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Problem

Let [ be a discrete group acting on a compact
topological space X. We study distribution of
orbits of ' in X:

e Fix a set of “balls”" '~ C T, T > 0.

e For f € C(X) and zg € X, what is the
asymptotic behaviour of

Y f(y-z0)?
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Example (Bogolubov-Krylov 4+ Birkhoff)

For a homeomorphism 1T of X, there exists an
invariant measure p such that for y-a.e. zg € X
and f e C(X),
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Essentially, the same result has been extended
to the class of amenable groups.



What about nonamenable groups?

Known results about equidistribution:

1. (Arnold-Krylov) Free group with to gener-
ators acting by isometries on S2,

2. (Kazhdan) Free group with to generators
acting by isometries on RZ2.

3. (G'uivarch) Free group acting on nilmani-
folds.

4. (Nevo, Nevo-Fidjuwara) Pointwise ergodic
theorem for free groups and hyperbolic groups.

Let ' be a lattice in a (noncompact) semi-
simple Lie group G (e.g., = SL(n,Z)). We
prove equidistribution of all dense I'-orbits for
algebraic measure-preserving actions.



“Balls” In [

1. Let d be the Cartan-Killing Riemannian met-
ric on the symmetric space K\G and

Frr={yel: d(Kv,K)<logT}.

2. Let p: G — GL(V) be a proper homomor-
phism, || - || @ norm on End(V), and

Frp={yerl: |[[p(MM] <T}.

If G is not simple, we also need the following
condition:

Balanced condition. For a decomposition
G = G1 - Go, where G1 and G» are closed con-
nected normal subgroups of G, and compact
C C G,

#(TrNC-Ga)
T

O as T' — oo.

In case 1, this condition is equivalent to nonex-
istance of compact factors for G; in case 2, this
condition may fail even for irreducible .



Algebraic measure preserving actions
1. T C G acts on L/A by left multiplication
where

e (7 is a closed subgroup of a Lie group
L.

e /\ is a lattice in L.
2. ' C G actson L/A by automorphisms (e.g.,
SL(n,Z) action on T") where
e [ is a Lie group.
e A\ is a lattice in L.

e (G is a closed subgroup of Aut(L) such
that I stabilizes A.



Main result

Theorem 1 Consider an algebraic measure pre-
serving action of I’ on a space X equipped with
finite measure . Then for every xqg € X such
that I - xg is dense in X and every f € C.(X),

1 1
> f(y-zo0) ‘M(X)/deu-

il yelr

Previously, Hee Oh proved equidistribution of
the action I by left multiplication on SL(n,R) /A,
where " and A are lattices in SL(n,R).



Sketch of the proof (inducing action)

Let
Y = (G x X)/ ~,
where the equivalence relation is defined by
(g,2) ~ (gy"t,yz) foryerT,
equipped with the measure
v = VOIG/|— R m.
The group G acts on Y by

g - [(g,2)] = [(d'g,2)].

We show that Theorem 1 is equivalent to equidis-
tribution of G-orbits in Y:

For yo = [(e,zg)] and every ¢ € C.(Y),

1 1

(%) Vol(Gp) JGr ¢(g -yo) dg — m v ¢ dv.




Sketch of the proof (proof of (x))

We use Cartan decomposition G = KATK,
where K is a maximal compact subgroup of
G and AT is positive Weyl chamber. Then

dg = dkdp(a)dl, g = kal.

Let o; € C(K), i =1,...,N, be a partition of
unity and I; € supp(«;).

/GT ¢(9 - yo)dg

- /K ak /K at /a: |kal||<T #(kalyo)dp(a)

N
- z; /K ik /K ai(l)dl /a: |kal||<T #(kalyo)dp(a)

2

N
Z; /K dk /K ai(l)dl/a:||kali|l<T o (kalyo)dp(a)

- é:l /K ak /a:Hk:alZ-H<T (/K gb(kal%)ai(z)dl) dp(a).

Using Ratner theory (N. Shah), one shows that
for o € Ce(Y) and a € C(K),

/K d(alyg)a(l)dl — (/Kadl) - V(ly) /Yqbdu

as a — oo in strong sense.




