RATIONAL POINTS ON HOMOGENEOUS VARIETIES
AND EQUIDISTRIBUTION OF ADELIC PERIODS
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(WITH APPENDIX BY MIKHAIL BOROVOI)

ABSTRACT. Let K be a number field and U := L\G be a homoge-
neous K-variety where G is a connected semisimple K-group, and L
is a semisimple maximal connected K-subgroup of G. Assuming that
G(K,) acts transitively on U(K,) for almost all places v of K, we ob-
tain the asymptotic of the number of rational points in U(K) of height
at most T, up to bounded constants. As a corollary, we settle Manin’s
conjecture for wonderful compactifications of some U.
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1. INTRODUCTION

Let K be a number field and X a projective variety defined over K. Under-
standing the set X(K) of K-rational points in X is a fundamental problem
in arithmetic geometry. In this paper we study the asymptotic number (as
T — o0) of the points in X(K') of height less than T for compactifications of
affine homogeneous varieties U = L\ G of a connected semisimple algebraic
K-group G when L is a semisimple maximal connected K-subgroup. Our
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results solve new cases of Manin’s conjecture [1] on rational points of Fano
varieties.

Manin’s conjecture has been proved for equivariant compactifications of
homogeneous spaces: flag varieties ([33], [57]), toric varieties ([2], [3]), horo-
spherical varieties [62], equivariant compactifications of unipotent groups
(see [20], [62], [63]), and for the wonderful compactification of a semisimple
adjoint group defined over a number field ([65], [36]). We refer to survey
papers by Tschinkel ([68], [69]) for a more precise background on this con-
jecture.

1.1. Counting rational points of bounded height. We begin by recall-
ing the notion of a height function on the K-rational points P%(K) of the
projective d-space P?. Denote by R the set of all normalized absolute values
x — |z|, of K, and by K, the completion of K with respect to | - 5.

For each v € R, choose a norm H, on K%+ which is simply the max norm
Hy(zo, -+ ,xq) = maxfzo |z;|, for almost all v. Then the height function
H:P4K) — Ry associated to Opa(1) is given by

H(z) := H Hy(xo, - ,xq)
vER
for z = (20 : -+ : xq) € PYK). Since Hy(zq, - ,24) = 1 for almost all
v € R, we have 0 < H(z) < oo and by the product formula, H is well
defined, i.e., independent of the choice of representative for x.
For instance, for K = Q, if we choose H), to be the maximum norm of Qg“

for each prime p and set Hoo (g, -+ ,24) = (x% + :L"?l)l/2 for z; € R, we
have
where xg,...,zq € Z and ged(xg, ..., zq) = 1.

Let G be a linear algebraic group defined over K, with a given K-
representation ¢ : G — GLgy1. Then G acts on P? via the canonical map
GLgy1 — PGLgy1. Consider U := ugG C P? for uy € P4K). Fixing
a height function H on P(K), we study the asymptotic of the following
number (as 7' — o0):

Nr(U) :==#{z € U(K) : H(z) < T}.
Our main results are proved under the following assumption:

(i) G is a connected semisimple K-group.
(ii) L = Stabg(up) is a semisimple maximal connected K-subgroup of
G.

(iii) For almost all v € R, G(K,) acts transitively on U(K}).

If L is the fixed points of an involution of G, U is called a symmetric
space. A symmetric space U = L\G satisfies (ii) if L is connected and
semisimple, since L is then a maximal connected K-subgroup [7].

Borovoi gave a classification of symmetric spaces U = L\G satisfying
(i)-(iii) with G absolutely almost simple (see Appendix A).
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When both G and L are connected, the property (iii) is equivalent to the
finiteness of the set of G(K)-orbits in U(K) (Theorem A.1.2). We remark
that (iii) always holds for L simply connected, by Corollary A.2.1.

Denote by X C P94 the Zariski closure of U. Then X is a G-equivariant
compactification of U, and the pull back L to X of the line bundle Opa(1) is
a G-linearized very ample line bundle of X defined over K. We assume that
there is a global section s of L such that U = {s # 0}. This last condition
is automatic in many cases, for instance, it holds in the setting of Example
1.3 and Corollary 1.5 below.

Theorem 1.1. There exist a € Qs and b € N such that *
Np(U) < T%(log T L.
Moreover, if G is simply connected, there exists ¢ > 0 such that
Np(U) ~¢-T(log T)* 1.

The exponents a and b are given as follows: First, we assume that X is
smooth and X\U is a divisor of normal crossings with smooth irreducible
components Dy, a € A, defined over a finite field extension of K. Let w be a
differential form of X of top degree, which is nowhere zero on U, and choose
a global section s of L with U = {s # 0}. Then for m, € N and n, € Z,

div(s) = Z maD, and  — div(w) = Z NaDa.
acA acA
The Galois group I' = Gal(K/K) acts on A. We denote by A/Ti the set
of I'g-orbits. Then

(1.2) a:max{na} and bz#{aGA/FK::;:a}.

acA | My

We note that a and b are independent of the choices of s and w, since there are
unique choices of them up to multiplication by constants as a consequence
of Rosenlicht theorem.

For a general projective variety X, we take an equivariant resolution of
singularities 7 : X — X such that X is smooth and 7~ 1(X\U) is a divisor
with normal crossings. Then the constants a and b are defined as above with

respect to the pull-backs 7*(s) and 7*(w).

Example 1.3 (Rational points on affine varieties). Let ¢o : G — SLg be a

Q-rational representation, and V = vgG C A? be Zariski closed for some

non-zero vy € Q%. We write an element of V(Q) as (z—é, e v%) where

xoy -+ xq € L, xg > 0 and g.c.d(xg, - ,zq) = 1. If G and L := stabg(vp)
satisfy the assumptions (i)-(iii), Theorem 1.1 implies

P2 ) V@ s o < T) = BT
0 0

LA(T) = B(T) means that for some ¢ > 1, ¢ "' B(T) < A(T) < ¢B(T) holds for all
sufficiently large T' > 0
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#{ (1:1’ - 735‘1) c V(Q) . max{‘x()], - ,’xd’} < T} = Ta(logT)bf1

Zo
To deduce this from Theorem 1.1, consider the embedding of SLg; into
PGL44+1 by A — diag(A, 1), and of Ad into P4 by (21, ,2q) — (z1:--:
xq : 1). This identifies V with the orbit U := (vp : 1)G in IF’d, and s = g1
is an invariant section of the line bundle L obtained by pulling back Opa(1),

satisfying U = {s # 0}. Finally, H (zé peee s Zd 1) =H(zy: - xq: ),

o
and hence the claim follows.

Since U = {X € SLy, : X! = —X} is a homogeneous variety Sps,, \ SLan
for the action v.g = g'vg and SL2,(Q)) acts transitively on U(Q,) for all p,
we have:

Example 1.4. Let n > 2. For somea € QY,bc N and ¢ >0, as T — oo,

#{X € SL9,(Q) : Xt=_X, max_ {|xijl, |zol} <T} ~c- T“(logT)b*1
1<4,5<2n

where X = ( ) xij €L, o € N and g.c. d{x;j,z0: 1 <4,j <2n} =1.

Theorem 1.1 settles new cases of Manin’s conjecture on rational points of
some wonderful varieties, which we recall. Let X be a Fano K-variety, i.e., a
smooth projective K-variety with its anticanonical class —Kx being ample.
Let Pic(X) denote the Picard group of X and A.4(X) C Pic(X)®R the cone
of effective divisors. Given a line bundle L on X, there exists an associated
height function Hy, on X(K), unique up to the multiplication by bounded
functions, via Weil’s height function. For instance if L is very ample with
a K-embedding v : X — P¢, then a height function Hy, is simply the pull-
back of a height function of PY(K) to X(K) via . Note this depends on

the choice of 1. For an ample line bundle L, H; = 1/ ¥ for k € N such that
LF is very ample.

The conjecture of Manin [1], generalized by Batyrev and Manin, predicts
that there exist a Zariski open subset U C X and a finite field extension K’

of K such that
#{z e UK'): Hy(z) < T} ~c- T (logT)*: 71,
where ¢ > 0 and

ar, '=inf{a : a[L] + [Kx] € Aeg(X)},
b, := the maximal codimension of the face of A.z(X) containing ar[L] 4+ [Kx].

A smooth connected projective G-variety X defined over K is said to be
wonderful (of rank 1), as introduced by Luna [44], if

(1) X contains [ irreducible G-invariant divisors with strict normal cross-
ings.
(2) G has exactly 2! orbits in X.
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For a G-homogeneous variety U, a wonderful variety X is called the won-
derful compactification of U if it is a G-equivariant compactification of U.
Luna showed in [44] that every wonderful variety is spherical; in particular
a wonderful compactification of a homogeneous space U = L\ G exists only
when L is a spherical subgroup, that is, a Borel subgroup of G has an open
orbit in U.

The following can be deduced from Theorem 1.1:

Corollary 1.5. Let U be as in Thm. 1.1 and X the wonderful compactifica-
tion of U. Then for any ample line bundle L on X over K and an associated
height function Hy,, we have

#{z € UK): Hp(z) < T} =< T (log T)*t 1.
Moreover, if G is simply connected, there exists ¢ = ¢(Hp) > 0 such that
#{xc UK): Hp(z) < T} ~c-T(logT)°r 1.

De Concini and Procesi [21] constructed the wonderful compactification of
a symmetric variety L\ G for G semisimple adjoint. In these cases, ar, and by,
can also be interpreted in terms of the representation theoretical data of G
(see 3.2). A concrete example for the above corollary holds unconditionally
is the wonderful compactification of the space of sympletic forms; see 3.4.

Generalizing the work in [21], Brion and Pauer [17] established that a
spherical variety L\ G possesses an equivariant compactification with exactly
one closed orbit if and only if [Ng (L) : L] < oo, where Ng (L) denotes the
normalizer of L in G. Knop [40, Coro. 7.2] showed that the wonderful
compactification of a spherical variety exists when Ng(L) = L. Complete
classification of homogeneous spherical varieties were obtained; see [42], [15]
and [47].

1.2. On the proofs. To explain our strategy, let A denote the Adele ring
over K. The first key observation is that the global section s of L with
U = {s # 0} is in fact G-invariant. And the extension of H to U(A) using
s is uniformly continuous and proper for the action of compact subsets of
G(A). Set
Br:={x € U(A) :H(zx) < T}

so that Np(U) := #Br N U(K). Under the assumption (iii), there are only
finitely many G(K)-orbits in U(K), and hence the counting problem reduces
to each G(K)-orbit. In general, the naive heuristic

#(qu(K) N BT) ~ VOI(U()G(A) N BT)

is false. The reason behind this is the existence of non-trivial automorphic
characters of G(A). From the dynamical point of view, this means that
the translates L(K)\L(A)g; of periods do not get equidistributed in the
whole space G(K)\G(A) as g; — oo in L(A)\G(A). This requires us to
pass to a suitable finite index subgroup of G(A). Denote by 7 : G — G
a simply connected covering of G defined over K. For any compact open



RATIONAL POINTS 6

subgroup W of the subgroup G(Ay) of finite adeles, we show that the product
Gw = G(K)r(G(A))W is a normal subgroup of finite index in G(A), and
the translates L(K)\(L(A) N Gw)g; become equidistributed in the space
G(K)\Gw relative to W-invariant functions. The last statement is a special
case of our main ergodic theorems in adelic setting, to be detailed in the next
subsection. We mention that our assumption L is semisimple is crucial.

In order to deduce

#(UOG(K) N BT) ~ VOI(UOGW N BT),

we prove that for any compact open subgroup W of G(Ay) by which H
is invariant, the family {Br N uoGw} is well-rounded; roughly speaking,
for any € > 0, there is a neighborhood U, of the identity in G(A) such
that the volume of (B N ugGw)U, is at most (1 4 €)vol(Bp N upGyw ) for
all large T'. Establishing this is based on the work of Chambert-Loir and
Tschinkel [20] and of Benoist-Oh [10] (also [37] of Gorodnik-Nevo). Finally,
we deduce the volume asymptotic vol(ugGy N Br) from [20] modulo two
bounded constants. When G is simply connected, we have Gy = G(A)
and deduce the precise volume asymptotic for ugG(A) N Bp. We remark
that if G(K,) has no compact factors for some archimedean v € R and
G(A) = G(K)m(G(A))Wiy where Wi is the subgroup of G(Aj) consisting

of elements under which H is invariant, we also have
#(upG(K) N Br) ~ vol(ugG(A) N By) ~ ¢- T%log T L.

In general, replacing =< with ~ in Theorem 1.1 requires regularizing the
height integrals fqu( A) H™%(uog) - x(g9) du for L(A)-invariant automorphic
characters x of G(A) as in [65, Thm. 7.1]. We mention that the strategy of
relating the counting problem with the equidistribution of orbits is originated
in the work of Duke-Rudnick-Sarnak [25] and of Eskin-McMullen [29] (see
section 5 for more details). Perhaps the most unsatisfying assumption is (iii):
the finiteness of G(A)-orbits in U(A). We believe this assumption should
not be necessary to deduce #(ugG(K)NBr) ~ vol(ugGw NBr); however our
proof of well-roundedness of ugGy N By relies on the finiteness assumption.
With a proper use of motivic integration, it may be possible to deal with a
general case. Finally we mention that there are examples where the orders
of magnitude for #(ugG(K) N Br) and #Nr(U) are not the same.

1.3. Equidistribution of Adelic periods. We now describe our main er-
godic results on the equidistribution of Adelic periods. Our results presented
in this section are much more general than what is needed for the application
on rational points.

Let G be a connected semisimple group defined over a number field K.

Set X := G(K)\G(A) and zp := [G(K)] € X. For a connected semisim-
ple K-subgroup L of G, we denote by 7 : L — L a simply connected
covering over K, which is unique up to K-isomorphism. Then 7 induces the
map L(A) — L(A) and hence L(A) acts on X via 7, and the orbit zg.L(A)
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is closed and carries a unique f.(A)—invariant probability measure supported
in the orbit.

Let {L;} be a sequence of connected semisimple K-subgroups of G and
{g; € G(A)} be given. Let p; denote the (unique) L;(A)-invariant probabil-

ity measure in X supported on the orbit Y; := z¢.L;(A). The translate g;u;
of u; by g; is defined by

giti(E) = pi(EBg; )
for any Borel subset £ C X.

Denoting by P(X) the space of all Borel probability measures on X, that
a sequence v; € P(X) weakly converges to p € P(X) means that for every

f e C.(X),
i [ fla)duta) = [ £
1— 00 X X
We study the following question:
Describe the weak-limits of g;u; in P(X).

We remark that the reason of considering the translates of zL;(A) rather
than those of the orbit zoL;(A), is essentially because X has more than one
connected components and the adele group of the simply connected cover
plays exactly the role of the identity component in a suitable sense.

Definition 1.6. A wvaluation v € R is said to be strongly isotropic for G
if for every connected normal K,-subgroup N of G, N(K,) is non-compact.
We denote by Jg the set of all strongly isotropic v € R for G .

For a compact open subgroup Wy of the group G(Ay) of finite adeles, we
denote by C.(X, W) the set of all continuous W-invariant functions on X

whose support is compact and contained in the set zom(G(A))W5.
Theorem 1.7. Suppose that N;JIr, # 0, and let g; € G(K)m(G(A)).

(1) If the centralizer of L; is K-anisotropic for each i, then the sequence
{gipi} does not escape to infinity, that is, for any € > 0, there exists
a compact subset Q C X such that

gilti(2) >1—¢€  for all large i.

(2) Let p € P(X) be a weak limit of giji. Then there exists a connected
K -subgroup M of G such that
o for some ¢; € G(K),

5¢Li5i_1 C M for all sufficiently large 1;
o for any compact open subgroup Wy of G(Ay), there exist a finite
index normal subgroup My of M(A) containing M(K)r(M(A))

and g € 7(G(A)) such that
p(f) = gpar, () for all f € Ce(X, Wy)
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where g, s the invariant probability measure supported on
xoMopg, and there exists h; € w(L;(A)) such that 6;h;g; converges
to g as 1 — o0.

e [f the centralizers of L; are K-anisotropic, M is semisimple.

See Corollary 4.14 where we discuss a special case of the above theorem
for L maximal semisimple. The analogous theorems in the case of a homo-
geneous space of a connected semisimple real Lie group have been studied
previously in [23], [25], [29], [30], [52], [32] and [28], etc. Via the strong ap-
proximation properties of simply connected semisimple groups, our proof of
Theorem 1.7 is reduced to the generalizations of the aforementioned results,
especially of Dani-Margulis [23] and Mozes-Shah [52], in the S-algebraic set-
ting (see Theorem 4.6). We make a vital use the classification theorem on
ergodic measures invariant under unipotent flows in this set-up obtained by
Ratner [60], Margulis-Tomanov [49], and also refined by Tomanov [67] in the
arithmetic situation. Our approach is based on the linearization methods
developed by Dani-Margulis [24].

In the case of G = PGL», and L; a K-anisotropic torus, the analogue of
the above theorem can be deduced from a theorem of Venkatesh (Theorem
6.1 in [70]) using Waldspurger’s formula (cf. [48, 2.5]) which relates the inte-
gral over a period with special values of L-functions. For G = PGL3 and L;
a Q-anisotropic maximal torus, it was obtained by Einsiedler, Lindenstrauss,
Michelle, and Venkatesh [26]. L;’s being tori, the methods in [70] and [26]
are very different from ours. The powerful theorems on unipotent flows ([60]
and [49]) are essentially what makes our theorem 1.7 so general.

1.4. Other applications. Theorem 1.7 should be useful in many future
arithmetic applications. For instance, an application of Theorem 1.7 in a
problem of Linnik, considered in [32] and [27], is discussed in [56]. We state
only two below, which are most relevant to the subject of this paper. One
application of Theorem 1.7 is an ergodic theoretic proof of Adelic mixing
obtained in [36] though given only in a non-effective form.

Corollary 1.8 (Adelic mixing). Let G be simply connected and almost K -
simple. For any fi1, fo € L*(G(K)\G(A)) and any sequence g; € G(A),

/ fi(zg) fo(x)dpg — /fldNG'/deMG as g; — 00,
G(K)\G(A)

where pq s the invariant probability measure on G(K)\G(A).

The proof in [36] is based on the information on local harmonic analysis
of the groups G(K,) [54] as well as the automorphic theory of G [18], and
gives a rate of convergence. In the methods of this paper, it suffices to know
the mixing property of Ggs := [],cg G(K,) for some finite S containing
all archimedean valuations and containing at least one strongly isotropic v.
This property can either be deduced from the classical Howe-Moore theorem
[35], or from the property of unipotent flows in Gg modulo lattices.
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In the following corollary, let U be an affine variety defined over Z such
that U = v9G where G C GLy is a connected simply connected semisimple
Q-group and vy € QV \ {0}. Suppose that L := stabg(vg) is a semisim-
ple maximal connected Q-subgroup of G. We let p,, v € R be invariant
measures on v9G(Q)) such that p =[] p1p is a measure on vgG(A) compati-
ble with the probability invariant measures pg and pr on G(K)\G(A) and
L(K)\L(A) respectively.

As another corollary, we obtain the following local-global principle, which
can be seen as a higher dimensional analogue of the classical Hasse principle:

Corollary 1.9. (1) For all sufficiently large m € N,
Z ‘ Ly, .
Ul—)#0 4of U(—)#0 for all prime p.
m m

(2) If L is simply connected, then for any compact subset Q C voG(R)
of boundary of measure zero,

#U (i) 10~ g () [ 0 (U (fij))

provided the right hand side is not zero as m — Q.

We remark that the assumption that both G and L are simply connected
imply that the group G(Ay) of finite adeles acts transitively on U(A¢) [BR],
and hence p,’s are invariant measures on voG(Q,) = U(Q,) for each finite
p.

When U = G, i.e., a group variety, Corollary 1.9 was observed in [38], as
an application of the Adelic mixing theorem. (2) of the above corollary was
previously obtained in [32] and [55] assuming that both G(R) and L(R) has
no compact factors and that U(m~1Z) # (). See also [9] and [26] for the case
when L is a torus.

Organization: In section 2, we discuss how to extend a height function
of U(K) to U(A) so that the action of G(A) is uniformly continuous and
proper, and obtain the asymptotic of the volume of the height balls in each
M-orbit of U(A) for a finite index subgroup M of G(A). The second part
uses the work of Chambert-Loir and Tschinkel. In section 3 we discuss
the wonderful varieties, introduced by Luna, which are the generalization
of the wonderful compactification of symmetric varieties constructed by De
Concini- Procesi. They provide main examples of our theorem 1.5. In section
4, we deduce Theorem 1.7 from the corresponding theorem 4.6 in the S-
arithmetic setting, which is proved in the last 2 sections of this paper. In
section 5, we prove main theorems of the introduction. In section 6, we prove
one part of Theorem 4.6, and the other part is proved in section 7.
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2. HEIGHTS AND VOLUME ESTIMATES

Let K be a number field and R the set of all normalized absolute values
of K. By R~, we mean the subset of R consisting of all archimedean ones
and set Ry := R\ R. For each v € R, we denote by K, the completion
of K with respect to the absolute value |- |,, by k, the residue field, and by
O, the ring of integers of K,. The cardinality of k, is denoted by ¢,. For
a finite subset S of R, the ring of S-integers is the subring of K defined by
Os:={x € K : |z|, <1 for all non-archimedean v ¢ S}.

