KHINCHIN THEOREM FOR INTEGRAL POINTS ON
QUADRATIC VARIETIES

ALEXANDER GORODNIK AND NIMISH A. SHAH

ABSTRACT. We prove an analogue the Khinchin theorem for the Diophan-
tine approximation by integer vectors lying on a quadratic variety. The
proof is based on the study of a dynamical system on a homogeneous space
of the orthogonal group. We show that in this system, generic trajectories
visit a family of shrinking subsets infinitely often.

1. INTRODUCTION

Let us consider the following question in the theory of Diophantine approxi-
mation: given a vector v € R?, is it possible to approximate v by a sequence of
rational vectors % that come from integer points lying on the quadratic variety
2 £+ x?l — y?> = 1?7 Namely, we are interested in the integral solutions
(z,y) € 291 of

(1)

It is easy to see that if (1) has infinitely many integral solutions for every € > 0,
then the vector v has to lie on the variety Q = {v} £ --- £ 02 = 1}. On the
other hand, it follows, for instance, from the results in [9] (see [9, Corollary 1.7,
§2.1]) that for every v € Q and € > 0, (1) has infinitely many solutions. In this
paper, we consider a more delicate question about the order of approximation
in (1). For a given function v : (0,00) — (0,00), we study whether there are
infinitely many integral solutions (z,y) € Z*! of

(2)

and show that the answer is determined by integrability of the function t4=24)(t)
This result is analogous to the Khinchin theorem, which we now recall. A vector
v € R4 is called v-approzimable if the inequality

< P(lyl)

v—:UH<e, x%:l:-'-:lz$?l—y2:1.
Y

v—=|<y(y)), afEt--Ead-y'=1;
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has infinitely many integral solutions (z,y) € Z4*!. The Khinchin theorem
determines the size of the set of y-approximable vectors:

Theorem 1.1 (Khinchin). Let ¢ : (0,00) — (0,00) be a non-increasing func-
tion. Then the following statements hold:
(i) If [{° t4ap(t)?dt = oo, then almost every vector in R is 1-approzimable.

(ii) If floo tdp(t)dt < oo, then almost every vector in R? is not ¢-approzimable.
1
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A function ¢ : (0,00) — (0,00) is called quasi-conformal if there exists ¢ > 0
such that

P(ht) < cip(t) for all h € [1/2,2] and ¢ > 0.

It was proved by Sullivan [17, §3] that the Khinchin theorem also holds for mea-
surable quasi-conformal functions (which are not necessarily non-increasing).

Note that question (2) is about approximation by radial projections of inte-
gral points lying on the variety 23 £+ -+ 22 —y? = 1 to the plane {y = 1}, and
when 1 is quasi-conformal, it does not depend on a choice of the radial projec-
tion. Hence, it is natural to restate question (2) in a more general geometric
fashion.

Let X be an algebraic variety in the Euclidean space R¥!. We denote by
7 RIFIN{(0,...,0)} — S? the radial projection on the unit sphere S¢. We say
that a vector v € S? is (X, ¢)-approzimable if the inequality

() = vll < ([l])-

has infinitely many solutions x € X (Z) := X N Z+1,

Now for quasi-conformal functions v, problem (2) can be restated as a ques-
tion about (X, 1)-approximable vectors, where X = {z? £ -+ £ 22 — % = 1},
and the Khinchin theorem is about (Rd+1, 1)-approximable vectors.

We define the boundary 0X of a variety X to consist of the points lim,,_,o 7(zy,)
with x, € X\{(0,...,0)}, ||zn|| — oo. Note that if ¢)(t) — 0 as t — oo, then
the set of (X, v)-approximable vectors is always contained in 0.X.

1.1. Quadratic varieties. Let X be a nonsingular rational quadratic; that is,
X = {w € R4 : Q(w) = m} for some m € Q ~ {0}, where Q is a rational
nondegenerate indefinite quadratic form. In this case,

0X = {z e R : Q(z) =0} n S

We assume that d > 3 and X (Z) # 0.

Let G = O(Q) be the orthogonal group. By Witt’s theorem G acts transi-
tively on X. The variety X supports a G-invariant measure, which we denote
by vol. We also consider the smooth action of G on S¢ by g - m(w) = 7(gw)
for all g € G and w € R4, Under this action, 0X is homogeneous space of G
admitting a unique G-semi-invariant probability measure fioo.

Theorem 1.2. Let the notation be as above and 1) : (0,00) — (0,00) a mea-
surable quasi-conformal function. Then the following statements hold:

(i) If [t 2p(t) 1 dt = oo, then poo-almost every v € X is (X, 1)-
approximable.

(ii) If [ 1472 (t) " dt < oo, then piso-almost every v € DX is not (X,1)-
approzimable.

Remark 1.3. (1) It is important to note that Theorem 1.2 holds only al-
most everywhere. There are examples of not (X, )-approximable vec-
tors under assumption (i) and examples of (X, 1)-approximable vectors
under assumption (ii) (see Section 5).
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(2) Since the function 9 is quasi-conformal, it is clear that the claim of
Theorem 1.2 does not depend on a choice of the norm. Hence, we
assume that || - || is the standard Euclidean norm.

(3) In this paper, we consider the variety {Q = m} with m # 0. The
structure of the singular variety {Q = 0} is different. It seems that
the integral/rational points on the later variety can studied using the
methods from [5].

