DIOPHANTINE APPROXIMATION AND
AUTOMORPHIC SPECTRUM
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ABSTRACT. The present paper establishes quantitative estimates
on the rate of diophantine approximation in homogeneous varieties
of semisimple algebraic groups. The estimates established gener-
alize and improve previous ones, and in a number of important
cases are shown to be best possible. In general, it is shown that
the rate of diophantine approximation is determined by the spec-
trum of the automorphic representation, and thus subject to the
generalised Ramanujan conjectures.
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1. INTRODUCTION, DEFINITIONS, AND STATEMENT OF MAIN
RESULTS

1.1. Introduction. Diophantine approximation can be viewed as an
attempt to quantify the density of the set Q of rational numbers in
the reals R and, more generally, the density of a number field K in its
completion K,. In this paper we will be interested in the problem of
Diophantine approximation on more general algebraic varieties. Let X
be an algebraic variety defined over a number field K. Given a height
function H : X(K) — R* and a metric dist, on X(K,), we introduce a
function w,(x, €) which measures the density of X(K) in X(K,), and
thus the Diophantine properties of points = in X(K,) with respect to
X(K). We define :

wy(z,€) ;= min{H(2) : z € X(K), dist,(z, z) < €} (1.1)

(if no such z exists, we set w,(z,€) = o0). This function is a natu-
ral generalization of the uniform irrationality exponent () of a real
number & (see, for instance, [2]). Note that w,(x,€) is a non-increasing
function which is bounded as ¢ — 07 if and only if z € X(K) and
is finite if and only if x € X(K). For z € X(K)\X(K), it is natural
to consider the growth rate of w,(z,€) as ¢ — 07, which provides a
quantitative measure of irrationality of x with respect to K.

Our paper is motivated by the work [44] of M. Waldschmidt who
considered this problem in the case when X is an Abelian variety defined
over Q equipped with the Néron—Tate height. In terms of our notation,
he proved upper estimates on the function wy(z,€) and conjectured
that for every § > 0, € € (0,6 (0)), and z € X(K) C X(R),

_ 2dim(X) ¢
woo(aj’ E) S € rank(X(Q)) .

This conjecture is remarkably strong as one can show that the expo-
nent in this estimate is the best possible. We also mention that there
is a similar conjecture in the case of algebraic tori (see [45, Conjec-
ture 4.21]).

More generally, let X C A" be a quasi-affine variety defined over a
number field K. We denote by Vi the set of normalised absolute values
| - |, of K, by K, the v-completion of K, by k, the residue field and by
¢y its cardinality. We define the height function on X(K):

H(z) = ][ max (1, fwlh), (1.2)

veEVK
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and the metric on X(K,):
|z — yl|, := max |z; — yio. (1.3)

1<i<n

In this paper we derive upper estimates on the functions w,(z, €)
for quasi-affine varieties which are homogeneous spaces of semisimple
algebraic groups. Our upper bounds on the functions w,(z, €) depend
on information about the spectrum of the associated automorphic rep-
resentations, and the best possible upper bounds will be established in
several cases. To illustrate the relevance of the Ramanujan-Petersson
conjectures to our analysis let us consider first the case of diophantine
approximation on hyperboloids. Further examples, including the case
of spheres of dimensions 2 and 3 where best possible upper bounds are

obtained, will be discussed in

Example 1.1. Let Q be a non-degenerate quadratic form in three
variables defined over a number field K C R, a € K, and

X ={Q(z) = a}.
For a finite set of non-Archimedean places of K, we denote by Og
the ring of S-integers. We suppose that () is isotropic over S and
X(Og) # (). Then assuming the Ramanujan—Petersson conjecture for
PGL; over K, our main results imply that (w.r.t. the maximum norm
| - |« on R?, the completion at v = o0)

(i) for almost every x € X(R), § > 0, and € € (0,¢(z,9)), there
exists z € X(Og) such that
|2 — 2|lc <€ and H(z) < e 279,
where the exponent 2 is the best possible (cf. ((1.4) below).

(ii) for every x € X(R) with ||z|| < 7, 6§ > 0, and € € (0,¢(r,0)),
there exists z € X(Og) such that

|2 — 2||oo <€ and H(z) < e 170

Using the best currently known estimates towards the Ramanujan—
Petersson conjecture (see [27]), our method gives unconditional solu-
tions to (i) and (ii) with

H(z) < e 70 and H(z) < e 7d

respectively. Moreover, when K = Q, (i) and (ii) give unconditional
solutions to the problem of diophantine approximation on the hyper-
boloid X (R) (when @Q is isotropic over R), with

H(z) < e 50 and H(z) < e 3

respectively, using [26, Appendix 2].
Finally, we note that for forms anisotropic over R we will indeed
establish the best possible bound unconditionally - see §2.
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1.2. Definitions and notation. Before we state our results in full
generality, we introduce some definitions and notation. First, let us
observe that there is an (obvious) lower bound for the function w,. For
a subset Y of X(K,), we set
w'l}<Y7 6) = Sup wv(y7 6)'
yeYy

Assuming that Y is not contained in X(K'), one can give a lower esti-
mate on w,(Y,€) that depends on two properties of the set Y. These
are the Minkowski dimension d(Y') of Y which measures the growth of
the number of balls needed to cover Y, and the exponent a(Y) of Y
which measures the growth of the set of relevant approximating rational

points. The exact definition are as follows.
The Minkowski dimension of a subset Y of X(K,) is defined by

d(Y) := liminf M,
—o0t log(1l/e)
where D(Y, €) denotes the least number of balls of radius € (w.r.t. the
distance dist,) needed to cover Y. We recall that the relation of the
Minkowsky dimension to the algebraic dimension is as follows. The
set of nonsingular points in X(K,) has a structure of analytic manifold
over K,. In particular, it is equipped with a canonical measure class.
If a subset Y of X(K,) has positive measure, then

d(Y) = r,dim(X)

where r, = 2 if K, ~ C and r, = 1 otherwise.
The ezponent of a subset Y of X(K,) is defined by

a,(Y) := inf hmsupw

OSY " psno logh '

where O runs over open neighborhoods of Y in X(K,), and
A, (O h) :=={z € X(K): H(z) < h, z€ O}|.

Note that since Y ¢ X(K), we have w,(Y,€) — oo as e — 0. Hence,
for a sufficiently small neighbourhood O of Y, every 4y, > 0 and
0 <e<e(0O,0d1,09), we have

e 10 < D(Y,€) < Ay(O,w, (Y, €)) < wy (Y, €)™,
This implies that for every ¢ > 0 and sufficiently small € > 0 depending
on ¢,
wy(Y,€) > A rlcead

In particular, when Y has positive measure, we always have the lower

bound
dim(X)
wy(Y,€) > € a0 (1.4)

for every 0 > 0 and € € (0, (Y, 9)).
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More generally, we consider the problem of diophantine approxima-
tion for points = (z,)yes With S C Vi and z, € X(K,). Let

Xs = {(xy)ves : x, € X(K,); x, € X(O,) for almost all v}, (1.5)

where O, = {z € K, : |z|, < 1} is the ring of integers in K, for
non-Archimedean v. The set Xg, equipped with the topology of the
restricted direct product, is a locally compact second countable space.
One of the fundamental questions in arithmetic geometry is to under-
stand the closure X(K') in Xg where X (K) is embedded in Xg diago-
nally. We say that the approximation property with respect to S holds

if X(K) = Xg. Alternatively, denote the ring of S-integers of K by
Og ={x € K : |z|, <1 for non-Archimedean v ¢ S}|I|.

Then the approximation property with respect to S can be refor-
mulated as follows: for every z € Xg and every € = (€,),es7, Where
€, € (0,1) and ' is a finite subset of S, there exists z € X(Ow,\syus)
such that

|z, — 2||o < €, forallve s

Our aim is to establish a quantitative version of this property. Given
x and (€,),es as above, we consider

WS(xv (EU)UES/) ‘= min {H(Z) RS X(O(VK\S)US/)v ||:Uv - ZHv <€, vE Sl} .
(1.6)

Remark 1.2. To clarify our notation somewhat, consider the group
variety G C GL,. Fixing the finite set S’ C Vi, we want to establish a
rate for simultaneous diophantine approximation of all (or almost all)
elements in the group [],.¢ Go». The elements in the group G(K) of
K-rational points which are allowed in the approximation process are
determined by the choice of a set S containing S’, which may be finite
or infinite. Omne choice is S = §’, in which case the approximations
property calls for using elements from Oy,, = G(K), namely there are
no restrictions at all on the K-rational matrices allowed. Thus for ex-
ample when S = {v} = S’, the approximation rate wg defined above
is given by the function w,(z,€) as defined in (L.I). Another choice
is S = Vi \ vy, where vy is a valuation not in S’. In this case the
approximation property calls for using only K-rational matrices whose
elements are in O, (namely v-integral) for every v € Vi, with the
exception of v € S" and v = vy. We will of course assume that G
is isotropic over K, in this case. We also admit any other interme-
diate choice of S containing S’, namely we allow imposing arbitrary
integrality conditions on the set of approximating K-rational matrices.
The integrality conditions are that the matrices should be v-integral
for v € S\ S, and we assume that G is isotropic over Vi \ S.

INote that Ogvy # Oy, the ring of integers defined above !
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Given a variety X, we define the exponent of a subset Y of Xy as

ag(Y) := inf lim SUPM

1.
ODY oo log h (1.7)

where O runs over open neighborhoods of Y in Xg, and
Ag(O,h) = |{z € X(K) : H(z) < h, z€ O}

More appropriately, the notation should be ag(Y, X) but we will sup-
press the dependence on X in the notation. We also define the expo-
nent ag(X) of the variety X as the supremum of ag(Y’) as Y runs over
bounded subsets of Xg. Since our variety X will be fixed and we will
not consider subvarieties of it, this notation should cause no conflict.

As in (|1.4)), one can show that given Y C Xg and finite S” C S such
that the projection of Y to Xg has positive measure, we have

dim(X) | 5

sup wS’(:ga (ev)veS’) > H E; " es() (18)
yey veS’

for every § > 0 and €, € (0,¢(Y,5’,0)). It particular, it follows that
we have the following universal lower bound

dim(X) | s

supws(y, (e)oes) > [[en =™ ", (19)
yey veS’

provided that the projection of Y to Xg has positive measure.

We shall derive upper estimates on the function wg of comparable
quality in the case when X is a homogeneous quasi-affine variety of a
semisimple group. We shall start by considering the case of the group
variety itself.

Let G be a connected almost simple algebraic K-group. Our main
results depend on properties of unitary representations , of the groups
G, = G(K,), which we now introduce. =~ We fix a suitable maximal
compact subgroup U, of G,,, whose choice is discussed in Section[3} The
group G(K') embeds in the restricted direct product group Gy, diago-
nally as a discrete subgroup and vol(Gy,. /G(K)) < oo (see [37, §5.3]).
We consider the Hilbert space L?(Gy, /G(K)) consisting of square-
integrable functions on Gy, /G(K). A unitary continuous character y
of Gy, is called automorphic if x(G(K)) = 1. Then x can be consid-
ered as an element of L*(Gy, /G(K)). We denote by L%,(Gy, /G(K))
the subspace of L?(Gy, /G(K)) orthogonal to all automorphic char-
acters. The translation action of the group G, on Gy, /G(K) defines
the unitary representation 7, of G, on L%,(Gy,. /G(K)). We define the
spherical integrability exponent of m, w.r.t. U, as follows

. -V Upinv. w € L3, (Gy, /G(K))
1.(G) = 1nf{q >0 (ro(g)w,w) € LG } (1.10)

As we shall see in §3.3, Corollary [3.6] an equivalent definition is that
qu(G) is the infimum of ¢ > 0 having the property that every irreducible
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spherical unitary representation 7, of G, which is weakly contained in
T, is an L%-representation, namely has a dense subspace giving rise to
matrix coefficients in LI(G,).

