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Introduction

» Consider a problem (PDE+BC) depending on a small parameter £ > 0
(coeflicient in the PDE, parameter of the geometry,...).

» We want to obtain an asymptotic expansion of its solution (assuming
that it is well-defined) as ¢ tends to zero.
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that it is well-defined) as € tends to zero.

» The aim is to explicit the behaviour with respect to €. The expansion
(or representation or approximation) should involve functions which are
independent of ¢ and functions with explicit dependence with respect to €.

EXAMPLE:  |luc —@c|| < Ce® with Q. = ug + cuy + 2us.
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— One can wish to study the stability of an equilibrium.
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Goals of the mini course

To describe in detail how to treat small obstacle asymptotics.

Each problem requires a rather specific treatment. We also wish to

give an idea of how to treat different problems of asymptotics and to

present a few general techniques.

To explain how to establish error estimates, an aspect which is
sometimes neglected in literature.

To present examples of applications where asymptotic expansions
can be useful.
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Goals of the mini course

1) To describe in detail how to treat small obstacle asymptotics.

2) Each problem requires a rather specific treatment. We also wish to
give an idea of how to treat different problems of asymptotics and to
present a few general techniques.

3) To explain how to establish error estimates, an aspect which is
sometimes neglected in literature.

4) To present examples of applications where asymptotic expansions
can be useful.

Structure of the mini course
Session 1. Introduction to asymptotic expansions (smooth perturbations).
Sessions 2 & 3. Small obstacle asymptotics (singular perturbations).

Session 4. Examples of applications.
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Outline of session 1

o Perturbation in the equation

© Smooth perturbation of the domain

e Application to invisibility in acoustic waveguides

e An example of singularly perturbed problem
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@ Perturbation in the equation
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Perturbation of the Poisson’s problem

» We study a first simple example with a perturbation in the equation.
For © a bounded Lipschitz domain and f € L2(£2), consider the problem

—Aus+eu. = f inQ

(%) Ug 0 on O0N.

» Forall e >0, (£.) admits a unique solution u. in H}(Q) (Lax-Milgram).
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Perturbation of the Poisson’s problem

» We study a first simple example with a perturbation in the equation.

For © a bounded Lipschitz domain and f € L2(£2), consider the problem

—Aus+eu. = f inQ

(Z2) us = 0 on 99.

» Forall e >0, (£.) admits a unique solution u. in H}(Q) (Lax-Milgram).

» We want to compute an expansion of u. to explicit its dependence with

respect to € as € = 0.

GENERAL PROCEDURE:

expansion.
Step II: we prove error estimates.

Step I: we propose an expansion (ansatz) and identify the terms of this
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Step I - ansatz

—Au. +eus. = f inQ

» Consider the ansatz
Ue = Ug + €U +52u2+...

where the terms ug, u1, ug, ... have to be determined.

u. = 0 on ON.
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Step I - ansatz

—Aus+eu. = f inQ
u. = 0 on ON.

» Consider the ansatz
Ue = U + EUY —|—52uQ—|—...
where the terms ug, u1, ug, ... have to be determined.
» Inserting the expansion in (£2;), letting ¢ tends to zero and identifying
the powers in €, we get

—Auy = f inQ Au; = wug in Aus = u; in§
ug = 0 on 0N u; = 0 on 0N uy = 0 on 99.

» Each of these problems admits a unique solution in H}(Q).

— This defines the expansion.
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Step II - error estimate 1/2

» The proof of error estimates generally relies on two points:
1) A stability estimate;
2) A consistency result.

Combining the two, then we get the desired error estimate.
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Step II - error estimate 1/2

» The proof of error estimates generally relies on two points:
1) A stability estimate;
2) A consistency result.

Combining the two, then we get the desired error estimate.