For v € 0X, we define the cusp C(v,v) at v:
(3) Clv,¢) ={z € X : ||r(z) —vl| < (]}

Using this notation, Theorem 1.2 can be restated as follows:

Theorem 1.4. For pi-almost every v € 0X,
vol(C(v,9)) =00 <= H#(X(Z)NC(v,y)) = 0.

It follows from Theorem 2.1 below that Theorem 1.4 is equivalent to Theorem
1.2, and the condition vol(C'(v,)) = oo is independent of v € 9X.

1.2. Shrinking targets. We will prove Theorem 1.2 using a shrinking target
property for a flow on a suitable homogeneous space. Let G be a noncompact
real algebraic group and H an algebraic subgroup which is the set of fixed
points of an involution o. We fix a nontrivial one parameter subgroup {a;} of
G such that o(a;) = a_;. Let Z denote the centralizer of {a;} in G and U~ the
contracting horospherical subgroup of a,, i.e.,

U ={9€G: aga;' — east— oo}

Given a lattice I' in G, we consider the flow a; on the space G/T". We are
interested in visits of generic trajectories of a; to shrinking boxes of the form
U, BI' C G/T where ¥, C U~ and B C ZH. The following is our main result:

Theorem 1.5. Given a bounded measurable subset of B C ZH of positive
measure, there exists a neighborhood O of identity in U~ such that for any
measurable subsets ¥, C O, an increasing sequence t, — oo of real numbers,
and yo € G/T, the following statements hold:

(i) If infpen(tnt1 —tn) >0 and > o2 | voly—(¥,) = oo, then
volg/r({z € G/T": #({n € N: a;}z € ¥, Byp}) = o0}) > 0.
(i) If Y02 voly—(¥,) < oo, then
volg/r({z € G/T': #({n € N:: a;}z € U, Byp}) = o0}) =0.

The problem of shrinking targets, that is, the problem about visits of trajec-
tories to a family shrinking subsets, has been an active topic of research over
the past decades (see [1, 2, 3, 8, 11, 12, 14, 15, 17]). It seems that in the context
of partially hyperbolic systems, there are two main approaches to this question.
One is based on (strong) mixing properties of the flow, and the other uses geo-
metric properties of the space such as negative curvature. As usual, the crucial
step is to show that the sets {a;, ¥,,BI'} are quasi-independent (see Proposi-
tion 4.1 and Theorem 3.1). Our proof of quasi-independence is quite different
from the previous works and is based on the simple observation that the sets
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at, (Vo B)a; Vand ay,, (\IJmB)a;ﬂl are “transversal” if |n —m| is sufficiently large
(see the proof of Proposition 3.2).
As a consequence of Theorem 1.5, we obtain

Corollary 1.6. Suppose that V,, 11 C U, for alln € N, Y™ volg(¥,) = oo,
and the action of T = a, on G/T" is ergodic for some ty > 0. Then for almost
every z € G/T,
#{neN: T "z € ¥, Byp}) = 0.

1.3. Organization of the paper. In Section 2, we introduce a convenient
coordinate system to describe the cusps C(v,1) and show that Theorems 1.2
and 1.4 are equivalent. Section 3 contains the proof of quasi-independence
which is crucial for Theorem 1.5. In Section 4, we prove the theorems from the
introduction, and in Section 5, we give some examples for Theorem 1.2.

1.4. Acknowledgments. We would like to thank Anish Ghosh for useful discussions.
N.S. would like to thank Caltech for hospitality where this work was started. A.G.
would like to thank Princeton University for hospitality during the academic year
2007—-2008 where part of this project was completed. A.G. was supported by NSF
grant 0654413 and RCUK Fellowship.

2. DESCRIPTION OF THE CUSPS
In this section, we use notation from Section 1.1, and we will prove

Theorem 2.1. Let v : (0,00) — (0,00) be a measurable quasi-conformal func-
tion. Then for any v € 0X,

vol(C(v, 1)) = 0o <= /1 20t g = /0 T letp(e)) L dt = oo

Recall that we are assuming that || - || is the standard Euclidean norm. In
this case, w(x) = z/||z||.

We choose a basis {f1,..., far1} of R4 such that
Qa1 fi+- - +xar1far1) = 2x12a1 + 35+ ‘+x§—x§+1 —o—x3 (2; €R).

As we have noted before, the variety X = {Q = m}, where m € Q \ {0}, is a
homogeneous space of G = O(Q) ~ O(p, q).

Lemma 2.2. Given a compact set K C G, there exists a constant k > 1 such
that for any v € 0X and g € K,

9(C(v,9)) C C(m(gv), Ky)).

