CENTRAL LIMIT THEOREMS FOR DIOPHANTINE APPROXIMANTS

ABSTRACT. In this paper we study the counting functions that represent the number of solutions
of systems of linear inequalities arising in the theory of Diophantine approximation. We develop a
method that allows to justify random-like behaviour of these functions and prove that they satisfy
the Central Limit Theorem. Our approach is based on analysis of higher-order correlations on the
space of lattices and a novel technique for estimating cumulants of Siegel transforms.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation

Many objects arising in Diophantine Geometry exhibit random-like behaviour. For instance, the
classical Khinchin theorem in Diophantine approximation can be interpreted as the Borel-Cantelli
Property for quasi-independent events, and Schmidt’s quantitative generalisation of the Khinchin
theorem is analogous to the Law of Large Numbers. One might wonder whether much deeper
probabilistic phenomena take place in Diophantine approximation. In this paper, we develop a
general framework which allows to capture a quasi-independence property governing behaviour
of arithmetic counting functions. We expect that this new methods will have a wide range of
applications in Diophantine Geometry, and here we apply it to study the distribution the functions
counting Diophantine approximants.

A basic problem in Diophantine approximation asks for finding “good” rational approximants
of vectors U = (uy,...,um) € R™. More precisely, given positive numbers wy, ..., Wy, which we
shall assume sum to one, and positive constants 91, ..., 9, we consider the system of inequalities

Vj
ql—l—wj ’

}uj—%‘g forj=1,...,m, (1.1)

with (p, q) € Z™ x N. It is well-known that for Lebesgue-almost all it € R™, the system (1.1) has
infinitely many solutions (p,q) € Z™ x N, so it is natural to try to count solutions in bounded
regions, which leads us to the counting function

Ar(t):=H(p,q) €Z™ xN: 1< q<T and (1.I) holds}.
W. Schmidt [16] proved that for Lebesgue-almost all u € [0,1]™,

At(t) = Cy log T+ Oxe ((log T)1/2+£> , foralle >0, (1.2)
1
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where Cyy := 2™ - - - 9. One may view this as an analogue of the Law of Large Numbers, the
heuristic for this analogy runs along the following lines. First, note that

[log T
At~ Y A ),
s=0

where
A @) ={(P,q) € Z™ xN: e* < q<e*t! and holds}|.

If one could prove that the functions A1) () and Al52)(.) were “quasi-independent” random vari-
ables on [0, 1]™, at least when s1, s, and [s1 — s2| are sufficiently large, then would follow by
some version of the Law of Large Numbers. Moreover, the same heuristic further suggests that, in
addition to the Law of Large Numbers, a Central Limit Theorem and perhaps other probabilistic
limit laws also hold for At (-).

In this paper, we put the above heuristic on firm ground. We do so by representing A(*)(-) as a
function on the space of unimodular lattices. Then it turns our that the “quasi-independence” of
the family (A(*)), which we are trying to capture, can be translated into the dynamical language
of higher-order mixing for a subgroup of linear transformations acting on the space of lattices.

1.2. Main results

We are not the first to explore Central Limit Theorems for Diophantine approximants. The one-
dimensional case (m = 1) has been thoroughly investigated by Leveque [12} [13]], Philipp [14], and
Fuchs [6], leading to the following result proved by Fuchs [6]: there exists an explicit o > 0 such
that the counting function

Ar(w)==H(p,q) €ZxN:1<q<T, lu—p/ql<dq?)

satisfies
- At(u) —2clogT
Hu €015 (log T - loglog T)1/2

< £}‘ — Normg (&) (1.3)

as T — oo, where

£
Normg(§) == (2ﬂ0)1/2J e s/ (20) g

—0o0

denotes the normal distribution with the variance o.

Central Limit Theorems in higher dimensions when w; = --- = wy,, = 1/m have recently been
studied Dolgopyat, Fayad and Vinogradov [3]]. In this paper, using very different techniques, we
establish the following CLT for general exponents wy, ..., Wn.

Theorem 1.1. Let m > 2. Then for every & € R,

Ar(u) — C log T
(log T)1/2

Hu el[0,1]™: < 5}‘ — Normg, (&) (1.4)

as T — oo, where
Om i=2Cm (2¢(m){(m+1)"1-1),

and C denotes Riemann’s (-function.
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Our proof of Theorem 1.1} as well as the proof in [3], proceeds by interpreting At(-) as a func-
tion on a certain subset Y of the space of all unimodular lattices in R™+1 and then studies how
the sequence a®Y, where a is a fixed linear transformation of R™+1 distributes inside this space.
However, the arguments in the two papers follow very different routes. The proof in [3] contains
a novel refinement of the martingale method (this approach was initiated in this setting by Le
Borgne [11]). Here, one crucially uses the fact that when wy = --- = w;y = 1/m, then the set
Y is an unstable manifold for the action of a on the space of lattices. For general weights, Y has
strictly smaller dimension than the unstable leaves, and it seems challenging to apply martingale
approximation techniques. Instead, our method involves a quantitative analysis of higher-order
correlations for functions on the space of lattices. We establish an asymptotic formula for cor-
relations of arbitrary orders and use this formula to compute limits of all the moments of At(-)
directly. One of the key innovations of our approach is an efficient way of estimating sums of
cumulants (alternating sums of moments) developed in our recent work [2].

