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STEEPEST DESCENT FLOWS AND APPLICATIONS TO SPACES OF

PROBABILITY MEASURES

LUIGI AMBROSIO – LECTURE NOTES, SANTANDER (SPAIN), JULY 2004

1. Introduction

These notes are the outcome of a series of seminars held in Santander (Spain) in July 2004,
concerning some of the results contained in the book [AGS04]. The first part of these lecture
notes is devoted to the study of gradient flows in a general metric setting, while the second
part is concerned with the metric space of probability measures endowed with the Wasserstein
distance. In the first part (section 2) I start by recalling the main concepts of the classical
theory of gradient flows in Hilbert spaces. Then, I introduce the definition of steepest descent
flow, which generalizes the idea of gradient flow to a purely metric setting. To this aim, I make
use of the concepts of metric derivative and local slope (see also [DGMT80, Amb95]). Then,
I deduce some useful properties typically satisfied by functionals which are convex along
geodesics. Such properties also involve the notion of upper gradient (see [HK98]). These
properties ensure the convergence of the implicit Euler time discretization scheme. I also
establish the link between our metric framework and the well known results of the classical
theory on Hilbert spaces. Finally, I recall the conditions needed to have uniqueness and error
estimates of the approximating scheme.

In the second part (section 3) I study the differentiable structure of the Wasserstein space
to give an equivalent concept of gradient flow. The Wasserstein distance arises as a useful
tool to study the asymptotic behaviour of solutions to certain PDEs enjoying a gradient
flow structure with respect to it. Such gradient flow structure is closely related to some
logarithmic Sobolev inequalities, which ensure convergence towards the asymptotic states.
This point of view has been widely developed in the recent years (see [Tos96, Tos97, JKO98,
CT00, Ott01, OV00, DPD02, Agu02, Agu03, CMV] among the others.). The Wasserstein
distance could seem very abstract, but in fact it is linked to a very intuitive problem: the
mass transportation problem which can be formulated in terms of a pile of sand and a hole.
The problem is how to transport the pile into the hole with the least possible cost. I start with
some notation and definitions concerning probability theory, in order to give the definition
of Wasserstein distance. Then, I study the properties and the geodesics of the Wasserstein
space, recovering in this framework the concepts of λ-convexity along geodesics. Finally, I
focus on the structure of (P2(X),W2) (in some case presenting results for the general space
(Pp(X),Wp)). I prove that (P2(X),W2) is a positively curved space, but squared Wasserstein
distance is not 2-convex. This shows the necessity to extend the concept to λ-convexity by
taking into account the so-called generalized geodesics. I give a list of λ-convex functionals.
Finally, I relate this part to the previous one using gradient flows in the Wasserstein space to
study evolution PDEs.

1Notes taken and further elaborated by Maŕıa J. Cáceres (Departamento de Matemática Aplicada, Uni-
versidad de Granada, 18071 Granada, Spain, email: caceresg@ugr.es) and Marco Di Francesco (Sezione di
Matematica per l’Ingegneria, Università dell’Aquila, Piazzale Pontieri, Monteluco di Roio, I67100 L’Aquila
(Italy), email: difrance@univaq.it).
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All the results presented in these notes are contained, with detailed proofs and greater
generality, in [AGS04].

Last but not least, I would like to thank warmly Maŕıa J. Cáceres and Marco di Francesco
for the extensive and nice work they did in typing these notes.

2. Gradient flows and steepest descent flows.

2.1. The classical theory. Let (H, 〈·, ·〉) be a Hilbert space with norm || · ||. Let φ be
a convex, lower semi-continuous functional defined on a dense domain Dom(φ) ⊂ H. The
subdifferential of φ at a point u ∈ Dom(φ) is the set ∂φ(u) ⊂ H defined by

∂φ(u) = {p ∈ H : φ(v) ≥ φ(u) + 〈p, v − u〉 ∀v ∈ Dom(φ)}.
Under the above assumptions on the functional φ, the subdifferential ∂φ(u) at some point
u is a closed convex subset of H which may be interpreted as the set of all possible ‘slopes’
of affine hyperplanes touching the graph of φ from below at the point u. The set valued
mapping ∂φ : H −→ 2H is called the subdifferential of φ. We next recall the following
standard definition.

Definition 2.1. Let 0 ≤ T1 < T2. A function u : [T1, T2] −→ H is said to be absolutely
continuous on [T1, T2] (u ∈ AC ([T1, T2];H)) if and only if, for any ε > 0 there exists δ > 0
such that, given any finite set of disjoint subintervals {(ak, bk)} ⊂ [T1, T2], k = 1, . . . n, with∑n

k=1(bk − ak) < δ, the inequality
n∑
k=1

‖u(bk)− u(ak)‖ < ε

is satisfied. A function u : (0,+∞) −→ H is called locally absolutely continuous on (0,+∞)
(u ∈ ACloc ((0,+∞);H)) if and only if u ∈ AC ([T1, T2];H) for all 0 < T1 < T2.

We recall that locally absolutely continuous functions u with values in a Hilbert space
are differentiable almost everywhere, as stated in the following proposition (see for instance
[Amb95]).

Proposition 2.1. Let u ∈ ACloc ((0,+∞);H). Then, for L1–almost all t ∈ [0,+∞), the
limit

u′(t) = lim
h→0

u(t+ h)− u(t)

h
exists in the strong topology of H.

We then recall the classical definition of gradient flow on a Hilbert space.

Definition 2.2. A function u ∈ ACloc ((0,+∞);H) is a gradient flow of the convex, lower
semi-continuous functional φ if and only if the differential inclusion

u′(t) ∈ −∂φ (u(t)) (2.1)

is satisfied L1– almost everywhere with respect to t.

The inclusion (2.1) is usually coupled with the initial condition

lim
t↓0

u(t) = u0 (2.2)

and typically the initial datum u0 is chosen in Dom(φ), or at least in its closure. The study
of the Cauchy problem (2.1)–(2.2) is a classical topic. It is well known that the subdifferential



STEEPEST DESCENT FLOWS AND APPLICATIONS TO SPACES OF PROBABILITY MEASURES 3

mapping ∂φ : H −→ 2H may be seen as a possibly multivalued nonlinear operator on H, which
is easily seen to be maximal monotone (cfr. [Bré73]). The theory of existence, uniqueness
and regularity of solutions has been developed in [CP72, CL71, Bré73]. In particular, the
unique solution u(t) to (2.1)–(2.2) is ‘well approximated’ on the time interval [0, T ) by the
solution to the implicit Euler schemeu

0
N = u0

un+1
N − unN

h
∈ −∂φ

(
un+1
N

)
, Nh = T, n = 0, . . . , N − 1,

(2.3)

for large values of N . More precisely, one may consider the piecewise linear interpolation
uN (t) satisfying

uN (nh) = unN , n = 0, . . . , N − 1,

and show that uN converges (in a suitable way) to the unique solution to (2.1)–(2.2) as
N → ∞. Such technique was introduced in [CL71] in order to recover an approximation
formula for nonlinear semigroups generated by more general monotone operators on Banach
spaces. We also mention here that the approximating scheme (2.3) is sometimes replaced by
the variational formulationu

0
N = u0

un+1
N minimizes φ(v) +

1

2h
‖v − unN‖2, Nh = T, n = 0, . . . , N − 1.

(2.4)

We remark that the second expression in (2.3) is nothing else than the usual Euler equation
associated to the functional φ(v) + 1

2h‖v − u
n
N‖2.

2.2. Steepest descent flows on metric spaces. Our goal is to rephrase the differential
viewpoint of the classical theory into a purely metric framework. To perform this task, De
Giorgi (see [DGMT80] and, in connection with Euler’s scheme, [DG93]) proposed a metric
formulation of the gradient flow that we will call steepest descent flow. We present De Giorgi’s
ideas following the presentation of [AGS04], that involves the natural concepts of metric
derivative and local slope. In what follows we shall work on a complete metric space (S, d).

Definition 2.3. Let u : (0,+∞)→ S be a curve on S.

(i) u is said to be absolutely continuous in (a, b) ⊂ (0,+∞) (u ∈ AC ((a, b);S)) if there
exists g ∈ L1 ((a, b);R) such that

d(u(s), u(t)) ≤
∫ t

s
g(τ)dτ, a < s < t < b. (2.5)

(ii) u is said to be locally absolutely continuous (u ∈ ACloc ((0,+∞);S)) if u ∈ AC ((a, b);S)
for any 0 < a < b <∞.

(iii) The variation of u on the interval [a, b] ⊂ (0,+∞) is

Varba(u) = sup

{
n−1∑
i=1

d(u(ti), u(ti−1)) | a ≤ t1 < . . . < tn ≤ b

}
.

The following theorem is a sort of generalization of Rademacher’s theorem for absolutely
continuous curves on a complete metric space.
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Theorem 2.1. For any u ∈ ACloc ((0,+∞);S) the limit

|u′|(t) := lim
s→t

d(u(s), u(t))

|s− t|
(2.6)

exists for L1–almost any t ∈ [0,+∞).

Proof. Let T > 0 be fixed. Let us choose a dense sequence {xn}∞n=0 in [0, T ], and let us
define, for any n ∈ N, the real valued function ψn(t) = d(u(t), xn). The assumptions on u
and the triangular inequality imply

|ψn(t)− ψn(s)| ≤ d(u(s), u(t)) ≤
∫ t

s
g(τ)dτ.

Therefore, the functions ψn are absolutely continuous, and hence differentiable L1–almost
everywhere. We can then define the function

m(t) = sup
n
|ψ′n(t)|

for almost all t ∈ [0, T ]. Moreover, since almost all t ∈ [0, T ] are Lebesgue points for the
L1 function g, we have |ψ′n(t)| ≤ g(t) for almost all t and for any n ∈ N, and therefore
m ∈ L1 (a, b;R). We next prove that the limit in (2.6) exists and m(t) = |u′|(t) L1–almost
everywhere. For any n ∈ N, the triangular inequality yields

lim inf
h→0

d (u(t+ h), u(t))

|h|
≥ lim

h→0

|ψn(t+ h)− ψn(t)|
|h|

= |ψ′n(t)|, for L1–almost any t ∈ [0, T ].

The definition of m then implies the inequality

lim inf
h→0

d (u(t+ h), u(t))

|h|
≥ m(t).

Now, the triangular inequality and the density of the sequence {xn}n∈N imply

d(u(s), u(t)) = sup
n∈N
|d(u(s), xn)− d(xn, u(t))| leq sup

n∈N

∫ t

s
|ψ′n(τ)|dτ ≤

∫ t

s
m(τ)dτ,

for any s, t ∈ [0, T ], s ≤ t. Hence, at any Lebesgue point for the function m we have

lim sup
h→0

d (u(t+ h), u(t))

|h|
≤ m(t),

and the proof is complete.

