy 15 (0,L)(0,61)

8
- t, e, m2da’
dst2 (0,L)% (0, ?
13,00,

—Nept / m; dz’.
(0,L)x(0,1)

In order to treat the magnetostatic contribution we need the following lemma, which
provides a well-known formula. It reproduces the argument in [8, Lemma 1]:

E Zeeman (mu) = 2 hext

IA
I
>
)
g

Lemma 7. Let 0 = o(2') be L—periodic in x; with vanishing mean, and of bounded
support in xo. Let u, = u,(x) be L—periodic in x1, decaying in x5 and x3, the
continuously differentiable solution of

(el 0] — { o(z') for w3 € (0,1) } (140

0 else

Then

2 1— —t|k'|
/ |Vu,|*de = t/ % (1 — %) dk'
(0,L)xR2 2T ZxR |k ‘ t|k5 ‘

2 2
r / [F (o) dk, (145)
2 (Zz—{0}) xR K|

where we use the same notation as in Lemma 2.
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ProOOF OF LEMMA 7. For the purpose of this proof we nondimensionalize length
by ¢ and replace (0,1) by (—3,%). We take the Fourier transform in a/, cf. (25) of
(144):

— K PF(u,) + 05F (uy) = 0 for zs & (—3,3), (146)
—|K'PF(uy) + 05F (u,) = F(o) formzze (—3,3), (147)
O F (us) (K, 34) — O3F(us)(K', 35—) = 0 for x5 = 3, (148)
O3 F (up) (K, —3+) — 03F (uo) (K, —3—) = 0 for x5 = 1. (149)
Since F (o) does not depend on x3, F(u,) must be of the form
sinh() exp(§ = ep)K]) 3 < s
Flug) (K, x3) = u(k') x exp(@) cosh(|k'|x3) 1<a< | (150)
sinh(51) exp((3 + x3)[]) z3 < —1
Notice that F(u,) is indeed differentiable in z3 € R:
— K| sinh(51) exp((3 —ws)[K]) 5 <y
O3 F (ug)(K',x3) = u(k') x —|K'| sinh(|k|z3) — i<z < L
&) sinh(&1) exp((3 + 23)|¥]) vy < —1
(151)
Obviously, by (147):
|%']
a(k) = %ﬁ(a). (152)

We obtain by Plancherel

/ Vu2dr = / /(|k’|2|ug|2+|83u0|2)dx3dk:’
(0.L)xR2 e Jr

(150)051) / P (1 esp(KD) (<1 + K1) ) i
LILX

(152) / exp(—|k']) — 1+ |K
2r 7 xR |k/‘3

| | F(o)|* k.

The inequality in (145) follows from

exp(—|k']) — 1+ |F| < 1 < 1
K2 T 2K T 20kl

Notice that the wave numbers k&1 = 0 do not contribute to the Fourier integral
because our assumption on the mean of o.

O
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We return to the proof of Proposition 4. The charge density o, = 0,(2) scales as

follows:

o, = Oimy,+ 0ama,
O (23
w _M + /2y Dy 1
1 —e,m3
1/3 3 (1.2
awyan ([ d; O (mi) + Dy 1y
i, 1—e,m3
a2\
= <£§ty) o o
Notice that
6, — & = —01 (Lmd) + By (154)

uniformly with all derivatives. Hence we gather from (13):

1y \NY3 )
Flo) )P = C”@) F@) )P, (155)

t2

cf. (81) for the definition of the rescaled Fourier transform. Thus we obtain from

Lemma 7:
/ 1/3/
- Vu,|*dz
(@ﬁ) oz !
< ( £I/ )1/3 i/ |f(0-1/>|2 dk/
N dy t2 2 (2z—{0}) xR K|
1
2

/ F@
(Zz—{0))xr |Ki]

Ems(m,) =

(155),(13),(14)

It remains to argue that

A~ ~ 2 ol A 2 R
lim FOIE i — / FOIE 4i
vico J(2zz—qo})xr kil (Zz—{o})xr |k
:/ 1] /251? da'. (156)
(0,L)xR
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Indeed, by the triangle inequality and Plancherel, we have

Aoz O\ 2 b\ Y2
( / [7(5)] dk,> B ( / 7)) dk,)
(Zzz—{0})xr |k (z—{0})xk |k

~ 1/2

- (f £ -0 )
N (Fz-{0})xR K1 |

i 1/2
< |5 |f(&y—6)\2dl%’)

T J2zzxr

. 1/2

L
= [= (6, —6)2da' | .

