LIMIT THEOREMS FOR RANK-ONE LIE GROUPS
ALEXANDER GORODNIK AND FELIPE A. RAMIREZ

ABSTRACT. We investigate asymptotic behaviour of averaging op-
erators for actions of simple rank-one Lie groups. It was previously
known that these averaging operators converge almost everywhere,
and we establish a more precise asymptotic formula that describes
their deviations from the limit.

1. INTRODUCTION

Let (X, u) be a probability space and {7} };cr a measure preserving
one-parameter flow on X. It is a fundamental problem in ergodic theory
to analyse the statistical properties of “observables” f(T;x) defined for
a measurable function f : X — C and a point x € X. In particular, one
would like to understand asymptotic behaviour of the time averages

(Af)(z) = % /0 F(Tox) ds.

It is natural to expect that for chaotic flows the quantities f(T;x) should
behave similarly to independent identically distributed random vari-
ables. Indeed, assuming that the flow is ergodic, it follows from the
Pointwise Ergodic Theorem that for every f € L'(X), the average
A, f converges almost everywhere to [ « fdpast — oo, which is rem-
iniscent of the Law of Large Numbers, and assuming that the flow is

aperiodic, there exists a function f € L?*(X) such that the normalised
Aif =[x fdp

1A f =[x £ dpll2

mal law as t — oo (see [BD87]), which is reminiscent of the Central

Limit Theorem. The convergence of deviations to the normal law is
a widespread phenomenon that holds, for instance, for all sufficiently
smooth functions in the setting of the geodesic flows on compact man-
ifolds of negative curvature (see [S60), R73]).

In this paper we are interested in the behaviour of deviations of aver-
ages for actions of an interesting class of large groups—the connected
simple rank-one Lie groups with finite centre. For instance, our re-
sults apply to the groups of orientation preserving isometries of the
hyperbolic spaces.

Let G be a connected simple rank-one Lie group with finite centre
that acts measure-preservingly on a standard probability space (X, p).

deviations converge in distribution to the standard nor-
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We fix a maximal compact subgroup K in G' and consider the sets
(1) By :={g9€G: d(gK, K) < t},

where d is the canonical Riemannian metric on the corresponding sym-
metric space G/K. Given a measurable function f : X — C and point
x € X, we define the averaging operators

1 —1
(2) (A f)(z) = (B Btf(g z) dm(g),

where m denotes a Haar measure on G. A Pointwise Ergodic Theorem
for these operators has been established in [N94, IN97, NS97]. It shows
that for every f € L*(X),

(3) Af — Pof ast— oo,

in L?-norm and almost everywhere, where P, denotes the orthogonal
projection on the subspace of G-invariant functions. Our aim here is to
investigate asymptotics of the deviations A;f — Fyf. It turns out that
they exhibit a very different behaviour compared with one-parameter
flows. For instance, % might converge almost everywhere (see
Theorem [1.4] below).

Our arguments are based on representation-theoretic techniques. We
denote by G the set of equivalence classes of irreducible unitary repre-
sentations of G equipped with the Fell topology. The action of G on
X defines a natural unitary representation of G on L?(X) which can
be disintegrated as

(4) L2(X) = / d,H, dv (o),

a

where o0 : G — U(H,) are the corresponding irreducible representa-
tions, d, € N U {oco} their multiplicities, and v is a Borel measure
on G. Let Specs(X) C G be the support of the measure v. We de-
note by G! the subset of G consisting of spherical representations, that
is, representations o : G — U(H,) such that H, contains a nonzero
K-invariant vector. Since the averaging operators 4; are bi-invariant
under K, only the spherical representations will play an essential role
in our analysis. The set G has been described for rank-one groups by
Kostant [K69], and it is customary to parametrise it as

(5) G~ {p}u (0,0 ViR,

where 0 < p/ < p. Here {p} corresponds to the trivial representa-
tion, (0, p] corresponds to the complementary series representations,
and {RT corresponds to the principle series representations. For G =
SO°(n, 1), we have p = p' = %=1,

A rich collection of examples of spaces equipped with actions of
G, which play an important role in various number-theoretic appli-

cations, is provided by homogeneous spaces of algebraic groups. Let
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H C GL4(R) be a semisimple real algebraic group defined over Q. Its
congruence subgroup

I''={ye HNGLy(Z) : v=id mod ¢}

has finite covolume in H, and we take X = H/I' equipped with the
normalised invariant measure p. Let us also assume that G is the con-
nected component of a real algebraic subgroup of H defined over Q.
Then we obtain a natural measure-preserving action G ~ (X, ). We
will call such actions arithmetic. Description of Specy(X) for arith-
metic actions is the central problem in the theory of automorphic rep-
resentations (see, for instance, [S05]).
The following conjecture has been formulated in [BLS92]:

Conjecture 1.1 (Purity). The spectrum of arithmetic actions G
(X, 1) for G =S0°(n, 1) satisfies

R -1
Specs(X) NG C U {n —j}Ui]R*.

