MIXING PROPERTIES OF COMMUTING NILMANIFOLD
AUTOMORPHISMS

ALEXANDER GORODNIK* AND RALF SPATZIER"**

ABSTRACT. We study mixing properties of commutative groups of automorphisms acting
on compact nilmanifolds. Assuming that every nontrivial element acts ergodically, we
prove that such actions are mixing of all orders. We further show exponential 2-mixing
and 3-mixing. As an application we prove smooth cocycle rigidity for higher-rank abelian
groups of nilmanifold automorphisms.

1. INTRODUCTION

Given a measure-preserving action of a (discrete) group I' on a probability space (X, p),
we say that this action is (s+1)-mizing if for every fo,..., fs € L>°(X) and 79, ...,7s € I,

(1) / (f[fmc)) aute) — T1 ([ i)
=0 1=0

as %i, %, L' o0 for all i1 # 49. In particular, 2-mixing corresponds to the usual notion of
mixing. It was discovered by F. Ledrappier [12] that 2-mixing does not imply 3-mixing in
general. In this paper we will be interested in mixing of higher order. This property is
a very widespread phenomenon for one-parameter actions. It is known to hold for many
transformations satisfying some hyperbolicity assumptions. On the other hand, very little
is known about higher order mixing for actions of large groups. We are only aware of
two general families of actions of large groups on manifolds where the multiple mixing
has been established — Z!-actions by automorphisms on compact abelian groups and
actions of simple Lie groups. K. Schmidt and T. Ward [I8] proved that 2-mixing 7Z!'-action
by automorphisms on compact connected abelian groups are mixing of all orders, and
S. Mozes [13] established mixing of all orders for ergodic actions of simple Lie groups.

In this paper we investigate mixing properties of Z!-actions by automorphisms on com-
pact nilmanifolds. We prove that for such actions, 2-mixing implies mixing of all orders
and establish quantitative estimates for 2-mixing and 3-mixing.

1.1. Main results. Let G be a simply connected nilpotent group and A a discrete co-
compact subgroup. We call the space X = G/A a compact nilmanifold. We denote by
Aut(X) the group of continuous automorphisms « of G such that a(A) = A. Then Aut(X)
naturally acts on X and preserves the Haar probability measure p on X.

Our first main result concerns exponential 3-mixing. In order to obtain any quantitative
estimate in (L.I), it is necessary to work in a class of sufficiently regular functions. We
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denote by C?(X) the space of Holder functions with exponent 6, defined with respect to
a Riemannian metric on X.

Theorem 1.1. Let o : Z! — Aut(X) be an action on a compact nilmanifold X such
that every a(z), z # 0, is ergodic. Then there exists n = n(f) > 0 such that for every
f07f17 f2 S CG(X) and 20, 21y 22 S Zl;

/X fola(20)7) fr(a(21)) fa(al22)) du(z)

:( / fodu> ( / fldu) ( / deu)w(N(zo,zl,zz)"\\fouoeuflroeufguce),
X X X

where N(zo, 21, 22) = exp(min,; ||z; — z;]|)-

We note that this result is new even for the case of toral automorphisms. Mixing of all
orders for ergodic commuting toral automorphisms was established in [I8]. The argument
in [I8] relies on finiteness of the number of nondegenerate solutions of S-unit equations
established in [I5]. Although there are explicit estimates on the number of such solutions,
these estimates are not sufficient to derive any quantitative estimate for 3-mixing because
it is also essential to know how the sets of solutions depend on the coefficients. In order
to prove Theorem [1.1], we use more delicate Diophantine estimates for linear forms in
logarithms of algebraic numbers established in [20] (cf. Proposition below).

We also prove mixing of all orders:

Theorem 1.2. Let o : Z! — Aut(X) be an action on a compact nilmanifold X such that
every a(z), z # 0, is ergodic. Then for every fo,...,fs € L®(X) and 2, ...,z € 7',
S S
/ (H fi<a<zi>x>> ane) =] ( |5 du) +o(1)
X \i=0 i=0 X
as min;z; ||z; — zj|| = oo. Moreover, the convergence is uniform over families of Holder
functions fo, ..., fs such that || follce, .-, || fsllce < 1.

This theorem extends the main result of [I8] to general nilmanifolds. The proof in
[18] utilises abelian Fourier analysis and properties of solutions of S-unit equations. Our
approach is based on the study of distribution of images of polynomial maps in X. This re-
duces the proof to the investigation of certain Diophantine inequalities which are analysed
using W. Schmidt’s Subspace Theorem. In order to prove an effective version of Theorem
one would need to estimate the size of nondegenerate solutions of these Diophantine
inequalities in terms of complexities of coefficients (cf. Proposition below). However,
this seems to be far out of reach of available techniques when s > 2.

Finally, we discuss the problem of exponential mixing for shapes in Aut(X). This notion
was introduced by K. Schmidt in [I6] in order to better understand Ledrappier’s examples
[12] which are not mixing of higher order. A shape in Aut(X) is a collection of elements
Qg, .. .,as € Aut(X). We says that the shape is mizing if for every fo,..., fs € L>®(X),

/X (i]j)fi(a?w)> dp(z) —> 130 ( /X Iz du)
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as n — oo. This property has been extensively studied in the context of commuting
automorphisms of compact abelian groups (see, for instance, [6], [I7, Ch. VIII], [22], [23]).

We establish quantitative mixing for commuting Anosov shapes. We say that the shape
o, ..., 05 is Anosov if ozl-z.ozi;l is an Anosov map for all i1 # is.

Theorem 1.3. Let X be a compact nilmanifold and «ay,...,as € Aut(X) a commuting
Anosov shape. Then there exists p = p(6) € (0,1) such that for every fo,...,fs € C*(X)
and n € N,

az <£!)fi(a?x)> () =[] ( /. fidu> +o (p”i:f[onfince)-

=0

1.2. Applications to rigidity. The exponential mixing property played an important
role in the program of classification of smooth Anosov higher-rank Z'-actions on compact
manifolds. It is expected that all such actions can be built from actions by automorphisms
on nilmanifolds. D. Fisher, B. Kalinin and R. Spatzier in [7] applied the exponential
2-mixing property to extend their results for Anosov Z!'-actions on tori to actions on
nilmanifolds:

Theorem 1.4 (D. Fisher, B. Kalinin, R. Spatzier). Let o be a C*®-action of Z', | > 2,
on a compact nilmanifold X and let p : Z! — Aut(X) be the map induced by the action of
a(ZY) on the fundamental group of X. Assume that there is a 72 subgroup of Z! such that
p(2) is ergodic for every nonzero z € 72, and there is an Anosov element for o in each
Weyl chamber of p. Then o is C'*°-isomorphic to p.

In fact, this application to global rigidity was our original motivation to establish the
exponential mixing property for nilmanifold automorphisms.

We also use the exponential mixing property to establish cocycle rigidity for higher-
rank Z!-actions by automorphisms of nilmanifolds, extending the results of A. Katok and
R. Spatzier [0, T1]. A C*°-cocycle is a C®-map c: Z' x X + R satisfying the identity

c(z1 + 22,2) = (21,20 - ) + c(22,2) for 21,29 € Z! and = € X.

