Recall

We have reduced the proof to Koopman—von-Neumann
decomposition:

f:fU+fuJ_+E.

Multiple averages are controled by Gowers uniformity norms.

Generalized von Neumann theorem

Theorem

For a k-pseudorandom measure v : Zy — R,
A0y -y Ak—1 € Ly, Ai # A,

functions fy, ..., fx_1 : Zny — R such that |fi| < v+ 1, we have
k—1
E (11) filx +Aih) | x,h € Z/v> =0 (OSVPS'E_l HfiHuk—l) + o(1).

We may assume that

f' 1 = f _ _ — f— .
i s = [llues, Aer =0, o =1



Sketch of the proof (for |f;| < 1)

Induction on k.
We have to estimate

k—2
E fk_l(X)]E H T)\jr)_cl'(X)ll’ - ZN |X - ZN ,
j=0

and by the Cauchy-Schwartz inequality,

o 2 1/2
<E[[E|J[TYV6X)IreZn]| |xecZn
j=0
Sketch of the proof
By Van der Corput Lemma,
k—2 2
E{E|{]] TV () rezn]| |xecZn
j=0

k—2 k—2
=E [ | [T TV 600 | [ [T TV 60 | [ x, hyr € Zy
j=0 j=0

k—2
=E(E | [[ TV (6TY"6)()Ix,r € Zn | | h € Zn
j=0

By the induction hypothesis,

k—2
B H T/\jr(f;.TAjhfj-)(x) | x,r ey || < mjin ”GThGHUk—Q'
j=0



Sketch of the proof
Finally, by Holder inequality
k—2 2
E{E|]]TY6()Irezy || |xeZy
j=0

< min E(| £ T"6 | ye 2| € Zn)
J

< min || £
J

When |fj| < v, we get multiple averages for v.
The estimate follows from the linear form condition.

Generalized Koopman—von Neumann theorem

Theorem

Let v be a k-pseudorandom measure,
f:Zyny— R such that 0 < f < .
Then we have decomposition

f = fU + fuJ_ + E
such that

fu+fyr >0, E>Q0,

E(E) = o(1),

0 < fyr <1+o0(1),

|\ fullyk—1 is small  (uniformity).



Outline of the proof

» We set
fu = (1 —1a)(f — E(f|B)), fyr = (1 — 10)E(f|B), E = 1qf

for a suitably constructed o-algebra B of Zy and Q € B.
» The o-algebra B is constructed inductively.

> First, we start with B = {0, Zy}. Then all properties hold
except possibly “uniformity”.

» Obstruction to uniformity is detected by dual function D(fy).
» We refine B by adding “level sets” of D(fy).

» In finitely many steps, we achieve uniformity
because ||f;L||;2 increases (energy increment property),
but ||fL]|eo is bounded.

Obstructions to uniformity

Let f : Zny — R such that |f| < wv.
> (k = 3) If for some § > 0,

[Fllvz =6,
then for some r € Zy and ¢ = ¢(d) > 0,

E(f(x)e?™™/N|x € Zy) > c.

> (k general, conjecturally) If for some § > 0,
Il g2 =9,
then for some F : Zy — R and ¢ = ¢(9) > 0,
E(f(x)F(x)|x € Zn) > ¢

where F(n) = ¢(g"up) and ¢ : G/T — R is a smooth
function on a nilmanifold G/T of degree k — 2.



Dual functions

For a function F : Zn — R, define the dual function of F:

DF(x)=E I F(x+wh) | hezZk™
we{0,1} k—1:wA0k—1

Note that
2k—1

(F,DF) = IF Iy

If |F|| k-1 is large, F correlates with its dual function.

The dual functions provide obstructions to uniformity!

Properties of dual functions

Proposition
For a function F : Zn — R such that |F| < v + 1, we have

IDF || < 22771 4 0(1).
Proof.

IDF(x)| < E I] @+D&+wh)lhezyt
weq{0,1}k—{0}
Multiplying out, the estimate follows from the linear form
condition.



Properties of dual functions

Proposition (uniform distribution for antiuniform functions)

Given function F, ..., F,: Zyn — R such that |F;| < v,
a continuous function ® : [—22k, 22k]” — R, we define

é(x) = O(DFL(x), ..., DFa(x)).

Then
(v—1,¢) = ona(l).

Proof

First, we show that || — 1||y« = o(1). We need to estimate

E H (v(x+w-h)—1)x € Zy,he Z*

we{0,1}k-1
= ) (-)ME (Hu(x+w-h)|xez,\,,hezj§,—1>
Ac{0,1}9-1 wEA

By linear form condition, each expected value is = 1 4 o(1).
Hence, the claim follows from binomial theorem.
To finish the proof, we need to show that for any f with
[f]lye— <1,

<f7 ¢> - On,¢(1)'

Approximating ® by polynomials, to treat the case = monomial.
We give a proof for ®(x) = x. We need to show

(f,DF) = O(1).



Proof

By the Gowers-Cauchy-Schwarz inequality,

E | f(x) I Fix +w-h)|heZ xcZy
we{0,1}k—L:w£0k—1
<E | [[fllyx— 11 IF(-+w-hger | he ZG
we{0,1}k—1:w+£0k—1
2k—1 k—1 1/2k_1
< I1 EOF(+wJMMFMhEZN> |

we{0,1k—1:w£0k—1

Proof

We have to estimate
Qw(+w/wwkmhezkﬁ

E(IF(+u)|Zs | v e Z)

we{0,1}k-1

( F(x+u+h- w)\XEZN,hEZkluézN
( Fix+h-w)|xeZy| | heZi?

we{0,1}k-1



Proof

By the correlation condition,

E [[ vix+hwlxezy|< > 7(h-(w—w")).

we{0,1}k-1 w,w'€{0,1 k—Liwtw
Finally,

E(r(h- (w—')) | heZ) =E(r) = O(1).

o-algebras generated by Bohr sets

Fore,n >0, G:Zy — [-2%",2%,
define a o-algebra B, ,(G) on Zy satisfying:

» For any o-algebra B on Zy,

HG - E(G|B \% Be,n(G))”LOO <e.