We also investigate the more general problem of Diophantine approximation for systems of
linear forms. The space My, n(R) of m linear forms in n real variables is parametrized by real

m x n matrices. Given u € M n (R), we consider the family (Ll(li )) of linear forms defined by
) n
LS)(Xlz---,Xn) = Zuinj, i=1,...,m
j=1

Let | - || be anorm on R™. Fix ¥y,...,9m > 0and wy, ..., Wy > 0 which satisfy
Wit W =1,

and consider the system of Diophantine inequalities
pi+ L (qr .o qn)| <Ol i=1,...,m, (L.5)

with (p,q) = (p1,---,Pm,q1,---,qn) € Z™ x (Z™\{0}). The number of solutions of this system
with the norm of the “denominator” q bounded by T is given by

Ar(w):=H{P,q) €Z™ xZ": 0<||q]| < T and holds}|. (1.6)
Our main result in this paper is the following generalization of Theorem
Theorem 1.2. If m > 2, then for every & € R,

Ar(u) — Cin logT
(log T)1/2

Hu € Mmnl(0,1]): < E,H — Normg, . (£) (1.7)

as T — oo, where
Cmn = Cmwn  with wy = [¢n ||Z]| ™ dZ
and

Omn = 2Cmn (2¢(m+n—1¢m+n)~ —1).

The special case w; = ... = w;y = n/m was proved earlier in [3].
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1.3. An outline of the proof of Theorem [1.2]

We begin by observing that At(-) can be interpreted as a function on the space of lattices in
R™*M™ Given u € My, 1 ([0,1]), we define the unimodular lattice A,, in R™*™ by

n n
j=1 j=1
and we see that
Atr(u) = 1AL N Q[+ 0(1), forT >0,
where Q1 denotes the domain
O ={®Y eR™M™: 1<yl <T, bl <[y, 1=1,...,m}. (1.9)

The space X of unimodular lattices in R™*™ is naturally a homogeneous space of the group
SLim+n(R) equipped with the invariant probability measure px. The set

Y={Au:ue Mm,n([O, 1])}

is a mn-dimensional torus embedded in X, and we equip Y with the Haar probability measure py,
interpreted as a Borel measure on X.

We further observe (see Section@for more details) that each domain Q- can be tessellated using
a fixed diagonal matrix a in SL; 4 (R), so that for a suitable function § : X — R, we have

N-—1
ANQrl~ ) K(a®A) for AeX.
s=0

Hence we are left with analyzing the distribution of values for the sums ZSN:(] R(a%y) withy € Y.
This will allow us to apply techniques developed in our previous work [2], as well as in [1] (joint
with M. Einsiedler). Intuitively, our arguments will be guided by the hope that the observables
Xoa® are “quasi-independent” with respect to ny. Due to the discontinuity and unboundedness of
the function § on X, it gets quite technical to formulate this quasi-independence directly. Instead,
we shall argue in steps.

We begin in Section 2| by establishing quasi-independence for observables of the form ¢ o a?®,
where ¢ is a smooth and compactly supported function on X. This amounts to an asymptotic
formula (Corollary for the higher-order correlations

L b1(a*y) -+ dr(a®y) duy(y) with dq,..., dr € CX(X). (1.10)

It will be crucial for our arguments later that the error term in this formula is explicit in terms of
the exponents sy, ..., s, and in (certain norms of) the functions ¢y, ..., d,. In Section 3| we use
these estimates to prove the Central Limit Theorems for sums of the form

N-—1

Fn(y) =) (dla’y) —ny(d)) withd € C2(X)andy € Y.

s=0
To do this, we use an adaption of the classical Cumulant Method (see Proposition [3.4), which
provides bounds on cumulants (alternating sums of moments) given estimates on expressions
as in (L.10), at least in certain ranges of the parameters (si,...,s;). Here we shall exploit the
decomposition into “seperated” /“clustered” tuples. We stress that the cumulant Cum ™ (Fn)
of order r can be expressed as a sum of O(N") terms, normalized by N™/2 5o that in order to prove
that it vanishes asymptotically, we require more than just square-root cancellation; however, the
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error term in the asymptotic formula for is rather weak. Nonetheless, by using intricate
combinatorial cancellations of cumulants, we can establish the required bounds.

In order to extend the method in Section [3] to the kind of unbounded functions which arise in
our subsequent approximation arguments we have to investigate possible escapes of mass for the
sequence of tori a*Y inside the space X. In Section 4, we prove several results in this direction (see
e.g. Proposition[4.5), as well as LP-bounds (see Propositions [4.6|and [4.7). We stress that the gen-
eral non-divergence estimates for unipotent flows developed by Kleinbock-Margulis [8] are not
sufficient for our purposes, and in particular, the exact value of the exponent in Proposition
will be crucial for our argument. The proof of the L2-norm bound in Proposition 4.7 is especially
interesting in this regard since it uncovers that the escape of mass is related to delicate arithmetic
questions; our arguments require careful estimates on the number of solutions of certain Diophan-
tine equations.

