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Abstract. We study mixing properties of epimorphisms of a compact connected
finite-dimensional abelian group X. In particular, we show that a set F , |F | >

dim X, of epimorphisms of X is mixing iff every subset of F of cardinality (dimX)+1
is mixing. We also construct examples of free nonabelian groups of automorphisms
of tori which are mixing, but not mixing of order 3, and show that, under some irre-
ducibility assumptions, ergodic groups of automorphisms contain mixing subgroups
and free nonabelian mixing subsemigroups.

1. Introduction

1.1. Mixing sets. Let X be a compact abelian group, B the completion of the Borel
σ-algebra of X, and m the normalized Haar measure on X. A finite set F , |F | > 1, of
epimorphisms (i.e., continuous surjective self-homomorphisms) of X is called mixing
if for any collection of measurable sets Bγ ∈ B, γ ∈ F ,

m

(

⋂

γ∈F

γ−n(Bγ)

)

→
∏

γ∈F

m(Bγ) as n→ ∞.

Such a set is sometimes also called a mixing shape. It is clear that if F is mixing,
then every subset of F is mixing as well. However, in general, the assumption that
all proper subsets of F are mixing does not imply that F is mixing. For example, it
was shown by F. Ledrappier that there exist commuting automorphisms γ1 and γ2

of a compact totally disconnected abelian group such that the sets {id, γ1} {id, γ2},
{γ1, γ2} are mixing, but the set {id, γ1, γ2} is not mixing (see [13] and [21, Chap-
ter VIII]). Also, if one does not assume commutativity, similar examples exist for
connected groups as well (see Corollary 1.11 below).

K. Schmidt has shown that when the group X is connected and the epimorphisms
which form the set F commute, the situation is quite different (see [20]):

Theorem 1.1 (Schmidt). Let X be a compact connected abelian group and F a finite
set of commuting epimorphisms of X. Then the set F is mixing iff every subset of F
of cardinality 2 is mixing.

In this paper, we prove a noncommutative analogue of Theorem 1.1:
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Theorem 1.2. Let X be a compact connected abelian group such that dimX = d <
∞, and let F be a finite set of epimorphisms of X with |F | > dimX. Then the set
F is mixing iff every subset E of F with |E| = d+ 1 is mixing.

Theorem 1.2 and Theorem 1.1 (in the finite-dimensional case) follow from Theorem
1.3 below. We also show that the bound d+ 1 in Theorem 1.2 is sharp (see Corollary
1.11 below).

1.2. Mixing sets and spectrum. Let X be a compact connected abelian group
with dimX = d < ∞. We denote by X̂ the character group of X. Under the above
assumptions, X̂ is a discrete abelian torsion free group of rank d. Hence, we may
assume that

Zd ⊂ X̂ ⊂ Qd.

(Conversely, any abelian group A such that Zd ⊂ A ⊂ Qd corresponds to a compact
connected abelian group of dimension d.)

Any continuous endomorphism T of X defines an endomorphism T̂ of X̂ that
extends to a linear map of Qd. Note that T is surjective iff T̂ is nondegenerate (i.e.,

det T̂ 6= 0).
We establish the following criterion for mixing in terms of eigenvectors of the cor-

responding linear maps of Qd.

Theorem 1.3. A set {T1, . . . , Ts} of epimorphisms of X is mixing iff for every l ≥ 1,
every subset {k1, . . . , kr} ⊂ {1, . . . , s}, and every λ ∈ C, there are no λ-eigenvectors

of T̂ l
k1
, . . . , T̂ l

kr
that are linearly dependent over Q.

Remark 1.4. It follows from the proof that in Theorem 1.3 one can replace “for
every l ≥ 1” by “for every l ≥ 1 such that φ(l) ≤ (dimX)2”, where φ denotes the
Euler’s totient function. Moreover, this estimate is sharp (see Example 6.1 below).

We state some corollaries of Theorem 1.3. Note that Corollary 1.5 is just another
formulation of Theorem 1.1 in the finite-dimensional case, and Corollary 1.7 implies
Theorem 1.2.

Corollary 1.5. For commuting epimorphisms T1, . . . , Ts of X, the following state-
ments are equivalent:

(a) The set {T1, . . . , Ts} is mixing.
(b) For every i 6= j, the set {Ti, Tj} is mixing.

(c) For every i 6= j, the linear map T̂−1
i T̂j does not have roots of unity as eigen-

values.

For two (not necessarily commuting) epimorphisms, we have the following criterion
for mixing:

Corollary 1.6. The set of epimorphisms {T1, T2} of X is mixing iff there is no closed
subgroup Y 6= X such that for some l ≥ 1, Y is {T l

1, T
l
2}-invariant and T l

1 = T l
2 on

X/Y .
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Corollary 1.6 may fail if the group X is disconnected or infinite-dimensional (see
Example 6.2 below).

Denote by Spec(T ) the set of eigenvalues of T̂ . The following corollary of Theorem
1.3 characterizes mixing in terms of spectrum:

Corollary 1.7. Let T1, . . . , Ts be epimorphisms of X.

(a) If for every l ≥ 1 and i, j = 1, . . . , s, i 6= j,

Spec(T l
i ) ∩ Spec(T l

j) = ∅,
then {T1, . . . , Ts} is mixing.

(b) If for some l ≥ 1 and S ⊂ {1, . . . , s} such that |S| > d,
⋂

i∈S

Spec(T l
i ) 6= ∅,

then {T1, . . . , Ts} is not mixing.
(c) If for every l ≥ 1 and S ⊂ {1, . . . , s} such that |S| > d,

⋂

i∈S

Spec(T l
i ) = ∅,

then {T1, . . . , Ts} is mixing iff every subset of cardinality d is mixing.

Remark 1.8. In Corollary 1.7, one can replace “for every l ≥ 1” by “for every
l ≥ 1 such that φ(l) ≤ (dimX)2”. Moreover, this estimate is sharp (see Example 6.1
below).

Corollary 1.7(a) shows that, if epimorphisms T1, . . . , Ts are “spectrally indepen-
dent”, then for every B1, . . . , Bs ∈ B,

lim
n→∞

m(T−n
1 B1 ∩ · · · ∩ T−n

s Bs) = m(B1) · · ·m(Bs).

Although this limit does not exist in general (consider, for example, T1 = id and
T2 = −id), the proof of Theorem 1.3 implies the following corollary.

Corollary 1.9. For any finite set {T1, . . . , Ts} of epimorphisms of X, there exists
l ≥ 1 such that for every k ∈ Z/lZ and f1, . . . , fs ∈ L∞(X), the limit

(1.1) lim
n → ∞

n = k(mod l)

∫

X

f1(T
n
1 x) · · · fs(T

n
s x) dm(x)

exists.

Remark 1.10. (i) It follows from the proof that the integer l appearing in Corol-
lary 1.9 can be chosen so that φ(l) ≤ (dimX)2. Moreover, this estimate is
sharp (see Example 6.1 below).

(ii) Corollary 1.9 is, in general, false if the group X is either infinite-dimensional
or disconnected (see Example 6.3 below).
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(iii) Existence of the Cesàro limit

lim
N−M→∞

1

N −M

N
∑

n=M+1

f1(T
n
1 x) · · · fs(T

n
s x)

in L2(X) for a certain class of epimorphisms of a compact abelian group X
was proved by D. Berend in [3]. Corollary 1.9 strengthens Berend’s result in
the case when the group X is connected and finite-dimensional.

We call an automorphism T of X unipotent if the matrix T̂ is unipotent.

Corollary 1.11. (a) For every s = 2, . . . , d+ 1, there exists a set F with |F | = s
consisting of unipotent automorphisms of Td such that F is not mixing, but
every proper subset of F is mixing.

(b) For every s = 2, . . . , d+ 1, there exists a set of mixing epimorphisms F of Td

with |F | = s such that F is not mixing, but every proper subset of F is mixing.

The following corollary relates the notion of “mixing sets” (terminology from [21])
with the notion of “jointly mixing automorphisms” which was introduced in [2] and
used in [5]. Epimorphisms T1, . . . , Ts−1 are called jointly mixing if the set {T1, . . . , Ts−1, id}
is mixing in our terminology.

Corollary 1.12. The set {T1, . . . , Ts−1, id} of epimorphisms of X is mixing iff every
Ti is mixing and {T1, . . . , Ts−1} is mixing.

1.3. Mixing groups and semigroups. A semigroup Γ of epimorphisms of X is
called mixing if for every A,B ∈ B,

m(A ∩ γ−1B) → m(A)m(B)

as γ → ∞.
A semigroup Γ of of epimorphisms ofX is mixing of order s if for every B1, . . . , Bs ∈

B,

m(γ−1
1 B1 ∩ (γ2γ1)

−1B2 ∩ · · · ∩ (γs · · · γ1)
−1Bs) → m(B1) · · ·m(Bs)

as the product γj · · · γi → ∞ for 1 < i ≤ j ≤ s. Note that mixing corresponds to
mixing of order 2.

We recall a classical result of Rokhlin (see [17]):

Theorem 1.13 (Rokhlin). If a continuous epimorphism T of a compact abelian group
is ergodic, then it is mixing of all orders, that is, for every s ≥ 1, B1, . . . , Bs ∈ B,
and n1, . . . , ns ∈ N such that |ni − nj| → ∞ for i 6= j,

m(T−n1B1 ∩ · · · ∩ T−nsBs) → m(B1) · · ·m(Bs).

This result was extended to finitely generated abelian groups of automorphisms by
K. Schmidt and T. Ward in [22]:
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Theorem 1.14 (Schmidt, Ward). Let X be a compact connected abelian group and
Γ ⊂ Aut(X), Γ ≃ Zn. Then Γ consists of ergodic automorphisms iff it is mixing of
all orders.

Note that the ergodic properties of the actions in Theorems 1.13 and 1.14 are quite
different. The epimorphism T in Theorem 1.13 has completely positive entropy (see
[18]), but the entropy of the Γ-action in Theorem 1.14 is zero if n > 1 (see [21, Ch. V]).

While it is true that an arbitrary group Γ of automorphisms is mixing provided
that every element of infinite order is ergodic (see Corollary 4.3 below), the statement
about higher order of mixing fails if Γ is not virtually abelian. As an easy corollary
of Corollary 1.7(b), we deduce the following result:

Corollary 1.15 (Bhattacharya). Let X be a compact connected abelian group with
dimX = d < ∞. Then every subgroup of Aut(X) which is not virtually abelian is
not mixing of order d+ 1.

Note that there exist free nonabelian semigroups of epimorphisms which are mixing
of all orders (see Examples 6.6 and 6.7 below).

Corollary 1.15 was first proved by Bhattacharya in [6]. He also discovered some
interesting rigidity properties of mixing subgroups which are not virtually abelian.
However, it is not obvious whether such subgroups exist. In this direction, we show:

Theorem 1.16. For every d ≥ 2, d 6= 3, 5, 7, there exists a not virtually abelian
mixing subgroup of Aut(Td) which is not mixing of order 3.

At present, we don’t know whether there are such examples for d = 3, 5, 7.
The mixing property is much better understood for Zn-actions by automorphisms

of a compact abelian group X. When X is connected, 2-mixing implies mixing of all
orders (see Theorem 1.14). If X is totally disconnected, then for every s ≥ 2, there
are examples that are s-mixing but not (s+ 1)-mixing (see [9]). It is also known that
a Zn-action is s-mixing iff every subset of Zn of cardinality s is mixing (see [14]).