Definition 2.4. The limit

|u′|(t) = lim
s→t

d(u(s), u(t))

|s− t|
(2.7)

is called metric derivative of the curve u at the point t.

From the above computations it is easily seen that, if u is an absolutely continuous curve,
then its metric derivative |u′| is the minimal g satisfying estimate (2.5). Moreover (see [AT04]
for the details) one can prove the identity

Varba(u) =

∫ b

a
|u′|(τ)dτ.
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Let us introduce the concept of local slope, which will, in some sense, replace the subdif-
ferential in our reformulation of gradient flow.

Definition 2.5. The local slope of a functional φ at a point u ∈ Dom(φ) is 0 if u is an
isolated point of S, otherwise is given by∣∣∂−φ∣∣ (u) := lim sup

v→u

[φ(u)− φ(v)]+

d(u, v)
.

We remark that the local slope of φ at u equals zero if u is a minimal point of φ.
So far we have devoted our attention to generalizing the ingredients of the gradient flow

formulation, in such a way that they make sense in a purely metric framework. Next, we
describe the heuristic idea (due to De Giorgi) which leads us to the new definition of gradient
flow. Suppose we are given a Gateaux differentiable functional φ on a Hilbert space H.
Suppose u(t) is a classical solution of the gradient flow equation

u′(t) = −∇φ(u). (2.8)

By taking the modulus in both sides we obtain the scalar equation∥∥u′(t)∥∥ = ‖∇φ(u)‖ , (2.9)

which may possibly make sense in a metric framework if we make use of the metric derivative
and the local slope. Clearly, such step produces a loss of information, since the two vectors
u′(t) and −∇φ(u(t)) need not to be parallel in order to satisfy (2.9). However, we can recover
this information by looking at the time derivative of φ(u(t)). Indeed, u′(t) and −∇φ(u(t))
have same direction if and only if

d

dt
φ(u(t)) = 〈u′(t),∇φ(u(t))〉 = −‖u′(t)‖‖∇φ(u(t))‖.

On the other hand, (2.9) holds if and only if

−‖u′(t)‖‖∇φ(u(t))‖ = −1

2
‖u′(t)‖2 − 1

2
‖∇φ(u(t))‖2.

Hence, (2.8) can be equivalently rewritten as

d

dt
φ(u(t)) = −1

2
‖u′(t)‖2 − 1

2
‖∇φ(u(t))‖2.

Finally, the Young inequality trivially implies that (2.8) is equivalent to

d

dt
φ(u(t)) ≤ −1

2
‖u′(t)‖2 − 1

2
‖∇φ(u(t))‖2. (2.10)

The equivalence between (2.10) and (2.8) allows us to generalize the notion of gradient flow
as follows.

Definition 2.6 (Steepest descent flow). Let (S, d) be a complete metric space. A locally
absolutely continuous curve u : (0,+∞) → S is a steepest descent flow for the functional φ
(or a curve of maximal slope for φ) if φ ◦ u is L1–almost equal to a non–increasing map ψ
and

ψ′(t) ≤ −1

2
|u′|2(t)− 1

2
|∂−φ|2(u(t)), (2.11)

where |u′|(t) is the metric derivative and |∂−φ|(u) is the local slope.
We say that u is the starting point of the curve u if lim

t→0
u(t) = u.
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2.3. The geodesically convex case and the notion of upper gradient. The existence
and uniqueness of solutions to the steepest descent flow of a given functional with given
starting point can be achieved in many different ways, depending on the specific structure
of the functional and the ambient metric space. Here we focus on the case when the func-
tional satisfies the so called λ–convexity along geodesics. We shall be more precise about the
hypothesis required for the metric space S and for the functional φ in the sequel. For the
present moment, (S, d) denotes a complete metric space, while φ is simply a functional on S.

Definition 2.7 (Geodesics in metric spaces). Let x, y be points in S. Let us denote by Γyx
the set of all absolutely continuous curves γ : [a, b] → S such that γ(a) = x and γ(b) = y. A
curve u ∈ Γyx is a geodesic connecting x and y if

Varba(u) = min
γ∈Γyx

Varba(γ).

We recall a basic fact about geodesics on metric spaces in the following theorem (see [AT04]
for the proof).

Theorem 2.2 (Reparameterization). Let γ : [a, b] → S be absolutely continuous and let
L = V arba(γ) be its variation on [a, b]. Then there exists a Lipschitz curve γ̃ : [0, L]→ S such
that |γ̃′| ≡ 1 a.e. in [0, L] and γ([a, b]) = γ̃([0, L]).

We now impose the first significant assumption on the metric space S, namely, we require
that for any two points of the metric space there exists an absolutely continuous curve (a
geodesic) connecting the points, whose length equals the distance between them.

Definition 2.8 (Length space). A complete metric space (S, d) is called a length space if,
for any x, y ∈ S, there exists an absolutely continuous curve u : [a, b] → S connecting x and
y such that

Varba(u) = d(x, y).

The condition above can also be written as
∫ b
a |u

′| dt = d(x, y). Notice that the definition

of length space could also be given in a weaker form, by saying that the infimum of Varba(u)
among all admissible u is equal to d(x, y). The two definitions are easily seen to be equivalent
if bounded and closed subsets of S are compact.

As a simple consequence of Theorem 2.2, we have the following

Corollary 2.1. Let (S, d) be a length space. Then, for any x, y ∈ S, there exists a geodesic
u : [0, 1]→ S connecting x and y such that

d(u(s), u(t)) = (t− s)d(x, y), for all s, t ∈ [0, 1] s ≤ t. (2.12)

The curve u provided by the above corollary is called a constant speed geodesic connecting
x and y, the reason of that definition being the identity

|u′|(t) ≡ d(x, y), for all t ∈ [0, 1].

The following concept was introduced independently (and for different purposes) by Jost
[Jos97], Mayer [May98] and McCann [McC97].
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Definition 2.9 (λ–convexity along geodesics). We say that a functional φ on S is λ–convex
along geodesics if

φ(γ(t)) ≤ tφ(γ(1)) + (1− t)φ(γ(0))− λ

2
t(1− t)d2(γ(0), γ(1)) (2.13)

for every constant speed geodesic γ : [0, 1]→ S.

The following definition is due to Heinonen and Koskela (see [HK98]) and it constitutes a
sort of “weak” formulation of the modulus of the derivative.

Definition 2.10 (Upper gradient). A function g : S → R is an upper gradient for the
functional φ if, for any T ≥ 0 and for any absolutely continuous curve v ∈ AC (0, T ;S) such
that

g(v(·))|v′|(·) ∈ L1 (0, T ;S) (2.14)

the following inequality holds

|φ(v(0))− φ(v(T ))| ≤
∫ T

0
g(v(τ))|v′|(τ)dτ. (2.15)

Theorem 2.3. Let φ be a lower semi–continuous functional on the length space (S, d) which
is λ–convex along constant speed geodesics. Then, the local slope |∂−φ| is an upper gradient
for φ.

Proof. To simplify the proof we assume λ ≥ 0. The proof of the general case can be obtained
by means of simple modifications.

Step 1. We first prove that the local slope |∂−φ| is actually (due to the convexity assump-
tion) a global slope, i. e.

lim sup
v→u

[φ(u)− φ(v)]+

d(u, v)
= sup

v 6=u

[φ(u)− φ(v)]+

d(u, v)
=: Iφ(u) (2.16)

Of course, the inequality |∂−φ(u)| ≤ Iφ(u) is obvious. Then, let v 6= u and let us choose a
constant speed geodesic v(t) connecting u to v. By the convexity assumption (2.13), thanks
to (2.12), we easily obtain the inequality

φ(u)− φ(v(t))

d(v(t), u)
≥ φ(u)− φ(v)

d(u, v)
.

By taking the positive part in the above inequality and by letting t tend to zero, we get

[φ(u)− φ(v)]+

d(u, v)
≤ lim sup

v→u

[φ(u)− φ(v)]+

d(u, v)
for all v ∈ S,

and the inequality |∂−φ(u)| ≥ Iφ(u) is proven.
Step 2. We next prove that Iφ(u) is an upper gradient for φ (without any convexity

assumption). For simplicity we prove relation (2.15) in definition (2.10) for all absolutely
continuous curves v : [0, 1] → S satisfying (2.14) (with g replaced by Iφ) and such that
|v′|(t) ≡ 1. Hence, condition (2.14) reduces to Iφ(v(·)) ∈ L1 (0, T ;S). The general case
then follows after a reparameterization (see Theorem 2.2). By definition of Iφ we have, for
0 ≤ s ≤ t ≤ 1,

|φ(v(s))− φ(v(t))| ≤ max{Iφ(v(s)), Iφ(v(t))}d(v(s), v(t)) ≤ max{Iφ(v(s)), Iφ(v(t))}Varts(v)

= max{Iφ(v(s)), Iφ(v(t))}
∫ t

s
|v′|(τ)dτ = max{Iφ(v(s)), Iφ(v(t))}(t− s). (2.17)
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Now, the above condition implies that the function φ ◦ v belongs to the Sobolev space
W 1,1 (0, 1;R). Indeed, by a difference quotients argument one can prove that the signed
measure (φ ◦ v)′ (in the sense of distributions) is absolutely continuous w.r.t. L1, and that its
total variation is less than 2‖(Iφ) ◦ v‖L1(0,1) (see Lemma 1.2.6 in [AGS04]). Moreover, since
φ ◦ v is lower semicontinuous, and since

lim sup
ε→0

1

2ε

∫ ε

−ε
(φ ◦ v(s+ r)− φ ◦ v(s))dr ≤ lim sup

ε→0

1

2ε

∫ ε

−ε
Iφ ◦ v(s+ r)|r|dr

≤ lim sup
ε→0

1

2

∫ ε

−ε
Iφ ◦ v(s+ r)dr = 0,

we obtain that the function φ ◦ v is the continuous representative in its equivalence class in
W 1,1, hence it is absolutely continuous. A similar argument proves also continuity at t = 0
and t = T . Finally, from relation (2.17) one easily deduces that (φ ◦ v)′ ≤ (Iφ) ◦ v almost
everywhere, which implies the desired estimate

|φ(v(0))− φ(v(T ))| ≤
∫ T

0
Iφ(v(τ))dτ.

2.4. Consistency with the classical theory and uniqueness.

Theorem 2.4. Let (H, (·, ·)) be a Hilbert space. Then, steepest descent flows and gradient
flows for λ–convex functionals coincide.

Proof.
Step 1. Let us fix u ∈ H. We start by proving the following fundamental relation,

|∂−φ|(u) = min {‖p‖ | p ∈ ∂φ(u)} , (2.18)

linking the “differential” viewpoint (i.e. the subdifferential) to the “variational” one (i.e. the
slope). By the definition of the subdifferential ∂φ(u), we easily get the inequality

φ(u)− φ(v)

‖u− v‖
≤ 〈p, u− v〉
‖u− v‖

, for all p ∈ ∂φ(u), v ∈ H, v 6= u.

