UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF
FRAMES

ALEXANDER GORODNIK

ABSTRACT. We study distribution of orbits of a lattice I' C SL(n,R) in the the space Vy;
of I-frames in R” (1 <1 < n —1). Examples of dense I'-orbits are known from the work
of Dani, Raghavan, and Veech. We show that dense orbits of I' are uniformly distributed
in V,,; with respect to an explicitly described measure. We also establish analogous result
for lattices in Sp(n,R) that act on the space of isotropic n-frames.

1. INTRODUCTION

Let G = SL(n,R) and V,; be the space of [-frames in R" (i.e. the space of I-tuples of
linearly independent vectors in R*), 1 <1 < n. The group G acts on this space as follows:

g-(v1,...,u) = (g9v1,...,9v), ¢ €SL(n,R), (v1,...,v) € V.

The action is transitive for [ < n. Let I" be a lattice in G; that is, a discrete subgroup in G
such that the factor space I'\G has finite volume (e.g. I' = SL(n,Z)). The main result of
this paper concerns distribution of I'-orbits in V), ;.

When [ = n, every orbit of I' is discrete. The situation becomes much more interesting
for [ < n. Let us recall known results:

Theorem 1. (Dani, Raghavan [DR80]) Let I' = SL(n,Z), and v = (vy,...,v;) be an
l-frame in R*, 1 <1 <n—1. Then the orbit I - v is dense in V,; iff the space spanned by
{v;:i=1,...,1} contains no nonzero rational vectors.

Theorem 2. (Veech [Ve77]) IfT' is a cocompact lattice in G, then every orbit of I' in V,,
1 <1< n-—1, is dense.

Theorems 1 and 2 provide examples of dense I'-orbits in V, ;. Here we show that dense
[-orbits are uniformly distributed with respect to an explicitly described measure on V.
This measure is 7 1( L where dv is the Lebesgue measure on Hi’:1 R", and Vol(v) is the

[-dimensional volume of the frame v.
Note that the measure dv is G-invariant, and it is unique up to a constant. However,

orbits of I' are equidistributed with respect to the measure Volio 1 ol() which is not G-invariant.

This phenomenon was already observed by Ledrappier [Le99].
Define a norm on M(n,R) by

1/2
2] = (Tr(zz))? = (Zx”> for z = (z;;) € M(n,R). (1)
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For T >0, Q2 CV,,, v° € V,,, put
Np(Q,0°) = {y e T: |yl < T,7v-2° € Q}]. (2)

We determine asymptotic behavior of Ny (£2,v°%) as T — oo. This result gives a quantitative
strengthening of Theorems 1 and 2, and it can be interpreted as uniform distribution of
dense orbits of I' in V,, ;.

Theorem 3. Let ' be a lattice in SL(n,R). Let v° € V,; be an l-frame in R* such that
[-v° is dense in V- Let S be a relatively compact Borel subset of V,,; such that fBQ dv =0.
Then
1 0\1—n d
Ne(9,0) ~ an o) ( / u ) TEDED g5 T — oo, (3)
p(I\G)  \Jq Vol(v)

where an; is a constant (which is computed in (45) below), and [i is a G-invariant measure
on I\G (which is defined in (29) below).

Remark. The term T~Y("=1 in (3) comes from the asymptotics of the volume of the set
{h € H : ||h|| < T} in the stabilizer H of v° with respect to the measure on H which is
determined by the choice of the Haar measures on G and V,,; = G - v° (see Section 2).

For n =2 and | = 1, this theorem was proved by Ledrappier [Le99] for general I and by
Nogueira [No00] for I' = SL(2, Z) and max-norm using different methods.
Combining Theorems 1 and 3, we get:

Corollary 4. Let T' = SL(n,Z). Let v° = (v},...,v) € V. be an l-frame in R™ such that

the space (v),...,v)) contains no nonzero rational vectors. Let Q2 be a relatively compact

Borel subset of V,,; such that fan dv=0. Then

dv
Vol(v)

Nz (€2,v°) ~ b, Vol (v*)} " (/ ) T s T — oo, (4)
Q

where by, is a constant (which is computed in (83) below).

Example Figure 1 shows a part of the the orbit SL(2,Z)v° for v° = #(v/2,v/3). By the

result of Ledrappier, this orbit is uniformly distributed in R? with respect to the measure
dxdy

Varty?

Dani and Raghavan also considered orbits of frames under Sp(n,Z). Denote

- (445)

where F is the identity n x n matrix. The symplectic form (z,y) — ‘zJy will be denoted
by J too. Let

G =Sp(m,R) = {g € SL(2n,R) : 'gJg = J}
and I' = Sp(n,Z). A frame (v1,...,vs) is called isotropic if the symplectic form J is 0 on
the space spanned by {v; : i =1,...,s}.

Theorem 5. (Dani, Raghavan [DR80]) Let v = (v1,...,v,) be an isotropic frame in
R?". Then I'-v is dense in the space of isotropic n-frames iff the space spanned by {v; : i =
1,...,n} contains no nonzero rational vectors.
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FIGURE 1

A result similar to Theorem 3 holds in this case too. Denote by W, the space of 2n-
dimensional n-frames that are isotropic with respect to the standard symplectic form J.
Note that W, is an open subset of an algebraic set in [, R*. Since by Witt’s theorem
Sp(n, R) acts transitively on W,, W, is a submanifold of []}_ R*".

We improve Theorem 5 by showing that dense orbits of I' are uniformly distributed:

Theorem 6. Let ' be a lattice in Sp(n,R), and v° € W, be such that T -v° is dense in W,.
Let ) be a relatively compact Borel subset of W, such that the boundary of €2 has measure
0 in the Lebesgue measure class. Then

Nr(€Q,2°) ~ Ao ()T D2 45 T — o

for some measure Ay on W, in the Lebesque measure class, which can be explicitly computed.

Note that the measure Ao is not Sp(n, R)-invariant.

In the next section we show how to derive asymptotic distribution for counting functions
similar to Nz (£2, %) from uniform distribution of orbits of subgroups of G in the space I'\G.
In section 3, we consider the case G = SL(n,R). First, for convenience of the reader, we
sketch an easy proof of Theorems 1 and 2 based on topological rigidity of unipotent flows,
which was established by Ratner [Rat91b]. Then we introduce a decomposition of G based
on the Iwasawa decomposition, and obtain results on volume of balls in the subgroup B},
which is defined below. This allows us to use results from Section 2 to prove Theorem 3
and Corollary 4 modulo ergodic theorem along balls in the group By (Theorem 20). In
Section 4, we prove the ergodic theorem for Bf. Note that for [ =n — 1 it is a special case
of the result of Shah [Sh94]. The proof of the ergodic theorem is similar to the proof of
Theorem 2 from [Go02]. Finally, in Section 5 we consider the case G = Sp(n, R), and prove
Theorem 6. The method of the proof is similar to one used for Theorem 3: we use Iwasawa
decomposition for Sp(n,R) and uniform distribution of large unipotent subgroups due to
Shah [Sh94]. In the Appendix, we prove some technical volume estimates and Corollary 4.
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Remark. In the definition of Nz(£2,0°%), we used the norm (1). The fact that this norm
is invariant under the orthogonal group made our calculations easier. However, one can
prove similar results for every norm on M(n, R) with possibly different limit measure in the
Lebesgue measure class.

ACKNOWLEDGMENT: [ would like to thank H. Furstenberg for fruitful discussions and
Barak Weiss for some comments and for pointing out an error in the preliminary version
of this paper. I am also very grateful to V. Bergelson for his encouragement and for many
interesting discussions.

2. SOME LIMIT THEOREMS

In this section we establish asymptotics of some counting functions.