Throughout section 2, we let G be a connected semisimple algebraic K-
group with a given K-representation G < GLgy1. Fix ug € P4(K) such
that the orbit U := ugG is a K-subvariety. We fix integral models U and §G
of U and G, respectively, over the ring Og for some S.

Then the adelic space U(A) is the restricted topological product of U(K,)’s
with respect to U(O,)’s. As well-known, this is a locally compact space.

For finite S C R, we set Ug := [[, g U(K,) and denote by U(Ag) the the
restricted topological product of U(K,)’s, v € R\ S, with respect to U(O,)’s.
Then U(A) is canonically identified with the direct product Ug x U(Ag).
We set Uy, := Upp,  and Uy := [[,cp. U(Ky). The notations G(A), Gs
and G etc. are similarly defined. Note that both Gg and G(Ag) can be
considered as subgroups of G(A) in a canonical way.

Let X C P? be the Zariski closure of U, which is then a G-equivariant
compactification of G. Consider the line bundle L of X given by the pull-
back of Opa(1). Then L is very ample and G-linearized; in fact any G-
linearized very ample line bundle is of this form for some embedding.

Since U(K) # ), Rosenlicht’s theorem implies (cf. [11, Lem. 1.5.1]):

Lemma 2.1. There is no non-constant invertible regular function on U.

Using a theorem of Luna [44] and the above lemma, we obtain the follow-
ing:

Theorem 2.2. Suppose that L := stabg(ug) is semisimple and [Ng(L) :
L] < oo. Then any global section s of L such that U = {s # 0} is G-
variant, and unique up to a scalar multiple.

Proof. Pick a point y € K1\ {0} lying above uy. Let H denote the
stabilizer of y in G. Since H is a normal co-abelian subgroup of L and L is
semisimple, H is also semisimple and H® is a finite index in L. Hence the
finiteness of [Ng (L) : L] implies that H has finite index in its normalizer.
Now a theorem of Luna [44, Corollary 3] says that the orbit of y is closed.
By [53, Ch 2, §1, Prop 2.2], there exists a global G-invariant section s; of
LF* for some k such that s;(ug) # 0. Hence U C {s; # 0}.
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Since U = {s* # 0}, the ration s; /s* is an invertible regular function
on U, which is a constant by Lemma 2.1. Hence s* is G-invariant. For
any g € G, s9/s is a constant function, say, oy, on U by the above lemma.
Now « : g — a4 defines a homomorphism from G into the group of k-roots
of unity. Since G is connected, @ must be 1. Hence s is invariant. The
uniqueness follows by a similar argument. O

2.1. Heights. Let sg,--- ,s4 be the global sections of L obtained by pulling
back the coordinate functions z;’s. We assume that there is a G-invariant
global section s of L such that U = {s # 0}.

Definition 2.3. An adelic metrization on the G-linearized line bundle L on
X (with respect to s) is a collection of v-adic metrics on L for allv € R such
that

(1) for each v € Ry, || - ||» is locally constant in the v-adic topology.
(2) for almost allv € R,

si(2)

s(x)

(3) for each v € R and for any € > 0, there exists a neighborhood W,
of e in G(K,) such that for all z € U(K,) and g € W,

(1 =alls@)llo < ls(zg)llo < (L + )l s(2)]o-

Recall that a v-adic metric || ||, on L is a family (|- ||z v)zex (k) of v-adic
Banach norms on the fibers L, such that for every Zariski open U C X and
every section s € HY(U, L), the map U(K,) — R given by z — ||s ||, is
continuous in the v-adic topology on U(K,).

We write (|||l )ver for an adelic metric on L and call a pair L = (L, ||-||,)
an adelically metrized line bundle. Note that an adelic metrization of L
extends naturally to tensor products L* for any k € N.

An adelically metrized line bundle £ induces a family of local heights on
U(K,):

-1
> for all x € U(K,).

Heo(o) = |l s(@)l;
The following lemma can be proved in a standard way (see [5, Ch. 2] for
a detailed discussion of heights).

Lemma 2.4. (1) For each v € R, inf,cy(k,) Hew(z) > 0.
(2) For almost all v, inf,cy(k,) Heo(z) = 1.
(3) For almost all v, {x € U(K,) : Hg,(x) =1} = U(Oy).
(4) Letv e R. If x — oo in U(K,), then He ,(x) — oo.

Definition 2.5. An adelic height function He : U(A) — Rso associated to
L is defined by

(2.6) He(z) = [[Hew(z) forz € UA).
vER
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The previous lemma implies that Hg, is a well-defined continuous proper
function. Moreover the following holds:

Lemma 2.7. (1) Set
Wh, :={9 € G(Ay) : He(zg) = He(x) for all x € U(A)}.

Then Wy, is a compact open subgroup of G(Ay).
(2) For every compact subset B C G(A), there exists ¢ > 0 such that for
every g € B and x € U(A),

He(zg) < ¢ He().

(3) For every € > 0, there exists a neighborhood W of e in G(A) such
that for every x € U(A) and g € W,

He(xg) < (14 ¢€)He(z).

Proof. Since || - ||, is locally constant for all v € Ry, Wi, N G(K,) is an
open subgroup of G(K,) for each v € R;. Since G acts on U via the linear
action of SLgy1 on P4 and s is invariant, Wy NG (K,) = §(O,) for almost all
v € Ry by (3) of Def. 2.3. It follows that Wy, is open. By the properness
of Hgy, Wy, is compact. Any compact subset B of G(A) is contained in
[Toes Bo x 1,5 5(0y) for some finite S C R where B, is a compact subset
in G(K,). By enlarging S, we may assume [[,4¢ 5(Oy) C Wi. On the other
hand, for each v € R, there exists ¢, > 1 such that

HL,U(xg) <c¢y- H}%X ’gij|v : HL,v(x)

for all g = (gi5) € G(K,) and = € U(K,). Hence it suffices to take ¢ =

[Loes(co - maxgen, [gijlv) for the claim (2).
The claim (3) follows from the claim (1) and (3) of Def. 2.3. O

We will call the height function Hg regular if the function ], . Roo H%ﬂ) is
regular on U, considered as the real algebraic variety via the restriction
of scalars. For instance, the following height function is given by a regular
adelic metrization :

(2.8) Heo(z) = &

E6] for non-archimedean v.
v

for archimedean v,

The following example shows that our settings apply to any affine homo-
geneous varieties:

Example 2.9. Denote by A% the d-dimensional affine space. Let U =
190G C A? be an affine homogeneous K- variety for a connected K-group
G C GLg and a non-zero vy € A%(K). Via the embedding ¢ : A% < P? given
by

(xoy -y xg-1)— (o ixg_q1:1)
and the embedding GL; — PGL411 by A — diag(A, 1), the Zariski closure
X c P4 of 1(U) is a G-equivariant compactification.
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Consider the line bundle L = +*(Opa(1)) and sections s; = v*(z;) for
0 < i < d. Since t(U) = {sq # 0} for the G-invariant section s;, we can
choose an adelic metrization L of L so that the local height functions Hg ,
on U(K,) are given by

(2.10) (lzolf + -+ + |zalf + 1)1/2 for archimedean v,
‘ max {|zo|v, - - -, [Td—1]v, 1} for non-archimedean v.

2.2. Tamagawa volumes of height balls. We assume that L := stabg (uo)
is semisimple, and s is an invariant global section of L such that U = {s # 0}.
Fix an adelic metrization £ of L and consider the height function H = Hg, on
U(A) defined in (2.6). For simplicity, we set H, = Hg ,,. We observe that U
is a geometrically irreducible nonsingular algebraic variety and that U sup-
ports a nowhere zero differential form w of top degree. We refer to [72] for
the following discussion on the Tamagawa measure on U(A). To the form w,

we can associate measures i, on each U(K,). Then u,(U(O,)) = ig{,&’%) for

almost all v € R. Since U is a homogeneous space of a connected semisimple
algebraic group with the stabilizer subgroup being semisimple, [ [, o (U(Oy))
converges absolutely, and hence w defines the Tamagawa measure

—l4im
p= 1Ak 2" ] o
v

on the space U(A) where Ak is the discriminant of K.
For t > 0, set

B, :={y € U(A) : H(y) < t}.

In this section, we review a theorem of Chambert-Loir and Tschinkel on
asymptotic properties (as t — oo) of the Tamagawa volume

V() = u(By).

First, we assume that X is smooth and X\U is a divisor with normal
crossings of irreducible components D,, o € A, defined over finite field
extensions K, of K. By extending w to X, which we denote by w by abuse
of notation, we obtain a non-zero differential form on X of top degree. Since
{s =0} = X\U and w is nowhere zero on U,

div(s) = Z maDy and —div(w) = Z NaDa
acA acA

for ms € N and n, € Z. The Galois group I'y = Gal(K/K) acts on A. We
denote by A/T'i the set of I'g-orbits. Define

n n
2.11) a(L) = — d b(L)= ATg: —~=a(L) .
1) on) =me{ 22 )= 4 {a casri 22— o)
Lemma 2.12. (1) D, ’s are not rationally equivalent;

(2) a(L) and b(L) are independent of choices of s and w
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Proof. If D, = div(f) + Dg for some f € K(X)*, then the poles as well
as the zeros of f must lie outside U, and hence f is constant by Lemma
2.1, proving (1). Since s is unique up to constant, again by Lemma 2.1, the
independence of m,’s on s is clear. Similarly, any non-zero differential form
on X of top degree, which is nowhere zero on U, is a multiple of w by a
constant. Hence n,’s are determined independently on the choice of w. [

In general, we take an equivariant resolution of singularities 7 : X — X
such that X is smooth and the boundary 7' (X\U) is a divisor with normal
crossings. Then the constants a(L) and b(L) are defined as above with
respect to the pull-backs 7*(s) and 7*(w).

We consider the Mellin transform of V (¢):

n(s) = /0 T av

_ / H(z)~* dp(z).
U(A)

Hence
—14im
n(s) = |Ag | 2™ X T mu(s)
where
m(s) = [ ) o)
U(K,)
Let

O ={seC: Re(mags —nq) >t,a € A}.

Theorem 2.13 (Chambert-Loir, Tschinkel). (1) For each v € R, the
integral n,(s) is absolutely convergent for s € Q_;.
(2) The integral n(s) converges absolutely for s € Qp, and

n(s)=o(s) [ Ckalmas—na+1)
OtEA/FK
where (k. is the Dedekind zeta function of K., and ¢(s) is a bounded
holomorphic function for s € Q_y/94,, € > 0.

The first claim follows from [20, Lemma 8.2] for non-archimedean place.
For archimedean v, if H? is regular on U, the same proof applies. Since any
two norms on a finite dimensional vector spaces are equivalent to each other,
this implies the first claim for any local height H,. The second claim is [20,
Corollary 11.4].

Corollary 2.14. If a(L) > 0, then there exist a polynomial P of degree
b(L) — 1 and 6 > 0 such that

V(t) = t* D P(logt) + Ot* 7)) ast — oco.
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Proof. 1t follows from Theorem 2.13 and the properties of the Dedekind zeta
functions that for some € > 0, n(s) has a meromorphic continuation to the
region {)_; /5, with a single pole at s = a(L) of order b(L). Moreover, in
this region, 7(s) satisfies the bound

(s — a(L)"®

sb(L) 77(8) <c- |1 + Im(s)’N

for some ¢, N > 0. Hence, the claim follows from the Tauberian theorem
(see [36, Thm. 4.4] and [19, Appendix]). O

2.3. Volumes of homogeneous varieties. We additionally assume that
the subgroup L is connected. We recall the properties of orbits of algebraic
groups over local fields and over adeles.

Lemma 2.15. (1) For each v € R, the space U(K,) consists of finitely
many G(K,)-orbits, and each orbit is open and closed.
(2) For almost all v, §(0,) acts transitively on U(O,).
(3) The orbits of G(A) in U(A) are open and closed.

Proof. The orbits in (1) are open by [59, Ch.3,§3.1]. This also implies that
every orbit is closed. The finiteness of G(K,)-orbits follows from finiteness
of Galois cohomology over local fields (see [59, Ch.3, §6.4]). (2) follows from
Lang’s theorem [43] and Hensel’s lemma (see [11, Lemma 1.6.4]). (3) follows
from (1) and (2). O

Theorem 2.16. Assume that there are finitely many G(A)-orbits in U(A).
Let x € U(A) and

V(x,t) = p(xG(A) N By).

Then a(L) > 0 and there exist a nonzero polynomial P, of degree b(L) — 1
and 6 > 0 such that

Vi(z,t) = " P,(logt) + O(t* )0 ast — oc.

Proof. As in the proof of Corollary 2.14, we consider the Mellin transform
o0
n(x,s) = / t—2dV (z,t)
0
1 9.
- / H(y)is d,u(y) = ‘AKridlmX ) an(xva 3)
zG(A) "

where
(0, 5) = / H, (y) " dpo(y).
T, G(Ky)

By Theorem A.1.2, our assumption implies that for almost all v, z,G(K,) =
U(K,) and hence n,(zy,s) = ny(s). Also, by Theorem 2.13(1), n,(xy, s) is
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absolutely convergent for s € Q_14., € > 0. Hence, it follows from Theorem
2.13(2), that

(2.17) n(z,s) = ¢(z,s) H CKo(Mas —ng +1)

aE.A/FK

where ¢(x, s) is a bounded holomorphic function for s € Q_; /5., € > 0.

Note that for almost all v, G is quasi-split over K,, and hence there is a
unipotent one-parameter subgroup of G(K,) acting nontrivially on U(K,).
It was shown in [10] that this property implies that for some a’ > 0,

Nv({y € 2,G(K,) : Hy(y) <t}) > ct”

for all large ¢ > 0. This implies that 7,(z,,s) has a pole in the region
Re(s) > a/. Hence, a(L) > 0.
Now the claim follows from (2.17) using Tauberian theorem. O

Denoting by G2, the identity component of G, we set for x € Uy,

Voo (@, 1) := poo({y € G2, : Hooy) < t})

where fioo = [[,c Ro. M and He := [1.e r., Hu. The following is proved in
[10, Lemma 7.8].

Theorem 2.18. If Hy, is regular and is not constant on x G2, for x € Uy,
then there exist co,k > 0 such that for allt > 0 and e € (0,1),

Voo (2, (1 + €)) — Voo (,£) < coe™ (Voo(z, ) + 1).

Proposition 2.19. Assume that there are only finitely many G(A)-orbits
in U(A), and that H is reqular. Let M = GS My for a finite index closed
subgroup My of G(Ayf), v € U(A), and
VM (g, t) == p(xM N By).

Then

(1)

VM (z,t) < t°D) (log t)PH) 1,
(2) If Hy is not constant on xocG2, where v = Tooxy € UxUy,, there
exist ¢, Kk, tg > 0 such that for every t >ty and € € (0,1),
VM(z, (14 e)t) = VM(z,t) < ceVM(z,t).

Proof. Since VM (z,t) < V(z,t), the upper estimate follows from Theorem
2.16. To prove the lower estimate, we write G(A) = U, Mg; for some
gi € G(A). Then by 2.7(2) and invariance of u, we obtain that for some
c>1,

V(z,t) < ZVMg"(m,t) <nVM(z,c-t) forallt>0.
i=1
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Hence the lower estimate in (1) follows from Theorem 2.16. To prove (2),
consider the decompositions
U(A) = UooUAf and  f1 = floo ® fuf

where py = HveRf Ly
Set

Vio(t) 1= f1oc({y € 700G+ Hoo(y) < t}),
Vi(t) := pp({y € 2 My : Hy(y) < t})

where Hy = HveRf H,.
We claim that there exist p1, po > 0 such that for every t > 0,

(2.20) Vi(t) < pr VM(z, pat).

Let Q be a compact subset of z,,G
max;eq Hoo(2). Then

Q-{yeasMy: Hy(y) <t} C{y€aM: H(y) < pat},

and hence

% such that px(Q) > 0 and py =

- VM (pat)
s @

By Theorem 2.18, there exist ¢, x > 0 such that for all¢ > 0 and € € (0, 1),
Vo (H(1 + €)) — Vi (t) < co€™ (Voo (t) + 1).

Let a = infye%cgo Hoo(y) > 0. Then using (2.18) and (2.20),

V(A +et) - VM)

¥ 1+6)t ¥
= [, (el Pl st

‘N/oo (14-e)t _VOO t iy
/z,/efof:Hf(y)<a—12t( (Hf(y)) (Hf(y))) 7(y)

(Voo(Hft(y)) +1) d,uf(y)

IN

ce“/
yexy My:Hy(y)<a—12¢

ce” </ Ny Voo (g s (9) + mp({y € oMy - Hy(y) < 0<—1275})>
yewy My

IN

ce” (VM(t) + Vf(a—12t))
ce™ (VM(t) + p1VM(paa2t))
< def VM (1)

IN

for some ¢’ > 1, where the last inequality holds by the claim (1).
This completes the proof.
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Theorem 2.21. Assume that there are only finitely many G(A)-orbits in
U(A). Let M be a finite index closed subgroup of G(A) and W a compact
open subgroup of G(Ayf) contained in M N Wy. Fizing v € U(A) and t > 0,
set Bt =ByNxM.
(1) We have
pu(By) = t*") (log £)"H) .

(2) Suppose that H is regular. Then for any € > 0, there exists a neigh-
borhood U, of e in M such that for all sufficiently large t,

(222)  (1—QuBUW) < u(By) < (1 + (v, w Bru).

Proof. Consider the subgroups Mo = M N Go and My = M N Gy, which
are closed subgroups of Go and Gy, respectively. Then G, is a finite
index subgroup of G, contained in M, and Mg := G3 My is a finite index
subgroup of M. Hence, xM = L am;My for some m; € M. Therefore
in proving the above claims, we may assume without loss of generality that
M = GZ My for some finite index subgroup My of G(Af). Note that any
height function H = Hg on U(A) is equivalent to a regular height function,
i.e., there is an adelic metrization £’ such that for some ¢ > 1,

¢ ' He(r) <Hp(z) < c- He(x)

for all x € U(A). Hence the claim (1) follows from Proposition 2.19.

Let x, denote the Uy-component of . If Hy, is constant on 2., G2, then
H is invariant under G2 . Hence H is invariant under G2, x W. Therefore
by taking U to be G3, x W, (B; N azM)u = By NxM for all u € U, and
hence B; satisfies (2.22).

Now suppose that Ho, is non-constant on x.Gg,. For € > 0 small, take
a neighborhood of V; of e in G2, such that

BiVe C By and B¢ C Myey, B
for all large T'. Set U. = V. x W. Then for all large t,
BUW C Biyep and  B(i_gy C Nuev,w Br.
Hence by Proposition 2.19 (2), (2.22) is proved.

3. WONDERFUL VARIETIES

3.1. Symmetric varieties. We review some basic properties of symmet-
ric varieties and their wonderful compactifications due to De Concini and
Procesi (see [21] for details).

Let G be a connected semisimple algebraic subgroup and ¢ : G — G
an involution of G. We denote by L the normalizer of the subgroup G? of
invariants of o. Then L\G is a symmetric variety.

A torus T C G is called o-split if o(t) = t~! for every t € T. Let Ty be a
o-split torus of maximal dimension and T a maximal torus containing T;.



RATIONAL POINTS 19

Then T is invariant under ¢ and it is an almost direct product T = T1T
where T is the subtorus of T on which o acts trivially.
Let ® be the set of roots of T. We set

Op={aecd®: o’ =a} and P; =D\

One can choose a Borel subgroup B containing T such that the corresponding
set ®T of positive roots has the property that

(31) (‘I)l N (I)+)U = —(‘I’l N (I)+)

For a root o € ®, we set @ = a — a. The set & = {a} is a (possibly
nonreduced) root system of rank dim(T;) with the set of simple roots A, :=
A\{0}.

Let A be the weight lattice and AT C A the set of dominant integral
weights. For A € AT, we denote by ¢y : G — GL(V)) the corresponding
irreducible representation with the highest weight A. The weight X is called
spherical if there exists a nonzero vector vy € V,, such that Lie(L) - vg = 0.
Let O C AT be the subset of spherical weights. Every spherical weight A
satisfies A2 = —A. Since every dominant weight lies in the interior of the
cone generated by positive roots, this implies that every dominant spherical

A can written as
A= Z Nl
OzGAo'

for some n, € QT. A weight ) is called o-regular if (A, «) # 0 for all @ € A,.

3.2. Wonderful compactification of a symmetric variety. Given a o-
regular spherical representation ¢ : G — GL(V') and a nonzero vector vy € V'
fixed by L, one defines the wonderful compactification X of L\G as the
closure of U := [v]G in the projective space P(V). It was proved in [21]
that X satisfies the following properties:

(1) X is a Fano variety.

(2) X\U is a divisor with normal crossings and has smooth irreducible
components Xj,...,X; where [ = dim(T).

(3) The closures of G-orbits in X are precisely the partial intersections
of X;’s.