Hence, by taking the positive parts and the supremum over v 6= u, we obtain

sup
v 6=u

[φ(u)− φ(v)]+
‖u− v‖

≤ sup
v 6=u

〈p, u− v〉
‖u− v‖

= ‖p‖, p ∈ ∂φ(u).

Since φ is convex, in view of (2.16), we have

|∂−φ|(u) ≤ min {‖p‖ | p ∈ ∂φ(u)} .
To prove the opposite inequality, we need to find an element p ∈ ∂φ(u) such that

‖p‖ ≤ |∂−φ|(u) = Iφ(u).

By definition of global slope, we have

|∂−φ|(u) = Iφ(u) ≥
[φ(u)− φ(v)]+
‖u− v‖

≥ φ(u)− φ(v)‖u− v‖,

which implies
−|∂−φ|(u)‖u− v‖ ≤ φ(v)− φ(u), for all v ∈ H.
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Thus, the two convex subsets of H × R

A = {(v, r) ∈ H × R | r ≥ φ(v)− φ(u)} , B = {(v, r) ∈ H × R | r < −Iφ(u)‖u− v‖}

are disjoint. Since B is open, we can apply the first geometric version of Hahn–Banach
theorem, which provides the existence of a p ∈ H and of a real constant α such that

−|∂−φ|(u)‖u− v‖ ≤ 〈p, u− v〉+ α ≤ φ(v)− φ(u), for all v ∈ H. (2.19)

Taking v = u we get α = 0. The first inequality in (2.19) implies

|∂−φ|(u) ≥ sup
v 6=u

〈p, v − u〉
‖u− v‖

= ‖p‖,

while the second inequality in (2.19) means that p ∈ ∂φ(u). Therefore, (2.18) is proven.
Step 2. Let u : [0, T ] → H be a gradient flow for φ. This means that u is differentiable

L1–almost everywhere and

u′(t) ∈ −∂φ(u), at almost any t ∈ [0, T ].

Moreover, from the classical theory of gradient flows (see [Bré73]), one can prove that φ ◦u is
absolutely continuous (even locally Lipschitz), and hence differentiable almost everywhere. By

taking the limit in the difference quotient φ(u(t+h))−φ(u(t))
h as h→ 0+ and h→ 0− respectively,

thanks to the definition of subdifferential, we have

d

dt
φ ◦ u(t) = −‖u′(t)‖2

at any differentiability point of φ ◦ u. But, since u′(t) ∈ −∂φ(u(t)), then we have ‖u′(t)‖ ≥
|∂−φ|(u(t)). Therefore,

d

dt
φ ◦ u(t) ≤ −1

2
‖u′(t)‖2 − 1

2
|∂−φ|2(u(t)),

which is the definition of steepest descent flow.
Conversely, let u : [0, T ]→ H be a steepest descent flow for φ. From (2.18) we know that

there exists a p0(t) ∈ −∂φ(u(t)) such that

d

dt
φ ◦ u(t) ≤ −1

2
‖u′(t)‖2 − 1

2
‖p0(t)‖2.

As above, since φ ◦ u is absolutely continuous, we have for almost every t

d

dt
φ ◦ u(t) = 〈p0(t), u′(t)〉,

and therefore

〈p0(t), u′(t)〉 ≤ −1

2
‖u′(t)‖2 − 1

2
‖p0(t)‖2,

which implies p0(t) = −u′(t) and the proof is complete.

The assertion in the above theorem can be easily extended to λ–convex functionals. Indeed,
in this case geodesics coincide with straight lines, and condition (2.13) reads

φ(tu+ (1− t)v) ≤ tφ(u) + (1− t)φ(v)− λ

2
t(1− t)‖u− v‖2, u, v ∈ H, t ∈ (0, 1).
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Hence, λ–convexity for nonnegative λ implies standard convexity, while in general one can
consider the auxiliary functional

ψ(u) = φ(u)− λ

2
‖u‖2

which turns out to be convex in the standard sense. This fact is a trivial consequence of the
parallelogram identity in Hilbert spaces, which implies the relation

‖tu+ (1− t)v‖2 = t‖u‖2 + (1− t)‖v‖2 − t(1− t)‖u− v‖2.

Notice also that the relation above implies that ‖ · −u‖2/2 is 1–convex for any u ∈ H.
Our next purpose is to show that gradient flows of λ–convex functionals in Hilbert spaces

are unique. To this aim we first prove the following lemma.

Lemma 2.1. Let φ be a λ–convex functional on H. Let u, v ∈ Dom(φ), ξ ∈ ∂φ(u), η ∈ ∂φ(v).
Then

〈ξ − η〉 ≥ λ‖u− v‖2.

Proof.
As a trivial consequence of the definition of subdifferential, one can prove that

〈ξ − η, u− v〉 ≥ 0 (2.20)

whenever ξ ∈ ∂φ(u), η ∈ ∂φ(v) and φ is convex in the standard sense. In the general λ–convex
case, we consider again the auxiliary convex functional ψ(u) = φ(u) − λ

2‖u‖
2. We observe

that ξ+λu ∈ ∂ψ(u) and η+λv ∈ ∂ψ(v). Hence, we conclude the proof by applying (2.20) to
the convex functional ψ.

Theorem 2.5. Let φ be a λ–convex functional on H. Then, there exists at most one solution
to the Cauchy problem

u′(t) ∈ −∂φ (u(t)) , lim
t↓0

u(t) = ū.

Proof.
Let u1, u2 be two gradient flows for φ. Then, we can write(

1

2
‖u1 − u2‖2

)′
= 〈u1 − u2, u

′
1 − u′2〉

and from Lemma 2.1 we obtain(
1

2
‖u1 − u2‖2

)′
≤ −λ‖u1 − u2‖2,

which implies

‖u1(t)− u2(t)‖ ≤ lim
s↓0

e−λs‖u1(s)− u2(s)‖ = 0,

concluding the proof.
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2.5. The time step approximation. From now on we shall work with a functional φ defined
on a complete length space (S, d) and satisfying the following assumptions:

(i) φ is lower semi–continuous,
(ii) φ coercive, i.e., for any t ∈ R the sub–level {x ∈ S | φ(x) ≤ t} is compact,

(iii) φ λ–convex along geodesics for some λ ∈ R.

Remark 2.1 (A more general coercitivity condition). The coercivity assumption (iii) has been
chosen to simplify the exposition, but it turns out to be too restrictive for many applications
(for example, the case when (S, d) is the Wasserstein space of probability measures, discussed
in the next sections). So, as usual in Functional Analysis, one can assume instead that there
exists a topology σ with the following properties:
a: Weak topology . σ is an Hausdorff topology on S compatible with d in the sense that σ
is weaker than the topology induced by d and d is sequentially σ-lower semicontinuous:

(un, vn)
σ
⇀(u, v) =⇒ lim inf

n→∞
d(un, vn) ≥ d(u, v). (2.21)

b: Lower semicontinuity . φ is sequentially σ-lower semicontinuous on d-bounded sets

sup
n,m

d(un, um) < +∞, un
σ
⇀u =⇒ lim inf

n→∞
φ(un) ≥ φ(u). (2.22)

c: Coercivity . There exist τ∗ > 0 and u∗ ∈ S such that

m∗ := inf
v∈S

φ(v) +
1

2τ
d2(v, u∗) > −∞. (2.23)

d: Compactness. Every d-bounded set contained in a sublevel of φ is relatively σ-sequentially
compact: i.e.,

every sequence (un) ⊂ S with supn φ(un) < +∞, supn,m d(un, um) < +∞
admits a σ-convergent subsequence.

(2.24)

e: Semicontinuity of the slope . The slope satisfies the following equation

|∂φ|(u) = inf
{

lim inf
n→+∞

|∂φ|(un) : un
σ
⇀u, sup

n
{d(un, u), φ(un)} < +∞

}
. (2.25)

Basically the assumptions b, c ensure the existence of discrete solutions, d is needed to find
a limit curve and e to is needed to show that this limit curve is of maximal slope. In the case of
the Wasserstein space of probability measures the topology σ is just the topology induced by
a weak convergence, in the duality either with continuous and compactly supported functions,
or in the duality with continuous and bounded functions (see Theorem 3.2).

Next we introduce the main ingredients of our time step approximation. Given τ > 0, we
define, for a fixed U ∈ S, the modified functional

Φ(τ, U, V ) :=
1

2τ
d(U, V ) + φ(V ).

Let us fix the initial point of the gradient flow u0 ∈ S. In the spirit of the variational
formulation (2.4) of the classical gradient flow, we define the recursive scheme

U0
τ = u0,

Given U1
τ , . . . , U

n−1
τ , find Unτ ∈ S such that

Φ(τ, Un−1
τ , Unτ ) ≤ Φ(τ, Un−1

τ , V ) for all V ∈ S.
(2.26)



12 LUIGI AMBROSIO – LECTURE NOTES, SANTANDER (SPAIN), JULY 2004

The (possibly multivalued) operator which provides all the solutions Unτ of the variational
problem (2.26) for a given Un−1

τ is called resolvent operator and it is denoted by Jτ [·]. More
precisely we have

Jτ [U ] = argmin Φ(τ, U, ·).
Hence, a sequence {Unτ }n solves the recursive scheme (2.26) if and only if Unτ ∈ Jτ [Un−1

τ ] for
all n ≥ 1. We observe that the assumptions previously required for the functional φ guarantee
the existence of minimizers in (2.26). In particular, there exists at least one sequence {Unτ }n
solving the scheme. In the sequel we shall make use of several continuous versions of the
sequence {Unτ }n; for the present moment we define, for any τ > 0, the piecewise constant
interpolation uτ (t) = Unτ as t ∈ ((n− 1)τ, nτ).

Next we define, for positive τ , the Moreau–Yosida approximation of φ

φτ (u) = inf {Φ(τ, u, v) | v ∈ S} .

The resolvent operator and the Moreau–Yosida approximation are variational reformula-
tions of analogous ingredients of the classical theory, namely the resolvent operator (I + τ∂φ)−1

and the Yosida transformation Aτ (u) = u−Jτ [u]
τ respectively. In the classical Hilbert case the

following convergence result holds (see [BA89, Ru96, NSV00] and Chapter 4 of [AGS04], in a
much more general context).

Theorem 2.6 (Error estimate in the classical case). Let u(t) be the unique gradient flow of
the convex, lower semi–continuous and coercive functional φ defined on the Hilbert space H,
with initial point u0. Then

‖uτ (t)− u(t)‖2 ≤ τ(φ(u0)− inf φ).

We are now ready to state our main theorem.

