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Three Configurations of Periodic Slits
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e Normalization: £ =1.

e Three configurations of periodic slits:
() €< d~ A~ O(1): diffraction regime.
(I) € < d < A: homogenization regime |

() € ~d < A~ O(1): homogenization regime |



Summary of Results in Homogenization Regimes

@ In the homogenization regime |, there exists no complex resonance or
real eigenvalue. We show that although no enhancement is gained for
the magnetic field, strong electric field is induced in_the slits and on the
slitapertures. We show that as the period 4 decreases and the coupling

between the slits is stronger, the field enhancement becomes weaker.

@ In the homogenization regime |l, we demonstrate the existence of
surface plasmon waves mimicking that of plasmonic metals. We show
that total transmission through the structure can be achieved either at

certain frequencies for all incident angles or for all frequencies at a

specific incident angle.
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Technique part: asymptotic of the exterior Green’s functions

Assume that € (=m/d,m/d], and k ~ O(1) satisfying |x/Vk? — k?| < C. Then the

kernel G&(X,Y) attains the following asymptotic expansion:
Ge(X,Y) = Bé(k,x,d,€) + p*(X, Yk, k) +re(X,Yik, k), (1)
where r£(X,Y) is a bounded function with 5 ~ O(r(€)), and r(¢) — 0 as € — 0.
(1) In the homogenization regime I,
1 i

. 1 b4 1 = 1
ﬁ(k,x,d,e)ﬂ(lns+1n2+1nd)+<2nn;)M—dn_Zka)), @)

and |
pe(X, Y3k k) = ;ln(\X*Y\) @)
In addition, r(g) = € if k # 0 and r(e) = e?In¢ if K =0.

(2) Inthe homogenization regime I,

e o in
B (k7 Kadvs) - ﬂlnz m‘g? (4)
(X, Yk, K) = %ln|sin(7rn(X—Y))|+\/%(X—Y), (5)

where n = /d. In addition, r(¢) = ¢ if k # 0 and r(g) = €* if k= 0.
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Integral equations

Let us define

y(k,K,d)_:t(3ln2+an>+<2]nZ|:l—‘; _iwé’l(k)> (6)

n#0
and
1
plk;x,de) = e+ {&ktk—kk—ﬂzy(k K,d)+ — slne} (a+s(e)), (7)
cotk 1 1
qlk;x,d,e) =€+ {T ~ Tsink +ey(k,x,d) + Eslns} (a+1(g)), (8)

where s(€),1(g) ~ O(r(g)).

In the slit region Sg))”'”’, we have ug(x1,x) = up(x2) + e (x1,X2), Where
cos(kxp) (1 1 cos(k(l—xz))<1 1)}

= e VA NN T (=== 9

i) = |a+otte)| | T (D4 2) + =Gl (D] @

and ue. ~ O (e*1/£>.
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Homogenization Regime |. e < d < A
A
1(

o No scattering resonance or eigenvalue exists if k < 1 (or A > 1).

o

d

e lf e < 1and k=&, in the reference slit,
2%, +0(e*°) +0(e' =) if0<o<1,
Ug X) =
1+id-cos6(2x, — 1) +0(e®H) + 0(e2°- 1) if 6> 1,

o No magnetic enhancement is gained.

e Electric field is enhanced.
2i 1
L. +HOTif0<o <1,
Vo/ho € 1/
E¢1 = deos6 1 and Egp~O(e ).
Y L LHOT ifo>1,

R




Field enhancement in the near field for varying period

Lemma

If e < 1, k=¢% with o > 1, and d = O(¢'~°~%) with 0 < § < 1, then
2i

€9/ /1o

u=2x+0(¢% and E. = +0(e579)

in the slits.

Lemma

fe<1l,k=¢€° 06>0,andd=¢/n,0<n <1, then
u=1+0(e°) and Eg; =0(1)

in the slits. Therefore no enhancement is gained for such configuration.
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Homogenization Regime ll: e ~d < A

-
&
“d
en:=¢/d,where0<n <.

e The dispersion relation can be obtained by solving

1 1
plkic,de) = e+ [C(:k+ksink+ey(k, md)+;£ln£} (0 +5(e)) = 0,
q(k;x,d,e) = + [&ktkiksilnk+8}/(k’ K,d)+%81n£:| (a+1(g))=0.



