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Min-max Theory

How to find critical points for area functional?
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Ve ob

o Z,(S®) = oriented surfaces in S°.
o & : [k — 2,(S%) continuous, where /% = k-cube.
e [®] = {W homotopic to ¢ relative to the boundary (i.e. V|5 = ®5p).}.

L([®]) = inf area (¢
([#]) = inf maxarea(y(x))



Min-max Theory

Theorem (Pitts, '81)

Assume

L(0]) = inf, max area (i(x) > max area(9(x)).

(this means [®] # 0 € mx(22(S®), |gx).)

There is ¥ ¢ S® smooth embedded minimal surface (with multiplicities) so that
L([®]) = area(X).

o Conjecture: index(X) < k.



Min-max Theory

Theorem (Urbano, '90)

¥ C S® compact embedded minimal surface with index(X) < 5. Then either
e Y is a great sphere (index(X) = 1 and area(X) = 4x), or
« ¥ is the Clifford torus (index(X) = 5 and area(X) = 27?).

(Almgren, ’62) Found a 1-cycle that detects the great sphere.
The sweepout
do(t) ={xa=2t—-1}nS%, 0<t<A1,

has L([¢o]) > 0 and so L([¢o]) = 4.



e T = {oriented great spheres} ~ S°
e R = {oriented round spheres} ~ S3 x [0, 7]

Theorem (Marques-N.)

Consider ¢ : I° — Z,(S®) continuous with
© O(1* x {0}) = &(I* x {1}) = 0;
® ¢(0F x)cRandforx € 04, O(x,t)eT <= t=1/2;
@ the sweepout t — ®(1/2,1/2,1/2,1/2,1/2, t) is non-trivial.

If & : 01 x {1/2} ~ S® — T ~ S® has non-zero degree then

L([®]) > 47 = n;g% area(®(x)).



Min-max Theory

Corollary
For ® as in previous theorem, sup, _z«  area (®(x)) > 2r2.

Idea:

(Previous Thm) = L([®]) > sup area(®(x)) =4x
xeS8xl

(Pitts’ Thm) = 3% minimal: L([®]) = area (X) > 4x and index(X) < 5

(Urbano’s Thm) = ¥ = Clifford torus = sup area (®(x)) > L([®]) = 2.
xeB x|



Theorem (Marques-N.)
If ¥ c S® has positive genus then W(X) > 2x2.
Strategy: Given ¥ C S®find ¢ : B* x [0,1] — Z2(S?) with
® SUPycpex 1) Area(®(x)) < W(X);
e ®(S% x [0,1]) C {round spheres} with ®(S® x {1/2}) C {great spheres};
 Show that degree of ®ss, (1,2, is g = genus of !
e Corollary to Min-Max Thm. implies

272 < sup area(d(x)) < W(X).
xeBx[0,1]

Q: What is ¢? ,
Given v € B* consider F, € Conf(S®), F,(x) = - (x — v) — v.

= VP

o is a reparametrization of

C:B* x [-m, 1] = 22(S), C(v. 1) = d{x : dist(x, F,(X)) < t}