(4) X contains the unique closed G-orbit Y := ﬂélei isomorphic to
P\G where P is the parabolic subgroup with the unipotent radical

eXp(®a€<I>1ﬂ¢>+ga)'
We also recall a description of the Picard group of X. The map Pic(X) —

Pic(Y) induced by the inclusion Y — X is injective. The Picard group of
Y ~ P\G can be identified with a sublattice of the weight lattice A and
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under this identification

Pic(X) — sublattice generated by Q7

X;] — «, a € Ay,
Y Y
Bed1NO+ acA,

Now we assume that G is defined over a number field K, the represen-
tation ¢ is K-rational and vy € V(K). Then the action of the Galois group
I'k preserves the unique open G-orbit U and permutes the boundary com-
ponents Xi,...,X;. The identification of Pic(X) with a sublattice of the
weight lattice A is I"'g-equivariant with respect to the twisted Galois action
on A.

3.3. Wonderful varieties. A generalization of the wonderful compactifi-
cation was introduced in [45]. A smooth connected projective G-variety X
is called wonderful of rank [ if

(1) X contains [ irreducible G-invariant divisors Xy, - -+, X; with strict
normal crossings.
(2) G has exactly 2! orbits in X.

It follows that X contains unique open (-orbit, which we denote by U,
and that the irreducible components of the divisor X \ U are Xy, -, X].
Fix up € U and set L = Stabg (ug).

In the following, we assume that the subgroup L is semisimple. A de-
scription of the Pic(X) was given by Brion [14, Proposition 2.2.1]. Since
L is semisimple, Pic(L\G) is finite, and it follows that Pic(X) is a finite
extension of the free abelian group generated by [X;], ¢ = 1,...,l. Then
by [14, Lemma 2.3.1], the cone A.g(X) C Pic(X) ® R of effective divisors is
generated by [X;], ¢ = 1,...,l. The cone of ample divisors was computed
in [12, Section 2.6]. Combining this description with [14, Lemma 2.1.2], it
follows that the ample cone is contained in the interior of effective cone. The
canonical class Kx was computed in [16]. The formula from [16] implies, in
particular, that —Kx lies in the interior of the effective cone A.g(X).

For an ample line bundle L on X, we define

ar, '=inf{a: aL + Kx € Aeg(X)},
by, := the maximal codimension of the face of A.g(X) containing ay L + Kx.

Since L and —Kx belong to the interior of A.g(X), the parameter ay, is
well-defined and aj, > 0.

Remark 3.2. In the case when X is the wonderful compactification of a
symmetric variety, and L is the restriction of Op(/)(1) to X, the parame-
ters a;, and by can be computed in terms of the highest weight A, of the
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representation ¢ as follows. Writting
Z 0= Z meoe and A, = Z N,
BeD1NOT aEA, aEA,

we have
Mo + 1

{ma+1
a; = max

N o

:aGAU} and bL:#{aeAa/I‘K:aL:

Luna showed that any wonderful variety is spherical. It follows that L has
finite index in its normalizer. Hence using Theorem 2.2, we have an invariant
global section s of any ample line bundle L such that U C {s # 0}. Since
any ample line bundle is contained in the interior of the cone of effective
divisors, it follows that U = {s # 0}.

Corollary 3.3. For any adelic metrization L of a very ample line bundle L
of a wonderful variety X, there exist a polynomial Py, of degree by, —1 and
0 > 0 such that

pn({z € U(A) : He(z) < t}) =t Py, (logt) + O(t** %) ast — oo.
Proof. Since X \ U is a divisor whose irreducible components are given by
Xi, 1 <4 <1, and Aeg(X) is generated by X;’s, we have a(L) = ay and

b(L) = by, for a(L) and b(L) defined in (2.11). Hence the claim is a special
case of Corollary 2.14. O

In the same way, the following is a special case of Theorem 2.16:

Corollary 3.4. Assume that there are only finitely many G(A)-orbits in
U(A). Then for L as in the above corollary and for every x € U(A), there
exist a polynomial Py, . of degree by, —1 and d > 0 such that

n({y € xG(A) : He(y) < t}) =t Py, .(logt) + O(t** %) ast — oco.

3.4. Examples.

(1) (group varieties) Let ¢ : L — GL(W) be an adjoint semisimple alge-
braic group defined over a number field K. Then ((L) is a homoge-
neous variety of G = L x L with the action

(I, 1) -z = (1) -z - o(ly).
The stabilizer of identity is the symmetric subgroup corresponding
to the involution o(ly,l2) = (l2,11). Let S be a maximal torus of L
with a root system @, and set of simple roots Ay,. Then T=S xS
is a maximal torus of G and

(I)T - {(Oé, _B> : Oé,ﬂ € q>i’t}7
Ay; ={(a,—a) : a € Ap}.
Let A\, be the highest weight of the representation ¢ and p the sum

of roots in QJE. Then the highest weight for the corresponding rep-
resentation of G is (\,, —\,), and the sum of positive roots of G is
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(2p, —2p). Writing

2p = Z meoe and A, = Z NaQ,

OZGAL OLEAL
we have
1 1
a—max{ma+ :aGAU} and b—#{aeAL/FK:a—ma+ }
Ng (e}

This formulas agree with the ones obtained in [36].

(2) (space of symplectic forms) Consider the (projectivized) space U
of symplectic forms of dimension 2n. It can be identified with the
symmetric variety U = L\G where G = PGLy,, and L = PSp,,,.
Note that L is the set of fixed points of the involution

olg)=—Jg'J

where J =>"" | Eion—it1—9 iy Entin—it+1. Consider the maximal
torus in Lie(G) given by

n
t = {diag(u1,...,up,vp,...,01) : Z(ul +v;) = 0}.
i=1
Then
o(81y.veySdytdy--yt1) = (=t1, .., —tg, —Sdgy- -, —S1),

and we have the decomposition t = ty + t; where
to={u;=-v;,1<i<n} and t ={u; =v;, 1<i<n}.
The root system ® is given by
®={ay =si—s; Bij =t —lj, =k —ti: 1<i#jk1<n}

and 9 = {yr : 1 <k <n}. If we choose the set of positive roots
as

" = {oj, Bij, vk 1<i<j k1<n},
then (3.1) holds, the set of simple roots is

A = {it1, Biit1:Ynn : 1 <i<n—1},
and

A = {Oéi = Q41 T+ ﬁi,i+1 1<i<n— 1} U {0}

The sum of positive roots is given by

n—1
20 =2 (Z i(2n — i)ay + n2’yn,n> :

i=1
Since {a;} forms a basis of tj and

Z B ’tl = 2P|t1,

BeEPINDT
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it follows that

Y oB=2) i2n—i)a.

—1
Bed Nd+ i=1

Now take an irreducible spherical representation ¢ : G — GL(V)
with its regular highest weight given by

n—1
A= E e
i=1

and vg € V(K) such that L = Stabg([vo]). We then have an embed-
ding

t:U— X :=[vG: ur— [vu
of the space of symplectic forms in its wonderful compactification X.
The parameters a and b are computed as follows

21(2n — 1 1
4= max {MZH} and

C1<i<n—1 n;

2i(2n —i) + 1
b:#{z:l,,n—l a:w—}

Uz
4. EQUIDISTRIBUTIONS OF ADELIC PERIODS

Let G C GLy be a connected semisimple K-group. Let S be a finite
subset of R which contains all archimedean valuations v € R such that
G(K,) is non-compact. This assumption is needed so that the diagonal
embedding of G(Og) into Gg is a discrete subgroup of Gg. Let I' € G(Og)
be a finite index subgroup; hence I' is a lattice in Gg.

Definition 4.1. e S is called isotropic for G if for any connected nor-
mal K-subgroup N of G, Ng = [[,cg N(K,) is non-compact.
e S is called strongly isotropic for G if S contains v such that every
K,-normal subgroup N of G is isotropic over K,, i.e., N(K,) is
non-compact.

Clearly a strongly isotropic subset for G is isotropic for G.

For any connected semisimple K-subgroup L of G, 7 : L — L denotes
the simply connected covering, that is, L is a connected simply connected
semisimple K-group and w is a K-isogeny. Note that 7 induces a map
f,(KU) — L(K,) for each v € R, which is no more surjective in general.

Definition 4.2. G satisfies strong approximation property with respect to S
if the diagonal embedding of G(K) into G(Ag) is dense.

For the property of strong approximation theorems for algebraic groups,
we refer to [59], for instance, see Proposition 7.2 and Theorem 7.12 in [59]
for the following:
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Theorem 4.3. e If S is isotropic for G, then G satisfies the strong
approzimation property with respect to S. 3
e Ifv e S is isotropic for G, then G(Og) is dense in Gg\ (v}

Following Tomanov [67], we define the following:

Definition 4.4. A connected K -subgroup P of G is in class F relative to S if
the radical of P is unipotent and every K-simple factor of P is K,-isotropic
for some v € S.

The following is well-known, see [30, Lemma 5.1], for example.

Lemma 4.5. Let L C G be connected reductive algebraic K -subgroups with
no non-trivial K -character. The following are equivalent:

(1) the centralizer of L is anisotropic over K.
(2) L is not contained in any proper K -parabolic subgroup of G.
(3) any K-subgroup of G containing L is reductive.

Set Xg := I'\Gg, and let P(Xg) denote the space of all Borel proba-
bility measures of Xg. Let {L;} be a sequence of connected semisimple
K-subgroups of G. We denote by v; € P(Xg) the unique invariant prob-
ability measure supported on Y; g := F\Fﬂ'(]:i’s). For a given ¢g; € Gg,
giv; denotes the translated measure: (g;v;)(E) = v;(Eg; ') for Borel subsets
FE C Xg

Theorem 4.6. Let S be strongly isotropic for all L;.

(1) Suppose that the centralizer of each L; is anisotropic over K. Then
{givi} is relatively compact in P(Xg).
(2) If giv; weakly converges to v € P(Xg) as i — oo, then the followings
hold:
(a) There exists a connected K -subgroup M in class F (with respect
to S) such that v is the invariant measure supported on T\I'M g
for some closed subgroup M of Mg with finite index and for
some g € Gg.
(b) There exists a sequence {~; € I'} such that for all sufficiently
large 1,
yiLiy; ' C M.
(c) There exists {h; € m(L;s)} such that v;hig; converges to g as
1 — 00.
(d) If the centralizers of L;’s are K -anisotropic, M is semisimple.

Definition 4.7. For a closed subgroup L of Gg, the Mumford-Tate subgroup
of L, denoted by MT(L), is defined to be the smallest connected K -subgroup
of G such that

I’ c [[MT@)

where L° denotes the identity component of the Zariski closure of L in Gg.
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In this terminology, M in the above theorem 4.6 is the Mumford-Tate
subgroup of M.

Theorem 4.6 will be proved in sections 6 and 7 (see (6.2) and (7.2)). We
will deduce Theorem 1.7 from Theorem 4.6 in the rest of this section.

Lemma 4.8. If Gy is a subgroup of G(A) and G(K )Gy contains [G(A), G(A)],
then G(K)Gy is a normal subgroup of G(A).

Proof. Let v; € G(K) and g; € Go. Using the notation [g, h] = ghg~'h™1,
Ng17292 = NY2072 - g1]9192 € G(K)Go;

(v191) "t =, 97 Mot € G(K)Go;
and for any g € G(A),

9(mgr g = bt gl gl € G(E)[G(A), G(A)]Go = G(K)Go.
This proves the claim. O

Proposition 4.9. Let S be isotropic for G. For any compact open subgroup
Ws of G(Ag), the product Gy := G(K)m(Gg)Ws is a co-abelian (normal)
subgroup of finite index of G(A), which contains w(G(A)).

Proof. Consider the exact sequence 1 — F — G — G — 1. This induces
the exact sequence

G(A) —r G(A) = [[ H' (K0, F)

(see the proof of Proposition 8.2 in [59]). Since [], H'(K,, F) is abelian, it

follows that [G(A), G(A)] C 7(G(A)).
Since G has the strong approximation property with respect to .S,
G(Ag) = G(K)n Y (Ws).
Therefore we have
[G(A), G(A)] C 7(G(A)) = m(G(As))m(Gs)
C G(K)m(Gg)Ws.
Hence the claim follows from the above lemma. O
Corollary 4.10. (1) If S is strongly isotropic for G and Gy is a sub-
group of finite index in Gg and Wg is an open compact subgroup
of G(Ag), then G(K)GoWg is a normal subgroup of finite index of
G(A).
(2) For any compact open subgroup W of G(Ay), the product

Gw = {vaw € G(A) : v € G(K), z € 7(G(A)), w € W}
is a normal subgroup of finite index in G(A) which contains 7(G(A)).
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Proof. Let v € S be strongly isotropic. Then by [8, Coro. 6.7], 7(G(Ky))
coincides with the subgroup G(K,)" generated by all unipotent one param-

eter subgroups of G(K,), and hence G contains m(G(K,)). Choose any
compact open subgroup Wy of Gg_¢,}. Then

G(K)GoWs D G(K)m(G(K,))(WoWs)
which is a normal subgroup of G(A) with finite index and contains [G(A), G(A)]
by the previous corollary. Therefore by Lemma 4.8, the first claim follows.
For the second claim, let S be a strongly isotropic subset of G. Let Wg < W
be a compact open subgroup of G(Ag). Then Gy, is a co-abelian normal
subgroup of G(A) of finite index by Proposition 4.9. Since Gy = Gw W,
the claim follows. (|

For an isotropic set S for G, and a compact open subgroup Wg of G(Ag),
every element g of Gy can be written as

g = (’Yga%})(gSaw)
where 7, € G(K) and gs € 7(Gg) and w € Wg (here we are using the
identification G(A) = Gg x G(Ag)). The choice of gs € G(K) is unique up
to the left multiplication by the elements of the group

[={y€G(K):veWs, yen(Gs)} = (G(K)NWs)Nn(Gs).

Lemma 4.11. Let L be a connected semisimple K -subgroup of G and as-
sume that S is isotropic both for L and G. Let g € Gwy.

(1) The map g — gs induces a w(Gg)-equivariant homeomorphism,
say ®, between G(K)\Gw,/Ws and T'\7(Gg) where T' = G(K) N
TI'(GS) NWs.

(2) The map ® maps G(K)\G(K)7(L(A))gWs/Ws onto T\I (v, '7(Ls)vg)gs.
mducing a measurable isomorphism between them.

(3) If p is the invariant probability measure supported on G(K)\G(K)r(L(A))
(considered as a measure on G(K)\Gwy), then the measure g.u,
considered as a functional on Ce(G(K)\Gw¢)"s, is mapped by ® to
the invariant probability measure supported on F\F(’yglﬂ(f.s)’yg)gs,
which will be denoted by ®.(g.1).

Proof. Tt is easy to check that the map g — (gg,w) induces a 7(Gg)-
equivariant homeomorphism between G (K)\Gyy, and T'\(7(Gg) x Ws). The
first claim then follows. For (2), let h € 7(L(A)). Since S is isotropic for L,
we have 3 ~ B
m(L(A)) € L(K)n(Ls)(gWsg ™ Nw(L(As)))-

Without loss of generality, we may assume that the Wg-component of g
is e, i.e., w = e. We can write h = (6,6)(hg, gw'g™t) where § € L(K),
hs € m(Lg) and w' € WgNg~'w(L(Ag))g. Note that gu'g~" = Ygw'yy ', So
hg = (67g,67¢) (7  hsyggs, w') and hence

®[hg] = T\I'y, 'hsvggs-
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This also explains the measurable isomorphism between
G(K)\G(K)m(L(A))gWs/Ws  and

T\I'(v, 'm(Ls)7g)9s,
and proves the third claim. ]

Proof of Theorem 1.7, assuming Theorem 4.6 Let {L;}, g; and p; be
as in the introduction. Let S be any isotropic subset for G which intersects
with M;J1,, non-trivially and contains all archimedean valuations v such that
G(K,) is non-compact. Fixing some compact open subgroup Wgs of G(Ag),
let ® be the map defined in Lemma 4.11 for this choice of S and Wg. If
the first claim in Theorem 1.7 does not hold, then ®.(g;u;) is not relatively
compact in I'\I'r(Gg), which contradicts Theorem 4.6.

To prove the second claim, let Wg be a compact open subgroup of G(Ag),
and set Xy, = G(K)\Gwy. Letting ® be the map defined in Lemma 4.11
for this choice of S and Wy, we have ®,(g;u;) weakly converges to ®,(u) in
the space of Borel measures of Xg := '\Gg and ' := G(K) N Wg N7(Gs).

Write

9i = (Vg 79:)(9i,8, W)
where vy, € I', g;.5 € W(Gs) and w; € Wg. Then the measure ®,(g;u;) is pre-
cisely same as g; sv; where v; is the invariant probability measure supported
on T\I (v, '7(Li,5)7g,)-

Applying Theorem 4.6 to Gg and the groups 7, ILng and g; g, we obtain
a connected K-group M € F (with respect to S), g € 7(Gg), v € I' and
h; € v, 177(]31)792., which depend on a priori S and Wy, such that

ViYg Livgy; T C M
and ~;h;g;. s — g, and that for some finite index subgroup M of Mg, ®. ()
is the invariant probability measure supported on I'\I'Mg.

We now claim that M can be taken simultaneously for any S as above and
all Wg. We denote (M, g) by i(S, Wgs). Let Wg and Wgs be open compact
subgroups of G(Ag) and G(Ag/) respectively. Without loss of generality,
we may assume that S C 5" and Wg C Wg. Let Wy < Wg be a compact
open subgroup of 7(Gg_g) and set W’ := W/ Wy. Then Gwg = Gwr. We
set T':= G(K)NWsN7(Gg) and I := G(K) N W' Nn(Gg). If & denotes
the bijection of G(K)\Gywy/Ws and I'\7(Gg) and &' similarly for W, then
®, (1) and @, (u) are invariant measures supported on I'\I'M g and T\I'M’¢’
for some g, ¢’ € W(G s). Here M and M’ are finite index subgroups of Mg and
M respectively where M and M’ denote the Mumford-Tate subgroups of
M and M’ respectively. Since both @/ (1) and ®, (i) are the limits of images
of gipui, it is clear that the canonical projection from I"\7(Gg) — I'\7(Gyg)
maps @, (u) to ®,(p). Therefore ¢ = ymg for some v € T" and m € M, and
®, () is invariant under g~' Mg which implies that g='Myg = ¢’ 'M’g’ (see
Lemma 6.7 below). Hence m~'y"'M’ym = M or equivalently v~ !M'y =
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M. Therefore by replacing M’ by v =1 My, ® () is the invariant probability
measure supported on I'\TVM'g" where the Mumford-Tate subgroup of M’
is M. Hence M = M'.

Therefore for a fixed M, we have associated to every S and Wg a finite
index subgroup M of Mg and g € Gg such that i(S, Wg) = (M, g), proving
claim.

Now fix one S which is also strongly isotropic for M, and set i(S, Wg) =
(M,g). Then My := M(K)M(M(Ag) N Wg) is a finite index normal sub-
group of M(A) by Corollary 4.10. Let dm and dw denote the Haar measures
on M and M(Ag) N Wy respectively such that dm and d(m ® w) induce
probability measures on I'\I'M and I'\I'(M x (M(Ag) N Wg)) respectively.

For f € Co(Xwy)"s,

u(f) = B, () (2(f)) = /F oy 27 mg)

/ O(f)(mg) dm dw
D\['(M x(M(As)NWs))

f(mog) dmg

- /G(K)\G(K)Mo
where dmy is the invariant probability measure on G(K)\G(K)Mp. Since
Co(X, W) and Co(Xw,)"s can be canonically identified, this finishes the
proof.

If the sequence g;u; weakly converges to u € P(X), we say that the orbits
Y;9; become equidistributed in X with respect to the measure pu.

Corollary 4.12. Let G be simply connected and {L;} be a sequence of
semisimple simply connected mazimal connected K -subgroups of G and N;J1,; #
(). Then for any sequence g; € G(A), either of the following holds:
(1) the sequence xoL;(A)g; is equidistributed in G(K)\G(A) with respect
to the invariant measure as i — 00,
(2) there existip € N, {§; € G(K)} and g € G(A) such that for infinitely
many 1,

(5;1111'(5@' = Lng and hence xOLi(A)gi = .1‘0L7;0 (A)élgl
and l;0;g; converges to g for some l; € L, (A).

Proof. Since [Ng(L;) : L;] < oo and L; are semisimple, their centralizers are
K-anisotropic. Hence by Theorem 1.7, {g;u;} are weakly compact in the
space of probability measures on G(K)\G(A). Let p be a weak-limit and
let M be as in Theorem 1.7. If M # G, by passing to a subsequence, we
have L;’s are conjugate with each other by elements of G(K). Hence we
may assume L; = 6, 1L,~06i for some ¢; € G(K) and d;h;g; — g for some
h; = 5;1li5i with [; € L;,(A). Hence (2) happens.

Now suppose for every weak-limit y, we have M = G. Fix a finite subset
S C R such that R € S and SN (N;J;) NIg # 0. Since G is simply
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connected, Gy = G(A) for any compact open subgroup Wg of G(Ag), and
the restriction of 1 to C.(G(K)\G(A))"s is the Tamagawa measure, since
My = G(A) for any Wg.