Two cocycles ¢; and ¢y are called smoothly cohomologous if there exists b € C°°(X) such
that

c1(z,x) = co(z,2) + b(z - x) —b(z) for z€ Z!' and x € X

We call a cocycle constant if it does not depend on x € X. We prove that cocycles over
genuine higher-rank actions by automorphisms on nilmanifolds are smoothly cohomologous
to constant cocycles. This phenomenon was first discovered by A. Katok and R. Spatzier in
[10] for certain higher-rank Anosov actions. Using our methods, we generalise this cocycle
rigidity theorem to actions by automorphisms on nilmanifolds. We emphasise that the
action in the following theorem need not be Anosov.

Theorem 1.5. Let a : Z! — Aut(X) be an action on a compact nilmanifold X. Assume
that there is a 72 subgroup of Z! such that a(z) is ergodic for every nonzero z € Z2. Then
every smooth R-valued cocycle is smoothly cohomologous to a constant cocyle.
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For certain actions by partially hyperbolic left translations on homogeneous spaces
G /T, where G is a semisimple Lie groups and I' is a lattice in G, a similar theorem was
proved by D. Damjanovic and A. Katok [4, 5, [3] and Z. J. Wang [2I]. We note that these
authors also prove Holder versions of this result which are not amenable to our techniques.
Furthermore, cocycle rigidity results are proven for small perturbations of these actions
on G/I' in [5, 21]. Again we cannot obtain these results by our methods.

Acknowledgements. A.G. would like to thank the University of Michigan for hospitality
during his visit when the work on this project had started. R.S. thanks the University of
Bristol for hospitality and support during this work.

2. EXPONENTIAL 3-MIXING

In this section we prove Theorem We start by setting up basic notation, which will
be also used in subsequent sections. Then in Sections [2.2H2.4] we collect some auxiliary
estimates. The proof of Theorem is divided into two parts. We first give a proof under
an irreducibility condition in Section and then in Section [2.6] prove Theorem [I.1] in
general using an inductive argument.

We note that if the reader is only interested in exponential 2-mixing, then the results
of Section are not needed, and in Section [2.5], one only needs to consider Case 1. This
makes the proof much simpler.

2.1. Notation. Let G be a connected simply connected nilpotent Lie group, A a discrete
cocompact subgroup, and X = G/A the corresponding nilmanifold equipped with the
invariant probability measure p. We fix a a right invariant Riemannian metric d on G
which also defines a Riemannian metric on X. Let £(G) be the Lie algebra of G and
exp : L(G) — G the exponential map. The lattice subgroup A defines a rational structure
on L(G). For a field K D Q, we denote by L£(G)g the corresponding Lie algebra over
K. Let 7 : G — G/G" denote the factor map, where G’ is the commutator subgroup.
We also have the corresponding map D7 : L(G) — L(G/G'"). We fix an identification
G/G" ~ L(G/G') ~ R? that respects the rational structures.

Every automorphism § of G defines a Lie-algebra automorphism Df : L(G) — L(G)
such that §oexp = expoDf. If B(A) = A, then D preserves the rational structure of
L(G) defined by A. In particular, given an action o : Z! — Aut(X) on the nilmanifold
X = G/A, we obtain a homomorphism Da : Z! — GL(L(G)qg).

For a multiplicative character x : Z! — C*, we set

Ly :={uecL(G)®C: Da(z)u = x(z)u for z € Z!}.

Let X («) denote the set of characters y appearing in the action Da on £(G), and X'(«) C
X (a) be the set of characters appearing in the action on £(G)/L(G)’.

2.2. Estimates on Lyapunov exponents. Since a(Z!) preserves the rational structure
on L(G) defined by the lattice A, it follows that each character x in X'(«) is of the form

2l

x(z) = uf' - - -u;’ where u;’s are algebraic numbers. The Galois group Gal(Q/Q) naturally
acts on X(«) and X’ («). Let Ay C X’(a) be one of the Galois orbits.
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Lemma 2.1. Suppose that every a(z), z # 0, acts ergodically on X. Then there exists
¢ > 0 such that

max |x(2)| > exp(c||z||) for all z € ZL.

XEXo

Proof: By [2], 5.4.13], AG’ /G’ is a lattice in G/G’, and the action « defines the action on
the torus T := G/(AG’) by linear automorphisms. Let V be the subspace of L(G)/L(G)’
spanned by the y-eigenspaces in with y € &j. Clearly, this subspace is invariant under
a(Z') and is defined over Q. Hence, it defines an a-invariant subtorus Ty, of T. Since
a(z)|r is ergodic when z # 0, it follows that the corresponding linear map has no roots of
unity as eigenvalues. This implies that a(z)|r,, is also ergodic.

Consider a linear map ¢ : Rt — RI%| which is defined for z € Z! by
€(z) := (log [x(2)] : x € X)
and extended to R! by linearity. Since for every z € Z!\ {0}, the automorphism «a(z) acting
on Ty, is ergodic, we have £(z) # 0 by [9, Lemma 3.2]. Hence, |, is injective.
We also claim that ¢(Z') is discrete. We consider the embedding Z' — GL(V) defined

by a. Since a(Z!) preserves the integral lattice in V corresponding to the torus Tk, it
follows that the image of this embedding is discrete. In other words, the subset

{(x(2): x€X): z€Z"}
of (C*)I%l is discrete. Since the kernel of the natural homomorphism (C*)I%! — RI%ol
defined by s + log|s| is compact, this implies that ¢(Z!) is discrete, as claimed. Since
¢(Z") is discrete and has rank [, it follows that the space ¢(R!) has dimension I, and, in

particular, the map /£ is injective. Therefore, by compactness, there exists ¢ > 0 such that
for every z € R!, we have

max{log |x(z)[ : x € Ao} > c|z]].

This implies the lemma. <

Lemma shows that in Theorem we may replace N (2o, 21, 22) by

exp | min max |x(z; — 2; .
p (min mae (s - )1

2.3. Diophantine estimates. Recall that the (absolute) height of an algebraic number
u is defined by

1/[Q(v)Q]
H(u) = (H max(1, ]u‘y)> ,

where | - |, denote suitably normalised absolute values of the field Q(u). When wu is an
algebraic integer, the height can be computed as

1/[Q(w):Q]
H(u) = <H max(1, Iu@-\)) ,

where u; denote all the Galois conjugates of u.
The following result is deduced from the work of M. Waldschmidt [20, Cor. 10.1].
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Proposition 2.2. Let uy,...u;,u € C be algebraic numbers and z = (z1,...,2) € Zt.
Then there exists c1,ca,c3 > 1, depending on uy, ..., u; and [Q(u) : Q|, such that assuming
that

(2.1) [|2]] = log(c2 H(uw)),

and

zZ1 zZl
uytulu # 1

we have the estimate

(2.2) Wi ufu— 1] > exp <—c1 log(c2 H(u)) log (bgg%» .

Surprisingly, it turns out that the term log(coH(w)) in the denominator is essential to

establish exponential 3-mixing (cf. (2.28)—(2.30) below).

Proof: We note that since H(u) > 1 and holds, the right hand side of is

bounded from above by
exp(—c1 log(c2) log(es)).

Taking the constants sufficiently large, we may arrange that this quantity is bounded by
1/2. Then trivially holds when |ui" - - - u/'u —1| > 1/2, and without loss of generality
we assume that [uj'---u'u — 1] < 1/2.

Let log denote the principle value of the (complex) logarithm. There exists zy € Z such
that |29] < ||z|| and

T :=log(uj’ -+ uj"u) = mizo + z1loguy + - - - + 2z log u; + log u.

