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G l.c. s.c. group,

m Haar measure on G,
(X, ) probability measure space.
For a measure-preserving action

G (X, p)
we would like to understand distribution of G-orbits.
Take increasing sequence of compact subsets
G,CG, t>0,
and for f € L'(X, u), consider average

1

Sif(x) = —teAl flg™ - z)dm(g).

What is the behavior of S, f ast — o0?



For ergodic G-actions, one hopes to have

For every f € LP’(X, ),

sup |5, f|

t>1

< Gyl fIl»,

p

Forevery f € LP(X, ),

Stf—/deu

For every f € LP(X, u),

_>O’
p

Stf—>/fdu for u-a.e. v € X.
X



connected semisimple Lie group

G with no compact factors,
G, = K-biinvariant Riemannian balls in G,
Sif(x) = fGt ) dm(g).

Then §; satisfies
e strong maximal inequality in L?, p > 1.

e pointwise ergodic theorem in L”, p > 1.

We extend this theorem to a general class of increasing compact sets
{G,} satisfying some “continuity” conditions.



ball of radius R with respect to

Br(g) = a right invariant Riemannian metric on G

We assume that there exists ¢ > 0 such that

For every t > 1,
m(Gi1) < c-m(Gy).

For every small € > 0 and sufficiently large ¢,
Bg(e) . Gt . BE(€> C Gt—i—cE'
For every small £ > 0 and sufficiently large ¢,

mM(Grie) < (14 ce)m(Gy).

Note that (Z) implies that
G D Bsul(9)

for some ¢ > 0 and sufficiently large t.



Assume that G is simple.

If G,’s satisfy (1)—(3), then S, satisfies
e strong maximal inequality in L?, p > 1.

e pointwise ergodic theorem in L?, p > 1, on a G-invariant set.

L = semisimple Lie group,
G C L,
K\L = symmetric space of L,
d = Cartan-Killing metric d on K\L,
G = {geG:du-gv) <t} wuveK\L.

p:G — GL(V) — proper homomorphism,
-l — norm on End(V),

G, = {9€G: [plg)l < e




5. Proof of pointwise convergence

Let

— XG: dm
t m(G) '

For f € L*(X) and 7(g) f(z) = f(9~'x),
Sif (@) = m() f(2).

“Perturbing” sets (G;, we may assume that

G,={9e€G: D(g) <T}, D:G— R"— absolutely continuous.

Then Haar measure

m = / my dt, Supp(mt) C 8Gt
0



Since

t
_ ! / t
Vy = m
t m((;t) . t )

the function ¢ — 1, is absolutely continuous and for f € L?(X) and a.e.
r € X,

r(4) £ () — (we) f(z) = / < n(0,) (@) dr.

We have ; (56,
_my t _
%Vt m(Gt> (614 Vt)

where m

th = !

mt(aGt)
By (3),
mt(aGt) m(Gt+5) m(Gt)




It suffices to prove pointwise convergence on a dense subspace of
H = Ly(X)

(assuming strong maximal inequality and mean ergodic theorem).

Set
SP)
H :/ m.H.dE(z),
G
S
H, :/ m,H.dE(z),
Gp
S 5 (m(g)u,v) € LUG) for g > p
Gp = {W €G: and u, v € dense subspace of H, [’
Hyn ={u € H,: dim(r(K)u) < n}.
Then

U H,.n is dense in H.

We prove pointwise convergence for u € H, .



For f € H,,
Im(9) f1| < alp,n)e” 1| f].

Then for some a, 6 > 0,

Im@)fIl < ae™lIfIl, lIm(@r)fI| < ae™|If].

Fora.e.x € X and M > 0,

d

_7T<V7")f

dr.
dr "

s o) — e )] < /M )

S,t—00

Finally,

({2 € X tmsup el (o) = n2)s(0)] > =

s,t—00
S ;

)| drdute) <& [ 2
< C/M Iw (@) f + 7(0u) f| dr

_W(Vr)f(x)
< e [ ()| + [m(@w) )

r
— 0 as M — oc.

dr




Assume f > 0.