To make the technical passages in the final steps of the proof of Theorema bit more readable,
we shall devote SectionB]to Central Limit Theorems for sums of the form

N-1

Z f(aSy) foryey,
s=0

where f is a smooth and compactly supported function on R™*™", and f denotes the Siegel trans-
form of f (see Section [4.3|for definitions). We stress that even though f is assumed to be bounded,
f is unbounded on X. To prove the Central Limit Theorems in this setting, we approximate f by
compactly supported functions on X and then use the estimates from Section |3 However, the
bounds in these estimates crucially depend on the order of approximation, so this step requires
a delicate analysis of the error terms. The non-divergence results established in Section {4{ play
important role here.

Finally, to prove the Central Limit Theorem for the function § (which is the Siegel transform of
an indicator function on a nice bounded domain in R™*™), and thus establish Theorem we
need to approximate x with smooth functions, and show that the arguments in Section |5 can be
adapted to certain sequences of Siegel transforms of smooth and compactly supported functions.
This will be done in Section [6l

2. ESTIMATES ON HIGHER-ORDER CORRELATIONS

Let X denote the space of unimodular lattices in R™*™. Setting
G:=SLmn(R) and T :=SLnin(Z),

we may consider the space X as a homogeneous space under the linear action of the group G, so
that

X~ G/T.
Let px denote the G-invariant probability measure on X.

We fix m,n > 1 and denote by U the subgroup

u::{( I u ):uean(R)}<G, (2.1)
0 I ’

and set Y := UZ™*™ C X. Geometrically, Y can be visualized as a mn-dimensional torus em-
bedded in the spaces of lattices X. We denote by py the probability measure on Y induced by the
Lebesgue probability measure on My, » ([0, 1]), and we note that Y corresponds to the collection of
unimodular lattices A, for u € My,  ([0,1)), introduced earlier in (1.8).
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Let us further fix positive numbers wy, ..., Wi n satisfying

m m+n
2owi= ) wy
i=1 i=m+1
and denote by (a;) the one-parameter semi-group
a := diag (e™1t, ..., eVt e Wmat [ emWmint) 1t >0, (2.2)

The aim of this section is to analyze the asymptotic behavior of a;Y C X ast — oo, and investigate
“decoupling” of correlations of the form

Jy dr(any)... or(agy) duy(y)  for bu,..., by € CR(X), 2.3)

for “large” ty,...,t; > 0. It will be essential for our subsequent argument that the error terms in
this “decoupling” are explicit in terms of the parameters t;,...,t, > 0 and suitable norms of the
functions ¢+, ..., ¢, which we now introduce.

Every Y € Lie(G) defines a first order differential operator Dy on CX(X) by

Dy(B)(x) = - blexpltV )i

If we fix an (ordered) basis {Y1,..., Y} of Lie(G), then every monomial Z = Yfl e Yfr defines a
differential operator by

Dz =Dy, -+ DY, (2.4)
of degree deg(Z) =1 +--- +&,. Fork > 1 and ¢ € CX(X), we define the norm
1/2
— 2
Wl = | X | IDz0)0P duxlx) | 5)
deg(Z)<k X

The starting point of our discussion is a well-known quantitative estimate on correlations of
smooth functions on X:

Theorem 2.1. There exist y > 0and k > 1 such that for all ¢, dp € C°(X) and g € G,

[, 109010200 vt = ([ onaue ) ([ d2anec) +0 (Igl " Noalus o bl o))

This theorem has a very long history that we will not attempt to survey here, but only mention
that a result of this form can be found, for instance, in [7, 9]].

Let us from now on we fix k > 1 so that Theorem 2.1 holds.

Our goal is to decouple the higher-order correlations in (2.3), but in order to state our results we
first need to introduce a family of finer norms on C2°(X) than (|| - || 2(x), )- Let us denote by || - || co
the uniform norm on C.(X). If we fix a right-invariant Riemannian metric on G, then it induces a
metric d on X ~ G/T’, which allows us to define the norms

bx1) — (o))
|d]|Lip = sup {W D x1,X2 € X, X1 # Xz} ,
and
Nic() i= max { o]l co, [l Lips 1013 2 } (2.6)

for ¢ € CX(X). We shall prove:
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Theorem 2.2. There exists & > 0 such that for every compact Q C U, f € C(U) with supp(f) C Q,
b1,...,0r € CX(X), x0 € X, and tq, ..., ty > 0, we have

T

J, (11 ¢i(atiu><o)> du = (Ju f(u) du) I (Jx o dux)

i=1

where
D(ty,...,t) := min{t;, [t} —tj| c1<i#j< T}

Remark 2.3. The case r = 1 was proved by Kleinbock and Margulis in [10], and our arguments
are inspired by theirs. We stress that the constant 6 in Theorem [2.2)is independent of r.