Let G C SL(n,R) be a Lie group, I' a lattice in G, and H a Lie subgroup of G. Denote
by ¢ a right Haar measure on H. Let pu be a Haar measure on G, and g be the measure on
I'\G such that

fep = > f(vg) | dulg), f e C(G).
G G

~yer
Throughout this section, we assume that for some M > 0 and every ¢ > 0, m € R,

. 0(Herim) M
lim ————=c¢". )
T—o0 Q(HT) ( )
where Hy = {h € H : [|h|| < T}, and for every x € I'\G such that zH is dense in ['\G and
f e C(T\G),
1

F(zh™t # f as o0
@ . f(zh™")do(h) — A(T\G) o fdu T — oo. (6)

First, we prove an elementary lemma:

Lemma 7. Let (V)| - ||) be a normed vector space, G be a topological group, and p : G —
B(V)* (= the space of bounded invertible linear operators on'V ) be a continuous map (w.r.1.
norm topology). Then for any go € G and k > 1, there exists a neighborhood Oy, of go in
G such that for any g € Oy andv €'V,

k™ o(go)vll < llp(g)vll < kllp(go)vll-
Proof. Take

Oy = {9 : Ip(90)p(9) "l < &, lp(9)p(g0) || < K}
Then for g € O

g0

lo(g0)vll < llp(g0)p(9) I - llolg)vll < Ellp(g)v]]-

Similarly, for g € O,

lp(g)vll < llo(g)p(go) Il - lo(g0)vll < Kllp(g0)vll-



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 5

For g € SL(n,R), denote by ¢ : z — grg~! the inner automorphism corresponding to g.
For a subgroup L of G, denote by Ng(L) the normalizer of L in G. For g € Ng(H), define

An(g) = |det (Ad(@)ILieqm))| (7)
where Ad(g) is the adjoint transformation of the Lie algebra of G.
Proposition 8. Let xg € G be such that TxoH is dense in I'\G. Let
g—cy: G — Ng(H),
g—dy: G — H,
g—e . G—oR,
g—myg: G =Ry,

be continuous maps that factor through G/zo(H). Then for every f € C.(G),

f(yaoh™ zg ") do(h) (8)

T—o0 o(H, m2|[éy (hdy)||2+ey<T?

1 / f(9)
= - di(g).
RNG) Jo it Apg(eg) ™)
Proof. We shall assume without loss of generality that f > 0.
There exist real M; and M, such that M; < e, < M, for g € supp(f)Zo(H). Then for
g € supp(f)o(H),
[ mleg(hdg) |2 + e < T2} € (s mylley(hdy)I| < (T2 — M)2). (9)

Denote f(I'g) = > ver f(79). Note that feC.(T\G).
Let r > 1 and ¢ > 0. By Lemma 7, for any gy € G there exists a neighborhood Oy, of gy

such that

rHlege ) < Nlég (@)l < rllég )1 (10)
™ |végy (dgo) | < [[végy (do)ll < rllvégy (dgo )l (11)
for all g € Oyy2o(H) and v € M(n,R). Moreover, O, can be taken such that
1 1

- <g,
mé"f - Ap(cy) m% - Ap(cg)
and

-1
Mgy < My < Ty,

for all g € Oy 20(H).
Note that for every v € Ng(H), I'zouH is dense in I'\G. Therefore, by (6), for every
u € G and v € Ng(H),

1 . » B 1 . )
Jim ——— o(Fiy) HTf(Pwovh u)do(h) = NG F\GJ"(yU)du(y)

1 .
e /F\G fdfi (12)
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To prove (8), we first suppose that supp(f) C Oy, for some gy € G. Put ¢y = ¢,, do = dy,,
mg = mg,. Then using (9), (10), and (11), we get

f(yzoh 'z )do(h)

pyerd /mznev(hdw)n%ewdz

IN

fymoh™ ag " )do(h)

pyerd /m||ey<hd7>||<<T2M1>l/2

IN

f(yzoh™"zg" ) do(h)

P /7“‘2m0||50(h)50(0l~r)||<(T2—Ml)1/2

IN

f(yzoh 'z )do(h)

yer /’"377lo||50(h)50(do)||<(T2—Ml)l/2

do(h)

F(Cxoctéo(do)h tegat .
f(Txocy "éo(do) OO)AH(CO)

/Hh||<r3mal(T2M1)1/2
Thus, by (12) and (5),

1
lim sup / fyzoh™ zyt)do(h)
Tooo 0(Hr) o Jm2je (hdy)|P +eq <12
Q(H,,.Sm WT2—M )1/2) 1 ~
< limsup - — fdpn
T—00 o(Hr) A(T\G)Ag (co) \G@

M ~
= di
my" - )(P\G) - Aw(co) /r\a fap

= Wl AT\G)  Aple) /Gf -

Now let f be arbitrary. There exists a finite cover supp(f) C U;O,,. Let ¢; = ¢y, and
m; = myg,. Let a; € C¢(G) be a partition of unity for {Oy,} such that ). o; =1 on supp(f).
Then

lim sup / flymoh™ gt )do(h)
T—o0 Q Z m2||éy(hdy)||2+e, <T? 0
1
= lim sup / { flyzoh™agt)
T-o0o O(Hr) %ZF m2|éy (hdy)||2 +ey<T?2 ;

1 -1 rM f(g)
Oéz'(’ﬂoh Ty )}dQ(h) < ,E(F\G) EZ /Gmai(g)dﬂ(g)
M f(g)
e, (Wm el @) ula)duta)

F\G/m AHcg ﬂ /f“
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for every r > 1 and ¢ > 0. Therefore,

lim sup / F(yzohzyt)do(h
T—o00 Q Z m2||c7(hd7 12 +ey<T? ( ’ ’ ) ( )
f(g)
< - du(g). 13
SEVG) g At ) 19)
Similarly, one can prove the lower bound for (8). O

Proposition 9. Let f be the characteristic function of a relatively compact Borel subset
Z C G such that p(0Z) = 0. Let xy € G be such that T'zgH is dense in I'\G. Then (8)
holds for f.

Proof. Denote by int(Z) and Z the interior and the closure of Z respectively.

Let W, be an open relatively compact subset such that Z C W,. There exists C > 0 such
that (m}’ - AH(CQ))_I < C for g € Wy,

Let ¢ > 0. There exist a compact subset V' C int(Z) and an open subset W such that
Z CW C Wy and u(W — V) < e. Take functions f1, f € C.(GQ) such that 0 < f; < 1,
fi=1lonV, fi =0 outside int(Z), f, = 1 on Z, and f, = 0 outside W. Then f; < f < fo.
By Proposition 8 applied to fs,

1
limsup ————

fyzmoh™ ag)do(h)
T-00 0(Hr) er/ ey ae,<?

= P\G /m AH cg d,u(g)

f(9) = fi(g)
: ﬂ(F\G) (/ my.AH(cg)dMgH Gmdu(g))
CuW V)
= u<r\0>/(;my.AH(cg)d“(g> FaYe)
Ce
<

— dp(g) + —= A
TG o a0 )
for every € > 0. This shows (13). The dual inequality for lim inf can be proved similarly. O

Suppose that for a closed subset Y of G, the product map Y x #(H) — G be a homeo-
morphism. For g € G, define y, € Y and hy € H such that g = y,2(h,). The map

a:y—y-3(H): Y = G/2o(H).

is a homeomorphism too. Let vy be a measure on Y such that

/G fdp = /Y /H F(wao(h)de(h)dw (), f € C.(G). (14)

Note that such a measure exists because p and p are right invariant. Let v be the measure
on G/Zo(H) which is the image of v, under a, i.e.

/ F(aly))du(y / fdv, e CuG/ao(H)). (15)
G/&o(H)



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 8

Note that the measure v depends on the choice of the section Y.

Proposition 10. Use notations as in Proposition 8. Let ) be relatively compact Borel
subset of G/zo(H) such that v(0Q) = 0. Let

Nr(Q) = [{y € T : mil|éy (hydy) |I* + €5 < T,y - 20 (H) € Q)}].

Then N (@) . .
T
~ — ———dvi(y

o(Hr) ~ AO\G) /alm) T A (e ™)
as'T — 0.
Proof. Let

O.={he€H:|h-1| <s,||h_1—1|| <e}
for e > 0.