Let (2, be the set of full measure such that for y € €2,

1
m(QGt) gGy

Fty) (i)~ [ fdp
X
Take a countable dense set {g;} C G and consider

Q=9
Forany € > 0 and g € G, there exists g; such that
gi € BS/C(Q)'

Then
9:Gi— C 9G; C ;G



1 -1 -1 _ 1 -1
iy | A0t m(n) = s |y

(1+ ce)

— m(9:Grse) 9iGrie

f(h~ty)dm(h).
This implies that for every g € G and y € €2,

limsup S f(g~'y) < (1+ ce) / fdp.

t—00
Estimate for lim inf is similar, and

lim 5.fy) = [ 7dn

X
fory e G- ().



connected Lie group,
Haar measure on (G,
a lattice in GG,

G
T
(X, ) }

'~ .
G~ probability measure spaces.

/N

Y,v)

For increasing sequence of compact sets
G, C G, t>0,

define averages

1 4 »
R@@%WFHQ|;%¢W z), ¢ € LX)
Sab@) = —— [ Bl - y)dmlg), ¥ € L(Y,v)



If G,’s satisfy (1)-(3), then for S,

strong maximal inequality strong maximal inequality
° =
for S, for R,
, mean ergodic theorem N mean ergodic theorem
for S, for R,
. pointwise ergodic theorem N pointwise ergodic theorem
for S, for R,

Let I" be a lattice in a connected simple Lie group and G, C G
satisfy (1)—(3). Then

e strong maximal inequality for R; in L”, p > 1.
e mean ergodic theorem for R; in L”, p > 1.

e pointwise ergodic theorem for R, in L?, p > 1.



[' = lattice in a simple Lie group G
A = finite index subgroup in T’

A c T'/A

G, C G satisfying (2)—(3)

Then

A
{yeT'NG,: WAEA}\Nﬁ-]FﬂGt



8. Kazhdan groups

Assume that G has property (T).

If G,'s satisfy (1)-(3), then there exists 0 > 0 such that for
p>1 2p/(p+1)<r<p, ¢€L(X p),

we have

S C||¢Hp7

r

R — /Y¢d1/

‘w(x)— [ o] <cappet,

sup e’
t>1




9. Idea of the proof: induced action

Let
(Y, v) = ((G x X)/ ~,v),

with equivalence relation
(g,2) ~ (gy,v 'x) foryeTl.
The group G acts on Y by
g (g, )] = [(d'g, 2)].
For
o€ LP(X, ),
x : G — R —bump function, x =

set

Y(g,x) =Y x(g7)e(y 'z).

vl




10. Proof of mean ergodic theorem for R;

It suffices to prove mean ergodic theorem for p > dim G and ¢ > 0.

Mean ergodic theorem for S; in LP(G/T") implies that

' NGy ~m(G;) ast — oo.

For (g,z) € B.(e) x X and large t,
(1 _ C€>St—c€w(ga ZU) S Rth(Z') S (1 + CE)SH—cEw(ga 'CU)

This implies that
R~ [wan|  — iR~ [vau
X Lp(u) X
S’TYI,(Bg(G))_l/p H(l == C€)St+cg¢ — <1 - Ce)‘st—cengLp(

(1 - Cg)St—cs¢ - /X¢ d,LL

Lr(m®p| B, (e)x x)

M| Be (e)x X )

+m(B.(e)) V"

Lp(m®U|Bs(e) ><X)



By mean ergodic theorem for &;,

‘St¢—/¢dﬂ — (0 ast — oo,
X Lo (v)
hrtnsup |Sib| oy < || L1 -

Since

|- HLP(m®M\BE(e>xx) < o,
we have

HRﬂb - / pdul| < m(B.(e)" e |¢lln
X p

L e MO g Bl rw)-

This implies mean ergodic theorem for p > dim G



[' = lattice in simple Lie group G,
[y =1'N Gy, with G; C G satisfying (2)-(3).

Consider measure preserving action:
'~ (X, )

Then for every x € X suchthat'- x = X and every ¢ € C.(X),

00— [ edu

vel:



12. Algebraic measure-preserving actions

SL(n,Z) ~ SL(n,R)/SL(n, Z)
SL(n,Z) ~ R"/Z"

G = simple Lie group,
[' = lattice in G,
L = Lie group,
A = latticein L.
G CL

'~ L/A by left multiplication

G C Aut(L)
U
' C Aut(L/A)

'~ L/A by automorphisms
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