It is convenient to set ug = —1, so that logug = mi. Let S := uj'---u;'u. Since [S — 1| <
1/2,
IT| = |log S| < 2IS — 1].
Hence, it sufficient to establish a lower bound for |T|. Note that since S # 1, we have
T # 0. For this purpose we use [20, Cor. 10.1], which we now recall. We note that the
result in [20] is stated using the logarithmic height while here we use the exponential
height. For simplicity, we take £ =e and f = 1.
Let D = [Q(uo,...,u;,u) : Q], Ag,...,A;, B be numbers, greater than e, such that

H(U,L)SA“ ZZO,,Z, H(U)SB,

l

[logu| | [logu| _
2.3 < [+2)D.
(2:3) ; log A; + log B e ((+2)

A= max{AO, ce ,AZ,B},

1 Ed
M =
im0l {log A; - logB} '
Zy = max {7+ 3log(l + 2),log D},
Go = max{4(l 4+ 2)Zy,log M,log D},

Up = max {D2 log A, Dl+4G0Z0(log Ap) - -+ (log 4;)(log B)} .
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Then according to [20, Cor. 10.1],
(2.4) |T'| > exp(—cUy),

where ¢ is an explicit positive constant depending only on n. We set B := coH(u) with
co > 1. We note that

logul? < 72 +log? [u] < 7 + [Q(u) : Q]2 log? H(u).

Therefore, taking A; sufficiently large, depending on u;, and sufficiently large co, we may
arrange that (2.3) holds. If ¢ is sufficiently large, A = B. Under the assumption ({2.1)), we

have M < % with sufficiently large c¢3 and also Gy = log M < log <C3HZH

TogB ) Moreover, if

cg is sufficiently large, then Uy < log (%) log B. Therefore, estimate 1’ implies that

|T| > exp (—cl log <T§!Z]J> logB> ,

where ¢ is an explicit positive constant. This completes the proof of the proposition. ©

2.4. Equidistribution of box maps. A box map is an affine map
t:B:=[0,T1] x --- x [0,T}] — L(G)

of the form

(2.5) v:(ty, .y ty) = v+ tiwy + - -+ twg

with v, w1, ..., wr € L(G). We shall use the following result, which is a variation of our
theorem [9 Th. 2.1], that implies equidistribution of box maps under suitable Diophantine
conditions. This result is based on the work of B. Green and T. Tao [§].

We denote by |B| the k-dimensional volume of the box B.

Theorem 2.3 (Green-Tao dichotomy). Fiz 0 < 6 < 1. There exist L1, Ly > 0 such that
for every 6 € (0,60) and every box map ¢ : B — L(G), one of the following holds:

(i) For every 0-Hélder function f: X — R, u € L(G), and g € G,

1
i /B f(exp(u) exp(c(t))g) dt — /X Fu| < 51 f o

(ii) There exists z € Z4\{0} such that
Izl < 675 and |(z, Dm(w;))| < 6~ 12/T; foralli=1,... k.

Proof: In the case of Lipschitz functions f, this is [9, Th. 2.1], and the analogous result
for Holder functions can be deduced by a standard approximation argument. Indeed,
suppose that for some f € C%(X), u € £L(G), and g € G,

1
5 [ St oo a— [ fanl >l
Then one can find a Lipschitz function f. such that
Ife = flico < liflloo and || fellzip < e~ O £l o

(2.6)
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(see, for instance, [J, Lem. 2.4]). Then taking ¢ = (5/3)'/?, we deduce from (2.6) that

1 0
’rm | esespngndi - [ . du‘ > (6= 22 fllos

> M+ (5 — 26| £l Lip
s> §E@MEHD/O+ )

Now the theorem for Lipschitz functions implies that (ii) holds with some Lj,Ls > 0
depending on 0. ©

2.5. 3-mixing under irreducibility condition. The action of Da(Z!) preserves the
rational structure on L£(G) defined by the lattice A. In particular, it follows that each
character x in X(«) is of the form x(z) = ui'---u;" where u;’s are algebraic numbers.
The Galois group Gal(Q/Q) naturally acts on X(a) and on L(G)g. We fix an orbit
Xy C X'(a) of the Galois group and for each x € Aj, we fix a vector wy, € L, whose
coordinates are algebraic integers, so that the vectors w, are also conjugate under the
action of the Galois group. Let W be the Lie subalgebra of £(G) ® C generated by the
vectors wy, X € Xp, and W = We N L(G). We also fix a basis {w;} of W.

In this section, we prove Theorem under the irreducibility assumption: D7 (W) is
not contained in a proper rational subspace. Let w, = D (w,), x € Xp. We observe that
under this assumption the coordinates of each the vectors w, are linearly independent
over Q. Indeed, if we suppose that (a,w,) = 0 for some a € Q4\{0}, then applying the
action of the Galois group, we deduce that (a,w,) = 0 for all x € Ay. Since Dm(W) is
spanned over C by the vectors wy, x € &p, this would imply that D7 (W) is contained in
a proper rational subspace, which contradicts our assumption.

Let

@7 N = Nz, 29, 25) = exp (gnuzi - Zj\|> .
i#j

Without loss of generality, we may assume that zp = 0 and N = exp(]|z1 — 22|). We set
€ = N7 where k > 0 is a fixed parameter which is sufficiently small and will be specified
later (see (2.21)), (2.23)), (2.26)), (2.30) below).

We fix a fundamental domain F C G for X = G/A and set E = exp *(F). As in [,
Section 3], we may arrange that E is bounded and has piecewise smooth boundary. Since
the Haar measure on G is the image under exp of a suitably normalised Lebesgue measure
on L(G) [2, 1.2.10], we obtain

(2.8) /X fo() fr(alz)z) fa(e(z2)2) dp(x)

= /E folexp(uw)A) fi(exp(Da(z1)u)A) fa(exp(Da(z2)u)A) du.
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We choose a basis of £(G) that contains the basis {w;} of W and tessellate L(G) by cubes
C of size € with respect to this basis. Since E has piecewise smooth boundary, we obtain

(2.9) E-|J o«
CCFE
and
(2.10) /E folexp(u)A) fi(exp(Da(z1)u)A) fa(exp(Da(z2)u)A) du

= 3 [ (expu)) filexp(Dalz)w) falexp(Dalza)u)A) du
cce’C
+ Ol folles I illell o).

For every cube C', we pick a point uc € C. Then since fy is -Holder,

(2.11) /C Folexp(u)A) f (exp(Daz1)u)A) fa(exp(Da(z2)u)A) du

=fo(exp(uc)A) /C fi(exp(Da(z1)u)A) f2(exp(Da(zg)u)A) du
+ 0| follce Il fill ol follo)-

We decompose each cube C' as C = B’ + B, where B is a cube in W and B’ is a cube in
the complementary subspace.
We claim that for sufficiently small £ > 0 and all sufficiently large N defined in (2.7]),

(2.12) € / fi(exp(vy + Da(z1)b)A) fa(exp(ve + Da(z2)b)A) db
1Bl JB

_ < [ s du> ( [ 5 du) O filleall fol o),

uniformly over the cubes B and v1,ve € L(G),
Suppose first that (2.12) holds. Then using uniformity over vy, ve, we deduce that

|é\ /C fi(exp(Da(z1)u)A) f2(exp(Da(z2)u)A) du

:|B’|1]B| /B//Bfl(exp(Da(zl)b’+Da(21)b)A)fg(eXp(Da(zg)b’+Da(zQ)b)A) dbdv’

_ < [ 5 du) ( [ r du) + O fullooll follon)-
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Combining this estimate with (2.10)—(2.11)), we obtain
| folexplu)t) filexp(Daten)u)d) fo(exp(Dazz)u)A) du
E

=<Z fo(eXP(UC)A)|C> ([ i) ([ raan)

CCE
+0 (N + ) folleoll filleoll folleo ) -

Since f is 6-Holder and holds,
>~ hlexpluc)NICl= Y [ fifexp(ua)du+0 (¢ foleo)

CCE CCE
= [ ioexpwn) du+0 ((e+ faleo) = [ fodu+0 (lfllcs).

