Domain and wall pattern in ferromagnets Felix Otto, MPI Leipzig

Ferromagnetic materials are characterized by a non-vanishing sponta-
neous magnetization. On a mesoscopic level, it can be thought of as a
unit-length vector field m(x) defined on the sample x € ). Experiments
show that this vector field features “domains”, i. e. subregions of {2 where
it is nearly constant, separated by comparatively sharp transition layer, so-
called walls. There is a well-accepted variational model: Experimentally
observed magnetization configurations should be (stable) stationary points
of an energy functional. This variational problem is non-convex (because of
the unit-length constraint) and non-local (because of the long-range magne-
tostatic interaction). Moreover, it features widely separated length scales:
On the one hand, a material parameter, the exchange length, which is of the
order of a few nanometer and on the other hand, the length scale given by
the sample Q (e. g. thickness and width of the cross section if € is a thin film
element). Hence the energy landscape features many local minimizers and is
not well-accessible to brute-force numerical simulation.

In this mini course, I will focus on a specific, but ubiquitous pattern,
the so-called concertina pattern. This pattern is a local (not a global) min-
imizer that arises from a subcritical bifurcation and undergoes a cascade of
secondary bifurcations. It is a periodic domain and wall structure arising
in thin-film ferromagnets with an elongated cross-section. You will find the
relevant experiments and a condensed description of our analysis (both the-
oretical and by numerical simulation) in [1]. I recommend to have a glance
over this paper as a motivation, especially Sections 1 A, 1 E to I, and Sections
IT and III. but don’t get frustrated if you are not used to the applied jargon.
I will start my mini course by a quick introduction into this.

Then, I will turn to the rigorous analysis. [ will start by identifying
the appropriate parameter regime (as it turns out: one of four in a two-
dimensional parameter space), by identifying the scaling law of the critical
external magnetic field at which the uniform magnetization becomes unsta-
ble. This will be done by deriving matching upper and lower bounds on
the Rayleigh quotient of the Hessian — a linear analysis, which nonetheless
is not-trivial because the Hessian is not explicitly diagonalizable. You will
find the proof in [2, Theorem 1], which is a cute application of the idea of
establishing upper and lower bounds on the minimal energy of a variational
problem that match in terms of scaling; where upper bounds are obtained



via physically motivated constructions and “Ansatz-free” lower bounds follow
from suitable interpolation inequalities.

Once we have identified the relevant parameter regime, we will rigorously
derive a “reduced” variational model that zooms in on the bifurcation. It
is much simpler than the original one in the sense that it is dimensionally
reduced and that it only has a single non-dimensional parameter (the strength
of the external field) — and thus is numerically well-tractable. The derivation
will be a nice application of the concept of I'-convergence; the analytically
more challenging part consists in the fact that we take a weak underlying
topology and that we need to establish (compensated) compactness. You
will find this proof in [3, Theorem 3].

If time permits, I want to establish an important qualitative property
of minimizers of the reduced problem (that are only local minimizers of the
original one), based on the non-obvious coercivity of the reduced variational
problem: namely the property that the average period increases linearly
(modulo a logarithm) as a function of the external field. You will find the
proof of this in [4, Theorem 1]. As we will see, it boils down to a somewhat
non-standard analysis of Burgers’ equation.

All the references below refer on the preprints that can be downloaded
from my homepage http://www.mis.mpg.de/ applan/ members/ felix-otto/
publications/ micromagnetics.html.
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