If q,(G) = 2, then we say that the representation m, is tempered E|

It is one of the fundamental results in the theory of automorphic
representations that the integrability exponent q,(G) is finite. (see [7,
Theorem 3.1]). Moreover, q,(G) is uniformly bounded over v € Vi
(see [15]). The precise value of q,(G) is related to generalised Ramanu-
jan conjecture and Langlands functoriality conjectures (see [38]). For
instance, the generalised Ramanujan conjecture for SLs is equivalent
to q,(SLg) = 2 for all v € Vi, and the best currently known estimate
established in [27, 26] gives q,(SLs) < % for general number fields K
and q,(SLy) < 92 for K = Q.

We define the exponent of a subset S of Vi by

1
=1
s 1]rvn_§01ip log N

{ves: q <N}, (1.11)

where ¢, denotes the cardinality of the residue field for non-Archimedean
v. Let
qs(G) = (1 4+ 0g) Sul; q.,(G). (1.12)
ve
This parameter will appear below as a bound on the integrability ex-
ponent of the automorphic representation restricted to the group Gg.

1.3. Statement of main results. We now turn to state our main
results. First let us note that the approximation property for algebraic
varieties we defined above, namely the density of the closure of X (K)
in Xg, has been been studied extensively in the setting of algebraic
groups (see [37, Ch. 7]). It is known that when G is connected sim-
ply connected almost simple algebraic group defined over K, then the
approximation property holds with respect to S provided that G is
isotropic over Vi \S. Our first result can be viewed as a quantitative
version of this fact.

It is convenient to set I, = {q,"},>1 for non-Archimedean v € Vi
and I, = (0,1) for Archimedean v € V.

Theorem 1.3. Let G be a connected simply connected almost simple
algebraic K-group and S a (possibly infinite) subset of Vi such that G
is isotropic over Vg \S. Then

(i) There exists a subset Y of full measure in Gg such that for
every 6 > 0, finite 8" C S, x € Y, and (€,)yes with €, €

2This is equivalent to the standard notion of a tempered representation defined
in terms of weak containment, by [I0, Theorem 1].
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I,N(0,€e(z, 5, 9)), we have

. dim(G) 5>qu\s(G)/2

= —
WS(xa (Ev)UES’) < (H €y s(S)

veS’

In particular, when the representations w,, v € Vi \S, are tem-
pered and o = 0, then the above exponent is the best possible

(cf. (.8)!

(ii) For every 6 > 0, bounded Q C Gg, and (€,),es with finite
S"c S and e, € I, N (0,69(8,5)), where (2, 5) € (0,1] and
€2(Q,6) =1 for almost all v, we have

o dim(@) ¢ UIVK\S(G)
wS(‘ra (611)1;65’) < <H € as(G) ) ,

ves’

uniformly over x € Q and finite ' C S.

Remark 1.4. Comparing the estimate in Theorem [L.3(i) and (L.§),
we conclude that the integrability exponents always satisfy q,(G) > 2.
While this fact was previously known (see, for instance, [3]), it is curious

that it follows from diophantine approximation considerations as well.
This point is further addressed in Corollary [1.§ below.

We also prove a version of Theorem [L.3](i) which is uniform over finite
s'CS.

Theorem 1.5. With the notation as in Theorem there exists a
subset Y of full measure in Gg such that for every 6 >0, x € Y, and
(€v)ves with finite S C S and €, € I, N (0,€2(x,4)), where )(x, ) €
(0,1] and ®(x,8) =1 for almost all v, we have

Tvdim(G)Jer(;> Wic\s(@)/2

wg(x, (G’IJ)’UGS’) < <H €v ag(G)

ves’!

More generally, let X C A" be a quasi-affine algebraic variety defined
over K equipped with a transitive action of a connected almost simple
algebraic K-group G C GL,. Given a subset S of Vi, we consider the
problem of Diophantine approximation in Xg by the rational points
in X(K), or equivalently the problem of Diophantine approximation in
Xg, where 5’ is a finite subset of S, by points in X(Ow,\syus’). The
closure X(O(v,\s)us’) in Xg can be described explicitly (see Lemma
below). In particular, it follows that X(Ov,\s)us) is open Xg provided
that G is isotropic over Vi \S. Our next result gives a quantitative

version of the density (in the closure) where the estimates are sharp in
many cases (see Example and Section .

Theorem 1.6. Assume that G is isotropic over Vi\S. Then
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(i) For every finite S" C S, there exists a subset'Y of full measure
in X(Ow\syus') C Xg such that for every 6 >0, x € Y, and
(€)ves with €, € I, N (0, €y(z, S’,0)), we have

dim(X) s Avge\s(G)/2
—Ty —
ws (2, (€v)vesr) < (H e, oS >

veSs’

(ii) For every finite S" C S, 6 > 0, bounded Y C X(Ow\s)us),
and (€,)ves with €, € I, N (0,€0(Y, 5",9)), we have

o dim(X) s qVK\s(G)
ws(z, (€y)ves) < (H e es@ ) |

vesS’

uniformly over x € Y.

Remark 1.7. We note that the estimates in Theorem [L.6 are stated in
terms of ag(G), but not in terms of ag(X). While the latter quantity is
difficult to compute in general, in many cases we have ag(G) > ag(X).
For instance, this is so when the rational points in G do not concentrate
on a proper subgroup of G, namely when ag(G) > ag(Stabg(z")) for
some z° € X(Ownsus)- If ag(G) > ag(X) and qu,\s(G) = 2, then
Theorem [1.6{1) gives the best possible estimate (cf. )

Comparing Theorem [1.6[i) with (L.9), we deduce the lower estimates
on the integrability exponents q,(G).

Corollary 1.8. Let G < GL,, be a connected almost simple algebraic
K-group and X C A" a quasi-affine variety on which G acts transi-
tively. Assume that G is isotropic over v € Vi and that X(Oy,\(v}) is
not empty. Then

QQVK\{U}(G)

A\ o3 (X)

For example, Corollary implies that q,(SL,) > 2(n — 1), which
is known to be sharp (see Section [2).

0.(G) >

2. EXAMPLES

2.1. Diophantine approximation on spheres. Let S%, d > 2 be the

unit sphere of dimension d centered at the origin, which we view as the

level set of the standard quadratic form given by the sum of squares.

We fix a prime p = 1 mod 4. Then S%(Z[1/p]) is dense in S¢(R), and

here we derive a quantitative density estimates. We treat the cases

d=2,d=3, and d > 4 separately.

For d = 2, Theorem implies that

e For almost every z € S?(R), § > 0, and € € (0, ¢y(z,d)), there
exists z € S?(Z[1/p]) such that

|2 — 2|lc <€ and H(z) < e 27
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We note that dim(S?) = 2 and ay,\(,}(S?) = 1, so that this
exponent is the best possible (see )

e For every z € S*(R), § > 0, and ¢ € (0,¢(d)), there exists
z € S*(Z[1/p]) such that

|2 — 2||oo <€ and H(z) < e 170

To deduce these estimates, we consider the group G ~ D*/Z*, where
D denotes Hamilton’s quaternion algebra and Z the centre of D. This
group naturally acts on the variety of pure quaternions of norm one,
which can be identified with the sphere S?. Hence, we are in position
to apply Theorem (1.6, Since p = 1 mod 4, the Quaternion algebra
split over p and ramifies at oo. In this case, we have qy\(,}(G) = 2,
which is a consequence of the results of Deligne combined with Jacquet—
Langlands correspondence (see [30, Appendix]), dim(S?) = 2, and
v\ p) (G) = 1.
For d = 3, Theorem [I.6] implies that
e For almost every z € S3(R), d > 0, and € € (0,¢q(x,9)), there
exists z € S*(Z[1/p]) such that

|lr — 2|0 <€ and H(z) < e a0,

Since dim(S?) = 3 and ay,\ (3 (S*) = 2, this exponent is the best
possible (see (1.9)).

e For every z € S3(R), § > 0, and € € (0,¢y(0)), there exists
z € S3(Z[1/p]) such that

|2 — 2|lc <€ and H(z) < e 379

To deduce these estimates, we now consider the group G of norm one
elements of Hamilton’s quaternion algebra D, which can be identified
with the variety S*. We have q,(G) = 2, which is a again consequence
of the results of Deligne combined with Jacquet-Langlands correspon-
dence (see [30, Appendix]), dim(G) = 3 , and a3 (G) = 2. Hence,
the claimed estimates follow from Theorem [1.6

Now let d > 4. We consider the natural action of the group G =
SOg4.1 on S%. We note that since p = 1 mod 4, the group G splits over
Q,. By [29, 35], we have q,(G) < d for even d and qy\ (3 (G) < d + 1
for odd d. By [I7], the parameter a,(G) can be estimated in terms of
volumes of the height balls, which in turn can be estimated in terms of
the root system data of G. This gives the estimates ay () (G) = d?/4
for even d and a,(G) = (d+1)(d+3)/4 for odd d. Therefore, Theorem
[1.6] implies that for even d > 4,

e For almost every z € S4R), § > 0, and € € (0, €o(z,d)), there
exists z € S¢(Z[1/p]) such that

|2 — 2|lc <€ and H(z) < e 27
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The exponent 2 should be compared with the lower estimate
% given by . At present we don’t know whether this
exponent can be improved.

e For every z € S%R), § > 0, and € € (0,¢(6)), there exists
z € S4(Z[1/p]) such that

|2 — 2||oo <€ and H(z) < e 170

Similarly, for odd d > 4,

e For almost every z € S4R), § > 0, and € € (0, eo(x,d)), there
exists z € S4(Z[1/p]) such that

|z — 2|l <€ and H(z) < e @39,

e For every z € S4R), § > 0, and € € (0,6(d)), there exists
z € S4(Z[1/p]) such that

|z — 2)|lc <€ and H(z) < e a5 0,

2.2. Diophantine approximation in the orthogonal group. Let
SOg441, d > 4, be the orthogonal group and p be a prime such that
p =1 mod 4. Then SO411(Z[1/p]) is dense in SO441(R). We have
dim(SOg441) = d(d + 1)/2, and ay,\ 3(SOat1), 9,(SOay1) are given
above. Therefore, Theorem [I.3] gives

e For almost every z € SO441(R), 6 > 0, and € € (0,¢€(x,0)),
there exists z € SO411(Z[1/p]) such that

|2 — 2]|e <€ and H(z) < e @9 when d is even,

_d(d+1)

|z — z]|loo <€ and H(z) <e @3 °  when d is odd.