Homogenization Regime II: “Surface Spoof Plasmon"

There exist two groups of dispersion relations satisfying |x| > k, and their leading

. 2
orders are: k =kq/1+n? il , —¢e/d.
cosk=+1 N

o The associated eigenmodes u; are surface bound states.

e The dispersion relations and surface bound states resemble the ones for surface
plasmon polaritons in the dielectric-metal configuration.

e
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Surface plasmon polariton

We seek surface waves that may propagate along the surface z = 0 with the
field decaying away from z = 0. W.L.O.G., we choose x-axis as the
propagation direction. Write

Et = (E;‘L,O,Ezi)efki‘Z‘e"(q'xi“‘”)7

HT = (0,Eﬁt,O)ef'ci‘Z‘ei(‘”*“")7
where |¢| > £ and ¢ € R. Plugging the ansatz into Maxwell equations, we
obtain the surface plasmon condition

(0] E1&
0)=—,/——.
6]( ) c\ &g+&

In the case of a Drude semi-infinite metal in vacuum, we take &, = 1 and

1l——r
(o +i0)

Then the dispersion relation g() is given as below

& =

=L

V2e

k




Asymptotic expansions of surface bound states

For a given «, the eigenmode outside the slit adopts the following expansion:

Sl n igx —/ K2 — (k)2 |xp—1] + (0)
ul(x) = \/KZ—(k,JZ)Ze'Kl 2 +0(e) forxe Qi nQY.
Similarly,
(1) = —— eV -kl2l L o(e) forxe Q; N,
Kzf(k;,')z e —

Note that the eigenmode is a surface bound-state mode that decays exponentially
above and below the slab. The same holds for eigenmode corresponding to k =k,

Lemma

For a given k, the eigenmode in the slit region Sgo)’i”’ ={xe SS)) [x2>¢€,1—x> ¢}

adopts the following asymptotical expansion:

e (x) :ageikxz _,’_boieik(l—xz)_,’_O(e—l/s)_

for the eigenvalue k = k:.



hai

hai

hai

hai

hai


Homogenization and effective medium theory: |

As £ — 0, one expects that the scattering by the slab with an array of slits is equivalent
to the scattering by a homogenous effective slab. To this end, let us consider an
incident wave uf = ¢/(*n1-¢2~1)) 'where x = ksin6 and { = kcos 6, that impinges on the
slab. We calculate the total field u, in the far-field zone.

Lemma

The total field above the slab has the following expansion
ue(x) = ' (x) + R - 01 +602=1)  for x ¢ Qf nQ©®,
where the reflection coefficient
i-(—¢%+n2k?) tank
R= . .
@t ) mnk+ 2tk (T OE)
The transmitted field below the slab has the expansion

ue(x) = T-¥1=6%)  forx e Qr nol

where the transmission coefficient

T— 2¢nk _
= Zi (82 + 02k sink + 2{nkcosk

(1+0(¢)).




Homogenization and effective medium theory: ||

We derive the effective slab as € — 0. Denote the relative permittivity and the
permeability of the effective medium in the slab by 7 and fi respectively, and consider
the layered medium as below. The corresponding scattering problem is formulated as

V-(%Vu>+k2ﬂu:0, (10)

where

1, xx>1lorx; <0, I, xp>1lorx <0,
T(x1,X2) = and  u(xy,x)=

T, O0<xx<l. o, 0<xx<l1.

\4\4\4 ut =1
(7.7)

We look for 7 and i such that the associated far-field u recovers the leading-order term
of the far-field u, given by the slit structure.



Homogenization Regime II: Total Transmission

Theorem

Let

i=| 7 0 and =

and let u = ¢/(*1-¢(2-1)) ‘'where k = ksin6 and { = kcos 8, be the incident wave. Then
the total field has the following form

eilx1=E(x—1) +£ef(’fx1+§(x2*1))’ x> 1,
(x1,%2) =

z]gi(’f)flflﬁfz)7 X < 0.

Theorem

If

0 1/n
then the dispersion relation for the layered medium have two branches given by

k=ky/1+n2tan2(k/2) and & =ky/1+n2cot2(k/2). (11)

r_{m 0 } and fi=n,



hai

hai


Homogenization Regime II: Total Transmission

2]

“d

o Scattering by an incident plane wave u’ = ¢/(**1-¢(2-1)) 'where k = ksin8, { = kcos 6,
and |k| < k.

e The leading orders of the reflection and transmission coefficients are

itank - (n? — cos? ) 2cos 6N

Ry = , Ty= .
O~ Titank- (N2 +c0s20)) +2ncos®’ ° isink- (12 +cos2 @)+ 2cos0 -1 cosk

e Total transmission is achieved when k = mr (Fabry-Perot resonance), and all
frequencies for a special incident angle 6 such that cos 6 = 1 (Brewster angle).

0=0 0=r/3 6=4r/9
f\ f\

1 N N ; . T—_—— . 1
\ N N N [ [—mE — IR \ N\

\ /\ /\ /\ [ |=m? — T \ [\

/ / / / 081 |




A Quick Summary

Field enhancement for PEC metals:

e An array of slits: resonant and non-resonant enhancement effects, surface
bound states, “surface spoof plasmon", and total transmission.
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