2
. _n—1

Although this conjecture was formulated only for homogeneous spaces
of SO°(n, 1), it follows from [BS91, Th. 1.1(a)] that it must also hold
for general arithmetic actions of SO°(n, 1).

It was demonstrated in [BLS92] that there are arithmetic actions for
which representations corresponding to 25+ — j do occur in Specg(X).
Conjecture was partially proved by Bergeron and Clozel [BC10]

who showed that for arithmetic actions of SO°(n, 1),

A n—1 1 1
S X)nG! —jrul0,=— UiR"
pecg(X) C U1{2 ]} <,2 N2+J iRT,
0<j< gt
where N = n if n is even and N = n + 1 if n is odd. We note that
a similar purity phenomenon is expected to hold for other rank-one
groups. In particular, it was shown in [BC05, Ch. 6] that Arthur’s con-

jectures [A89] imply that such a property holds for arithmetic actions
of SU(n, 1).

Motivated by Conjecture|l.1{and supporting results from [BCI0], we
investigate asymptotic behaviour of the averaging operators A; under
the following purity assumption (see Figure [1)):

Assumption 1.2 (Purity). A measure-preserving action of G on (X, u)
satisfies X

Speca(X) NG = {s0,..., 5.} UQ
for s =p > s > -+ > s, >r and a subset Q of (0,r] UiR™.

Our first result concerns convergence in L?-norm.

Theorem 1.3. Let G ~ (X, ) be a measure-preserving action on
a standard probability space satisfying Assumption |1.2. Then there
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A
‘ 1]
e[ ser[[s2] [:1] [0 =0r]
FIGURE 1. Purity.
exist pairwise orthogonal projections Py, ..., Py on L*(X) and smooth

functions 1y, ..., Yy such that
o =1, Yi(t) ~ioo ¢ e P with ¢; >0, j=1,...k,
and for every f € L*(X) and t > 1,

k
HAtf— Z%’(t)ij < te” T £l
=0

2

The projection Py in Theorem [I.3]is the orthogonal projection on the
subspace of G-invariant functions in L?(X). When k = 0, Theorem
gives a quantitative Mean Ergodic Theorem for the operators A; as in

(3)-

We also establish an almost everywhere asymptotic formula for the
averaging operators at integral times.

Theorem 1.4. Let G ~ (X,pu) be a measure-preserving action on
a standard probability space satisfying Assumption [1.2.  Then there
exist pairwise orthogonal projections Py, . .., Py on L*(X) and functions
Yo, ..., as in Theorem such that for every f € L?(X), almost
everyx € X, andn € N,

k
(Anf)(@) = D _v(n) (Fif)(@)| < Cela, fyn**Hem7m, e >0,

where |Ce(-, f)ll2 < [ f]]2-
Theorem , in particular, implies that for f € L*(X) with P, f # 0,
| Anf = Pofllz = e,

Anf_POf
and AT T, converges almost everywhere to

P f

— _> .
Pz 287 —
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Using an interpolation argument, we deduce an almost everywhere
asymptotic formula for the averaging operators at continuous times.

Theorem 1.5. Let G ~ (X, u) be a measure-preserving action on
a standard probability space satisfying Assumption [1.2. Then there
exist pairwise orthogonal projections Py, . .., P, on L*(X) and functions
Yo, ..., Y as in Theorem such that for every f € LP(X), p > 2,
almost every x € X, andt > 1,

k

(Acf) (@) = > 9i(t) (P f)(@)] < Cyla, f) e W21mEmnE,

=0
where [|Cy (-, fll2 <p || flp-

We note that the interpolation argument in Theorem inevitably
diminishes the quality of the error term, and only the summands with

sj > (1/2—=1/p)r+(1/2+1/p)p

provide nontrivial information because the other summands are of
smaller order than the error term.

Acknowledgements. The first author is support by EPSRC, ERC
and RCUK, and the second author is supported by ERC. We would
like to thank A. Nevo for a useful discussion.

2. PRELIMINARIES

Throughout the paper, GG is a connected simple rank-one Lie group
with finite centre, and K is a maximal compact subgroup of G. We fix
a one-parameter subgroup A = {a;}4cr such that the Cartan decom-
position

G = K {at}tzo K

holds and d(a, K, K) = t, where d denotes the canonical Riemannian
metric on the symmetric space G/K.

