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Plan

© Almgren-Pitts Min-max theory I.
® Topological argument.

® Proof of Willmore conjecture.

@ Almgren-Pitts Min-max theory 1.



Part 1

e M: 2,(S%) =R, M(X) = mass of X.
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o &: /" — Z,(S%) continuous in flat norm, where I" = is n-cube.
e [®] = {W homotopic to ¢ relative to the boundary (i.e. Vg = ®5p).}
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L= L([o]) sup M(W(x)).

= inf
Ve[P] xeyn



Part 1

Theorem (Pitts, '81)

Assume '
L([¢]) = s sup M(v(x)) > sup M((x)),
(this means [®] # 0 € mx(Z22(S°), P|oi).)

There is ¥  S® smooth embedded minimal surface (with multiplicities) so that

L([®]) = M(%).



Part 2
o 7 = {oriented great spheres} ~ S°
e R = {oriented round spheres} ~ S3 x [0, 7]

Theorem (Marques-N.)
Consider ¢ : I° — 2,(S%) continuous with
© (I x {0}) = &(I* x {1}) = 0;
® ¢ x ) cRandforx € 9I*, O(x,t)eT <= t=1/2;
® the sweepout t — ®(1/2,1/2,1/2,1/2,1/2, t) is non-trivial.
If & : 01 x {1/2} ~ S® — T ~ S® has non-zero degree then

L([®]) > 47 = n;% M(®(x)).



Sketch of proof of Theorem:
e Assume L([®]) = 47 = sup,cs M(W(x)) for some V € [¢].
e Set R=Ww~'(T), where 0R = 9I* x {1/2}.
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(A)  [0R] =0in Hs(0l* x {1/2},7)
i) There is curve ¢ connecting bottom to top with cnN R = 0;
ii) W o ¢ non-trivial sweepout with sup,c, M(V o ¢(t)) < sup,cs M(V(x)) = 4;
i) Min-max theorem = (Voc)NT #0) = cNR#A). =«
(B)  [9R] =[91* x {1/2}]in Ha(l* x {1/2},2)
d=VondRandV:R T ~ S5
— &, ([0 x {1/2}])] = V.[0R] = O[®(R)] = 0 in H3(S?,Z);
= degree(® ypu(1/2y) = degree(V sg) = 0. =<«



Part 3
Theorem B (Marques-N.)

Every minimal surface S c S® with area(S) > 4 has area(S) > 272.

Proof:
1) Pick £ minimal surface with g > 1 so that

area(S) > area(x) for every S minimal with area(S) > 4.
2) Claim: Index(X) < 5 (if true, Urbano Theorem — X = CIliff. torus).
e Consider C : B* x [, ] — Z»(S®) associated to ¥ (recall C(0,0) = ¥).
e (v,t) = M(C(v,1)) has unique global non-degenerate maximum at origin.

e If Index(X) > 6, can find C’ local perturbation of C so that
a) C' = C outside a neighborhood of (0,0) € B* x [, 7];

b) SUPgs [,y M(C'(V, 1)) < SUPgt [, M(C(V, 1)) = area(x).
e @’ continuous extension to B* x [—m, ] has degree(®|s:, 10y) = 9 # 0.

= area(x) > supM(®’) > L([¢']) > 4n

= area(X) > L([®']) = area(S) > 4= for S minimal. =«



Part 3

Theorem A (Marques-N.)
Every embedded surface ¥ ¢ S® with g > 1 has W(X) > 272.

Proof:
1) Consider ¢ canonical family associated to ¥.

2) Then degree(d>is3x{0}) =g #0andso

W(E) >  sup  M(®(x)) > L[(®)] > 4r.

xEB4 x [—7,m]

2) Theorem B+ Pitt’'s Theorem implies existence of S minimal with

W(Z) > L[(®)] = area(S) > 27°.



Part 4

Continuous Discrete
I" = n-cube I(n, k)o = vertices of 3" subdivisions of /"
" Z(SP) S = {¢i}i, ¢i : I(n, ki)o — Z2(S?)
o continuous in the flat topology M(pi(x) — ¢i(y)) <6 — 0
if x, y adjacent vertices
L(®) = sup{M(®(x)) : x € I"} L(S) =
lim; oo SUP{M(0i(x)) : X € I(n, ki)o}
b~ P’ éi ~5 ¢, 06— 0
o' =don ol lim;_ o F(¢i(x),®(x)) =0if x € 91"
(9] € 7n(22(S°), o) N e (22(S°), o)

L([®]) = inf{L(W) : ¥ € [¢]} L(M) = inf{L(S): &' € M}



Part 4

Theorem
Consider N € 77 (Z2(S?), dyp). If
L(M) > sup{M(®(x)) : x € 21"}

there is X an integral stationary varifold with smooth embedded support so
that
L(M) = area (X).



Part 4

® is continuous in flat metric but {#;} in Almgren-Pitts Theory have

sup{M(¢i(x) — ¢i(¥)) : x, y adjacent vertices € I(n, kij)o} — O.

Interpolation Theorem (marques-N.)

Let & : I" — Z,(S®) be continuous in the flat topology, with:
@ &5 is continuous in the F-metric.
A L(P) =sup{M(P(x)): x € I"} < +o0.
® No mass concentration.
There exists ¢; : I(n, k)o — 22(S®) with the following properties:
(@) [{#i}ien] € 7 (22(S°), Pon),
(0) L{{¢i}) < sup{M(®(x)) : x € I},
c
“ Il_l>rgo sup{F(¢i(x) — ®(x))| x € I(n,ki)o} = 0.