Theorem 2.7. Let S be a complete length space. Let φ be a functional on S satisfying
assumptions (i)–(iii) stated above. Let Unτ be a sequence solving the recursive scheme (2.26)
and let uτ be the corresponding piecewise constant curve defined above. Then, there exist a
sequence τn → 0 and an absolutely continuous function u such that uτn → u locally uniformly
in [0,+∞). Moreover,

(a) u ∈ Liploc([0,+∞);S) and there exist the right metric derivative |u′+|(t) for any t ≥ 0
and the right derivative (φ ◦ u)′+ for any t ≥ 0.

(b) (φ ◦ u)′+(t) = −|u′+|2(t) = −|∂−φ|2(u(t)) for any t ≥ 0.

In particular, u is a steepest descent flow for the functional φ and the following energy identity
holds,

1

2

∫ t

s
|u′|2(σ)dσ +

1

2

∫ t

s
|∂−φ(u(σ))|2dσ = φ(u(s))− φ(u(t)). (2.27)

The right metric derivative in the above theorem is trivially defined by taking the right
limit s ↓ t in (2.7).

2.6. Existence of curves of maximal slope. The aim of this subsection is to give a sketch
of the proof of Theorem 2.7, at least for the convergence part. To perform this task we first
prove some compactness of the family {uτ}τ>0. Then, we shall prove that the limit point is
a curve of maximal slope of the functional φ by means of an energy inequality. We start with
the following proposition.
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Proposition 2.2 (Compactness). There exist a sequence τn → 0 and a curve

u ∈ C0, 1
2 ([0,+∞);S)

such that uτn → u uniformly on compact intervals.

Proof.
By definition of the Moreau–Yosida approximation φτ we have the simple estimate

φτ (Unτ ) = min
V ∈S

[
1

2τ
d2(V,Unτ ) + φ(V )

]
≤ 1

2τ
d2(Unτ , U

n
τ ) + φ(Unτ ) = φ(Unτ ).

Therefore, we obtain the following discrete energy inequality

1

2τ
d2(Un+1

τ , Unτ ) = φτ (Unτ )− φ(Un+1
τ ) ≤ φ(Unτ )− φ(Un+1

τ ),

which implies
∞∑
n=0

1

2τ
d2(Un+1

τ , Unτ ) ≤ φ(u0). (2.28)

The above inequality (2.28) provides a uniform bound for the curves {uτ}τ<1 on compact
intervals [0, T ]. To see this, let 0 < τ < 1, let t ∈ ((n − 1)τ, nτ), we have uτ (t) = Unτ and
consequently

d2(uτ (t), u0) ≤ n
n∑
k=0

d2(Uk+1
τ , Ukτ ) ≤ 2(t+ τ)φ(u0) ≤ 2(T + 1)φ(u0).

Moreover, for positive times t1 < t2 with t1 ∈ ((m − 1)τ,mτ ], t2 ∈ ((n − 1)τ, nτ ], estimate
(2.28) implies

d2(uτ (t1), uτ (t2)) ≤ (n−m)
n−1∑
k=m

d2(Uk+1
τ , Ukτ ) ≤ 2(n−m)τφ(u0) ≤ 2(t2 − t1 + τ)φ(u0).

Hence, we have

lim sup
τ→0

d2(uτ (t1), uτ (t2)) ≤ 2(t2 − t1)φ(u0)

uniformly with respect to t1, t2. A slight modification of Arzelà’s Theorem yields compact-
ness of the family of curves {uτ (·)}τ , together with the fact that any limit curve is Hölder
continuous.

We now aim to prove the consistency of the recursive scheme (2.26). Let {uτi}i be the
sequence provided by the above proposition. We wish to prove that u is the desired curve of
maximal slope. We first prove the following discrete energy inequality.

Proposition 2.3 (Discrete energy inequality).

1

2τ
d2
(
Unτ , U

n+1
τ

)
+

1

2

∫ τ

0

1

r2
d2 (U rτ , U

n
τ ) dr ≤ φ (Unτ )− φ

(
Un+1
τ

)
, (2.29)

where U rτ ∈ Jr(Unτ ), for all r ∈ (0, τ).
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Proof.
We start with the simple identity

φ(Unτ )− φτ (Unτ ) = φ(Unτ )− φ(Un+1
τ )− 1

2τ
d2(Unτ , U

n+1
τ ). (2.30)

Next, we prove that for any fixed w ∈ S the function τ 7→ φτ (w) is monotone increasing as
τ ↘ 0 and φ(w) = limτ↘0 φτ (w). To see this, for uτ ∈ Jτ [w] we have

φτ (w) = φ(uτ ) +
1

2τ
d2(w, uτ ).

Hence, since φτ (w) ≤ φ(w), we deduce d(uτ , w)→ 0 as t↘ 0. Then, the lower semicontinuity
of φ implies

φ(w) ≤ lim inf
τ↘0

φ(uτ ) ≤ lim inf
τ↘0

Φ(τ, w, uτ ) = lim inf
τ↘0

φτ (w) ≤ lim sup
τ↘0

φτ (w) ≤ φ(w).

The monotonicity of τ 7→ φτ (w) is a trivial consequence of the definition of φτ . A consequence
of the above facts is the inequality

φ(w)− φτ (w) ≥ −
∫ τ

0

d

dr
φr(w)dr. (2.31)

Now, since Φ(r + h,w, ur+h) ≤ Φ(r + h,w, ur), we have

φr+h(w)− φr(w) ≤ Φ(r + h,w, ur)− Φ(r, w, ur)

= φ(ur) +
d2(ur, w)

2(r + h)
− φ(ur)−

d2(ur, w)

2r
= − h

2r(r + h)
d2(ur, w), r, r + h > 0.

Therefore, we deduce
d

dr
φr(w) = − 1

2r2
d2(ur, w) (2.32)

at any differentiability point of s 7→ φs(w). Finally, (2.32) and (2.31) with w = Unτ imply

φ(Unτ )− φτ (Unτ ) ≥ 1

2

∫ τ

0

1

r2
d2(U rτ , U

n
τ )dr,

which we can put into (2.30) to obtain the desired estimate (2.29).

One can also check (see [AGS04]) that r 7→ φr(w) is locally Lipschitz, hence the argument
above gives that actually equality holds in (2.29) (but only the inequality ≤ will play a role in
the sequel). The term U rτ for r ∈ (0, τ) in (2.29) is one the main tools of the present theory,
and it deserves a definition.

Definition 2.11 (De Giorgi variational interpolation). Let {Unτ } be a solution of the vari-

ational scheme (2.26). We denote by Ũτ (·) : [0,+∞) → S any interpolation of the discrete
values Unτ satisfying

Ũτ (t) ∈ Jδ[Un−1
τ ] if t = (n− 1)τ + δ, 0 < δ < τ.

The above interpolation need not be continuous, it is only right continuous at points t
such that t is an integer multiple of τ . In the sequel we shall also make use of the following
continuous interpolation.
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Definition 2.12. The continuous interpolation U τ (·) : [0,+∞) → S is determined by the
conditions

|U ′τ |(t) =
d(Unτ , U

n−1
τ )

τ
as t ∈ [(n− 1)τ, nτ).

The existence of a (absolutely) continuous interpolation is ensured by the assumption that
the ambient metric space is a length space: it suffices to interpolate between Unτ and Un−1

τ

with a constant speed geodesic (notice however that the argument used in [AGS04] does not
need the length space assumption).

We shall now modify the previous discrete energy inequality (2.29) by taking into account
the local slope |∂−φ| of the functional φ.

Proposition 2.4 (Slope estimate). Let w ∈ S and let u ∈ Jτ [w]. We have

|∂−φ|(u) ≤ d(u,w)

τ
. (2.33)

Proof.
Since u ∈ Jτ [w], we have

1

2τ
d2(u,w) + φ(u) ≤ 1

2τ
d2(v, w) + φ(v), for all v ∈ S.

Hence, the triangular inequality implies

φ(u)− φ(v)

d(u, v)
≤
(
d2(v, w)− d2(u,w)

)
2τd(u, v)

≤ (d(v, w)− d(u,w)) (d(v, w) + d(u,w))

2τd(u, v)

≤ d(u, v) (d(v, w) + d(u,w))

2τd(u, v)
=
d(v, w) + d(u,w)

2τ
.

Finally, by taking the lim sup as v → u we obtain the desired inequality (2.33).

In view of the above proposition and thanks to definition 2.11, we can rewrite the discrete
energy inequality (2.29) in the following improved version

1

2τ
d2
(
Unτ , U

n+1
τ

)
+

1

2

∫ τ

0
|∂−φ|2(Ũτ ((n− 1)τ + r))dr ≤ φ (Unτ )− φ

(
Un+1
τ

)
. (2.34)

Now, let U τ (t) be the continuous interpolation defined before. Let t ≥ τ . After summation
of the inequalities (2.34) over n ∈

{
1, . . . ,

[
t
τ

]}
and by changing variable under the integrals

in (2.34) we obtain

1

2

∫ t−τ

0
|U ′τ |(r)dr +

1

2

∫ t−τ

0

∣∣∂−φ∣∣2 (Ũτ (r))dr + φ(U τ (τ [t/τ ])) ≤ φ(u0)

Finally, thanks to lower semi–continuity of the local slope, we can put τ = τi and pass to the
limit as i → ∞ in the above estimate. Using the fact that all interpolations converge to the
same limit (by the C0,1/2 estimate used in the proof of the discrete compactness) we obtain
the following steepest descent condition in integral form,

1

2

∫ t

0
|u′|2(r)dr +

1

2

∫ t

0
|∂−φ|2(u(r))dr + φ(u(t)) ≤ φ(u0).

Then, we can use the upper gradient property to obtain

1

2

∫ t

0
|u′|2(r)dr +

1

2

∫ t

0
|∂−φ|2(u(r))dr ≤

∫ t

0
|u′(r)||∂−φ|(u(r)) dr.
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By Young inequality, this gives that |u′| = |∂−φ(u)| a.e. in (0, t), and the previous two inequal-
ities are equalities. As a consequence we obtain that t 7→ φ(u(t)) is absolutely continuous,
with derivative given a.e. by −|u′|2(t).

Finally, the proof of the other properties follows by suitable monotonicity properties of the
slope along discrete trajectories: see Chapter 3 of [AGS04] for details.

2.7. Uniqueness and error estimate. Some more properties of the steepest descent flow
such as uniqueness and explicit error estimates for the recursive scheme (2.26) can be obtained
by requiring some properties for the distance d. It is already known (see [May98]) that steepest
descent flows are unique provided the functional d2(·, u) is 2–convex along geodesics. Such
assumption is equivalent to the so called Alexandroff NPC condition, which translates into
non positivity of sectional curvature in case S is a Riemannian manifold. Unfortunately, this
condition is not satisfied by the space of probability measures P2(X) which we shall define
later on.