This should be compared with lower estimates on the exponents
given by (1.9), which is 2(d 4 1)/d for even d, and 2d/(d + 3)
for odd d.

e For every x € SO441(R), 6 > 0, and € € (0,€y(d)), there exists
z € SOg41(Z[1/p]) such that

|2 — z)|loe <€ and H(z) < e 2D when d is even,

_2d(d+1) g )
- 0o = —= ) .
|l — 2|0 <€ and H(z) <e a3 when d is odd

2.3. Diophantine approximation by the Hilbert modular group.
Let K be a totally real number field, O its ring of integers, and S a
proper subset of V;2°. The Hilbert modular group SL2(O) is a dense
subgroup of (SLy)s = [],cqSL2(K,). We have dim(SLy) = 3 and
aSUVIé(SLg) = 2, and if we assume the Ramanujan conjecture for SLs
over K, then q,(SLs) = 2. Hence, Theorem implies the following
quantitative density results (under the Ramanujan conjecture):
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e For almost every z, € SLy(K,) with v € S, § > 0, and ¢, €
(0, €o(x,0)), there exists z € SLy(O) such that

3_
lzy — 2]]ly <€ forve S and H(z) <||e?

The exponent % is the best possible by 1)
e For every z, € SLy(K,) with v € S such that ||z,], <r, 0 >0,
and €, € (0, €o(r,9)), there exists z € SLy(O) such that

|z, — 2||lo < € forve S and H(z) < He;?’_a.
veS
Using the best currently known estimates towards the Ramanujan-
Petersson conjecture (see [27]), we have q,(SLg) < %2, and Theorem
gives unconditional solutions to the above inequalities ||z, — z||, < €,,
v e S, with

27

H(z) <e 127% and H(z) < e 7d

respectively.

2.4. Estimates on integrability exponents. Let us apply Corollary
to the action of G = SL,, on X = A"\{0}. In this case, we have
av\ (o} (G) = n? — n and ay, ,3(X) = n. Hence, we conclude that

qu(SLy,) > 2(n —1).

This estimate is sharp.

Another example is given by the orthogonal group G = SO,y acting
on the sphere X = S% discussed in Section 2.1. Let p be a prime such
that p = 1 mod 4. In this case we have ayy p,(G) = d?/4 for even
d> 4, aVQ\{p}(G) = (d+1)(d+3)/4 for odd d > 4, and aVQ\{p}(X) =
d — 1. Therefore,

2

qv(SOd+1> Z

when d is even,

24— 2
1
Gu(SOusy) > (‘izd)—f‘l;@, when d is odd.

2.5. Comparison with previous results. The idea of using infor-
mation about the spectrum of the automorphic representation associ-
ated with an arithmetic lattice subgroup in order to establish a rate
of equidistribution for orbits of the lattice on compact homogeneous
spaces originated in the work [31], B2] of Lubotzky, Phillips, and Sar-
nak. The class of examples where this method applies has been ex-
tended in [6, [36]. Spectral estimates of Hecke operators using bounds
on automorphic forms have also been used to establish equidistribution
of Hecke points in G/I" in [9, §].

We also note the recent results of [33] where the case of lattices
in SLy(R) acting on R? is considered, and a rate of Diophantine ap-
proximation is obtained, using, in the case of SLy(Z), quantitative
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estimates of ergodic averages associated with unipotent flows. Explicit
Diophantine approximation rates for SLy(Z) acting on R? have also
been considered recently in [34] using a completely different method.
Let us also compare our results with the results on Diophantine
approximation on the spheres obtained in [40] by elementary methods
that use rational parametrisations of spheres. It is shown in [40] that
for every x € S4(R) and € € (0, 1), there exists z € S¥(Q) such that

|2 — 2|l <€ and H(z) < const ¢ 2Moe2(d+ ],

Note that this result allows approximation using all Q-points on S¢
rather than just Z[1/p]-points. Nevertheless the exponent obtained is
unbounded as a function of d, whereas the the exponents we present
are bounded.

Establishing best possible almost sure Diophantine approximation
rates does not, as far as we are aware, have any precedent within the
context of semisimple groups and their homogeneous spaces. Such re-
sults require developing an efficient ergodic theory of shrinking targets
in measure-preserving systems, namely estimates that do not compro-
mise the spectral rate of decay of the underlying averaging operators.
In the sequel [14] we use this strategy to establish Khintchine type
theorems on homogeneous varieties. We note that the works [1I] and
[12] study a problem of similar flavour, namely that of estimating the
Hausdorff dimension of the set of “very well approximable” vectors on
circles and quadrics respectively.

3. SEMISIMPLE GROUPS AND SPHERICAL FUNCTIONS

Let K be a number field. We denote by Vi the set of all places of
K, which consists of the finite set V° of Archimedean places and the
set V}; of non-Archimedean places. For v € Vg, we denote by | - |,
the suitably normalised absolute value and by K, the corresponding
completion. Also for v € VIJ; we denote by O, C K, the ring of integers
and by ¢, the cardinality of the residue field.

3.1. Structure of semisimple groups. We recall elements of the
structure theory of semisimple algebraic groups over local fields, which
is discussed in details in [I}, 142]. Let G C GL,, be a connected semisim-
ple algebraic group defined over a number field K. For all but finitely
many places in Vi,
(i) the group U, := G(O,) is a hyperspecial, good maximal com-
pact subgroup of G, := G(K,),
(ii) the group G is unramified over K, (that is, G is quasi-split over
K, and split over an unramified extension of K,).

For the other places v, we fix a good, special maximal compact sub-
group U, of G,. For S C Vi, we set Us = [[,cq Us.
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To simplify notation, for an algebraic group C, defined over K, we
denote by C, the set C,(K,) of K,-points in C,.

Every subgroup U, is associated to a minimal parabolic K ,-subgroup
P, of G,, that has a decomposition P, = N,Z, where Z, is connected
and reductive, and N, is the unipotent radical of P,. Let Z; be the
maximal compact subgroup of Z,. Then Z,/Z; is a free Z-module of
rank equal to the K,-rank of G. We set Z, = (Z,/Z;) ® R and denote
by v, : Z, — Z, the natural map. Let T, be the maximal K,-split
torus in Z,. Then T := T, N Z; is the maximal compact subgroup
of T, and T, /Ty has finite index in Z,/Z;. The group of characters
of Z, is denoted by X*(Z,). For any 0 € X*(Z,) we associate a linear
functional xy on Z, defined by

0(2)] = g0, z € Z, (3.1)

where g, = e for v € V;°, and ¢, is the order of the residue field for
ve Vi

The adjoint action of T, on G defines a root system in the dual
space Z;. We fix the ordering on the root system defined by the
parabolic subgroup P,. Let Z denote the negative Weyl chamber
in Z, with respect to this ordering. The relative Weyl group W, =
N¢,(T,)/Zga,(T,) operates on Z, and on Z,. We choose a W,-invariant
scalar product on Z,. Then we regard the root system as a subset of Z,,,
and denote by Z, _ the cone consisting of negative linear combinations
of simple roots. Let Z, = v, Y(Z;) and Z, _ = v, (Z, ).

The group G, has the Cartan decomposition

Gv - Uva_Uva

which defines a bijection between the double cosets U,\G,/U, and
7z /72, and the Twasawa decomposition

Gv - NvaUm

which defines a bijection between N,\G,/U, and Z,/Z:. For g € G,,
we define z(g) € Z,/Z; by the property g € N,z(g)U,.

For unramified v, we have T, /T° = Z,/Z; and the Cartan decom-
position becomes

G, =U,T,U,, (3.2)
where T, = v, 1(Z,)).

For S C Vi, we denote by Gg the restricted direct product of the
groups G, for v € S with respect to the family of subgroups U,. Then
G is a locally compact second countable group, and Ug := [],.q Us.
is a maximal compact subgroup of Gg.

For every v € Vi, we denote by m¢, the Haar measure on G, which
is normalised so that mg,(U,) = 1 for non-Archimedean v. Then
the restricted product measure ®,csme, defines a Haar measure on
the group Gg which we denote by mg. We also denote by my, the
probability Haar measure on U,,.
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3.2. Spherical functions. The theory of spherical functions on semisim-
ple groups over local fields was developed by Harish-Chandra ([19], [22]
Chapter IV]) in the Archimedean case, and by Satake ([39], [5]) in the
non-Archimedean case.

For v € Vg, we introduce the Hecke algebra H, consisting of bi-
U,-invariant continuous functions with compact support on G, and
equipped with product given by convolution. The structure of this
algebra can be completely described, and in particular, it is commuta-
tive.

A continuous bi-U,-invariant function n : G, — C with compact
support is called sphericalif n(e) = 1 and one of the following equivalent
conditions holds:

(a) n is bi-U,-invariant, and the map

H, = C: ¢ i o(g)n(g~") dme,(9)

is an algebra homomorphism.
(b) for every ¢ € H, there exists A\, € C such that ¢ *n = Ayn.
(c) For every g1, g2 € G,

n(g1)1(g2) = / n(grugs) dimy, (u).

v

We shall use the following parametrisation of the spherical func-
tions as well as some of their basic properties, due to Harish Chandra
[19][20] [21] and Satake [39].

Theorem 3.1. Fvery spherical function on G, is of the form

nlg) = / g0 A2 (2 (ug)) dim, () (3.3)

v

where x € Z; ® C and A, denotes the modular function of P,.
Furthermore, 0, = 0, if and only if x and X' are on the same orbit

of the Weyl group W,.

Let p, € Z; denotes the character corresponding to the half-sum of
positive roots. Then

Ay(z) = e 5 e 7,

Let I1, = {a} C Z; denotes the system of simple roots corresponding
to the parabolic subgroup P,. We denote by {a/}qem, the basis dual
to I1,. A character x € Z} ® C is called dominant if Re (x, a’) > 0 for
all o € II,. Note that every y can be conjugated to a dominant one by
W,.. Therefore, in the discussion of spherical functions we may restrict
our attention to dominant y’s.

We recall the following well-known properties of spherical functions:

Lemma 3.2. For dominant x € Z; @ C,
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e the spherical function n, is bounded if and only if
Re (x, o) < (p, o)

for all a € 11,,.
e the spherical function n, € LP(G,) if and only if

Re (x,a/) < (1—-1/p){p, )
for all a € 11,,.

We shall also need the following estimates.

Lemma 3.3. (i) For dominant x € Z} ® C,

Iy (2)| < gReer@ing(g), g€ Z,.

(ii) For every e > 0,
m(g) < e AV (g), g€ 2,

with ¢, bounded uniformly in v.

Proof. As to part (i), note that for the Archimedean case, this lemma is
proved in [28, Proposition 7.15]. The proof for non-Archimedean case
is similar. We have

In(9)] = / giebor GO N2 (2 (ug)) dmy, (u).

Uy
Since the double cosets U,gU, and N,z(ug)U, = N,(ug)U, have non-
trivial intersection, it follows from [I, Proposition 4.4.4] that for dom-
inant Yy,
Re (x, v(2(ug))) < Re (x, 1(2)) -
This implies the first claim.