1) Stability estimate. Green’s formula gives

/|Vu5|2+6|u6|2dx:/fugdx.
Q Q

From the Poincaré inequality
Ielliz@) < Cpllelluy @) = IVelliz@), Ve € Hg(Q),

we deduce the stability estimate, for all € > 0,

uellm@) < Cp | fllLz@)- (%)

8' “The solution of (2.) is controlled uniformly (Cp is independent

of g, f) by the source term. o



Step II - error estimate

N
2) Consistency results. Set 4. := Z e"u, € Hy(Q).
n=0
Inserting the error u. — 4. in (), we obtain the discrepancy

N+1

(A +&)(ue — dic) = Ze”Aun+Ze Up_q) = —eV Ty

2/2

N -
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Step II - error estimate 2/2

N
2) Consistency results. Set i, := Z e"u, € H5(Q).
n=0

Inserting the error u. — 4. in (), we obtain the discrepancy

N+1
(A +e)(ue — ) = Ze”Aun+Ze Up_1) = —eN T uy.

Using this consistency result in the stability estimate (x), we find
[ue = ticlluy ) < Cpe™ Hun|L2()-

Noting that [[uy||Lz(@) < Cp [[un a1 @) < Cc3 [un—1lf1(q), finally we get:

ProrosITION: We have the error estimate

CRV 2N £ e

[|ue *’LALE”H})(Q) < (-
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Comments

» Recall the standard scheme

Step I: ansatz and identification of the terms of the ansatz;
Step II: error estimates (stability estimate + consistency result).

g What validates the relevance of some ansatz is the error estimate.

» In general, the choice of the ansatz requires experience and knowledge of
the problem. The derivation of the stability estimate is the hard part.
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Step II: error estimates (stability estimate + consistency result).

g What validates the relevance of some ansatz is the error estimate.

» In general, the choice of the ansatz requires experience and knowledge of
the problem. The derivation of the stability estimate is the hard part.

» In our example, the uniform coercivity property made things very
simple. Direct generalization to the problem:
Au. = feX with  A. := Ay + P(e).

Here X is a Banach space, Ap : X — X is an isomorphism and P(:) : X = X
is a family of bounded operators that depend analytically on € s.t. P(0) = 0.

To prove the stability estimate, write
Ac = Ao + (Ae — Ag) = Ag(Id + Ay (A: — Ap)).

This implies ‘ [luellx < C ||fHX‘ with C' > 0 independent of ¢ for € € (0; ).
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Comments

» Recall the standard scheme

Step I: ansatz and identification of the terms of the ansatz;
Step II: error estimates (stability estimate + consistency result).

g What validates the relevance of some ansatz is the error estimate.

» In general, the choice of the ansatz requires experience and knowledge of
the problem. The derivation of the stability estimate is the hard part.

» In our example, the uniform coercivity property made things very
simple. Direct generalization to the problem:
Au. = feX with  A. := Ay + P(e).

Here X is a Banach space, Ag : X — X is an isomorphism and P(-) : X — X
is a family of bounded operators that depend analytically on € s.t. P(0) =

This applies for example to the problem
i€

- 2 _ 2
Find u € H5(Q?) such that AAu, + T sinsAuE f el (Q).



© Smooth perturbation of the domain

@ Source term problem
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Smooth perturbation of the domain

» We perturb slightly (¢ > 0 is small) the geometry
I:=(-1;1) x {0} ch(x)

-

Locally 0. coincides with the graph of = — ch(z),
where h € 65°(—1;1) is a given profile function.

» We consider the Laplace problem in the perturbed domain

—Au., = f in Q.

(Z:) u, = 0 on 09..

» Forall € >0, (£.) has a unique solution u. in H}(Q.) (Lax-Milgram).
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Smooth perturbation of the domain

» We perturb slightly (¢ > 0 is small) the geometry
I:=(—1;1) x {0} eh(z)

-

Locally 9. coincides with the graph of x +— ch(x),
where h € 65°(—1;1) is a given profile function.

» We consider the Laplace problem in the perturbed domain

—Au., = f in €

(%) u, = 0 on 09..

» For all € > 0, (Z.) has a unique solution u. in H}(.) (Lax-Milgram).

What is the dependence of u. with respect to 2

— This question has been extensively studied in shape optimization.
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A first formal approach

» Let O be a fixed neighbourhood of the perturbation. To simplify, we
assume that f € L2(€).) is zero in O. In g, we consider the ansatz
Ue = U) +EUL + ...

where the terms ug, u; have to be determined.