27 (0,L)xR

Hence (156) follows from (154).

O

PROOF OF COROLLARY 2. The idea is to approximate mso by smooth functions and
apply Proposition 4. If the smoothing process of Corollary 1 is marked by the index
v, and the approximation procedure of Proposition 4 by the index p, we have:

limsup E(m,,) < Eo(ng,) for fixed v,
puloo

limsupEo(ﬁng,,,) S Eo(m2>

vToo

It remains to choose an appropriate diagonal sequence in = .

3.5 Proof of coercivity of ['-limit

In this section, we prove Theorem 4. Actually our estimate does not depend on
the fact that the support of Mg is restricted to {2 € [0, 1]} but rather that ms is
periodic in 2; with finite period L. According to Proposition 3, we may limit our
attention to smooth ms. We reformulate Theorem 4 accordingly:

Theorem 6. Let 1y : R? — R be smooth, ﬁfpem'odic i T, and with bounded support
m To. Then it holds

/(A) (élm2)2dfc’+§/k 161|712 ( = Dy (Ai2) + Dyring) | di’
0,L)xR

(0,L)xR

. [ 1/2
> 780 < / ma d:?:’) + L34 < / 1y d;%’) . (157)
(Ovi’)XR (Oj/)X]R
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We make the same notational simplifications as in Section 3.3 and rescale such that
L = 1. For the crucial superquadratic lower bound in Theorem 6, we need a new
estimate. It is motivated by a new estimate on variants of the Burgers equation
in [12]. The estimate is based on an integral identity which is stated in the next
lemma. We have to introduce some notation. In view of (108) and (109), there exist

oy to, O7'my  periodic in

characterized as mean—zero anti—derivatives, i. e.

(07 0) = o, 0107 my) = m
11( 1 o) 11( 1) ’ for all xs. (158)
fO 81_10'd371 = fO 81_177’12 d.ﬁl,’l =0
Lemma 8.
1 2
/mgdx—l—i%/ (/ mgdxl) dz,y
R \Jo
— 12/ (01(m2 07 'ma) O o + tm3 07 o) da. (159)
ProOOF OF LEMMA 8. For convenience we set
h = Gl_lmg.
We start by noticing that
1
Doh = Tmj — / ims dzy + 07 o (160)
0
Indeed, the formula (160) follows from
1
o) (—@h +Imi— | imda + 8;10)
0
(128) —8277’12 -+ 81(%7”%) +0o
(107) 0
and
1 1
/ (—32h+%m§ - / - dy1+(91_10') ay
0 0
1 1
= —82/ h dx, +/ oy o dry
0 0
(100),(158) )
Since my is smooth, we have by definition of o
Do(Am3) — 01(3m3) = myo. (161)
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The outcome of testing (161) with A is the desired identity:

0 = / (—gm3 Oah + gm5 O1h — D1 (ma h) 9y 'o) dx

1
(158), (160) / <—%m§ +1 (/ ms dyl)
0
1 2
= 12/m2dx+ /(/ m%darl) dxy

m2 0 o 4 0y (my h) 07 o) da.
(3m3 ;

2

im3 07 o + tmjy — 81(m2h)81_10) dx

O

The next task is to deduce an estimate from the identity in Lemma 8. To this
purpose, we estimate the two terms on the r. h. s. of (159) separately.

Lemma 9.