> The o-algebra B, ,(G) is generated by at most O(1/e) atoms.

> If Ais any atom of B, ,(G), then there exists a continuous
function W4 : [—22k,22k] — [0, 1] such that

1(1a = Wa(G))(v + 1) 2 = O(n).



Construction B ,(G)

B. ,,(G) consists of atoms

G Ye(n+a),e(n+1+a)), neZ

Then diameter of G({atom of B}) is < ¢.

The number of atoms is O(1/¢) because G is bounded.
By Fubini theorem,

1
/0 ZE(lG(X)E[e(n—n—i—a),a(n—l-n—l—a)))(V(X) + 1)|x € Zy)da = 2nE(v + 1).
neZ

Hence, for some «,

> E(lg-1(je(n—n+a)e(ntnray) ¥ + 1)) = O(n).

nez
Take

V4 = cont. approximation of char. function of [e(n+ «),e(n+ 1 + «)).

Generalized Koopman—von Neumann decomposition

Theorem

Let v be a k-pseudorandom measure,
f:Zyny— R such that 0 < f < .

Let € > 0 be a small parameter and N > Ny(e) sufficiently large.
Then there exists o-algebra B and exceptional set )2 € B such that

E(1qv) = o.(1),
[(1 = 10)E(v — 1|B)[re = 0(1),
1(1 = 1a)(f — E(f|B))|| yx—1 < e¥?"  (uniformity).

The Koopman—von Neumann decomposition is obtained by setting

fu=(1-—1)(f — E(f|B)), fyr = (1 — 1q)E(f|B), E = 1of



Sketch of the proof

In the proof, we use a parameter n — 0.

First, we set By = {0, Zn} and Qg = 0.

Then all properties hold except possibly uniformity.
If uniformity fails, we set

F1:= (1 =10, )(f — E(f]Bo)),
By = By V Be,(DF),

and define the exceptional set €2; to be the union of the atoms
A € By such that E(14(v 4+ 1)) < n%/2.Then

E(lo, (v + 1)) = 0-(n*?),

Sketch of the proof

We claim that
(1 = 1,)E(r — 1[B1)]|e = O-(n"/?).

Let A be an atom of B; with AN Q; = (.
Using equidistribution for antiuniform functions, we get

E((v —1)1a) = O:(n).

Also,
E(1a) = %(E((V +1)1a) — E((v — 1)1a)) > O-(n"/?).
Hence, E( D)1a)
E(14) A= 0.(n"").

This implies the claim.
Continue...



Sketch of the proof

Set
Fn:=(1—1q, ,)(f — E(f|Bn-1)).

Since f < v,
(1 = 1a,  )E(f1Br-1)llr <1+ O:(n*/?),
[Fnlleee < /(1 = 1q,_ )(f — E(f[Bn-1))llL>
< (1+ O0-(n"?))(v +1).

Hence, -
IDFulle <227 71 4 Ope(n*/?),

and we define o-algebras
Bn = Bn-1V B ,(DF,),
and exceptional sets €2, € B, as above so that
E(lq,v) = O:n(n*/?),
I(1 = 10,)E(v — 1|Bn)||t = Ocn(n*'?),

Sketch of the proof

It remains to show that after finitely many steps, we get
k
IFallye—r < Y%

This follows from

Claim (energy increment property). If ||Fpl|yer > €1/2", then

_ ok
11— 10, )E(FIB)[Z2 > (1 — Lo, )E(FBa) |22 + 272 e,

On the other hand,

I(1 = 10, )E(FIBn)lt= < 1+ One(n*?)



Proof of energy increment property, assuming Q = ()

2k—1

(Foy DFn) = ||Fall?s > €Y/2.

By definition of B,,
[(Fos DFa—E(DFo|Bo))| < E(|Fol)- [ DFy—E(DF By |1 = O(z).
Hence,

(Fn, B(DFy|By)) = (f — E(f|Bo-1), E(DFa| By)) > £'/% + O(e),
Since
(f = E(f|Bn-1), E(DFy|Bn)) = (E(f|Bn) — E(f|Bn-1), E(DF,|Bn)),
by the Cauchy-Schwarz inequality,

IE(F1Ba) = E(f|Ba-1)lli2 - (271 + One(n'/?)) > /2 + 0(e).
By the Pythagoras theorem (recall that B, C Bp11),

IE(F1Ba)lI> = IE(F|Bn) — E(|Bn-1) 72 + IE(f1Ba-1)2-

This implies the claim.

Outline of the proof

» We set
fu = (1 —1a)(f — E(f|B)), fyr = (1 — 10)E(f|B), E = 1qf

for a suitably constructed o-algebra B of Zp and Q € B.
» The o-algebra B is constructed inductively.
> First, we start with B = {(), Zy}. Then all properties hold
except possibly “uniformity”.
» Obstruction to uniformity is detected by dual function D(fy).
» We refine B by adding “level sets” of D(fy).

» In finitely many steps, we achieve uniformity
because ||f;L||;2 increases (energy increment property),
but ||fyL]|eo is bounded.