We consider the following generalization of the NPC condition.

Assumption. For any u, v0, v1 ∈ S, there exists a curve vt connecting v0 to v1 such that
φ(vt) + 1

2τ d
2(u, vt) is

(
λ+ 1

τ

)
–convex as a function of t.

We observe that vt needs not be a geodesic in the above assumption.

Theorem 2.8. Let φ be a lower semicontinuous and coercive functional on S. Under the
above additional assumption, steepest descent flows are unique and satisfy the following prop-
erties:

(1) If the starting point u0 belongs in D(φ), then the recursive scheme (2.26) converges
with distance error estimate of order O(τ2).

(2) The semigroup u(t) is λ–contractive, i.e. d(u1(t), u2(t)) ≤ eλtd(u1(0), u2(0)) for any
two steepest descent flows u1, u2.

(3) The following evolution variational inequality holds: for any v ∈ S we have

1

2

d

dt
d2(u(t), v) +

λ

2
d2(u(t), v) ≤ φ(v)− φ(u(t)) a.e. in (0,+∞). (2.35)

We refer to [AGS04] for the proof of the above theorem. We only observe that the inequality
(2.35) easily implies uniqueness and λ–contractivity of the semigroup by the following formal
argument:

d

dt

1

2
d2(u(t), v(t)) =

d

ds

1

2
d2(u(s), u(t))|s=t +

d

ds

1

2
d2(u(t), u(s))|s=t

≤ −λd2(v(t), u(t)) + φ(v(t))− φ(u(t)) + φ(u(t))− φ(v(t)) = −λd2(v(t), u(t)).

This argument can be made rigorous either with Kruzkhov’s method of doubling of variables
(based on distributional inequalities) of working with pointwise derivatives (see Lemma 4.3.4
in [AGS04]).

3. Optimal transport and Wasserstein distance

The second part of these lecture notes is devoted to the study of the Wasserstein space
of probability measures in a separable Hilbert space. The Wasserstein distance arises as a
powerful tool to analyze the asymptotic behaviour of solutions of PDE’s of diffusion type,
to obtain new general proofs of geometric and functional inequalities and to characterize
solutions of shape optimization problems.
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We refer to [Vil03] for a fairly complete picture of the applications of this theory (and to
[AGS04] for the optimal transport problem and the applications to evolution PDE’s), quoting
here only the papers more relevant for this presentation.

Jordan, Kinderlehrer, Otto [JKO98] showed in their seminal paper that the linear Fokker-
Planck can be interpreted as the “gradient flow” with respect to the Wasserstein distance
between probability measures. Later on, Otto [Ott01] generalized this approach to the porous
medium equation.

The Wasserstein distance appears in the mass transportation problem, which has a very
intuitive formulation: we consider a pile of sand and a hole and we want to completely fill up
the hole with the sand (both, pile and hole, have the same volume). Of course, we have a cost
for transporting any unit of mass from the point x to the point y, we will call it c(x, y). Then,
the problem is how to do the transportation with minimal cost ? In a more general setup, the
pile and the hole can be modelled by Borel probability measures µ, ν in some complete and
separable metric space X (in the following we will mostly consider a Hilbert space H). In
this way, dµ(x) could be interpreted as the amount of sand located at point x and dν(y) as
the amount of sand that we have to transfer to position y.

In order to understand our problem we have to interpret mathematically what “way of
transportation” means . We will consider “transport plans”, which will be probability mea-
sures π on X × X having µ as first marginal and ν as second marginal. In this way, we
can understand dπ(x, y) as the amount of sand transferred from the point x to the point y.
Therefore, our problem can be formulated as follows:

Minimize

{∫
X×X

c(x, y) dπ(x, y) among all transport plans π

}
.

This is the known Kantorovich’s optimal transportation problem.
The original mass transportation problem is due to Monge. Monge’s problem is the same

as Kantorovich’s, but with the additional requirement that no mass is split, i.e, to every point
x a unique destination y is associated (in Kantorovich’s problem the possibility of splitting is
considered, therefore Kantorovich’s problem is a relaxed version of Monge’s).

3.1. Preliminary notation and definitions. We denote by P(X) the space of probability
measures µ in X, where X is a Borel subset of a separable Hilbert space (H, ‖ · ‖)

Definition 3.1 (Push forward). Let µ be a probability measure on X and let t : X → X be a
Borel map. The push forward t#µ ∈ P(X) of µ through t is defined by t#µ(E) := µ(t−1(E))
for any Borel subset E ⊂ X. More generally,∫

X
f(t(x)) dµ(x) =

∫
X
f(y) dt#µ(y)

for every bounded or positive Borel function f .

We will be interested in probability measures on X that are related by means of a push
forward:

µ, ν ∈ P(X) and t : X → X such that t#µ = ν.

The map t is called the transport map between the probability measures µ and ν.

Remark 3.1.

(a) Notice that this “class of transport maps” might be empty, for instance, if we consider
µ = δx and ν 6= δy ∀y ∈ X.
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(b) Another difficulty is the fact that the set {t : X → X : t#µ = ν} is not weakly closed.
(c) If X = Rn let us consider µ = fLn, ν = gLn. Then

t#µ = ν if and only if

∫
X
h(t(x))f(x) dx =

∫
X
h(y)g(y) dy

for every bounded or positive Borel function h. If t ∈ C1(X) is one to one this is true
if and only if (by the change of variables formula) |det∇t(x)| g(t(x)) = f(x) a.e.x.

In the following definition we propose another way to link two different probability measures
on X.

Definition 3.2 (Transport plan). Given two measures µ and ν of P(X) the set of transport
plans between them is defined by

Γ(µ, ν) := {γ ∈ P(X ×X) : π1
#γ = µ , π2

#γ = ν}

where πi : X × X → X , i = 1, 2 are the projections onto the first and second coordinate:
π1(x, y) = x, π2(x, y) = y.
π1

#γ , π
2
#γ are called marginals of γ. Therefore, transport plans are those having marginals

µ and ν.

We observe that this set is always not empty, since for any µ and ν in P(X), µ⊗ ν belongs
to Γ(µ, ν). Moreover, we remark that the condition γ ∈ Γ(µ, ν) is equivalent to:

γ(A×X) = µ(A), γ(X ×B) = ν(B), ∀A, B ⊂ X Borel.

In this way, γ(A×B) corresponds to the amount of mass initially in A sent to B.

Remark 3.2. Transport plans and transport maps are related in the following way (see for
instance [Amb03, Vil03]):

(a) Any transport map t (between µ and ν) induces a transport plan γ defined by

(Id× t)#µ, where (Id× t)(x) = (x, t(x)).

(Id is the identity map on X).
(b) Conversely, if γ is a transport plan concentrated on a γ-measurable graph in X ×X,

then γ admits the form (Id× t)#µ for some µ-measurable map t.

In order to define the Wasserstein distance we introduce the following notation:

Pp(X) =

{
µ ∈ P(X) /

∫
X
|x|p dµ(x) <∞

}
,

which denotes the space of probability measures in X with finite moment of order p (finiteness
of moments is always true if X is bounded).

The Wasserstein distance of order p is defined on the family of measures with finite p-th
moment, with p ∈ [1,∞):

Definition 3.3 (Wasserstein distance in Pp(X)). For any probability measures µ, ν in Pp(X)
the Wasserstein distance of order p between them is defined by

Wp(µ, ν) := min

{(∫
X×X

|y − x|p dγ(x, y)

)1/p

: γ ∈ Γ(µ, ν)

}
.
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Using the fact that c(x, y) = |y − x|p is lower semicontinuous it can be proved that the
minimum is always attained (see, for instance, [Amb03, Vil03]). We denote by Γ0(µ, ν) the
set of optimal plans, i.e., the subset of Γ(µ, ν) where the minimum is attained

Γ0(µ, ν) =

{
γ ∈ Γ(µ, ν) :

∫
X×X

|y − x|p dγ(x, y) = W p
p (µ, ν)

}
.

The following Lemma shows that Wp is indeed a distance.

Lemma 3.1. Wp is a distance in Pp(X) for p ∈ [1,∞).

Proof. We will focus in the triangle inequality, since the other properties are an easy con-
sequence of the fact that |x− y| is a distance in X ×X. To prove the triangle inequality we
use the following classical lemma.

Lemma 3.2. Let µ1, µ2, µ3 be three probability measures in X1, X2, X3 resp., and let γ12 ∈
Γ(µ1, µ2) and γ23 ∈ Γ(µ2, µ1) be two transport plans. Then there exists γ ∈ P (X1×X2×X3)
with marginals γ12 on X1 ×X2 and γ23 on X2 ×X3.

Using this lemma (considering X = X1 = X2 = X3) we can prove the triangle inequality:
let us consider µ1, µ2, µ3 ∈ P (X), γ12 optimal plan between µ1 and µ2 and γ23 optimal plan
between µ2 and µ3. Thus, Dudley’s lemma gives γ ∈ P (X ×X ×X) with marginals γ12 and
γ23. In this way, since γ13 := π13

# γ ∈ Γ(µ1, µ3), we obtain

Wp(µ1, µ3) ≤
(∫

X×X
|x1 − x3|p dγ13(x1, x3)

)1/p

=

(∫
X×X×X

|x1 − x3|p dγ(x1, x2, x3)

)1/p

=: ‖x1 − x3‖Lp(γ)

≤ ‖x1 − x2‖Lp(γ) + ‖x2 − x3‖Lp(γ) = ‖x1 − x2‖Lp(γ12) + ‖x2 − x3‖Lp(γ23)

= Wp(µ1, µ2) +Wp(µ2, µ3).

(We recall π13 : X3 → X2, π13(x1, x2, x3) = (x1, x3)).

Remark 3.3 (Kantorovich’s and Monge’s problem). Taking into account the relation between
transport plans and maps, we deduce the following relation between Kantorovich’s and Monge’s
problems

Wp(µ, ν) ≤ inf

{(∫
X
|t(x)− x|p dµ(x)

)1/p

: t : X → X, t#µ = ν

}
.

The inequality is indeed an equality under suitable assumptions on X and µ, see Theorem 3.3
below.

3.2. Properties of (Pp(X),Wp). The aim of this section is to show the main properties of
(Pp(X),Wp) in a list of results without proofs. We refer to Chapters 6 and 7 of [AGS04] for
proofs, more detailed statements and full bibliographical informations.

Theorem 3.1. (Pp(X),Wp) is a separable metric space which is complete if and only if X is
closed. Moreover (Pp(X),Wp) is compact if and only if X is compact.
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In the special case X = R the lack of compactness of the space is a consequence of a
canonical isometry between P2(X) and L2(0, 1), built by means of the distribution function
Fµ(t) := µ((−∞, t]) t ∈ R. Indeed, we have

W p
p (µ, ν) =

∫ 1

0
|F−1
µ (s)− F−1

ν (s)|p ds,

where for any measure µ ∈ P(R) the inverse of Fµ is defined as

F−1
µ (s) := sup {x ∈ R : Fµ(x) ≤ s} s ∈ [0, 1].