» Observing that at the limit ¢ — 0, 2. converges to g, we get
—Aug = fin Qg —Au; = 0in Q
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A first formal approach
» Let O be a fixed neighbourhood of the perturbation. To simplify, we
assume that f € L2(€).) is zero in O. In g, we consider the ansatz

Ue = U) +EUL + ...

where the terms ug, u; have to be determined.

» Observing that at the limit ¢ — 0, 2. converges to g, we get
—Aug = fin Qg —Au; = 0in Qg
ug = 0 on 9 ui(z,y) = —h(x)oyuo(z,0)1z(z,y) on 9Q.

» For the boundary conditions, for (z,y) € I, we can write
0=uc(z,eh(z)) = uc(x,0)+ch(z)dyuc(z,0)+ ...
= wug(x,0) + eui(z,0) + eh(z)dyuo(z,0) +....

This uniquely defines ug and u;.

— Let us see how to justify this formal calculus.
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Error estimates 1/3

L

~9_ To establish error estimates, we consider a change of variables to work
= in a fixed geometry.

» For all € € [0; 0], there is a smooth diffeomorphism

P, : QO — Qs

x = (x1,X2) = =P (x) =x+ep(x).
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Error estimates 1/3

L

\9_ To establish error estimates, we consider a change of variables to work
= in a fixed geometry.

» For all € € [0;¢¢], there is a smooth diffeomorphism

(-
b Q) o O > . _;)} )

x = (x1,x2) = x=0(x) =x+ep(x).

» With this choice, @, is a small perturbation of the identity.

» We can take ¢ supported in O, of the form
P(x) = (91(x), $2(x)) = (0, h(x1)p(x2))

where p is smooth, compactly supported and equal to one in a vicinity of 0.

> Observe that we have ®.|q, \z =1d.
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Error estimates 2/3

» SetU.=u.0®.,,V=vod,, F=fod.. We have
/ VuE~VUd;r::/ fvdzx
QE:‘PE(QO) Q.E:@E(QO)

& /(Id+e(D¢)T)_1VUE-(Id+s(D¢)T)_1VVJ¢de:/ FV Jp, dx.
Qo Qo
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Error estimates 2/3

» SetU.=u.0®.,,V=vod,, F=fod.. We have
/ VuE~VUd;r::/ fvdzx
QE:‘PE(QO) Q.E:@E(QO)

& /(Id+e(D¢)T)_1VUE-(Id+s(D¢)T)_1VVJ¢de:/ FV Jp, dx.
Qo

Qo
D¢ — axl le 8X2 ¢)1 _ 0 0
Here Ox1d2 Oy b2 pdah  hdep
Jo. = det(Id + eD¢) = 1 + chdx, p.

» Thus we obtain the problem

Find U. € H§(Qo) such that
—diV(O’,:VUg) = FJ@E in Qo

0. = Jo.(Id+e(Dg)) ' (Ad + e(Dp) ") ™' =1d + o1 + %02 + ...

with
FJp, = F 4 €hOx, pF.
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Error estimates 3/3

g Now the geometry is fixed and we have a pertubation in the equation.

» Considering the expansion
U.=Uy+eUy +€2Us + ... .,

we can prove the following error estimate with C' independent of ¢ € (0; q]

N
1Ue — Z‘gnUnHHé(Qo) = C€N+1Hf||L2(QO)~

n=0
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Error estimates 3/3

@ Now the geometry is fixed and we have a pertubation in the equation.

» Considering the expansion
U.=Uy+eUy +€2Us + ... .,

we can prove the following error estimate with C' independent of ¢ € (0; q]

N
1Ue — Z‘gnUnHHé(Qo) = C’El\urlHJc||L2(QO)-

n=0

» Since u. = U. o &1, this yields

N
lue = e"Un 0 @7z () < C eV fllz o)

n=0

Uoo¢;1+€U10(I);1:U0+€(U1*VU0'¢)+...

» Using that
Uo = uo, Uy — VU - ¢ =Uy — hpdg, Uy = uy,

finally we obtain | |lue — (uo + eu1) a1 (oo\0) < C 2| fllL2(00)-
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Comments

» This is only to give a flavour. Much more refined results exist in the
literature concerning shape optimization.

@® M. Pierre and A. Henrot. Shape Variation and Optimization. A
Geometrical Analysis. EMS, 2018.