Let ¢ be the characteristic function of a~1(Q) C Y. Take 1. to be the characteristic
function of O, normalized so that [, 1.do = 1. Let

fe(9) = d(yg)ve(hy) forg e G. (16)

Note that f satisfies conditions of Proposition 9, but before applying this proposition, we
need a lemma.

Lemma 11. For every r > 1, there exists € > 0 such that
NrflT(Q) S
yET
Proof. Note that f.(yxoh™'zy') = 0 for all h € H unless
g, € o™ (%), (18)

/ f-(yzoh™'zy do(h) < Nor(9). (17)
m2||e, (hdy)||2+ey<T?

and if the above condition holds,

/ £ (vaoh~tz; ) do(h)
m2||e- (hdy)|[2+e <1

/ e (hoh ) do(h)
m3 & (hy)|>+ey <T?

/ e (h)do(h)
m3[|éy (hhydy)||2+ey <T?

-/ (W) dalh) (19
m3[|ey (h)éy (hydy)||?+ey<T?
Let

m3||éy(h)éy (hydy)||?+ey<T?

For v as in (18), there exists C' > 0 such that
1)l < Cllvll and I, (v)]] < C|lv]| for all v € M(n, R).
It follows that for every ¢ > 0,
O./c C ¢y (0:) C Oc..
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Therefore, by Lemma 7, there exists € > 0 such that
r ol < lle; (R)oll < o] (20)
for every v € M(n,R), h € O, and v € I" such that (18) holds.
Let v € T" be such that
m?y”év(hvdv)HQ +ey <77,
and (18) holds. Then by (20),
m§||67(h)é,y(h7d,y)||2 +e, < szgy“év(hvdv)HQ tey, < T

for h € O,. It follows that the I, = 1. This proves the first inequality in (17).
Note that I, < 1. Let v € I' be such that I, # 0. Then (18) holds, and for some h € O,

m3||87(h)é7(h7d7)||2 tey < T
Using (20), we deduce that
mgnév(hwdv)HQ +e, <777
This proves the second inequality in (17). O

Now we can use Proposition 9 to find asymptotics for Np(€2). By Lemma 11, for every
r > 1 there exists € > 0 such that

lim sup Nr(©)
T—o00 Q(HT)

1
< limsup
T—o00 Q(HT)

Therefore, by Proposition 9, (5), (14), and (15),

lim sup N (@)
T—00 Q(HT)

= (hiffiip g((HT ) e Lo -7 AH () )

oM . (yio(h))
A0 [ i A_H(cy>d”1 (v)de(h)

~ A\G) /Y mi - AH<cy)dV1<y> /H ve(h)do(h)

. TM / dl/l( )
B(IN\G) Jo-1(0) M}t - Au(cy)
Taking r — 14, we get

/ £ (vaoh ™ zg ) do(h).
m2||ey(hdy)||2+ey<r2T?

yel

. NT(Q) 1 dVl(y)
Hmsup- ) <u<r\a>/ vy mM - Ap(cy)”

Similarly, one can prove that

lim inf

T-oo o(Hr) — B(I\G)

-1(Q :{/\4 - AH(Cy) '

Nr(Q) S 1 / dvi(y)
) m
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This proves the Proposition. U

3. UNIFORM DISTRIBUTION FOR A LATTICE IN SL(n,R)
3.1. Density of orbits.

In this section we derive Theorems 1 and 2 from the following result on topological rigidity
of unipotent flow, which was proved by M. Ratner:

Theorem 12. (Ratner [Rat91b]) Let G be a connected Lie group, I' be a lattice in G, and
U be a subgroup of G generated by Ad-unipotent 1-parameter subgroups. Then for every
v € I\G, 2U = zH, where H is a closed connected subgroup of G such that U C H, and
xH supports finite H-invariant Borel measure.

Note that the proofs of Dani, Raghavan, Veech are different from the proofs that are
presented here. In fact, their proofs can be considered as the first important steps towards
the general result on topological rigidity — Theorem 12.

We start the proof of Theorem 1 with a simple lemma:

Lemma 13. Let {v; : 1 =1,...,s} CR", 1 < s < n—2, be linearly independent vectors
such that (v; i =1,...,s) contains no nonzero rational vectors. Then there exists vgyq
such that v;, i = 1,...,s + 1, are linearly independent, and (v;:i=1,...,s+ 1) contains
no nonzero rational vectors.

Proof. Let V.= (v; :i=1,...,s). Since s < n — 2, for any v € R*, (V,v) is a proper
subspace of R”. Therefore one can take a vector vs;; outside Uyegn (V,v). If v = Zfill ;0;
is rational and nonzero for some o; € R, then o, # 0, and vs,; € (V,v). This is a
contradiction. Thus, v, is as required. ]

Proof of Theorem 1. 1t is easy to see that if the condition of the theorem is not satisfied, the
orbit cannot be dense. The hard part is to show that the above condition implies density.
By Lemma 13, we may assume that [ =n — 1.

Denote G = SL(n,R), I' = SL(n, Z), and

- (47).

where F is the identity (n — 1) x (n — 1) matrix. Let gy € G be such that gyv; = e; for
i=1,...,n—1. Here {e; : 1 =1,...,n} is the standard basis of R*. Then the stabilizer of
vinGisU = g, 'Wogo. Note that any nontrivial U-invariant subspace of R” is contained in
(viti=1,...,n—1). Consider U-orbit I'U C I'\G. By Ratner’s theorem (Theorem 12),
T'U = T'H where H is a closed connected subgroup of G containing U, and HNT is a lattice
in H. Moreover by [Sh91, Proposition 3.2], H is the connected component of the smallest
real algebraic subgroup containing U, and the radical of H is unipotent. Let R be the
radical of H. Since R is defined over Q and unipotent, the space V# of R-fixed vectors
is nonzero and defined over Q. Also V¥ is H-invariant because R is normal in H. Thus,
if VE 4R, VEC (v;:i=1,...,n—1). However, this contradicts our hypothesis on v.
Therefore, VE = R* and R = 1, i.e. H is semisimple. We claim that H = G. To simplify
notations, we work with the group H def goHg, !. Let b and u be the Lie algebras of H,
and Uy respectively. Since Uy C Hy,

u=(Ep:i=1,...,n—=1) Ch.
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Here E;; denotes a matrix with 1 at the place (¢,j) and 0 elsewhere. Using that the
Killing form k(z,y) = Tr(xy) for z,y € sl(n,R) is nondegenerate on b, one shows that the
projection map from h to the space (E,; : i = 1,...,n — 1) with respect to the basis { E;;} is
surjective. Thus for i =1,...,n—1, there exists h; = E,; + h; € h with h; in the normalizer
of u. Then

hD [hy,u]+ud[Ey,u], i=1,...,n—1

It follows that h = sl(n, R) and H = G. Thus, TU = G. Finally,

Tv=TUv 2 TUv=Gv="V,,. (21)

Proof of Theorem 2. 1t is sufficient to prove the claim for [ = n — 1.

Let U be as in the proof of Theorem 1. By (21), we just need to show that I'U is
dense in G. By Ratner’s theorem (Theorem 12), TU = I'H where H is a closed connected
subgroup of G containing U, and H NI is a lattice in H. By Lemma 3.8 and Proposition
3.10 from [Sh91], one of the following two possibilities holds: H is reductive, or W NT is a
lattice in W where W is the unipotent radical of a proper parabolic subgroup of G. Since
[' is cocompact, it follows from Godement’s criterion that I' has no nontrivial unipotent
elements. This contradicts the second possibility. Thus, H is reductive, and the Killing
form is nondegenerate on the Lie algebra of H. Now one can show by the same argument as
in the proof of Theorem 1 that H = G. Hence, ['U is dense in I'\G. This implies Theorem
2. O

3.2. Iwasawa decomposition for SL(n,R).

Fixl=1,...,n—1.
For s = (s1,...,8,) € R*, Y°" | 5, =0, define

a(s) = diag(e™,...,e’") € SL(n, R).
For a vector s as above, define decomposition
§=85 +s*

with s = ($1,...,8,7,...,7), T = ﬁ(—sl —--+—g), st =s—s~. Note that r is chosen
so that a(st),a(s~) € SL(n, R).