1.4. Ergodicity and mixing. In this subsection we discuss some analogues of Rokhlin’s
theorem (Theorem 1.13) for general groups of automorphisms. Namely, given a com-
pact abelian group X and a subgroup Γ of Aut(X), we investigate whether ergodicity
implies mixing and mixing of higher orders. Recall that Γ is called ergodic if every
measurable Γ-invariant subset of X has measure 0 or 1. Ergodicity is a weaker no-
tion than mixing. In fact, if Γ contains a mixing automorphism, then it is ergodic.
D. Berend showed in [1] that the converse is also true in the case when Γ is abelian:

Theorem 1.17 (Berend). Let X be a compact connected finite-dimensional abelian
group and Γ an ergodic abelian semigroup of epimorphisms of X. Then Γ contains
an ergodic epimorphism.

Note that by Rokhlin’s theorem, an ergodic epimorphism is mixing of all orders.
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On the other hand, if Γ is not abelian, it may contain no mixing elements (see
[1] or Examples 6.8 and 6.9 below). A somewhat stronger version of ergodicity —
“hereditary ergodicity”, which we will presently introduce, is more closely related to
mixing and will allow us to naturally generalize Berend’s theorem.

Let X be a compact abelian group, Y a closed subgroup of X, and Γ ⊂ Aut(X).
We define

ΓY = {γ ∈ Γ : γ · Y ⊂ Y }.
If ΓY has finite index in Γ, we call the subgroup Y virtually Γ-invariant. In the
case when X contains no proper closed connected virtually Γ-invariant subgroups,
we call the group Γ strongly irreducible. Note that for a connected group X, strong
irreducibility implies ergodicity (see Proposition 5.2 below), but the converse is not
true (see Example 6.8 below). We call a subgroup Γ ⊂ Aut(X) hereditarily ergodic
if for every closed connected virtually Γ-invariant subgroup Y of X, the action of ΓY

on Y is ergodic.
It is not hard to check that for abelian groups of automorphisms of a compact

connected finite-dimensional group X, the notions of ergodicity and hereditary ergo-
dicty coincide (this fails, in general, for infinite-dimensional groups X — see Example
6.10 below). Hence, Berend’s theorem in this case states that hereditary ergodicity
is equivalent to existence of an automorphism which is mixing of all orders. The
following theorem generalizes this result to solvable groups of automorphisms.

Theorem 1.18. Let X be a compact connected finite-dimensional abelian group and
Γ a solvable subgroup of automorphisms of X. Then the following statements are
equivalent:

(a) Γ is hereditarily ergodic.
(b) Γ contains an abelian subgroup which is mixing of all orders.

Note that the assumption in Theorem 1.18 that the group Γ is solvable is essential
(see Example 6.9 below). Also, Theorem 1.18 fails without the assumption that X is
finite-dimensional (see Examples 6.10 and 6.11 below).

According to the Rosenblatt’s alternative (see [19]), any finitely generated solvable
group is either virtually nilpotent or contains a free nonabelian subsemigroup. In the
latter case Theorem 1.18 can be strengthened as follows:

Theorem 1.19. Let X be a compact connected finite-dimensional abelian group and
Γ a solvable group of automorphisms of X, which is not virtually nilpotent. Then the
following statements are equivalent:

(a) Γ is hereditarily ergodic.
(b) Γ contains a free nonabelian subsemigroup which is mixing of all orders.

Combining Theorems 1.18 and 1.19, we deduce

Corollary 1.20. Let X be a compact connected finite-dimensional abelian group and
Γ a solvable strongly irreducible group of automorphisms of X. Then Γ contains an
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abelian subgroup which is mixing of all orders. Moreover, if Γ is not virtually nilpotent,
then Γ contains a free nonabelian subsemigroup which is mixing of all orders.

Without the assumption that the group Γ is solvable, Corollary 1.20 fails (see
Example 6.9 below).

It follows from the Tits alternative (see [24] or [15, Section 5J]) that any finitely
generated subgroup of Aut(X) is either virtually solvable or contains a nonabelian free
group. Recently, E. Breuillard and T. Gelander proved a topological Tits alternative
(see [7]): any finitely generated matrix group either contains a Zariski open solvable
subgroup or a Zariski dense free subgroup. Utilizing this result, we obtain

Theorem 1.21. Let X be a compact connected finite dimensional abelian group and
Γ an ergodic (hereditarily ergodic, strongly irreducible) subgroup of Aut(X) which is
not virtually solvable. Then Γ contains a free nonabelian ergodic (hereditarily ergodic,
strongly irreducible) subgroup.

Example 6.9 below illustrates that it is possible for an ergodic group to contain no
ergodic elements.

1.5. Some special cases of the above results appeared in [5]. Note that in [5] we used
a slightly different definition for mixing (borrowed from [2]), but in this paper we
adopt the definition from [21]. The relation between these two definitions is quite
straightforward (see Corollary 1.12).

The paper is organized as follows. The main theorem (Theorem 1.3) is proved in
Section 2. The rest of the results stated in Subsection 1.2 are proved in Section 3. The
results about mixing groups of automorphisms (stated in Subsection 1.3) are proved
in Section 4. The theorems from Subsection 1.4 are proved in Section 5. Section 6
contains some examples and counterexamples related to the results of this paper.

1.6. Acknowledgement. We would like to thank Y. Benoist and H. Oh for helpful
discussions and D. Berend, R. Pavlov, and T. Ward for useful comments about this
paper.

2. Mixing and linear relations (proof of Theorem 1.3)

Let X be a compact connected abelian group of finite dimension d. We identify
the character group X̂ with a subgroup of Qd. Then every endomorphism T of X
induces a linear map T̂ of Qd.

We recall the well-known characterization of mixing:

Lemma 2.1. The set {T1, . . . , Ts} of epimorphisms of X is mixing iff there are no
x1, . . . , xs ∈ Qd such that (x1, . . . , xs) 6= (0, . . . , 0) and for infinitely many n ≥ 1,

T̂ n
1 x1 + · · · + T̂ n

s xs = 0.
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As an application of Lemma 2.1, we show that the set of epimorphisms {T1, . . . , Ts},
s > d, is not mixing provided that the linear maps T̂1, . . . , T̂s have the same charac-
teristic polynomial.

Proposition 2.2. Let T1, . . . , Ts be epimorphisms of X and assume that there exists
a polynomial p(x) ∈ Q[x] with deg p < s such that p(T̂i) = 0 for i = 1, . . . , s. Then
{T1, . . . , Ts} is not mixing.

Proof. To prove the proposition, it suffices to construct (x1, . . . , xs) ∈ (Qd)s−{(0, . . . , 0)}
such that

(2.1) T̂ n
1 x1 + · · · + T̂ n

s xs = 0

for infinitely many n.
Let p(x) = p1(x)

e1 · · · pl(x)
el where pi(x) ∈ Q[x], i = 1, . . . , l, are distinct and

irreducible. Let di = deg pi and λi,j, j = 1, . . . , di, be the roots of pi. Let Pi,j,k ∈
M(d,Q(λi,j)) be the projection on the root space of Tk corresponding to λi,j. Then

T̂ n
k Pi,j,k = λn

i,j

ei−1
∑

u=0

nuAi,j,k,u

for some Ai,j,k,u ∈ M(d,Q(λi,j)). Since the coefficients of the (eid) × sd matrix

Bi,j = (Ai,j,k,u : u = 0, . . . , ei − 1, k = 1, . . . , s)

lie in Q(λi,j), we have

rankQ(Bi,j) ≤ eid · [Q(λi,j) : Q] = eiddi.

It follows that for the (leid) × sd matrix

C = (Bi,1 : i = 1, . . . l),

rankQ(C) ≤
l
∑

i=1

eiddi = (deg p) · d.

Hence, there exists a vector x = (x1, . . . , xs) ∈ (Qd)s −{(0, . . . , 0)} such that Cx = 0.
Then

(2.2)
s
∑

k=1

T̂ n
k Pi,1,kxk = 0

for every i = 1, . . . , l. For fixed i, k, the Galois group Gal(C/Q) permutes transitively
the roots λi,j and the matrices Pi,j,k, j = 1, . . . , ei. Hence, it follows from (2.2) that
for every j = 1, . . . , ei,

(2.3)
s
∑

k=1

T̂ n
k Pi,j,kxk = 0.

Summing (2.3) over i and j, we deduce (2.1). �
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To analyze the equation in Lemma 2.1 we use the following statement, sometimes
referred to as Kronecker’s lemma (see [10, p. 27]):

Lemma 2.3 (Kronecker). If λ is an algebraic integer such that all of the conjugates
of λ have absolute value one, then λ is a root of unity.

We also mention an equivalent formulation of Kronecker’s lemma, which we use
later: if λ is an element of a number field K and λ is not a root of unity, then there
exists an absolute value | · |v on K such that |λ|v 6= 1.

Note that {T1, . . . , Ts} is mixing iff {T l
1, . . . , T

l
s} is mixing for some (all) l ≥ 1. This

observation implies that in the proof of Theorem 1.3 we may assume without loss of
generality that

(2.4) λ, µ ∈
s
⋃

k=1

Spec(Tk) and λ−1µ a root of unity ⇒ λ = µ.

Under this assumption, Theorem 1.3 can be restated as follows

Theorem 2.4. Let T1, . . . , Ts be epimorphisms of X that satisfy (2.4). Then the set
{T1, . . . , Ts} is mixing iff for every subset {k1, . . . , kr} ⊂ {1, . . . , s} and every λ ∈ C,

there are no λ-eigenvectors of T̂k1
, . . . , T̂kr

that are linearly dependent over Q.

Proof. Suppose that there exist a nonempty subset S ⊂ {1, . . . , s}, αk ∈ Q − {0},
k ∈ S, and eigenvectors wk for T̂k, k ∈ S, with the same eigenvalue λ such that

∑

k∈S

αkwk = 0.

This implies that the subspace

V =

{

(vk) ∈ (Cd)|S| :
∑

k∈S

αkT̂
n
k vk = 0 for all n ≥ 1

}

is not trivial. Since this subspace is defined over Q, it contains a nonzero rational
vector (yk : k ∈ S) that gives a nonzero solution of the equation

(2.5)
s
∑

k=1

T̂ n
k yk = 0.

Hence, by Lemma 2.1, the set {T1, . . . , Ts} is not mixing.
Conversely, suppose that the set {T1, . . . , Ts} is not mixing. Then by Lemma 2.1,

there exists (x1, . . . , xs) ∈ (Qd)s − {(0, . . . , 0)} such that (2.5) holds for infinitely
many n ≥ 1.

Let

pk(x) = pk,1(x)
mk,1 · · · pk,lk(x)

mk,lk
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be the characteristic polynomial of T̂k, k = 1, . . . , s, where pk,i(x) ∈ Q[x] are distinct
and irreducible over Q. Let dk,i = deg(pk,i). For a root λ of pk, denote by V λ

k the
root subspace of Tk with respect to λ. Then

Cd =
⊕

λ: pk(λ)=0

V λ
k .