As to part (ii), the bound stated of the Harish Chandra =-function
(denoted 7y here) was established by Harish Chandra in both the
Archimedean and non-Archimedean case (see also the discussion in
[23]). The uniformity of the bound, namely the fact that c. is indepen-
dent of v, has been observed in [I7, §6.2] and follows from the proof in
AT, Thm. 4.2.1). O

3.3. Unitary representations. The spherical functions arise natu-
rally as matrix coefficients of unitary representations. We denote by G
the unitary dual of G,, (i.e., the set of equivalence classes of irreducible
unitary representations of the group G,) and by G,lj the spherical uni-
tary dual (i.e., the subset consisting of spherical representations). An
irreducible unitary representation is called spherical if it contains a
nonzero U,-invariant vector. Since the Hecke algebra H, is commu-
tative, the subspace of U,-invariant vectors in an irreducible unitary
representation is at most one-dimensional. For 7, € CA}'}J, we denote by
w,, a unit U,-invariant vector. Then the function

N7 (9) = (To(g)wr,, wr,) g € G,
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is a spherical function on G,. Moreover, different elements of CAT’}) give
rise to different spherical functions. Therefore, G’i can be identified
with a subset of dominant y € Z; ® C using Theorem [3.1

More generally, for S C Vi, we denote by Gg the unitary dual of
G and by é}g the spherical unitary dual (with respect to the subgroup
Ug). Every 15 € G s is a restricted tensor product of the form ® g7,
where 7, € G, and 7, is spherical for almost all v (see e.g. [I3]).

We define the spherical integrability exponent of a Ug-spherical uni-
tary representation 7g : Gg — U(H) as

q(1s,Us) =inf{q¢>0: V U-inv. w € H: (r5(9)w,w) € LY G)}.

Proposition 3.4. Let 7, forv € S be a family consisting of irreducible
spherical unitary representations of G,,. Then the integrability exponent
of the restricted tensor product representation of Gg satisfies

q (®;es7—vv US) < (1 + US) Sug q(Tva Uv):
ve

where og denotes the exponent of the subset S defined in (|1.11)).

Proof. We have to show that the spherical function n = [[,cq7- is
in LY(Gg) for ¢ > (1 + og)p where p > p(71,,U,) for all v € S. To
derive the required estimate we use integration calculated in terms of
the Cartan decomposition (3.2)). Recall the volume estimate (see [17,
§6.2] for a discussion) :

me, (UtU,) < cA(t), teTr, (3.4)

which is uniform over v. Let the representations 7, correspond to dom-
inant x, € Z, ® C. Since the spherical function n,, is in LP(G,), it
follows from Lemma [3.2 that for ¢ € T, ",

|q<X'UvVv(t)> | <A, (t)%_%

v —

1, (B)] < ceh(8) 77 (3.5)
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for every e > 0. Combining (3.4)) and (3.5)), we deduce that
| ol dme, (o) = 3 In (0l'm, (a0

v 2€Ty /TS
<1+ Z (ccg)Av(t)_‘J/p*’lE“

z2€T, /TS —{e}

—q/p+qe+1
<1+ > (e (H !X(W\v)
—{e}

2€Ty [T X€EIL,
<1+ Z (ch)ql()—q/p+qa+1) PR

7:17..‘7ir€Z+,(i17...,ir)7£0
=140, (q—q/p+q6+1)
v

for every € > 0. It follows from the definition of density og that the
partial Euler product [],.g(1—g¢;,®)"" converges for s > og. Therefore,

we conclude that
| | / N7, |2 dmg, < o0
Gy

veS
provided that —q/p + 1 < —og. This completes the proof. Il

We denote by g the unitary representation of G5 on L3, (Gv,. /G(K)).
Proposition [3.4] implies the following estimate on the integrability ex-
ponent of 7g.

Corollary 3.5. For every S C Vi,
q(ms, Us) < as(G),
where qs(G) is defined in [1.19).

Moreover, we also observe that the proof of Proposition |3.4] gives the
following uniform estimate, where 7 < g denotes weak containment
(see e.g. [10] for a discussion).

Corollary 3.6. For every S C Vi and q > qs(G),
sup{HnTHq reGh < 7Ts} < 00.

We remark that the foregoing uniform bound on L?-norm of spherical
functions associated with irreducible representation implies the equiva-
lence of the two definitions given for g, in §1.2. Indeed, a general diago-
nal spherical matrix coefficient of 7, is the convex average of spherical
functions associated with irreducible spherical representations of G,,.
Hence by Jensen’s inequality its L?-norm is bounded by the supremum
of the Li-norms of the spherical functions, which is finite by Corollary
0.0l

We now use the foregoing spectral considerations to obtain an oper-
ator norm estimate. First observe
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Proposition 3.7. Let 8 be a bi-Ug-invariant finite Borel measure on
Gs and m: Gg — U(H) a strongly continuous unitary representation.
Then

Im(8)] < sup{ FmBm) : TeGL, T < 7r} .

Proof. To bound ||7(8)|| for irreducible representations weakly con-
tained in 7, we first consider the case when the measure 3 is symmetric.
Let HUs denote the subspace of 7(Ug)-invariant vectors. It is clear that

7(B)H, C HYs.

In particular, 7(8) =0 for 7 ¢ CA;}SY Since 3 is symmetric, the operator
7(5) is self-adjoint, and hence,

T(B)(H7*)" C (H7%)™.
This implies that

I7(B)]| = /G (r(B)wr,wr) dB(g) = Blny)

where w, € HYs with ||w,| = 1. This completes the proof when 3 is
symmetric. In general, we have

Im(B)II* = [|7(8" * B)|
Hence, by the previous argument,
(B < sup { V(B *B)(nr) : 7 € Gh7 <7}

Since f is bi-Ug-invariant, it follows from the properties of spherical
functions that

(B * B)(nr) = B"(n:)B(n),

which implies the claim. U
We can now obtain the following operator norm estimate.

Proposition 3.8. Let 8 be a Haar-uniform probability measure sup-
ported on a bi-Ug-invariant bounded subset B C Gg. Then

1
[ms(B)|| <s,6 ms(B) @1
for every § > 0.

Proof. In view of Proposition [3.7] we need to establish a uniform esti-

marte
1

800) = s / 1r(9) dms(9),

where 7, is the spherical function of a representation 7 € é’}q which is
weakly contained in mg. By Hélder’s inequality, for ¢ > q¢(G), we have

1
B(n,) < a(B)

Ixalla-1/0-2In:llg = ms(B)™ |0 l.
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Now the claim follows from Proposition 3.7, Corollary[3.5]and Corollary
3.6l U

4. MEAN ERGODIC THEOREMS

We keep the notation from the previous section. In particular, G
denotes a connected semisimple group defined over a number field K.
Our aim is to prove the mean ergodic theorem for the space T :=
Gv,. /G(K) equipped with the invariant probability measure p. For
S C Vg, we consider the natural action of Gy,\s on T and, given a
Haar-uniform probability measure 3 on Gy,.\s, the averaging operator

T s (B)0(c) = /G o(g7')dBlg), deIX(T). (A1)
Vi \S

We first consider the case when the group G is simply connected.
For simply connected groups, the mean ergodic theorem admits a sim-
ple version, but the general case requires more delicate considerations
because of the presence of nontrivial automorphic characters.

Let X,ut(Gy,) be the set of automorphic characters, that is, the
set consisting of continuous unitary characters x of Gy, such that
X(G(K)) = 1.

Lemma 4.1. If G is simply connected, then X,.:(Gv,.) = 1.

Proof. The group G is isotropic over K, for some v € Vi (see [37,
Theorem 6.7]. Then the group G, coincides with its commutator (see
[37, §7.2]), and hence x(G,) = 1 for every character x of Gy,.. Since by
the strong approximation property G(K)G, is dense in Gy, , the claim
follows. O

Lemmal4.1]implies that for simply connected groups, L3,(Gv, /G(K))
is the space of functions with zero integral. Hence, Proposition |3.8|gives

Theorem 4.2 (mean ergodic theorem). Assume that G is simply con-
nected, and let 5 be the Haar-uniform probability measure supported on
bi-Uy,\ s-invariant subset B of Gy,\s. Then for every ¢ € L*(T),

1
——L 0
(G)
Ls5 My\s(B) i\
2

Tvs(8)6 — /T b du

for every 6 > 0.
The general case of Theorem requires two auxiliary lemmas.

Lemma 4.3. Letp : G — G be a simply connected cover of a connected
semisimple group defined over K. Then for every S C Vi, p(@g) S a
normal co-Abelian subgroup of Gs. Moreover, if S is finite, then p(és)
has finite index in Gg.
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Proof. For every v € Vi, we have the exact sequence in Galois coho-
mology

év LN G, — Hl(KU,ker(p)).

Since H'(K,, ker(p)) is Abelian, p(G,) is a normal co-Abelian subgroup
of GG,. This implies that p(év) contains the commutator of GG,,. Since
H'(K,,ker(p)) is finite group (see [37, §6.4]), p(G,) has finite index in
G,. Also for almost all v € Vi, we have the exact sequence

G(0,) B G(O,) = H' (K" /K, ker(p)(OL7))

(see [37, Proposition 6.8]), where K" denotes the unramified closure

of K, and Oy denotes its ring of integers. Therefore, p(G(O,)) is
a normal co-Abelian subgroup of G(O,), and in particular, p(G(O,))
contains the commutator of G(O,).

The group Gy is a union of the subgroups Gg g defined by

Gss = (H Gv) (H G(OJ) ,

ves’ ves’

as S’ runs over finite subsets of S. It follows from the first paragraph
that p(ég) contains the commutator of Gg g for every finite S" C S.
Hence, p(Gs) contains the commutator of Gg, and p(G) is a normal
co-Abelian subgroup of Gf. O

Let S’ be a finite subset of V. For an open subgroup U of G, I\g We

denote by X,.+(Gv,. )V the subset of X,,:(Gy,. ) consisting of U-invariant
characters. Let GY denote the kernel of X,,:(Gy, )V in Gy, .

Lemma 4.4. The group X,..(Gv,.)V is finite, and GY has finite index
m GVK .

Proof. Let p : G — G be the simply connected cover. For every x €
Xout (G, ), we have x op € X,ut(Gy, ). Hence, it follows from Lemma
that xop = 1. We conclude that every x € X,.+(Gy, )V vanishes on
H = G(K)p(Gy,.)U. By Lemma , p(Gy,.) is a normal co-Abelian
subgroup of Gy, . Hence it follows that H is a normal co-Abelian
subgroup as well. We claim that it has finite index in Gy, .

For every v € Vi, we have the exact sequence

év — G, = Hl(KU,ker(p)),

where the last term is finite by [37, §6.4]. This shows that p(Gyeus)
has finite index in Gvgousl. The number of double cosets (i.e., the class
number) of the subgroups G(K) and Gy UysngU in G, is finite (see
[37, §8.1]). Then the number of double cosets of G(K) and p(é’vlgougx)U
in Gy, is finite as well. From this we conclude that the number of

double cosets of G(K) and p(Gy, )U in Gy, is finite, and since p(G'y,, )
is co-Abelian, the factor group Gy, /H is finite.
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We have shown above that every x € X,.:(Gy, )Y factors through
the finite factor group Gy, /H. This implies that X,.;(Gv, )V is finite
and GY has finite index in Gy, as required. O

Theorem 4.5 (mean ergodic theorem). Let S be a subset of Vi and S’
a finite subset of S. Let U° be a finite index subgroup of UVIJ;m(S\S,) and
U= UVIJ;\SUO' Let B be a bounded measurable subset of Gy,\s N GUY
which is Uvié\s-bimvariant and 8 the Haar-uniform probability measure
supported on the subset U°B of G(VK\S)U(Vg\S,). Then for every ¢ €
L*(Y) such that supp(¢) C GY, we have

Twasuwiven (B¢ — (/Y ¢du> §u

for every § > 0, where &y is the function on Y such that &y = |Gy, -
GY| on the open set GY/G(K) C T and &y = 0 otherwise.