We also record the following corollary of Theorem

Corollary 2.4. There exists 8’ > 0 such that for every ¢y € C®(Y), d1,...,¢r € CX(X), xo € X, and
t1,...,t+ > 0, we have

T

L doly) (E dh(atiy)) duy(y) = (L do dw) 11 <LC b1 dux)

i=1

Proof of Corollary [2.4] (assuming Theorem[2.2). Let xo denote the identity coset in X = G/T, which
corresponds to the standard lattice Z™*™, and recall that

Y=Uxo~U/(unr).
Let ¢9 € C®(U) denote the lift of the function ¢( to U, and x the characteristic function of the

subset
Im
Up = {( . ‘I‘n ) : ueMm,n([o,l])}.

Given ¢ > 0, let x. € C°(U) be a smooth approximation of x with uniformly bounded support
which satisfy

X<xXe <1, Ix—Xell <& Ixeller < e
We observe that if f, := PgX. and fy := PgX, then

[fo—fellruy < €l[dollco
and

T —k
Ifellex < Ibollcxxelex < & ldollcx,
which implies that

L doly) (H c|>i(atiy)> duy ()
i=1

J folu) (H d)i(atiuxo)> du

u i=1

Ju fe(u) <H d)i(atiuxO)> du+0 (81_[ Hthco) ,
i1 i=0
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and
J $oduy = J fo(u) du = J fe(u) du+ O (ef|ollco) -
Y u u
Therefore, Theorem 2.2 implies that

T

L¢mn@1¢mmw>waw=(anm§ﬂj<thm)

i=1

+ Oy (5 [ Tlbillco+e 2Pty f e HNk(d)i))
i=0

i=1
T

= ([, v ) TT (], )

i=1
T
L0, <(£+ e—Ke—0D(t1,.., tr)) HdDOHCkHNk(d)i)) )
i=1
The corollary (with 8’ = 8/(k + 1)) follows by choosing &€ = e D (tmty)/ (k1) U

2.1. Preliminary results

We recall that d is a distance on X = G/I" induced from a right-invariant Riemannian metric on
G. We denote by Bg(p) the ball of radius p centered at the identity in G. For a point x € X, we
let L(x) denote the injectivity radius at x, that is to say, the supremum over p > 0 such that the map
Bg(p) = Bg(p)x : g — gxis injective.

Given ¢ > 0, let
Ke={AeX:|v]|=>¢ forallve A\{0}}. (2.7)
By Mahler’s Compactness Criterion, X, is a compact subset of X. Furthermore, using Reduction
Theory, one can show:

Proposition 2.5 ([10], Prop. 3.5). t(x) > ¢™ ™ for any x € K.
An important role in our argument will be played by the one-parameter semi-group
b, = diag (et/m, L et/m et/ e*t/n> , t>0, (2.8)

which coincides with the semi-group (a) as defined in (2.2)) with the special choice of exponents
1
Wi =...=Wpny = =~ and Wpmi1=...=Wmin = —

The submanifold Y C X is an unstable manifold for the flow (b{) which makes the analysis of
the asymptotic behavior of bY significantly easier than that of aY for general parameters. Using
Theorem Kleinbock and Margulis proved in [7] a quantitative equidistribution result for the
family b{Y as t — oo, we shall use a version of this result from their later work [10].

Theorem 2.6 ([10]; Th. 2.3). There exist pg > 0 and c,y > 0 such that for every p € (0, pg), f € CZ(U)
satisfying supp(f) C Bg(p), x € X with 1(x) > 2p, ¢ € CX(X), and t > 0,

o= o) o)

+0 (ol llbllip + ¢ fllcw bz ) -
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Remark 2.7. Although the dependence on ¢ is not stated in [10, Theorem 2.3], the estimate is
explicit in the proof.

We will prove Theorem [2.2] through successive uses of Theorem In order to make things
more transparent, it will be convenient to embed the flow (a{) as defined in (2.2) in a multi-
parameter flow as follows. For s = (s1,...,Sm+n) € R™™, we set

a(s) := diag (e™,...,e5m, e Sm+1 e Smin), (2.9)

We denote by S the cone in R™ ™ consisting of those s = (s1, ..., Sm4+n) Which satisfy

m m-+n
$1,-+.,8man >0 and E Si = E Si.
i=1 i=m+1

Fors = (s1,...,5men) € ST, we set
[5| :==min(sy,...,Sm+n),

and thus, with s; := (w1t,...,Wmnt), we see that a; = a(sy).

In addition to Theorem we shall also need the following quantitative non-divergence esti-
mate for unipotent flows established by Kleinbock and Margulis in [10].

Theorem 2.8 ([10]; Cor. 3.4). There exists © = 0(m,n) > 0 such that for every compact L C X and a
Euclidean ball B C U centered at the identity, there exists Ty > 0 such that for every ¢ € (0,1), x € L, and
s € ST satisfying [s| > To, one has

Hu e B: a5 ux ¢ K.} < €°B|.
2.2. Proof of Theorem [2.2]

Let us fix r > 1 and a r-tuple (ty,...,t;). Upon re-labeling, we may assume that t; < ... < t,,
so that
D:=D(ty,...,t;) = min{ty, t, — t1,...,t, — t,_1}. (2.10)
The next lemma provides an additional parameter s € ST, which depends on the r-tuple (ty, ..., t.).
This parameter will be used throughout the proof of Theorem and we stress that the accom-
panying constants ¢, c; and c3 are independent of r and the r-tuple (ty,...,t,).