Note that for fixed k and i, the Galois group Gal(C/Q) permutes transitively the
spaces V λ

k where λ satisfies pk,i(λ) = 0. This implies that the subspaces

Vk,i =
⊕

λ: pk,i(λ)=0

V λ
k

are rational. Then

(2.6) Qd =

lk
⊕

i=1

Vk,i(Q),

and there exist vectors xk,i ∈ Vk,i(Q), not all zero, such that

(2.7)
s
∑

k=1

lk
∑

i=1

T̂ n
k xk,i = 0

for infinitely many n ≥ 1. For a root λ of pk,i, let P λ
k denote the projection from Vk,i

on the root space V λ
k . Since

T̂k|V λ
k

= λ(id+Nλ
k )

where Nλ
k : V λ

k → V λ
k is a nilpotent linear map such that (Nλ

k )mk,i = 0, we have

T̂ n
k P

λ
k = λn

mk,i−1
∑

u=0

(

n

u

)

Aλ
k,u

where Aλ
k,u : Vk,i → V λ

k are linear maps and Aλ
k,0 = P λ

k . With respect to a rational

basis on Vk,i, A
λ
k,u is represented by a (d×(dimVk,i))–matrix with coefficients in Q(λ).

Then (2.7) is equivalent to

(2.8)
s
∑

k=1

lk
∑

i=1

∑

λ: pk,i(λ)=0

mk,i−1
∑

u=0

λn

(

n

u

)

Aλ
k,uxk,i = 0.

Denote by K the number field generated by the eigenvalues of Ti, i = 1, . . . , s, and
let VK be the set of absolute values of K.

Let av := maxλ |λ|v > 0. For v ∈ VK , (2.8) can be rewritten as

(2.9)
∑

k,i,λ,j,u

⋆
λn

(

n

u

)

Aλ
k,uxk,i = −

∑

k,i,λ,j,u

⋆⋆
λn

(

n

u

)

Aλ
k,uxk,i.
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where the first sum is over those λ’s such that |λ|v = av, and the second sum is over
λ’s with |λ|v < av. If the left hand side of (2.9) is identically nonzero, the v-adic
norm of it is of order at least an

v for sufficiently large n. On the other hand, the v-adic
norm of the right hand side of (2.9) is o(an

v ) as n→ ∞. Since (2.9) holds for infinitely
many n, we deduce that

∑

k,i,λ,j,u

⋆
λn

(

n

u

)

Aλ
k,uxk,i = 0.

This argument implies that (2.8) is equivalent to the system of equations

(2.10)
∑

k,i,λ,j

′
mk,i−1
∑

u=0

λn

(

n

u

)

Aλ
k,uxk,i = 0, δv > 0, v ∈ VK ,

where the sum
∑′ is taken over those λ’s such that pk,i(λ) = 0 and |λ|v = δv, v ∈ VK .

Conjugating (2.10) by σ ∈ Gal(C/Q), we deduce that (2.10) is equivalent to the
system of equations

(2.11)
∑

k,i,λ,j

′′

mk,i−1
∑

u=0

λn

(

n

u

)

Aλ
k,uxk,i = 0, δσ,v > 0, σ ∈ Gal(C/Q), v ∈ VK ,

where the sum
∑′′ is taken over λ’s such that pk,i(λ) = 0 and |λσ|v = δσ,v for every

σ ∈ Gal(C/Q) and v ∈ VK .
If

λ, µ ∈
s
⋃

k=1

Spec(Tk)

and |λσ|v = |µσ|v for every σ ∈ Gal(C/Q) and v ∈ VK , then λ−1µ is a root of unity
by Lemma 2.3, and by (2.4), λ = µ. Hence, (2.11) is equivalent to the system of
equations

(2.12)
∑

k,i: pk,i(λ)=0

mk,i−1
∑

u=0

(

n

u

)

Aλ
k,uxk,i = 0, λ ∈

s
⋃

k=1

Spec(Tk).

Let mλ = max{mk,i : pk,i(λ) = 0}. If
∑

k,i: pk,i(λ)=0

Aλ
k,mk,i−1xk,i 6= 0,

then the left hand side of (2.12) is of order nmk,i−1 for sufficiently large n, which gives
a contradiction. Hence,

∑

k,i: pk,i(λ)=0

Aλ
k,mk,i−1xk,i = 0.



12 VITALY BERGELSON AND ALEXANDER GORODNIK

Applying the same argument to lower degree terms, we deduce that (2.12) is equivalent
to

(2.13)
∑

k,i: pk,i(λ)=0

Aλ
k,uxk,i = 0, λ ∈

s
⋃

k=1

Spec(Tk), u = 0, . . . ,mλ − 1.

For every k = 1, . . . , s and i = 1, . . . , lk, choose λk,i such that pk,i(λk,i) = 0. If the
pk,i’s have a common root for different k’s, we choose the same λk,i. Let

Λ = {λk,i : k = 1, . . . , s, i = 1, . . . , lk}.
Note that for σ ∈ Gal(C/Q), we have

σ(V λ
k ) = V

σ(λ)
k , σ(P λ

k ) = P
σ(λ)
k , σ(Nλ

k ) = N
σ(λ)
k , σ(Aλ

k,u) = A
σ(λ)
k,u .

Since the polynomial pk,i is irreducible, the Galois group Gal(C/Q) acts transitively
on the set of roots of pk,i. Hence, if (2.13) holds for λ = λk,i, then it holds for all λ’s
such that pk,i(λ) = 0. Therefore, (2.13) is equivalent to

(2.14)
∑

k,i: pk,i(λ)=0

Aλ
k,uxk,i = 0, λ ∈ Λ, u = 0, . . . ,mλ − 1.

Since the polynomials pk,i, i = 1, . . . , lk, have no common roots, it follows that for
every k = 1, . . . , s and λ ∈ Λ, there is at most one i such that pk,i(λ) = 0. Hence, the
system of equations (2.14) splits into independent systems of equations

(2.15)
∑

k,i: pk,i(λ)=0

Aλ
k,uxk,i = 0, u = 0, . . . ,mλ − 1

indexed by λ ∈ Λ. Therefore, (2.14) has a nontrivial solution iff for some λ ∈ Λ,
(2.15) has a nontrivial solution.

Let λ ∈ Λ be such that (2.15) has a nontrivial solution and u0 ∈ {0, . . . ,mλ − 1}
be the maximal index such that (2.15) contains nonzero terms. Since

Aλ
k,u = λ−u(T̂k − λ)u|V λ

k
, u ≥ 1,

it follows that the (nonzero) vectors Aλ
k,u0

xk,i are eigenvectors of T̂k with eigenvalue
λ which are linearly dependent over Q. This proves the theorem. �

3. Proofs of Corollaries formulated in Subsection 1.2

Proof of Corollary 1.5. It is clear that (a)⇒(b).

Suppose that T̂−1
i T̂j has a root of unity as an eigenvalue. Since T̂i and T̂j commute,

this implies that for some l ≥ 1, the subspace

V = {v ∈ Cd : T̂ l
i v = T̂ l

jv}
is not {0}. Since V is {T̂ l

i , T̂
l
j}-invariant and T̂ l

i |V = T̂ l
j |V , it follows that T̂ l

i and T l
j

have common eigenvector with the same eigenvalue. Hence, by Theorem 1.3, {Ti, Tj}
is not mixing. This shows that (b)⇒(c).
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To prove that (c)⇒(a), suppose that (c) holds, but {T1, . . . , Ts} is not mixing.
Then by Theorem 1.3, there exist a nonempty S ⊂ {1, . . . , s}, αk ∈ Q − {0}, k ∈ S,

and eigenvectors wk ∈ Cd of T̂ l
k, k ∈ S, with the same eigenvalue λ such that

∑

k∈S

αkwk = 0.

Hence, we have a nonzero vector space

V =

{

(vk) ∈ (Cd)|S| :
∑

k∈S

αkvk = 0, T̂ l
kvk = λvk for k ∈ S

}

.

Since T̂i’s commute, this vector space is {T̂ l
1, . . . , T̂

l
s}-invariant, and it contains a

common eigenvector v = (vk : k ∈ S):

T̂ l
kv = λkv, k ∈ S.

Let S0 = {k ∈ S : vk 6= 0}. Note that |S0| > 1. For k ∈ S0, λk = λ. Hence, T̂−l
i T̂ l

j =

(T̂−1
i T̂j)

l has eigenvalue 1 for i, j ∈ S0. This contradicts (c). Hence, (c)⇒(a). �

Proof of Corollary 1.6. If {T1, T2} is mixing on X, then clearly {T l
1, T

l
2} is mixing on

X/Y . Hence, one direction of the corollary is obvious.

Suppose that {T1, T2} is not mixing. Then, by Theorem 1.3, T̂ l
1 and T̂ l

2 have a
common eigenvector with the same eigenvalue for some l ≥ 1. This eigenvector is
contained in the rational subspace

V = {v ∈ Cd : p(T̂ l
1, T̂

l
2)v = p(T̂ l

2, T̂
l
1)v for all p ∈ Z〈x1, x2〉}

where Z〈x1, x2〉 denotes the ring of noncommutative polynomials. For any p ∈
Z〈x1, x2〉 and v ∈ V ,

p(T̂ l
1, T̂

l
2)T̂

l
1v = p(T̂ l

1, T̂
l
2)T̂

l
2v = p(T̂ l

2, T̂
l
1)T̂

l
1v.

This implies that V is T̂ l
1-invariant, and a using similar argument, we deduce that V

is T̂ l
2-invariant as well.

Consider the subgroup

Y = {x ∈ X : χ(x) = 1 for χ ∈ V ∩ X̂}.
Since V is rational, V ∩ X̂ 6= 0 and Y 6= X, and since the subspace V is {T̂ l

1, T̂
l
2}-

invariant, the subgroup Y is {T l
1, T

l
2}-invariant too. The character group of X/Y is

V ∩ X̂, and T̂ l
1 = T̂ l

2 on V ∩ X̂. Hence, it follows that T l
1 = T l

2 on X/Y . This proves
the corollary. �

Proof of Corollary 1.7. Under the assumption in (a), for every λ ∈ C there is at most

one T̂ l
i with the eigenvalue λ. Hence, the maps T̂ l

i cannot have linearly dependent
eigenvectors with the same eigenvalue, and by Theorem 1.3, the set {T1, . . . , Ts} is
mixing.
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Suppose that there exist S ⊂ {1, . . . , s} with |S| = r > d, l ≥ 1, and λ ∈ C such
that

λ ∈ Spec(T̂ l
k) for k ∈ S.

We are going to show now that the set {T l
k : k ∈ S} is not mixing. This will imply

that the set {T1, . . . , Ts} is not mixing as well.
Denote by q(x) ∈ Q[x] the minimal polynomial of λ and consider the rational

subspace
Wk = {v ∈ Cd : q(T̂ l

k)v = 0}.
Since q(x) has no multiple roots, T̂ l

k|Wk
is diagonalizable over C, and Wk is the direct

sum of all µ-eigenspaces of T̂ l
k with q(µ) = 0. In particular,

dimWk ≥ deg(q).

Denote by P µ
k the projection from Wk to the µ-eigenspace of T̂ l

k. We claim that there
exist vectors xk ∈ Wk(Q), not all zero, such that

(3.1)
∑

k∈S

P λ
k xk = 0.

If P λ
k xk = 0, then P

σ(λ)
k xk = 0 for all σ ∈ Gal(C/Q), and since the polynomial q(x)

is irreducible,

xk =
∑

σ∈Gal(C/Q)

P
σ(λ)
k xk = 0.

This implies that not all P λ
k xk, k ∈ S, are zero. Hence, (b) follows from the claim

(3.1) and Theorem 1.3.
Choose a rational basis in Wk. With respect to this basis, the linear map P λ

k

is represented by a (d × (dimWk))–matrix with coefficients in Q(λ). Consider the
(d× (dimW λ

k · |S|))–matrix
P = (P λ

k : k ∈ S).