Fort = (t; : 1 <i<j<I),t; €R, denote by n (¢) the unipotent upper triangular
matrix which entries above diagonal are equal ¢;; for ¢ < 7 </ and 0 otherwise. Similarly,
fort = (t;j:1<i<j<n,j>I),t; €R, denote by n*(t) the unipotent upper triangular
matrix which entries above diagonal are equal ¢;; for 1 <7 < j <n, 7 > [ and 0 otherwise.
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We use the following notations:

G = SL(n,R),
K = S0(n,R),

AP = {a(s) . s€R", Zsizo}
i=1

Al = {a(s+) : seRY, Zsi=0},
i=1

A° = A} A = {a(s) : s e R, Zsi = 0} :
i=1

N_ = {n(t) : t; eR 1<i<j<I},
Nl-|— == {7’L+(t) : tijERa 1§Z<]Sn,]>l}a
N = N, N;; = “unipotent upper triangular group”,

By = A} Ny =Ny A,

Denote by dk the normalized Haar measure on K.
Let
dnt =dt* = [[ dt;; and dn-=dt-= [] adty.

1<j<l max(i,l)<j

12

These measures are Haar measures for N;, and N,  respectively. The subgroup N, is

normal in NV, and the product map

Nl_ XNH_ — N

is a diffeomorphism. Also the image of product of dn- and dnt under this map is a Haar

measure on V. Let us denote it by dn:
/ f(n)dn:/ f(n-n*)dn-dn*, f € C.(N).
N Nl_XNH_

Haar measures on A7 and A7, are defined by

l n—1
da- =ds™ = Hdsz-’ and da* =dst = H ds;
i=1 i=1+1

respectively. Then a Haar measure da on A° = A7_A7 _is the product measure:

f(a)da :/ fla=a*)dada*, f € C.(A%).
A Ap_x A7y

(22)

(23)

The product map A7, x N;; — B} is a diffeomorphism, and the image of the product
measure under this map is a left Haar measure on By. Denote this measure by A;. Then a

right Haar measure g; on B} can be defined by

o= [ SO0 = [ flals )i (st )dsdne

(24)
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for f € C.(By), where

6 (a) =0, (s) = exp {2 Z (n— z)sz} (25)

i=[41

for a = diag(e®,...,e*) € SL(n, R).
By Iwasawa decomposition, the map

(k,n,a) = kna: K x Nx A° > G (26)
is a diffeomorphism.

Lemma 14. Let ¢ = (eq,...,e;) be the standard orthonormal frame in R*. Then for
ke K,n e N, and a = diag(e®,...,e") € A°,

Vol(knae®) = exp {Z sz} :

i=1
Proof. Let g = kna. Recall that Iwasawa decomposition is proved using Gramm-Schmidt or-
thogonalization for basis v; = ge;. Let {w;} be an orthonormal basis such that (vy : k < i) =
(wg : k < i) for 1 <i <n. Then e* = v;-w;, i.e. €% is the length of projection of v; onto the
orthogonal complement of (v, : £ < i — 1) in (vy : k < i). Now the statement is obvious. [

Define l
67 (a) = 67 (s) = exp {Z s,-} : (27)

where a = diag(e®?,...,e*") € SL(n, R).
The image of the product measure under the map (26) is a Haar measure on G [He,
Proposition X.1.12]. Let us denote this image by u:

/fd,u:/ f(kna)dkdnda, f € C.(Q). (28)
G K xNxA°

For a lattice I' in G, there exists a measure g on I'\G such that
[ rdu=[ 3ttt 1€ .6 (20)
€] T\G " er
For our purposes, we modify the Iwasawa decomposition as follows:
(k,n=,a,b) — kn-a b: K x N_ x A} x B} —» G. (30)

Since AJ_ normalizes By, this map is a diffeomorphism too.
Fix gy € G. By (30) the map

(k,n=,a=,b) = kn-a"gob: K x Ni_ x A} x (B})* =G (31)

is a diffeomorphism. Here we use notation: X% = g;' X go.
For g € G define k; € K, af € A}, and n} € Nz such that

g = kgnga; go(aini)®. (32)
Also define



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 14

b = (%%) . (33)
Lemma 15. For f € C.(G) and g € G,
/fd,u: / fkn=a(s7)gob™)d; (s~)"dkdn~ds=do(b),
G
KxNi_ X A9_xB?
where &, is deﬁned in (27).
Proof. By (28), (22), and (23),

and b, € GL(/,R) such that

/ fdu = / f(kn=n*a-a*)dkdn dn*da~da*. (34)
KXNj_ XNy xAP_ xA;’+

The Jacobian of the map

Ny = Ny :n—a ‘na

for a = a(s)a(s*) is equal to 6; (s~)™"4;"(s+)~". Thus, it follows from (24) and (34) that
/fd,u— / f(kn~a(s™)b)o; (s~ )"dkdn~ds~ dg(b).
KxNj_xA? xBp

Then since G is unimodular,

/G fdu = /G f(990)du(g)

= / f(kn=a(s)bgo)d; (s~)"dkdnds~ dg,(b)
KxNj_xA? xBp

_ / f(kn=a(s~)gob®); (s~ )" dkdn- ds- doi(b).

KXN;_xA?_ xBp

Lemma 16. Let €° = (ey,...,€;) be the standard frame in R*. For f € C.(Vn1),
/ f(v)dv = dn,l/ f(kn~a(s™)e’)6; (s~)"dkdn~ds~, (35)
Vn,l K XN, X A?

where d,,; is a constant computed in (73).

Proof. The measure on the left side of (35) is G-invariant. We claim that the measure on
the right side is G-invariant too. It is easy to see that the map

9B — ge’ G/B} = Vi

is proper. Thus, every function f € C.(V,,;) can be lifted to a function f; € C.(G/BY).
Then the function f can be represented as

f(geo) = fi(¢B}) = f2(gb)doi(b)

By
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for some fy € C,(G) (see [Rag, Ch. 1]). Then by Lemma 15,
/ flkn=a(s™)e”)o; (s~)"dkdn~ds~ =/f2d,u.
KXxNj_xA° G

It follows that the measure on the right side of (35) is G-invariant. By uniqueness of Haar
measure, the integrals are equal up to a scalar multiple d,;. This constant is computed in
the Appendix. O

3.3. Volume estimates.
For aset S C G and T > 0, define
Sr={seS:|s|| <T}.

We compute the asymptotics of g(Bfr) as T — oo:
Lemma 17.

o(BYr) ~ Y T0D s T — oo, (36)
where the constant v, is given in (80).

The proof, which is given in the Appendix, follows the method of Duke, Rudnick, Sarnak
[DRS93].
For C € R, define

A = Ha(st):sf >Ci=1+1,...,n—1},
BY = AN
The following “measure concentration” result plays a crucial role in our proof.
Lemma 18. For C € R,
a(Bir) ~ a(By) as T — oc.
This lemma is proved in the Appendix.

3.4. Uniform distribution.

Theorem 19. Let T be a lattice in G = SL(n,R). Fiz gy € (KN,-A?_ ) such that T'(B})%
is dense in G. Let Y = KN;_A] go, and v; be a measure on'Y such that

/ fdp = / Fb™) dai(b)dn (), f € Cu(G). (37)
BO
Let v be a measure on G/(By)% induced by vi. For T >0 an Q C G/(By)%, denote
Np(€,90) = {y € Uz [yl <T,~(By)* € Q} . (38)

Then for relatively compact Borel subset Q0 of G/(B})% such that v(052) = 0,
6 (ag)t™ [ dv(z)

B as

P GG o b )

where ag and a; are the A)_-components of go " and x with respect to decomposition (30)
respectively.

NT(Qag()) T — o,

Note that a similar result holds for every go € G because of the decomposition (30).
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Proof. Write go_1 = koby for ko € K, by =noao € Ni_Aj_.
It is convenient to use decomposition (32). The product map Y x (B)% — G is a
diffeomorphism. For g € G, denote y, = kgna; go, the Y-component of g. The map

@Y S GBIy y(BY)
is a diffeomorphism. Clearly, v(By)% € Q iff y, € a7(9).