_++6
Lpogs Mys(B) Vx5 9]

2

Proof. We have the decomposition
LX(Y)=H @ H & H?
where H' is the orthogonal complement of X,,:(Gy, ), H' is the (finite
dimensional) span for X,,;(Gv, )V, and H? is the orthogonal comple-
ment of H° & H'. For ¢ € L*(T), we have the corresponding decom-
position
¢ = g0+ ¢1+ Po.

We observe that the set X,.:(Gy, )Y can be identified with the group of
characters of the finite Abelian group Gy, /GY. Hence, it follows that

Z X =&v.
Xexaut(GVK)U
Since X,(Gy, )Y forms an orthonormal basis of H?,
¢1=Z<¢,X>X=</¢du> > XZ(/qbdu)gU.
xeH! Y XEXaut Gy )V T

Since the measure f is U-invariant, for every x € Xuu:(Gy,) and u € U,
we have

Twias ey BX =X sumis) (X
Therefore, if x is not U-invariant, then
Twinsueisy Bx = 0.
This implies that
Tuiasiuwirs) Bl = 0.

Also, since supp(3) C GY, we have

W(VK\S)U(VI’;\S’)<6)|H1 = id.
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We conclude that

W(VK\S)U(VIJ;\S’ (/ qbd:u) §U V \S Vf\S’) (/8)¢0

By Jensen’s inequality;,

H7T(VK\S)u(v;;\s’)(5)%”2 <Lyo HWVK\S(E)QSO 2

where [’ is the Haar-uniform probability measure supported on B C
Gyy\s- Therefore, by Proposition [3.8]

(G)
|7, <umss mas(B) 0T ool

for every ¢ > 0. This implies the claim. O

5. THE DUALITY PRINCIPLE

5.1. Duality and almost sure approximation on the group va-
riety. In this section we develop an instance of the duality principle in
homogeneous spaces, which is analyzed more generally in [I8]. Heuris-
tically speaking, the principle asserts that given a lattice subgroup I'
of GG, and another closed subgroup H, the effective estimates on the
ergodic behavior of ['-orbits in G/H can be deduced from the effective
estimates on the ergodic behavior of H-orbits in G/I'. This accounts
for the essential role that the automorphic representation and its re-
striction to subgroups plays in our considerations.

Let G C GL, be a linear algebraic group defined over a number field
K. In this section we relate the problem of Diophantine approximation
on G and on its homogeneous spaces with “shrinking target” properties
of suitable dynamical systems. More precisely, we consider the space
T = Gy, /G(K) equipped with the natural translation action of the
group Gy,\s where S C V. We show that a point in Gg can be
approximated by rational points in G(K') with given accuracy provided
that the corresponding orbit of Gy,\s in T can be used to approximate
the identity coset with a suitable accuracy.

Let || - ||, be the maximum norm on K, that is, ||z||, = max; |z,
for x € K. We observe that for g € GL,(K,),
lg - zllo < co(g)llz]lo, (5.1)

where ¢,(g) = max; ; |g;;|, for v € VI]{C and ¢,(g) = nmax; ; |g;;|, for
v € V2. Note that ¢,(g) is bounded on compact subsets of GL,(K,),
and ¢,(g) = 1 for g € GL,(O,).

The height function H on Gy, is defined by

H maX (1,1ijlv); g € Gy (5.2)

(2%

veV

This extends the definition of the height function from ((1.2)).
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We note for future reference that given a bounded 2 C Gy,
H(b1gbs) < H(g) (5.3)

for every by,by € 2 and g € Gy,.
For v € Vi and € > 0, we set

Ou(€) :=={g € Gy [lg—ell. <€},

and for any S C Vg,
Os(e) =[] Ov(e). (5.4)

veES
Let m be the Tamagawa measure on Gy,.. We refer to [43, §14] for a
detailed construction of m. Given a nonzero left-invariant differential
K-form of degree dim(G) on G, one defines the corresponding local
measures m, on GG,. We assume that the product Hvevfﬁ my,(G(O,))

converges. Then the Tamagawa measure is given by

We note that when G is a semisimple group, then the product of
m,(G(O,)) is known to converge (see [43], §14]). This property is crucial
for us to prove results on Diophantine approximation that are uniform
over finite subsets S’ of V.

Remark 5.1. When the product ] evi m,(G(O,)) diverges, then the

Tamagawa measure is defined by m = HUE‘/K Ay, where A\, > 0 are
suitably chosen convergence factors. The arguments of this section
can be modified to deal with this case as well. However, one loses
uniformity over subsets S’.

We use the following estimates for the local measures. Recall that
I, = {q"}nso for v € VL and I, = (0,1) for v € V.

Lemma 5.2. There exist d, € (0,1] such that d, = 1 for almost all v
and .
mv(ov(e)) 2 dverv dim(G)

for all e € 1.

Proof. The measures m, in local coordinate are given by
() ]o(dzr A -+ A dzg)y,

where h(x) is a convergent power series and d = dim(G). This implies
the estimate m,(O,(€)) > dye™ ™ with some d, € (0,1]. We note
that for v € V, the neighbourhoods @, (e) with e = ¢;™ are precisely
the congruence subgroups

G™M(0,) ={g€G(O,): g=e mod p},

3Note that O, (e) = Ofvy(€) and Oy(1) = Oy # Ogyy-
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where p, denotes the maximal ideal of O,, and ¢, denotes the cardinality
of the residue field. The computation in [43, §14.1] shows that for
almost all v and n > 1,

m, (G™(0,)) = ¢,™".
This implies the claim. U

The measure m on Gy, defines the probability Haar measure on the
factor space T = Gy, /G(K), which we denote by . The measure p is
defined so that for measurable subsets B C Gy, that project injectively
on T, one has

1

HBGR) = i, aw)

Now we establish a series of results that provide a connection between
dynamics on the space T and Diophantine approximation. The first two
results deal with group varieties and the last two results with general
homogeneous varieties.

Convention: We shall use the product decompositions of the adele
group defined by any subset Q) C Vi

m(B).

GVK = GVK\Q X GQ.

In order to simplify notation we identify a subset B C Gy, \q with the
subset B x {e} of Gy,.

In Propositions [5.3] and below, all implicit constants may depend
on the set of places S and the bounded subset €2, but are independent
of other parameters unless stated otherwise.

Proposition 5.3. Fiz S C Vi and a bounded subset Q2 of Gg. Then
there exists a family of measurable subsets ®. of Y indexed by ¢ =
(€y)ves, where S” is a finite subset of S and €, € I,, that satisfies

(D) > ] e @ (5.5)
veSs’

and the following property holds:
if for a subset B C Gy,\s, € = (€v)vesr as above, x € Q and ¢ =
(e,z7HG(K) € T, we have

B l¢nd, #£0, (5.6)
then there exists z € G(K) such that
H(z) <« max H(b) (5.7)
and
|lzy — 2|0 < €& forallve s, (5.8)

|z — 2], <1 for all v e S\S".
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Proof. Since € is a bounded subset of Gg, there exists finite R C S
such that

QcGrx [] GO

veS\R

We fix constants ¢, > 1, v € S, such that ¢, > sup,cq ¢u(g, "), where
¢y(+) is the constant given by (5.1 . We can take ¢, = 1 for v € S\R.

We set ¢, = 1 for v € S\’ and §, = ¢,/¢c, for v € S, §, = 1 for
v e Vg\S. Let

=[] 0.66.,) c Gy, and @ =DG(K)CT.

veVk

Since 6, < 1 for all v € Vi, we have O,(d,) C G(O,) for every v € V.
Therefore, if z € G(K) satisfies

DN D, A0,

then z € G(O), where O denotes the ring of integers of K. Since the
image of the diagonal embedding of O in Hvevgo K, is discrete, there

exists €y > 0 (depending only on the number field K') such that
Ove(€0)z N Oye(€g) =0 for every z € G(O), z # e.
Then when €, € (0, ¢) for all v € Vi, we have
dzNd. =0 forevery z € G(K), z #e. (5.9)

This implies that for such e,

:( H mU(OU(Gv/CU))> H mv(ov(l))

veS'UR

Since the product [ [, .,.s m.,(G(O,)) converges, we deduce using Lemma
K

6.2 that
) > [ me(Oulen/en)) > [ dolen/eo) ™D > T e am©

vES'UR veS’ veS’

Since ¢, = 1 for v ¢ R, the implied constants here are independent of
S" (and depend only on 2). This proves estimate (5.5 provided that
€ (0,¢) for all v € V©.
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To prove this estimate in general, we set €, = ¢pe, < €y for v € V&©
and €, = ¢, for v € V[, Then

pl®) = p(®0) > ] ()@

vesS’

> H egv dim(G) H EZU dim(G) )

veS' NVe veS’
This completes the proof of ([5.5)).
Now we suppose that (5.6) holds. Then for some b € B and z €
G(K),
(b7 'z,27'2) € @,
Hence, for v € S, we have x,'z € O,(d,) and
zo — 2]l < collzy 'z — el < b

This proves (5.8)).

Finally, we observe that

z € Q(b,e)®..
Hence, it follows from that
H(z) < H(b).
This shows and completes the proof of the proposition. U

5.2. Duality and approximation at every point on the group
variety. In order to prove the uniform version of our main theorem

(Theorem [L.3(ii)), condition (5.6) in Proposition needs to be re-
laxed. This is achieved by the following proposition:

Proposition 5.4. Fiz S C Vi and a bounded subset §) of Gs. Then
there exists a family of measurable subsets W, of Gy, indexed by € =
(€y)ves, where S” is a finite subset of S and €, € I,, that satisfies

I G(K)) > [] e @, (5.10)
veS’

,u(\ife_l(e,x_l)G(K)) > H €y dim(G) for all x € Q, (5.11)
veS’

and the following property holds:
if for B C Gyy\s, € = (€v)ves as above, z € Q ands = (e, 27 ")G(K) €
T, we have

B W e NV .G(K) # 0, (5.12)
then there exists z € G(K) such that

H(z) < max H(b)
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and
|z — 2lly < € forallvels, (5.13)
|v, — 2|l <1 for allv e S\S'

Proof. Similarly to (5.1)), for every g € GL,(K,) and y € M,,(K,),

lg-y 97l < (DIl (5.14)

where d (g) > 1, ¢,(g) = 1 for g € GL,(O,), and ¢,(g) is uniformly
bounded over bounded subsets. We set ¢, = sup,cq ¢,(9).