Since UpgCe(X)Ws is dense in C.(X), this implies p is an invariant
measure. Therefore g;u; converges to the invariant measure and yields the
equidistribution (1).

Proof of Corollary 1.8: If we set Gp := G x G and A(G) denotes the
diagonal embedding of G into Gy, it can be easily seen that the above Adelic
mixing is equivalent to the equidistribution of the translates 2o A(G)(A)(e, ¢;)
in the space Go(K)\Go(A) for any g; — oo; for the function f := f1 ® fa,
fi € Co(G(K)\G(A)),

/ f(z,xg;)dy :/ f1(2) fo(zgs)de.
ToA(G)(A) X

Since G is almost K-simple, A(G) is a maximal connected K-subgroup
of Go, we may apply Corollary 1.8. If the second case happens, we have
d; belongs to the normalizer of A(G). Since A(G) has finite index in its
normalizer, by passing to a subsequence, we may assume d; = e. Now
since g; — 00, we cannot have l; € A(G)(A) such that [;g; is convergent.
Therefore (2) of Corollary 1.8 cannot happen, and consequently the claim is
proved. ]

Remark 4.13. In the above and the next corollary, the assumption on
the maximality of L appears more than what we need, which is that L is
maximal as a semisimple K-group and [Ng(L;) : L;] < co. However for L
semisimple, [Ng (L) : L] < oo is same as the centralizer of L being finite,
and any connected K-group containing a semisimple group with a finite
centralizer is automatically semisimple (cf. [28]).

We now prove an analogue of Corollary 4.12 when G and L are not nec-
essarily simply connected.

Corollary 4.14. Let L be a semisimple mazximal connected K-subgroup of
G. Let W be a compact open subgroup of G(Ay), and let g; € Gw be a
sequence going to infinity modulo L(A). Let v be the invariant probability
measure supported on L(K)\(L(A)NGw ) considered as a measure on Xy 1=
G(K)\Gw. Then for any f € Co(Xw )W,

lim fzgi) dv(x) = fdp

i—00 zeXw Xw

where p is the probability Haar measure on Xyy.

Proof. Let S be a strongly isotropic subset for L. Since Gy contains L(K )(7(Gs)N
Ls)(Ws N L(Ag)), by Corollary 4.10, Gw contains m(L(A)). Also, by the
same corollary, for each g; € Gy, L(K)m(L(A))(g;Wg; ' N L(Ay)) is a nor-

mal subgroup of L(A) N Gy with finite index. Hence there exists a finite
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subset Ay, C L(A) N Gy such that
L(A) NGw = Ugea,, LIK)m(L(A))z(9:Wg; ' NL(Ay))

where the union is a disjoint union. Therefore for f € C.(Xy )", the inte-
gral (g;v)(f) is equal to a finite linear combination of integrals of f against
invariant measures on zom(L(A))zg;, © € Ay,

Hence it suffices to show the following: for any z; € Ay, and f €

CC(XW)W7
[ gdwe [
zom(L(A))xig;

where p; is the invariant probability measure supported on zom(L(A))z;g;.

We apply Theorem 1.7 for any weak-limit v of u;. By (1), we have v €
P(Xw). We claim M = G. Suppose not. Since L is maximal, we have
0; € G(K) and h; € w(L(A)), g € Gw such that §;L5; ' = 6;L6; " for all
large 7 and d;h;x;g; — ¢. Since L has a finite index in the normalizer of L,
by passing to a subsequence, there exist 0y € G(K), and 9; € JoL(A) such
that (5515i)hifcigi — 5619. Since 507151-h7; € L(A) and z;9; — oo modulo
L(A), this is a contradiction. Hence by Theorem 1.7, v is an invariant

measure supported on xgMyg where My contains G(K)r(G(A))W. Since

Gw = G(K)n(G(A))W, we conclude that v = u, proving the claim. O

5. COUNTING RATIONAL POINTS OF BOUNDED HEIGHT

The basic strategy is due to Duke, Rudnick, Sarnak [25], and to Eskin-
McMullen [29], which can be summarized as follows. Let L C G be unimod-
ular locally compact groups and Z := L\G. Let ug, pr and p be invariant
measures on GG, L and Z respectively which are compatible with each other,
that is, if for any f € C.(G),

[t~ | . | 1hg)dus )iz,

Definition 5.1. For a fixred compact subgroup W of G, a family {Br C Z}
of compact subsets is called W -well-rounded if BpW = By for all large T
and for every small € > 0, there exists a neighborhood U, of e in G such that
for all sufficiently large T,

(5.2) (1 = eu(BrUW) < w(Br) < (1 + e)u(Nucv.w Bru).

Note that this is a slight variant of the notion of well-roundedness intro-
duced in [29].

Proposition 5.3. Let I' C G be a lattice such that ' N L is a lattice in L.
Let W C G be a compact subgroup. Suppose that for Y = [e]L C I'\G, the
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translates Y g become equidistributed in T\G as g — oo in Z with respect to
C.(T\GW, that is, for any f € C.(I'\G)",

/ F(vg)dps(y) — / f du.
Y NG

Then for any W -well-rounded sequence {By C Z} of compact subsets
whose volume going to infinity, we have

pr(LNT\L)
pa(I\G)
Proof. Without loss of generality, we may assume that ur(LNT\L) =1 =

ua(C\G). Let Ue be as in the definition 5.2. We may assume that U, is
symmetric and U, NT' = {e}. If we define a function on I'\G by

Fp.(9):= Y. xBr(2079)
~EPNL\D

H#z0' N Bp ~ ,U,(BT).

where xp, is the indicator function of Bp, then Fp,(e) = #(z' N Br).
Let 1 be a non-negative W-invariant continuous function on I'\G' with
support in T\I'U. W and with integral one. Set Fj‘f = Fp,uw and F, =
Fq Observe that for any g € U.-W,

Fr(9) < Fp.(e) < Ff (9),

uweU.w Bru-

and hence
(Fr ) < Fople) < (Fff o)
where the inner product is taken place in L?(T'\G). One can easily see that

(it ) = / belyg)dur (y)dulo)

9geBTUW JyeY
By the assumption,
Ye(yg)dy — 1
yey
as g — oo on Z and hence if the volume of By goes to infinity as T — oo,
we have

(Ff s tbe) ~ vol(BrUW).
Similarly, we have
<Fr;, ¢E> ~ VOl(ﬁueerBTu).
Using the W-well-roundedness assumption on By, it is easy deduce that

Fp,(e) ~ u(Br) (see [10] for details).
(|

Let G be a connected semisimple algebraic group defined over K, with a
given K-representation ¢ : G — GLg,1. Let U := 4G C P? for ug € Pd(K),
and fix a height function Hy;) on P4(K) as in the introduction. That is,
Ho1) = [[,eg Ho where H, is a norm on K91 and is a max norm for almost
all v.
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We set
Nr(U) :=#{z € U(K) : Hyy)(z) < T}.

We assume that

(i) L = Stabg (ug) is a semisimple maximal proper connected K-subgroup
of G.

(ii) There are only finitely many G(A)-orbits on U(A).
We note that (ii) is equivalent to saying that for almost all v € R, G(K,)
acts transitively on U(K,) (see Thm. A.1.2). Denote by X C P? the Zariski
closure of U and by L the line bundle which is the pull back of Opa(1). We
assume that there is a global section s of L such that U = {s # 0}. By
Theorem 2.2, s is G-invariant. Let sg,---,sq be the global sections of L
which are the pull-backs of the coordinates x;’s. Using the height function
Hoy = [l,er Ho, we define the adelic height function He = [[,He, :
U(A) — R-g where

Heo(@) =, <sO<:c> sd<x>> |

s(z) T s(w)
Set
Br:={x € U(A) :He(z) < T}.
The assumption (ii) implies that the set U(K) consists of finitely many
G(K)-orbits (Theorem A.1.2). Choose a set uy,...,u; € U(K) of repre-

sentatives of these orbits, and denote by L1,...,L; their stabilizers in G.

Then
l

Nr(U) =) #(Br N u;,G(K)).
i=1
A naive heuristic

#Br N UZG(K) ~ VOI(BT N U,ZG(A))

does not hold in general unless G is simply connected. To correct this
problem, we consider the following finite index subgroup of G(A):

Recall from Lemma 2.7 that the following is a compact open subgroup of
G(Ay):

Wha, =={9 € G(Ay) : He(ug) = He(u) for all u € U(A)}.
Recall from Corollary 4.10 that for any compact open subgroup W of G(Ay),

Gw = {yzw € G(A) : v € G(K), z € n(G(A)), w € W}
is a normal subgroup of G(A) with finite index.
Let u be the Tamagawa measure on U(A), and choose invariant measures
pe and pr, on the adelic spaces G(A) and L;(A) respectively so that ug =

X pr, locally.
The main theorem 1.1 in the introduction follows from the following:
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Theorem 5.4. (1) If the height function Hg is regular, then for any
co-finite subgroup W of W,

B O

(2) Fora=a(L) and b=0b(L) defined as in (2.11),
Nz(U) < T%(log T)*~*

(3) Suppose that G is simply connected, or that G(A) = GWHL‘ Then
for some ¢ > 0,

Np(U) ~¢-T(logT)* 1.

Proof. Fixing 1 < ¢ < [, we apply the above proposition to G = Gy,
L=L,(A)NGw and Y = G(K)\G(K)L C G(K)\G.

By Corollary 4.14, the translates Y g become equidistributed in G(K)\Gw
with respect to C.(G(K)\Gw )"

And by Theorem 2.21, the family { By Nu;Gw } is W-well-rounded. Hence
(1) follow from Proposition 5.3. (2) follows from (1) using Corollary 2.21.
For (3), first note that Gy = G(A) for G simply connected. Theorem
2.16 implies By Nu;G(A) is W-well-rounded, and hence (1) holds under the
hypothesis of (3), without assuming that Hg is regular. It remains to apply
the asymptotic given Theorem 2.16 once more. g

Proof of Corollary 1.5 Since X is smooth, L* is G-linearized for some k
(cf. [41]). Therefore, by replacing L by L* if necessary, we are in the setup
of Theorem 5.4. Since ay, = a(L) and by, = b(L) (see the proof of Corollary
3.3), the claim follows from Theorem 5.4.

Proof of Corollary 1.9: Let || - ||, be denote the max norm on Qév for each
p. Fix any compact subset 2 C v9G(R) with boundary of measure zero and
vol(Q2) > 0. If m =[], jme P (of course, my = 0 for almost all p), set

By, :={(zp) € v0G(A) : 2o € Q, ||y, = p™* for each p}.

That is, for By, := vG(As) N[, U(m™'Z,) By, := Q x By,. Since By, is
invariant under the subgroup [[, G(Zp), the family {By,} is clearly well-
rounded. Moreover since G is simply connected, Gw, = G(A) for any
strongly isotropic S for G.

By the computation in [10],

p(Bi) = poo(2 Hﬂp ﬂUOG(@p)) o0

if m — oo, subject to B, # (Z).
Therefore by Proposition 5.3, we have, as m — oo, subject to B, # 0,

#v0G(Q) N By, ~ p(Bm)
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Observe that if x € U(Q) N By, then x € U(m~!Z) N Q, and hence
#00G(Q) N By, < #U(m™'Z) N Q.

Consequently, for all sufficiently large m, By, # () implies U(m~'Z) # (.
In the case when L is simply connected, there is exactly one G(Q)-orbit
in each G(R)-orbit and hence for 2 C voG(R)

#19G(Q) N By, = #U(Q) N B, = #U(m 'Z) N Q.

Hence the above argument shows (2).

6. LIMITS OF INVARIANT MEASURES FOR UNIPOTENT FLOWS

6.1. Statements of Main Theorem. Let K be a number field, and G be
a connected K-group with no non-trivial K-character. Let S be a finite set
of (normalized) valuations of K including all the archimedean v € R such
that G(K,) is non-compact. For each valuation v € S, we denote by |- |,
the normalized absolute value on the completion field K,, and by 6, the
normalized Haar measure on K,,.

Let G be a finite index subgroup of

Gs =[] G(K.),

vES

and I' be an S-arithmetic subgroup of G, that is, I' C G(K) is commensu-
rable with G(Og), where Og denotes the ring of S-integers in K. Then T is
a lattice in G by a theorem of Borel [6].

Recall the definition of class F-subgroups of G from 4.4. Equivalently, a
connected K-subgroup P of G is in class JF relative to S if for each proper
normal K-subgroup Q of P there exists v € S such that (P/Q)(K,) contains
a non-trivial unipotent element.

Note that for every subgroup L of finite index in Pg with P € &, the orbit
I'\I'L is closed and supports a finite L-invariant measure.

For a closed subgroup L of Gg, we denote by L, the closed subgroup of
L generated by all unipotent one-parameter subgroups of L. We note that
since G has a finite index in Gg, every one-parameter unipotent subgroup
of Gg is contained in G.

Definition 6.1. We say that a closed subgroup L of G is in class H if there
exists a connected K-subgroup P in class F relative to S such that L has
a finite index in Pg and L, acts ergodically on T\I'L with respect to the
L-invariant probability measure.

Set X = I'\G. We denote by P(X) the space of probability measures on
X equipped with the weak* topology. For p € P(X) and d € G, the translate
dp is defined by du(E) = p(Ed~!) for any Borel subset E of X. We also
define the invariance subgroup for p € P(X) by

Ap) ={d € G :dp=pj.
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For a unipotent one parameter subgroup u : K, — G(K,), x € X and
€ P(X), the trajectory zU is said to be uniformly distributed relative to
w if for every f € C.(X),

(wu(t)) do(t) = [ 1(o) duo)
T—o0 Ou(I1) Jiciy X
where It = {t € K, : |t|, <T}.

We present a generalization of the theorem of Mozes and Shah in [52] in
the S-arithmetic setting, which is the main result of this section:

Theorem 6.2. Letv € S and {U;} be a sequence of one-parameter unipotent
subgroups of G(K,). Let {p; : i € N} be a sequence of U;-invariant ergodic
measures in P(X). Suppose that p; — p in P(X) and let x = T'\I'g €
supp(p). Then the following holds:

(1) There exists a closed subgroup L € H such that p is an invariant
measure supported on I'\I'Lg. In particular

supp(p) = zA(p).

(2) Let zj — e be a sequence in G such that xz; € supp(u;) and the
trajectory {xz;U;} is uniformly distributed with respect to ;. Then
there exists ig such that for all i > g,

supp(u;) C supp(p)zi  and  A(u;) C 2 PA(u) 2.

(3) Denote by H the closed subgroup generated by the set {zU;z;~' i >
io}. Then H C g~'Lg and u is H-ergodic.

We state some corollaries of the above theorem 6.2, as in [52]. Let Q(X)
denote the set P(X) of probability measures g on X such that the group
generated by all unipotent one-parameter subgroups of G contained in A(u)
acts ergodically on X with respect to u. The following is an immediate
consequence of the above theorem:

Corollary 6.3. (1) Q(X) is a closed subset of P(X).
(2) Forz e X, Q(z) :={pn € Q(X) : x € supp(n)} is a closed subset of
P(X).

Let X U{oo} denote the one-point compactification of X. As well known,
P(X U {oo}) is compact with respect to the weak*-topology.

Combined with a theorem proved by Kleinbock and Tomanov (see Theo-
rem 7.4), we can also deduce:

Corollary 6.4. (1) Let {ui} € Q(X) be a sequence of measures converg-
ing weakly to a measure p € P(X U{oo}). Then either € Q(X) or
p({oo}) = 1.

(2) Forz € X, Q(x) is compact with respect to the weak*-topology.
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6.2. Deduction of Theorem 4.6 (2) from Theorem 6.2. We will now
deduce Theorem 4.6 (2) from Theorem 6.2.

Lemma 6.5. Let L be a connected semisimple K-subgroup of G. If S is
strongly isotropic for L, then there exists a one-parameter unipotent subgroup
U = {u(t)} of Lg which acts ergodically on T'\I'r(Lg).

Proof. Let v € S be strongly isotropic for L. Denote by L(K,)T the sub-
group generated by all unipotent one-parameter subgroups in L(K,). Then
by [8],

m(L(K,)) = L(K,)".

First, we show that L(K,)" acts ergodically on I'\I'Lg. Since L satisfies
the strong approximation property with respect to {v} and 7=%(T") N Lg is
an S-arithmetic subgroup of Lg, it follows that the diagonal embedding of
7~1(I') N Lg is dense in [Toes\o) L(K,) by Theorem 4.3. This implies that
(T Nw(Lg))L(K,)* is dense in 7(Lg).

Since L(K,) is a normal subgroup of Lg, this implies that 7= *(I') N Lg
acts ergodically on L(K,)\Lg. By the duality, this implies that L(kX,) acts
ergodically on 7—'(T') N Lg\Lg, and hence on I'\T'Lg.

Since every K,-simple factor of L is K,-isotropic, there exists a unipo-
tent one-parameter subgroup U of L(K,) such that L(K,) is the smallest
normal subgroup containing U. Now by the S-algebraic version of Mautner
phenomenon (Proposition 6.21), any U-invariant function in L?(I'\I'Lg) is
f;(Kv)—invariant, and consequently a constant function. Hence the ergodicity
of the U-action I'\I'Lg follows. O

Proof of Theorem 4.6 (2): Fix v € S which is strongly isotropic for all
L;. It follows from Lemma 6.5 that measures v; is ergodic with respect to
one-parameter unipotent subgroups U] := g, W;gi, where U; = {u;(t)} C
L;(K,)" is as in Lemma 6.5. Hence, we may apply Theorem 6.2(1) to
conclude that v is an invariant measure supported on I'\I'M g for some closed
subgroup M € H and g € Gg. In particular, M is a finite index subgroup
in Mg where M is the Mumford-Tate subgroup of M which is in class F
(see Def. 4.7). By a pointwise ergodicity theorem, there exists a sequence
2 = g 'v;hig; — e for some v; € T and h; € fJ,(Kv) and the trajectory
IN\Tgz;U] is uniformly distributed with respect to g;v;. By Theorem 6.2(2),
we have

9 'Ligi C 2, (g~ Mg)z
for all large . This implies that
Lyt €M

as well as that ~;h;g; converges to g as i tends to infinity. Now for (d),
suppose that the centralizers of L; are K-anisotropic. Since M is reductive
by Lemma 4.5 and it belongs to class F with respect to .S, M is semisimple.
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6.3. Measures invariant under unipotent flows. The crucial ingredient
in our proof of Theorem 6.2 is a fundamental theorem of Ratner [60] on the
classification of the measures in P(X) which are ergodic with respect to
unipotent subgroups of G. In the S-arithmetic case, also see [49].

We will use the following more precise description due to Tomanov:

Theorem 6.6. [67, Theorem 2] Let W be a subgroup of G generated by
unipotent one-parameter subgroups.

(1) For any W -invariant ergodic probability measure jn on X, there exist
a subgroup L € H and g € G such that W C g~ 'Lg and p is the
invariant measure supported on I'\I'Lg.

(2) For every g € G, there exists a closed subgroup L € H such that
W C g 'Lg and

MN\I'gW =T\TI'Lg.

Although it is assumed in [67] that S contains all archimedean valuations
of K and G = Gg, these assumptions are not used in the proof.

Lemma 6.7. For P,QQ € H, we have MT(P) C MT(Q) if and only if
I\[P c I\I'Q.

Proof. Suppose that MT(P) € MT(Q). Then P N Q has finite index in P
and hence P, C @Q,. Since P, is normal in P and it acts ergodically on
I'\I'P, it follows that I'\['P, = I'\I'P. Hence,

I\I'P c T\I'Q.
Conversely, suppose that I'\I'P C I'\I'Q. Since P and @ have finite
indices in MT(P)g and MT(Q)s respectively, it follows that the Lie algebra
of MT(P)g is contained in the Lie algebra of MT(Q)s. Hence, MT(Q)g

contains an open subgroup of MT(P)g. Since such groups are Zariski dense
in MT(P), we deduce that MT(P) < MT(Q). O

Let W be a closed subgroup of G generated by one parameter unipotent
subgroups in it. For each L € H, define

N(L,W)={geG:W C g 'Lg},
8(L, W) = Upreaemrmycmr(nyN(M, W),

where 7 : G — I'\G denotes the canonical projection.

Note that for L € H, L has finite index in MT(L)g and hence L con-
tains the closed subgroup of MT(L)g generated by all unipotent elements of
MT(L)s. Hence

NIL,W)={geG:W cCg ! MT(L)s-g}.
Note also that for any P,Q € H with MT(P) = MT(Q),
NP,W)=N@Q,W); 8P, W)=8(Q,W) andhence Tp(W)=To(W).
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Lemma 6.8. For any g € N(L, W)\S8(L, W), the closure of T\T'gW is equal
to T\I'Lg.

Proof. By Theorem 6.6, there exists M € JH such that W C g~ !Mg and
MN\I'gW =T\I'Mg. Since I'\I'¢gW C I'\I'Lg and I'\I'Lg is closed, we have

I\I'M c T\I'L.