For g € G,
g1l = 1kgbg begoll = l1bg by(by ) "I- (39)
* | X
Note that for ( % ) € SL(n, R),
_f x| X N1 *‘ﬁo_l(b;-X)
bg (T’T) (bo) = ( 0 ‘ 50—159}/ ) (40)
where . )
Bo = det(bg) »* and [, = det(by) " (41)
(here by and by, are defined as in (33)). Put
cg="b, and my =55, (42)

It follows from (39) and (40) that for g € G,
lglI* = mgllég(bg)II* + eg,

where e, is a continuous function depending only on the b~-components of g with respect
to decomposition (32).
Using previous notations, we have

Nr(, 90) = {7 € T : mille (b)) I* + €5 < T%, 9, € a2 (Q)}. (43)

To derive asymptotics of Nr(€2, go), we can use Proposition 10 with H = By, h, = b,,
and d, = e. Note that by Lemma 17 the condition (5) for H = B} is satisfied with
M = (n—1)(n—1), and by Theorem 20 below, the condition (6) holds. Therefore, applying
Proposition 10, we get

Q(BloT) / 1
N7 (€2, dv (y
(82, go) ~ a(T\G) n 1)(n—1I) AH(Cy) 1(y)
as T — 0o, where Ay is defined in (7). By ( 1) and (42),

= (&, (a0) 0, (a;)) 7.

det (b))
By

1 (5_(0())1771
dvi(y) = / l_i_dl/ (y)
/—I(Q) mé”_l)("_l) - Ag(cy) ' o) 0 (ay) '

Also
Apy(cy) = =0; (a7)".

Thus,
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This proves the theorem. ]

Proof of Theorem 3. For some gy € (KN;_A? )~ 1% = g;'e” where €® = (e, ..., ¢) is the
standard frame. The condition that I'v° is dense in V,,; is equivalent to FGZ"O is dense in G

where E‘
*
G = ( 0 |SCL(n—I,R) )

Since By is epimorphic in Gy, it follows from [SW00, Corollary 1.3] that I'(By)% is dense in
G.

Consider a map

a:G/(BY) = V., ~G/(G)% : g(Bf)%* — gu°.
Note that this map is proper and G-equivariant. Put Q* = a~1(Q2). Then Q* is relatively
compact, and Nr(€,v°) = Nz (%, go), where Np(Q*, go) is defined in (38).
Let v be the measure on G/(By)% defined in (37). It follows from Lemmas 15 and 16

that a(v) = d;jdv, where d,,; is defined in (73) and dv is the Lebesgue measure on V.
One can check that a(99Q*) C 09Q. Therefore,

V(0) < (a1 (09) = d;} / dv = 0.
a9
By Theorem 19,

NT(Q,UO) ~ Q(Blo,T) 6;%\0\);_)” /* (;lh/((;;)) as 1T — oo.

By Lemma 14, §; (ap) = Vol(v°). Using decomposition (32), we have gv° = kynja; e’
Thus, by Lemma 14, §; (a, ) = Vol(gv°). Hence,

1 0\1—n
NT(Q,UO)NQ(BZT)VO(”) (/ d”) as T — oo.
Q

dn (T\G) Vol(v)
Finally, using Lemma 17 and (73), we have
Vol(v%)!—" dv Dne

Np(Q,0°) ~ apj—r— Tn=1n=D T 44
R e VAT w Toee

where o

= It 4

a'n,l dn,l ( 5)
The constants v,; and d,; are computed in the Appendix. O

The proof of Corollary 4 is presented in the Appendix.

4. ERGODIC THEOREM

The main result of this section is the following ergodic theorem along balls in B}.

Theorem 20. Let 1 <1 <n—1. Let T be a lattice in G, and y € I'\G be such that yBy
is dense in ['\G. Denote by v the probability G-invariant measure on T\G. Then for any
f e C(\G),

1 ~ -
— Flyb™")do(b) — fdv as T — oc.
Ql(Bl,T) By ( Jdai(®) NG
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If | = n — 1, the group By is unipotent, and Theorem 20 is a special case of the result of
Shah [Sh94]. Thus, we may assume that [ < n — 1.

4.1. Representations of SL(n, R).

Before starting the proof, we prepare some auxiliary results on representations of G =
SL(n, R).
Denote by g the Lie algebra of G. We have the root space decomposition of gc = g ® C:

gc =00 ® »  CEy,

i#]
where gy is the diagonal subalgebra of gc, and E;; is the matrix with 1 in position (7, j) and
0’s elsewhere. It is convenient to identify g, with the space of vectors s = (s1,...,s,) € C,

>-; 5i = 0. Introduce the roots of gc:
Otz‘j(S) = S§; — Sj, i # 7,
and the fundamental weights of gc:
wi(8)281+"'+8i, 1§2§n—1
The simple roots of gc are o; = vjjiy1, 0 =1,...,n—1. Fori < j,
a’z’j :O!i+“‘+(l’j.

The dominant weights are linear combinations with nonnegative integer coefficients of the
fundamental weights. A highest weight of a finite-dimensional representation of g¢ is a
weight that is maximal with respect to the ordering on the dual space of gg. This weight
is unique. Irreducible representations of gc¢ are in one-to-one correspondence with the
dominant weights. The corresponding dominant weight is the highest weight of the repre-
sentation.

Let g be the Lie subalgebra of gc that corresponds to AP,. That is, gJ consists of
diagonal matrices with entries

(0,...,0,841,---,8n), Sip1+---+58, =0,

on the diagonal.
Lemma 21. Let 7 be a representation of G on a finite-dimensional complex vector space

V. Let

Vo ={v eV :n(B)v=uv} (46)
Then every vector v € V/Vy — {0} such that m(N;y)v = v is a sum of weight vectors of gg
with nonzero dominant weights.

Proof. First, we show that there are no nonzero vectors in V/V; fixed by BY. Let W be
the maximal By-invariant subspace on which B} acts unipotently. The space W can be
constructed inductively as follows. Let W, be the space of vectors fixed by By, W; 2 W, be
the space such that W; /W, is the space of vectors in V/Wj fixed by By, and so on. After
finitely many steps, we get W. We claim that W = V;. Note A7, acts trivially on W. Take
w € W. Suppose that 7(E;;)w # 0 for some E;; € nt, where n' is the Lie algebra of Ni,.
Then it is a weight vector with weight ;| of 7 0 with respect to g4 - This is a contradiction.
Thus, 7 (n+)w = 0 for every w € W, and W = V},. Clearly, the space V/W does not contain
any vectors that are fixed by By _. This proves the claim.
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Let

- E 0 - .
G = ( 0 }SL(n—l,R) ) and N=GNNj.
Since Al°+]\~/ is an epimorphic subgroup of G, the space Vj is G-invariant. Take a vector
o € V/Vy — {0} such that 7(N;; )9 = 9. By [Go02, Lemma 15] applied to G, 7 = > j, U
where vy, k = 1,...,m, are weight vectors with dominant weights \; with respect to g .
Without loss of generality, Ay # A, for k # j. For E;; € nt, we have Y, 7(Ei;)vx = 0.
Using that 7(E;;)v is either 0 or has weight Ay + «;;, we conclude that 7(E;;)vx = 0 for
every k =1,...,m. Thus, 7(N;;)0; = 0k. Since V; = W, the vector 7y cannot be fixed by
m(A7,). Hence, Ay # 0. O

We now modify slightly our notations. For s = (s;41,...,8,) € R*H 3,15 = 0,
denote
at(s) = diag(1,...,1,e% "+, ... ).
For g > 0, define

D(B) = t=(ti:max(i,]) <j): > t5<p}. (47)
max(4,0)<j
Lemma 22. Let m be a representation of G on a finite-dimensional real vector space V', Vj
be defined as in (46), and V = V/Vy. Introduce a norm on V. Then for every relatively
compact subset K C V and r > 0, there exists a € (0,1) and Cy > 0 such that for every s
such that a*(s) € A® and x € V such that ||z|| > r,

m(a*(s)n*(D(e”**)))z € K. (48)

Proof. The proof is the same as the proof of Lemma 16 in [Go02]. We will just sketch the
main idea.
We need to get a lower estimate for

sup{||m(a*(s))m(n*(t))z]| : t € D(e **+)}.