¥ M.C. Delfour and J.P. Zolésio. Shapes and geometries: metrics,
analysis, differential calculus, and optimization. Society for Industrial
and Applied Mathematics, 2011.

» In particular:

- For this Dirichlet problem, smoothness assumptions of the geometry can
be considerably relaxed and result exist when € is only measurable.

- Higher order terms can be computed but then smoothness on f is required.
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© Smooth perturbation of the domain

@ Eigenvalue problem
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Eigenvalue problem

» We consider the same perturbation of the geometry as before
I:=(—1;1) x {0} eh(zx)

Locally 09, coincides with the graph of  — eh(z),
where h € €; ' (R) is a given profile function.

» We study the eigenvalue problem

Find (A\c,uc) € R x H{(Qe) \ {0} such that
—Au, = Mu. in Q..
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Locally 09, coincides with the graph of x — eh(z
where h € €; ' (R) is a given profile function.

» We study the eigenvalue problem
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—Au, = Mu. in Q..

» For all € > 0, the spectrum is made of positive isolated eigenvalues
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Asymptotic expansion of the eigenvalues
Find (\e,uc) € R x H{(Q) \ {0} such that
—Au, = Au. in Q..

» We work with an ansatz both for u. and A,
Ue = Ug +EUL + ..., Ae=Xdo+er+...

where the terms ug, u1, Ag, A1,..., have to be determined.
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Asymptotic expansion of the eigenvalues
Find (\e,uc) € R x H{(Q) \ {0} such that
—Au, = Au. in Q..

» We work with an ansatz both for u. and A,
Ue = Ug +EUL + ..., Ae=Xdo+er+...

where the terms ug, u1, Ag, A1,..., have to be determined.

» Inserting these expansions in the problem, we get

—A’LLO = )\o’u,o in QO —Aul — )\oul = /\1U0 in QU
ug =0 on 99 ui(z,y) = —h(z)0yuo(z,0)1;(z,y) on 0.

» If )\ is simple, the second problem admits a solution iff

)\1/ |u0|2dX=/ w1 Opug do
Q() 890

" | Writing the compatibility condition allows us to set the value of \;.

/
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Asymptotic expansion of the eigenvalues
Find (\e,uc) € R x H{(Q) \ {0} such that
—Au, = Au. in Q..

» We work with an ansatz both for u. and A,
Ue = Ug +EUL + ..., Ae=Xdo+er+...
where the terms ug, u1, Ag, A1,..., have to be determined.

» Inserting these expansions in the problem, we get

—A’LLO = )\o’u,o in QO —Aul — )\oul = /\1U0 in QU
ug =0 on 99 ui(z,y) = —h(z)0yuo(z,0)1;(z,y) on 0.

» If )\ is simple, the second problem admits a solution iff

)\1/ |u0|2dX=/ ulﬁnuodaz—/h(a:)(&‘yuo(a:,y))2da.
Qo 890

I

" | Writing the compatibility condition allows us to set the value of \;.

/
m
P

T
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Hadamard’s formula

PROPOSITION: The perturbation of a simple eigenvalue (A\: = A\g+eA1+...),
is given by the Hadamard’s formula

/ h(=) Byuo(a,))? do

= X
/ |U()|2 dx
Qo

@ J. Hadamard. Mémoire sur le probleme d’analyse relatif a I’équilibre des
plaques élastiques encastrées, 33 (1908) Imprimerie nationale.
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Hadamard’s formula

PROPOSITION: The perturbation of a simple eigenvalue (A\: = A\g+eA1+...),
is given by the Hadamard’s formula

/ h(=) Byuo(a,))? do

= X
/ |Uo|2 dx
Qo

@ J. Hadamard. Mémoire sur le probleme d’analyse relatif a I’équilibre des
plaques élastiques encastrées, 33 (1908) Imprimerie nationale.

REMARK:

If h is non negative, the domain increases and \; < 0.
If h is non positive, the domain decreases and \; > 0.

— This is coherent with physics (the smaller €2, the larger the eigenvalues).
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Justification

We consider again the map ®. : Q¢ — €. to work in a fixed geometry.