Lemma 2.9. There exist ¢1, ¢y, c3 > 0 such that given any t, > t._1 > 0, there exists s € ST satisfying:
(i) 5] = caltyr —tr 1),
(ZZ) Lg - gtrflJ > CZ(tr - tT—].)/

(iti) Sy, =S = (&, oo w0 Z)evo, &) for some z > camin(ty g, tr —tr1).

Proof. We start the proof by defining s by the formula in (iii), where the parameter z will be chosen

later, that is to say, we set

_ z z z z
s={wtyr— —,..., Wntr —— Wity ——, oo, Wity — — ).
m m n n

Then (i) holds provided that

z Z
Aty — TTl >ci(tr —tr—1) and Aoty — E > cqty —tr—1),

where A; ;= min(w; : 1 <1< m)and Ay := minlw; : m+1 <1 < m+n), so if we set
¢1 = min(A1, Ay), then (i) holds when

z < cymin(m, n)t,_q. (2.11)
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To arrange (ii), we observe that
_ z
S§ =8¢, , = Wity —tro1) = —, o, Wity —t1) — —,
m m

z
Wm+1 (tr —tr)——,... /Wm+n(tr —tro1) — *)/
n n

and thus (ii) holds provided that

z z
Arlty —tr1) — e ety —tr—1) and  An(ty —t 1) — 2 cotr —tro1)
If we let c; = min(A1, Ay)/2, then (ii) holds when
z < comin(m,n)(t, —t,_1). (2.12)

So far we have arranged so that (i) and (ii) hold provided that z satisfies (2.11) and (2.12). Let
c3 = min(cy, c2) min(m, n), and note that if we pick z = c3min(t,_1, t — tr—1), then (i), (ii) and
(iii) are all satisfied. U

Let us now continue with the proof of Theorem With the parameter s provided by Lemma
2.9above, we have

[s] > a1 D, (2.13)
|s—5¢ | >cD foralli=1,...,7—1, (2.14)
a(sy, —s) =b, forsomez>c3D, (2.15)

where b, is defined as in and D as in (2.10) Let us throughout the rest of the proof fix a
compact set QO C U. Our aim now is to estimate integrals of the form

I = Ju f(u) ([[1 d)i(atiux())) du,

where f ranges over C(U) with supp(f) € Q. Our proof will proceed by induction over r, the
case r = 0 being trivial.

Before we can start the induction, we need some notation. Let pg and k be as in Theorem
and pick for 0 < p < pg, a non-negative w, € C°(X) such that

supp(wp) C Bglp), [wplcx <p™7, Ju wp(v)dv =1, (2.16)

for some fixed 0 = o(m, n, k) > 0. The integral I, can now be rewritten as follows:
T
I =L, - (J wp (V) dv) :J fluw)wp(v) (H (bi(at.luxo)> dudv
u uxu e

:J fla(=s)va(s)u)w,(v) (H q)i(atia(—s)va(s)uxo)> dudv.
Uxu i1

If we set
fsu(v) = fla(=s)va(s)u)w,(v) and  xgq = a(s)uxo,
then

I, =Ju (L fou ) i]j[lqn(a(sti —Svxsn) dv> du.
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We observe that if f5 ., (v) # 0, then
v € supp(w,) C Bg(p) and a(—s)va(s)u € supp(f),
so that
u € a(—s)vta(s)supp(f) C a(—5)supp(w,) ta(s)Q.
Since s € ST, the linear map v — a(—s)va(s), forv € U = R™", is non-expanding, and thus we

can conclude that there exists a fixed Euclidean ball B in U (depending only on Q and py), and
centered at the identity, such that if f5,,(v) # 0, then u € B. This implies that the integral I, can be

written as
I, = J (J Hq; 5)vxsu) dv) du, (2.17)
B
and
[fsullcx < Ifllex [wollcx <™ [[fllcx (2.18)
Furthermore,
J [fsulliuy du= J If(a(=s)va(s)u)w,(v)| dvdu (2.19)
u Uxu

- (J |f(u)|du) <J W (v) d\)) = Iflle
u u

We decompose the integral I, in (2.17) as
L = 1/(e) + 1/(¢),

where I (¢) is the integral over
B :={ueB: Xsu ¢ Kel,
and I/ (¢) is the integral over B\B..

To estimate I/.(¢), we first recall thats > ¢1D by (2.13), soif D > Ty/c1, where Ty is as in Theorem
applied to £ = X, and B, then the same theorem 1mp11es that there exists 6 > 0 such that

B.| < €°|B (2.20)
for every € € (0,1), and thus
T T
I (e) <q €°B[|f]| co (L wp(v) dv) [Tdillco <a e®lIfllco | [l co. (2.21)
i=1 i=1

Let us now turn to the problem of estimating I/(¢). Since the Riemannian distance d on G, re-
stricted to U, and the Euclidean distance on U are equivalent on a small open identity neighbor-
hood, we see that

d (a(—t)va(t), ) < et dy,e).
forv € Bg(po) and any t € ST. Hence, using (2.14), we obtain that foralli=1,...,r—1,
d)i(a(gti _g)VXEu) Cbl( ( )Xs u) +0 ( —eb ||d)iHLip) ’
and thus, for allv € Bg(po),

r—1 r—1
H d)l( St —S VXS u H d)l Xs u) + O ( —eb H ‘d)l”{lp) ’ (222)
i=1 i=1
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where [[¢|[{;,, := max(]|$]|co, |pillLip). This leads to the estimate

@ =] T :(afse, — $xen) (], fonrtatss, ~shvxen) av) au

\Be 19

r—1
o, (e T Il (j ||fs,uHL1(u)du) lbllco | -
im1 BA\B.