Proof. Let x € C(v,v). Then
() — oll < (llal)-

We need to prove that gz € C(m(gv), k) for some k > 0, i.e.,
(1) Im(g2) — n(go)ll < x(llgz]).
We have
gr(z)  gv
lgm(@)[l llgvll

9

I (g2) — w(gv)]| = \
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and using the inequality

w 2
Lo 2 ’ < [wr = wsl,
[l [lwal[I] ~ [Jw
we deduce that for some k1 = K (IC) > 0,
2H9H
< I () = vll < map([l]])-
= Tgel

Since 9 is quasi-conformal, there exists ko = k2(K) > 0 such that
P(llzl) < rap(llgz]))-
This implies (4). O

Lemma 2.3. Let ¢ : R — (0,00) be a measurable function such that for some
c>1,

<5> %(w) < ¢(x+h) <cp(x), xR, hel-1,1].
Iffo dt<ooth,enq§()—>0ast—>oo.
i) If fo = 00, then there exists a function ¢ : (0,00) — (0, 1] such

that ¢1 satisﬁes (5) with a possibly different constant ¢ > 0, ¢ < @,
$1(t) — 0 as t — oo, % — 00 ast — oo, and [;° ¢i(t)dt =
We note that the function ¢(t) := e’ (e') satisfies the condition (5) for some
c>1.
Proof. Suppose there exists 6 > 0 and a sequence t; — oo such that d)( ) >
We may assume that t; 1 —t; > 2. By (5), ¢(t) > c 6 forallt € [t; — 1,t; +
Therefore fo t) dt = co. In particular, this proves (i).
Now we prove (11) Let ¢2(t) = min(¢(¢),1). Then it follows from (5) that
Jo T ¢2(t)dt = oo, and ¢, satisfies (5) with a different constant ¢ > 0. Let

To = 0 and T; > 0 be such that fo ¢o(t) dt = i (it follows from (5) that the
function 7" — f ¢2(t)dt is continuous). Then T; — T;—1 > 1 for all i € N. We
define p(t) = 1/i for t € (T;—1,T;]. Then (1/2)p(t) < p(t + h) < 2p(t) for all
h € [-1,1] and ¢t > 1, and it is easy to check that ¢1(t) := p(t)p2(t) satisfies
the conditions of (ii). O

g.
1].

For v € R4 we write v = v1+vg, where v, € Rf1 and vy € span{ fa,..., fa+1}
Let p(v) := ||vn1]] and f1 = 7(f1) € 0X. For T' > 1, we define

Dr(fi.¢) ={z € X : |a/p(x) — Al < ¢(p@)); lp=)] = T},
Cr(f1,9) ={z € X« ||z/|lzll - Aall < »(ll=[); [zl > T}

Lemma 2.4. Let ¢ : (0,00) — (0,00) be quasi-conformal function such that
P(t) — 0 as t — oo. Then there exist ¢ > 1 and Ty > 1, depending on 1), such
that for all T > Ty,

(6) Dr(f1,4) C Crpa(fi, ),

(7) Cr(fi,v) C DT/Q(JFl,CW-
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Proof. Let ¢ > 1 be such that
P(ht) < (¢/2)(t) for all h € [1/2,2].

Forz = z1+x2 € Dr(f1,%), we have ||z/||x1]|—fi]| < ¥(||z1]]). Since z1/||x1]| =
f1, we have

[z2ll < llz1 |19 (llz1]),
and

I/l = 2/l < [zl = lzll|/llell < o2/l < @)
Therefore

@) Ma/llal = Al < =/l =2/ lzlll + /el = Al < 29z

We choose Ty > 0 such that ¢(T") < 1/2 for all T > Ty. Then |lzz||/|z1] <
1/2. Therefore, [lz1]|/[lz]| € (1/2,2) and ¢([lz1l)) < (¢/2)9(]l«]). By (8),
v € Cp/s(f1,%) and (6) follows. Similarly, one proves (7). O

Proof of Theorem 2.1. Applying Lemma 2.3 to ¢(t) = (el(e!))4"!, we may
assume that el)(ef) — 0 as t — oo.

Since the action of g on X preserves the G-invariant measure on X, we have
that vol(g C(v,v¢)) = vol(C(v,)). Therefore due to Lemma 2.2, in order to
prove Theorem 2.1, it is sufficient to prove it for a chosen v € 0X. Here we
choose v = 7(f1) = fi.

Due to Lemma 2.4, it is enough to prove that for sufficiently large T,

[ee]
9) vol(Dr(f1,¢)) =00 < / (elp(e!)) T tdt = .
0

Let wo = f1 + (m/2) fgr1 € X. In what follows we will write the matrices of
the linear transformation on R%*! with respect to the basis {f1,..., far1}. Let
(10) a; = diag(e’, 1,...,1,e7").
For s = (s1,82) € R4 where s1 = (s2,- -+ ,s,) € RF "L and 89 = (Sp41,---,84) €
RIP let

1
11 = 5 Ip—1

(1) u(s) = .

s(=llsul? +[Is2l?) —s1 s 1
Then
(12) apu(s)wo = €' f1 + (safo+ -+ safa) + (e "(m — ||s1]]* + ||52]1%)/2) fas1-

We observe that every x € X such that p(z) # 0 can be written in the form
x = agu(s)wg. This implies that the set Dp(f1,1) consists of x = a,u(s)wy
such that

(Lfle) " I (s2fe + -+ safa) + (e (m — [|s1ll* + [Is2]1*)/2) fanrll < (e[l f1]])

and || fi|le! > T. There exists a constant co > 1 such that for any (s2, ..., 8441) €
R?, we have

sup([|(s2, -+ Sa)lls |Sas1]) /|| fos2 + -+ + safa + sas1far1ll € (c5 ', c2).
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Since 1 is quasi-conformal, there exists c3 > 1 such that

e full)/v(e') € (5!, e3), V> 0.
Let

" llsll < ee(eh)

Then there exists ¢ > 1 such that

(14) U e 9))wo € Dr(fi,) € | asuUs(cyp))wo

t>tg t>tg

(13) Uy (1Y) = {S cRI-1. m — [|s1]1* + [|s2[1?[/2 < e (eh), } )

where tg = log(T/||f1]]). Since the volume form on X with respect to the
(t, s)-coordinates is given by dtds, we have

volx U auw(Uy(V))wy | = 00 <= / / dtds = 0.
t>to to Seut(w)

Hence to prove (9), it suffices to prove that

(15) /Ooo(e%(et))d_ldt — oo /OOO volgaot (U (1)) dt = oo,

Let

(16) Us(w) = {s € R+ [[s]| < (e}

Let ;1 > 0 be such that ¥(e?) <1 for all ¢ > ¢; and

(17) T = {t>0: up(el) < ml}.