» Set U. =u.o0®. and V =vo0 ®.. We have

/ Vu. - Vodr = /\5/ U dx
Q.=P.(Qo) e=P.(Q0)

& / (d +e(D¢) ") ' VU. - (Id + e(D$) ") ' VV Jo, dx = )\g/ UV Jo, dx
Qo Qo
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We consider again the map ®. : Q¢ — €. to work in a fixed geometry.

» Set U. =u.o0®. and V =vo0 ®.. We have

/ Vue - Vodr = /\5/ U dx
Qe=2:(Q0) e=P:(0)

& / (d +e(D¢) ") ' VU. - (Id + e(D$) ") ' VV Jo, dx = )\g/ UV Jo. dx.
Qo Qo

» Thus we obtain a spectral problem of the form

Find (A, U:) € R x H}(Qo) \ {0} such that
AU, = N\.B.U,

where A, = Ag+¢eA;1 + ..., B. = By +¢eBj are bounded operators of H} ().

A general theory exists for such problems and we can prove that
€ — Ae and e — U, are analytic near zero.

¥ T. Kato. Perturbation theory for linear operators, Chap. 7, §6.5. 1976, 10



e Application to invisibility in acoustic waveguides
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General setting

» We wish to study questions of invisibility in acoustic waveguides.

Can we find situations where waves
go through like if there were no defect

e One can wish to have good energy transmission through the structure.

e One can wish to hide objects.
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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

Find v = u; + ug s. t.

Au+ku = 0 inQ,
Opu = 0 on 09,
ug is outgoing.
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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

Find v = u; + ug s. t.

Au+k?v = 0 inQ,
Opu = 0 on 09,
ug is outgoing.

» For this problem, the modes are

Propagating | wi(x,y) = e*"#% cos(nmy), Bn = VEZ —n2n2, n € [0,N — 1]
Evanescent | w(z,y) = e¥0% cos(nmy), Bn = vVn?n2 — k2, n > N.
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waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

Find v = u; + ug s. t.

Au+k?v = 0 inQ,
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ug is outgoing.

» For ke (0;m), + = etikz,

only 2 propagating modes w

» We have
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decaying terms.
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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

-- Q - Find v = u; + ug s. t.
w*’\/\/a’ Au+k?v = 0 inQ,
Rw—W+/ \—'—WT’UJ+ 8nu = 0 on 69,

ug is outgoing.

—L +L
» For k<€ (0;7), lonly 2 propagating modes w® = e, Set u; = w™.

» We have

The ... are expo.
decaying terms.

wy +Rw_+... forz<-L !
u= |
Twy+... forxz>+L !

DEFINITION: R, T' € C are the reflection and transmission coefficients.
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Invisibility
» At infinity, one measures only R and/or T' (other terms are too small).

» From conservation of energy, one has

IR|> + |T)? = 1.
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» From conservation of energy, one has

IR|> + |T)? = 1.

DEFINITION: Defect is said | non reflectingif R=0 (|7 =1)
perfectly invisible if T =1 (R =0).

@ For T' =1, defect cannot be detected from far field measurements.

REMARK: less ambitious than usual
cloaking and therefore, more accessi-
ble. Also relevant for applications.
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Invisibility

» At infinity, one measures only R and/or T' (other terms are too small).

» From conservation of energy, one has

IR|> + |T)? = 1.

DEFINITION: Defect is said | non reflectingif R=0 (|T] =1)
perfectly invisible if T =1 (R =0).

@ For T' =1, defect cannot be detected from far field measurements.

REMARK: less ambitious than usual
cloaking and therefore, more accessi-
ble. Also relevant for applications.

il

GOAL We explain how to use perturbative techniques to construct
geometries such that R =0 or 7' = 1.
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General picture

» Perturbative technique: we construct small non reflecting defects using
variants of the implicit functions theorem.
()
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Sketch of the method

» For p € 65°(R), set R = R(u) € C. - _-@7)
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Sketch of the method

» For p € 65°(R), set R = R(p) € C. - (z)

Note that R(O) =0

(no obstacle leads to null measurements).

‘Our goal: to find u € G5°(R) such that R(u) =0 (with pu # 0)‘

» We look for small perturbations of the geometry: ;. = ch where € > 0 is
a small parameter and where h has be to determined.
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Sketch of the method

» For p € €5°(R), set R = R(u) € C. . p(x)

Note that R(0) = 0

(no obstacle leads to null measurements).