Since the coefficients of P are in Q(λ),

rankQ(P ) ≤ d · [Q(λ) : Q] = d · deg(q) < |S| · dimWk.

Hence, there exists a nonzero vector

x = (xk : k ∈ S) ∈
∏

k∈S

Wk(Q) ≃ Q|S|·dim Wk

such that P · x = 0. Hence, (3.1) has a nonzero solution. This proves (b).
Now we prove (c). Suppose that for every l ≥ 1 and S ⊂ {1, . . . , s} such that

|S| > d,
⋂

i∈S

Spec(T l
i ) = ∅,

Then if the T̂ l
i ’s have linearly dependent eigenvectors with the same eigenvalue, there

is a subset of the T̂ l
i ’s of cardinality at most d with the same property. Hence, it
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follows from Theorem 1.3 that {T1, . . . , Ts} is mixing iff every subset of cardinality d
is mixing. �

Proof of Corollary 1.9. We choose l ≥ 1 so that T l
1, . . . , T

l
s satisfy condition (2.4). It

suffices to prove the corollary for k = 0, and to simplify calculations, we also assume
that l = 1. The proof of the general case easily reduces to this situation.

We use the notation introduced in the proof of Theorem 2.4.
For χ1, . . . , χs ∈ X̂,

(3.2)

∫

X

χ1(T
n
1 x) · · ·χs(T

n
s x) dm(x) =

{

1 if T̂ n
1 χ1 + · · · + T̂ n

s χs = 0,

0 if T̂ n
1 χ1 + · · · + T̂ n

s χs 6= 0.

Denote by Qk,i the projection on the space Vk,i with respect to the decomposition
(2.6). If

(3.3) T̂ n
1 χ1 + · · · + T̂ n

s χs = 0

for infinitely many n, then by the proof of Theorem 1.3,

(3.4)
∑

k,i:pk,i(λ)=0

Aλ
k,uQk,iχk = 0 for λ ∈ Λ, u = 0, . . . ,mλ − 1.

Conversely, (3.4) implies that (3.3) holds for every n ≥ 1. Denote by ∆ the set of

(χ1, . . . , χs) ∈ X̂s such that (3.4) holds. We claim that for every f1, . . . , fs ∈ L∞(X),

lim
n→∞

∫

X

f1(T
n
1 x) · · · fs(T

n
s x) dm(x) =

∑

(χ1,...,χs)∈∆

f̂1(χ1) · · · f̂s(χs).

When f1, . . . , fs are characters, this follows from (3.2). For general L∞-functions, the
claim is proved by the standard approximation argument. �

Proof of Corollary 1.11(a). Let us choose vectors v1, . . . , vs ∈ Zd which are linearly
dependent over Q and such that every proper subset of {v1, . . . , vs} is linearly inde-
pendent over Q. There exist nilpotent matrices N1, . . . , Ns ∈ M(d,Z) such that

Ker(Ni) = 〈vi〉 .
Set Ti = id + Ni. Then it follows from Theorem 1.3 that the set {T1, . . . , Ts} is not
mixing, but every proper subset is mixing. �

To prove Corollary 1.11(b), we need a lemma:

Lemma 3.1. For every d ≥ 1, there exists an irreducible monic polynomial p(x) ∈
Z[x] which has real roots with different absolute values.

Proof. Consider the polynomial

p(x) = (x− q) · · · (x− dq) + q
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where q is a prime number. Note that this polynomial is irreducible by the Eisenstein
criterion (see [12, IV §3]). Let us assume that d is even (the argument for odd d is
analogous). Then for sufficiently large q, we have

p((4i+ 1)q/2) ≥ (q/2)d + q > 0, i = 0, . . . , d/2,

p((4i+ 3)q/2) ≤ −(q/2)d + q < 0, i = 0, . . . , d/2 − 1.

This implies that p(x) has d distinct positive real roots. �

Proof of Corollary 1.11(b). Let p(x) be as in Lemma 3.1 and let T1 ∈ M(d,Z) has
p(x) as its characteristic polynomial. Denote by λi, i = 1, . . . , d, the roots of p(x) and
by σi the embedding Q(λ1) → R such that λ1 7→ λi. Let {v1, . . . , vd} be an integral
basis of Q(λ1). It is well-known that

(3.5) det(vσi

k : i, k = 1, . . . , d) 6= 0.

Let
A = diag(1, . . . , 1, 2, . . . , s− 1).

Note that A has the minimal polynomial

q(x) =
s−1
∏

l=1

(x− l) =
s
∑

j=1

qjx
j−1

and qj 6= 0 for all j. Put

wj = Aj−1 · t(v1, . . . , vd), j = 1, . . . , d.

It follows from (3.5) that wσi

j , i = 1, . . . , d, are linearly independent over Q. The
Galois group Gal(C/Q) permutes the vectors wσi

j , i = 1, . . . , d. Therefore,

(3.6) Qd =

{

d
∑

i=1

aσiwσi

j : a ∈ Q(λ1)

}

.

for every j = 1, . . . , d. Define Tj ∈ M(d,R) such that

Tjw
σi

j = λiw
σi

j , i = 1, . . . , d.

Then det(Tj) 6= 0 and T σ
j = Tj for every σ ∈ Gal(C/Q). Thus, Tj ∈ GL(d,Q).

Multiplying Tj’s and λi’s by an integer, we may assume that Tj’s have integer entries.
We claim that there is (x1, . . . , xs) ∈ (Qd)s − {(0, . . . , 0)} such that

(3.7)
s
∑

j=1

T n
j xj = 0

for every n ≥ 1, and for any J ( {1, . . . , s}, there is no (xj : j ∈ J) ∈ (Qd)|J | −
{(0, . . . , 0)} such that

(3.8)
∑

j∈J

T n
j xj = 0
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for infinitely many n. By Lemma 2.1, this implies that {T1, . . . , Ts} is not mixing,
but every proper subset of it is mixing.

Put xj = qj
∑d

i=1w
σi

j ∈ Qd. Note that

d
∑

i=1

wσi

j = Aj

(

d
∑

i=1

wσi

1

)

6= 0

by (3.5). We have

s
∑

j=1

T n
j xj =

d
∑

i=1

s
∑

j=1

qjλ
n
i w

σi

j =
d
∑

i=1

λn
i

s
∑

j=1

qjA
j−1wσi

1 = 0.

This proves (3.7).
It follows from (3.6) that (3.8) is equivalent to the existence of

(aj : j ∈ J) ∈ Q(λ1)
|J | − {(0, . . . , 0)}

such that
∑

j∈J

d
∑

i=1

T n
j a

σi

j w
σi

j = 0

for infinitely many n. Then

d
∑

i=1

λn
i

∑

j∈J

aσi

j w
σi

j = 0.

Since the λi’s have different absolute values, this implies that

(3.9)
∑

j∈J

ajwj =

(

∑

j∈J

ajA
j−1

)

w1 = 0.

Let

r(x) =
∑

j∈J

ajx
j−1 = b

l
∏

j=1

(x− µj).

for l ≤ s− 1 and b, µj ∈ C. We have r(A)w1 = 0 and r̃(A)w1 = 0 with

r̃(x) =
∏

(x− µj)

where the product is taken over µj which are eigenvalues of A. In particular, r̃(x) ∈
Q[x]. Then r̃(A)wσi

1 = 0 for every i = 1, . . . , d. It follows from (3.5) that r̃(A) = 0.
Since the minimal polynomial q(x) of A has degree s − 1, this implies that r(x) is
a scalar multiple of q(x). In particular, aj 6= 0 for every j = 1, . . . , s, which is a
contradiction. �
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Proof of Corollary 1.12. It is clear that if the set {T1, . . . , Ts−1, id} is mixing, then
every Ti is mixing and {T1, . . . , Ts−1} is mixing as well.

Conversely, suppose that the set {T1, . . . , Ts−1, id} is not mixing. Then for some

l ≥ 1, the linear maps T̂ l
1, . . . , T̂

l
s−1, id have linearly dependent eigenvectors with the

same eigenvalue λ. Note that if λ = 1, then some T̂ l
k has eigenvalue one, and Tk

is not mixing. Otherwise, it follows that the linear maps T̂ l
1, . . . , T̂

l
s−1 have linearly

dependent eigenvectors with the same eigenvalue. Hence, by Theorem 1.3, the set
{T1, . . . , Ts−1} is not mixing. �

4. Mixing groups and semigroups

Proposition 4.1. Let X be any compact abelian group and Γ a torsion free subgroup
of Aut(X). Then Γ is mixing iff every element γ ∈ Γ − {e} is ergodic.

Proof. If the action of Γ on X is mixing, then the action of every infinite subgroup of
Γ is mixing as well, and in particular, every γ ∈ Γ − {e} is ergodic.

Conversely, suppose that the action of Γ on X is not mixing. Then for some
(χ, ψ) ∈ X̂2 − {(0, 0)}, the set

S = {γ ∈ Γ : γ̂χ = ψ}
is infinite. For every γ ∈ S−1S, we have γ̂χ = χ, and the action of such γ on X is
not ergodic. This proves the proposition. �

Now we assume that X is connected and dimX = d < ∞. We are going to show
that under these assumptions, the torsion free condition in Proposition 4.1 can be
omitted. But first, we need the following lemma (see [1, Lemma 4.3] for a different
proof).

Lemma 4.2. Every torsion subgroup (i.e., a subgroup where every element is of finite
order) of GL(d,Q) is finite.

In the proofs below, we use some basic facts about algebraic groups and Zariski
topology, which can be found in [15] and [23].

Proof. Let Γ be a torsion subgroup of GL(d,Q). The eigenvalues of a matrix in Γ are
roots of unity each having degree at most d over Q. Hence, their order is bounded,
and there exists n ≥ 1 such that Γn = {e}. Let G ⊂ SL(d,C) be the Zariski closure
of Γ. Then the connected component Go has finite index in G, and Gn = {e}. For
g ∈ G, let g = gsgu be the Jordan decomposition of g. Since gu is unipotent and
gn

u = e, it follows that gu = e and every element of G is semisimple. Hence, Go is a
torus and since (Go)n = {e}, we deduce that Go = {e} and Γ is finite. �

Proposition 4.3. Let X be a compact connected finite-dimensional abelian group and
Γ an infinite subgroup of Aut(X). Then the following statements are equivalent:

(a) The action of Γ on X is mixing.
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(b) Every infinite cyclic subgroup of Γ is ergodic on X.
(c) For every γ ∈ Γ of infinite order, the linear map γ̂ does not have roots of unity

as eigenvalues.

Proof. It is well-known that (a)⇒(b) and (b)⇔(c). To show that (b)⇒(a), we observe

that if the action of Γ on X is not mixing, then for some χ ∈ X̂ − {0}, the subgroup
{γ ∈ Γ : γ̂χ = χ} is infinite (see the proof of Proposition 4.1), and it suffices to show
that this subgroup contains an element of infinite order. This follows from Lemma
4.2. �

Note that Proposition 4.3((a)⇔(b)) fails in general if X is disconnected or infinite-
dimensional (see Example 6.4 below). Also, it fails for semigroups (see Example 6.5
below).

The following lemma is used in the proof of Corollary 1.15.

Lemma 4.4. Every solvable mixing subgroup of Aut(X) is a finite extension of an
abelian group.

