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Introduction

Theorem (Green,Tao)
Let A C P := {primes} such that

N—s 00 |Pﬂ[1,N]| '

Then for any k € N,
{a,a+d,...,a+(k—1)d} CA

for some a,d € N.



Previous results
Van der Corput showed in (k = 3)-case that

N2

1, N|: 2 ~ Y3 -
#{a,d €[1,N]: a,a+d,a+2d € P} ~3 (log )3

Conjecture (Hardy,Littlewood)

N2
,de[1,N]: a, d,..., k—1)d e e R rviv
#lad €[Nz 2.2t d ot (k= 1)d € Ph i oy
for explicit v, > 0.
Compare with a random subset of [1, N] of density @.
Green-Tao proof gives a lower estimate 7, - ﬁ
for small v, > 0.

Conjecture (Erdos, Turan)
Every set A C N such that

contains arbitrary long arithmetic progressions.



Szemerédi Theorem

Theorem (Szemerédi)
Let A C N such that

1
limsup N!A N[1, N]| > 0.

N—oo

Then for any k € N,
{a,a+d,...,a+(k—1)d} CA

for some a,d € N.

Note that

N

Almost primes

Pr := {numbers with all prime factors > R}.

Then for R = N% with small o > 0,

» Pr N [1, N] contains arbitrary long AP as N — oo.
>

lim sup [PIL N >0
N—oo |PROLN] =

Naive Strategy: Prove an analog of Szemerédi theorem for
subsets of almost primes (relative Szemerédi theorem).



Effective Semerédi theorem

Theorem

Given k > 3 and 6 > 0, there exists Ng = Ny(k,0) > 0

such that for every N > Ny and every A C [1, N] with |A| > 0N,
the set A contains an arithmetic progression of length k.

> Upper estimate (Bourgain): Ng(3,9) < exp(6—2log(1/9)).
» Upper estimate (Gowers): No(k,d) < exp(e® ™).

> Lower estimate (Rankin): No(k,d) > exp(log(1/8)%).

> Expected: No(k,d) < exp(c;6~1) = AP in primes.

Szemerédi Theorem (other formulation)

Zy = the field of residues mod N,

E(f(x) | x € A) = ﬁ S F(x)

xEA

Theorem (Szemerédi)

Given k > 3 and 6 > 0, there exists ¢ = c(k,d) > 0 such that
for a function f : Zn — R satisfying

0<f<1andE(f) >,
we have
E(f(x)f(x+r)---f(x+ (k=1)r)|x,r € Zn) > c

for sufficiently large N.



Relative Szemerédi Theorem

Theorem (Green, Tao)

Fix k >3 and 6 > 0,
v:Zy — RT be a k-pseudorandom function with E(v) = 1+ o(1).
Then for any function f : Zn — R™ satisfying

0<f<wvandE(f) >,
we have
E(f(x)f(x+r)---f(x+(k—=1)r)|x,r € Zn) > c(k,d) — ok 5(1)

as N — oo.
Pseudorandom function is defined to satisfy
» linear form condition,

» correlation condition.

Linear form condition

A function v : Zny — R™T is called a measure if
E(v) =1+ o(1).

A measure v satisfies (mg, to, Lg)-linear form condition if for any
m < mg, t < tp, and linear forms

t
@D,’(X):ZL,'J'XJ'—I—[‘),', i=1,...,m,
j=1

where Lj; are rationals (assume N is prime) with the
numerator/denominator bounded by Ly and the t-tuples

(Lij;j=1,...,t) are not zero and not rational multiples of each
other and b € Zy, we have

E(v(1(x)) - v(¥m(x))1x € Ziy) = 1+ Omy,t0,10(1)-



Hardy-Littlewood conjecture
Linear form condition roughly says that the events
“10j(x) is almost prime”

are essentially independent. This is the Hardy-Littlewood prime
tuples conjecture. Define

| logp for n = pk,
A(n) = { 0 otherwise,

Note that E(A) =1+ o(1).
Conjecture (Hardy-Littlewood)

Assuming that L and b; are positive,

E(A(1(x)) - Athm(x))|x € Zy) = & + Oy, 10,0(1)

for explicit o = a(¢1,...,%m) > 0.