Our goal: to find p € €§°(R) such that R(u) = 0 (with p # 0).

» Taylor: R(ch) = edR(0)(h) + e2R*(h).

Assume that dR(0) : €5°(R) — C is onto. ‘

Fho, b, hy € €5°(R) s.t. dR(0)(ho) = 0, dR(0)(hy) = 1 and dR(0)(hy) = i
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» For p € €5°(R), set R = R(u) € C. . p(x)

Note that R(0) = 0

(no obstacle leads to null measurements). o B

Our goal: to find p € €§°(R) such that R(u) = 0 (with p # 0).

» Taylor: R(ch) = edR(0)(h) + e2R*(h).
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Fho, b, hy € €5°(R) s.t. dR(0)(ho) = 0, dR(0)(hy) = 1 and dR(0)(hy) = i

» Take h = hg + T h1 + Taho where the 7,, are real parameters to set:

= (Tla TQ)T

0=R(eh) < |T=G°(7) where

7C—7'5 7) = —e(Re R°(h),Sm R*(h)) .
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Sketch of the method

» For p € €5°(R), set R = R(u) € C. . p(x)

Note that R(0) = 0

(no obstacle leads to null measurements). o B

Our goal: to find p € €§°(R) such that R(u) = 0 (with p # 0).

» Taylor: R(ch) = edR(0)(h) + e2R*(h).

Assume that dR(0) : €5°(R) — C is onto. ‘

Jhg, hi, he € €5°(R) s.t. dR(0)(ho) = 0, dR(0)(h1) = 1 and dR(0)(ha) = 1.
» Take h = hg + T h1 + Taho where the 7,, are real parameters to set:

T= (Tl,TQ)T B .
G¢(T) = —e(Re R#(h),Sm Re(h)) .

0=R(eh) < |T=G°(7) where

If G¢ is a contraction, the fixed-point equation has a unique solution 73!
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Sketch of the method

» For p € €5°(R), set R = R(u) € C. . p(x)

Note that R(0) = 0

(no obstacle leads to null measurements). o B

Our goal: to find p € €§°(R) such that R(u) = 0 (with p # 0).

» Taylor: R(ch) = edR(0)(h) + e2R*(h).

Assume that dR(0) : €5°(R) — C is onto. ‘

Jhg, hi, he € €5°(R) s.t. dR(0)(ho) = 0, dR(0)(h1) = 1 and dR(0)(ha) = 1.
» Take h = hg + T h1 + Taho where the 7,, are real parameters to set:

T= (Tl,TQ)T B .
G¢(T) = —e(Re R#(h),Sm Re(h)) .

0=R(eh) < |T=G°(7) where

If G¢ is a contraction, the fixed-point equation has a unique solution 73!

Set us°! ;= eh%°. We have R(p*°') = 0 (non reflecting perturbation).
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Calculus of the differential 1/2
ch(z)

» We need to compute dR(0)(h) that is the term R; in the expansion
R(eh)=Ro+eR1+....
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T Aus +k%u. = 0 inQ.
('@E) anEuE = 0 on GQE
ue —w' is outgoing

» We need to compute dR(0)(h) that is the term R; in the expansion
R(sh) =Ro+eRi+....

» Inserting the expansion u. = ug + eug + ... in (),
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Calculus of the differential 1/2

, eh(z) )
Auc +k*ue. = 0 inQ.
(Z:) On.ue = 0  on 00
o) ue —w' is outgoing

» We need to compute dR(0)(h) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aug+Kkug = 0 in Qo Aus + kw1 = 0 in Qo
uo —w™ is outgoing u is outgoing.
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Calculus of the differential 1/2

eh(x) )
Auc +k*ue. = 0 inQ.
(Z:) On.ue = 0  on 00
o) ue —w' is outgoing

» We need to compute dR(0)(h) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aug+Fk*ug = 0  inQo Auy +Kuy = 0 in Qo
m _ + . .
o —w" 1s outgoing

up is outgoing.
On the top wall, we have
1

st )= () )

2 ue(x,
Vue(z,eh(z)) = Vue(z,0) + sh(:r)( ggz% E% 8; ) + ...