Hence,

(2.13) /E Folexp(u)A) fi (exp(Daz0)u)A) fa(exp(Da(z2)u)A) du

= (f o) (f ) ([ o) + 0 (N Uplcollilent ol

This proves the required estimate when NV is sufficiently large, and it is also clear that this
estimate holds for N in bounded intervals. Hence, Theorem follows. Now it remains
to prove the claim ([2.12]).

To prove (2.12]), we apply Theorem to the nilmanifold X x X = (G x G)/(A x A)
with § = N7%. We assume that N is sufficiently large, so that Theorem applies. Let

f=fi® fa. Clearly,

[ tawen=([ sia) ([ fdn) ad iflee < lileol el
XxX X X
We consider the map ¢ : [0, ¢]* — £(G) defined by

k k
u(t) = (v'l + ZtiDa(zl)wi, vh + Z tiDCY(ZQ)U}i)

i=1 i=1
with suitably chosen v],v5 € L(G), so that
/ fi(exp(vy + Da(z1)b)A) fo(exp(ve + Da(z2)b)A) db = 0 F((t)A) dt,
B 0,¢e
It is sufficient to prove that
[ fewnyde= [ faue w+ 0@ fle).
[0,¢]* XxX
Applying Theorem we deduce that either

(2.14) <[l fllce,

[ pn) de— / fd(u® )

[0,¢] % XxX
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or there exists (a1, az) € (Z4)?\{(0,0)} such that

(2.15) max([|ay |, [Jag]|) < 675 = N*
and
(2.16) |{a1, (Dm)Da(z1)w;) + (a2, (D) Da(z2)w;)| < 5_L2/e — Nrlatl)

foralli=1,...,k.
We shall show that if k > 0 is sufficiently small and N is sufficiently large, then ([2.15])—

(2.16) fails. Suppose that (2.15)—(2.16|) holds. Since each of the vectors w,, x € Xp, is a
linear combination of vectors w;, we deduce from (2.16]) that

(2.17) (a1, (D7) Da(z1)wy) + (ag, (D) Daz0)w, )| < N2 for all y € Xp.
Since Do(z)wy, = x(2)wy and w, = D7r(w,y), (2.17) becomes
(2.18) Ix(21) (a1, ,) + x(22) (ag, 0y )| < N*E2FD for all x € Ap.

We divide the argument into three cases.
Case 1: suppose that a; = 0. Then ag # 0 and (ag, w,) # 0. Moreover, by [I, Th. 7.3.2],

(2.19) | (ag, @y) | > [lag]| 741 > N—rEd+D),

By Lemma there exists x € Ap such that |y(z2)| > N€¢ with fixed ¢ > 0. Hence, it
follows from (2.18]) that

(2.20) | (ag, W) | < Nx(L2tD—c,
We assume that the parameter £ > 0 satisfies
(2.21) —kL1(d+1)>k(La+1)—c.

Comparing (2.19) and (2.20)), we get a contradiction if NV is sufficiently large. Hence, we
may assume that a; # 0.

Case 2: suppose that a1 # 0 and x(z1) (a1, wy) + Xx(22) (a2, wy) = 0 for some x € Ap.
Since the Galois group acts transitively on the set Xp, it follows that this equality holds
for all x € Ay. By Lemma there exists x € &Xp such that |x(z2 — z1)| > N¢ with fixed
¢ > 0. Then

(2:22) | {az, Wy} | = [x(21 — 22)|| (a1, wy) | = N (a1, wy) |.
Since a; # 0, we have (a1, w,) # 0, and by [I, Th. 7.3.2],
| (a1, @y) [ > [laa| = > N-REEED,

On the other hand,
| (a2, Wy) | < [laz|| < N#E1.
Hence, we deduce that
N—fiLl(d-‘rl)-‘rc < NHLI.
We choose the parameter x > 0 so that
(2.23) — IiLl(d + 1) +c>klq.

Then when N is sufficiently large, we get a contradiction.
Case 3: suppose that a1 # 0 and x(z1) (a1, wy) + x(22) (a2, wy) # 0 for all x € Xy. This
is the most difficult part of the proof.
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Since a; # 0, we have (a1, wy) # 0, and by [1, Th. 7.3.2],
| <Cl1,7I)X> | > ||a1||_d_1 > N_“Ll(d—i—l).

We set u = —23?3’;; By Lemma there exists x € Xy such that |x(z1)] > N¢ with
fixed ¢ > 0. It follows from ([2.18]) that for this x, we have the estimate

NK(L2+1)
(2.24) IX(22 — z1)u — 1| < < NFbztitla(dtl)—c,

Ix(z0)ll (a1, wy) |

Let K; :=r(La+ 1+ Li(d+1)) —c.
Next, we compare this estimate with the lower estimate provided by Proposition
We note that

H(u) = Hmax(| (a1, Wy) |y, | (az, y) ‘U)l/[Q(U):Q].

v

For all non-Archimedian places v,
[ {as, Wy) o < 1,
and for all Archimedian v,

| (a5, wy) | < [lai|| < Nrb

Therefore,

(2.25) H(u) < N2,

where K := kL] with fixed L] > 0. We take the parameter £ > 0 so that
(2.26) Ky =L} < 1.

Then assuming that N is sufficiently large, we obtain

(2.27) log(coH(u)) < log(chNE?) < log N,

where ¢}, > 1 depends on the implicit constant in the estimate (2.25). We recall that we
have chosen the indices, so that

log N = [|z2 — 21|
Since ([2.27)) holds, Proposition applies, and we deduce that
c3l|z2 — 21|
- -1 > —c 1 H 1 —_— .
(2 = 2)u = 1] exp (—exlogleati(u) tog (722 24

Without loss of generality, we may assume that c3 > e. Since the function z — z log(C/x)
is increasing for z < C'/e, we deduce that

c3log N
(2.28) IX(z2 — z1)u — 1| > exp (—01 log(chbN52) log <log(c’2NK2)>>

> exp (—cl log(c’QNKQ) log (03K2_1)) .
Comparing (2.24) and ([2.28)), we conclude that
(2.29) Klog N + M < Kylog N + Mj,
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where K} := —c1Kalog(csK, '), My := —cylog(ch)log(csKy '), and M is determined
by the implicit constant in (2.24). We observe that as k — 07, we have K} — 0~ and
K1 — —c < 0. Therefore, taking the parameter x > 0 sufficiently small, we may arrange
that

(2.30) K > Kj.

Then when N is sufficiently large, fails. This shows that (2.15)(2.16)) fails and
holds when N is sufficiently large. Now we have verified the claim (2.12) and
completed the proof of Theorem under the irreducibility condition.