Hence, using (2.19), we obtain that

JB Hd)l St; — S Xs ) (Ju w(V)or (as St, —S)szu) dV) du

\Be 329

T
+ 0O, (e_CZDHfHLl(u) H M)i”{ip> .
i=1

Since by (2.15),
J Wb (afse, —s)vxsu)dv—J o (V)P (bvxs) v,
u

u

we apply Theorem 2.6|to estimate this integral. We recall that supp(fs,..) C Bg(p). For u € B\B,,
we have x5, € K, so that t(xs.,) > ¢™ ™ by Proposition In particular, we may take

€ > pl/(m+n)

to arrange that t(xs,..) > 2p. Hence, by applying Theorem [2.6] we deduce that there exist ¢,y > 0
such that

[, fou1nboeu av = (Ju Fon (V) dv) (LC . dux)

+ 0 <P||f§,uHL1(u) [$rllLip +p €Y Hfg,uHCkHd)THLi(DC)) /

for all u € B\B¢. Using (2.18)—(2.19) and z > c¢3 D, we deduce that

I/ (¢) <JB\B£ H dilalse, —S)xs) (Ju fsu(Vv) dv) du) <LC dr dux>

r—1
+ 0 (H [illco (Nl vl +p( ey Hﬂck\d)rhi(m))

i1
T

+ 0, <€C2D’f‘l_1(u) H ||d>inip> :
=1

Since ||f[l11u) <a [[fllcx,

17/(e) (JB\B TToatse —Sxen) (Ju fouv) dv) du) (Jx & dux) (223)

€ i=1

,
+0Or0 <(p +p ety D 4 e*CZD) [l o HNk(q)i)> :

i=1
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Applying (2.22) one more time (in the backward direction), we get

JB\Bg ll_{d)l St Shs) qu FeulV) dv) u
:JB\BE <J Hq)1 vxsu)dv> du
r—1
+ 0, (eczD <J Ifsulliu) du) H ”d’i“ip) :
B i=1

It follows from (2.20) that
r—1

JB\B (Ju f§,u (v) H d)i((l(gti — g)VX§,u) d\)) du

i=1

:JB <J 1_[(131 vxsu)dv> du
T—1

1o, (ee (j femllin du) I ||d>irco> ,
B i=1

where we recognize the first term as I,_;. Using (2.17) and (2.19), we now conclude that

i s,u su d d
J'B\B£ Hd) S)Xsu) <Juf uv) v) u
=1+ 0 <(5 te CZD HfHU H H¢lHL1p>

Hence, combining this estimate with (2.23), we deduce that

1(e) =1y 1 ( | K2 dux>

-
+Or 0 ((ge +p+ p*(c+c)efYc3D + e*cZD> IIf]| cx HN]Jd)ﬂ) ,
i=1

and thus, in view of (2.21)),

L =L 4(e) + I 4(e) = Ly (jx or dux)

T
+Oy0 <(£e I A L e*CZD) I1£]] cx HNk(cbi)> :
i=1

13

This estimate holds whenever p < py and € > p!/(m+1), Taking p = e~ P for sufficiently small
cs > 0and ¢ < pt/(M*+1) we conclude that there exists § > 0 such that for all sufficiently large D,

I =I, 4 <LC dr dux> +0r0 <e‘5D £l cx HNk(CPi)) :
i=1

(2.24)

The exponent & depends on the constants c; and c3 given by Lemma and the parameters
0,c,0,7v. In particular, 6 is independent of r. By possibly enlarging the implicit constants we can
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ensure that the estimate (2.24) also holds for all r-tuples (ty,...,t,), and not just the ones with
sufficiently large D(ty, ..., t;). By iterating the estimate (2.24)), using that I is a constant, the proof
of Theorem 2.2]is finished.

3. CLT FOR FUNCTIONS WITH COMPACT SUPPORT
Let a = diag(ay, ..., am+n) be a diagonal linear map of R™*™ with
a, ..., am>1, 0<amst,---,Gmin <1, and ai---amin=1.