Hence, by Lemma 6.7, MT(M) C MT(L) . Since g ¢ 8(L,W), MT(L) =
MT(M) and hence by Lemma 6.7,

I\I'L =T\T'M.

This proves the lemma. (|

Note that Lemma 6.8 implies that
(6.9) TLW) = 7(N(L, W) — n(S(L, W),

Lemma 6.10. For P,Q € H, the following are equivalent:
(i) Tp(W) N T(W) # 0;
(ii) MT(P) = yMT(Q)y~! for some v € T;
(iii) Tp (W) = To(W).

Proof. Suppose g € N(P,W) — §(P,W) and vg € N(Q,W) — 8§(Q,W) for
some vy € I'. Then by Lemma 6.8, the closure of I'\I'¢IV is equal to

IPg=TQyg=T7""'Qyy.
Hence by Lemma 6.7,
MT(P) = MT(Qy™") = yMT(Q)y .

This shows (i) implies (ii). If (ii) holds, then N(P,W) = AN(Q, W) and
S(P,W) =~8(Q,W). Hence, (iii) follows. The claim that (iii) implies (i) is
obvious. 0

Let F* be the I'-conjugacy class of Mumford-Tate subgroups of L € H.
For each [L] € F*, choose one subgroup L € H with MT(L) = L. We collect
them to a set H*. Note that H* is countable and the sets Ty (W), H € H*,
are disjoint from each other.

Theorem 6.11. Let p € P(X) be a W-invariant measure. For every L € H,
let pg, denote the restriction of p to Tr,(W). Then
(1) 4= rege HL-
(2) Each pyr, is W-invariant. For any W-ergodic component v € P(X)
of ur, there exists g € N(L,W) such that v is the unique g~ 'Lg-
invariant measure on I'\I'Lg.

Proof. We first disintegrate p into W-ergodic components. By Theorem 6.6,
each of them is of the form vg where L € K, g € N(L, W) —8(L, W), and v
is the normalized L-invariant measure on I'\I'L. Now the claim follows from
Lemma 6.8, (6.9), and Lemma 6.10. O
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6.4. Linearization. Let L € . Let g denote the Lie algebra of G and [
the Lie subalgebra of MT(L). For d = dim([), we consider the K-rational
representation

ANAd: G — GL(Vy) where Vi :=Adg.
We set Vi, = [[,cq VL(Ky) and fix p, € (AY)(K), pr, # 0.
Consider the orbit map nr, : G — Vi, given by
nL((gv)ves) = (PLYv)ves-
Let
Ip:={yel:y 'MT(L)y = MT(L)},
Iy = {y el nuly) =p} = {y €T : det(Ad()]1) = 1}.

By Lemma 6.7, we have I'\I'L = I'\I'L~y for v € I';,. This implies that
v € I'p, preserves the volume and

(6.12) [T 1det(ad(m)[)], = 1.

veS

Hence, n1,(T'z,) € OF - pr, where O denotes the group of units in Og.

Following Tomanov [67, 4.6], we define the notion of S(vg)-small subsets
of V. We fix § > 0 such that for any w € S, any a € OF satisfying
max,eg\ (w} |1 — @ly < 4 is a root of unity in K.

Definition 6.13. Let vg € S. A subset C = [[,cqCv C Vi is S(vg)-small
if for any v € S\{vo} and a € K\, aC, N Cy, # 0 implies that |1 — al, < 6.

Then for a € OF and S(vg)-small subset C' of V7,
aCNC#0 = «a€pg

where pg is the set of roots of unity in K.
We set

‘_/L = VL/{Oé € UK T apy € UL(FL)}

Now 71, denotes the composition map of iy, with the quotient map Vi, —
VL.

Since I' is an S-arithmetic subgroup of G and py, is rational, it is clear
that 77,(T) is a discrete subset in V7, and the map

(6.14) TY\G —T\G x V. : T9g + (Tg,71(9))

is proper (see [67, 4.7]). -
Denote by Ay, the Zariski closure of 7,(N(L,W)) in V. Then (see [67,
4.5])

(6.15) Mz (Ar) = N(L, W),
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Proposition 6.16. Let D be a compact S(vy)-small subset of Ay for some
vg € S. Define

8(D) ={g € n;*(D):vg€n; (D) for somey €T —Tp}.
Then
(1) 8(D) C 8(L,W);
(2) m(8(D)) is closed in X;
(3) for any compact subset B C X \ w(8(D)), there exists a neighbor-

hood ® of D in Vi, such that for each y € w(i; (®)) N B, the set
nL(m~(y)) N ® consists of a single element.

Proof. Suppose that g € §(D). Then vg € ﬁ;l(D) for some v € I' —T';. By
(6.15), both g and g belong to N(L, W). Then

M\I'gW c I'\I'L~g.
Suppose g ¢ S(L,W). Then by Lemma 6.8,
T\T[gW = I'\I'Lg.
Hence by Lemma 6.7,
MT(L) C vy~ *MT(L)y.
Therefore, v € ', which gives a contradiction. This shows (1).

If (3) fails, then there exist g; € 7 }(B) and v; € ' with 7.(g;) #
15 (vigi) and 7r(gi), 7L(7vig;) converge to elements of D. Since the map
(6.14) is proper, by passing to a subsequence, there exist d;,8; € 'Y such
that d,9; — g and 6/v;g; — ¢ for some g,¢’ € G. Hence by passing to a

subsequence, 6y;0; ' = ¢'g~! for all large i. Hence & := ¢'g~! € T. Then
1L(T%9), 7L (T%60g) € D. Since I'%g ¢ 8(D), & € I'r,. Hence

nL(g) € DNaD

for some o € 0. Since D is S(vg)-small, it follows from (6.12) that o € pug
and hence 77,(y;) = 7,(9;). This gives a contradiction.
Claim (2) can be proved similarly.
O

By an interval [ in K,,, we mean a subset of the form {z € K, : |z —xq|, <
T} for some zp € K, and T > 0. We call xy the center of I.

We will need the following property of polynomial maps in the proof of
our main proposition 6.19.

Proposition 6.17. [67, 4.2] Let A, be a Zariski closed subset of K", C,, C
A, a compact subset, and € > 0. Then there exists a compact neighborhood
D, Cc A, of Cy such that for any neighborhood ®, of D, in K" there exists
a neighborhood V,, C ®,, such that for any one parameter unipotent subgroup
u(t) of G(Ky), any bounded interval I in K, and any w € K" such that
wu(ty) ¢ @, for some ty € 1,

O,({t €1 :wu(t) e U,}) <e-0,({t €1:wu(t) € D,}).
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We will also use the following simple lemma from [67] to relate the behav-
ior of unipotent one parameter subgroups over C with those over R.

Lemma 6.18. Let K, =C, I = {t € C: |[t| < 1}, € > 0 and A measurable
subset of I such that for any x € I.

edp{a e R:axel} >0{acR:axeclnA}.
Then 0,(A) < er where Oy is the Lebesque measure on R.
The following proposition is a main tool in the proof of Theorem 6.2.

Proposition 6.19. Fiz vy € S. Let C C Ay, be a compact subset and € > 0
be given. Then there exists a closed subset R of X contained in 7(S(L, W))
such that for any compact subset B C X \ R, there exists a neighborhood
U of C in Vi, such that for any one parameter unipotent subgroup u(t) of
G(Ky,) and any x € B, at least one of the following holds:

(1) There exists w € (71 (z)) N ¥ such that
{ut)} c{g€G:wg=w}
(2) For any sufficiently large bounded interval I C K, centered at zero,
Ouy({t € I : zu(t) € BNw(i; (¥))}) < €0y (1).

Proof. Since C' can be covered by finitely many compact S(vg)-small sets,
it suffices to prove the proposition for a S(vp)-small subset C' = [],cqCy
with C, compact. For C,, and € > 0, let D,, be as in Proposition 6.19 and
D, = C, for v € S\{vg}. Then the set D := [] ¢ D, is also S(vg)-small.
For S(D) defined in Proposition 6.16, set R = w(S(D)). For a given B,
let ® be a neighborhood of D as in Proposition 6.16. Passing to a smaller
neighborhood, we may assume that ® is of the form [, . ¢ ®,. Let ¥,,, C @,
be a neighborhood of C,, so that the statement of Proposition 6.17 holds.
We set ¥ := [], ¥, where ¥, = &, for v # .

Let Q:= BNa(n, (V) and J = {t € K,, : zu(t) € Q}.

Assume that vg is non-archimedean. For each ¢ € J, there exists a unique
wy € np(m~1(x)) such that wyu(t) € ®. By uniqueness, wyu(t) € U. Note
that the map ¢ — w; is a locally constant. For each ¢t € J, let I(t) be
the maximal interval containing ¢ such that w,u(I(t)) C ®. By the nonar-
chimedean property of K,,, the intervals I(¢) are either disjoint or equal.
Since s — wyu(s), s € I(t), is a polynomial map, it is either constant or
unbounded. Hence if some I(t) is unbounded for t € J, wyu(K,,) = w; and
hence the first case happens. Now suppose that I(t) is bounded for any ¢t € J.
Let J(t) be the minimal interval containing I(t) such that wyu(J(t))N®C # (.
Note that 6,,(J(t)) < qo - 0y, (I(t)) where qp is the cardinality of the residue
field of K,,. By Proposition 6.17,

O, ({s € I() : weu(s) € U}) < O,,({s € J(t) : wpu(s) € ¥})
< GQUO(J(t)) <€ qo- GUO(I(t))'
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Now for any interval I centered at zero, we have

{sel:au(s)cQ}=JI(t)NT.
teJ
If I is sufficiently large, it follows from the nonarchimedean property of vg
that either TN I(t) =0 or I(t) C I. Hence

Ou,({s € I : zu(s) € Q}) = Zevo{sel zu(s) € Q})

SE'QO' Za’uo t SG‘QO'QUO(I)-

This proves the claim for vy non-archimedean. The case when K,, = R is
proved in [52]. Consider the case of K,, = C. By the restriction of scalars,
we may consider G(K,,) as a real Lie group and hence the statement holds
for any restriction u, of u: C — G(K,,) to a one dimensional real subspace
r of C. Suppose (1) holds for some real subspace r, i.e., u,(R) stabilizes a
vector w = pr(vg) with 7(g) = x. Then

gu(r)g™ v {y € N(L) : Ad(y)|i =1}y
Since the right hand side of the above is a K-subgroup, it follows that
gu(K,,)g~! is also contained in the same group and hence u satisfies (1).
Therefore if (1) fails for u, then (2) holds for w, for any one dimensional real

subspace  C C and for any interval of r. By (6.18), this implies (2).
O

6.5. Proof of Theorem 6.2. Set W := A(u),, and U; = {u;(t) : t € K, }.
Then dim(W) > 1 by [MS, Lemma 2.2] whose proof works in the same way
for K,. By Theorem 6.11, there exists L € H such that

p(m(S(L,W)) =0 and p(r(N(L,W)) > 0.

Therefore we can find a compact set C; C N(L,W)\8(L,W) such that
wu(m(C1)) > 0. Note that by (6.9), 7(C1) N7(8(L,W)) =0. Let z;, e € G
be a sequence such that xz; € supp(u;) and the trajectory {zz;u;(t) : t € K,}
is uniformly distributed with respect to p; as T' — oo when the averages are
taken over the sets I = {s € K, : |s|, < T}.

By the pointwise ergodic theorem, such a sequence {z;} always exists.

Pick y € supp(p) N w(C1). Then there exists a sequence y; € xz;U; which
converges to y. Let h; — e be a sequence satisfying y; = yh, for each i. Set

ph= b and  wi(t) = hau(t)h; .

Then p; — p as ¢ — oo, y € supp(p;) and {yu)(t)} is uniformly distributed
with respect to (.

Let R and ¥ be as Proposition 6.19 with respect to C' := 7,(C7) and
€ := u(m(C1))/2. We can choose a compact neighborhood B of 7(C}) such
that BN R = (). Put

Q= 7(7;'(¥)) N B.
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Since 7(C1) C €, we have p(€) > € for all sufficiently large i. Hence for
sufficiently large T" and i,

Ovo ({5 € It : yul(t) € Q}) > € 0y, (IT)

By Proposition 6.19, there exists go € 7 (y) so that w = pr,(go) € 7z (7~ L(y))N
U and wu(t) = w for all t € K,,. Consider the K-subgroup M := Stabg (wgy *).
We observe that

(6.20) go{ui(t)}go! € Mg and supp(u})gy' C T\I'Msg.
We use induction on dim(G) to show that
(a) supp(u) =yA(p) and  (b) Ap) C Aw)

for all sufficiently large i.

If dim(M) < dim(G), since (6.20) and g5 'u, — gy 'p, we can apply
inductive hypothesis to the space I'\I'Mg and the measure g, L. This
yields (a) and (b).

If dim(M) = dim(G), then MT(L) is a normal subgroup of G.

Since N(L, W) = G and u(7(8(L,W))) = 0, we have yt = ur,. By Theorem
6.11, every W-ergodic component of p is g~ Lg-invariant for some g € G.
Since MT(L) is a normal subgroup of G, g~ !Lg is a subgroup of MT(L)g
and [MT(L)s : L] = [MT(L)s : g~ *Lg]. Since MT(L)s has only finitely
many closed subgroups of bounded index, we obtain a finite index subgroup
Lo of MT(L)g such that Lg is normal in G and every W-ergodic component
of p, and hence p itself, is Lo-invariant.

Denoting by p : G — Lo\G the quotient homomorphism, we set X =
p(T)\(Lo\G) and obtain the push-forward map p, : P(X) — P(X) of mea-
sures.

Since dim(MT(L)) > dimW > 1, we may apply the induction to the
measures py(u;) and p.(p) and obtain

supp(p« (1)) = YA (P« (1))
and for all large 1,

A(pi(p))  A(pa(p1))-

Since p is Lo-invariant, applying [22] in the same way as in [52], this
implies
P~ AP (1))) = Alw).
It is easy to deduce (a) and (b) now.
We finally claim that (a) and (b) imply (1)—(3). Since y} are {u}(t)}-
ergodic measures and y € supp(y’), by Theorem 6.6, ) is a A(u})-invariant
measure supported on yA(u}). Hence, by (b),

supp(pi) = supp(p;)hi = yA(pi)hy C yA(p)hi = xA(p)hs.
Since
xz; € supp(p;) C zA(p)hi,
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and z;, h; — e, it follows that zihZI € A(p). Therefore,

supp(pi) C wA(pu)hi = xA(p)z;  and  A(ps) = by '"A(pi)h; C 27 A(p) 2.
This proves (2).

There exists ig such that for all i > i, inZ-zi_l C A(u). Let H be the
subgroup of G (in fact of G(K,)) generated by all z,U;z; ', i > io. By (2),
H C A(p) and hence by (a)

xH C xA(p) = supp(p).
On the other hand, by Theorem 6.6,
xH =T\I'Lg

for some L € 3 such that H C g~ 'Lg. Since p; — pu, it follows that
I\I'Lg = supp(u).

Since I'\I'Lg = xA(u), p is the unique invariant probability measure sup-
ported on I'\I'Lg, as required in (1). Since L € H and H C g~ 'L,g, by the
following proposition 6.21, u is ergodic with respect to H. This finishes the
proof.

Proposition 6.21. Let L be a closed subgroup of finite index in Pg for
some P € F, and let H be a closed subgroup of L generated by unipotent
one-parameter groups such that T\I'H = T'\I'L. Then the translation action
of H on I'\I'L is ergodic.

Proof. By an S-algebraic version of the Mautner lemma (see below Prop.
6.22) there exists a closed normal subgroup M C Pg containing H such that
the triple (H, M,Pg) has the Mautner property, that is, for any continuous
unitary representation of Pg, any H-invariant vector is also M-invariant.
Since M N L is normal in L and I'\I'(M N L) = '\I'L, it follows that M N L
acts ergodically on I'\I'L. Applying the Mautner property to the unitary
representation IndESLQ(F\FL), we deduce that H acts ergodically on I'\T'L.

O

We recall an S-arithmetic version of the Mautner lemmas

Proposition 6.22. [50, Corollary 2.8] Let L C Gg be a closed subgroup gen-
erated by unipotent one-parameter subgroups in it. Then there exists a closed
normal subgroup M C Gg containing L such that the triple (L, M, Gg) has
the Mautner property, that is, for any continuous unitary representation of
Gg, any L-invariant vector is also M -invariant.

7. NON-DIVERGENCE OF UNIPOTENT FLOWS

7.1. Statement of Main theorem. Let G be a connected semisimple al-
gebraic K-group, S a finite set of normalized absolute values of K including
all the archimedean v such that G(K,) is non-compact and I' C G an S-
arithmetic lattice. Here we also assume that G is K-isotropic, equivalently,
that I" is a non-uniform lattice (otherwise, the main theorem of this section



RATIONAL POINTS 45

holds trivially). Note this also implies that G(K,) is non-compact for every
valuation v of R. We generalize the main theorem of Dani-Margulis in [23]
to an S-algebraic setting. Some of our arguments follow closely those in [30].

Let A be a maximal K-split torus of G and choose a system {a1,...,a,}
of simple K-roots for (G, A). For each i, let P; be the standard maximal
parabolic subgroup corresponding to {a1,...,a,} — {a;}.

The subgroup P := Nj<;<,P; is a minimal K-parabolic subgroup of G,
and there exists a finite subset F' C G(K) such that

G(K)=TFP(K).
For T > 1, we set
Jr={re K, |z|, <T}.

Theorem 7.1. Let € > 0. Then there exists a compact subset C C I'\Gg
such that for any unipotent one parameter subgroup U = {u(t)} C G(K,),
and g € Gg, either one of the following holds:

(1) for all large T > 0,
0,{t € Jpr : T\I'gu € C} > (1 —€) 0,(J7);
(2) there exist i and X\ € T'F such that
gUg™ !t c AP AL

7.2. Deduction of Theorem 4.6 (1) from Theorem 7.1: Suppose not.
Let C be a compact subset as in Theorem 7.1. Then there exists ¢ > 0 such
that

givi(C) <1 —¢ for all large i,

by passing to a subsequence. Fix v € S that is strongly isotropic for all L;.
Let U; = {u;(t)} C L;i(K,)" be as in Lemma 6.5 and let R; denote a subset

of full measure in 7(L; 5) such that for every h € R;, the orbit I'\I'AU; is
uniformly distributed on I‘\qu,s. Hence for each 7, there exists T; such that
Qv{t e Jp: F\Fhui(t)gi S C} < (1 — E/Q)Qv(JT)

for all T > T;.

Applying U = g; Wig; and g = hg; to Theorem 7.1, there exist j; and
A\; € I'F such that

AU C AP AT

for all h € R;, where P;; is a proper parabolic K-subgroup of G.

Since the set {h € W(ii,s) s hUh~ ! C )\Z-Pji)\i_l} is an analytic manifold
which contains a subset of full measure in 7T(I~J,'75), it follows that this set is

m(L;,s) itself. Since U; is not contained in any proper normal subgroup of
L;(K,)", we have
L; C )\ini)\i_l‘

This is a contradiction to the assumption by Lemma 4.5.
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7.3. For each i, let U; denote the unipotent radical of P;. Denote by u; the
Lie algebra of U; and by g the Lie algebra of G. For each v € S, we fix a
norm ||-||, on the K,-vector space A4™ ¥ g(F,) and choose a non-zero vector
w; of AMMUiy(K) with ||w;]|, = 1 for all v € S. Define A; : Gg — R* by

Ail(g0) = T lwigolo-

vES

Fix v € S. Let Py denote the family of all polynomial maps K, — G(K,)
(resp. R — G(C)) of degree at most d if K, # C (resp. K, = C).
For T > 1 we set if K, # C

It :={zx e K, : |z|, < T},

and if K, = C,
Ip:={zeR:|z| <T}
where |-| is the usual absolute value of a real number. We keep this definition

of Ip for the rest of this section. We will deduce Theorem 7.1 from the
following:

Theorem 7.2. Fiz a,e > 0 and v € S. Then there exists a compact subset
C c I'\Gg such that for any u € Pg and any T > 0, either one of the
following holds:

(1) Oy({s € Ir : T'\T'u(s) € C}) > (1 — €)0,(I1)

(2) there existi € {1,...,7} and A € T'F such that

Ai(MNtu(s)) < forall s € I,

Deduction of Theorem 7.1 from Theorem 7.2 First consider the case
of K, # C. There is d > 0 such that for any ¢ € Gg and for any u one
parameter unipotent subgroup of G(K,), the maps ¢t — gu(t) belongs to
P4. Hence if the first case of Theorem 7.1 fails, then there exists 1 <7 < r,
Ty — o0, 0 < ay, <1, agy, — 0, Ay, € I'F such that

AN Lgu(s)) < an,

for all s € I,,.

Since this implies A;(\;,'g) < 1 and for a given # > 0, the number of the
elements A € T'F, modulo the stabilizer of w;, such that A;(A\71g) < 0 is
finite, we can assume, by passing to a subsequence, that there exists A € ['F’
such that for each m,

Ai(MLgu(s)) < am,

for all s € Ir,,.