Fort>ty, t¢ T, and s = (s1,82) € Us(1)),

(18)  |m = [lsal” + [[sal?] < [m[ + [|s]|* < |m| + e*vp(e")? < 2e*p(e").
Hence, for such ¢,

Up(p) =Up(v)  and  volga—r (Us(1)) = wa1(e"p(e")) .
where wg_1 > 0 is the volume of the unit ball in R4, On the other hand,
/ volgaos (Us (1)) dt < / volgus (U (1)) dt < wa 1 / (ctop(et))A" dt
< wd_1]m|d_1/ e[V gt < 0.
T

This implies (15) and completes the proof of Theorem 2.1. O
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3. VOLUME ESTIMATE FOR INTERSECTIONS

Let G be a real algebraic group, and o is an involution of G. Let A = {a;}
be a one-parameter subgroup of G such that o(a;) = a_;. We use notation:

H={geG:0(h)=h}, Ut ={g€G:a_rg9as —1—00 €},
Z = Zg(A), U ={9€G:aga_t =400 €}.

Note that o(U~)=U", 0(Z)=Z,and c(U") =U".

We fix a (right) invariant Riemannian metric on G. For a subgroup S of G,
we set Sc = {s € S : d(s,e) < e}. (It will be convenient to use that S-! = S,
and Se,; Se, C Sejtes-)

The following theorem is the main result of this section:

Theorem 3.1. There exist constants ro,tg > 0 such that for any measurable
subsets W; C Uy and g € G, setting D; :=V;Z,,H,,gI', i = 1,2, we have

VOlg/p(Dl N ath) < CVOlUf (\I’l) voly— (\112), Yt > to.
for some C = C(g) > 0.

The proof of Theorem 3.1 consists of two main steps: in Proposition 3.2,
we estimate the volumes of the intersections of lifts of D7 and a;Ds in GG, and
using Proposition 3.3 with Lemma 3.4, we estimate the number of lifts which
intersect.

We start the proof by introducing convenient coordinate systems in G. Let
g, a, b, 3, uT, u” denote the corresponding Lie algebras. We have the decom-
position

g=bhdq
into (+1)- and (—1)-eigenspaces of o. Since Ad(a;) is skew-symmetric with
respect to the form (X,0(X)), X € g, it follows that Ad(a;) is diagonalizable
and we have the decomposition:

g=u @z;out.

Hence, the product map U~ x Z x UT — @ is a diffeomorphism in a neigh-
borhood of e, and there exist rgp > 0 and analytic maps v~ : G,, — U™,
z:Gpy — Z,u" : Gy — U™ such that every element g € G, can be uniquely
written as

(20) g=u (9)z(g)u"(g).

For every x € ut, we have z = —o(x) + (z + o(z)) where o(x) € u~ and
x + o(x) € h. Hence, we also have the decomposition:
(21) g=u ®(G+h)

and the decomposition:

g=u @jq(a)dh.
Let B = exp(3q(a)). It follows that there exist ro > 0 and analytic maps
v:Gy,—>U",b:G, — B, h: G, — U" such that every element g € G,,
can be uniquely written as

(22) g =v(g)b(g9)h(g).
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Proposition 3.2. There exist ro,tg,c > 0 such that for measurable subsets
U, Wy CU_, t>tg, and g € G, we have

0’
volg(V1Z,, Hrog N atVoZy, Hyy) < cvoly— (W) voly— (a (P2))
where ay(g) = arga_y.
Proof. Let Y = V7, Hy,g N atV9Z, H,, and y € Y. Let ; € V;Z,,H,,,
1 =1,2, be such that y = (19 = a;(2. Then
Y = (V12 Hro (' N (Vo ZryHro G5 1))y.
We express (; = u;z;h;, where u; € V;, z; € Z,, and h; € H,,. Then Hmh;1 C
Hy,, and
Y C (W1 ZpgHary(u121) ™" N (Vo Zn, Hapy (ug22) ™))y
- (\I/1Z7«0H27«0C N at(\p2Z7"oH27‘o))yl'

where ¢ = (u121) oy (u222) and y; = a4(u222) " 'y. Since the measure is right
translation invariant, it remains to show that for the set

(23) X = \IIIZ'I‘OH2T‘0C N th(\IJQZTOHQTO)’
we have
(24) volg(X) < ¢ voly- (¥1) voly- (ay (Wa)).