Correlation condition

A measure v satisfies mg-correlation condition
if for every m=2,..., mg,
there exists a function 7 = 7, : Zy — R™ such that

E(79) = Omgq(1) forallg>1
and

E(v(x+h)--v(x+ hm)lx €Zy) < Y 7(hi = hy)
1<i<j<m

for all h1,... ., hm € Zy.

A measure v is called k-pseudorandom if it satisfies
(k2k=1 3k — 4, k)-linear form condition and 2X~!-correlation
condition.



Relative Szemerédi Theorem

Theorem (Green, Tao)

Fix k>3 and 6 > 0, and let v be a k-pseudorandom measure.
Then for any function f : Zy — R™ satisfying

0<f<vandE(f) >,
we have
E(f(x)f(x+r)---f(x+(k—=1)r)|x,r € Zn) > c(k,5) — ok 5(1)

as N — oo.

Finitary ergodic theory

(X, u, T) <= (Zp, uniform measure, x — x + 1).

We are interested in averages
E(fo(x) T (x)--- TE Vi 1(x)|x,i € Z)

as N — oo.

For a probability measure preserving system (X, i, T), the
Koopman—-von-Neumann decomposition is

[2(X) = {weakly mixing} ® {compact (almost periodic)}.

is used in the proof of Furstenberg’'s multiple recurrence.

A finitary analog of Koopman—von-Neumann decomposition is
crucial in the proof of relative Szemerédi theorem.



Sketch of the proof (step 1)

The crucial step is to show:
“Koopman—-von-Neumann decomposition” :  f = fy + fyL + E
with the error term E satisfying E(E) = o(1), and
E >0, fu+ fyr > 0.
Then

E(f(x)---f(x+ (k—=1)r)|x,r € Zp)
>E((fy + fy)(x) - (fu + fyr)(x+ (k = 1)r)|x, r € Zp).

The function fy is uniform (weakly mixing) component of f:

IE:(fU) - 0(1)7
E(fo(X)ﬂ(X + I’) R fk_l(X + (k — 1)I’)|X, r e ZN) is small,

where each f; is either fy or f;1, and f; # f, L for some i.

Sketch of the proof (step 2)

It suffices to prove a lower estimate for
E(fyr(x)fye(x+r)---fyr(x+(k—=1)r)|x,r € Zyn) >7?.
The antiuniform (almost periodic) component f;,. satisfies
0 < fyr <1+0(1).

Hence, the lower estimate follows from the classical Szemerédi
theorem.



Gowers uniformity norms

These norms are used to controle multiple averages.

Lemma (Van der Corput)
For f :7Zn — R,

IE(f)]2 = E(E(f - T"f)|h € Zy).

Gowers uniformity norms are defined inductively:
Il = [E(F)],
IFllue =E(IF - TPF (3 lh € Zu) V>
or equivalently,

1/29

Ifllye =B [ [ f(x+wh)|x€Zn,heZf
we{0,1}9

Gowers uniformity norms

For a family of functions f,,, w € {0, l}d, we define d-dimensional
Gowers inner product:

(Fweonydve =B | ] folx+wh)|x € Zn,heZ
we{0,1}d

Then we have Gowers Cauchy-Schwartz inequality:

(E)wcoydvel < 1] Iollue.

we{0,1}9



Generalized von Neumann theorem

Theorem

For a k-pseudorandom measure v : Zy — R,

MOy -y A1 E Ly A 7§ Aj,

functions fy, ..., fx_1 : Zny — R such that |f;| < v+ 1, we have

k—1
E (H fi(x + Aih) | x, h € ZN> -0 ( min Hf,-HUk_l) +o(1).

. 0<i<k-1
i=0