Let ¢, > 1 be defined as in Proposition and €, = 1 for v € S\ S".
We set 6, = 1 for v € Vk\S, §, = €,/((2n + 1)c,¢,) for Archimedean
ve S, and 6, = €,/(c,c,) for non-Archimedean v € S. Note §, = 1 for

almost all v. Let
=[] 0.6

vEVK

Since 6, = 1 for all non-Archimedean v ¢ S" U R, estimate ({5.10) can
be established by the same argument as in the proof of Proposition [5.3]

To prove , we observe that
(U (e, )G(K)) = pl(e, 2) ¥ e, a7 G(K)),
and by ,
(e,2)U e,z ) DH(’) (0,/c)~
veVEK

Hence, estimate ((5.11]) can be proved similarly to ([5.10)).
Suppose that lD holds. Then for some b € B, ' € HUGVK\S O,(8,),

f € Iloes Ou(0y), and 2z € G(K), we have
O () te ) € T

For v € SNV, we have f, 'z 12 € O,(5,) and f, € O,(5,). We
observe that || f,||, < 2, and for everyaEM( V)5
(2

[ foalle < nllfullullall, < (2n)]lal],.
Hence,
|20 = 2llo < [|Te — 2o follo + |20 fo — 2]l
<y (lle = follo + 2n)lle — £ ', 2]l0) < (204 1)cydy.

The case v € SNV is treated similarly. We observe that || f,||, < 1,
and for every a € M,,(K,),

[ foalle < I follollalls < flalls,
so that

[y = zlls < max{{|lzy, =z follo; 20 fo — 2ll0}

< co max{|le = follo, lle = £, o, 2l } < eud

This proves ((5.13)).
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Finally, we observe that
2e Qf', f)(b,e)V,.
Hence, it follows from that
H(z) < H(b).
This completes the proof of the proposition. O

5.3. Duality and approximation on homogeneous varieties. Con-
sider now the problem of Diophantine approximation on general homo-
geneous varieties. The results obtained in the present subsection will
be used in the proof of Theorem [I.6]

In Propositions [5.5] and below, all implicit constants may depend
on S’ CSCVg, 2" e Xg, and Q C Gg, but are independent of other
parameters unless stated otherwise.

Proposition 5.5. Let X C A" be a homogeneous quasi-affine variety
of the group G C GL,. Fiz S C Vg, finite S' C S, 2° € Xg, and a
bounded subset 2 of Ggr. Then there exist €5 € (0,1) and a family of
measurable subset ®. of T indexed by € = (€,)pes where €, € I,N(0, &)
that satisfy
w(@) > [ e am® (5.15)
ves’

and the following property holds:

if for B C Gy\g X HUGVIJ;Q(S\S,) G(O,), € = (€y)ves as above, and
¢=(e,gHG(K) € T with g € Q, we have

B7l¢n®, # 0, (5.16)
then there exists z € G(O(\syus’) such that
H(z) < rlr)leanH(b) (5.17)
and for v = g2° € Xg
|2y — 222 < €, forallve s, (5.18)

Proof. For v € S', let p, : G, — G,2° be the map g — gz°. There
exists a neighbourhood U, of 2% in G,2¥ and an analytic section o, :
U, — G, of the map p, such that o,(2?) = e. (The section o, can be

constructed using the exponential map in G,.) Let
O,(20,¢) :={y € G2 : ||y — 22|, < €}

Let L, be the stabiliser of 20 in G,, and let L! be a compact neigh-
bourhood of identity in L,. Let ¢, = sup,cq ¢(g, "), where ¢,(-) is the
constant given by (j5.1]). We set

o= [[ o ><<Hav(ov(x3,ev/cv))L3,>,

VEVK\S/ veS’
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where ¢, > 0 are sufficiently small, so that O,(2%¢,/c,) C U, N
o;1(G(0,)), and where O, = G(O,) for v € VI\S' and O, is a fixed

neighbourhood of identity in G, for v € VZ°\\S". We also set
. =Pd.G(K)CT.
As in the proof of Proposition [5.3] we can choose sufficiently small €,
L} and O,, so that
D.2Nd. =0 forevery z € G(K), z #e.
Then )
1(Pe) > m(Pe) > H My (0,(O,(, €,/ ¢0)) Ly )

ves’
and estimating volumes in local coordinates, we obtain

(@) > H € dim(X)
veS’
This proves (5.15]).
Now suppose that ([5.16)) holds. Then for some b € B and z € G(K),

we have )
(b 'z,9712) € ®..
Then for v € S, we have g, 'z € 6,(0,(2%,¢,/c,)) L}, and

gy 2y — @4lle < /e
Therefore,
220 — 2], <€, forallves.

Also, for v € VI N (S\S'), we have z € b,0,. This implies that
2 € G(Oy\s)usr)- Hence, we have established ((5.18]).
Finally, we observe that since

2 € Qb,e)d,,
estimate (5.17)) follows from ([5.3]). O

We now turn to proving the estimate crucial in establishing diophan-
tine approximation at every point in a homogeneous variety.

Proposition 5.6. Let X C A" be a homogeneous quasi-affine variety
of the group G C GL,. Fix S C Vg, finite S’ C S, 2° € Xg, and
a bounded subset ) of Ggr. Then there exist ¢y € (0,1) and a family
of measurable subset U, of Gy, indezed by € = (€,)ves where €, €
I, N (0,€) that satisfy

P G(EK)) > [] e, (5.19)
ves’

p(O (e, g G(K)) > [ e ™™ forall g € Q, (5.20)
ves’

and the following property holds:
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if for B C Gy\s X HveVIéﬂ(S\S/)G(Ov)f € = (€)ves as above, and
¢=(e,g HG(K) € T with g € Q, we have

B YW NV .G(K) # 0, (5.21)
then there exists z € G(O(v,\s)us') such that
H(z) < max H(b) (5.22)
and for x = grg € Xg
|2y — 22°|| <€, forallves'. (5.23)

Proof. We use notation introduced in the proof of Proposition [5.5]
There exists ¢!/ > 0 such that for every r, € 0,(0,(2% €))L}, we
have

Irozlle < cyllzlle, =€ K.

Let ¢, = ¢,(1 + ¢!) and

i 1 o ><<Hav<ov<x2,ev/c;>>f:i),

vEVK\S’ veS’

Estimate (5.19) is proved as in Proposition [5.5] Taking O,, €,, and L}
sufficiently small, we can arrange that

(e, 9) 0 (e,g7)20 (e, 9) ¥ e, g7!) =0 for 2 € G(K), 2 # e

Then . . .
PO e, g7 G(K)) > m(T 7 (e, g71) = m(¥1).

Hence, estimate ([5.20]) follows from ([5.19)).

Suppose that (5.21]) holds. Then for some b € B, f" € [[,ey,.\ 5 Ovs
[ €Tlies 00(Ou(ay, €,/¢,)) L, and z € G(K), we have
b ()7 f g ) € W
For v € &',
I fowy = 23l S e/c, and  |[f5 g, 2l — 2ille < €/d.

Hence,

2y — 2250 < [lgoay = gofotollw + [|go fory — 227w

< ¢y ([l = forbllo + cpllzl — £ g zatll) < e
Also, for v € (S\S") NV,
2 € [h,G(0,) C G(O,).

Hence, z € G(O(y,\syus’). This completes the proof of ((5.23)).
Finally, since

2 € QS f)(b, )V,
estimate ([5.22)) follows from ([5.3)). O
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6. PROOF OF THE MAIN RESULTS

6.1. Almost sure Diophantine approximation on the group va-
riety. In this section we complete the proofs of main results. Our
strategy is to combine the duality principle from Section [5[ with the
mean ergodic theorem from Section [4]

Let S C Vi and G be a connected almost simple algebraic K-group.
Our first task is to establish an estimate on the exponent ag(G) of the
variety G defined after (L.7). It is worth mentioning that ag(G) can, in
principle, be computed in terms of the root data of G using methods
from [16], [I7], but for the purpose of this paper the simple estimate of
Lemma [6.1] below will be sufficient. We recall that

log A<(Q. h
as(G) = sup limsup 08 AsVTH ) s(@ 1)
OCGs  h—oo log h

Y

where €2 runs over bounded subset of G, and
As(Qh) ={z € G(K): H(z) < h, z€Q}|
We show that ag(G) can be estimated in terms of volumes of the sets
B, = Uyns{g € Gv\s : H(g) < h}Uvs C Gys. (6.1)

Lemma 6.1. Let Q) be a bounded subset of Gs. Then there exist ¢ > 1
and hg > 0 such that for every h > hy

As(Q, h) <o my\s(Ben)-
In particular, it follows that for every 6 > 0 and h > hy(S, ).
mys(Bp) > h*s9°,
Proof. Let
As(€, h) = {7 € G(K) N Gyn\s€2: H(v) < h}.

Then Ag(Q,h) = |As(2,h)|. Since G(K) is a discrete subgroup of
Gy, , there exists a bounded neighbourhood O of identity in Gy, such
that Oy, N Ovy = 0 for 71 # 72 € G(K). Then
my, (OAs(Q, h))

my, (0)

As(Q,h) = | As(Q, h)| <

We observe that it follows from ({5.3]) that
OAS(Q, h) C .As(Q,, Clh) C BC2hQ,.
for a bounded Q' C Gg and ¢q, ¢co > 0. This implies the claim. O

We will also need volume estimates for the intersections of B, with
finite index subgroups.

Lemma 6.2. Let Gy be a finite index subgroup of Gv,.. Then there
exists ¢ > 1 such that

my\s(Be-1p)

By NGy >
va\S( h 0) - |GVK . Gol
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for every h > 0.

Proof. Let {g;} be a finite set of coset representatives of Gy,\s/(Gv\sN
Go). Tt follows from (5.3) that there exists ¢ > 1 such that g; ' B, C
B.,. Hence,

myas(Br) = myas(By N giGo) = Y muyas(gi' Bi N Go)

S |GVK : Go‘mVK\S(BCh M Go)
This implies the claim. U

Convention: In the proofs of the Theorems and implicit
constants may depend on the set of places S, but are independent of
the subset S’ unless stated otherwise. In the proof of Theorem [1.6]
implicit constants may depend on S’ as well.

Proof of Theorem ( i). Let B, be the Haar-uniform probability mea-
sure supported on the set By, defined in (6.1)). We denote by my,\s(8r)
the corresponding averaging operator acting on L?(T) (see (4.1))). The

main idea of the proof is to combine Theorem [4.2| with Proposition [5.3|
By Theorem [4.2] for every ¢ € L*(Y) and h,d" > 0,

Tvers (Br) b — /T b du

Moreover, it follows from Lemmal6.1]that this estimate can be rewritten
as

,ﬁ+5/
L5 my\s(By) VK [¢1]2-
2

aS(G) !

- +6
<<5/ h qVK\S(G) ||¢”2 (62)
2

Tviers (Br)d — /T by

for every ¢’ > 0 and h > ho(d).

We pick a bounded subset  of Gg. Let &, C T be the sets intro-
duced in Proposition [5.3| which are indexed by € = (€,)yes With finite
S’ C S and €, € I,. We denote by ¢, the characteristic function of ®,.