Note that ay|y— 5 is Lipschitz (uniformly on ¢). Hence, there exists { > 0 such
that ¢ € Glr0~
For small r > 0, we have a well-defined map

p=u xzxu" :G —-U xZxUT

which is a diffeomorphism onto its image. For (, g € G close to identity, we also
have the map p.(g) = p(g¢™"). Note that

(25) pc(9) — plg) and D(p:)y — D(p)y as( —e,

uniformly for ¢ in a neighborhood of identity. Given ¢ = u=zu*t € U~ ZU™
with components close to identity, we write

g=u zu" =u zv(ut)b(u)h(uh)
— (™, zut) (a2 ut) - h(u®)

where

Y(u,z,ut) =u 2ot €U,

n(u~,z,u") = zb(u") € Z.
We claim that if u121hy = uszohe € U~ ZH with components close to identity,
then u; = uo. Indeed, we have

27 (uy tuy )z = (27 P2) (hohy!) € U N ZH.

Since the map u — 27 Yuzy, w € U™, is Lipschitz in a neighborhood of identity,
and U~ is transversal to ZH at identity (see (21)), it follows that u; = ug. In
particular, we note that

(26) g € V1Zy Hop( = w(pg(g)) € V.
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For g = u~zu™ € U~ ZU™ with components close to identity, we write
g=u zu" =u zay(a_(uh))

= u” zoq(v(a—y(u"))b(a—i(uT))h(ai(uh)))
= ¢u(u”, z,u") - zbla—y(u’)) - au(h(a—i(v)),
ceU” - Z -oy(H),

where

be(u™, z,ut) = u" zay(v(a_(uh)))z L e U,
By the argument as above, we have
(27) 9 € a(¥2)Zryau(Hory) = ¢1(p(9)) € cu(¥2).

As t — oo, the map ut — a;(v(a_¢(u™))) converges in C'-topology to the
constant function e. Therefore, setting ¢(u~, z,u™) = u~, we have

(28) ¢:1(p(g)) — ¢(p(g9)) and D(d)t)p(g) - D(¢)p(g) as t — 00,

uniformly on ¢ in a neighborhood of identity.
For small 7 > 0, consider the maps ®¢;,® : G, — U~ x Z x U™ defined by

Pci(9) = (Y(pc(9), n(pc(9)), ot(P(9))),
®(g9) = (¥(p(9)),n(p(9)), 2(p(9)))-
By (25) and (28),

(29) Dci(g) = ©(g) and D(P¢p)g — D(P)g  as (¢, 1) — (e,00),
uniformly on ¢ in a neighborhood of identity. We have
id 0 (g5),
D((I)op_l)(e,e,e) = 0 id (%)e
id 0

Since every x € u™ can be written as
r=—0(z)+0+(x+o(z)) cu bbb,

it follows that (aau—‘jr)e = —o and |[det D(® o p~ 1) (e y| = 1. Hence, by (29),

there exists ¢; > 0 such that for every ¢ € G close to e, sufficiently large ¢, and
g € G in a neighborhood of e, we have
(30) |det D(®¢¢)g| > c1.
By (23), (26) and (27),
Qe (X) C Wy X Zry X o(V2)

for some k > 0. Now taking r¢o > 0 sufficiently small, (24) follows from (30).
This proves the proposition. ]

Proposition 3.3. There exist ro > 0 and d > 0 such that for every t > 0,
#(I'NGryarGry) < ddet(Ad(ag)]|y+)-

To prove this proposition, we use the following lemma:
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Lemma 3.4. There exist g > 0 and | > 1 such that for every r € (0,€) and
t>0,
Gra;G, C Ul;ZlTath;.

Proof. There exists [; > 1 such that for every small » > 0, G, C U, Z;,,U;"

Ihr Iir
(see (20)). Since the map u +— atuat_l, w € U™, is Lipschitz on compact sets,
there exists £ > 0 such that ;U a; ' C UL,.. Therefore,

Gra:Gy C Gra, U, Z1y Ut C GoU  ZiraiUF, C GryraiUf

wklir

where lo =1+ (k + 1)l;. Similarly,

+ — + ot - + g7t — +
GraU C UL 21U aU C UL ZiyalU U C UL ZipaiU, L

This implies the claim. O
Proof of Proposition 3.3. Let € > 0 be such that

Geyi NGeya =0 for y1 # 2.
Then
#('NGraGy) < volg(GeGraGy)/ volg(Ge).
Hence, it follows from Lemma 3.4, that for some ¢1,71 > 0
#T'NGraGr) < 1 volg(UnglatU,t).
Since the Haar measure in U~ ZU T-coordinates is given by
det(Ad(2)|y+ )du~dzdu™,
the claim follows. O
Proof of Theorem 3.1. Let rg > 0 be sufficiently small. We have
(31) volgr(D1 NaiDa) <Y vola (V1 Zny Hyogy N ar¥aZy, Hyyg).
vyel
If v € T satisfies
V1 ZroHrogy N arWoZyy Hyyg # 0,
then
gvg te (\I/1Z7n()Hm)*16L,5\I/2Z,,Olr17rO C G3ryatG3py -
Hence, by Proposition 3.3, the number of terms in the sum (31) is bounded by
ddet(Ad(a¢)|,+) for some d = d(g) > 0. Applying Proposition 3.2, we deduce
from (31) that
volg/r(D1NaiDe) < ddet(Ad(at)|,+) - evoly—(¥1) voly—(ax(¥2)).