Let m be a Haar measure on G. With respect to the Cartan decom-
position, it can be given as [H, Ch. 10]

dm(/ﬁ, t, ]{?2) = de(l{Zl) A(t)dt de(l{Zg),
with the probability Haar measure my on K and
A(t) = (sinht)™ (sinh 2¢)*",

where nq,ny denote the dimensions of the corresponding root spaces.
In particular, for the Riemannian ball B;, defined in , we have

(6) m(B;) = /0 A(t) dt ~_oo c€*!



6 A. GORODNIK AND F. A. RAMIREZ

with ¢ > 0 and p = (ny + 2ny)/2. Note that the parameter p here is
the same as in . It also follows from @ that for every ¢ > 1 and
€€ (0,1),

(7) m(Bi+e\By) < em(By).

We denote by (; the uniform probability measure on GG supported
on the set By, namely,

13,(9)
d =20 )
Given a unitary representation o : G — U(H), we define the corre-
sponding averaging operator

7)Mo [ algdids)
G
In particular, for the unitary representation

m(9)f(x) = flg~'x), [ € LX),
induced by a measure-preserving action of G on (X, u), 7(5;) is equal
to the operator A; defined in ([2)).

If the representation ¢ is irreducible, the subspace HX of K-invariant
vectors has dimension at most one. If HX has dimension one, o is
called spherical. In this case, we fix v, € H® with ||v,|| = 1. The
corresponding spherical function is defined by

9o (9) = (9(9)V5, V5) -
Using the identification (f]), we also write ¢, with s € {p}U(0, p']UiR".
An explicit integral formula for the spherical functions has been derived
in [HC58a, [HC58D], and in the case of rank-one groups they can be
also expressed in terms of Jacobi functions [K84]. We refer to the

monograph [GV8§] for a comprehensive theory of spherical functions.
In particular, we recall that by [GV88, 5.1.18],

) [s(a)] < TR (1 1), >0,
and by [K84. (2.19)], when 0 < s < p
(9) ‘¢S(at>| ~Nit o0 C(S) e*(pfs)t

for some ¢(s) > 0.

3. PROOFS

Proof of Theorem[1.5. We first investigate the behaviour of averages
o () for irreducible representations o : G — U(H). Since the measure
B; is left K-invariant, it follows that o(f;)v is K-invariant for every
v € H. In particular, o(f;) = 0 if o is not spherical.

Now we assume that o is spherical. Since (3 is right K-invariant, for
every v € H,

a(Br)v = a(B)v,
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where
v ::/ o(k)vdmg (k).
K
Since dim(HX) = 1,

0= (n.0a)va = ([ {oh)0,00) dm)) o = (02}

and
0<ﬁt)va = <O—(ﬁt)v0'7 /UO'> Vg = wa(t)vaa
where
1
o (t) i= ——— «(g)dm(g).

olt) = gy | 90(0) dmio)
Hence, we conclude that for any irreducible representation o,
(10) J(ﬁt) - ¢U(t> Pcn

where P, is the orthogonal projection on H%. Clearly, the same formula
also holds for representations which are direct sums of the representa-
tion o.

Using the decomposition (4]), every f € L*(X) can be written as

(&)
- O'd 3
f /G f dv(o)
where f, € d,’H,, and by ,
D D
(6] = / (B () = | olt) (Paoly) du(o).
G Gt

Taking into account Assumption [1.2] we obtain

k o
730 = 0O P+ [ nlt) (Paf) dvlo),

where
1
(t) == s.(g)dm(g),
b;(t) AR ¢s,(g) dm(g)
and P; are pairwise orthogonal projections.
Since by ,

9o (ar)| < e P (1 +71) forall o € Qand >0,
we deduce that for all c € Q and t > 1,

[ ()] < €2 / |y (a,)| dr
0

t
= eZpt/ ePIIT(1L 4 7)dr < te” P,
0



8 A. GORODNIK AND F. A. RAMIREZ

This implies that

k

T(B)f =D wi(t) Pif

J=0

2

@
‘ :/ﬂ [ () | P fo |2 ()
2

< (te ) NI,

which is the main estimate of the theorem.
Finally, we observe that since ¢, = 1, we have 1)y = 1, and it follows
from 1’'Hopital’s rule and @ that

¢
s;(ar)A(T) d
@Z)j(t) — fO ¢ ]t(a ) <7_) T ~i oo Cj 6_(,0_5j)t
Jo A(r)dr
for some ¢; > 0. This completes the proof of the theorem. O