‘/81(7712 Oy my) 07 o do

" (fota)” fnmra) (vt
(o) fomrs)* (e oo
‘ / yms 0o da
< (/ médx)l/z (/ ||al|-1/za|2dx)l/2. (163)

PROOF OF LEMMA 9. The second estimate, i. e. (163), is easy:

1/2 1/2
‘/%mg o todr| < (/m;1 dx) (/|01_10|2dx)
1/2 1/2
< </m§d1’) </||01|_1/20|2dx> :

where we have used the 1-periodicity in z; in the last step. The first estimate, cf.
(162), is more delicate. For convenience, we stick to the notation h = d; 'msy. The
estimate (162) relies on the following interpolation lemma:

Lemma 10. Let the function h be 1-periodic in x, with folhdxl = 0 and have
compact support in xo. Then

/||81|1/2(h81h)\2dx < </(82h)2dx)1/6 </(81h)4dx)2/3 </(a§h)2dx)l/2.
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We postpone the proof of Lemma 10 and return to the proof of Lemma 9. Lemma
10 yields

'/01(7712 07 my) 07 o dw

1/2
< ( J sy ||al|-1/za|2dx)
1/2

= </||81|1/2(h81h)|2dx/||81|‘1/20|2dx)

1/12 1/3
< </(82h)2dx) (/mgdx)

1/4 1/2
x(/(81m2)2d:c) </||81|_1/2a|2dx) | (164)

We now appeal to the identity (160) to deduce the estimate:

/(02 /de:E—I—/W Yo|?dz < /de:E+/||01| 12612 d.

Inserting this estimate into (164) yields as desired

‘/81(77’12 81_1m2) 81_10' dx

</ mzdxym (fem dfﬂ) (frar 1/20261;6)7/1:
+(/m§dx) (/<81m2) ) </||a\ 1/20|2dx) |

Proor or LEMMA 10.

At first we fix x5 and treat g := 01h and h symmetrically. We recall estimate (132)
from the proof of Proposition 3:

/ [|Oh |1/2 (hg)|*dz, < </ h? dx1/ (O1h) dxl/ g dxl/ (019) dx1>

We apply this to g =0, h
1 1 1/2
/ (81h)2 d!El (/ (8%}1)2 d$1)
0 0

1 1
| 1apeaonpan < ( / hzdxl)
0 0
1 1 1 1/2
S </ h2d$1/ (81h)4dl’1/ (8fh)2dx1) . (165)
0 0 0
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Using Cauchy—Schwarz in x5, we deduce from (165) that

1/2
/\\81\1/2(h81h)\2dx < (Sup/ h? dm1/ (O1h) d:c/ (02h)? dm) . (166)

In order to establish the lemma, it thus remains to argue that

S:tlzp/ol h*dr; < </(81h)4 dx/(agh)2 dx) 1/3. (167)

The first step for (167) is the estimate

sup/ h*dr, < (/ h4d:c/ (Oah) dm) : (168)

It follows from two observations: Since h has compact support in x5 we have

1
sup/ |n|?dz; < /‘02/ |h|3dx1‘dx2
R 0

< /h2 0oh da

< (/ h4dx/(82h)2dx)1/2. (169)

By Hélder’s inequality on the unit length interval z; € [0, 1] we have

1 1 2/3
sup/ h*dr, < (sup/ |n|? dxl) : (170)
) 0 T2 0

The combination of (169) and (170) yields (168).
The second step in establishing (167) is the following: Notice that for fixed xs,

fol hdz, = 0 implies
1 1
/ h4 dI‘l S / (81 h)4 dI‘l
0 0

/h4da: < /(81h)4dx. (171)

Now (167) follows from inserting (171) into (168).

and thus

O

PROOF OF THEOREM 6. We now combine the identity (159) in Lemma 8 (where we
neglect the second, non—negative, 1. h. s. term) with the two estimates (162)&(163)
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in Lemma 9. We absorb the [mjdax—terms on the 1. h. s. into the r. h. s., yielding

3/7 6/7
/mg dr < </(81m2)2da;’> </H81\_1/2a\2dx>
3/8 7/8
+ (/(817712)2 d.f(,’) (/ ||81|_1/2O'|2d37>

+/ |01~V 0|? d.
Applying Young’s inequality, this turns into

/mg‘dx < BT+ B4 E,
where we've set

E = /(81m2)2 dx+%/||81|_1/2a|2d:c.
Estimate (124) in Lemma 6 on the other hand states
/ mydr < E%