This proves the theorem. ]

In the rest of this section we compute the asymptotics for the number of
lattice points in the boxes U, Z,,a;U,’, as t — co. This result is of independent
interest, but it is not needed in the proof of the main theorem. We will assume
that the action of {a;} on G/I' is mixing. Due to the Howe-Moore theorem [13]
on vanishing of matrix coefficients, the mixing condition is satisfied if I' is an

irreducible lattice in G. For example, this irreducibility condition is satisfied if
G is a connected noncompact simple Lie group.
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Theorem 3.5. For every ri,72,73 > 0,
volg(Uy, ZryaiUL) A7) det(Ad agly+)

L NU; ZryaUy) ~iso = :
AN O Zratuln) Moo 10 0 (@D~ volgyr(@/T)

where
A(r) = voly-(Uy]) V01U+(U7jg)/ p(z) dz,

T2

p(z) = |det(Ad z|+)|, and dz denotes the Haar integral on Z associated to voly.

We will prove this theorem using mixing of the flow a; (as in [4, 6]) and the
following lemma:s:

Lemma 3.6. For everyrg > 0, there existl,e9 > 0 such that ifu € U, , 2 € Zy,
and v € Uﬁg, then for any g € G5 with s € (0,¢€9) and t > 0, we have

g(uzayw) = (uuy)(z12)ar(v1v),
where uy € Uj,, 2z € Zjs, and vy € UZJSF.

Proof. We have
g(uzaw) = u(graz)zv

where g1 = u~lgu € Gy, for some l; = l;(rg) > 0. By Lemma 3.4,
g10¢ = U12104V1
where uy € Uy, 21 € Z,s and vy € Ul; for some lo = la(rg) > 0. Hence,
g(uzaw) = (uuy)(z12)ar(vav)
where vy = 27l 2 € Ul;rs for some I3 = l3(rg) > 0. This implies the claim. O

Proof of Theorem 3.5. Let du, dz and dv denote the Haar integrals on U™, Z
and U™, respectively. A Haar measure on G is defined by

(32) /Gfd,u:/U_/Z - f(uzv)p(z) dudzdv, Vf e Cq(G).

Now given 7 = (r1,72,73), we put Ey(r) = U;, Zr,a;U,;. Then

(83)  w(E(r)) = voly—(Uy,) ( /Z o(2) dz> plar) voly+ (U5) = A(r)p(ay).

Let I, e9 > 0 be as in Lemma 3.6. We use parameters s € (0, €), r;t =r; s,
and rt = (rf, rét,rgt). Then by Lemma 3.6, for every ¢t > 0,

(34) Ey(r™) C () 9Ei(r) C ErC | gEi(r) C Ei(rT).
9geGs 9geGs

Let fi denote the finite G-invariant measure on G/T" associated to p. By our
assumption the action of {a;}+~¢ by left translations on G/I" is mixing. In other
words, if we put yg = el', then given any ¢ € C.(G/T") and small r > 0,

w5 L. 7 Ly
_ o(aruzvyo)p(z) dudzdv — ———— odii
w(Uy Z,U%) Juy )z, Ju, (a 0)p(2) mG/T) Jar
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at t — co. Since asuza; ' — z as t — oo, and since p(z) — e as z — e, from
the uniform continuity of ¢, we deduce that

1
lim ———— dv = ———
=00 volU+ Ur) / Plarvio) i(G/T) Jor
Hence, in view of (32) and (33),
. 1
(3) i [ lom) dutg) =
Et(’l')

t=o0 p(ay)

o dji.

A(r)
w(G/T) Jar

Now as in [4, 6], we introduce functions on G/T":

o dji.

Fi(gyo) = > _ Xmm(9y) and  F(gyo) = > Xp ) (97)-
~yel el

We note that Fi(yo) = #(I' N Ei(r)). Let ¢ € C.(G/T") with supp(¢) C Gsyo
and fG/F ¢dpip = 1. Then by (34),

B0 [ oW dt) < Bl < [ F0)6) dily)
G/T G/T

Using (35), we obtain

1 —
37) plaz) /G/F FEw)ot) dpty) = /G/FA;XEi ?(gyo) dis(gl)
b [ e @taminte) — 2T st o
Since A(r™)/A(r7) — 1 as s — 0, from (36) and (37), we conclude that
#(I'NEy(r)) = Fi(yo) ~t—oo W
as required. 0

4. PROOF OF THE MAIN THEOREMS

To prove Theorem 1.5, we use a converse of the Borel-Cantelli lemma. It is
well-known that such a converse holds under some quasi-independence condi-
tion. We will use the following version (see [17, §1], and also [10, Lemma 2.3],
[16, Lemma 5] for more general results):

Proposition 4.1. Let (Y, u) be a finite measure space. Let {F,},en be a se-
quence of measurable subsets of Y such that Yo" p(F,) = co. Suppose there
exist ng € N and a constant C > 0 such that

Let F = Npen(Um>nFm). Then p(F) > 0.

Proof of Theorem 1.5. First we suppose that

o
> voly- (W) =00 and tyy1 —ty > 5o >0, Yn € N.



14 ALEXANDER GORODNIK AND NIMISH A. SHAH

Let 79 > 0 be as in Theorem 3.1. Since B has positive measure, there exist
z € Z and h € H such that for every ro > 0, the set BN zZ,,H,,h has positive
measure as well. Let By := z"!Bh~ 1N ZyoH,,. We consider the sets

F, = ay, V,,zBohyo = zay, (z_l\llnz)Bohyo C GJT.