Proof of Theorem[I.4]. Let € > 0. For f € L*(X), we set

. . o\ 1/2
Ce(, f) = D_n 22 w(B)f = D wi(n) Bf
n=1 =0

Then by Theorem [1.3]

k

7(Bu)f =Y i(n) Pif

J=0

||C H2 < Zn—i’) 2¢ 2(p r)n

< <Z n‘l‘%) 1115 <
n=1

This shows that || Cc(-, f) ||, < || fll2- In particular, Cc(-, f) is finite
almost everywhere. For almost every x € X,

k

() f(x) =Y i(n) (P f)(x)

Jj=0

as desired. O

< Cela, fyn®*tee- e,

We start the proof of Theorem [T.5] with two lemmas:
Lemma 3.1. Forallt > 1 and 0 < e < 1,
95t + ) — 5(0)] < .
Proof. Since |¢s| < 1, we have
1p,..(9) 1p (9)) ‘
(t+e€)— ()] = s te B—— dm
wtt+ =01 =| [ 0y(0) (2519 = 2240 angy
]‘Bt+e g) 1Bt(g)
Bt+6) m(Bt) 1
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and by @,
1 1 B \B
(11) H Bt+e By (g) _ m( t+6\ t) <€,
m Bt+e m(Bt) 1 m<Bt+e)
which completes the proof. U

Lemma 3.2. For f € L>*(X), t > 1,0 < € < 1, and almost every
reX,

1T (Bege) f(z) = m(Be) f(2)| < || floo €

Proof. Since for almost every x € X,

7 (3525~ i) )

|7 (Bege) f () = w(B0) f(2)] =

< Hf” 1Bt+e(g) . 1Bt(g>
T Im(Bie) m(BY) |
the lemma follows from ((11)). O

Proof of Theorem[1.5 Let 6 = p—rand {t,} C [1,00) be an increasing
sequence such that each interval [m,m + 1], m € N, is divided in to
|e™/2 4 1] sub-intervals of equal length. Then,

(12) Z t2em0tn < Z 9™/ £ 1]e™™ < 0.
n=1

m=1

We first show that the claim of the theorem holds along times ¢,.
For f € L*(X), we set

o\ 1/2

E ezStn

k
(Be)f =Y wi(tn) Pif
j=0

By Theorem [I.3]

1CC, Hl5 < Z Ot
o0
< (z t> 1R < oo

n=1

2

k
T(B)f = y(ta) Pif
J=0

2

Hence, for almost all = € X, we have C(z, f) < 0o, and

< C(x, f)e /2,

(B ) f (x) = Z by (tn) (P f) (@)
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Now, let ¢ > 1, and suppose that ¢, < t < t,,1. Then by Lem-

k

w(B)f =Y i) Pif

Jj=0

<

K(0)F - ) B
80 - 7)1
IR0~ ()

€O 1T

k
DL
§=0

k
< (C(-,f) + [ flloe + ZIij|> e 2,
§=0

Since

1CC Pl < M ll2 < N1l
and
155 fll2 < [[fll2 < 1/ lloo;
we deduce that for every f € L*(X),
5t/2

(13) L S lloo-

2

supe
t>1

k
(B8] = D_i(t) Byf

By [NS97, Th. 4], for every f € L*(X),

< |[£1]2-
2

Sup 17 (Be) f]

Therefore, for any f € L*(X), we also have an estimate

k
(14) sup (7(5)f = D _ws(t) Pyf
> =0 )
k
<|[sup w(B)f1 ||+ |[sup| D i) Bif | || < I1fl2
t> 2 t> =0 9

Now we combine estimates and using Stein’s Complex
Interpolation Theorem [SW], Sec. V.4]. For a measurable function
7: X — [1,00) and complex parameter z, we define a family of opera-
tors
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ULf(x) = e*m)? (W(ﬁm))f (z) = Z by (7(x)) (ij)(~’6)> :

It follows from that when Re(z) = 1, the operator
UT: LX) — L*(X)

is a bounded, and when Re(z) = 0, the operator
UT: L*(X) — L*(X)

is bounded, with bounds independent of 7. Therefore, by the Complex
Interpolation Theorem, for every u € (0, 1), the operator
Ur: LP(X) — LX)
with
1 1—u 1 l—u wu
- = and - = + =
P 2 q 2 2

is bounded as well with a bound independent of 7. By taking a supre-
mum over all 7, we deduce that for every u € (0, 1),

k
sup ¢!/ () f — > i) Pifl || <u I l2paw)-
> = )
Let .
Culw, f) = sup e |m(B,) f () - > i) (Pif) ()]
t> =0

Then for almost every € X, we have C,(z, f) < 0o, and
k

T(B)f(x) = > by(t) (Pif)(x)

J=0

< Culw, f) e o2,

proving the theorem. U
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