Proof. Let Γ be a solvable mixing subgroup of Aut(X). We show that Γ̂ ⊂ GL(d,Q)
is a finite extension of an abelian group. Let G ⊂ GL(d,C) be the Zariski closure
of Γ. Then G is solvable too. The connected component Go has finite index in
G, and is is conjugate to a subgroup of the upper triangular subgroup (see [23,
Section 6.3]). In particular, the commutant [Go, Go] is a unipotent subgroup. The

subgroup Γ̂0 = Go ∩ Γ̂ has finite index in Γ̂. Since Γ is mixing, it follows from
Proposition 4.3 that [Γ̂0, Γ̂0] = 1. This proves the corollary. �

Proof of Corollary 1.15. Note that the subgroup Γ is isomorphic to a subgroup of
GL(d,Q). By the Tits alternative (see [24] or [15, Section 5J]), Γ is either a finite
extension of a solvable group or contains a nonabelian free subgroup. Thus, we may
assume that Γ contains a nonabelian free subroup. Let γ and δ be free generators
and let Ti = δ−iγδi. Then

T n
i T

−n
j = δ−iγnδi−jγ−nδj → ∞ for i 6= j.

On the other hand, linear maps T̂i have the same characteristic polynomial. Hence,
it follows from Corollary 1.7(b) (or Proposition 2.2) that the set {T1, . . . , Td+1} is not
mixing. This implies that Γ is not mixing of order d+ 1. �

Using Proposition 4.3, we develop two approaches to the construction of mixing
subgroups. The first approach is based on the result of Y. Benoist [4] on asymptotic
cones of discrete groups (see Proposition 4.5) and the second approach is based on
the theory of division algebras (see Corollary 4.8).

Proposition 4.5. For every even d ≥ 2, there exists a mixing subgroup of Aut(Td)
which is Zariski dense in SL(d,C).
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Proof. We start by reviewing a result of Y. Benoist from [4], which will be used in
the proof.

For g ∈ SL(d,R), let us denote by λ1(g), . . . , λd(g) the eigenvalues of g ordered so
that |λ1(g)| ≥ · · · ≥ |λd(g)| and

ℓg = (log |λ1(g)|, . . . , log |λd(g)|).
The vector ℓg belongs to the set

a
+ def

=

{

(x1, . . . , xd) ∈ Rd :
d
∑

i=1

xi = 0, x1 ≥ · · · ≥ xd

}

.

Let Γ be a subgroup of SL(d,R). The limit cone ℓΓ of Γ is the smallest closed cone
in a

+ that contains all ℓγ, γ ∈ Γ. Since Γ is a group, the limit cone ℓΓ is stable under
the involution

i(x1, . . . , xd) = (−xd, . . . ,−x1).

It was shown by Y. Benoist in [4] that if Γ is Zariski dense, then the limit cone ℓΓ
is convex, has nonempty interior, and is equal to the asymptotic cone of Γ. The
asymptotic cone is the cone consisting of the limit directions of the set

{log(µ(γ)) : γ ∈ Γ} ⊂ a
+

where µ(g) denotes the A+–component of g with respect to KA+K-decomposition
(K = SO(n), A+ = positive Weyl chamber). In the case when Γ is a lattice, the
asymptotic cone is always equal to a

+. In particular,

ℓSL(d,Z) = a
+.

If Γ is a Zariski dense subgroup, Y. Benoist also showed in [4] that for every closed
convex i-invariant cone C ⊂ ℓΓ with nonempty interior, there exists a Zariski dense
subgroup Γ0 ⊂ Γ such that ℓΓ0

= C.
Suppose that d = 2k. For (x1, . . . , x2k) ∈ a

+,

xk ≤ −k−1

2k
∑

i=k+1

xi, xk+1 ≥ k−1

k
∑

i=1

xi,

and for any δ ∈ (0, k−1)

Cδ =







(x1, . . . , x2k) ∈ a
+ :

xk ≥ 0 ≥ xk+1

xk ≥ −δ∑2k
i=k+1 xi

xk+1 ≤ −δ∑k
i=1 xi







is a closed convex i-invariant cone with a nonempty interior. Hence, there exists a
Zariski dense subgroup Γ of SL(d,Z) such that ℓΓ = Cδ. Since

Cδ ∩ {xi = 0} = 0
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for every i = 1, . . . , 2k, the group Γ contains no element (except identity) with an
eigenvalue of absolute value one. By Proposition 4.3, Γ is mixing. This proves the
proposition. �

If Γ is a finitely generated subgroup of the automorphism group of a compact
connected finite-dimensional abelian group X, then by the Selberg lemma (see [8,
Theorem 4.1] or [15, Section 5I]), Γ contains a torsion free subgroup of finite in-
dex. Clearly, this subgroup is mixing iff Γ is mixing. For a torsion free subgroup,
Proposition 4.3 can be restated as follows:

Proposition 4.6. Let Γ be a torsion free subgroup of Aut(X). Then the action of Γ
on X is mixing iff

Γ̂ − Γ̂ ⊂ {0} ∪ GL(d,Q).

Recall that the Jacobson radical of a ring (with a unit) R is the intersection of all
maximal ideals of R. We denote by R× the group of units of a ring R.

Let AΓ ⊂ M(d,Q) be the Q-span of Γ̂, JΓ ⊂ AΓ the Jacobson radical of AΓ and

π : AΓ → AΓ/JΓ

the factor map.

Proposition 4.7. Let Γ be a torsion free subgroup of Aut(X). Then the action of Γ
on X is mixing iff

Γ̂ ∩ (1 + JΓ) = 1 and π(Γ̂) − π(Γ̂) ⊂ {0} ∪ (AΓ/JΓ)×.

Proof. Recall that the Jacobson radial is nilpotent and 1 + JΓ ⊂ A×
Γ .

Suppose that the action of Γ on X is mixing. Since 1 + JΓ consists of unipotent
matrices, it follows from Proposition 4.3 that Γ̂ ∩ (1 + JΓ) = 1. The second property
follows Proposition 4.6.

Conversely, suppose that these properties are satisfied. If for some a ∈ AΓ, π(a)
is invertible, then there exists b ∈ AΓ such that ab ∈ 1 + JΓ and it follows that a is
invertible as well. Therefore,

Γ̂ − Γ̂ ⊂ JΓ ∪ A×
Γ

If γ1 − γ2 ∈ JΓ for some γ1, γ2 ∈ Γ̂, then γ−1
1 γ2 ∈ 1+JΓ and γ1 = γ2. This shows that

Γ̂ − Γ̂ ⊂ {0} ∪ GL(d,Q)

and the action of Γ on X is mixing by Proposition 4.6. �

Proposition 4.7 implies, in particular, that the action of Γ on X is mixing provided
that the Q-span of Γ̂ is a division subalgebra D in M(d,Q). This is possible only
when d = (dimD)l for some l ≥ 1. In particular, d must be a perfect square.

Corollary 4.8. For every perfect square d > 1, there exists a mixing subgroup Γ of
Aut(Td) such that the Zariski closure of Γ is conjugate to

{diag(g, . . . , g) : g ∈ SL(
√
d,C)}.
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The subgroup Γ is not mixing of order p+ 1 where p is the smallest prime divisor of√
d.

Proof. There exists a central division algebra D over Q such that dimQD = d and
D is split over R. Denote by SL(1, D) the group consisting of elements of D whose
reduced norm is equal to one. Consider the right and left regular representations

ρ :D ⊗ C → End(D ⊗ C) : ρ(d)x = x · d,
λ :D ⊗ C → End(D ⊗ C) : λ(d)x = d · x.

Let O be an order in D. Note that (D ⊗ R)/O can be identified with the torus Td

and with respect to a basis of O, we have

G
def
= ρ(SL(1, D ⊗ R)) ⊂ SL(d,R),

Γ
def
= ρ(SL(1,O)) ⊂ SL(d,Z).

Since D splits over R, G ≃ SL(k,R) where d = k2. By the Borel–Harish–Chandra
theorem (see [16, Ch. IV]), Γ is a lattice in G. This implies that the Zariski closure
of Γ is ρ(SL(1, D ⊗ C)). Note that

D ⊗ C ≃ M(k,C), SL(1, D ⊗ C) ≃ SL(k,C),

and as a ρ(D ⊗ C)-module,

D ⊗ C ≃ Ck ⊕ · · · ⊕ Ck.

Hence,

ρ(SL(1, D ⊗ C)) = {diag(g, . . . , g) : g ∈ SL(k,C)}
in a suitable basis.

Let Tr : D → Q denote the reduced trace of the division algebra D, and Ô ⊂ D
the dual order of O, that is,

Ô = {u ∈ DQ : Tr(O · u) ∈ Z}.
Then the set of characters of D/O is indexed by Ô:

χu(x) = exp(2πiTr(x · u)), u ∈ Ô,
and the dual action of Γ is

u 7→ γ · u, u ∈ Ô, γ ∈ Γ.

Hence, the Q-span of Γ̂ is equal to the Q-span of λ(SL(1,O)), and since SL(1,O) is
Zariski dense in SL(1, D ⊗ C), it is equal to λ(D). Now it follows from Proposition
4.7 that the (right) action of Γ on D/O is mixing.

The central division algebra D contains a splitting field F such that F/Q is a cyclic
extension of degree k. Moreover, since D splits over R, F can be taken to be real.
Then F contains a Galois subfield E such that |E : Q| = p. By the Dirichlet theorem
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(see [11, Ch. 2]), E contains a unit γ of infinite order (unless E/Q is a complex
quadratic extension, which is not the case). Since

N(γ) = NE/Q(γ)dimE D = ±1,

we may choose γ ∈ Γ. There exist αi ∈ Q, i = 0, . . . , p, αp = 1, such that
p
∑

i=0

αiγ
i = 0.

We claim that there exists γn ∈ Γ such that

γ−1
n γiγn → ∞ as n→ ∞.

for i = 1, . . . , p. It suffices to check that the centralizer CΓ(γp!) has finite index in Γ.
If this is not the case, then CΓ(γp!) is a lattice in G, and it follows that γp! lies in the
center of D, which is a contradiction. We have

p
∑

i=0

(γ−1
n γiγn)αi = 0.

Since ℓαi ∈ Ô for some ℓ ∈ N, this proves that ρ(Γ) is not mixing of order p+ 1. �

Corollary 4.9. For every d ≥ 2, d 6= 3, 5, 7, 9, there exists a free nonabelian mixing
subgroup of Aut(Td) which is not mixing of order 3.

Proof. Let d = d1 + d2 where d1 > 1 is a perfect square and d2 > 1 is even. If d 6= 9,
we may take d2 ≥ 2. By Proposition 4.5 and Corollary 4.8, Aut(Tdi), i = 1, 2, contain
free mixing subgroups which are not virtually abelian. Hence, by the Tits alternative,
there exist injective homomorphisms

φi : F2 → Aut(Tdi), i = 1, 2,

where F2 denotes the free group with two generators such that the action of φi(F2)
on Tdi is mixing. Let

Γ = {(φ1(δ), φ2(δ)) : γ ∈ F2} ⊂ Aut(Td1 × Td2) = Aut(Td).

If Γ is not mixing, there exist x, y ∈ Qd − {0} and γn ∈ Γ such that γn → ∞ and
tγnx = y. Write x = x1 + x2 and y = y1 + y2 with respect to the decomposition
Qd = Qd1 ⊕Qd2 . Then for some i = 1, 2, we have xi, yi ∈ Qdi −{0} and tφi(δn)xi = yi

where δn ∈ F2 corresponds to γn. This is a contradiction since the subgroups φi(F2)
are mixing. It follows that Γ is mixing.