Then (6.2) gives
as(G)

288 4y
HWVK\S(/Bh)QSE - M(q)e)HQ <y h Wi\ () H’(q)e)l/Z (63)
for every ¢’ > 0 and h > ho(d"). We set

o dim(@) s Qv\s(G)/2
he = (H € 5@ ) (6.4)

veSs’

with § > 0. Let
T.={ceT: B, '<nd =0} (6.5)

Then for ¢ € T, we have my,\s(Bh.)Pe(s) = 0. Hence, it follows from
(6.3) that for every ¢’ > 0, and ¢, we have

2ag(G)

T h_qVK\S(G)+26/ (P —1 66
,u( e) <<6’ € ,U/< 6) ( . )
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provided that h. > ho(d’). Combining this estimate with (6.4) and
(5.5)), we conclude that

W(T) <ap [T & (67

veS’

for every &' > 0 and e satisfying h. > ho(9’), where

_(_, dim(G) O\ qvins(G) [ 2a5(G) N o dim
Hv_( " ag(G) 5) 2 < QVK\S(G)+25) v dim(G)

, dim(G)
=0as(G)0 — 6" - qus(G) (rv 25(C) +§) :
We pick ¢’ = ¢'(6) > 0 so that 6, > 0.

Let E, = I, for v € VI’;, and let E, = {27"},>; for v € V2, where
we discretize the parameter in the archemedean part in order to take
advantage of the Borel-Cantelli lemma. Set Fg = Hve o I, for finite
S’ € S. We denote by Tg the limsup of the sets T, with € € Eg.
Since he > ho(d') holds for all but finitely many € € Eg, estimate
holds for all but finitely many € € Eg as well, and it follows that

> u(Tre) < oo

EEES/

Hence, by the Borel Cantelli lemma, u(Tg) = 0. Let Ts C Gy,
be the preimage of Tg. Then m(Tg) = 0. We denote by Ty the
union of Tg over finite subsets S’ of S. Then m(Ty) = 0 as well.
Moreover, using Fubini’s theorem and passing to a superset of Yo, we
can arrange that Y, additionally satisfies the property that for every
finite 8" C Vi and (f', f) € Gy X Gg not belonging to Yo, the
set {f": (f",f) ¢ Yo} has full measure in Gy,\s. In particular, it
follows that if for y € Gy,\s and € Gg, we have (y,z) ¢ Yy, then
there exists (y/,2’) ¢ Ty such that !, = z, for v € §', 2!, € G(O,) for
veVin(s\s), and y € Ov,\s(1). We shall use this property below.

Let
O ={reQ: yeOy\s(l): (y,27") ¢ To}. (6.8)

Since

(Ovias(1) x ()™ € To,

it follows that the set 2\ has measure zero.

Let Gs = U;>182; be an exhaustion of G'g by compact sets. Then
Y = szlQ; is a subset of GGg of full measure. Hence, it is suffices to
show that given compact 2 C Gg, every x € ' satisfies the claim of
the theorem. }

For x € /, there exists ¢ := (y/, (¢/)™') ¢ Ty such that 2/, = z, for
ve s, e GO, forve Vin(S\S), and y € Ovins(1).
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Since G(K) ¢ Yo, it follows that SG(K) ¢ Y. for all but finitely
many € € FEg. That is, there exists eg(x,S5’,0) > 0 such that for
€ € EgN(0,e(x,5,6))%, we have

B, SG(K)N®. # 0,
and
(Ovie\s(1) 7' By, )7 e, (') THGE) N @ # 0.
Now we are in position to apply Proposition [5.3] It follows that there
exists z € G(K) such that

H(z) <q max H(b) < h
bEOy,\5(1) 71 B,

and
|zl — z||, <€ forallves,
|zl — 2], <1 forallve S\S'.

Since 2/, € G(0,) for v € VLN (S\S), it follows that z € G(O\s)us")
Hence, for every 6 > 0 and € € Eg N (0,¢(x, 5", 6))%, we have

—mdi"‘((g))—d Qv\s(G)/2
ws(z,€) Kq he = H €& 0 :

veS’

This implies that for all § > 0 and sufficiently small €, depending on o
and ), we also have (absorbing the constant by passing from ¢ to 20)

. 25) avy\s5(G)/2

ws(z,€) < (H (T es©

ves’

Now in order to finish the proof of the theorem, we need to extend

this estimate to the case when €, € (0, ¢y(z, 5, 9)) for v € VNS’ For

such ¢,, there exists €, € £, N (0,€p(x,S’,0)) such that € <€, < 2€.
For v € Vi N S', we set €, = ¢,. Then

dn(G) Avi\s(G)/2
ws(z,€) < ws(z,¢) < (H(e;r”as@ ‘5) (6.9)
ves’
e\ Wis(@2
<<V§°I'WS’ (H € ag(G) )
veSs’

for every 6 > 0 and € = (€,)ves With €, € I, N (0,¢(z,S,6)). This
also implies that

dim(G) 25) v\s(G)/2

ws(x7 E) S <H E;T"v as(G) —

ves’

for all 6 > 0 and sufficiently small ¢ (depending on ¢ and V° N 5’).
This completes the proof. Il
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Proof of Theorem[1.5. The proof of the theorem follows the same strat-
egy as the proof of Theorem [1.3] but we choose the parameter h. to

be
rydim(G)tog s qv\s(G)/2
I — | | E;W_
e =

veS’
with § > 0.
We fix a bounded subset €2 of G5 and consider the sets

T.={ceT: B, '<nd =0},

indexed by € = (€,)yes With finite S’ C S and ¢, € I, where the sets
P, is defined in Proposition [5.3] Arguing as in the proof of Theorem
[1.3] we obtain the estimate

,U/(T6> <<Q,6’ Ezva (610)
veS’
where
r, dim(G) + og ) CIVK\S<G) ( 2a5(G) /) ;

6, = (— 5 — +20" ) —r,dim(G

( CLS(G) 2 qVK\S<G) ( )

» dim(G
— 05+ as(CQ)S — &' - qys(C) <r im( )+Us+5)_
Cls(G)

This estimate is valid for every 9,6’ > 0 and e as above provided that
he > ho(d'). Moreover, we emphasize that this estimate is uniform over
finite S’ C S. We choose ¢’ = ¢’(6) > 0 such that 6, > 0 > os.

Let

Es = {(€y)ves : €, = ¢, ™ with n, > 0, n, = 0 for a.e. v},

where we set ¢, = 2 for v € V. We note that he > ho(d") for all
but finitely many ¢ € Eg. Therefore, estimate (6.10) holds for all
but finitely many € € Eg, and the sum ), p(T.) can be estimated
(except possibly finitely many terms) by

> (1) <IT0-an
eelbs \veS veES
where the last product converges because 6 > og.

Let YTy be the limsup of the sets T, as € € Eg. Then by the Borel-
Cantelli lemma, pu(Yo) = 0. Let Yy C Gy, be the preimage of Y.
Then m(Ty) = 0. Moreover, as in the proof of Theorem [1.3(i), we can
pass to a superset of T to arrange that if for y € Gvi\s and = € G,
we have (y,z) ¢ T, then there exists (i, z') ¢ T such that o/, = z,
for v € ', 2/, € G(O,) for v € VLN (S\S'), and i/ € Ovs(1).

Given bounded Q C Gg, we define ' as in (6.8). Then Q\Q' has
measure zero, and it suffices to show that every x € ) satisfies the
claim of the theorem.
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For z € €, there exists ¢ := (y/, (2/)") ¢ Ty such that 2/, = z, for
ve s, z e GO, for veVin(S\S), and i € Ov,\s(1). Since
SG(K) ¢ Yy, we conclude that SG(K) ¢ Y. for all but finitely many
€ € Eg. In particular, there exists €2(z,0) € (0,1], v € S, such that
€2(z,0) = 1 for almost all v and for all € = (¢,),es with finite S" C S
and €, € £, N (0,€e(x,0)), we have

B, SG(K)N®, # 0.
Applying Proposition we deduce that there exists z € G(K) such
that
H(Z) <q h.
and
|zl — z||, < € forallves,
|zl — 2], <1 forallve S\Y,

provided that €, € {q,"}n>0 N (0,€2(z,d)). Since 2, € G(O,) for
v E VI]; N (S\S), it follows that z € G(O,\s)us)-
We conclude that

_mdim<G>+os_5> Wic\s(G)/2
(6.11)

ws(x’ 6) <0 he = (H €0 ag(@)

ves’

for every finite S’ C S and ¢ € Eg such that ¢, € {g,"}nz0 N
(0,€%(z,8)). Moreover, this implies that for all § > 0 and sufficiently
small € (depending on ¢ and 2), we have

_ rydim(G)+og 25) qVK\S(G)/2

ws(mje) S (H €o ag(G)

veSs’

Finally, it remains to extend this estimate to ¢, € (0,€(x,d)) when
v € V2N 5. This can be done as in (6.9). d

6.2. Diophantine approximation at every point on the group
variety.

Proof of Theorem ( i1). Without loss of generality, we may assume
that Q =[], .4 Q. where Q, is a bounded subset G, and €, > G(O,)
for all v € VI’;.

Let the sets ¥, C Gy, be as defined in Proposition indexed by
€ = (€y)ves with finite S" C S and ¢, € I,. We set

L dm©) av\s(G)
he = H € 5@

ves’!

with 0 > 0 and
Y.={ceY: B '<NV.GK) =0}
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Let v, be the characteristic function of the set ¥, := \iJEG(K) C Y. As
in the proof of Theorem [1.6] we get

a5(G)

774»6/
[mviens (Bu)be — (W) ||, <o b Wi\ @ (W )12

for every ¢’ > 0 and h > ho(¢'). Since my\s(Br.)te = 0 on T, it
follows that

2F‘S(G') 25/

p(T) < he T (@)
and using ((5.10)), we conclude that

W) <o T (6.12)
where -
6, = (rv d;:z(g? + 5) Gvs(C) (ci:f—i% _ 25’) _ p, dim(G)
— r, dim(G) + 6 - qus(Q) (‘iif—fgj) _ 25') . zrv%g).

This estimate holds provided that h. > ho(d'), so that it holds for all
but finitely many € € Ej.

We choose ¢’ = ¢'(0) such that 6, > r, dim(G).

For z € Q, there exists 2’ € Q such that z) = z, for v € S’ and
2! € G(O,) for v € VLN (S\S'). For ¢ := (e, (z')"")G(K), we have by
G.11)

p(B16) >q ] e ™. (6.13)

ves’

Comparing (6.12)) and (6.13)), we conclude that the inequality
p(U16) > p(Te) (6.14)

holds for all but finitely many ¢ € Eg. If (6.14) holds, then ¥ ¢ ¢ T,
and

BN N ULG(K) # 0.

Therefore, by Proposition [5.4] for all but finitely many ¢ € Eg, there
exists z € G(K) such that

H(Z) <q h.
and
|zl — z||, <€ forallvels,

|zl — 2], <1 forallve S\S'.

Since 2/, € G(O,) for v € VEN(S\S"), it follows that z € G(Ow\s)us?)-
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This shows that there exists €2(Q, ) € (0, 1] satisfying €2(Q,d) = 1
for almost all v such that for every x € 2 and ¢ € Fg with ¢, €
(0,€2(Q,0)), we have the estimate

_ dim(@) 5) avi\s(G)

ws (x, (EU)UES/) < he — (H e Ty ag(G)

ves’

Therefore, for all 6 > 0 and sufficiently small ¢ (depending on ¢ and
2), we also have

. avi\s(G)
r dim(G) —25) K\

Wg (,I’ (GU)UES’) S (H 6; Y ag(G)

veS’

Now it remains to extend this estimate to the case when ¢, € (0,€%(£2,4))
for v € Vg NS, which can be achieved as in (6.9). This completes the
proof of the theorem. Il

6.3. Diophantine approximation on homogeneous varieties. Let
X be an quasi-affine algebraic variety defined over K equipped with a
transitive action of a connected almost simple algebraic K-group G.
Let S be a subset of Vx and S’ a finite subset of S. Before we start
the proof of Theorem we need to describe the structure of the

topological closure X(Oy,\s)us’) in Xgr.