Ne =
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Calculus of the differential 1/2

- eh(z) )
Auc +k*ue. = 0 inQ.
(Z:) On.ue = 0  on 00
o) ue —w' is outgoing

» We need to compute dR(0)(h) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aup+k*ug = 0 in Qo Aui +Kur = 0 in Qo
Oyuo = 0 on 909 on 09
uo —w™ is outgoing u is outgoing.

On the top wall, we have

"o 1+€21(h’(:):))2( _Shll(m) ):( (1) )+6( _h(;(x) >+

2 ue(x
Vue(z,eh(z)) = Vue(z,0) + sh(:r)( ggz% Eng; ) + ...

so that we get 0 = n. - Vue(z,eh(z)) = dyuo +
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Calculus of the differential 1/2

, eh(z) )
Auc +k*ue. = 0 inQ.
(Z:) On.ue = 0  on 00
o) ue —w' is outgoing

» We need to compute dR(0)(h) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aug+Fk*ug = 0  inQo Auy +Kuy = 0 in Qo
Oyuo = 0  ondQ Oyur = h'(x)0zup  on O
uo —w™ is outgoing u is outgoing.

On the top wall, we have

"o 1+€21(h’(:):))2( _Shll(m) ):( (1) )+6( _h(;(x) >+

= 6%@“5(]"’ 0) We use that ug = w
Fuelo, o) = el 0) o) (GBI ) | MU

+

so that we get 0 = n. - Vue(z,eh(z)) = dyuo +¢ (Oyur —eh/(x)0zup) + .. ..
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Calculus of the differential 2/2
» We have ug = w4 and wuy is uniquely defined.
» Set Xy ={+L} x (—1;0) for L large enough. From the known formula

2ikR(eh) = Opuswt — u0,wtdo, where 0,, = £0, at = +L,

DY)
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Calculus of the differential 2/2

» We have ug = w4 and wuy is uniquely defined.

» Set Xip ={£L} x (—1;0) for L large enough. From the known formula

2ikR(eh) = Opuswt — u0,wtdo, where 0, = £0, at z = +L,

DY)

we infer that Ry =0, 2ikdR(0)(h) = Opurwt — uy 0wt do.

Integrating by parts, finally we get the final result:

PROPOSITION:

L L
dR(O)(h) = _% /7L 6xh([£)(w+(1:70))2 dr = _% /7L axh(lt)e%kz d.
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- Working with symmetries, one checks that dR(0) : €5°(R) — C is onto .

- Error estimates allow one to prove that G° is a contraction of any
closed ball for £ small enough.
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Calculus of the differential 2/2

» We have ug = w4 and wuy is uniquely defined.
» Set Xip ={£L} x (—1;0) for L large enough. From the known formula

2ikR(eh) = Opuswt — u0,wtdo, where 0, = £0, at z = +L,
RS

we infer that Ry =0, 2ikdR(0)(h) = Opurwt — uy 0wt do.

Integrating by parts, finally we get the final result:
PRroOPOSITION:

L L
dR(O)(h) = _% /7L 6xh([£)(w+(1:70))2 dr = _% /7L &ch(z)e%’” d.

- Working with symmetries, one checks that dR(0) : €5°(R) — C is onto .

- Error estimates allow one to prove that G° is a contraction of any
closed ball for £ small enough.

= Thus we can construct geometries 2. where R. = 0.
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Comments

» The invisible perturbation coincides with the graph of the function
e(ho + 75°'hy + 75°' 1)
where hy € ker dR(0) (remind that dR(0) : 65°(R) — C).

= There exist an infinite number of non reflecting geometries. ‘
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Comments

» The invisible perturbation coincides with the graph of the function
E(h() + TfOIhl + 7_2solh1)
where hy € ker dR(0) (remind that dR(0) : 65°(R) — C).

= There exist an infinite number of non reflecting geometries.

» We can show that |7{°!| + |75°!| = O(g). Therefore we can choose the
principal form of the non reflecting perturbation.

» We can iterate the process to construct larger non reflecting defects.

» The fixed point problem can be solved very classically by an iterative
procedure. = We can construct numerically non reflecting defects.

» Can we use the technique to construct €2 such that "= 17
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» The invisible perturbation coincides with the graph of the function
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where hy € ker dR(0) (remind that dR(0) : 65°(R) — C).