If d 6= 9, the group Γ preserves the direct product decomposition Td = Td−2 × T2.
If the action Γ on Td is mixing of order 3, then the restriction of this action to T2 is
mixing as well. However, this contradicts Proposition 1.15. �

Corollary 4.10. There exists a not virtually abelian mixing subgroup of Aut(T9)
which is not mixing of order 3.
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Proof. Let K = Q(α) with α = ζ + ζ̄ where ζ is a primitive root of unity of order 7,
and D ⊃ K be a central division algebra over Q with dimQD = 9 (such an algebra
can be constructed using the cross product construction). One can check that α is a
root of x3+x2−2x−1 = 0. In particular, this implies that α and β = −1−α are units
in K and α, β ∈ SL(1, D). Let O be an order in D that contains α and β. Using the
argument from the proof of Corollary 4.8, one can find a sequence {γn} ⊂ SL(1,O)
such that γ−1

n αγn → ∞ as n→ ∞. Then

γ−1
n αγn + γ−1

n βγn + 1 = 0

and γ−1
n βγn → ∞, γ−1

n (αβ−1)γn → ∞. As in the proof of Corollary 4.8, this implies
that the action of SL(1,O) on D/O by right multiplication is not mixing of order
3. �

Question 4.11. Does there exist a not virtually abelian mixing subgroup in Aut(Td)
for d = 3, 5, 7?

According to Corollary 1.15, Aut(T2) contains no free nonabelian subgroup which
is mixing of order 3 (see also Proposition 2.31 in the electronic version of [5]).

Question 4.12. Is there a free nonabelian mixing of order 3 subgroup in Aut(Td) for
some d ≥ 3?

Note that there exist free nonabelian semigroups of epimorphisms of the torus Td

which are mixing of all orders (see Example 6.6 below).

5. Ergodicity and mixing

In this section, we prove Theorems 1.18, 1.19, and 1.21.
First, we recall the following well-known characterization of ergodicity (see, for

example, [21, Chapter I]):

Proposition 5.1. Let Γ be a group of automorphisms of a compact abelian group X.
Then the action of Γ on X is ergodic iff the action of Γ on X̂ has no finite orbits
except the trivial character.

Using Proposition 5.1, we deduce

Proposition 5.2. Let X be a compact connected abelian group and Γ ⊂ Aut(X).
Then if the action of Γ on X is strongly irreducible, then it is ergodic.

Note that the converse of Proposition 5.2 is not true (see Example 6.8 below).

Proof. Suppose that the action of Γ on X is not ergodic. Then there exist χ ∈ X̂−{0}
and a subgroup Λ of finite index in Γ such that Λ · χ = χ. Consider the subgroup

A = {ψ ∈ X̂ : kψ ∈ Z · χ for some k ≥ 1}.
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Using that the fact that X̂ is torsion free, one can check that Λ acts trivially on A.
In particular, A 6= X̂. Also, it is clear that X̂/A is torsion free. Hence, there exists a
proper closed connected Λ-invariant subgroup

{x ∈ X : χ(x) = 1 for all χ ∈ A},
and the action of Γ on X is not strongly irreducible. �

In the proofs of Theorems 1.18, 1.19, and 1.21, we will need the following three
lemmas.

Lemma 5.3. Let Γ be a group and let ρi : Γ → (C,+), i = 1, . . . , t, be nontrivial
homomorphisms. Then there exists γ ∈ Γ such that ρi(γ) 6= 0 for every i = 1, . . . , t.
Moreover, the set

R = {γ ∈ Γ : ρi(γ) 6= 0 for every i = 1, . . . , t}.
generates Γ.

Proof. Consider a homomorphisms ρ : Γ → Ct defined by

ρ(γ) = (ρ1(γ), . . . , ρt(γ)).

Then ∆ = ρ(Γ) is a subgroup of Ct such that πi(∆) 6= 0, i = 1, . . . , t, where πi : Ct →
C the coordinate projection. It suffices to show that

∆ *
t
⋃

i=1

π−1
i (0).

Suppose that this is not the case. Then the Zariski closure ∆̄ of ∆ is a linear subspace
of Ct and

∆̄ =
t
⋃

i=1

(∆̄ ∩ π−1
i (0)).

However, this equality is impossible because ∆̄ ∩ π−1
i (0) are proper linear subspaces

of ∆̄. This contradiction proves the first part of the lemma.
To prove the second part, take any γ ∈ Γ and δ ∈ R. Then for k ≥ 1,

ρ(γδk) = ρ(γ) + kρ(δ),

and taking k such that

k 6= −πi(ρ(γ))/πi(ρ(δ)) for every i = 1, . . . , t,

we have δk ∈ Γ0 and γδk ∈ R. Hence, γ ∈ 〈R〉. This proves the lemma. �

Lemma 5.4. Let Γ be a solvable subgroup of GL(d,Q). Then there exist a subgroup
Λ such that |Γ : Λ| <∞ and the commutant Λ′ is unipotent, and a flag

Qd = V1 ⊃ V2 ⊃ · · · ⊃ Vs+1 = {0}
consisting of rational Λ-invariant subspaces such that Λ|Vi/Vi+1

is abelian for all i =
1, . . . , s.
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Proof. There exists a subgroup Λ of finite index in Γ which can be conjugated (over
C) to a subgroup of the group of the upper triangular matrices (see, for example,
the proof of Lemma 4.4). Then the commutant Λ′ is a unipotent subgroup. Hence,
the subspace V Λ′

of Λ′-invariant vectors is not trivial. Since Λ′ is normal in Λ, this
subspace is Λ-invariant. Also, it is clear that V Λ′

is rational, and Γ|V Λ′ is abelian.
Now the lemma follows by induction on dimension. �

For a subgroup Γ ⊂ GL(d,Q), we denote by Γ̄ the Zariski closure of Γ and by Γ̄◦

the connected component of the closure.

Lemma 5.5. Every subgroup Γ of GL(d,Q) contains a finitely generated subgroup Λ
such that Λ̄ = Γ̄.

Proof. Take a finitely generated subgroup ∆ such that dim ∆̄◦ is maximal among all
finitely generated subgroups. Then for every γ ∈ Γ,

〈∆, γ〉o = ∆̄o.

In particular, γ−1∆̄oγ ⊂ ∆̄o, and the group Γ ∩ ∆̄o is normal in Γ. Also, since 〈∆, γ〉
has finitely many connected components, γk ∈ ∆̄o for some k ≥ 1 and the group
Γ/(Γ ∩ ∆̄o) consists of elements of finite order. The algebraic group Γ̄/∆̄o is defined
over Q and it embeds via a Q-map into GL(n) for some n ≥ 2. Under this map, the
subgroup Γ/(Γ ∩ ∆̄o) is embedded into GL(n,Q). Hence, it follows from Lemma 4.2
that Γ/(Γ ∩ ∆̄o) is finite. This implies that ∆̄ has finite index in Γ̄. Since Γ is dense
in Γ̄, every coset of ∆̄ in Γ̄ contains a representative from Γ. Now the required group
Λ can be taken to be generated by ∆ and these coset representatives. �

Proof of Theorem 1.18. (b)⇒(a): Suppose that there exists a closed connected vir-
tually Γ-invariant subgroup Y of X such that the action of ΓY on Y is not ergodic.
Then by Proposition 5.1, there exists a subgroup Λ with |Γ : Λ| <∞ and χ ∈ Ŷ −{0}
such that Λχ = χ. The character group Ŷ is equal to X̂/A(Y ) where

A(Y ) = {χ ∈ X̂ : χ(Y ) = 1}.
Since Y is connected, Ŷ is torsion free, and it follows that X̂/A(Y ) embeds in (X̂ ⊗
Q)/(A(Y )⊗Q). Therefore, the character χ gives a nonzero vector in (X̂⊗Q)/(A(Y )⊗
Q) which is fixed by Λ. This implies that every element of Λ has eigenvalue one, and
by Proposition 4.3, Λ contains no mixing subgroup. Since Λ has finite index in Γ, Γ
does not contain any mixing subgroups as well.

(b)⇒(a): First, we can pass to a finite index subgroup Λ of Γ as in Lemma 5.4.
Then for every i = 1, . . . , s,

Vi/Vi+1 =

ni
⊕

j=1

(Vi/Vi+1)αi,j
,

where (Vi/Vi+1)αi,j
denotes the weight space corresponding to a homomorphism αi,j :

Λ → C×.
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Suppose that for some αi,j, the set αi,j(Λ) consists of roots of unity. Since αi,j(Λ)
consists of eigenvalues of matrices in GL(d,Q), it follows that for every α ∈ αi,j(Λ),
[Q(α) : Q] ≤ d and αN = 1 where N ≥ 1 depends only on d. Hence, passing again, if
necessary, to a finite index subgroup, we can assume that αi,j(Λ) = {1}. Then there
exists v ∈ Vi(Q) − Vi+1(Q) such that

Λ · v = v + Vi+1.

Let
Y = {x ∈ X : χ(x) = 0 for all χ ∈ X̂ ∩ Vi+1}.

Y is a closed subgroup of X with the character group equal to X̂/(X̂ ∩ Vi+1). Since
the character group of Y is torsion free, the group Y is connected. Take l ≥ 1 such
that lv ∈ X̂. This gives a nontrivial character of Y which is fixed by Λ. Hence, the
action of Λ on Y is not ergodic, which contradicts the hereditary ergodicity.

It follows that there exists a finitely generated subgroup Λ0 of Λ such that for every
αi,j, the set αi,j(Λ0) contains an element which is not a root of unity. Denote by K
the field generated by the sets αi,j(Λ0), i = 1, . . . , s, j = 1, . . . , ni. Since Λ0 is finitely
generated, [K : Q] < ∞. By Kronecker’s lemma (Lemma 2.3), for every αi,j there
exists an absolute value | · |i,j of the field K such that |αi,j(Λ0)|i,j 6= 1. Consider the
set of nontrivial homomorphisms

(5.1) ρi,j(λ) = |αi,j(λ)|i,j : Λ0 → R+, i = 1, . . . , s, j = 1, . . . , ni.

By Lemma 5.3, there exists γ ∈ Λ0 such that ρi,j(γ) 6= 1 for all ρi,j’s. In particular, γ
has no roots of unity as eigenvalues. Hence, it is ergodic, and moreover, it is mixing
of all orders by Rokhlin’s theorem (Theorem 1.13). �

Proof of Theorem 1.19. Note that (b)⇒(a) follows from Theorem 1.18, and it suffices
to prove that (a)⇒(b).

By Lemma 5.5, there exists a finitely generated subgroup ∆ of Γ such that ∆̄ = Γ̄.
Since Γ is not virtually nilpotent, ∆ is also not virtually nilpotent. By Theorem 1.18,
Γ contains a mixing transformation γ0. Then the group generated by ∆ and γ0 is
finitely generated, not virtually nilpotent, and it satisfies (a). Hence, we can assume
that Γ is finitely generated.