Let W ={v € V : 7(N;4)v = 0}, and pryy : V — W is a projection on W that commutes
with 7(a*(s)). By Lemma 21, W is spanned by weight vectors of A7, with nonzero dominant
weights. Using that the character s — e®+! is the smallest nontrivial dominant weight of

Ag., one concludes that for every y € V and a*(s) € A7, with C >0,
[l (a*(s)yll > [|lm(a* (s))pra ()| > e+ |lprw (y)|. (49)

By a lemma due to Shah [Sh96] (see [Go02, Lemma 13]),

sup{||pryy (7 (n* ()2)|| : ¢t € D(e )} > (e )"z (50)
for some positive integer d. Combining (49) and (50), we get

sup{[|m(a*(s))m(n*(t))z]| : t € D(e”*+1)} > e+ |z, (51)
where ¢ = 1 — ad. Choose « € (0,1) such that ¢ > 0. Then for a*(s) € A7, the right hand
side of (51) gets arbitrarily large as C' — oo. This proves (48). O

14 « B means A < ¢- B for some absolute constant ¢ > 0.
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4.2. Proof of Theorem 20.

Now we are ready to start the proof of Theorem 20. Let X = (I'\G) U {oc} be the
one-point compactification of '\G. For T > 0, define a normalized measure on X by

vilf)= o [ T Ndat), feCn\@).
Ql(Bl,T) By
We need to show that vy — v as T' — oo in weak™ topology. Since the space of normalized
measures on Z is compact in weak* topology, it is enough to show that every limit point of
vp, T — o0, is equal to v. Let vy, = n as T; — oo for some normalized measure 7 on X.
By Lemma, 18, for every C € R,

~ 1
( ) T;—o0 Ql(Bl,Ti) BETi

Let U ={n*(t) € N: t;; =0fori < j <n}.
Lemma 23. The measure n is U-invariant.

Flyb )doy(b) (52)

Up to minor modifications, the proof is the same as the proof of Lemma 18 in [Go02].
Lemma 24. For a € (0,1), define

AP = {a+(s) € AL p o (T* = N(s) — )"/ > exp (max{si} — ozsl+1) } : (53)

I<i<n

where N (s) is defined in (82), and

Then for every C > 0,

( ) T;—o0 Ql(Bl,Ti) BlC,’Ti

Fyb™)dai(b).

The proof is routine computation based on Lemma 28 in the Appendix. See Lemma 19
in [Go02] or the proof of Lemma 18 above for a similar argument.

Write y = [gy for some gy € G. Let g5(t) = n+(t) " 'a*(s)™".

Next, we review some deep results on distribution of polynomial trajectories due to Dani,
Margulis, Shah, and Ratner. See [KSS02] and [St, §19] for more comprehensive exposition.
These results will be applied to the polynomial map

t — gogs(t) : R™ — SL(n,R),
where m = 2(n —l)(n+1—1).
Let g be the Lie algebra of G, and Vg = @29 A" g. Fix a norm in Vg. For every Lie
subgroup H of G with Lie algebra b, take a unit vector py € AY™0h C V. Also define
X(H,U)={9€G:g9U C Hg}.

Denote by Hr the family of all proper closed connected subgroups H of G such that ' H
is a lattice in H, and Ad(I'N H) is Zariski dense in Ad(H).
The singular set of U is
Y= |J IX(HU)CT\G.

HeHr
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The set Y is precisely the set of y € I'\G such that yU is not dense in I'\G.
The following facts and results will be used in the sequel:

(I) The set Hr is countable.
(IT) For every H € Hr, ' - py is discrete in V. Thus, TNL(H) is closed in I'\G, where
Ng(H)={9€G:9 -pu=pu}

(III) Assume that I' is not cocompact. Then there exist closed subgroups U;, i = 1,...,7,
such that each U; is the unipotent radical of a parabolic subgroup, I'U; is closed in
['\G, and for every €, > 0, there exists a compact set C' C I'\G such that for every
bounded open convex subset D C R™, one of the following holds:

1. There exist vy € ' and ¢ = 1,...,r such that

sup ||¢s(t) "' g5 "y - pus]| < 6.
teD

2. w({t € D:Tgogs(t) ¢ C}) < ew(D), where w is the Lebesgue measure on R™.

(IV) Let ¢ > 0 and H € Hr. For every compact set C C I'X(H,U), there exists a

compact set F' C Vi such that for every neighborhood ® of F' in Vj; there exists a
neighborhood ¥ of C' in I'\G such that for every bounded open convex set D C R™,
one of the following holds:

1. There exists v € I" such that g,(D) 'gy'y - px C .

2. w({t € D:Tgygs(t) € ¥}) < ew(D).

(I) is proved in [Rat91a, Theorem 1.1] and [DM93, Theorem 2.1]. For the proof of (II),
see [DM93, Theorem 3.4]. (III) is a special case of [Sh96, Theorems 2.1-2.2]. (IV) is based
on [Sh94, Proposition 5.4]. It is formulated in [Sh96].

To simplify our notations, we put V = V. Let V; be defined as in (46).

Lemma 25. For H € Hr, gO_IF -pg CV =V,

Proof. Suppose that g, 'y - py € Vp for some v € T'. Then (y"'goB?g, ') - pu = py- Thus,
Y tgoBPgy 'y € NL(H). By (1), TNA(H) is not dense in T\G. Tt follows that T'gyB{ is not
dense in I'\G too. This is a contradiction. O

In the case when I' is not cocompact, we prove the following lemma:
Lemma 26. n({oco}) = 0.

Proof. Write
V=W, (54)
where V} is A7 -invariant complement. For a vector v € V, denote by vy € V5 and v; € V;

its components with respect to the decomposition (54). Fix norms on V; and V;. Define a
norm on V' by

[[o]l = max{|[vol|, [[v1][},  vo € Vo, v1 € V1.
The space V; is naturally isomorphic with V/V;. The norm on V; induces a norm on V/V}

through this isomorphism.
We use (III). Let €, > 0. Let

P=Jg'Tpu,

=1



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 22

and P, = {p € P : ||py]| > d}. For p € P,

1gs(0)~"pl| > |lpol| > 6. (55)

By Lemma 25, P C V —V;, and by (II), P is discrete. Therefore, there exists r > 0 such that
lp1|| > r for p € P — P;. Since the factor-map V' — V/V} is continuous and By-equivariant,
for some M > 0,

las())~" - vll > Mllgs ()™ - 0l|, veV. (56)

Now we apply Lemma 22 with K = {5 € V/V; : ||9]| < £}. There exist « € (0,1) and
Cy > 0 such that for every s such that a*(s) € Aﬁf and every v € V/Vj such that ||o]| > r,

gs(D(e 1))t 0 ¢ K.
In particular, this holds for v = p with p € P — P;. Thus, by (56),

sup  lgs(t) ™ - pll > 6 (57)

teD(e™ 0141

for p € P — P,. In fact, (57) holds for p € P; because of (55). Thus, the case (a) of (III)
does not occur when a+(s) € A&Ti and D is a bounded open convex subset such that
D D D(e~s1+1). It follows that for some compact set C C I'\G,

w({t € D :Tgyqs(t) ¢ C}) < ew(D). (58)
when a*(s) € A&”Ti and D D D(e~*+1).
We have
0= Jim s || . [ FEmas @, Fecane), @
where

ST—{ JEN: D & +Zezﬂt?j<T,~2—N<s)—l}, (60)

1<lil<g I<i<y

and N (s) is defined in (82). Note that Dy r, contains D(f3), which is defined in (47), for

5<<T5—N(s)—1>1/2exp( max {s))

1+1<i<n—-1

When at(s) € fllCJf,Ti, the right hand side is greater then e~®+1 (see (53)). Therefore,
Dy 1, O D(e~**+1) when a*(s) € AleTZ By (58),

w({t € Dsq :Tgogs(t) ¢ C}) <ew(Ds1;) for a*(s) € A&),Ti' (61)
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 Let xc be the characteristic function of the set C'. Take f € C.(T\G) such that x¢ <
f < 1. Then using (59) and (61), we get

o) > i s [ xe(Ca @) (s

sz AY T

> lim ﬁ/ (1 — <) Dy)5 ()

1+,T;

=1-—c.