Hence we obtain as desired

( 7/9 \
(/ m dm) for [mide 21

E > and thus Ez1 -

1/2
(/ ms dx) for [mide <1
\

/

O
PROOF OF THEOREM 4. Combining (157) with Cauchy—Schwarz we obtain
R 1. e
Eo(rng) > e L8/ ( / A ma d:?:’) — heat / A m2 di’
(0,£)x(0,1) (0,£)x(0,1)
1. 14/9
> L7 ( / m3 d:?:’) — Peat / s di’.
c (0,L)x(0,1) (0,L)x(0,1)
O

ProOOF OoF THEOREM 5. Let C' < oo denote a generic universal constant. Our
calculation from Subsection 2.2.1, cf. (30), shows that there exists an 75 s.t.

A ~ ~

Eo(mg) < 0 at he:ct = hcm’t-
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By continuity, there exists a C' < 0o s. t.

N 1 A . 1 .
EO(m2) S _5 fOI‘ hext S |:hcrit - 57 hcm’t:| .

By monotonicity of Eo in izext we have

~ 1

A A 1
EO(m2) S _5 fOI‘ hext Z h’cm’t -

6 .
Combining this with the coercivity of Theorem 4, we see that there exists an M < oo
s.t.on the one hand

. . 1
inf{Eo(m2) ‘/mg di’ < M2} < -2 (172)
and on the other hand
. . 1
inf{Eo(m2) ‘/mgdi’:MQ} 2 5 (173)

for all Ao > herig — é and Az ~ 1.

We now argue that by the I'-convergence result of Theorem 3, both statements
transfer back to the level of E in the slightly relaxed form:

inf{E(m)‘ /|m—m*\2di < €M2} < —% (174)
inf{E(m) ’ /|m—m*\2d§: = 5M2} > % (175)

for all £,0 < 1. Statement (174) immediately follows from the construction part of
['—convergence. For statement (175) we argue indirectly: Assume that there exist
sequences {€, },100 and {0, },100 C (0, 00) converging to zero and a sequence {m, }, 100
of magnetizations such that

- A 1
v *2dA = VM2 d E v <—,
/|m m*|*dz = ¢ an (my) < 5C

In particular, this implies by (22) that
/ (1., 13,,) > di < M?* is bounded for v 1 oo,

so that there exists (1, 7013) € L2((0, L) x (0,1) x (0,1))? with
(g, Ts,) — (1hy, 1)  weakly in L2((0, L) x (0,1) x (0,1))?

for a subsequence. The L. s.c.part of Theorem 3 thus yields that (1q,m3) is of the
form (my(2'),0) and that it satisfies
1

/Thg dfi'/ = M2 and Eo(mg) S ﬁ
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This is in contradiction with (173).
By (174) and (175) a global minimizer on the set

{/ \m—m*|2d§:§€M2}
(0,L)x(0,1)x(0,1)

gives as desired a local minimum.

We now use the direct method of the calculus of variations to argue that this global
minimizer exists. As m is of unit length, we can choose a minimizing sequence which
is bounded in L*((0, L) x (0,1) x (0,1)). Weak sequential compactness yields

m, —m weakly in L*((0, L) x (0,1) x (0,1)).

For fixed values of ﬁm, ﬁ, ¢ and ¢, each constituent of E is bounded. Since in
particular the Dirichlet integral is bounded, we have

m, —m weakly in H2((0,L) x (0,1) x (0,1)).
By means of Rellich’s compactness theorem we then have
m, — m in L*((0,L) x (0,1) x (0,1))

and, for a subsequence,
m, —m a.e..

The constraint on m is thus fulfilled a.e.in the limit. Lower semicontinuity of E is
ascertained by weak convergence in H?((0, L) x (0,1) x (0,1)) and the fact that F
is a positive semidefinite quadratic form plus a term linear in m.

Apart from existence we know that the local minimizer m° is different from m*, as
E(m*) =0, while

A ~ 1
inf{E(m) )/ |m—m*|2da:«<gM2} < ——.
(0,2)%(0,1)x(0,1) 2C

0

By construction, m” is in an e—ball from m*.
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