The map a defines a continuous self-map of the space X, which preserves py. We recall that the
torus Y = UZ™*™ C X is equipped with the probability measure py. In this section, we shall
prove a Central Limit Theorem for the averages

1 N-—-1
FN :zm;](cboas—wkboas)), (3.1)

restricted to Y, for a fixed function ¢ € C°(X). We stress that this result is not needed in the
proof of Theorem but we nevertheless include it here because we feel that its proof might be
instructive before entering the proof of the similar, but far more technical, Theorem

Theorem 3.1. For every & € R,
ry ({y € 4: Fnly) < &) — Normg, (&)

as N — oo, where
(o0]

2= Y <Jx(¢ 0 %) dyie — ux(d>)2> .

s=—00
Remark 3.2. It follows from Theorem [2.1] that the variance oy, is finite.
Our main tool in the proof of Theorem 3.1 will be the estimates on higher-order correlations es-

tablished in Section To make notations less heavy, we shall use a simplified version of Corollary
.4)stated in terms of C*-norms (note that N, < | - || cx):

Corollary 3.3. There exists & > 0 such that for every ¢y, ..., dr € CX(X) and ty,...,t, > 0, we have

T

L doly) (Ul dn(atiy)) duy (y) = (L b0 dw) I1 <LC b dux)

i=1

3.1. The method of cumulants

Let (X, n) be a probability space. Given bounded measurable functions ¢1,..., ¢, on X, we
define their joint cumulant as

Cum{l(@1,...,¢:) = (-1 1p1 - e ] |

P 1ep’X

( H (bi> du,

i€l
where the sum is taken over all partitions P of the set {1, ..., 7}. When it is clear from the context,
we skip the subscript p. For a bounded measurable function ¢ on X, we also set

Cum™(¢) = Cum™ (o, ..., d).

We shall use the following classical CLT-criterion (see, for instance, [5]).
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Proposition 3.4. Let (Ft) be a sequence of real-valued bounded measurable functions such that

J Frdu=0 and o%:= limJ F2 du < oo (3.2)
x T—oo J
and
Thm Cum™(F1) =0, forallr > 3. (3.3)
— 00

Then for every & € R,
w{Fr < &}) - Normg(¢) asT — oo.

Since all the moments of a random variable can be expressed in terms of its cumulants, this cri-
terion is equivalent to the more widely known “Method of Moments”. However, the cumulants
have curious, and very convenient, cancellation properties that will play an important role in our
proof of Theorem 3.1}

For a partition Q of {1, ..., 1}, we define the conditional joint cumulant with respect to Q as

Cumll (.., 4r12) = X (=02 =TT TT | ( TT @) an,

P IeP JeQ ielng

In what follows, we shall make frequent use of the following proposition.
Proposition 3.5 ([2], Prop. 8.1). For any partition Q with |Q| > 2,

Cum{ (¢1,..., Q) =0, (3.4)
forall ¢1,...,¢r € L®(X, 1).

3.2. Estimating cumulants

Fix ¢ € C(X). It will be convenient to write P (y) := ¢(a’y) — py (¢ o a®), so that

1 N-—-1
— ) b and J Fn duy = 0.
N s=0 k2

In this section, we shall estimate cumulants of the form

1
NT/2

Z Cumy) (s, ..., ¥s,) (3.5)

S10, 81 =0

Cum))(Fn) =

for r > 3. Since we shall later need to apply these estimate in cases when the function ¢ is allowed
to vary with N, it will be important to keep track of the dependence on ¢ in our estimates.

We shall decompose into sub-sums where the parameters sy, ..., s, are either “separated”
or “clustered”, and it will also be important to control their sizes. For this purpose, it will be
convenient to consider the set {0,..., N — 1}" as a subset of REFH via the embedding (s1,...,s:) —
(0,s1,...,s+). Following the ideas developed in the paper [2], we define for non-empty subsets I
and Jof {0,...,7}and 5 = (sg,...,s,) € R,

p'(s) :=max {Isi —sj| : ,j €I} and prj(W) =min{lsi—s;| : i€l je]},
and if Q is a partition of {0, ..., 1}, we set

p2(s) :=max {p'(3) : 1€ Q} and pq(s) :=min{p1;(s) : I#], LJe€Q}.
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For 0 < « < 3, we define
- 1. .0
Ag(o, B) == {s eRT™ : p®(5) <, and pg(s) > B}

and
Ala) == {s € R : p(si,55) < aforall i,j}.

The following decomposition of R’."! was established in our paper [2}, Prop. 6.2]: given
O=ap<Pr <o =3P1<P2< < Pr <oty =3Br < Pry1, (3.6)
we have
RE =AU (1 U Aaley, Byin), (3.7)
i=01Q|>2

where the union is taken over the partitions Q of {0,...,r} with |Q| > 2. Upon taking restrictions,

we also have
N

0. ,N—1J = Q(Brs;;N (U U Qale, B5:1:N)), (3.8)

j=01Q|>2
for all N > 2, where
Q(BT+1;N) = {0/ . ‘IN - 1}T mA(BT-l—l)/
Qoloy, (3;'+1;N) ={0,..., N=1}" NAg(a, Bj11).

In order to estimate the cumulant (3.5), we shall separately estimate the sums over Q(f3,;1; N)
and Qo (e, Bj+1; N), the exact cho1ces of the sequences (o) and (f3;) will be fixed at the very end
of our argument.