In order to prove Theorem in general, we observe that using the same argument, one
can deduce the following more general version of the estimate : for all sufficiently

large N defined in (2.7)),

(2.31) L / f1(h1B1(exp(v1 + Da(z1)b))A) fa(haBa(exp(ve + Da(z2)b))A) db
1Bl Jp

_ ( [ s dy) ( [ 5 du> + O fillesll fallco)

uniformly over the cubes B, hi,hy € G, vi,v2 € L(G), and automorphisms (1, 82 of G
which act trivially on G/G’. Indeed,

/B fi(h1B1(exp(vi + Da(z1)b))A) fa(haP2(exp(ve + Da(z2)b))A) db
= /B f1(h1 eXp(D,Bl(Ul) =+ DﬂlDa(zl)b)A)fg(hg exp(Dﬁg(Ug) + DﬁzDOz(ZQ)b))A) db,

and to prove ([2.31]), we can apply Theorem to the map

k k
Lt (vi + Z t; DBy Da(zy)w;, vh + ZtiDBQDO{(ZQ)U)i)

i=1 i=1

As in the above proof, either (2.31) holds, or an analogue of (2.16) holds, but since
DrnDp; = D, this reduces to the exactly same estimate as (2.16)). Therefore, (2.31)

follows. Now we combine with the argument — to deduce that
32 [ K@hmaeE) @) hla(E)E) di)

~ ([ soaw) ([ svau) ([ ) +0 (v lolcol sl el

uniformly over hi, ho € G and automorphisms 31, 8 of G that preserve A act trivially on
G/G’. We will use this estimate to establish Theorem in general.

2.6. 3-mixing in general. Let W be the Lie subalgebra of £(G) introduced in Section
By [19, Ch. 5, Sec. 5], there exists a closed connected normal subgroup M of G such
that M /(M N A) is compact, and

exp(W)gA = MgA for almost every g € G.
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Since we may replace the lattice A by its conjugate, we assume that
exp(W)A = MA.

We note that the group M satisfies the following properties:
(i) M is a(Z"-invariant,
(ii) Dm(W) is not contained in a proper rational subspace of L(M/M'),
(iii) [G, M] C M.
Properties (i)—(iii) can be verified exactly as in the proof of [9, Lem. 3.4].

We give the proof of Theorem using induction on dimension of X. For this, we use
that X = G/A fibers over Y = G/(MA) with fibers isomorphic to

R=MA/A~M/(MNA).
The invariant measure on X can be decomposed as

/deuz/Y/Rf(yr)dﬂzz(r)dﬂy(y)v felC(X),

where puy and ppr are normalised invariant measure on Y and R respectively. Since the
fibration is «(Z')-equivariant (by (i)),

(2.33) /Xfo(ﬂﬁ)fl(04(21)$)f2(oc(22)x) dp(z)
:/Y (/R fo(yr)f1(a(z1)(y)a(z1)(7“))f2(a(22)(y)a(zQ)(r))duR(r)> dpy (y)
:/F (/R fo(gr)f1(a(z1)(g)oz(z1)(r))f2(oz(22)(g)a(zQ)(r))dﬂR(r)> dmp(g),

where F' C G is a bounded fundamental domain for G/(MA), and mp is the measure on
F induced by py. We shall show that for NV defined in (2.7)) and some 1 > 0,

(2.34) / Jolgr) fi(a(z1)(g)a(z1)(r)) fa(a(z2) (9)e(22)(r)) dpr(r)

(/fogTduR )(/fa a21) (9)r)dpin(r ></f2 alz2)( d;m())

+ O folleoll filleo 2l o)

uniformly over g € F.
Suppose that (2.34) holds. Then combining (2.33)) and (2.34]), we obtain

/X fol@) r(a(21)2) fa(a(z2)x) du(z)

Z/Yfo(y)fl(a(21)y)f2(a(22)y) dpy (y) + ON""[| follce | fill o ll f2ll o),

where the functions f; on Y are defined by

yH/]%fi(yT)dﬂR("")-
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Since dim(Y") < dim(X), it follows from the inductive assumption that for some n > 0,

/ foly o) Fa(o(22)y) dpsy ()

=( / fodw> ( / fldw> ( / f2duy) O Folleo | Fullos | Fello)

Y Y Y

:( / fodu> ( / fldu) ( / fgdu)w(N”uforceufluce||f2uce>,
X X X

and this completes the proof of Theorem Hence, it remains to prove ([2.34]).
To prove ([2.34]), we write

a(zi)(g) = aim;\; witha; € F,m; € M, \; € A, i=1,2.
Then

/RfO(gT)fl(04(21)(9)04(21)(T))fz(a(@)(g)a(@)(?”))dMR(T)
:/Rfo(gr)fl(a1m151(04(21)(7")))fz(a2m252(04(22)(7“)>)dMR(T)»

where (;’s are the maps induced by the automorphisms m — )\im)\i_l. We observe that
because of (i), W C L(M) satisfies the irreducibility assumption of Section and by
(iii), the automorphisms f3; act trivially on M/M’. Hence, (2.32)) holds. We apply (2.32)
to the functions on R defined by

¢o(r) := folgr) and ¢;(r) = fi(a;r), 1=1,2.

This gives
/R do(r) by (1 B (1)) ba(mafa(a(z2)r)) dur(r)

_ < [ o m) ( [ o duR) ( [ & dMR) + O igollco llé1lloo 2l co)
(/fogrd/m >(/f1 a(z1)(9)r) dpr(r >(/f2 a(z2)( dlm())

+ O(N""[follce 1 f1llce ll foll co)-
This implies (2.34) and completes the proof of Theorem

3. HIGHER ORDER MIXING

The aim of this section is to prove Theorem We shall use notation introduced in
Section In Section we prepare Diophantine estimates. Then in Section we
give a proof of Theorem under an irreducibility condition, and in Section we give
a proof in general using an inductive argument.

We note that it is sufficient to prove Theorem|L.2]for a collection of functions f; € L*°(X)
which is dense in L'(X). Hence, we may assume that fo,..., fs € C?(X). Furthermore,
we may assume that zg = 0.
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3.1. Diophantine estimates. Let K be a number field and S a finite set of places of K
containing all the archimedean places. We denote by Ug the ring of S-units, namely, the
groups of elements z in K such that |z|, = 1 for v ¢ S. For a vector & € K*, we define its

(relative) height by
7) = | [ max(1, ||z]].)

where v runs the set of all places of K, and ||Z]|, = max; |z;s.

Proposition 3.1. Let v € S and by,...bs € K\{0}. Then for every e > 0, the inequality

(3.1) bi+ > bz < Hz) ™
j=2 v

has finitely many solutions T € Ug such that no proper subsum of by +Z;:2 bjxr; vanishes.

We call such solutions of (3.1)) nondegenerate.

Proof: We prove the proposition by induction on s. Note that when s = 1, the statement
holds trivially because there are only finitely many solutions of H(Z) < c.

Given a solution Z of (3.1)), we set ¥ = (1,Z), and we denote by j, = j,(Z) the first
index j, such that

‘yju|v = HgHv > 1.