Recall that we are assuming that the sets ¥, are contained in a small neigh-
borhood of identity. Hence, taking 7o sufficiently small, the sets (z~'W,,2)Boh
project injectively on G/I", and

Z VOlg/F(Fn) = OQ.
n=1

By Theorem 3.1, there exist ng € N and C1, Cy > 0 such that
VOle/p(Fk N Fl) < Cyvoly- (\I’k) voly - (\I/l) < Oy Volg/p VOI(Fk) Volg/p(ﬂ)

for all k,! € N such that |k — 1| > ng. Let F' = Nypen Um>n Fn. Then by
Proposition 4.1 applied to Y = G//I', we conclude that volgr(F) > 0. Now for
any y € F, we have that

(39) #({neN:yea,V,By}) >#({neN:ye F,}) = cc.

This proves the first part of the theorem.
To prove the second part, we assume that Y 7, volg(¥,) < oco. If we set
F, = at, ¥, Byp, then

Zvolg/p(Fn) < 0.
n=1

Therefore by the Borel-Cantelli Lemma for almost all y € G/I", we have that
y € F, for only finitely many n € N. This proves the second part of the
theorem. n

Proof of Corollary 1.6. If we put t, = ntg, the condition of the first part of
Theorem 1.5 is satisfied; and let the notation be as in the proof of this part
given as above. Since ¥, +; C ¥, for all n € N, we have F,,;; C T(F},), and
F C T(F). Hence, since T is ergodic, the set F' has full measure. Now the
claim follows from (39). O

To prove Theorem 1.2, we will need the following:
Proposition 4.2. The I'-action on 0X is ergodic with respect to oo -

Proof. We denote by G° the connected component of identity of G. The space
0X is not connected in general, but it consists of at most two connected com-
ponents, which are mapped to each other by the transformation x — —x. Since
this transformation is in T, it suffices to show that G° N T acts ergodically on
the connected components of 0.X. Each connected component can be identi-
fied with a homogeneous space G°/P of G where P is a closed noncompact
algebraic subgroup of GY. Note that G° is a connected simple Lie group un-
less the signature of the quadratic form is (2,2), and in the later case, G° is
semisimple and one can check that the projection of P to the nontrivial simple
factors of GY are noncompact. Hence, by Mautner’s lemma, the P-action on
G°/(G° NT) is ergodic with respect to the GU-invariant probability measure.
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Therefore (G° N T')-action on G°/P is ergodic with respect to the G%-semi-
invariant probability measure (see, for example, [7]). O

Now we begin the proof of Theorem 1.2. We use notation as in §2. In
particular, we recall that G = O(Q), A = {a;} is the one-parameter subgroup
defined in (10), and wo = (f1 + (m/2)f2) € X. Let H = Stabg(wyp). Note that
H is the set of fixed points of the involution o(g) = spgso, where sop € O(Q) is
given by

m 2 .
s50: fi— _Efd—i—l’ fay1 —th firfi,i=2,...,d.

Moreover, o(a;) = a—;. Let I' = G(Z), which is a lattice in G by the Borel-
Harish-Chandra theorem. Hence, we are in the setting of Theorem 1.5. Note
that U~ = {u(s) : s € R¥1}, where u(s) is defined in (11).

Let 29 € X(Z) and g € G be such that wy = goxo.

Proof of Theorem 1.2(i). Suppose that

/OO t32(t) 4L dt = /Oo(e%(et))“l1 dt = co.
1 0

Then by Lemma 2.3(ii), there exists a measurable quasi-conformal function
11 < 1 such that

o) e 0 koo [Tt = o,
P (t) 0
In view of Lemma 2.4 and (14), there exist ¢, t2 > 0 such that
(40) U aru@h (1) wo € C(F1, cvn).

t>to

(Recall that U;(11) € RY! is as defined in (13).) Since vy is quasi-conformal,

we have
o

D (i ()t = oo,

k=1
and by the discrete version of (15),

Z volpa—1 (Uy (1)) = o0.

k=1

For p > 0, let 7, = T + (—p,p), where 7 is defined in (17). By the same
argument as in (19),

Z VOle—1(Uk(¢1)) < 0Q.

k€T,NN

It follows that there exists a sequence k,, € N\7,, k, — oo, such that

Z volga—1 (U, (1)) = oo.
n=1
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Let r9 > 0 be as in Theorem 3.1, and p > 0 is such that A, := {ap, : |h| <
p} C Gy,. Define
Vi(n) = [ e "Upin(n).
|hl<p
Since ky, ¢ 7, it follows from (18) that for sufficiently large n, Uy, +4(¢1) =
Uy, +1(11) when |h| < p, where Uy (11) is defined in (16). Hence, using that
is quasi-conformal, we deduce that

Vi 1) = [ € U n(¥1) = [ Unurnle™"91) D Uy, (c19n)
Ihl<p Ihl<p

for some ¢; > 0. In particular,
(41) ZVOle—l (Vk,, (1)) = o0.
n=1

Let ¥,, = uw(V, (¥1)), B = ApH,,, and B,, = ¥, B for all n € N. One can
check that B is open in ZH, and in particular, it has positive measure. By
Theorem 1.5, the set

E={zeG/T:#{neN:z € ay,Bygl'} = oo}.

has positive measure. It follows that the set E = {g € G : gT" € E} has positive
measure as well.