Lemma 6.3. Assume that G is isotropic over Vi \S, and let p : G-G

denote the simply connected cover of G. Then the closure X(O(VK\S)US/)
i Xg 18 open and

X(Owivsyus') = P(Gs)X (O sust)-
Moreover, it is a union of finitely many orbits ofp(ég/).
Proof. Given 2° € X(Owg\s)us), we consider the map
P:G—X:gm p(g)
Let

= G(K)N M »7(G(O)
ve(S\SHNV
Then P(I') C X(Ow\s)usr)- Since G is isotropic over Vi\S, the sub-
group ' is dense in Gy, and

P(Gg) C P(T) C X(Owie\s)us')-

Since the variety X is a homogeneous space of G with the action g-x =
p(g)z, z € X, it follows from [37, §3.1] that every orbit of Gg/ is open
and closed in Xg . This implies the first claim.

The last claim follows from finiteness of Galois cohomology over local

fields (see [37, §6.4]). O
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Proof of Theorem (z) According to Lemmam the set X(Ov,\s)us’)
is a finite union of open (and closed) orbits of p(Gg/). We intend to
show that given 2° € X(Owy\s)us’) there exists a set Y of full measure
in p(ég/):no whose points satisfies the claim of the theorem. In fact,
we prove that for every bounded Y C p(@sx)xo there exists a conull
subset Y’ C Y whose points satisfy the claim of the theorem. This will
complete the proof.

Let Q be a bounded subset of p(Gg) such that Qz° = Y.

We set

U= J] U.NG(O,) and U= Ups U
veVin(s\s’)
Note that that U, = G(O,) for almost all v. Since both U, and G(O,)

are open and compact, it follows that the subgroup U, N G(O,) has
finite index in U,. Hence, U has finite index in Uy g ¢)-
K

Recall that GY denotes the kernel of U-invariant automorphic char-
acters of Gy, (see Section [4). We note that G(K) C GY, and G is
a finite index subgroup of Gy, by Lemma 4.4 Let f, be the Haar-
uniform probability measure supported on B} := U%(B, N GY). By
Theorem [4.5] for every ¢ € L*(Y) such that supp(¢) C GY/G(K) and
h,é >0,

T(VK\S)U(VIJ;\S')(ﬁ;L)QS — (/T ¢dﬂ) Su

By Lemmas and [6.2]
mya\s(Br N GY) 3> my,s(By) >q h*s@~7

for every ¢’ > 0 and h > ho(d"). Hence, combining these estimates, we
conclude that for every ¢’ > 0 and h > ho(d'), we have
g b VD2
2

Twiasuwine (Br)d = < /T ¢dﬂ> v
(6.15)

We apply in the case when ¢ is the characteristic function ¢,
of the set ®, introduced in Proposition [5.5, which is indexed by ¢ =
(€y)ves with finite " C S and €, € 1,N(0, €g). Note that it follows from
the construction of the sets ®. that we can arrange that for sufficiently
small ¢, we have ®, C GY/G(K), and hence is applicable to
¢ = ¢.. We obtain

7++5/
Lgt mVK\S(BhﬂGU) Wi \s () 9ll2-
2

ag(G) +§/

as(G)

— +6/
sy (Bde = i@ || <o h ™= u(@2 (6.16)
for every ¢’ > 0 and h > ho(¢'). Let

im0, av\s(G)/2
he = (H €, 5@ > (6.17)

veS!
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with § > 0, and
T, = {§ € GU/G<K) . (B;Le)—lgmq)e _ (Z)}
For ¢ € T, we have
7T(VK\S)U(V,’;\S/)(ﬁﬁe)@(g) = 0.
Hence, (6.16]) implies the estimate

2ag (G) +26/

,U(Te) g |GVK . GU|71hE g \s(G) //L(@E)il)
and using (6.17) and ({5.15]), we conclude that
(T <ao || € (6.18)

ves’

where

0, = as(C)6 — &' - quys(G) (rv d;igc)) n 5) .

This estimate holds provided that h. > ho(d"). Hence, it holds for all
but finitely many € € Eg N (0, ¢)%".

We choose ¢’ = 6’(6) > 0 sufficiently small, so that 6, > 0.

Now we may argue as in the proof of Theorem [1.3|i). We denote by
T, the limsup of the sets Y. with e € Eg N (0, ¢€y)” . Since (6.18)) holds
for all but finitely many € € Eg, it follows that

> (T <o,

EEES/Q(O,eo)SI

and by the Borel-Cantelli lemma, p(1) = 0. We fix a bounded neigh-
bourhood V' of identity in Gye\s contained in GY. Then UV is a
neighbourhood of identity in Gy,\s/. If we set

QA ={gecQ: WecUV: (y,9g HG(K) ¢ Ty},

then

(UV x (Q\Q) " HG(K) C T,
and, hence, the set 2\’ has measure zero. This implies that the subset
Y’ := (V2" has full measure in Y = Qa°.

For g € ¥, there exists y € UV such that ¢ := (y,¢7')G(K) ¢ Y.
This implies that there exists €y(g,d6) > 0 such that for € € Eg N
(0,€0(g,6))"", we have

(Br)"'s N #0,
and hence,
(UV)'B,) e,a ) N, £0.
Therefore, it follows from Propositionthat there exists 2 € G(O(v\s)us’)

such that

H(z) g max H(b) < h,
be(UV)~1Bj,
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and for z = g2° € Y,
|z, — 22°||, <€, forallves.

We have z2° € X(Ow,\syus’) and H(zz?) < H(z).

Since these estimates are valid for arbitrary bounded Y, we conclude
that for every § > 0, almost every x € X(Ow,\syus’), and (€,)ves with
finite 8" C S and €, € E, N (0, (x, 5", 0)), we have

dim(X) 5) v \s(G)/2

—Tv @ —
ws (2, (€y)ves) Ko he = (H €, 5@

ves’

Moreover, this implies that

B
a
wS(Ia (61))1165") < H €v s

veS’

for every > 0 and sufficiently small € (depending on § and €2). Finally,
it remains to extend this estimate to €, € (0, €o(x, 5", 0)) for v € VN
S’, which can be done as in . O

Proof of Theorem[1.6|(ii). By Lemma , the set X(Ow,\susr) is a
finite union of open (and closed) orbits of p(G'g/). Hence, it suffices to
prove the theorem for every compact subset Y contained in p(Gg)z°
with 20 € X(O(VK\S)US’)'

Let Q be a bounded subset of p(Gg) such that Q20 = Y. Take
g€ Qand set ¢ := (e,g7")G(K) € T. We note that p(Gs) C GY. In
particular, g € GY.

Let B, and U be defined as in the proof of Theorem [L.6[i), and let
¥, C Gy, be the sets defined as in Proposition which are indexed
by € = (€)ves with finite S” € S and €, € I, N (0,6). As in the
proof of Theorem [1.6](i), we will work on the space GV /G(K). We note
that taking the components of ¢, LY, and O, sufficiently small, we can
arrange that U, C GY. Then Theorem is applicable to the function
1. which is the characteristic function of the set ¥, := ‘iJEG(K ) C
GY/G(K). Hence, as in the proof of Theorem [1.6i), we have

ag(G)

N (G)
HW(VK\S)U(Vg\s')(ﬁé)we - M(‘I’e)EU‘L Lg h VKNS

for every ¢’ > 0 and h > ho(d"). We set

L dm) v \s(G)
h,E — H €0 ag

ves’

+4&’

p(e)? (6.19)

with 0 > 0, and
YT.={seGY/G(K): (B}) 'sNV.GK) =0}
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Since W(VK\S)U(V}J(‘\S,)(@QE)M =0 on T, inequality |D implies that
2°-S<G> 28’

M(Te) s |GVK . GU|_1h6 v \s(G) M(\II€>_1

when h. > ho(d'). Combining this estimate with (5.19)), we conclude
that

w(r) <os [ e, (6.20)
veS’
where

6, = 1o dim(X) + 5 - quy5(C) (qi“f—fg) _ 25’) s zi%(}))

This estimate holds for all e satisfying h. > ho(d'), and hence for all e
with sufficiently small components (depending on o).

We pick ¢ = §'(§) > 0 such that 0, > r, dim(G

Let g € Q and ¢ : ( “HG(K). Then by (5.20 -

§ >0 H 6:}“ dim(X

ves’
Comparing this estimate with (6.20]), we conclude that

p(Ue) > ()
provided that ¢, < ¢y(Y,S",8), v € §'. Then ¥ ¢ ¢ T, and
(B))"'Wlenw, # 0.

Hence, Proposition [5.6/implies that there exists 2z € G(O;\s)us’) such
that

. dim(@) s Av\s(G)
H(z) <o max H(b) < he = (H 6 @ ) 7

beB,
€ he veS!
and for x = gxy, we have
|z, — 22°|| <€, forallve s

Since H(z2°) < H(z), we deduce that for every § > 0 and (€,),cs with
€, € 1, N(0,¢6(Y,0)), we have

. am@) Avie\s(G)
(,US<[U7 (EU)’UGS’) <<Q (H €y ag(G) ) .

ves’

Moreover, this implies that for all sufficiently small ¢ (depending on &
and ), we have

. dm(@) s TV \s(G)
Y ag(G)
ws(z, (€)vesr) <q € :
veS’!

This completes the proof of the theorem. Il
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NOTATION

K a number field,
Vi the set of places of K,
VI]; the subset of non-Archimedean places,
Ve the subset of Archimedean places,
0] the ring of integers of K,
Os the ring of S-integers of K,
K, the completion of K at v € Vi,
O, the ring of integers of K,
Qo the cardinality of the residue field of O,,
Ty 2 if v is a complex place and 1 otherwise,
I, (0,1) for v € V° and {g;"}ns1 for v e Vi,
Gy the set of K,-points of G,
Uy the maximal compact subgroup of GG, chosen in Section
Ggs the restricted direct product of (G,,U,) with v € S,
mg, the Haar measure on GG, normalised,

so that mq, (U,) = 1 for non-Archimedean v,
mg the product of mg, over v € S,
My the Haar measure on G, defined by G-invariant differential form,
m the Tamagawa measure on Gy, which is the product of m,’s,
H the height function, see , ,
wg the Diophantine approximation function, see ,
as(X) the exponent of a variety X, see ,
1. (G) the integrability exponent of automorphic representations, see ,
os the exponent of a subset S of Vi, see ,
s (G) see (L.12),
T Gv, /G(K),
W the probability Haar measure on T,
Xaut(Gvy ) the set of automorphic characters of Gy,
Xaut(GVK)U the set of automorphic characters invariant under U,
GY the kernel of X,u:(Gv, )V in Gy,
Os(e) the neighborhood of identity in Gg, see ,
By, see (6.1)).
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