Partitioning the set of solutions according to the index j,, we may assume that this index
is fixed.
We introduce a family of linear forms L.,;(y), with w € S and j =1,...,s, defined by

Luj(y) = yj, (w,7) # (v, Jv),

Zb]yja w .7 (quv)-

Then if § = (1, %) corresponds to a solution of (3.1),

S

H|ij |w—H|yj‘wa w # v,

7j=1
H [ Loj ()]0 = | Lo, () v H lyjle < H(y H Y5 o,
J#Jv
and by the product formula,

(3.2) I I 12w @)l < Hm)—

weSs j=1

By the W. Schmidt subspace theorem [I, Cor. 7.2.5], all the solutions of (3.2)) are contained
in a finite union of proper linear subspaces of K*. Partitioning solutions of (3.1]) according
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to theses subspaces, we may assume that these solutions additionally satisfy a nontrivial
linear relation

(33) c1 + ZCJ‘.T]’ =0
j=2

with ¢1,...,¢cs € K.
Suppose that ¢; # 0. Given a solution Z of (3.3)), we pick a minimal J C {2, ..., s} such
that

(3.4) c1+ Z cjx; = 0.

jeJ

Then no proper subsum in vanishes. It follows from the finiteness of the number of
non-degenerate solutions of unit equations [I, Th. 7.4.2] that x;, j € J, varies over a finite
set. This shows that for every solution  of there exists jo = 2,...,s such that x;,
belongs to a fixed finite set. Hence, in order to prove finiteness of nondegenerate solutions

(3.1), we may assume that xj, is fixed. Then ({3.1)) becomes

(3.5) (b1 + bjpzjo) + > bja;| < H(Z)™
J#do "

Since we are assuming that no proper subsum in vanishes, by + bj,zj, # 0 and no
proper subsum in vanishes as well. Let z’ = (z; : j # jo). Then H(z') < H(Z).
Hence, by the inductive assumption, the number of nondegenerate solutions z’ of is
finite, and this implies the proposition in this case.

Now suppose that ¢ = 0 in . One of ¢, ..., cs is non-zero, and for simplicity, we
assume that c¢s # 0. Then combining with , we obtain that

(3.6) b1 + Z — ¢jbse; Dy < H(z) ™"

Given a solution z of (3.6), we pick a minimal J C {2....,s — 1} such that

(3.7) b+ (b — ¢ibses ;| < H(Z)™F,
JjeJ v
and no proper subsum of by + 3. ;(b; — ¢jbscy )z, vanishes. Let 7' = (x; : j € J). Since

H(z') < H(Z), it follows from the inductive hypothesis that Z’ belongs to a fixed finite
set. This proves that for every solution Z of there exists jo = 2,...,s such that z;,
belongs to a fixed finite set. Now we can finish the argument as in the previous paragraph,
and this completes the proof of the proposition. <
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3.2. Higher order mixing under irreducibility condition. We define the subspace
W in L(G), the set of characters Ay and the eigenvectors w, with x € Ap as in Section

In this section we assume that D7 (W) is not contained in any proper rational subspace.
Let {wy,...,wg} be a fixed basis of W. Consider a box map

k
L:B—>£(G):tl—>2tiwi

where B = [0,T}] x --- x [0, Tk].

Lemma 3.2. Let fi,...,fs € C(X), u1,...,us € L(G), Bi,...,Bs be automorphisms of
G such that B; =id of G/G', z1,...2s €L}, v, ..., vs € L(G), and x1,...,x, € X. Then

‘;3,/3 (H fiexp(uq) Bi(u(zi) (exp(vi + L(t))))xi)> dat =] (/X fi du) +o(1)

=1

as min{||z;||, ||z — 24| 1 i # j} — 0o. Moreover, the convergence is uniform over uy, ..., us,
Biy--yBsy ViyenvyUs, T1,...2s, and functions fi,..., fs with ||fillce < 1.

Proof: It is sufficient to prove the claim when fi,..., fs belong to a dense family of
functions in C'(X). Hence, without loss of generality, we may assume that the functions
are Holder with exponent 6.

To prove the lemma, we apply Theorem to the product nilmanifold X* = G*/A®.
Suppose that the claim of the lemma fails. Then there exist 6 € (0,d9) and sequences

F et x), W, ul e £(@), B, .., B satisfying 8™ = id on G/,
zgn), e ,zgn) € 7! satisfying

(n) ‘

min{\|zi(n)||,||z§n)—zj \17&]}—>oo as n — 0o,

v§n)7 s 7U§n) € ﬁ(G), and ngn)a ce (n) € X such that
n (n) (n) (n) (n) B 5 (n)
Bl / (Hf (exp(e™)8™ (=™ exp(@™ + o(£))))2™) ) at— [ (/X i du)‘
=1
ST e
i=1
We set fW ="M@ @™ xs SR u®™ = (W™, ulV) e £(G),

(B LGt (D5§”>Da(z§”))( ™) 4 1@t)), ..., DA™ Da(z{M)(v(™ —i—L(t))) :

and (™ = (acgn), . (n)) € X*°. Then

1F o < TTIE e,

i=1
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and

1
3 L) e @) de [ 70 4] 6110 o
5] /3 x

It follows from Theorem [2.3| that there exists (agn), . ,agn)) € (24)*\{0} such that

(3.8) la{™ ..., lla{™] < 55 < 1,
and
(3.9) Z <a<.”> DWDB(.")Doa(z<n))(w-)> <6 2T <1 foralli=1,... .k
’ J J j z 7 sy KL
j=1

Since ﬁj(n) =id on G/G’', we have DwDﬁ](-n) = Dn. We rewrite l} in terms of vectors

wy, X € Xp that satisfy Da(2)w, = x(2)w,, for z € Z!. Since each w, can be written as a
linear combination of w;’s, it follows from (3.9) that

(3.10) Zx(zj(.n)) <a§n), Dw(wx)> <1 forall x € .
j=1

We observe that because of 1) the tuple (agn), .. ,a&”)) varies over a finite set. Hence,
passing to subsequence, we may assume that (3.10) holds for a fixed tuple (aq,...,as) €
(Z4)*\{0}. After changing indices, we may assume that a; # 0 for j =1,...s" and a; = 0
for j > s’. We note that this implies that

bj := (aj, Dr(wy)) #0 forall j=1,...s and x € Ap.

Indeed, if (aj, Dw(wy)) = 0 for some j and x, then taking Galois conjugates we obtain
that (a;, Dm(wy)) = 0 for all x € Xp. This implies that D7 (W) is contained in a proper
rational subspace and contradicts the irreducibility assumption.

We may cancel vanishing subsums from , and passing to a subsequence, we may
assume that no proper subsum in vanishes.

Passing to a subsequence and changing indices, we may also assume that

(3.11) max {24 1< < o'} = 147
By Lemma there exists fixed ¢ > 0 such that

(3.12) max |x(z)| > exp(c|z]]), zeZ.
XEXo

Hence, passing to a subsequence, we may assume that

xo(4")] > exp(el2™ )
holds with a fixed xo € Xy. For this xo, (3.10]) gives

(3.13) bo+ > byol"| < exp(—cl|{" ),
j=1
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where a;§ o = Xo(z; (n) z%n)) It is clear that b;’s and a:;.n) are S-units in a fixed number
field, and to derlve a contradiction, we apply the estimate of Proposition We observe
that there exists ¢, > 1, v € S, such that

Xo(2)]o < exp(ey|2]), =€ Z.