Let g € E. There exist infinitely many n € N such that gI' N ag, Bngol' # 0.
Hence, there are infinitely many elements of T' in the set U,>19~'ax, Bngo. By
(40),

ap, Bngowo = ap, Buwo = ag, VnAywo = | J @k, 4nu(e"Vi, (¢1))wo
|h|<p

C U k4 h WUk 41 (V1)) wo C C(f1, cth1).
|hl<p
By Lemma 2.2, there exists k = k(g

) > 1 such that
g ' C(f1, ) C C(

m(g~ f), ker).
Hence,

#TzoNC(m(g~ 1 f1), keyy)) = .
This shows that w(¢g~1f1) € F for every g € E, where

F={vedX: Ik > 1 such that #(T'xo N C(v,ke)1)) = 00}.

Since F has positive measure, we conclude that F' has positive measure. It
follows from Lemma 2.2 that F' is I'-invariant. Therefore, by Proposition 4.2,
F has full measure.

For v € F, there exists a sequence z, € I'zg such that ||z,|| — oo and
xn € C(v, key) for some k > 1, ie.,

[7(zn) — vl| < Kepr([lzall),  Vn eN.

Since % — 00 as t — o0, it follows that for all sufficiently large n,

[7(2n) = ol < p([[znll)-
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This shows that every element of F' is (X, 1)-approximable and completes the
proof of the first part of Theorem 1.2. O

Proof of Theorem 1.2(ii). Suppose that

/Ooo(ew(et))d—l dt < oo,

Then by Lemma 2.3(i), ef4(e’) — 0 as t — oco. Let
W = {'U €0X : F:L‘oﬁCT(U,w) #0 VT > 1}.

Note that by the theorem of Borel and Harish-Chandra, the set X(Z) is a
union of finitely many I'-orbits. Hence, the set of (X, 1)-approximable points
is a finite union of sets of the form W. It remains to show that W has measure
Zero.

Let W = {g € G : n(gfi) € W} and Wy a bounded subset of W. By
Lemma 2.2, there exists k > 1 such that

g_ll“:ro N CT(le,/{’gZJ) #* (Z), Vg € Wo, T>1,
Then by Lemma 2.4, there exists ¢; > 1 such that
g_lF N DT(le,Cl@Z)) #0, Vge Wo, T>1,

and by (14), there exists ca > 1 such that

(42) g T | [ auth(cap))wo | #0, VYgeWs, T>1.
t>T

Let

Br = U atu(L{t(CQw))HgoF/F C G/F
t>T

Since G = O(p, q), we have that H = O(p — 1,q) or O(p,q — 1). Moreover, be-
cause d = p+ q > 4, H is a semisimple group. Hence, Hy = Stabg(zg) =
90 YHygo is a semisimple group defined over Q, and the space H gol'/T =
goHoI'/T' admits a finite H-invariant measure. Then there exist constants
K1, k9 > 1 such that

oo [e.o]

volga—1 (Us(catp)) dt < /42/ (efp(e))?! < oo.

VOlg/p(BT> < K:l/
T

T
Hence, volg/r(Br) — 0 as T' — oo. By (42), WO_IF C By for all T > 1.
Therefore, volg /F(WO_ 'T') = 0. This implies that volg(Wp) = volg(W; ') = 0.
And hence oo (m(W f1)) = poo(W) = 0. This completes the proof of Theo-
rem 1.2. ([l
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5. EXAMPLES

We give examples to illustrate that the main theorem holds only on a set of
points of full measure, but not everywhere.

Let @ be a positive definite quadratic form with rational coefficients in d vari-
ables. In this section, we say that a vector v € {Q = 1} is (e, s)-approximable
if there exist integer solutions of

(43) H— S O

Y

with |y| — oco. When d > 3, our main theorem implies that for ¢ > 0 and
s € [0,1], almost every v € {Q = 1} is (e, s)-approximable, and for e > 0 and
s> 1, almost every v € {Q = 1} is not (e, s)-approximable.

Example 5.1. Let d > 4. Then there exist € > 0 and a vector v € {Q = 1}
which is not (e, 1)-approximable.

Since d > 4, by the Meyer theorem, there exists a rational vector v such that
Q(v) = 1. Let k € N be such that kv € Z¢ and

1
e < mm{”z” 1z € EZd_ {0}}

If for some (x,y) € Z+1,
lyo —zl| <e,
then x = yv and Q(x) = y?. Hence, (43) fails.

Example 5.2. Let d > 2 and Q(x) = Zle x?. Then there exists a vector
v € {Q = 1} which is (e, 2)-approzimable for e > 2//7.

Let v = (v/7/4,3/4,0,...,0). We claim that there are infinitely many integer
solutions of

d d

(44) Y (mi—yu)? <Y (@F -yt =1

i=1 =1

We use that there are infinitely many integer solutions (kj,1;), kj,1; — oo, of
the Pell equation k% — 71> = 1 and take

o =k, D =41, 29D =y, i1

Then (z\9),39)) satisfies the second condition in (44) and xgj) —yWy; — 0 as
j — o0. For € > (2v1)~! = 2/4/7 and sufficient large j,

y) = (201) (@Y + o1y)) = (27 — 01yD)) < e(@? + viyD).

Then (29), y()) satisfies the first condition in (44). This shows that v is (e, 2)-
approximable.
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