Since any orbit of a unipotent one parameter subgroup is unbounded
except for a fixed point, it follows that A~gu(s)g~\ fixes w; for all s € K.
Therefore

AN lgUg™ A c P;.
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Now consider the case when K, = C, Suppose (1) fails for some g € Gg
and for some unipotent one parameter subgroup u : C — G(C). By (6.18),
we have a one dimensional real subspace r = Rz C C, z € C, such that

{s € [-Tm,Tm] : I'\I'gu(sz) € C} <2(1 —€)T),

for some T}, — oco. By Theorem 7.2, for any « > 0, there are ¢ and A € I'F’
such that for all s € It

Ai()flur(s)) <«

where u,(s) = u(sx).
By the same argument as in the above case, we deduce that for some
1<i<rand A €T'F, we have

gu(r)g™t C AP
Since P; is an algebraic K-subgroup, it follows that
gUg™t c AP AL

This finishes the proof.
In order to prove Theorem 7.2, we use the following;:

Theorem 7.3. Let o > 0 be given. There exists a compact subset C C T'\Gg
such that for any u € Py and T > 0, one of the following holds:

(1) there existi € {1,...,7} and A € T'F such that
Ai(Mu(s)) <o forall s € I,
(2) T\Tu(Ir)NC # 0.

Theorem 7.3 implies Theorem 7.2 in view of the following theorem, proved
by Kleinbock and Tomanov [39, Theorem 9.1]:

Theorem 7.4. For a given compact subset C C T'\Gg and € > 0 there exists
a compact subset C' C I'\Gg such that for any u € Py, any y € T\Gg and
T > 0 such that yu(I7) N C # 0,

0y({s € It : yu(s) € C'}) > (1 — €)b,(I7).

The rest of this section is devoted to a proof of Theorem 7.3. We start
by constructing certain compact subsets in X which will serve as C' in the
theorem 7.3.

We denote by S the set of all archimedean absolute values and Sy :=
S — S. For a K-subgroup M of G, and Sy C S, we use the notation
Ms, = [[,e5, M(Ky), Mo = Mg, and M, = M(K,). For simplicity, we
write M for Mg in this section.

We often write an element of g € M as (goo,gf) Where goo € My, and
gr € Mg e
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7.4. Description of compact subsets in X. For each ¢ = 1,...,r, we
set

Qi={zeP;:azx)=1}
and
A ={rcA:qix)=1 Vj#i}.
For a subset I C {1,...,7}, we define
P;:=Mic/Pi, Qri=NierQi, Ar:=]] A
el
Let U; be the unipotent radical of P; and Hj the centralizer of A in Q.
We have Langlands decomposition:
P;=A;Q;=A/H/U;.
There is m; € N such that for z € P;,
det(Ad )|y, = o) ().
For each non-archimedean v € S, we set
A={zecA,:ax)ed® Vi=1,...,r}
where ¢, is the cardinality of the residue field of K,. Since A is K-split,
A% c A(K).
For archimedean v, we set
AD={zcA,:aix)>0 Vi=1,...,7}.

For v € S, let W, be a maximal compact subgroup of G, such that G, =
W,Q, for any parabolic K-subgroup Q containing P and A, C W,AY.
We set W =[],cq Wo, Wy = Huesf Wy and Weo = [[,c5,, Wo. Without

loss of generality, we may assume that each norm || - ||,, is Wj-invariant.
For a subset I C {1,...,7}, we set
Ay, =Ar,nA) and A} = ] 49..

VESso

Lemma 7.5. There exists a finite subset Y C Aj(K) such that

IT 4%, c (ArnT)Y.

UESf
Proof. Since I is commensurable with G(Og), I' contains a finite index sub-
group of A;(Og). Now the claim follows easily from the fact that the map
f:Ar — GL 1 =|I], given by x +— (ayi(z),...,q(x)), is a K-rational iso-
morphism, where G,,, denotes the one-dimensional multiplicative group. [J

Lemma 7.6. Given I C{1,...,r},j€{l,...,r} =1, and 0 < a < b, there
exists a compact subset My of Qr such that

{g9€Qr: Aj(g) € la, 0]} C (A;NT)Qrug Mo.
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Proof. Since Ay, C WUA%U for each v € S, we can show in a similar way as
in the proof of [23, Lemma 1.5] that for any j ¢ I,

Qr = ([T 4%.)Qrog (W n Hy).
vES

Hence any (g,) € Q7 is of the form g, = a,q,w, with a, € A(J{v, v € Qrugjyes
and w, € W, and

[wjgollo = |O‘j(av)’21j-
Suppose g = (gv) € Qr satisfies a < Aj(g) < b, i.e.,
H laj(ay)|o” € [a,b].
veS
It follows from Lemma 7.5 that dp := Hvesf ay, € (A; NT)Y where Y

is a finite subset of A;(K). If we set d, = af,,da1 for v € Sy and d, =
Hwesf\{v} a;! forv e Sy, then dod, = a, and d, € W, for v € Sy, and

IT les(do)l” = ] ley(an)s” € [a,b]
VESeo veS

This implies that there exists a compact set My, C Aj , depending only
on [a, b], such that

(dp)ves € Moo X ( H M)
UESf

where M, :={a € Aj, : |al]|, = 1}.

Therefore for M := My x [],cg, M, ;

QrC (AN F)YMQIu{j}(W N Hy).
Since A normalizes Qyy;}, it follows that
Q1 C (A; ND)Qrugy Mo
for some compact subset My of Q. O
For I C {1,...,r}, we define a finite subset F; C Q;(K) such that
Q(K) =T NQnF(PNQ)(K).
Since A; normalizes Qy, there exists a finite subset F 7 C Qr(K) such that
(7.7) FyH(QuNT)(ArNT) € Fy Y (ANT)(QrNT) € (ArnT)FH(QrNT).

We put
Al := F7H(QrnT) C Qi(K).
Note that Py = Qy =G, Ay = A, Fy = F = Fj, and A()) = F~'T".

Lemma 7.8. For j € {1,...,r} and I C {1,...,r} —{j}, there is a finite
subset E C P(K) such that A(I U{j})A(I) C EA(I).

Proof. Same as Lemma 3.6 in [30]. O
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Denote by T the set of all I-ordered tuples of integers 1 < 44, --- ,4; < r for
1<i<r. ForlI= iy, - ,4) €T, there exists a finite subset L(I) C G(K)
such that

A({ir, - ut) - A{in ) A(D)

We set L(0) = {e}.

An [-tuple ((i1, A1), ..., (i1, A;)) is called an admissible sequence of length [
ifiy,...,4 C{1,--- ,r} are distinct and A\1,...,\; € G(K) satisfy AJA;_ll €
A({i1,...,i5-1}) for all j =1,...,1 (here we set \g = e). For an admissible
sequence ¢ of length [, we denote by C(§) the set of all pairs (i, \) where
1 <i<rand X € G(K) for which there exists an admissible sequence 7 of
length [+1 extending £ and containing (7, \) as the last term. The support of
&, denoted by supp(§), is defined to be the emptyset if [ = 0; and otherwise
the set {(il, )\1), ey (il, )\Z)} if 5 = ((il, )\1), ey (il, )\l))

For any 0 < a < b, @ > 0 and any admissible sequence &, we define

L(IT.

(7.9) Waap(§) ={9€G:Aj(Ag) > a,Y(j,N) € C(&)
and a < A;(Ag) <b,V(i,\) € supp(§)}-

The same proof of [23, Prop. 1.8] shows:

Lemma 7.10. For any admissible sequence & = {(i1,A\1),...,(i;, A1)} of
length | > 1, we have

Wa,a,b(&) = Wa,a,b(Ia )\l)
where I = {i1,...,4;} and
(7.11) Waap(I,N) :={9€ G:A;(ONg) > a,Vj & I,V0 € A(I)
and a < A;j(Ag) < b,VieI}.

Note that \; arises in the above way if and only if \; € L(I)T.

For any subset I C {1,...,7}, note that W, NH/  is a maximal compact
subgroup of Hy o. Set J := {1,...,r}\ 1. By reduction theory, there exist a
compact subset C7 C U o NHy o, a finite subset £y C Hy(K), and 7 > 0
such that

Hy = (U N H)E; (Cr(Wee NHr o) x (Wy NHyg,))
where
Qr = {(sv)ves., : Sv € AOJ’U, 0<aj(sy) <tr, VjeJ YveS S}
We enlarge the finite subset F7, chosen above, so that

(F N H[)E[(F N U[) - (F N Q[)F[.
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We have Uy = (I' " Uy) D} for some D} = Dy x (Urs; N Wy) with Dy C
Uj oo Then for C; = C1Qr(Woo NHyp o) X (Wr N H;s,),
(7.12) Q; = UrH; = Uy(T N HY)E;
— (TN Hy)EU;C' = (TN Hy)Er(T N Uy DY CY
= (NQNFI(YWoo NQrec) x (WrNQrs;))

where W is a compact subset of (Q; N Q.)co-
In the proof of the next proposition, we use the following lemma, which
follows from continuity of the norms:

Lemma 7.13. Let 1 < i < r and C be a compact subset of G. Then for
some ¢ > 0,

Ai(gx) > c-Ai(g) forallz e C and g € G.
For g = (9v)ves.. € Geo, set

di(9) == [ Ilwigollo-
UGSOO

Proposition 7.14. For any admissible sequence & of length 0 <1 < r and
positive a < b and o > 0, the set T\I'W, 4.(§) s relatively compact.

Proof. For simplicity, write W = W, 45(£).
Let & be the empty sequence. Then

W={geG:Aj(\g) >a, Vj VAeA)}.

Every g € W has a decomposition g = (A, ) (Ywkeo, k), ¥ € Uy, w € Qp,
koo € Weo and ky € Wy as in (7.12) where A € I'Fjy = A(0)~*. Hence,

Aj(wkoos kp) = dj (ko) = dj(w) > ca

where ¢ > 0 is a constant depending on Wy. Since d;(w) = [],cq.. loj(w)
we have

mj
v

W C TFy(0pQWao x Wy)
where
Qp = {(wo) € Af o : (ca)/™ < [T loy(wo)lo <tg, i}
UESOO
This shows that I'\I'W is relatively compact in this case.
Now let & = ((i1,M1),...,(i;,A;)) be an admissible sequence of length

Il > 1 and I(j) = {i1,...,%;}. We claim that there exist compact subsets
My, ..., M; such that for any j =1,...,l and g € W,

AW C (S, ND)QryM; .
We prove the claim by induction. For j = 1, we can take M; = M !

where My is as in Lemma 7.6 with I = () and j = 4;. Suppose that the sets
My, ..., M; have been found. By Lemma 7.13, there is ¢ € (0, 1) such that

Aj (hx) > c- Ay, (h)

ij+1
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for all x € M; U M;l and h € G. By Lemma 7.6, there exists a compact set
My such that

(715) {g € QI(]) : Aij+1 (g) € [Ca’ac_lb]} - (AijJrl N F)Qf(j+1)M0'

Let M1 = MjMo_l. For g € W, there exists m; € M; such that \jgm; €
(Ai; NT)Qp5)- Since )‘j+1)‘]'_1 € Qr(;) and A;; NT" normalizes Qy(;), we have
Ajr1gmy € (Ai; NT)Qpj).-

Hence for some v; € A;; N T, v \j119m; € Qp(j)- Since oy, (v5) = 1,
and
ca < CAijJrl (>‘j+1g) < Aij+1()‘j+1gmj) < C_lAij+1 ()‘j+1g) < ¢ 'b.
By (7.15), there exists mgo € My such that
YiAj+19m; € (Ai, NT)Qr(i1ymo-
So for mj1 = mjmal, we have
)‘j+lgmj+1 € (Aij+1 N F)Qlj+1

proving the claim.
By the above claim,

(7.16) AW C (4, nD)Q M
where I :={iy,...,q}. f I ={1,...,r}, then TNQ;\Q; is compact. Hence
T\IA1(A;, NT)Qr M, is compact, which implies that T\I'W is relatively
compact.

Now suppose [ is a proper subset. Then by (7.12) and (7.16), for g € W,

Iyhgm = (Ywkeo, kf) € VQWoo x Wy
for some § € Ffl(QI NI), v € A;, NI, and m € M;. Hence, for every j ¢ I,
|aj(w)]od = dj(Ywkeo) = Aj(5yNgm).
By (7.7), 04y = 7’0 where ' € A; N T and 6 € A(I). Since A; acts trivially
on the vectors wj, j ¢ I, we have
Aj(dyNgm) = Aj(O N gm).

By Lemma 7.10, we have A;(6);g) > «. Hence, by Lemma 7.13, there exists
B > 0, depending only on a and M, such that A;(6X\gm) > (. This shows
that ] loj(W)[v? > B for j ¢ I. Therefore, if we set

QI = {UJ (= AJ : ﬂl/mj < H |Oéj(w)‘v < t[a .7 € J}
UGSOO

VESeo

where J is the complement of I, then
W C N\ ITF (W Woo x Wy) MY,

and the later set is compact modulo I'. O
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7.5. Proof of Theorem 7.3. Fix v € S and a vector space K.¥. We define
P* is the set of polynomial maps K, — K2 (res. R — C) of degree less
than d if K, # C, (resp. K, = C). We write f € P} as (f1,---, fn). We set

1f(2)]lo = max|fi(z)lo.

Recall that by an interval of a non-archimedean local field, we mean a subset
of K, of the form I = {t € K,, : |t — to|y < d}. There is the unique k such
that ¢& < § < ¢F*t'. Then 2¢F is called the diameter of I. In the case when
K, = C, as P} consists of polynomial maps defined in R, the intervals are
understood as subsets of R and the meaning of diameter is then clear.

Lemma 7.17. Given M > 1, there exists n € (0,1) such that for any
f € P and any interval I, there exists a subinterval Iy C I with diam(ly) >
n - diam(l) satisfying

sup || fllo < M -inf || f|l
I Io

Proof. For the archimedean version of this lemma, see [30, Corollary 2.18].
Let v be non-archimedean. Since I can be expressed as a disjoint union UJ
of intervals so that on each interval J, there is @ such that || f(z)[|, = | fi(2)|s
for all x € J. Therefore it suffices to prove the above claim for N = 1.

There exists tg € I such that sup; |f|, = |f(to)|s- It follows from the
Lagrange interpolation formula that there exists M; > 0, depending on I,
such that

sup |f Oy < M; - sup|fl, for all f €9

where f() is the -th derivative of f. Let § denote the diameter of I. Let
n € N be big enough so that

d
M
-1 —nigr- "t
i=1
and Iy := {t : |t — toly < g, "0} is contained in I. Then using the Taylor
formula, we deduce that for every t € I,

d

|f(®)]o > | f(to)|o — (Z(%W)Mgi) Sup |flo=M"" Sup | flo-

i=1

Hence supy | f|y < M infy, | f], and the diameter of Iy is 2¢, 6. Hence this

proves the claim. ]

Lemma 7.18. Given n € (0,1), there exists M > 1 such that for any
interval I and any subinterval Iy C I with diam(ly) > 7 - diam(I),

(7.19) sullp | fllo < M- S}lp | fllo  for all f € P
0
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Proof. For the archimedean case, this is proved in [30, Coro. 2.17]. We give
a proof in the non-archimedean case. By Lemmas 2.1 and 2.4 in [39], there
exist C, a > 0 such that for any € > 0 and any interval

(7.20) Oz €| f(z)]ly <€} <C (M) O, (I).

Choose n € N and M > 1 satisfying n > ¢, " and M“ > Cq;'. Then for any
subinterval Iy C I with diam(ly) > n-diam(I), 8,(ly) > g, "0,(I). Applying
(7.20) with e = M~ - sup; || f|lv, we deduce that

o {z € 1M i@ < swp 7 < 7000
Therefore there exists x € I such that
M- f(@)]lo = sup £ lo-

This proves the lemma. ([l

Proposition 7.21. There exists M > 1 such that for any a > 0, any
interval I, and a subfamily F C P} satisfying:

(i) For anyto € I, #{os(t) == I[f®)]lv : f € TF, [ f(to)[lo < a} < 00,
(ii) For any f € F, sup,c; ¢5(t) > «,

one of the followings holds:
(a) There is tg € I such that

¢r(to) > forall f€T.
ere exist an interval Ig C B and fo € I such that
b) Th I Band fo e F h th
o5 (Io) C o/ M,aM] and 8111p¢f >a/M forall f 9.
0

Proof. Pick tp € I and suppose that (a) fails, that is,

Fr=A¢s: €3, [f{to)llo <} #0.
By (i), the set JF; is finite. By Lemma 7.18, there exists M; > 1 such that
for every ¢y € 1 and k € Z,

sup  [If@)lle < My sup [ f(2)]o-

‘t*to‘qungl \t—to\vﬁqz’f

We set £ = {t: |t —to|y < ¢¥}, where k is the smallest integer such that
supg || fllo > « for all t +— ||f(¢)]l, € F1. Such k exists by (ii). Then there
is ¢f, € F1 such that supg || follo < aM;. By Lemma 7.17, there exists a

subinterval Iy C F such that diam(Iy) > n - diam(I) and
i?f HfOHv > O5/]\41'
0

By Lemma 7.18, there exists My > 1 such that
sup || fllv > a/My for all f € F.
I

This proves the proposition. O
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Proof of Theorem 7.3. Suppose that condition (1) in the theorem fails. We
will show that for some I € T, A\ € L(I)I', ay > 0, and 0 < a;y < by depending
only on «a,

(7.22) wu(I7) N T\TWa, a, 4, (I, A) # 0.

By Proposition 7.14, this implies the theorem.

We construct inductively increasing sequence of tuples J € T, elements
A€ L(I)T, constants 0 < a;r < by, ay > 0, and intervals B C I satisfying
the following properties:

(A) Ai(Au(B)) C [ar,by] for all ¢ € 1.

(B) supg ¢ > ay for all ¢ € F(I,\) where F(I, \) is the family of func-
tions K, — R of the form

o(t) = A;(0Au(t))
where 0 € A(I), j ¢ I and u € Py
Note that for some fixed constant d; > 0,

o(t) = ( IT lwioAllw) - 11£®)llo
weS\v
and f(t) := w;jfAu(t) € P35, where P5 - are polynomial maps into the vector
space A4mig(K,) of degree at most d;.

We start with I = 0, A = e, ay = a, B = It which satisfy (A) and (B)
because (1) fails.

Property (B) implies that F(I,\) satisfies condition (ii) of Proposition
7.21. We claim that F(I,\) satisfies condition (i) as well, that is, there
are only finitely many ¢ € F(I,\) such that ¢(t) < « for a fixed o and t.
Fix 8 > 0 and any rational vector w with co-prime entries in 0. For any
v €T, yw = aw’ where o € 0% (here 0% denotes the unit group) and the
entries of w' are relatively prime to each other in O. Since [, g |a], = 1 for
a € Og, the claim follows from the fact that Fy is finite and that there are
only finitely many vectors w’ with coefficients in O whose entries are relative
prime to each other and [, g [|w'[l, < 5.

By Proposition 7.21, one of the following holds:

(a) For some ty € B,
Aj(ONulto)) = o

for all 0 € A(I), j ¢ I, and u € P4. In this case, using (A), we have
T'u(to) € Way,a,.6,(I) and hence we stop the process.
(b) There exist jo ¢ I, 6y € A(I) and an interval By C B such that

Ajo(eo)\u(Bo)) C [Oq/M, OqM]
and for all 0 € A(J) and j ¢ I,

sup Aj (0 u(t)) > ar/M.
teBo
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In case (b), we set I} = IU{jo} and A\; = Op\. Then since A;(6yg) = Ai(g)
for all i € I and g € Gg, condition (A) is satisfied for suitable 0 < ay, < by,
and By. By Lemma 7.8, there is a finite subset £ C P(K) such that for any
0 € A(TU{jo}), there exists 8’ € A(I) and x € E such that 60y = x6’, Hence
this implies for any j ¢ I,

sup A;(OMu(t)) = sup Aj(x0'  u(t)) = sup Aj(z)A; (0" u(t)) > Bar/M
teBy teBo teBy

where = ming Aj; > 0 depends only on I and jo. Hence Condition (B)
is satisfied for the family F(I1, A1), oy, = Bay/M and By. This completes
the description of the inductive step. Since the cardinality of I increases,
this process must stop after finitely many steps, and we deduce that (7.22)
holds. O
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A. APPENDIX: SYMMETRIC HOMOGENEOUS SPACES OVER NUMBER
FIELDS WITH FINITELY MANY ORBITS (BY MIKHAIL BOROVOI)

Let G be a connected linear algebraic group over a field K of character-
istic 0. Let H C G be a connected K-subgroup. Let X = H\G be the
corresponding homogeneous space. The group G(K) acts on X(K) on the
right. We consider the set of orbits X (K)/G(K).

We fix an algebraic closure K of K and write G = Gxg K, H = Hxg K.
We say that (G, H) is a symmetric pair if G is semisimple and H is the
subgroup of invariants G~ of some involutive automorphism é of G. In this
case we say also that H is a symmetric subgroup of G and that X is a
symmetric space of G.