Theorem 3.2. Given a sequence {µn} ⊂ Pp(X) and µ ∈ Pp(X) it holds:

lim
n→∞

Wp(µn, µ) = 0⇐⇒


{µn} weakly converges to µ in P(X)

lim
n→∞

∫
X
|x|p dµn(x) =

∫
X
|x|p dµ(x).

where the weak convergence is with respect to the duality with continuous and bounded func-
tions (Cb(X)), namely,

lim
n→∞

∫
X
f(x) dµn(x) =

∫
X
f(x) dµ(x) ∀f ∈ Cb(X).

Before stating the next results we must recall some preliminary definitions.

Definition 3.4 (Gaussian measures). Given a separable Banach space, X, with dual X ′ and
µ ∈ P(X), we say that µ is a nondegenerate Gaussian probability measure in X if for any
f ∈ X ′ the image measure f#µ ∈ P(R) is a nondegenerate Gaussian measure, i.e. there exist
m = m(f) ∈ R and σ = σ(f) > 0 such that

µ({x ∈ X : −∞ < f(x) < a}) =
1√

2πσ2

∫ a

−∞
e−|t−m|

2/2σ2
dt ∀a ∈ R.

A set B ∈ B(X) (where B(X) denotes the Borel σ-algebra) is a Gaussian null set if µ(B) = 0
for any nondegenerate Gaussian measure µ in X.

We denote by Prp(X) the set of probability measures with finite moment of order p which
vanish on any Gaussian null set:

Prp(X) := {µ ∈ Pp(X) : µ(B) = 0 ∀ Gaussian null set B} .

There is a large literature on the existence of optimal transport maps and on necessary and
sufficient optimality conditions for maps or plans (recent works in this direction are due to
Ambrosio, Brenier, Caffarelli, Gangbo, McCann, Kirchheim, Pratelli, Rachev-Rüschendorf,
Feyel-Üstunel, Sudakov, Trudinger, Wang, but the list is not exhaustive: we refer to [AGS04,
Vil03] and to [AKP04] for a detailed bibliographical information).

The following result is due to Brenier [Bre87, Bre91] and Rachev-Rüschendorf [1] (p = 2)
and Gangbo-McCann [GMC] (p > 1) in the finite dimensional case. The infinite-dimensional
version has been considered in [AGS04].

Theorem 3.3. (Existence and uniqueness of the optimal map) If µ ∈ Prp(X) and either
dim(H) is finite or ν has a bounded support then there is a unique optimal plan γ and this
plan is induced by a map T , that is in particular the unique optimal transport map. Moreover,
if p = 2, T is the (Gateaux) gradient of a l.s.c. convex function ϕ.
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The following result provides a (weak) regularity of the optimal transport map which
works not only in the case p = 2 (where regularity follows by the differentiability properties
of gradients of convex maps), but also in the case p > 1. It has been proved in Theorem 6.2.7
of [AGS04].

Theorem 3.4. (Regularity of the optimal map) Assume dim(H) <∞ and let µ, T as in the
previous theorem. Then T is approximately differentiable at µ-a.e. point and the approximate
differential is nonnegative and with nonnegative eigenvalues.

We recall that T is said to be approximately differentiable at x if there is a linear map L
(the differential) such that all sets

{y ∈ Br(x) : |T (y)− T (x)− 〈L, y − x〉| > ε|y − x|} ε > 0

have 0 density at x. Approximate differentiability µ-a.e. on a Borel set A implies (see for
instance 3.1.8 of [FE67]) the existence of {Tn} ∈ Lip(X) such that µ(A∩ {T 6= Tn}) tends to
0, when n goes to infinity. In turn, this property implies the validity of the area formula for
approximately differentiable maps, as discussed in §5.5 of [AGS04] (this plays a role in the
sequel).

As far as higher regularity of T is concerned, Caffarelli proved that if p = 2, H = X = Rn,
µ, ν ∈ Ck,α and supp ν = Rn, then T ∈ Ck+2,β, but very little appears to be known when
p 6= 2.

3.3. Geodesics in Pp(X). In this section we will relate constant speed geodesics in Pp(X)
with optimal plans for X a separable Hilbert space. We recall in the framework of the
Wasserstein space (see Corollary 2.1 for definition in a general metric space) that a curve
µt ∈ Pp(X), t ∈ [0, 1] is a constant speed geodesic if

Wp(µs, µt) = (t− s)Wp(µ0, µ1) ∀ 0 ≤ s ≤ t ≤ 1.

Theorem 3.5 (Characterization of constant speed geodesics). For any γ ∈ Γ0(µ, ν) the curve

µt := (πt)#γ with πt := (1− t)π0 + t π1 t ∈ [0, 1]

is a constant speed geodesic joining µ and ν, where π0, π1 are the projections on the first and
second variables respectively. Conversely, any geodesic connecting µ and ν has this represen-
tation for a suitable optimal plan γ′.

Proof. The fact that linear interpolation at the level of transport plans or maps produces
geodesics is somehow implicit in many papers on this subject, [McC97], [BB00], [Ott01]. A
general proof is given in Chapter 7 of [AGS04], pointing also out the one to one correspondence
between geodesics and optimal plans. Here we describe briefly how one can recover an optimal
plan from a geodesic µt: one fixes t ∈ (0, 1) and proves that Γ0(µt, µ0) and Γ0(µt, µ1) contain
a unique element (and actually are induced by transport maps). Then one defines

γ′ = γt1 ◦ γ0t,

where γt1 is the unique optimal plan between µt and µ1 and γ0t is the unique optimal plan
between µ0 and µt. This “composition” of plans is possible (and canonical, in this case,
because the plans in question are induced by transports) using the same construction based
on Lemma 3.1 used to prove the triangle inequality.

This result shows that the definition of λ-convexity along geodesics given in the previous
section (Definition 2.13) can be rewritten as follows (see [McC97, CMV, AGS04]):
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Definition 3.5 (λ-Convexity along geodesics). Let X be a separable Hilbert space, λ ∈ R and
let φ : Pp(X)→ (−∞,+∞] be a functional. We say that φ is λ-(displacement) convex along
geodesics if for every µ, ν ∈ Dom(φ) there exists γ ∈ Γ0(µ, ν) such that

φ(µt) ≤ t φ(ν) + (1− t)φ(µ)− λ

2
t (1− t)W 2(µ, ν),

where t ∈ [0, 1] and µt is defined in Theorem 3.5.

3.4. Structure of (P2(X),W2). To conclude these notes we will focus in the structure of
the probability space (P2(X),W2), for X convex subset of a separable Hilbert space H.

Let us recall the definition of positively curved spaces in the sense of Aleksandrov [Ale51]

Definition 3.6 (Positively/Non Positively curved (PC/NPC) space). A metric space (S, d)
is positively curved if for any µ̄ ∈ S we have

d2(µt, µ̄) ≥ (1− t) d2(µ0, µ̄) + t d2(µ1, µ̄)− t (1− t) d2(µ0, µ1),

where µ0, µ1 ∈ S and µt is any constant speed geodesic joining µ0 and µ1. The space is called
non positively curved is the opposite inequality holds:

d2(µt, µ̄) ≤ (1− t) d2(µ0, µ̄) + t d2(µ1, µ̄)− t (1− t) d2(µ0, µ1).

Since the previous inequalities are, in fact, identities when the metric space is a Hilbert
space, the condition of being positively curved can be understood as a comparison property
for triangles. In this sense, we can speak about triangles in PC-space, where the edges are
described by constant speed geodesics joining the vertices.

Otto’s differential calculus in P2(X) shows in a formal way [Ott01] that this is a PC-space.
Using the Aleksandrov metric formulation, the following result has been proved in [AGS04].

Theorem 3.6 ((P2(X),W2) is a PC-space). For each µ̄, µ0, µ1 ∈ P(X)

W 2
2 (µt, µ̄) ≥ tW 2

2 (µ1, µ̄) + (1− t)W 2
2 (µ0, µ̄)− t (1− t)W 2

2 (µ0, µ1) (3.1)

along any constant speed geodesic µt connecting µ0 and µ1.
Therefore, (P2(X),W2) is a PC-space.

Proof. Using an extension of Dudley’s lemma (Proposition 7.3.1 of [AGS04]) we can find
γt ∈ P(X3) having marginals µ0, µ1 and µt such that

(π1, π2)# γt ∈ Γ0(µ0, µ1), ((1− t)π1 + t π2, π3)# γt ∈ Γ0(µt, µ̄),

therefore

W 2
2 (µt, µ̄) =

∫
X3

|x3 − (1− t)x1 − t x2|2 dγt(x1, x2, x3).

(We recall πi : X3 → X is the projection onto the i-coordinate, i = 1, 2, 3) Considering the
following Hilbertian identity

|x3 − (1− t)x1 − t x2|2 = (1− t) |x1 − x3|2 + t |x2 − x3|2 − t (1− t)|x2 − x1|2

we obtain

W 2
2 (µt, µ̄) = (1− t)

∫
X3

|x1 − x3|2 dγt(x1, x2, x3) + t

∫
X3

|x2 − x3|2 dγt(x1, x2, x3)

− t(1− t)
∫
X3

|x2 − x1|2 dγt(x1, x2, x3)
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and then, since

∫
X3

|x2 − x1|2 dγt(x1, x2, x3) = W 2
2 (µ0, µ1), we prove

W 2
2 (µt, µ̄) ≥ (1− t)W 2

2 (µ0, µ̄) + tW 2
2 (µ1, µ̄)− t(1− t)W 2

2 (µ0, µ1).

Remark 3.4. In general the inequality (3.1) is strict. We show it with the following example

µ0 =
1

2

(
δ(1,1) + δ(5,3)

)
, µ1 =

1

2

(
δ(−1,1) + δ(−5,3)

)
, µ̄ =

1

2

(
δ(0,0) + δ(0,−4)

)
,

since in this case W 2
2 (µ0, µ1) = 40, W 2

2 (µ0, µ̄) = W 2
2 (µ1, µ̄) = 30, the constant speed geo-

desic connecting µ0 and µ1 is µt := 1
2

(
δ(1−6t,1+2t) + δ(5−6t,3−2t)

)
and therefore for t = 1/2

W 2
2 (µ1/2, µ̄) = 24 > 30

2 + 30
2 −

40
4 .

The PC property and the previous remark prove that in dimension greater than 1, the
squared Wasserstein distance is not 2-convex along constant speed geodesics. But, 2-convexity
of the squared distance is a quite essential property as we observed in Section 2.7. In this
sense, it is natural to look for a different choice of the connecting curve. Could it be possible
to consider other curves that guarantee 2-convexity? The answer is affirmative and they will
be called “generalized geodesics”.