B%
= (1—¢) lim a IO’T’)
Ti—ro0 Ql(Bl,Ti)

Hence, n({oco}) < n(supp(f)°) < ¢ for every ¢ > 0. O
Lemma 27. n(Y) = 0.

Proof. Since Hr is countable, it is enough to show that n(I'’X (H,U)) = 0 for every H € Hr.
Moreover, it is enough to show that n(C) = 0 for every compact set C C T' X (H,U).
We use the notations from the proof of Lemma 26, in particular, decomposition (54).
We apply (IV). Take € > 0. Let F' be a compact subset of V as in (IV). Take a relatively
compact neighborhood ® of F. Let ¥ D C be as in (IV). Denote P = go_lF - pg and
Py ={p € P:||po|| > 6} with 6 = sup{||vo|| : v € ®}. Then (55) holds, so that

4:(0) - p ¢ 2. (62)
As in the proof of the previous lemma, there exists r > 0 such that ||p,|| > r forp € P — P,

and applying Lemma 22, we deduce that there exist o € (0,1) and Cy > 0 such that for
every s such that a*(s) € Alcf and every p € P — Pl,

gs(D(e *+1)) " -p £ @. (63)
By (62), (63) holds for every p € P. Thus, case (a) of (IV) fails. Therefore, case (b) holds:
w({t € D :Tgogs(t) € ¥}) < ew(D), (64)

when a*(s) € A&’,Ti and D is an open convex set such that D D D(e~*%+1). Recall that D; r,
was defined in (60). It is easy to see from (60) that D, 7, O D(e~**+!) when a*(s) € Al(if T,
Thus, (64) holds for D = D, with a+(s) € A7 ..

Take a function f € C,(I'\G) such that f =1 on C, supp(f) C ¥, and 0 < f < 1. Let
Xw be the characteristic function of ¥. Then using (59) and (64) with D = D r,, we get

< li w(Tgogs ()6, (s)dtTdst
n(C) Ti 00 a(B /fng / 900 (1)07 (5) ’
1 B},
< lim - / ew(Ds1,)0, (s)dst =& lim Lloﬂ) =
T;—00 QZ(BTi) AIC-P,Ti T;—00 Ql(BTi)
This shows that n(C) = 0. Hence, n(Y) = 0. O

By Lemma 23, the measure 7 is U-invariant. Consider the ergodic decomposition of 7 into
U-ergodic measures. By Ratner’s measure classification [Rat91al, an ergodic component of
n is either G-invariant or supported on Y U {oo}. By Lemmas 26 and 27, the set of ergodic
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components of the second type has measure 0. Therefore, n is G-invariant, and n = v. This
proves Theorem 20.

5. UNIFORM DISTRIBUTION FOR A LATTICE IN SP(n,R)

5.1. Density of orbits.

Proof of Theorem 5. Clearly, the condition is neccesary for denseness. Suppose that the
condition is satisfied. Let {e; : i« = 1,...,2n} be the standard basis of R*", and e =
(é1,...,€,). Then e is an isotropic frame, and by Witt’s Theorem, the space of isotropic
n-frames is Ge. The stabilizer of e in G is

o~ {(5H) 5

Let go € G be such that gov = e. Then the stabilizer of v in G is U = g5 'Upgo. It is not hard

to check that any Up-invariant subspace is either contained in (ey, ..., e,) or contains it. It

. . . . . d .
follows that any U-invariant subspace is either contained in Vj e/ (v1,...,v,) or contains
it.

As in the proof of Theorem 1, TU = I'H where H is the connected component of the
smallest real Q-algebraic subgroup containing U, and the radical of H is unipotent. Let R
be the radical of H. The space of R-fixed vectors V' is defined over Q and H-invariant.
Since R is unipotent, V# # 0. Thus, by the condition on v, V® ¢ V;. Then V; C VE.
Suppose that VE # R?™. Since Vj- = V4, J|yr is degenerate. Then 0 # Rad(J|yr) C V.
This is a contradiction because the space Rad(J|yr) is defined over Q. Hence, VZ = R?",
R =1, and H is semisimple.

We claim that H = G. Let Hy = goHg;'. Denote by g, b, and u the Lie algebras of G,
Hy, and Uj respectively. The Killing form on g is defined by k(z,y) = Tr(zy) for z,y € g.
Since Hj is semisimple, k is nondegenerate on §.

Recall the root decomposition for g. A Cartan subalgebra of g is

a = {diag(h1,..., hn, —h1,...,—hy) : h; € R}.
Let «;(h) = h; for h € a. The root system of g is
A={o—aj,£(p+ay):1<i#j<nl1<p<g<ng,
and the following root space decomposition holds:
Gai—a; = (Eij— Ejinjitn),
Bopta, = (Epgin T Egpin),
Oop-a, = (Epingt Eqinp),

§ = a®) g (65)

a€A
Since Uy C H,,
u= Z Ba,+ay, - b
1<p<g<n
Note that k(ga,gs) = 0 if @ + 3 # 0. Since the Killing form £ is nondegenerate on f, the
projection map from h to the space Z1gpgqgn 9—a,—a, With respect to the decomposition



UNIFORM DISTRIBUTION OF ORBITS OF LATTICES ON SPACES OF FRAMES 25

(65) is surjective. Thus for 1 < p < q<mn, there exists h,q = Tpq + izpq € b where z,, is a
generator of the space g_q,_q,, and hy, is in the normalizer of u. Then

h D [hpg,u] +uD [zpg,u], 1<p<g<n.

Using that [ga, 93] = ga+p for o, 8,a+ § € A, we conclude that

> 8. Ch.

acA

It follows that h = g, and H = G. Finally,
Tv=TUv2IUv=Gv=W,.

5.2. Iwasawa decomposition for Sp(n,R).
Let G = Sp(n,R). We use the following notations:

K = GNSO@n,R),

v ()]

N_ = { ( A(;[ t]\;* ) : M is upper triangular, unipotent} ,
A 0 . o .
A = { ( 0 A-! ) : A is positive, dlagonal} ,
B = N_A,
N = N_N,.

We have Iwasawa decomposition:
(k,n,a) = kna: K x N xA—G

(see, for example, [Te, p. 286]). This map is a diffeomorphism. It is easy to check that the
product map N_ x N, — N is a diffeomorphism, N_ normalizes N, and A normalizes N, .
Thus, modified Iwasawa decomposition holds:

(k,b,n) = kbn : K x B x N, — G. (66)
Fix gy € G. We also have decomposition:
(k,b,n) — kbgon® : K x Bx Ny — G. (67)
For g € G, define k;, € K, b, € B, and ny, € N, such that
g = kgbggons’.
Also define b, € GL(n,R) such that

b 0
n= (8 )
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Let u be a Haar measure on G, and fi be the measure on I'\G such that

fadp=| > f(v9)dp(g), f € Ce(G).
G G

vyer

Let o be the Lebesgue measure on N =~ R , and v be the measure on G/N¥° such that

Ltan= [ [ stenmiemant) s e i)

Note that
n(n+1)

o(Nyqp)~CT 2 as T — o0 (68)

for some C > 0.
5.3. Uniform distribution.

Proof of Theorem 6. We can write v° = g, 'e® for some gy € G, where €* = (ey,...,e,) is

the standard frame. Without loss of generality, g5 ' = koby for some ky € K, and b, € B
(see (66)).