Let Λ be a finite index subgroup of Γ as in Lemma 5.4 and

αi,j : Γ → C×, i = 1, . . . , s, j = 1, . . . , ni,

the weights of the action of Λ on Vi/Vi+1. Denote by K the field generated by the
sets αi,j(Λ), i = 1, . . . , s, j = 1, . . . , ni. Since Λ is finitely generated, K has finite
degree over Q. As in the proof of Theorem 1.18, we deduce from (a) that for every
αi,j there exists a absolute value | · |i,j of the field K such that the homomorphism

ρi,j(λ) = |αi,j(λ)|i,j : Λ → R+

is not trivial. Set

R = {λ ∈ Λ : ρi,j(λ) 6= 0 for all i = 1, . . . , s and j = 1, . . . , ni}.



28 VITALY BERGELSON AND ALEXANDER GORODNIK

By Lemma 5.3, R generates Λ. Note that every λ ∈ R, λ̂ does not have roots of unity
as eigenvalues, and by Rokhlin’s Theorem (Theorem 1.13), λ is mixing of all orders.

Claim. There exist δ ∈ R and µ ∈ Λ′ such that the semigroup S = 〈δ, δµ〉 is free.

Consider the derived series of Λ:

Λ ⊃ Λ′ ⊃ Λ(2) ⊃ · · · ⊃ Λ(k+1) = {e}.
Suppose that Λ(i)/Λ(i+1) is finitely generated for i = 0, . . . , l − 1, but Λ(l)/Λ(l+1) is
not finitely generated. Then Λ/Λ(l) is polycyclic, and in particular, finitely presented.
Applying [19, Lemma 4.9], we deduce that there exists a finite subset T of Λ(l)/Λ(l+1)

such that Λ(l)/Λ(l+1) is generated by λTλ−1, λ ∈ Λ/Λ(l). Since Λ/Λ(l) is polycyclic,
Λ′/Λ(l) is finitely generated. Also, Λ′ is nilpotent (see Lemma 5.4). This implies
that the set λTλ−1, λ ∈ Λ′/Λ(l) generates a finitely generated subgroup of Λ(l)/Λ(l+1).
Since R generates Λ, there exist λ1, . . . , λr ∈ R such that

Λ = λZ
1 · · ·λZ

r Λ′.

It follows that there exists a finite set Q ⊂ Λ(l)/Λ(l+1) such that the group Λ(l)/Λ(l+1)

is generated by

λn1

1 · · ·λnr

r qλ
−nr

r · · ·λ−n1

1 , q ∈ Q, n1, . . . , nr ∈ Z.

Hence, since Λ(l)/Λ(l+1) is not finitely generated, we deduce that there exists δ ∈ R
and µ ∈ Λ(l)/Λ(l+1) such that

δnµδ−n, n ∈ Z,

generates an infinitely generated subgroup. Now the claim follows from [19, Lemma
4.8].

Next, we consider the case when all of the groups Λ(i)/Λ(i+1) are finitely-generated.
Then

Λ(i)/Λ(i+1) ≃ Zdi ⊕ Ai

where Ai is a finite abelian group. Denote by ∆i the preimage of Ai under the factor
map Λ → Λ/Λ(i+1). Note that ∆i is a normal subgroup of Λ. There exists a finite
index subgroup Λ0 of Λ such that the action of Λ0 on Λ(i)/∆i ≃ Zdi is conjugate
(over C) to an action by upper triangular matrices. For γ ∈ Λ0, we denote by βi,j(γ),
j = 1, . . . , ni, the eigenvalues of the corresponding upper triangular matrix. Note
that the maps βi,j : Λ0 → C× are homomorphism.

Suppose that for every i = 1, . . . , k and j = 1, . . . , ni, the set βi,j(Λ0) consists of
roots of unity. Since the sets βi,j(Λ0) consist of algebraic numbers of degree at most
ni, it follows that there exists N ≥ 1 such that for every β ∈ βi,j(Λ0), we have βN = 1.
Hence, by passing to a finite index subgroup, we may assume that βi,j(Λ0) = 1 for all
βi,j’s. Also, passing to a finite index subgroup, we may assume that Λ0 acts trivially
on ∆i/Λ

(i+1). Each of the linear maps

Λ(i)/∆i → Λ(i)/∆i : x 7→ γxγ−1, γ ∈ Λ0,
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is unipotent. This implies that the corresponding action Λ0 is unipotent. Then this
action is conjugate to the action by a group of unipotent upper triangular matrices.
Then the linear maps

Λ(i)/∆i → Λ(i)/∆i : x 7→ γxγ−1x−1 = [γ, x], γ ∈ Λ0,

generate a nilpotent subalgebra, and it follows that

[Λ0, . . . ,Λ0,Λ
(i)] ⊂ ∆i (ni terms).

Since Λ0 acts trivially on ∆i/Λ
(i+1), we also have

[Λ0, . . . ,Λ0,Λ
(i)] ⊂ Λ(i+1) (ni + 1 terms).

This implies that

[Λ0, . . . ,Λ0,Λ] = 1,

and in particular, Λ0 is nilpotent, which is a contradiction.
We have shown that for some i = 1, . . . , k, j = 1, . . . , ni, and γ ∈ Λ0, the number

βi,j(λ) is not a root of unity. Note that the numbers βi,j(λ), j = 1, . . . , ni, are
algebraic integers, and they are permuted by the action of the Galois group. Hence,
by Kronecker’s lemma (Lemma 2.3), |βi0,j0(λ)| 6= 1 for some i0 = 1, . . . , k and j0 =
1, . . . , ni0 . Note that since the action of λ on Λ/Λ′ is trivial, i0 > 1. By Lemma 5.3,
there exists λ ∈ Λ0 such that |βi0,j0(λ)| 6= 1 and ρi,j(λ) 6= 1 for all ρi,j’s as in (5.1).

By [19, Theorem 4.17], there exists µ ∈ Λ(i0) ⊂ Λ′ such that the semigroup S =
〈λn, λnµ〉 is free for sufficiently large n ≥ 1. This proves the claim.

It remains to show that the action of the semigroup S on X is mixing of all orders.

Suppose that, on the contrary, there exist xj ∈ X̂⊗Q and γ
(n)
j ∈ Γ, j = 1, . . . , t, such

that γ
(n)
k . . . γ

(n)
i → ∞ for 1 < i ≤ k ≤ t and

(5.2) γ̂
(n)
1 x1 + (γ̂

(n)
1 γ̂

(n)
2 )x2 + · · · + (γ̂

(n)
1 . . . γ̂

(n)
t )xt = 0.

Denote by pi : Vj → Vi/Vi+1, i = 1, . . . , s, the projection maps. Since the action of Γ
on Vi/Vi+1 is abelian and µ ∈ Λ′, it follows that µ acts trivially on Vi/Vi+1. Hence,
for every v ∈ Vi/Vi+1,

γ̂
(n)
1 . . . γ̂

(n)
k v = δl1(n)+···+lk(n)v.

with lj(n) → ∞. Now we deduce from (5.2) that

δl1(n)p1(x1) + δl1(n)+l2(n)p1(x2) + · · · + δl1(n)+···+lt(n)p1(xt) = 0.

According to our choice of δ, the map δ has no roots of unity as eigenvalues for the
action on V1/V2. Therefore, it follows from Rokhlin’s Theorem (Theorem 1.13) that
p1(xj) = 0 and xj ∈ V2 for j = 1, . . . , t. Applying the same argument to the spaces
Vi/Vi+1 for i = 2, . . . , s, we deduce that xj = 0 for every j = 1, . . . , t. This proves
that the action of S on X is mixing of all orders. �
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Proof of Theorem 1.21. Passing to a finite index subgroup, we may assume that the
Zariski closure Γ̄ is connected. By Lemma 5.5, there exists a finitely generated sub-
group Λ in Γ such that Λ̄ = Γ̄. In particular, Λ is not virtually solvable.

Suppose that Λ contains a Zariski open solvable group ∆ = Λ ∩ U , where U is an
open subset of Λ̄. Then for γ1, γ2 ∈ Λ such that γ−1

1 γ2 /∈ ∆,

Λ ∩ γ1U ∩ γ2U = ∅,
and since Λ is dense,

γ1U ∩ γ2U = ∅.
Hence, we have a disjoint union

Λ̄ =
⋃

γ∈Γ/∆

γ∆U.

This implies that ∆ = Λ and gives a contradiction. Therefore, by [7, Theorem 1.1],
the group Λ contains a nonabelian free subgroup ∆ such that ∆̄ = Λ̄ = Γ̄.

Suppose that the action of Γ on X is ergodic, but the action of ∆ on X is not
ergodic. By Proposition 5.1, there exists χ ∈ X̂ − {0} such that ∆χ is finite. Then
∆̄χ = Γ̄χ is finite, and this gives a contradiction.

For every closed connected subgroup Y of X and

A(Y ) = {χ ∈ X̂ : χ(Y ) = 1},
we have

A(Y ) = X̂ ∩ (A(Y ) ⊗ Q).

Since ∆̄ = Γ̄, this implies that if Y is ∆-invariant, then it is Γ-invariant. In particular,
this shows that if Γ is strongly irreducible, then ∆ is strongly irreducible as well.

Suppose that the action of ∆ on X is not hereditarily ergodic, i.e., there exist a
closed connected virtually ∆0-invariant subgroup Y , where ∆0 is a subgroup of finite
index in ∆, and χ ∈ Ŷ − {0} such that ∆0χ is finite. Then we deduce as above that
Y is invariant under Γ0 = Γ ∩ ∆̄0 which has finite index in Γ. The character group
of Y can be identified with X̂/A(Y ). Moreover, since Y is connected, X̂/A(Y ) is
torsion-free, and the map

i : X̂/A(Y ) → (X̂ ⊗ C)/(A(Y ) ⊗ C)

is injective. Using the fact that ∆0χ is finite, we deduce that Γ0 · i(χ) and Γ̄0 · i(χ)
are finite. It follows that Γ0χ is finite, and the action of Γ on X is not hereditarily
ergodic. This proves the theorem. �

6. Examples

Example 6.1 (cf. Theorem 1.3 and Corollary 1.9). For

S =

(

0 −1
1 0

)

and T =

(

0 −1
1 −1

)

,
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we have

(a) S4 = id and T 3 = id. In particular, the set {T, S} is not mixing on T2.

(b) For every l ≥ 1 such that φ(l) < (dim T2)2, the linear maps Ŝl and T̂ l don’t
have a common eigenvalue.

(c) There exists f ∈ L∞(T2) such that the limit

lim
n→∞

∫

T2

f(Slnx)f(T lnx) dm(x)

does not exist for every l ≥ 1 with φ(l) < (dim T2)2.

Claim (a) is straightforward.

The eigenvalues of Ŝ and T̂ are the primitive roots of unity of order 4 and 3
respectively. Therefore,

Spec(Sl) ∩ Spec(T l) = ∅
unless l is divisible by 12. Since φ(l) ≥ 4 for all l ≥ 12, this implies (b).

To prove (c), we take x0 ∈ T2 such that the points

x0, Sx0, S
2x0, S

3x0, Tx0, T
2x0

are distinct and a neighborhood U ⊂ T2 of x0 such that

SnU ∩ T nU = ∅ ⇔ Snx0 6= T nx0.

Then for f equal to the characteristic function of U , we have
∫

T2

f(Snx)f(T nx) dm(x) =

{

m(U), if 12 divides n,
0, otherwise.

Since φ(l) < 4 implies that l < 12, this proves (c).

Example 6.2 (cf. Corollary 1.6). There exist an (i) infinite-dimensional, (ii) discon-
nected, compact abelian group X and epimorphisms S and T of X such that {S, T} is
not mixing, but there is no proper closed subgroup Y of X such that for some l ≥ 1,
Y is {Sl, T l}-invariant and Sl|X/Y = T l|X/Y .