Hence,
(n)

2y = Ixo (2 — 2, < expleall2f™ — ),

and by (B-11),

&l

Hmax (1, |:L‘1 v, - - ,|:Eg7)|v)

vES

< exp ((Z cv> lr<na<x/ Hz ZYZ) ||>
veS
< exp (2 <Z cv) ”zl")yy) :
veS

(3.14) bo+ Y bjal”| < H(zM)~¢
j=1

It follows from ({3.13)) that

with fixed € > 0. According to our construction, no proper subsum in (3.14) vanishes.
Hence, it follows from Proposition that 2 = Xo(%; (n) z%n)) runs over a finite set.
Since all elements in Xy are conjugate under the Galois action, it follows that X(z](-n) — z%n))
with x € Ay also runs over finite set. In particular,

max |x(z; (n) z%n))\ < L

XEXo
On the other hand, by (3.12)),
(n)
— —
max [x(; A" = oo.

This contradiction proves the lemma. ©

Now we prove Theorem[I.2lunder the irreducibility condition. Without loss of generality,
we may assume that zp = 0. We fix a fundamental domain F C G for G/A and set
E = exp~'(F). We may arrange that E is bounded and has piecewise smooth boundary.
Then

/ fo(x) (H fi(a(zi)(az))> / fo(exp(u (H filexp(Da(z)u )A)) du,
X i=1

where du denotes a suitably normalised Lebesgue measure on £(G). We choose a basis
of £(G) that contains the fixed basis {w;} of W and tessellate £(G) by cubes C of size €
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with respect to this basis. Then

(3.15) - U <e
CCE
For all uy,us € C,
(3.16) | folexp(ur)A) — fo(exp(uz)A)| < €.

Here and later in the argument the implied constants may depend on the Holder norms
of fo,..., fs. For every cube C, we pick a point uc € C. Then it follows from ({3.15) and

(B-16) that

(3.17) / folexp(u (H fi(exp(Da(z)u )A)> du

=) / folexp(u (H filexp(Da(z)u )A)> du + O(e)

CCE

= Z fo(exp(uc)A)/C (H fi(exp(Da(zi)u)A)> du+0(69).
i=1

CCE

Each cube C' in the above sum can be written as C = B’ + B where B is a cube in W and
B’ is a cube in the complementary subspace.
Let

N = N(z1,...,2s) = min(||z||, ||z: — 2| = © # 7).

It follows from Lemma [3.2] that

(3.18) ’; /B (E[ fi(exp(vi + Da(zz‘)(b))/\)> db — 1j1 (/X fi du)

as N — oo, uniformly over vy,...vs € L(G) and the cubes B (note that all the cubes are
translates of a fixed cube). Hence, it follows that

ol (foexpwa(z@-)(u)m)) du
=1

:W,l‘B,///B <H fi(eXp(Da(zz‘)(b/)—i—DOé(Zi)(b))A)) dbdv’

SI1( )
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as N — oo. Combining this with (3.17] , we deduce that

/ fo(exp(u <H fi(exp(Da(z)u )A)) du

(Z folexp(uc)A |O|> H (/X fi du) + (Z |0|> o(1) + O(e"),

CccE i=1 CccE
where clearly >~ |C| = O(1). Moreover, using (3.16]) and (3.15), we deduce that

Zh@WcKﬂch%%p N du-+o(ici) )

CCcE

= /E folexp(u)A) du + O(%)
= / fodu+ O(€).
X

This implies that

/Xfo(ac) <H fz(a(zl)(m))> / fo(exp(u (H filexp(Da(z)u )A)) du

:J%(éﬁm9+dn+0@%

as N — oo. This proves Theorem under the irreducibility condition. It is clear from
the proof that convergence is uniform provided that || fol/ce, ..., || fsl]lce < 1.

3.3. Higher order mixing in general. We will apply an inductive argument which uses
the result of Section as a base case. In fact, we note that the argument in Section
implies that

(3.19) (Ah@(ﬂﬁ%%d@@»)W@Z
=1

as N = N(zi1,...,2s) — oo, uniformly over functions fo, ..., fs with || fillce < 1, h1,...,hs €
G and automorphisms f,. .., s of G that preserve A and act trivially on G/G’. Indeed,

Lemma implies that in (3.18]) we more generally have

S

|;’ /B (H fi(hiBi(exp(v; + Da(zi)(b)))[\)> =] </X Ji du> +oll
i=1

s

IT( /. foae) + ot

=0

i=1
as N — oo, uniformly over fo,..., fs with ||fillce < 1, h1,...,hs € G, automorphisms
Bi,...,Bs, and vy,...vs € L(G). Then the rest of the argument carries over and implies
(13.19)).

Let W be the Lie subalgebra of £(G) introduced in Section By [19, Ch. 5, Sec. 5],
there exists a closed connected normal subgroup M of G such that M/(MNA) is compact,
and

exp(W)gA = MgA for almost every g € G.
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Since we may replace the lattice A by its conjugate, we assume that
exp(W)A = MA.
We note that the group M satisfies the following properties:
(i) M is a(Z")-invariant,
(ii) Dm(W) is not contained in a proper rational subspace of £L(M/M’),
(ii) [G,M] c M.
Properties (i)—(iii) can be verified exactly as in the proof of [9, Lem. 3.4].
To apply induction, we observe that the nilmanifold X = G/A fibers over the nilmanifold
of Y = G/(MA) with fibers isomorphic to R = MA/A ~ M/(M N A). The invariant

measure [ on X decomposes as

/deuz/Y/Rf(yr)dﬂzz(r)duy(y)v fel(X),

where py and pr denote the normalised invariant measures on Y and R respectively. It
follows from (i) that the fibration X — Y is a(Z!)-equivariant. Hence, we obtain

(3.20) /fo (Hfz z) )du()

-/ ( [ fotwr) (H ﬁ(a(zz-)(y)a(zz-)(r))) duR<r>) iy (y)
Y \/R i=1

-/ ( % (H ﬁ(a(a)(g)a(zi)(r))) duR<r>> dm(g),
FA/R i=1

where F' C G is a bounded fundamental set for G/(MA), and mp is the measure on F'
induced by py. We write

a(z)(g) = aimiA; with a; € F, m; € M, \; € A, 1=1,...,s.
Then

/R folgr) (H fz(a(zz-)(g)a(zz')(r))) dpr(r)
=1
= /R folgr) (H fi(aimz-/sxa(zi)(r)))) dpg(r),
=1

where (;’s are the transformations of S induced by the automorphisms m )\im/\i_l of
M. By (ii), the subspace W C L(M) satisfies the irreducibility assumption of Section
and by (iii), the automorphisms 3; act trivially on M/M’. Let

oo(r) := folgr) and ¢i(r) = fi(a;r), i=1,...,s
Since F' C G is bounded, we have ||¢;||ce < || fillce < 1. Hence, it follows from (3.19)

that
[ o) (H d1(msBi(a(z) )))) e ( I duR) +o(1)
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as N — oo, uniformly over g € F', m1,...,ms € M, and the automorphisms fSi,..., (s.
Since a; M A = «a(z;)(g) M A, this implies that
(3.21)

/Rfo(gr) (E[fi(a(zz')(g)a i)(r ))) dpr(r (/ fila(zi)(g)r) dpr(r )) +o(1)

as N — oo, uniformly over g € F. Let f; be the function on Y defined by

g /R fi(yr) dun(r).

Combining (3.20) and (3.21)), we deduce that

/Xfo(w) <il_[1fz‘(a(zz‘)(x))> du(ﬂﬁ)=/yfo (Hfz zi) ) dpry (y) + o(1)

as N — oo. Finally, it follows by induction by dim(X ) that

/on (Hfz %) ) dpy (y) </ fzd/w) +0(1)
= ZH) </X fid,u> +o(1).