Let Y = KBg,. By (67), the product map Y x N¥ — G is a diffeomorphism. For g € G,
denote y, = kybyg0, the Y-component of g. The map

a:Y =W, ~G/N¥ :y— yo°
is a diffeomorphism. Denote by 14, the measure on Y which is the pull-back of the measure

v by the map a.
For g € G, gv° = y,0°. This shows that gv° € Q iff y, € o 1(Q2). Write

E I,
ng: 0 E .

Then i
ol = Wbyl = ot = | (5 ).
Thus,
6112 = 11y ngdy) P + e,
where

(b6) =0, 0
and e, is a continuous function depending only on the B-components of g. We can use
Proposition 10 with H = N, h, = ny, and my = 1. Since I' - 0% is dense in W,,, TN
is dense in G. By (68), the condition (5) holds for H = N,. Since N, is unipotent, the
condition (6) for H = N, holds too [Sh94].
Applying Proposition 10, we get

Na(@,0%) ~ (ﬁ /(l—l(n) ZZI/;((i/y))) o)

as T — oo, where Ay is defined in (7). Thus, by (68),

n(n+1)

Np(,0°) ~ Ao (DT 2~ as T — oo,
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where

_c dv(z)
A () = i(T\G) /Q AN+ (cz) .

U
APPENDIX
Proof of Lemma 16 (part 2). To find the constant d,,;, we calculate measures of the set
D={v=(v1,...,0) € Vpy: v <1,1 <i <}
Denote by Vi the Lebesgue measure of a k-dimensional unit ball. Recall that
k/2
Vi — . 69
T T+ k/2) (69)
Clearly,
,n.nl/Z
dv=V=——"°. 70
= )
For k€ K,n€ N,_, and a € A? , knae® € D iff || knae;|| <1 for i =1,...,1. We have
|kn=(t)a(s™)e;i||> = exp(2s;) (1 +t e+ tf_h-) : (71)

Let as introduce new coordinates on AY : a; = exp(s; ), 1 < ¢ < [. The Haar measure on
A? (23) is given by da = Hézl da—‘? By (71), the set of (k,n (t),a) € K x N;_ x A? such
that kn-(t)ae’ € D is described by conditions:

0<a <1 i=1,...,1,

1_0/2 1/2 ’
||t*,~||<( aQZ> i=2,..1

i

Thus,

/ 0, (a=)"dkdn~da-
kn—a—€e%cD
i-1

1 1 1 2\ 5
1_a’i S n
= / / HVi1< 5 ) 6, (a=)"da-
0 0 o a;
l 1 -
= [V [ 0= e et
i=1 0
! V 1 i—1 mn—i—1
- H Z_l/ (1—bz-)%bdebi
i=1 2 Jo
l ) .
t+1 n—1+1
== 2_l i—B
[ (5

=1

G T n—i+1
- T Tr(2=T) 2
9T(1 1 nj2) 1} ( 2 ) (72)
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In the last step, we have used (69) and the well-known identity for I'-function and B-
function. Finally, by (70) and (72),

2l,n_l(2nfl+1)/4

Tt = F 2T (n = 1)/2) - T((n = 1+ 1)/2) (73)
u

Proof of Lemma 17. Let

d(a) =diag(1,...,1,a141,.-.,0)
for a = (a1, ..,a,) € R*7! and
a(N) = diag (1,...,1,)\ﬁ,...,)\ﬁ) .

For b = n*(t)d(a), define

AB) =D ai+ D altl (74)

I<i<n max(i,l)<j

Note that A(b) = ||b||*> — {. Thus, it is enough to compute asymptotics of the function

o) < / ., da®)

as * — oo. By Tauberian theorem [Wid, Ch. V, Theorem 4.3], it can be deduced from
asymptotics of the function

v [T o) = [ ep(=an0)}da) (75)
1
as A — 04. It is more convenient to work with the function
b0y =1 (A7) (76)
Let Bf = Ni1d(R%) = Bya(R; ). One can check that

[ @y [ fgaO)da®)T (D
Ny xRE! BOxRy

a1 Qp

for f € LY(BY). (In fact, each of the integral defines a right Haar measure on BY.)
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Consider Mellin transform of the function

[P0 D [ e AGe)) Koy

(70 / exp {—A(n*d(a))} ( H ai) dn+% ... don

=t 1 Qry1 ap,
Npp xR

@ / spl— Y (ot = 3 @

] +1
N1+><Ri_l max(i,l)<j i=l+
n z—1
(M) T e[l
i=l+1 max(4,)<j i=l+1

Using that [, e=*"dz = /7, we get

(A= D(n=D) . . 2 - z—i
Fz)=m— 1 /an exp{ Z az} (H a; ) dajyy - .. day.

i=l+1 i=l+1

Making substitution u; = a?, we get

. DD ﬁ . (z —j+ 1) (78)

Jj=l+1
By Mellin inversion formula, for sufficiently large w,
~ 1
PY(A) = —/ F(2)A\ *dz. (79)
Re(z)=u

271

Since ['-function decays fast on vertical strips, we can shift the line of integration to the
left. By (78), the first pole of F'(z) occurs at z = n— 1. Therefore, it follows from (79) that

(n+l 1)(n D n—1

PD(N) ~ T on—i—1 HF( )A(" S A
j=l+1
By (76),
y( ) Mnl (n—1)(n—1)
SO ~ (N HF( ) T2 as A—>0+.
j=l+1

Finally, the asymptotic estimate for ¢(x) as + — oo follows from Tauberian Theorem [Wid,
Ch. V, Theorem 4.3]. We have

71.(n—l—l—l)(n—l)/

Vo = H r( ) (80)
2n—l—11"(("—1)2(n—l) ) s

This proves the lemma. O

The following lemma is used in the proof of Lemma 18.
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Lemma 28. For C € R and T > 0,

Ql(BET) = Cn,z/

A

n

(n=0)(n+1-1)
3 (T2 — N(st) — l) exp { Z (n— k)sZ} dst, (81)

k=1+1
where
rn=D)(n+1-1)/4
T TA+ (- D(n+i—1)/4)
N(st) = Zexp{Zs;r}. (82)

i=l+1
Proof. Note that

B = {a(s+)n(t) 14+ N(s*) + Z exp{2s; }t;; + Z ty; < T2} :

I<i<j<n 1<i<li<j<n
We use the formula (24) for g; and make the change of variables
tij — exp{—s] }t;;
for | <i < j < n. The formula (81) follows from the fact that the volume of a unit ball in
R™ is 7™/2/T(1 +m/2). O
Proof of Lemma 18. For ig =1+ 1,...,n—1, put
A§0+7T = {a(s*) € A}, 7 :s{, < C} and Bli,"T = {a(s*)n(t) € B)r:sf, < C}.

We claim that ¢,(B}%) = o(o(Bfy)) as T — oo. If a(s+) € A7, 4, then st < logT for every
1=1+1,...,n. Then as in Lemma 28,

n
gl(BlifT) < cn,lT(nfl)(;Hfl’) / exp{ Z (n— k)s;} dst
Al

+,T k=I+1

(n=1)(n+i—1) log T
< T : H / exp{(n — k)s{ }ds;
I<k<n,k#ig ¥ —
< Tm=Dr-1)-(n—io)

Now the claim follows from (36). Since

0 c _ 10
Bl,T - Bl,T - U Bl,T’
I<io<n

we have

Therefore, o(B) ~ o(Byr) as T — oc. O

Proof of Corollary 4. By Theorem 1, 't is dense in V,;. By Theorem 3, (44) holds. The
volume of I'\G was computed by Minkowski. For the measure [i, we have

A(T\G) =277V HW‘” “T'(i/2)¢(3)
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(see [Sh00, Theorem 5.6]).
Therefore,

d
Nz(Q,0°) ~ by Vol(v°) ™ (/Q Vol?v)) T a5 T — oo,
where )2 .
U an(n— 1
bng = —— = HC(l) . (83)
ING)  p (e=e=d 4 q) 1 (22t
Here we used that I'(1) = /7. O
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