Spaces with infinite volume

Example (Ledrappier, Noguira): Consider
action of  =SL(n,Z) on R"™. If g € R" is not
a multiple of a rational vector, then I - zg is
dense in R™ and for every f € C.(R™ — {0}),

1 dx
e [ —en fon 0y @

for some ¢, > 0.

Note that

1. #{yer: |y < T} ~c TN

2. The measure ||C§z;_w|| is not invariant under TI".
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Infinite volume homogeneous spaces

Let G be a connected Lie group, H a closed
subgroup of G, and [ a lattice in G. We in-
vestigate distribution of dense orbits for the
action of ' on G/H by left multiplication.

Asymptotics for discrete M-orbits in G/H (for
reductive H) was obtained by Eskin, Mozes,
Shah.

Skew balls: For g1,9> € GG, define
Hrlg1,92] = 97 'Grgy ' N H.
Moderate volume growth condition: for any

bounded B C G and € > 0O, there exists a neigh-
borhood of e in H such that for any g1,9> € B,

Vol(O - Hplg1,92]) < (1 +¢)Vol(Hrlg1,92]).



Asymptotics
Idea:
G
7N
G

M\ G/H

Theorem 2 For goH € G/H such that

goH = G,
the following is equivalent:

e For any g € G and ¢ € C.(I"'\G),

1 ~1
["anh dh — i
Vol(Hz g, goD) Jirlge) T 90" 7 Jr o ®

e For every f e C.(G/H),

> f(v-goH)N/

- f(g-g0H)dg.
vyel 1 T

The first condition can be proved for semisim-
ple groups H (that satisfies balanced condi-
tion) and for some unipotent groups H.



Equidistribution

Let Y C G be measurable section of the projec-
tion map 7 : G — G/H, i.e., the product map
Y x H — G is a Borel isomorphism. Then

dg = dvy(y) ® dh, g = yh,

where dg and dh are right Haar measures on G
and H, and vy is a measure on Y. We assume
existence of the limit

. Vol(Hrplg1,92]) def
(+) T||_>moo Vol(Hrle, el) = a(g1,92).

Let

vgo(y) = a(y, g5 H)dvy (v).



Main result

Theorem 3 Assuming the moderate volume
growth condition, (+4), and equidistribution for
the H-orbit in T'\G (as in Theorem 2), we have

1
VO|(HT) ~

> fCrgoH) = [ fdugo

ery G/H

Proof.

/GTf(g'goH)dg

— H)d
/g:||ggol||<Tf (gH) dg

| vy () L;||yhgal||<Tf<th> dh
| FHIVoI(H Y, 9571) dvy (4)

~ Vol(Hr) - o fdug,.



A counterexample (when H is not
semisimple)

For G = SL(3,R) and I' a lattice in G, there
exist

e a connected solvable subgroup H C G,
e two different smooth measures u, von G/H,
e sequences sp,tn — 00,

e tcG/H with ' - =G/H

such that for every f € C.(G/H),

1 1
Vol (Hy, ) 2 fOy ‘:C)_>/G/Hfd'u

YED sp,

and
1

~1
VoI(th Z fo ) = /G/H Jav

dS n — O0.




Volume asymptotics

Condition (4) is proved in the following two
cases:

1. H is connected semisimple Lie group, p :
H — GL(V') a proper representation, ||-|| a
norm on End(V), and

Hr ={h € H : |[p(g1hg2)| <T}.
Then

Vol(Hrlg1, g2]) ~ c(g1,92) - (log T)'T™
for explicit constants c¢(g1,92), [, m.

This result was also recently proved by F.
Maucourant.

2. G and H are connected semisimple Lie groups,
d the Cartan-Killing metric on the symmet-
ric space K\G, and for g1,92 € G,

Hrlg1,92] = {h € H : d(Kg1hgs, K) < logT}.
Then

Vol(Hrlg1, g2]) ~ c(g1,92) - (log T)'T™
for explicit constants ¢(g1,92), I, m.