The above argument implies uniform convergence provided that || follce, ..., || fsllce < 1.
This completes the proof of Theorem

4. EXPONENTIAL MIXING OF SHAPES

While we have proved exponential 2-mixing and 3-mixing for Z!-actions by automor-
phisms on nilmanifolds, we do not know if exponential mixing of higher orders holds for
them in general. This would require to establish a quantitative version of Proposition
which seems to be out of reach of available number-theoretic methods. Nonetheless, we
prove a weak form of exponential mixing where the error term is controlled by

Ni(z9,...,2¢) := min min Zi—zi)| 11 #£ g
(20 ) i ‘X(Zi_zj)|21{lx( IREEE

with notation as in Section [2.1] This, in particular, implies exponential mixing for Anosov
shapes — Theorem [1.3]

Theorem 4.1. Let o : Z! — Aut(X) be an action on a compact nilmanifold X such
that every a(z), z # 0, is ergodic. Then there exists n = n(f) > 0 such that for every
for s fs €CUX) and 2, ..., 2, € T,

/X (ﬁfi(a(zz')a:)> du(z) = ﬁ </X fi d,u> +0 ( (20,...,2 nH Hfz\|ce> '
=0 .

=0
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Proof: We adapt the method of the proof of [9, Th. 1.2] from our previous paper. Since
the proof is quite similar to the argument in this paper, we will only give an outline.

We take a character x € X(«) and the corresponding eigenvector w € L(G). If x
is real, we denote by W the corresponding one-dimensional eigenspace. Otherwise, we
denote by W the two-dimensional subspace (w,w) N L(G). Then Da(z)|w = r(z) - w(z)
where 7(z) = |x(z)| and w(z) is a rotation. We assume in addition that x? ¢ X'(«). Then
W is closed under the Lie bracket.

We first treat the irreducible case: namely, when D7 (W) is not contained in a proper
rational subspace. Without loss of generality, N, > 1. Then for all i # j, |x(z; — z;)| # 1
and after changing indexes, |x(z0)| < |x(z1)| < ... < |x(zs)]. We may also assume that
2o = 0. We fix a basis of £(G) which contains a basis of W and tessellate £(G) by cubes
of size € with respect to this basis. Then the integral

| ota) (H fz-<a<zi>:c>) ne
i=1
can be approximated by a sum of the integrals
/C (H fi(exp(Da(zi)u)A)> du
i=1

with the error of size O(e? [[5_, || f||c¢). Since C = B’ 4+ B where B is a cube in W and
B’ is a cube in the complementary subspace, the above integral can be written as

/ , /B (H fz-(eXp(Da(zi)b’+Da(zl-)b)A)) dbdb'.
i=1

For every cube B, we take a box map ¢p : [0, e]dim(W) — B that parametrises B. Then by
[9, Prop. 4.2], there exists x > 0 such that

Ifl?! /B <H fi(exp(vi—i-Da(zi)b)A)) db
=1

_— dim(W) <H fi(exp(v; + T’(Zi)w(Zi)LB(t))A)> dt
i=1

[O,E}dim(W)
=11 (/ fidu> +0 (J_”H ||f||09>
i=1 X i=1
uniformly over vy,...,vs € L(G), where 0 = min{er(z1),7(zs)/r(zs-1),...,7r(z2)/r(z1)}.

We note that the Diophantine condition for the box map ¢ — w(z;)tp(t), which is required
in [9, Prop. 4.2], is satisfied because W is spanned by vectors with algebraic coordinates
and [IL Th. 7.3.2] applies. Since this estimate is uniform over v;’s, it follows that

s

’é'|/c (E[l fi(exp(Da(zi)u)A)> du =] (/X fi d,u) L0 (U—nljl ”f”(ﬂ) ,

i=1
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and we deduce that

| fota) (f[lfxaw)m)) du<x>=ﬁ< [ fian) + ( yoo Hllfllce>~

=1

We refer to the proof of [9, Th. 1.2] for details. Choosing € = r(zl)fé implies the claim of
the theorem in the irreducible case.

To give a proof in general, we use induction on dim(X). This argument is very similar
to Section If exp(W)A # X, we consider the a-equivariant fibration X — Y defined
by the closure. The above argument implies that

/X fo(z) @1 fi<hiﬁi<a(zi>x>)> dp(x) = H < /X fi du) +0 (N;"g ||f||ce>

i=1

uniformly over hy,...,hs € G and automorphisms f, ..., 3s € Aut(X) that act trivially
on G/G’. (In fact, this uniformity was part of [9, Prop. 4.2].) Then as in Section

/Xfo(iv) (}_[lfi(a(Zi)w)) du(ﬁ)Z/on (Hfz zi) ) dpy (x )+0(N*"H1Hche>

where fo, ..., fs € C%(Y). Now the claim follows by induction on dimension. o

Remark 4.2. In the irreducible case of the above proof, we can replace Ny(zo,...,2s)

N.l(z0,...,2s) 1= max min x(zi —zi)| 11 # 75},
( ) XGXTQ)\X@r—%NZI{’ (i =)l J

which provides a better estimate.

Proof of Theorem[1.5: We note that if in Theorem we assume that o(z; — z;) are
Anosov for all i # j, then Ni.(20,...,25) > 1 and N.(nzo,...,nzs) = Ni(z0,...,25)"
Hence, Theorem [1.3] follows directly from Theorem

5. COCYCLE RIGIDITY

We now apply exponential 2-mixing to prove smooth cocycle rigidity for genuinely
higher-rank abelian actions by automorphisms of nilmanifolds — Theorem [1.5| The proof
is based on the “higher-rank trick” from [10].

Let Z! — Aut(X) be an action on a compact nilmanifold X and ¢ : Z! x X — R a
cocycle. Assume that there is a rank-two subgroup (a, b) of Z! such that its every nonzero
element acts ergodically on X.

First, we note that the map co : Z' — R defined by z — [ c(z, z) du(z) is a homomor-
phism by the cocycle property. Then ¢ — ¢q is also a cocycle, and it will suffice to prove
the theorem for ¢ — ¢g. Thus, we will assume that all functions c(z,-) for z € Z! satisfy
Jx c(z,z) du(z) = 0.

Let f(z) = c(a,x). We shall show that there exists ¢ € L?(X) such that

(5.1) f=doa—¢.
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We will apply our previous results [0, Sec. 6]. By [0, Theorem 6.1], it suffices to show that
o o
o= [ Papr2) [(Foalfdu= Y (fod'f) =0
X i=1 /X i=—o0
We note that the assumption of this theorem is verified in [J, Sec. 6] using exponential
mixing of a. Let h(x) = ¢(V’, x). It follows from the cocycle property that

fobl —f=hoa—h.
Hence,
Z (fodt — foa') = Z (hoa™™ —hod)=hoa" ™ —hoa™,
and it follows from exponential mixing that

o2 = Z <foaibj,f> for every j € Z.

1=—00

On the other hand, by the exponential mixing for the group (a, b) established in Theorem

LT -
Z <foalb7,f> < 00.
i,jEL
This implies that ¢2 = 0 and proves .
Now using the cocycle regularity result [9, Theorem 7.1] established in our previous
paper, we deduce that also has a C*° solution. Finally, since a acts ergodically, it
follows from [10, Lem. 4.1] that

c(z,-) =¢oz—¢ forall zecZ.
This completes the proof of Theorem
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