= There exist an infinite number of non reflecting geometries.

» We can show that |7{°!| + |75°!| = O(g). Therefore we can choose the
principal form of the non reflecting perturbation.

» We can iterate the process to construct larger non reflecting defects.

» The fixed point problem can be solved very classically by an iterative
procedure. = We can construct numerically non reflecting defects.

» Can we use the technique to construct €2 such that T'= 17 We obtain
T(eh) —1=0+¢l0 + O(e?).

A dT(0) is lnot onto = the approach fails to impose T = 1.
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A perturbative method to get T'=1

» We study the same problem in the geometry 2.

> <o

[ . |
. Singular perturbation |
| of the geometry! [

1

> Weobtain R. = 0+e (ik Eizl(w(Mn))%an(khn)) +O(e?)

T. = 1+ (i/255, tan(kh,) ) +O(=2)
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R
Singular perturbation
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M Mo M3
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> Weobtain R. = O+4e (zk S (wt(M,))? tan(khn)) +O(e?)

T. 14e (i/z 2 tan(khn)) +O(e2)

1) We can find My, hy, such that R. = 0(62) and T, =1+ 0(52) .

9/— 2) Then changing hy into hn + Tn, and choosing a good T = (11, 72,73) € R3
= (fized point), we can get Re =0 and SmT. =0.

3) Energy conservation + [T. =14+ 0()] = Te=1.
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Numerical results

» Perturbed waveguide (Re (u(z,y)e )

|-liiﬁl-| [“:

» Reference waveguide (Re (u;(z,y)e *?))
0.45

20.22
IRTRTREINI-
022
045
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Comments

» We could also have hidden gardens of flowers!

» For the second type of perturbations, the asymptotic analysis is quite
different (singular perturbed problem).

<

B
B

For the two problems, we use the first term in the asymptotic whose
dependence with respect to the perturbation is explicit and linear to
cancel the whole expansion by solving a fixed point problem.

A.-S. Bonnet-Ben Dhia and S. A. Nazarov. Obstacles in acoustic waveguides
becoming “invisible” at given frequencies, Acoustical Physics, 59(6), 633-639, 2013.
A.-S. Bonnet-Ben Dhia, L. Chesnel and S. A. Nazarov. Perfect transmission

invisibility for waveguides with sound hard walls, J. Math. Pures Appl., vol. 111,
79-105, 2018. 35 / 40



e An example of singularly perturbed problem
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An example of singularly perturbed problem

» Fora >0, a# 1, consider the 1D problem
eul(z) +ul(x) —a=01in Q:= (0;1)

(&) u:(0) =0, ue(1) = 1.
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An example of singularly perturbed problem

1—e /e

UE(SC) :al“‘r(l_a)m

to(z) = ax + (1 — a).

» What happens is that the function u. has a rapid variation near the
origin when € — 0:

Ue

e=0.2 1
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An example of singularly perturbed problem

1—e /e

UE(SC) :al“‘r(l_a)m

to(z) = ax + (1 — a).

» What happens is that the function u. has a rapid variation near the
origin when € — 0:

e=0.01 }
T

» Our expansion fails to provide a good representation of u. due to this
boundary layer phenomenon. We say that (£2;) is a singularly perturbed
problem.

» To approximate correctly u. near the origin, we will have to incorporate

terms which depend on the rapid variable z/e. ,
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@ Perturbation in the equation

© Smooth perturbation of the domain

e Application to invisibility in acoustic waveguides

e An example of singularly perturbed problem
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Conclusion of session 1

What we did

1) Smooth perturbation in the PDE. Recall the standard scheme

Step I: ansatz and identification of the terms of the ansatz;
Step II: error estimates (stability estimate + consistency result).

2) Smooth perturbation of the geometry.

- Use a change of variable to show error estimates in a fixed geometry.
- For the eigenvalue problem, write the compatibility condition to get
the corrector term.

3) Application to invisibility in acoustic waveguides.

4) We saw an example of singularly perturbed problem where the
expansion u. = ug + euy + ... is not adapted.

Next session

& We will study in detail a singularly perturbed problem with a PDE
set in a domain with a small obstacle.

40
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