We utilize an example constructed by D. Berend in [2] for a different purpose. Let

X =
∏

n∈Z

Y

for a compact abelian group Y (with appropriate choice of Y , X can be made infinite-

dimensional or disconnected). Note that for every χ ∈ X̂, there exists a finite Dχ ⊂ Z
and χn ∈ Ŷ − {0}, n ∈ Dχ, such that

χ ((yn)n∈Z) =
∏

n∈Dχ

χn(yn).
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Consider the following permutations of Z:

σ(n) = n+ 1,

π(n) =

{

n for l2k ≤ |n| ≤ l2k+1,
−n for l2k+1 ≤ |n| ≤ l2k+2,

τ = π−1σπ,

where {li}i≥1 is an increasing sequence of integers such that l0 = 0 and

(6.1) li+1/li → ∞ as i→ ∞.

Permutations σ and τ define automorphisms S and T of X which act on X by
permuting coordinates.

First, we observe that {S, T} is not mixing. In fact, for

B = {(yn)n∈Z : x0 ∈ A}
where A is a measurable subset of Y , we have

(6.2) m(S−nB ∩ T−nB) =

{

m(B) for π(n) = n,
m(B)2 for π(n) 6= n.

Suppose that there exists a proper closed subgroup Y such that for some l ≥ 1,
Y is {Sl, T l}-invariant and Sl|X/Y = T l|X/Y . This is equivalent to the existence of a

proper subgroup Γ of X̂ such that Γ is {Ŝl, T̂ l}-invariant and Ŝl|Γ = T̂ l|Γ. Consider
the map

X̂ → {D ⊂ Z : |D| <∞} : χ 7→ Dχ

Since this map is 〈σ, τ〉-equivariant, the image of Γ is a set ∆ consisting of finite
subsets of Z such that ∆ is {σl, τ l}-invariant and σl(D) = τ l(D) for every D ∈ ∆. It
follows that for every k ≥ 1 and D ∈ ∆, we have

(6.3) σlπσkl(D) = πσ(k+1)l(D).

Take d ∈ D. Because of (6.1), there exist infinitely many ki ≥ 1 such that

π(σkil(d)) = σkil(d) and π(σ(ki+1)l(d)) = −σ(ki+1)l(d).

Then by (6.3),

σ−(ki+1)lπ−1σlπσkil(d) = −d− 2(ki + 1)l ∈ D.

This contradicts finiteness of D. Hence ∆ = {∅} and Γ = X̂, which proves the claim.

Example 6.3 (cf. Corollary 1.9). There exist an (i) infinite-dimensional, (ii) dis-
connected, compact abelian group X, a Borel subset B of X, and epimorphisms T
and S of X such that for every l ≥ 1, the limit

lim
n→∞

m(S−lnB ∩ T−lnB)

does not exist.
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Let S and T be as in Example 6.2. It follows from (6.1) that for every l ≥ 1, there
exist infinitely many n1, n2 ≥ 1 such that π(ln1) = ln1 and π(ln2) 6= ln2. Hence, by
formula (6.2), the limit does not exist.

Example 6.4 (cf. Proposition 4.3). There exist an (i) infinite-dimensional, (ii)
disconnected, compact abelian group X and an infinite subgroup of Aut(X) such that
the action of Γ on X is not mixing and every element of infinite order is ergodic.

Take
X =

∏

n≥1

Y for a compact abelian group Y

(choosing Y appropriately, one can make X either disconnected or infinite dimen-
sional). Take Γ to be the group of finitary permutations of the components of X. It
is a torsion group which is not mixing.

To give a less trivial example, consider

Γ = Z ⋉ V with V = {±1}Z,

V0 = {(vi) ∈ V : vi = 1 for i ≥ 1},
X =

∏

Γ/V0

Y for a compact abelian group Y .

The group Γ acts on X by permuting coordinates, and since V0 does not contain a
nontrivial normal subgroup, Γ embeds in Aut(X). Every element of infinite order in
Γ is mixing, but because V0 is infinite, the action of Γ is not mixing.

Example 6.5 (cf. Proposition 4.3). There exists a semigroup Γ of epimorphisms of
the torus Td which is not mixing, but every finitely generated subsemigroup of Γ is
mixing.

Consider
Γ = 〈2 · SL(d,Z)〉 .

Since
(

2 2n
0 2

)

∈ Γ

for every n, it is not mixing. On the other hand, if Γ0 is a finitely generated subsemi-
group and

γi = 2niδi ∈ Γ0, δi ∈ SL(d,Z),

such that γi → ∞, then ni → ∞ as well. This implies that for every χ ∈ T̂d − {0} =
Zd − {0},

γ̂iχ→ ∞.

Hence, the action of Γ0 on X is mixing.

Example 6.6 (cf. Corollary 1.15). There exists a free nonabelian semigroup Γ of
epimorphisms of the torus Td which is mixing of all orders.
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Take α, β ∈ SL(d,Z) that generate a free group and let Γ be the semigroup gener-
ated by 2α and 2β. It was shown above that Γ is mixing. Suppose that Γ is mixing of

order s− 1, but not mixing of order s. Then there exist xi ∈ Zd − {0} and γ
(n)
i ∈ Γ,

i = 1, . . . , s, such that γ
(n)
j . . . γ

(n)
i → ∞ for 1 < i ≤ j ≤ s and

γ̂
(n)
1 x1 + (γ̂

(n)
1 γ̂

(n)
2 )x2 + · · · + (γ̂

(n)
1 . . . γ̂(n)

s )xs = 0.

Since γ
(n)
2 → ∞,

γ̂
(n)
2 = 2knδn for kn → ∞ and δn ∈ SL(d,Z).

It follows that 2kn divides x1 and x1 = 0. This gives a contradiction. Hence, Γ is
mixing of all orders.

Example 6.7 (cf. Corollary 1.15 and Lemma 4.4). For d ≥ 4, there exists a free
nonabelian semigroup of automorphisms of the torus Td which generates a solvable
group of degree 2 and is mixing of all orders.

Write d = d1 + d2 with d1, d2 ≥ 2, take hyperbolic matrices A ∈ SL(d1,Z), B ∈
SL(d2,Z), and consider the semigroup Γ generated by

(

A C
0 B

)

, C ∈ M(d1 × d2,Z).

Suppose that there exist xi = (ui, vi) ∈ Zd and γ
(n)
i ∈ Γ, i = 1, . . . , s, such that

γ
(n)
j . . . γ

(n)
i → ∞ for 1 < i ≤ j ≤ s and

γ̂
(n)
1 x1 + (γ̂

(n)
1 γ̂

(n)
2 )x2 + · · · + (γ̂

(n)
1 . . . γ̂(n)

s )xs = 0.

Then

γ̂
(n)
1 . . . γ̂

(n)
i =

(

tAki(n) 0
* tBli(n)

)

with

ki(n) → ∞, ki+1(n) − ki(n) → ∞,

li(n) → ∞, li+1(n) − li(n) → ∞
as n→ ∞. We have

s
∑

i=1

tAki(n)ui = 0,

and since A is hyperbolic, ui = 0 for i = 1, . . . , s. Then
s
∑

i=1

tBli(n)vi = 0,

and it follows that xi = 0 for i = 1, . . . , s. This shows that Γ is mixing of all orders.
Since matrices A and B are hyperbolic, the linear map

C 7→ ACB−1, C ∈ M(d1 × d2,Z),
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has eigenvalues λ with |λ| 6= 1. Hence, by [19, Theorem 4.17], Γ contains a free
nonabelian semigroup.

Example 6.8 (cf. Proposition 5.2). The action of

Γ =

{(

1 ∗
0 ∗

)}

⊂ SL(d,Z)

on the torus Td is ergodic, but not strongly irreducible and not hereditarily ergodic.

This is straightforward to check using Proposition 5.1.

Example 6.9 (cf. Theorem 1.18 and Corollary 1.20). There exists Γ ⊂ Aut(T3) such
that the action of Γ on X is strongly irreducible and in particular hereditarily ergodic,
but Γ contains no ergodic elements.

Consider Γ = SO(2, 1)∩SL(3,Z). If the action of Γ on T3 is not strongly irreducible,
then there exists a subgroup Λ of finite index in Γ and a Λ-invariant subgroup A of Z3

such that Z3/A is torsion-free. Then A ⊗ Q is a proper Λ-invariant subspace. Since
the action of SO(2, 1) on R3 is irreducible, and Λ is Zariski dense in SO(2, 1), this
gives a contradiction. Hence, the action of Γ is strongly irreducible.

It is also easy to show that Γ contains no ergodic elements. Denote by B the
standard bilinear form and suppose that γ ∈ Γ has no roots of unity as eigenvalues.
Let v, w ∈ C3 be eigenvectors of γ with eigenvalues λ, µ respectively. Then

B(v, v) = B(γv, γv) = λ2B(v, v)

and it follows that B(v, v) = 0. Similarly, B(w,w) = 0. Since B is nondegenerate,
B(v, w) 6= 0. Then the computation as above shows that λµ = 1. This implies
that γ acts trivially on the orthogonal complement of the subspace 〈v, w〉, which is a
contradiction.

Example 6.10 (cf. Theorem 1.18). There exist a compact connected infinite-dimensional
abelian group X and an automorphism T of X which is mixing, but not hereditarily
ergodic.

Let Y be any compact connected abelian group,

X =
∏

n∈Z

Y, and T : (yn)n∈Z 7→ (yn+1)n∈Z.

Then T is mixing, but T acts trivially on the connected subgroup

{(yn)n∈Z : yn is constant}.
Hence, T is not hereditarily ergodic.

Example 6.11 (cf. Theorem 1.18). There exist an infinite-dimensional compact
connected abelian group X and an abelian subgroup Γ of Aut(X) such that the action
of Γ on X is hereditarily ergodic, but the action of every finitely generated subgroup
of Γ is not ergodic. In particular, Γ contains no mixing elements.
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Take T ∈ GL(2,Z) with the characteristic polynomial x2 −x− 1. Note that T acts
ergodically on the torus T2. Consider

X =
∏

n≥1

T2,

Γ =
∏

n≥1

〈T 〉 (direct product).

Define Ti ∈ Γ, i ≥ 1, by

Ti · (xn)n≥1 = (x1, . . . , xi−1, Txi, xi+1, . . .).

The character group of X is

X̂ = ⊕n≥1Z
2.

We claim that any Γ-invariant subgroup S of X̂ is of the form ⊕n≥1Sn where Sn is a

Γ-invariant subgroup of Ŷ . Indeed, this follows from the identity

(T 2
i − Ti) · (sn)n≥1 = (0, . . . , 0, si, 0, . . .), (sn)n≥1 ∈ S.

This implies that any closed connected Γ invariant subgroup Y of X has the character
group of the form

Ŷ = ⊕n≥1Z
2/Sn.

where Sn is a T -invariant subgroup of Z2 such that Z2/Sn is torsion free, i.e., Sn = 0

or Sn = Z2. Since T acts ergodically on T2, the set Z2 − {0} contains no finite T̂ -

orbits. This implies that there are no finite Γ-orbits in Ŷ −{0}. Hence, the action of
Γ is hereditarily ergodic.

It is easy to see that any finitely generated subgroup of Γ fixes some nonzero
elements in X̂. Hence, by Proposition 5.1, such a subgroup is not ergodic.
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