Definition 3.7 (Generalized geodesics). For µ̄ ∈ Pr2(X) and µ0, µ1 ∈ P2(X) we define the
generalized geodesic joining µ0 and µ1 (with base µ̄) as follows

µt = (Tµ0µ̄ + t (Tµ1µ̄ − T
µ0
µ̄ ))#µ̄ t ∈ [0, 1]

where Tµ0µ̄ is an optimal map between µ̄ and µ0 and Tµ1µ̄ is an optimal map between µ̄ and µ1.

Remark 3.5. Through a measure in σ ∈ P(X3) whose projection on the first and second
variable belongs to Γ0(µ̄, µ0) and whose projection on the first and the third variable belongs
Γ0(µ̄, µ1), generalized geodesics can also be defined (for a base point µ̄ ∈ P2(X)) setting

µt :=
(
(1− t)π2 + tπ1

)
#
σ.

A generalized geodesic satisfies the curvature inequality (the reverse of (3.1)):

W 2(µt, µ̄) ≤ (1− t)W 2(µ0, µ̄) + tW 2(µ1, µ̄)− t (1− t)W 2(µ0, µ1), (3.2)

since

W 2(µt, µ̄) ≤
∫
X
|(1− t)Tµ0µ̄ (x) + t Tµ1µ̄ (x)− x|2 dµ̄(x)

≤
∫
X

(1− t)|Tµ0µ̄ (x)− x|2 + t |Tµ1µ̄ (x)− x|2 − t (1− t)|Tµ0µ̄ (x)− Tµ1µ̄ (x)|2 dµ̄(x)

≤ (1− t)W 2(µ0, µ̄) + tW 2(µ1, µ̄)− t (1− t)W 2(µ0, µ1).

The last inequality follows by the fact that γ :=
(
Tµ0µ̄ , Tµ1µ̄

)
#
µ̄ is an admissible plan between

µ0 and µ1.

Definition 3.8 (λ-convexity along generalized geodesics). A functional φ : P2(X)→ (−∞,+∞]
is λ-convex along generalized geodesics if for every µ̄, µ0, µ1 ∈ Dom(φ) ⊂ P2(X) there exists
a generalized geodesic µt connecting µ0 and µ1 induced by a plan γ ∈ Γ(µ̄, µ0, µ1) such that

φ(µt) ≤ (1− t)φ(µ0) + t φ(µ1)− λ

2
t(1− t)W 2

γ (µ0, µ1),
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where

W 2
γ (µ0, µ1) :=

∫
X3

|x1 − x0|2 dγ(x, x0, x1)
(
≥W 2

2 (µ0, µ1)
)
.

Therefore, as a first example, we obtain using (3.2) that W2(·, µ̄) is 2-convex along gener-
alized geodesics (of course not all, but those with base point µ̄).

3.4.1. Basic examples of geodesically convex funtionals. We now list the main examples of
λ-convex functionals that we will use at the end of these notes to study PDE’s as gradient
flows with respect to the Wasserstein metric (see [CMV, Vil03] and Chapter 9 of [AGS04]).

Example 3.1 (−W 2
2 (·, µ̄)). By the PC condition the functional −W 2

2 (·, µ̄) is (-2)-convex.

Example 3.2 (Potential energy). For a potential function V : X → (−∞,+∞] whose neg-
ative part grows at most with order p we define in Pp(X) the potential energy functional
as

V(µ) =

∫
X
V (x) dµ(x).

The potential energy V is λ-convex if and only if V is λ-convex.

Example 3.3 (Interaction energy). For W : X → (−∞,+∞] whose negative part grows at
most with order p we define in Pp(X) the interaction energy functional as

W(µ) =

∫
X×X

W (x− y) dµ(x) dµ(y).

The interaction energy functional W is convex if W is convex.

Example 3.4 (Internal energy). Assume that X ⊂ H = Rn is convex and let F : [0,∞) →
(−∞,+∞] be such that s 7→ sn F (s−n) is convex, non increasing in (0,∞) and F (0) = 0.
Assume also that F has a more than linear growth at infinity (see [AGS04] to see how this
condition can be removed). We define the internal energy functional

J (µ) =

∫
Rn
F (ρ) dx for µ = ρLn

and J (µ) = +∞ if µ is not absolutely continuous with respect to the Lebesgue measure. Then,
the internal energy J is convex along geodesics in Pp(X).

As examples of functions F we can consider:

(a) F (t) =
tm

m− 1
with m ≥ 1 − 1

n
(this restriction for m comes from the convexity of

s 7→ sn F (s−n)); notice that in the case m < 1 the function F is not superlinear, hence
the natural extension of J to the whole space of measures, by lower semicontinuous
relaxation, can be finite also for measures not abolutely continuous with respect to
Lebesgue measure, see again [AGS04] for details.

(b) For the limit case in the previous example m→ 1 we obtain F (t) = t log t (the entropy
functional).

Given two regular measures µi = ρi Ln ∈ Dom(J ) ⊂ Prp(Rn), i = 0, 1 and T , the optimal
transport map between µ0 and µ1 for p-Wasserstein distance such that T#µ0 = µ1, we can
consider Tt := Id + t(T − Id) and therefore Tt is an optimal transport map between µ0 and
µt := Tt#µ0 for any t ∈ [0, 1]. Then, the approximate differentiability of Tt yields the validity
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of the area formula and therefore an explicit representation of µt (see Proposition 9.3.9 of
[AGS04]):

µt = ρtLn with ρt =
ρ0

J Tt
◦ T−1

t ,

where J Tt is the Jacobian of Tt. Therefore

J (µt) =

∫
Rn
F (ρt(y)) dy =

∫
Rn
F

(
ρ0(x)

J Tt(x)

)
JTt(x) dx.

Next we give an infinite-dimensional example.

Example 3.5 (Relative entropy). For any µ, γ Borel probability measures on a separable
Hilbert space X we define the relative entropy of µ with respect to γ as

H(µ, γ) :=


∫
X

dµ

dγ
log

(
dµ

dγ

)
dγ if µ� γ,

+∞ otherwise

If we consider the convex function

F (t) :=

 t (log t− 1) + 1 t > 0,
1 t = 0,
+∞ t < 0,

we obtain

H(µ, γ) =

∫
X
F

(
dµ

dγ

)
dγ.

And, by Jensen’s inequality we observe H(µ, γ) ≥ 0 and H(µ, γ) = 0 if and only if µ = γ.
Then, it turns out that for each pair of probability measures µ0, µ1 ∈ Pp(X) the functional

H(·, γ) is convex along the interpolating curve ((1 − t)π1 + t π2)#µ for µ ∈ Γ(µ0, µ1) if and
only if γ is log-concave, i.e.

log γ(tA+ (1− t)B) ≥ t log γ(A) + (1− t) log γ(B) t ∈ [0, 1],

for any pair of open sets A, B. In the finite-dimensional case this condition is equivalent to

γ = e−V · Hk|aff(supp γ) , where k = dim(supp γ)

for some V convex and l.s.c. (here aff(supp γ) denotes the affine envelope of supp γ).
The relative entropy functional can be defined for more general convex functions F , see

[AGS04] for details.
We will conclude by using these functionals to study evolution PDEs.

4. Gradient flows in the space of probability measures

The previous theory will be applied in the last part of this paper to study PDEs of diffusion
type. Jordan, Kinderlehrer and Otto [JKO98] and then the latter author alone [Ott01] showed
that many interesting and classical parabolic equations can be interpreted as gradient flows
of functionals with respect to the Wassertein distance between probability measures.

In the space-time open cylinder Rn × (0,+∞) we look for nonnegative solutions ρ : Rn ×
(0,+∞) of a parabolic equation of the type

∂tρ−∇ ·
(
ρ∇
(δF
δρ

))
= 0 in Rn × (0,+∞), (4.1)
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where
δF(ρ)

δρ
= −∇ · Fp(x, ρ,∇ρ) + Fz(x, ρ,∇ρ).

is the first variation of a typical integral functional

F(ρ) =

∫
Rn
F (x, ρ(x),∇ρ(x)) dx (4.2)

associated to a (smooth) Lagrangian F = F (x, z, p) : Rn × [0,+∞)× Rn → R.
Observe that (4.1) has the following structure:

∂tρ+∇ · (ρv) = 0 (continuity equation), (4.3a)

ρv = ρ∇ψ (gradient condition), (4.3b)

ψ = −δF(ρ)

δρ
(nonlinear relation). (4.3c)

Observe that in the case when F depends only on z = ρ then we have

δF(ρ)

δρ
= Fz(ρ), ρ∇Fz(x, ρ) = ∇LF (ρ), LF (z) := zF ′(z)− F (z). (4.4)

Since we look for nonnegative solutions having (constant, by (4.3a), normalized) finite mass

ρ(x, t) ≥ 0,

∫
Rn
ρ(x, t) dx = 1 ∀t ≥ 0, (4.5)

and finite p-th momentum ∫
Rn
|x|pρ(x, t) dx < +∞ ∀ t ≥ 0, (4.6)

we can

identify ρ with the measures µt := ρ(·, t) · Ln, (4.7)

and we consider F as a functional defined in Pp(Rn).
We will interpret (4.3b) as a tangency condition for the velocity field v, and the nonlinear

coupling (4.3c) as a subdifferential inclusion.
At this level of generality the equivalence between the system (4.3a,b,c) and the gradient

flow of F is known only for smooth solutions (which, by the way, may not exist); nevertheless,
the point of view of gradient flow in the Wasserstein spaces, introduced by Otto, still presents
some interesting features, whose role should be discussed in each concrete case:

a) The gradient flow formulation suggests a general variational scheme, discussed in the first
part of these notes, to approximate the solution of (4.3a,b,c): proving its convergence is
interesting both from the theoretical and the numerical point of view.

b) The variational scheme exhibits solutions which are a priori nonnegative, even if the
equation does not satisfies any maximum principle as in the fourth order case [Ott98,
GTS04].

c) Working in Wasserstein spaces allows for weak assumptions on the data: initial values
which are general measures (as for fundamental solutions, in the linear cases) fit quite
naturally in this framework.

d) The gradient flow structure suggests new contraction and energy estimates, which may be
useful to study the asymptotic behaviour of solutions, see for instance [CMV], or to prove
uniqueness under weak assumptions on the data.
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e) The interplay with the theory of Optimal Transportation provides a novel point of view
to get new functional inequalities with sharp constants.

f) The variational structure provides an important tool in the study of the dependence of
solutions from perturbation of the functional.

g) The setting in space of measures is particularly well suited when one considers evolution
equations in infinite dimensions and tries to “pass to the limit” as the dimension n goes
to ∞.