Let K be a number field. In this Appendix we give a list of all symmetric
pairs (G, H) over K with adjoint absolutely simple G and semisimple H,
such that the set of orbits X (K)/G(K) is finite (Theorem A.5.2). The
assumption that X (K)/G(K) is finite is equivalent to the assumption that
G(K,) acts on X (K,) transitively for almost all places v of K.

The plan of the Appendix is as follows. In Section A.1 we consider a
connected K-group G and a connected K-subgroup H C G over a number
field K. We prove that the set of K-orbits X (K)/G(K) is finite if and only
if the set of adelic orbits X (A)/G(A) is finite (here A is the adele ring of K).
We notice that the set X (A)/G(A) is finite if and only if #X (K,)/G(K,) =1
for almost all v. We give a criterion when #X (K,)/G(K,) = 1 for almost all
v in terms of the induced homomorphism 71 (H) — 71(G), where 7 is the
algebraic fundamental group introduced in [Bo98, Sect. 1]. These results
constitute Theorem A.1.2.

In Section A.2 we give corollaries of Theorem A.1.2. We show that the
finiteness of X (K)/G(K) is related to the following condition: the homo-
morphism 71 (H) — 71(G) is injective.

In Section A.3 we assume that K is algebraically closed and that both G
and H are semisimple. We write G®*¢ and H®¢ for the universal coverings.
We show that the homomorphism 71 (H) — m1(G) is injective if and only if
the subgroup H' := im[H®® — G| C G*° is simply connected.

In Section A.4 we again assume that K is algebraically closed. We give
a list of all symmetric pairs (G, H) over K with simply connected abso-
lutely almost simple G and semisimple H, such that H is simply connected
(Theorem A.4.1).

In Section A.5 K is a number field and (G, H) is a symmetric pair over
K, such that G is an absolutely almost simple K-group and H is semisimple
K-subgroup. We consider two cases: either G is simply connected or G
is adjoint. We give a list of all such symmetric pairs (G, H) with finite
X(K)/G(K) (Theorems A.5.1 and A.5.2). We show that for such (G, H)
with finite set of K-orbits X (K)/G(K), this set of K-orbits is related to
the set of “real” orbits (Theorem A.5.3). In particular, if K = Q, then any
G(R)-orbit in X (R) contains exactly one orbit of G(Q) in X (Q).
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In Section A.6 (Addendum) we give examples of homogeneous spaces X =
H\G (symmetric or not, with G' absolutely almost simple or not), satisfying
assumptions (i-iii) of Theorem 1.1 but not covered by Theorems A.5.1 and
A.5.2.

The author is very grateful to E.B. Vinberg and A.G. Elashvili for their
invaluable help in proving Theorem A.4.1.

A.1. Orbits over a number field and over adeles.

A.1.1. Let K be a number field, and let K be a fixed algebraic closure of
K. Let G be a connected linear K-group. Let H C G be a connected K-
subgroup. Set X = H\G, it is a right homogeneous space of G. We would
like to investigate, when the set of orbits X (K)/G(K) of G(K) in X (K) is
finite.

We write i: H — G for the inclusion map. We consider the induced
morphism of Gal(K /K )-modules

iv: m(H) — m(G),

where 7 is the algebraic fundamental group introduced in [Bo98, Sect. 1],
see also [CTO06, §6].

Let g denote the image of Gal(K/K) in Aut m (H) x Aut m(G); it is
a finite group. Let L C K be the field corresponding to the subgroup
ker[Gal(K/K) — g] of Gal(K/K), then L/K is a finite Galois extension
with Galois group g. For any place v of K, let g, C g denote a decomposition
group of v (defined up to conjugacy). For almost all v the group g, is cyclic.

Let h C g be a subgroup. We shall consider the group of coinvariants

m1(H)p and the subgroup of torsion elements (m1(H )g)tors. We shall also
consider the induced map

Tyt (71'1 (H)b)tors — (Wl(G)b)tors .

We write R for the set of all places of K. We write Rf (resp. Ro) for the
set of all finite (resp. infinite) places of K. We write K, for the completion
of K at v € R, and A for the adéle ring of K.

Theorem A.1.2. Let G be a connected linear algebraic group over a number
field K. Let H C G be a connected K-subgroup. Set X = H\G. Then the
following four conditions are equivalent:

(i) The set of K-orbits X (K)/G(K) is finite.

(ii) The set of adelic orbits X (A)/G(A) is finite.

(i1i) We have #X(K,)/G(Ky) =1 for almost all places v of K.

(iv) For any cyclic subgroup b C g the map

(77'1 (ﬁ)h)tors - (771 (G)h)tors

18 injective.
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Proof. Write
ker(K, H — G) = ker|[H (K, H) — H'(K,G)],
ker(K,, H — G) = ker|[H(K,, H) — H'(K,,G)].
We have canonical bijections
X(K)/G(K) = ker(K, H — G),
X(K,)/G(Ky) = ker(K,, H — G),
see [Se65, Ch. I §5.4, Cor. 1 of Prop. 36].

In [Bo98, Sections 2,3] we defined, for any connected group H over a field
K of characteristic 0, an abelian group H;b(K ,H) and the abelianization
map

ab': HY(K,H) — H} (K, H)
(see also [CTO06, Prop. 8.3] in any characteristic). Both H} (K, H) and ab'
are functorial in H. o o
Now let K be a number field. Set I' = Gal(K/K), I', = Gal(K,/K,).

We regard I', as a subgroup of T.
For v € Ry we defined in [Bo98, Prop. 4.1(i)] a canonical isomorphism

Aot HalLb(Kv,H) 5 (m1(H)r, )tors- Here we set
)‘; = Ayt H;b(KvaH) - (Wl(ﬁ)l“v)tors .
For v € Ry, we defined in [Bo98, Prop. 4.2] a canonical isomorphism
Ao HY (K, H) & H YTy, i (H)).
Here we define a homomorphism X/ as the composition
Ay _ -7 7
Xy: Hyp (Ko, H) == H™ Ty, mi(H)) = (m1(H)r, )rors -

For any v € R we define the Kottwitz map (3, as the composition

bl )\;] —
By: HY(K,, H) 22— HY (K, H) = (71 (H)r, tors -

This map (3, is functorial in H. Note that for v € Ry the maps 3, and
ab': HY(K,, H) — H} (K,, H) are bijections. Thus for v € R; we have a
canonical and functorial in H bijection H'(K,, H) = (m1(H)r, )tors-

For any v € R we define a map p, as the composition

AL — cory
(Al) Ho - Hlb(KvaH) B (Fl(H)Fv)tors — (Wl(H)F)tors 5

al

where cor, is the obvious map.
We prove that (ii)<(iii). Since H is connected, using Lang’s theorem and
Hensel’s lemma, we can prove easily that

(A.2) X(A)/G(A) = P X(K,)/G(K,).

Here €D means that we take the families of local orbits (0, € X (K,)/G(Ky))ver
with o, = x¢ - G(K,) for almost all v, where z¢p € X (K) is the image of the
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neutral element e € G(K). For any place v of K the set X(K,)/G(K,)
is finite (because H'(K,, H) is finite, see [Se65, Ch. III §4.4, Thm. 5 and
Ch. IIT §4.5, Thm. 6]). It follows that X (A)/G(A) is finite if and only if
#X(K,)/G(K,) =1 for almost all v. Thus (ii)<(iii).

We prove that (iv)=-(iii). For almost all v the group g, is cyclic, hence
by the assumption (iv) we have for such v

ker[(m1(H)g, )tors — (m1(G)g, )tors] = 0.

But for v € Ry we have canonical bijections

X(K,)/G(K,) = ker[H' (K, H) — H'(K,, G)] = ker[(m1(H)g, )tors — (71(G)g, )tors)-
Thus for almost all v we have #(X(K,)/G(K,)) = 1. This proves that
(iv)=-(iii).

We prove that (iii)=-(iv). Indeed, assume that (iv) does not hold, i.e.
there exists a cyclic subgroup h C g such that

ker[(71(H)p)tors — (71(G)p)tors] # 0.

Then by Chebotarev’s density theorem there exist infinitely many finite
places v of K such that g, is conjugate to h. For all these places v we
have

ker[(m1(H)g, )tors — (1 (é)gv)torS] # 0,
hence #(X(K,)/G(K,)) > 1, which contradicts to (iii). Thus (iii)=(iv).

We prove that (ii)=(i). Indeed, by Borel’s theorem
ker[H' (K, H) — [ [ H' (Ko, H)]
v

is finite, see [Se65, Ch. III §4.6, Thm. 7|. It follows that all the fibers of the
localization map

X(K)/G(K) — X(A)/G(A)

are finite, Hence if the set X (A)/G(A) is finite, then X (K)/G(K) is finite
as well. Thus (ii)=(i).

All what is left to prove is that (i)=-(ii), i.e that if the set of K-orbits
X(K)/G(K) is finite, then the set of adelic orbits X (A)/G(A) is finite. For
this end we consider the group

kera, (K, H — G) := ker[H)Y (K, H) — HY (K, G)].

Consider the following condition:
(v) The group kern, (K, H — G) is finite.
We shall prove that (i)=(v) and (v)=-(ii). This will show that (i)=-(ii).
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We prove that (i)=(v). Write
HY (Ko, H) = H HY(K,,H),

’UEROO
HY (Koo, H) = |[ Ha(Ky, H).
’l)ERoo
Similarly we define
ker(Koo, H — G) = ker[H' (Koo, H) = H' (Koo, G)| = ] ker(K,,H — G),
’l)ERoo
keran (Koo, H — G) = ker[Hyy, (Koo, H) = HY (Koo, G)] = ] keran(Ky, H — G).
VER~
Set

kzj:b = keI’[IOCOO: kerab(K,H — G) — kerab(KomH — G)]

Since for v € Ro, we have H), (K, H) ~ H ' (T'y,m1(H)) C (m1(H)r, )tors,
we see that HY (K,, H) is finite for every v € Roo, and therefore ker,p, (Koo, H —
G) is a finite group. It follows that kgb is a subgroup of finite index in
ker,n (K, H — Q).
Consider the maps
ab': HY(K,H) — H} (K, H),

locoe: HY(K,H) — H (K, H).

By [B098, Thm. 5.12] these maps induce a canonical bijection

HYK,H) > HL(K,H) x HY(Ky,H)

HY (Koo H)

(with a fiber product in the right hand side). This bijection is functorial in

H, hence we obtain a bijection

(A.3)

ker(K, H — G) = kery, (K, H — G) X ker(Koo, H — G).
kerah (Koo, H—G)
We define a map
kf:b — kery, (K, H — G) x ker(Koo, H — G)

by x — (x,1). Since locy(z) =1 for x € k:gb C kery, (K, H — G), we obtain
from (A.3) an induced map k:gb — ker(K, H — @), which is a section of the
map
ab: ker(K,H — G) — kery, (K, H — G)
over k({b. Thus the group kgb embeds as a subset into the set ker(K, H — G).
By the assumption (i) X (K)/G(K) is a finite set. Since we have a canon-
ical bijection

X(K)/G(K) ~ker(K,H — G),
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we see that ker(K,H — G) is finite. Since k;{b embeds into ker(K,H —

G), we see that k:gb is finite. Since l{:gb is a subgroup of finite index of
ker,n (K, H — G), we conclude that ker,,(K,H — G) is finite. Thus

(D)= (V).

We prove that (v)=-(ii). Here we use the abelian group structure in
ker,, (K, H — G). We write P, for @, .

We define a map pu: @, H. (Ky, H) — (m1(H)r)tors as the sum of the
local maps p1, defined in (A.1). Namely, if &y = (&) € @, HL (Ky, H), we
set p(éa) =, uv(&,). The sequence

(A.4) HL (k, H) @H (Ky, H) —2= (71 (H)1)sors
is exact, see [Bo98, Proof of Thm. 5.16].

The exact sequence (A.4) is functorial in H, hence the embedding H — G
gives rise to a commutative diagram with exact rows

(A.5) H (K, H) == @, HY (Ko, H) — (m1(H)g)tors
Halb(K G) @ H (KIMG) 4#>(7r1(é)g)tors

This diagram induces a homomorphism

s @ kerap(Ky, H — G) — ker[(m1(H)g)tors — (m1(G)g)tors]-

The group ker[(m1(H)g)tors — (m1(G)g)tors] is clearly finite. Set kg = ker s.
We define

1}, (K, H) == ker | Hyy, (K, H) — | [ Hy, (Ko, H)

We construct a homomorphism
b ko — LI, (K, G) i (LI (K, H))
as follows. Let

a € ko c@kerab K, H— Q) C @ L (K, H).

Since the top row of the diagram (A.5) is exact, we see that &y comes from
some & € HY (K, H), and this ¢ is defined up to addition of ¢’ € I}, (K, H).
It is clear from the diagram that the image of £ in H;b(K ,G) is contained
in 11T}, (K, G). Thus we obtain a map 1: ko — I, (K, G) /i, (111}, (K, H)).
It is easy to see that 1 is a homomorphism. By Lemma A.1.3 below, the
group III!, (K, G) is finite. Hence the group 11}, (K, G)/i. (1L}, (K, H)) is
finite. Set koo = ker 9. Using diagram chasing, we see easily that kg is the
image of ker,, (K, H — G) in k.
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By the assumption (v) the group kern,(K,H — G) is finite, hence its
image kqq is finite. Since we have a homomorphism of abelian groups 1 from
ko to the finite group 111}, (K, G)/i. (111, (K, H)) with finite kernel kqg, we
see that kg is finite. Since we have a homomorphism of abelian groups s from

@D, kerap (K, H — Q) to the finite group ker[(m1(H)g)tors — (71(G)g)tors)
with finite kernel ko, we see that @, ker,, (K, H — G) is finite. Since for
all v € Ry we have bijections

ab: ker(K,, H — G) = kera,(K,, H — G),

we see that the set @, ker(K,, H — G) is finite. This means that the set
X (A)/G(A) is finite. Thus (v)=-(ii).
This completes the proof of Theorem A.1.2 modulo Lemma A.1.3. ([l

Lemma A.1.3. Let G be a connected linear algebraic group over a number
field K. Then the abelian group 11}, (K, G) is finite.

Proof. We give two proofs.

First proof: by [Bo98, Thm. 5.12] we have a canonical bijection IIT* (K, G) —
I}, (K,G), and by Borel’s theorem [Se65, Ch. III §4.6, Thm. 7] IIT* (K, G)
is finite. Thus IIT}, (K, Q) is finite. (This short proof uses nonabelian coho-
mology.)

Second proof: We may and shall assume that G is reductive. Let

192G —->G—=1

be a flasque resolution of G, see [CT06, §3]. Here G’ is a quasi-trivial reduc-
tive group and S is a torus. Let P = (G')%", the biggest quotient torus of
G'. Since G’ is a quasi-trivial group, P is a quasi-trivial torus. For any field
F > K we have a canonical isomorphism

Hy,(F,G) = ker[H*(F, S) — H*(F, P)],

see [CT06, App. A]. Since P is quasi-trivial, we have IITI?(K, P) = 0, and
therefore

I, (K, G) ~ II*(K, S).
It is known that the group IH2(K ,S) is finite for any K-group of multiplica-
tive type S, see [Mi06, Ch. I, Thm. 4.20(a)]. Thus III} (K, G) is finite.
(This proof is longer, but it is “abelian”.) U

A.2. Corollaries of Theorem A.1.2.

Corollary A.2.1. Let K, G, H, and X be as in A.1.1. If 7(H) = 0, then
the set of orbits X (K)/G(K) is finite.

Proof. Indeed, then (m (F)h)tors = 0, hence the map (m; (F)h)tors — (m (é)h)tors
is injective (for any h). By Theorem A.1.2 the set X (K)/G(K) is finite. O

Corollary A.2.2. Let K, G, H, and X be as in A.1.1. If the map m (H) —

m1(G) is an isomorphism, then the set of orbits X (K)/G(K) is finite.
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Proof. Indeed, then the map (71(H)p)tors — (71(G)p)tors is an isomorphism,
hence injective (for any h). By Theorem A.1.2 the set X (K)/G(K) is finite.
(]

Corollary A.2.3. Let K, G, H, X beasin A.1.1. Assume the set X (K)/G(K)

is finite. Then the induced homomorphism i,: w1 (H )tors — 71(G)tors 1S in-
jective.

Proof. Since the set X (K)/G(K) is finite, by Theorem A.1.2 the map

Ty (7T1 (F)h)tors - (WI(G)h)tors

is injective for any cyclic subgroup h C g, in particular for h = {1}. Thus

the map 71 (H )tors — 71(G)tors 1S injective. O

Corollary A.2.4. Let K, G, H, X beasin A.1.1. Assume the set X (K)/G(K)
s finite. If H has no K-characters (e.g. semisimple), then the homomor-
phism i, m(H) — m(G) is injective.

Proof. Indeed, since H has no K-characters, we see that m(H) is finite,
hence 71 (H )tors = m1(H ), and we apply Corollary A.2.3. O

Corollary A.2.5. Let K, G, H, X be as in A.1.1. Assume that both G
and H have no K-characters (e.g. they both are semisimpleland assume
that m(G) = 0. Then X(K)/G(K) is finite if and only if m1(H) = 0.

Proof. If 7(H) = 0, then by Corollary A.2.1 X(K)/G(K) is finite. Con-
versely, assume that X (K)/G(K) is finite. By Corollary A.2.4 the homo-
morphism 7 (H) — 71 (G) is injective, hence 71 (H) = 0. O

A.2.6. Let G be a connected semisimple K-group. We say that G is an inner
form if G is an inner form of a K-split group. If G is an inner form, then the
Galois group Gal(K/K) acts on 7 (G) trivially. Indeed, for a K-split group
G this follows from the definition of 71 (G), and an inner twisting does not

change the Galois module 7 (G).

Corollary A.2.7. Let K, G, H and X be as in A.1.1. Assume that
the Galois group Gal(K/K) acts on m(G) trivially. If the homomorphism

is: m(H) — m1(G) is injective, then the set X (K)/G(K) is finite.

Proof. Since m(H) injects into m1(G), we see that Gal(K/K) acts also on

m1(H) trivially. Thus g = {1}, hence the only cyclic subgroup h C g is
h = {1}. We see that the homomorphism

i m(H)y — m1(G)y

is injective, hence the homomorphism

Tyt (Wl(ﬁ)h)tors — (Wl(G)h)tors

is injective, and the corollary follows from Theorem A.1.2. O
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A.3. Semisimple groups. In this section K is an algebraically closed field
of characteristic 0. We consider pairs (G, H), where H is a connected
semisimple K-subgroup of a connected semisimple K-group G. We find
conditions under which the map m (H) — 71 (G) is injective.

A.3.1. Let H C G be connected semisimple K-groups. Let i: H — G be
the inclusion homomorphism. Consider the map °¢: H3¢ — G*¢, where G*¢
is the universal covering of G. Set H' = ¢*°(H*®) C G*°. Let Ty C H be
a maximal torus, and let Tz C G be a maximal torus containing 7. Let
Tyse C H, Ty € H', and Tgse C G be the maximal tori corresponding to
Ty and Ti;. For a K-torus T let X, (T') denote the cocharacter group of T', i.e.
X«(T) = Hom(Gy, i, T'). We have canonical homomorphisms Tgsc — T —
Tse and the induced homomorphisms X, (Tse) — Xy (ThH1) — X (Tse).

Lemma A.3.2. Let H C G be connected semisimple K-groups. With the
notation of Subsection A.3.1 we have canonical isomorphisms

T (H') ~ ker[r (H) — 71(G)] = coker[Xy(Thsc) — Xi(Tase ) tors-
where ors denotes the torsion subgroup (of the cokernel).

Proof. Consider the following commutative diagram with exact rows:

0 0 k

|

OHX*(T SC)HX*(TH)HM H)HO

c*° C
where k is the kernel and C*¢ and C' are the cokernels of the corresponding
homomorphisms. By the snake lemma we have an exact sequence

(A.6) 0—k—C*—C.

Since 71 (H) is finite, clearly k is finite. Since Ty embeds into T¢, the group
C has no torsion. From the exact sequence (A.6) we obtain an isomorphism
k= (C%)tors, i.e. an isomorphism

ker[m1(H) — m(G)] =~ coker[Xy(Thse) — Xi(Tgse)ltors,

Since the injective homomorphism X, (Tgse) — Xi(Tgsc) factorizes as a
composition of injective homomorphisms X, (Tgse) — Xo(Thr) — Xu(Tase),
we obtain a short exact sequence

0 — coker[Xy(Thse) — Xu(Th)] — coker[Xy(Thse) — Xyo(Tase)]
— coker[Xy(Th+) — Xy (Tgse)] — 0.
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Since T embeds into Tigse, we have coker[X,(Ty+) — Xy (Tgse)]tors = 0, and
therefore we obtain an isomorphism

coker[ Xy (Tysc) — Xu(Thr)]tors = coker[Xu(Trse) — Xy (Tase)ltors-

But coker[Xy(Tpsc) — Xu(ThH)]tors = coker[Xy(Thse) — Xu(Ty)] = m1 (H').
Thus we obtain an isomorphism

1 (H,) ~ Coker[X* (THSC) — X* (TGSC)]torS-
This completes the proof of Lemma A.3.2. O

Corollary A.3.3. With the assumptions and notation of Lemma A.3.2, the
following assertions are equivalent:

(i) H' is simply connected;

(i) The homomorphism m (H) — 71 (G) is injective;

(iii) The group coker[X,(Tgsc) — Xu(Tgse)] has no torsion.