Let us consider for instance the linear Fokker-Planck equation (physical constants are
considered equal to 1)

∂tρ = ∆ ρ+∇ · (ρ∇V ) , (4.8)

where V is a given potential and ρ is a distribution function depending on time, t ∈ (0,+∞)
and position, x ∈ Rn. Writing the equation in the form

∂tρ = ∇ · (ρ(∇ log ρ+∇V ))

we immediately recognize it as the (formal) gradient flow of the perturbed entropy functional

F(ρ) =

∫
Rn
ρ(x) log ρ(x) +

∫
ρ(x)V (x) dx

(
=

∫
Rn
ρ(x) log

(
ρ(x)

e−V (x)

)
dx = H(ρ, e−V )

)
.

Notice also that the expression inside parentheses represents the functional as a relative en-
tropy functional with respect to the reference measure γ = e−V Ln (the steady state of the
FP equation). This second expression paves the way to the analysis and to the gradient flow
interpretation of the PDE in infinite dimensions, where there is no analogue of the Lebesgue
measure but still an analogue of γ.

Let us to consider the following more complicated example. Consider the following convex
functional (see [CMV, AGS04])

φ(µ) :=

∫
Rn
F (ρ)(x) dx+

∫
Rn

V (x) dµ+
1

2

∫
Rn×Rn

W dµ⊗ µ, for µ = ρLn, (4.9)

which is the sum of internal, potential and interaction energy (see the previous subsection
and [AGS04] for assumptions on F, V and W ) and φ(µ) = +∞ otherwise.

The gradient flow in Pp(Rn) produces the nonlinear and nonlocal PDE of diffusion type

∂tρ = ∇ ·
(
ρ Jq

(
∇LF (ρ)

ρ
+∇V + (∇W ) ∗ ρ

))
, (4.10)

where

Jq : Lq → Lp, p = q′, Jq(v) = |v|q−2v, Jq(0) = 0

and

LF (t) = t F ′(t)− F (t).

In order to understand the power of the gradient flow formulation and the suitability
of working in Wasserstein spaces we need to know the differential structure of Pp(X) and
“subdifferential calculus” in Pp(X). Besides the initial work of Otto, this problem has been
investigated independently and with slightly different motivations by Carrillo-McCann-Villani
in [CMV] and by Ambrosio-Gigli-Savaré [AGS04].

To conclude, we describe briefly along the lines of [AGS04] the differentiable structure of
Pp(H) and the (sub)-differential calculus in this space, showing how (4.3b) and (4.3c) can be
made rigorous.
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Let us first introduce a good class of test functions in infinite dimensions that reduces to
the standard one in the finite-dimensional case.

Definition 4.1 (Smooth cylindrical functions). A function ϕ : H → R is cylindrical if there
exists ψ ∈ C∞c (Rn) such that ϕ = ψ ◦ π, with π ∈ Πn(H), where we denote by Πn(H) the
space of all maps π : H → Rn of the form

π(x) = (〈x, e1〉, ..., 〈x, en〉) x ∈ X
where {e1, ..., en} is any orthonormal family of vectors in H.

We denote by Cyl(H) the family of cylindrical functions on H. If I = (a, b) (open interval)
the space Cyl(H × I) is defined analogously considering functions ψ ∈ C∞c (Rn × I) and
functions ϕ(x, t) = ψ(π(x), t).

The following theorem is the fundamental bridge between the metric and the differentiable
viewpoint, as it links a metric concept (the absolutely continuous curves with values in the
Wasserstein space) to a differential one, namely the continuity equation.

Theorem 4.1 (Absolutely continuous curves in Pp(H) and the continuity equation). Let
I ⊂ R be an open interval, let µt : I → Pp(X) be an absolutely continous curve and let
|µ′| ∈ L1(I) be its metric derivative (see Theorem 2.1). Then there exists Ψt ∈ Lp(µt, X)
such that the continuity equation

∂tµt +∇ · (Ψtµt) = 0 (4.11)

holds in the distribution sense in I ×H, i.e.∫
I

∫
H

(∂tϕ(x, t) + 〈Ψt(x),∇x ϕ(x, t)〉) dµt(x) dt = 0 ϕ ∈ Cyl(H × I)

and
‖Ψt‖Lp(µt) ≤ |µ

′
t| for L1 − a.e. t ∈ I. (4.12)

Conversely, if µt : I → Pp(X) satisfies the continuity equation (4.11) for some Borel velocity

field Ψt with
∫ T

0 ‖Ψt‖Lp(µt) dt <∞, then µt ∈ AC([0, T ],Pp(H)) and |µ′t| ≤ ‖Ψt‖Lp(µt) L1−
a.e. t ∈ I.

For a given curve µt, there is no uniqueness of the vector fields Ψt satisfying the continuity
equation (4.11): choosing vector fields wt such that ∇ · (wtµt) = 0 the vectors Ψt + wt still
satisfy (4.11). In view of the previous theorem it is natural to consider as velocity vectors
those Ψt’s for which equation (4.11) holds and the Lp(µt) norm is minimal, i.e.

‖Ψt‖Lp(µt,H) = |µ′|(t) forL1 − a.e. t ∈ I (4.13)

hold. A duality argument shows that the minimizer v̄ of the Lp norm of v + w among
all w such that wµ is divergence-free is characterized by the property of being in the Lp(µt)
closure of Jq(∇ϕ) among all cylindrical functions ϕ (this is a nonlinear version of the standard
Helmholtz decomposition of vector fields). These remarks lead to the following definition.

Definition 4.2 (Tangent bundle). Let µ ∈ P2(H). We define

TanµP2(H) := {∇ϕ : ϕ cylindrical in H}L2(µ).

In general let µ ∈ Pp(H). We define

TanµPp(H) := {Jq (∇ϕ) : ϕ cylindrical in H}Lp(µ).
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As a consequence Theorem 4.1 gives that for any absolutely continuous curve µt with values
in Pp(H) there exists a uniquely determined L1-a.e. tangent vector field Ψt. It is characterized
by the validity of the continuity equation and by |µ′t| = ‖Ψt‖Lp(µt) for L1 − a.e. t ∈ I.

Another consequence of Theorem 4.1 is the following formula, found independently (in the
case p = 2 and dimH <∞) by Benamou and Brenier [BB00] and Otto [Ott01]:

Theorem 4.2 (Benamou-Brenier formula). Given µ0, µ1 ∈ Pp(H) it holds

W 2
p (µ0, µ1) = inf

∫ 1

0
‖Ψt‖2Lp(µt)

dt, (4.14)

where the infimum is taken among all absolutely continous curves µt : [0, 1] → Pp(H) such
that µi = µi for i = 0, 1 and Ψt are given by the equations (4.11) and (4.13).

According to the definition of tangent space we gave, the formula can be interpreted (as
formally Otto did in [Ott01]) by saying that the Wasserstein distance is the (Riemannian
when p = 2, Finsler when p > 1) distance induced by the natural Lp norm on the tangent
bundle.

At this point, the path to follow consists of the following steps (see [AGS04] for full details):

(a) Define the subdifferential of a λ–convex functional φ at µ ∈ Pp(H). In the case when
µ ∈ Ppr (H) this is easy to do as follows: a vector v ∈ TanµPp(H) belongs to ∂φ(µ) if

φ(ν) ≥ φ(µ) +

∫
H
〈v(x), T νµ (x)− x〉 dµ(x) +

λ

2
W 2
p (µ, ν) ∀ν ∈ Pp(H),

where T νµ denotes the unique optimal map between µ and ν. In the general case this
definition can be adapted using plans instead of maps.

(b) Define the concept of gradient flow. It is simply a locally absolutely continuous map
µt whose tangent velocity field vt satisfies Jp(vt) ∈ −∂φ(µt) for L1–a.e. t (recall that
Jp is the identity in the standard case p = 2).

(c) Prove that the “differential” definition in (b) is equivalent to the metric one of De
Giorgi. This is achieved in Theorem 11.1.3 of [AGS04] using an analogue of the
identity (2.18) already used in the Hilbertian context.

(d) In the case p = 2 and for λ-convex functionals we obtain not only uniqueness of the
gradient flow, but also the contractivity property

W2(µt, νt) ≤ eλtW2(lim
s↓0

µs, lim
s↓0

νs). (4.15)

The proof is based, as in the classical case, on the monotonicity property of the
subdifferential and on a precise formula for the derivative of t 7→ W 2

2 (σt, σ), with
t 7→ σt absolutely continuous and σ fixed, given for almost every t by

2

∫
H
〈wt(x), y − x〉 dγt(x, y), (4.16)

where wt is the tangent velocity field to t 7→ σt and γt is any optimal plan between σt
and σ. We apply it to compute the derivatives

d

ds
W 2

2 (µs, νt) and
d

ds
W 2

2 (µt, νs)

and then, by the doubling of variables argument, to compute the derivative of t 7→
W 2

2 (µt, νt). Denoting by vt and wt the velocity fields relative to µt and νt respectively,
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in the simpler case when µt and νt are absolutely continuous we get

d

dt
W 2

2 (µt, νt) =
d

ds
W 2

2 (µs, νt)
∣∣
s=t

+
d

ds
W 2

2 (µt, νs)
∣∣
s=t

= 2

∫
H
〈vt(x), T νtµt (x)− x〉 dµt(x) + 2

∫
H
〈wt(x), Tµtνt (x)− x〉 dνt(x)

≤ 2λW 2
2 (µt, νt),

whence by integration we obtain (4.15). Notice that this scheme is independent of the
functional (just λ-convexity is needed) and applies also in the infinite dimensional case
and, with minor variants, for singular measures (notice indeed that (4.16) does not
require any absolute continuity property and therefore just a more general definition
of subdifferential is needed). See also [CMV] for related and independent results.

Thanks to step (c), all the results of the metric theory can be applied, see in particular
Remark 2.1 for the coercitivity issue. In Chapter 11 of [AGS04] we explore also other, more
differential in spirit, ways to pass to the limit in the discrete scheme that don’t use the
variational interpretation discussed above (see [JKO98, Agu02, Agu03]). However, it is our
belief that only the variational scheme produces the more general convergence results, without
restriction on the measures (absolutely continuous or not, in finite and infinite dimensions)
and also, in some cases [GTS04], for non-convex functionals.
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[GTS04] U. Gianazza, G. Toscani, and G. Savaré, A fourth-order parabolic equation and Wasserstein dis-

tance, Preprint IMATI-CNR, Pavia, 2004.
[HK98] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta

Math. 181 (1998), no. 1, 1–61.
[JKO98] R. Jordan, D. Kinderlehrer, and F. Otto, The variational formulation of the Fokker-Planck equa-

tion, SIAM J. Math. Anal. 29 (1998), no. 1, 1–17.
[Jos97] J. Jost, Nonpositive curvature: geometric and analytic aspects, Lectures in Mathematics ETH
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