A.4. Symmetric pairs over an algebraically closed field. In this sec-
tion we assume that K is an algebraically closed field of characteristic O.
We consider symmetric pairs (G, H) over K, where G is a simply connected
almost simple K-group, and H is a symmetric semisimple subgroup. Re-
call that “symmetric” means that H is the group of invariants GY for some
involutive automorphism 6 of G. Symmetric pairs (G, H) (or (G,0)) were
classified by E. Cartan. We shall use the unified description of symmetric
pairs due to V. Kac, see [He78] and [OV90]. A symmetric pair (G, H) with
semisimple H corresponds to an affine Dynkin diagram D and a vertex s of
D, see [OV90, Table 7]. We give a list of all symmetric pairs (G, H) with
simply connected almost simple G, for which H is simply connected.

Theorem A.4.1. Let G be a simply connected almost simple K-group
over an algebraically closed field K of characteristic 0, and let H C G a
symmetric semisimple K -subgroup. Then H is simply connected for the sym-
metric pairs (G, H) in the list below, and 71 (H) = Z/27Z for (G, H) not in
the list.

(A II) G = SLy,, H = Sp,, (n > 3).

(C II) - Sperqf H = Spp X Spq (1 S p S Q)

(BD I(21,1)) G = Sping, 1, H = Spiny, (I > 3).

(BD I(2] —1,1)) G = Spiny;, H = Spiny,_; (I > 3).

(EIV)G= E67 H = Fy.

(F II) G = Fy, H = Spin,.

Proof. We consider two cases.

(i) 6 is an inner automorphism.

In this case D is the extended Dynkin diagram of G. Let Ty be a max-
imal torus of H, and let T be a maximal torus of G containing Tp. Let
Tyrse be the corresponding maximal torus of the universal covering H®¢ of
H. Let X*(Tg) := Hom(7Tg, Gy,) be the character group of Tg. Set
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V =X"(Tg) @z R. Let R = R(G,Tg) C X*(Tg) C V be the root system of
G. Let ag,a1,...,a; € R be the roots corresponding to the vertices of D,
where o is the lowest root. Then

l
(A?) Zaiai == 0,
=0

where a; € Z, ag = 1. The distinguished vertex s corresponds to some root
ag, and a = 2 (see [He78, Ch. X §5],]OV90, Ch. 5 §1.5, Problem 38]).

Let RY C X.(Tg) denote the dual root system. For every a € R let
a” € RY be the corresponding coroot. The coroots af,. .., constitute a
basis of X, (T¢), hence oy, of , ..., o) generate X (T¢). The diagram D—{s}
is the Dynkin diagram of H, and the coroots o/, (i # k) constitute a basis
of X* (THsc).

Let W = W(R) denote the Weyl group. Choose a W-invariant scalar
product (, ) in V. We can embed R" into V by

v 2a

(o, )

We consider 4 subcases.

(i)(a) Suppose that D has no multiple edges. Then all the roots f € R
are of the same length, and we can normalize the scalar product such that
(3,3) = 2, hence BY = (3, for all 3 € R. Now it follows from (A.7) that

l
E a;o) = 0.
=0

Recall that a; € Z, ag = 1, and a;, = 2. We see that a,Z S %X*(T sc), but
o) ¢ Xi(Thsc). Thus coker[Xy(Thse) — Xi(Tq)] = Z/2Z, and by Lemma
A32m(H)=172/27.

(i)(b) Suppose that D has double edges and «ay is a short root. We can
normalize the scalar product such that for any long root 3 we have (3, 3) = 2,
hence 3V = 3. Then for any short root v we have (v,7) = 1, hence v" = 2.
Now it follows from (A.7) that

l
(A.8) Z ajo =0,
=0

where a; = a; when «; is long, and a; = a;/2 when «; is short.
Since « is the lowest root, it is long. Since ag = 1, we obtain that aj, = 1.
Thus (A.8) gives

l
vV _ Y
oy = E —a; Q.
i=1

Since oy € RY and (a));=1.; is a basis of RY, we see that a; € Z for all
%

i. Since a = 2 and ay is short, we see that aj, = 1. Thus o) is a linear

-----
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combination of o) (i # k) with coefficients in Z. We see that the map
Xi(Thse) — Xi(Tg) is surjective, and by Corollary A.3.3 the group H is
simply connected.

(i)(c) Suppose that D has double edges and «y, is a long root. Asin (i)(b),
from (A.7) we obtain the relation (A.8) with a; = a; when «; is long, and
ai = a;/2 when q; is short. Again aj, = 1 and a; € Z for all i. Since aj = 2
and now oy, is long, we see that a}, = 2. As in (i)(a), we see that o) €
3Xi(Thse), but ) ¢ Xy(Tgse). Thus coker[X.(Ths) — X(T¢)] = Z/2Z,
and by Lemma A.3.2 m(H) = Z/2Z.

(i)(d) Suppose that D has a triple edge (type G2). We have k = 1,
(A.9) ag + 21 + 3az =0,
(see [OV90, Table 7.I]), where
(g, 0) =3, (a1,1) =3, and (g, a9) = 1.
Then

2 2
v v v
oy = $op, o = -aq, Oy = 2.

3 3
From (A.9) we obtain

af +2af +ay =0.
Similarly to (i)(a), we see that o € 1X,(Tgsc), but ay ¢ X, (Tse). It follows
that coker[X,(Txsc) — Xi(T¢)| = Z/2Z, and therefore m (H) = Z/27Z.

We obtain the following list of pairs (G, H) with simply connected H in
the case when 6 is inner:
(CII) G=Sp,y H=Sp,xSp, (1<p<
(BD I(2,1)) G = Sping, ¢, H = Spiny (I >
(F II) G = Fy, H = Spin,.

q)-
3).

Case (ii): € is an outer automorphism. We use case-by-case consideration.
When G is a classical group and 6 is outer, we see from [OV90, Table
7.111) that H is simply connected only in the following cases:
(A II) G = SLgy,, H = Sp,, (n > 3).
(BD I(2] —1,1)) G = Spiny;, H = Sping;_; (I > 3).
These are exactly the cases when D has a double edge and «y is a short
root.

We list all the other classical cases with 6 outer:
(ATI) G=SL,, H=S0, (n>3, n#4).
(BD I(2p + 1,2¢ + 1)) G = Sping, 9,19, H = (Sping,,; X Sping,)/p2
(I<p<q).

In these cases m1(H) = Z/2Z.

We must treat the case D = E((f), see [OV90, Table 7.III] (this diagram
has a double edge). Then either H = Fy or H = Cy.

When H = Fy, clearly H is simply connected. In this case aj is a short
root.
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When H is of the type Cy, the restriction of the adjoint representation of
G to H is the direct sum Lie(G) = Lie(H) @ p of two irreducible representa-
tions. Here the the representation of H = C4 in p is a subrepresentation of
the representation of Cy in /\4 R, where R is the standard 8-dimensional rep-
resentation of Cy. We see that the central element —1 € H%(K) = Sp,(K)
acts trivially in Lie(H) and in p, hence the image of —1 in the adjoint group
G2 is 1. Since ker[G — G?1] is of order 3, we see that the image of this
element in G is 1. Thus m (H) = Z/27Z. In this case oy is a long root.

We obtain the following list of symmetric pairs (G, H) with simply con-
nected H in the case Fg:

(EIV) G = Eg, H = F).
This completes the proof of Theorem A.4.1. O

Corollary A.4.2. Let G be a simply connected almost simple K-group over
an algebraically closed field K of characteristic 0, and let H C G be a sym-
metric semisimple K -subgroup. Assume that the symmetric pair (G, H) cor-
responds to (D, s) as above. If D has a double edge and s corresponds to a
short root, then H is simply connected; otherwise mi(H) = 7Z/27.

A.5. Symmetric pairs over a number field. First we consider symmet-
ric homogeneous spaces X = H\G with G simply connected.

Theorem A.5.1. Let K be a number field. A symmetric homogeneous space
X = H\G over K with semisimple H and simply connected absolutely
almost simple G has finitely many G(K)-orbits in the following cases (and
only in these cases):

(A II) G is a K-form of SLa,, H is a K-form of Sp,, (n > 3).

(CII) G is a K-form of Sp,4,, H is a K-form of Sp, x Sp, (1 <p < q).
(BD I(2{,1)) G is a K-form of Sping, 1, H is a K-form of Spiny (I > 3).
(BD I(21—-1,1)) G is a K-form of Sping;, H is a K-form of Sping,_; (I > 3).
(E IV) G is a K-form of Eg (simply connected), H is a K-form of Fy.

(F II) G is a K-form of Fy, H is a K-form of Sping.

Proof. We have 71(G) = 0. By Corollary A.2.5 the set of orbits X (K)/G(K)
is finite if and only if 71 (H) = 0, i.e H is simply connected. The symmetric
pairs (G, H) over K with simply connected H were listed in Theorem A.4.1.
The list of Theorem A.5.1 is exactly the list of Theorem A.4.1. O

Now we consider symmetric homogeneous spaces X = H\G with G ad-
joint.
Theorem A.5.2. Let K be a number field. A symmetric homogeneous space
X = H\G over K with semisimple H and adjoint absolutely simple G has
finitely many G(K)-orbits in the following cases (and only in these cases):
(A II) G is a form of PSLay,, H is a form of PSp,, (n > 3), where either n
is odd or G is an inner form.
(CII) G is a form of PSp,,,,, H is a form of (Sp, X Sp,)/m2 (1 <p <q).
(BD I(2,1)) G is a form of SOg41, H is a form of SOg (I > 3).
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D I(2l — 1,1)) G is an inner form of PSOs, H is a form of SOg_1
Z

\_/

(B
(I
(E IV) G is a form of Eg (adjoint), H is a form of Fy.
(F II) G is a form of Fy, H is a form of Sping.

Proof. First assume that X (K)/G(K) is finite. Since H is semisimple, by
Corollary A.2.4 the homomorphism 71 (H) — m(G) is injective. Let H’
denote the image of *°: H* — G®¢. By Corollary A.3.3 H' is simply con-
nected. Thus (@SC,FI) is a symmetric pair with simply connected groups
G* and H'. Such pairs were listed in Theorem A.4.1. Thus we obtain that
the pair (G, H') is from the list of Theorem A.4.1, hence (G, H) is from the
following list:

(A II) G is a form of PSLy,,, H is a form of PSp,, (n > 3)

(C II) G is a form of PSp,,,,, H is a form of (Sp, x Sp,)/p2 (1 < p < q).
(BD I(2l,1)) G is a form of SOg;11, H is a form of SOy (I > 3).

(BD I(2l — 1,1)) G is a form of PSOg;, H is a form of SOg_1 (I > 3).

(E IV) G is a form of Eg (adjoint), H is a form of Fy.
(F II) G is a form of Fy, H is a form of Sping.

Conversely, let us check, for which (G, H) from this list the set of orbits
X(K)/G(K) is finite.

If G is an inner form, then Gal(K/K) acts on 7 (G) trivially, see Sub-
section A.2.6, and by Corollary A.2.7 the set of orbits X (K)/G(K) is finite.
Thus in the cases (C II), (BD I(2[,1)), and (F II) the set X(K)/G(K) is
finite, because any form of G is inner in these cases.

In the case (E IV) we have m1(H) = 0, and by Corollary A.2.1 the set
X(K)/G(K) is finite (when G is an inner form or an outer form).

What is left is to consider the cases (A II) and (BD I(2] — 1,1)) with
outer forms of G.

We consider the case (A II). Then G = PSLy,, m(G) = Z/2nZ, H =
PSp,,, m1(H) = Z/2Z. The embedding 71 (H) — 71(G) is given by

1—mn, wherel=1+2Z€Z/2Z, n=n+2nZ € Z/2nZ.

Since G is an outer form, g = {1, 0}, where the nontrivial element o of g is of
order 2 and acts on 71 (G) = Z/2nZ by °x = —z. We see that 7z —z = —2z.
Thus the kernel of the canonical map m(G) — 71(G)gq is the subset

{2k C Z/2nZ | k € Z}.

We see that the element 7 lies in this kernel if and only if n is even.

If n is even, then the map m1(H)y — m(G)g is the zero map. In other
words, for h = g the map m(H)y — m1(G)p is not injective. By Theorem
A.1.2 the set X(K)/G(K) is infinite.
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If n is odd, then the map 7 (H)g — m1(G)gq is injective. In other words,

for h = g the map w1 (H)y — m1(G)y is injective. On the other hand, the
map 71 (H) — m1(G) is injective (for any n). In other words, for h = {1}
the map 71 (H)y — m1(G)y is injective as well. By Theorem A.1.2 the set

X(K)/G(K) is finite.

We consider the case (BD I(20—1,1)) when G is an outer form. We show
that X(K)/G(K) is infinite in this case. B
In this case G is a form of D; and H is a form of B;. We have m(H) =

Z/2Z, and m(G) is Z/4Z when [ is odd and Z/2Z x 7Z /27 when [ is even.
The group 71 (H) embeds into 71 (G), and the image is a Gal(K /K )-invariant
subgroup of order 2.

We observe that in the case [ = 4, G does not come from triality. Indeed, if
G comes from triality, then Gal(K /K) acts transitively on the set of nonzero
elements of 71(G), and therefore 71(G) cannot have a Gal(K/K)-invariant
subgroup of order 2.

We see that for any [, the group g is of order 2. We write g = {1,0}.

Assume that [ is odd. Then m(G) = Z/4Z, and o acts on 71(G) by
?x = —x. Arguing as in the case (A II) with even n, we see that X (K)/G(K)
is infinite.

Assume that [ is even. Denote the elements of m1(G) = Z/27Z x Z/2Z by
0,a,b,c. We may assume that ¢ permutes ¢ and b and fixes ¢. Then clearly

the image of WL(F) is {0,c}. Since a — 7a = a + b = ¢, we see that the map
m(H)g — m1(G)gq is the zero map, hence it is not injective. By Theorem
A.1.2 the set of orbits X(K)/G(K) is infinite.

This completes the proof of Theorem A.5.2. O

Theorem A.5.3. Let X = H\G, where (G, H) is a symmetric pair as in
Theorem A.5.1 or as in Theorem A.5.2. Then:

(i) For any finite place v of K, the group G(K,) acts on X(K,) transi-
tively.

(ii) Write Koo = [[yer.. Ko (s0 that X(K) = [[,ep.. X(Ky)). Then
every obit of G(K ) in X (Ko ) contains exactly one orbit of G(K) in X(K).
In particular, any two K -points in the same connected component of X (K)
are G(K)-conjugate.

Proof. (i) Recall that g is the image of Gal(K /K) in Aut m (H) x Aut m1(G).
Since 71 (H) embeds into 71 (G), we can say that g is the image of Gal(K/K)
in Aut 71(G). We have seen in the proof of Theorem A.5.2 that G' does not
come from triality. Thus either g = 1 or g = Z/27Z. We see that g is cyclic.
It follows that all the decomposition groups g, are cyclic. The condition
(iv) of Theorem A.1.2 shows now that ker[ri(H)g, — m1(G)g,] = 0 for
any v (because g, is cyclic for any v). It follows that ker[H'(K,, H) —
HY(K,,G)] =1 for v € Ry, hence there is only one orbit of G(K,) in X (K,)

for such v, which proves (i).
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(ii) G is an absolutely almost simple K-group. By [Sa81, Cor. 54| G
satisfies the Hasse principle and has the weak approximation property. Since
H is a connected K-subgroup of G, by [B0o99, Cor. 1.7] X has the real
approximation property, i.e. X (K) is dense in X (K,). Any orbit of G(K )
in X (K) is open, hence it contains a K-point.

Now let z,y € X (K) lie in the same G(K )-orbit. We wish to prove that
they lie in the same G(K)-orbit. Our homogeneous space X = H\G has
a distinguished K-point xg, the image of the unit element e € G(K). The
stabilizer of xo in G' is H. Let H, denote the stabilizer of y in G. Clearly
the pair (G, Hy) is a symmetric pair satisfying the hypotheses of Theorem
A.5.2 (or Theorem A.5.1). We may and shall assume that y = xo.

So let x € X(K) lie in the G(K )-orbit of zy. We wish to prove that x
lies in the G(K)-orbit of zg. Let ¢(x) denote the class of the G(K)-orbit of
rin ker(K, H — G) := ker[H*(K, H) — H'(K,G)] (we use the notation of
the proof of Theorem A.1.2). For any place v of K let

locy: ker(K,H — G) — ker(K,,H — Q)

be the localization map. By (i) for any finite place v of K we have ker(K,, H —
G) =1, hence loc,(c(x)) = 1. Since x lies in the G(K )-orbit of x, we have
loc,(c(x)) = 1 for all infinite places v of K.

Set B = ker[H*® — HJ. By [Sa81, Cor. 4.4] there is a canonical bi-
jection IIY(K,H) = IN?*(K,B). From the lists of Theorems A.5.1 and
A.5.2 we see that in our case either B = 0 or B = Z/27Z. Since in both
cases II1%(K, B) = 0, we conclude that ITI'(K, H) = 1. This means that
ker [loc: H'(K,H) — [], H'(kv, H)] = 1. We have seen that loc(c(z)) = 1.
Hence ¢(z) = 1. This means that z lies in the G(K)-orbit of xy. This
completes the proof of Theorem A.5.3. O

A.6. Addendum: Further examples. In this addendum we give exam-
ples of homogeneous spaces satisfying assumptions (i-iii) of Theorem 1.1 but
not covered by Theorems A.5.1 and A.5.2.

A.6.1. Ezample with G not absolutely simple. Let K be a number field,
K'/K a quadratic extension, D/K’ a central simple algebra of dimension
r? with an involution of second kind o (i.e. o induces the nontrivial auto-
morphism oy of K’ over K). Let m be a natural number and let ® be a

o-Hermitian form on D™. Set
G =PSLp(D™), H =PSUD™, ?),

where we regard G and H as K-groups. Then G is adjoint and H is a

symmetric subgroup of G. An easy calculation shows that 71 (G) = Z/nZ @

Z/nZ and m (H) = Z/nZ, where n = mr. The group Gal(K/K') acts
trivially on 71(G) and m1(H). The non-identity element op € Gal(K'/K)
acts on m (H) by multiplication by —1. Thus g = Gal(K'/K) and 71 (H)g =

(Z/nZ)/2(Z/nT).
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Now assume that n is odd (i.e. both r and m are odd). Then (Z/nZ)/2(Z/nZ) =

0, hence 71 (H )y = 0 and the homomorphism

m1(H)g — m1(G)g

is injective. Since H®¢ embeds into G®*¢, by Corollary A.3.3 the homo-
morphism 71 (H) — m1(G) is also injective. By Theorem A.1.2 the set
X (K)/G(K) is finite and for almost all v the group G(K,) acts transitively
on X (K,).

Similar examples can be constructed for G and H of type Eg (then
7 (H) = Z/3Z) and for G and H of types Es, Fy and Gs.

A.6.2. Examples with spherical non-symmetric H. We are interested in ex-
amples of (G, H), where G and H are connected semisimple, H is a spherical
non-symmetric subgroup of G, and H is a maximal connected subgroup of
G. From [42, Tab. 1] and [Vi0O1, Ch. I §3, Table 1] one can see that there
are only two such examples:

(a) G is a form of SO7, H is a form of Gba;

(b) G is a form of G2, H is a form of SLs.
In both cases G is adjoint and 7 (H) = 0. By Corollary A.2.1 the set
X (K)/G(K) is finite and for almost all v the group G(K,) acts transitively
on X (K,). Note that in case (a) any K-form H of G5 appears in such a pair
(G,H).

A.6.3. Ezamples with non-spherical H. There are lots of pairs (G, H) sat-
isfying assumptions (i) and (ii) of Theorem 1.1, that is such that H is a
semisimple maximal connected subgroup of a connected semisimple group G.
They were classified by Dynkin [Dy52a], [Dy52b]. In particular, if H is a an
almost simple group over K and V an irreducible representation of H, then
almost always H is a maximal connected subgroup in G = SL(V'), Sp(V) or
SO(V), with a small number of exceptions, see [Dy52a, Thm. 1.5].

We list such pairs (G, H) satisfying also the assumption (iii) of Theorem
1.1, in the simplest case when H is PSLo. The pairs are:

(a) PSLy C PSp,,,, m > 2; we set n = 2m;

(b) PSLy € SO2p41, m > 5, m=1,2 mod 4; we set n = 2m + 1.
In each case (a) and (b) the embedding is given by the standard n-dimensional
irreducible representation of SLy. Dynkin [Dy52a, Thm. 1.5] proved that H
is maximal in G. Under the chosen conditions on m the map H*® — G*¢ is an
embedding, and the map 71 (H) — m(G) is an isomorphism. By Corollary
A.2.2 the set X(K)/G(K) is finite and for almost all v the group G(K,) acts
transitively on X (K,). Note that, using twisting, we can obtain such a pair
(G, H) with any K-form H of PSLy.
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