3.2.1. Case 0: Summing over Q (1, N).

In this case, s; < By for all i, and thus

‘Q(Br—o—l}N” < (BT+1 + 1)T-
Hence,

S Cumy) (W, Ws,) < (Brg1 + 170l 5o, (3.9)

(81,,8+)EQ(Bry1;N)

where the implied constants may depend on 7, but we shall henceforth omit this subscript to
simplify notations.
3.2.2. Case 1: Summing over Qo(;, Bj41; N) with Q = {{0},{1,...,7}}.

In this case, we have

Isi, —si,| < o5 foralliy, iy,

so that it follows that
1Qo(ey, Bj+1; N < Noc)T_1
Hence,
1 —_ —
NT72 2 Cumil) (s, oo e ) < N2 9l (310)
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3.2.3. Case 2: Summing over Qo(o, Bj+1; N) with [Q| > 2 and Q # {{0},{1,...,7}}.

In this case, the partition Q defines a non-trivial partition Q" = {I,..., I} of {1,..., r} such that
for all (sy1,...,s+) € Qg(aj, Bj+1;N), we have

|Si1 — Siz| < o if 11 ~gr 1p and |Si1 — Siz| > [5]'+1 if 11 '/Q/ 1o, (311)

and
si <oy foralliely, and s; > P41 foralli¢ Io.

In particular,
D(S"Ll/-"lsi() > Bj—l—]/ (3.12)
Let I be an arbitrary subset of {1, ..., r}; we shall show that

¢
J (H%) duy ~ [ | J [T o) duy |, (3.13)
Y heo \JY

iel ielnly

where we henceforth shall use the convention that the product is equal to one when I N Iy, = 0.

Let us estimate the right hand side of (3.13). We begin by setting
q)() = H 'Ll)si.
ielnlo

It is easy to see that there exists & = £(m, n, k) > 0 such that

. . . INI
Dol < [T Nl oas —py(doas)ee < elMMolEe gl (3.14)
ieIniy

To prove (3.13), we expand s, = ¢ o a®t — py (¢ o a®i) for i € I\Ip and get

J (H‘l’m) duy = Y (—pnoun,
Y

i€l JCI\Iy
(o) ), IL, (e 0e)
Y ie] ten\(Julp) ¢
We recall that when i ¢ Iy, we have s; > (35,1, and thus it follows from Corollary with r=1

that
L(d’ 0 a®)duy = px(d) + 0 (e Pt ||dllcr),  withi¢ Io. (3.15)

To estimate the other integrals in (3.15), we also apply Corollary[3.3] Let us first fix a subset ] C I\Io
and for each 1 < h < 1, we pick i, € Iy, and set

Dy, = H b oa® S,

ieJnIn
Then
¢
J Of (H‘b o Clsi) dpy :J @ <H Qp o as"h> dpy.
Y i€] Y h=1
We note that for i € I1,, we have |s; — s, | < «;, and thus there exists & = £(m, 1, k) > 0 such that

Onller < T Ildoassm|en < elMnle e g LT, (3.16)
ieJnly
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Using (3.12), Corollary 3.3)implies that
¢
L1 (] o)
x

¢
J CDO <H q)h o asih) dulaj = (J CD() dpha)
Y h=1 Y h=1
¢
+0 <e—5ﬁi+l 11 \cph\ck> .
h=0

Using (3.14) and (3.16) and invariance of the measure py, we deduce that

[0 (10w - (] )

h=1

¢

TT(] [ IT ¢oc ] an

h=1 \"* \iejnIy,
+0 (e*(éf’jJrl*TE.in) ”¢H‘C(1I<MO)U”) _

Hence, we conclude that

L @, <H $o asi> dpy = <L @, duy>

ie]

¢

H J H doast| duy (3.17)

h=1 ieJNly
+0 (ef(éﬁmfriocj) Hd)ch(iﬁIoJUﬂ) )

We shall choose the parameters «; and 351 so that
OBj41 — &5 > 0. (3.18)

Substituting (3.15) and (3.17) in (3.15), we deduce that

I (sti) duy (319)
i€l
4

— Y (v (J (Doduy> I J T ¢oa*| dux | wclo)nN0uw)
JCI\Ip k h=1 \"* \igjnl,
L0 (e—(éﬁm—r&ocj) ||¢|||C1|k> _

Next, we estimate the right hand side of (3.13). Let us fix 1 < h < land for asubset ] C IN Iy,
we define

Oy = H ¢ oa®i S,

i€]

As in (3.16), for some ¢ > 0,

|@5llex < [T oo ast e < e o] L.
igJ
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Applying Corollary [3.3]to the function @y and using that s;, > 3j4.1, we get

J (H(boa )duyz (@5 0 a®n) dpy (3220)

ie] JY
= N CD] dux + 0O (6_66”1 Hq)]HCk)

= (H poa’ ) dux + O (e_f’ﬁ'i“era"‘j ||¢||2L> ,

where we have used a-invariance of py. Combining (3.15) and (3.20), we deduce that

I ( I1 wsl) duy = 3 (100N (j (choa >dux> () MV (3.21)

ielnly JCINIy i€]

+0 (e72Berée g 1)

:LC H (b oa’t — ux(d)) dHX"‘O( (8B r1—T& ) ||¢|||mlh|>,

ielnly

11 ([, 11 o) o

- (L @, duy) I (J T (¢oa™ —ux(e)) dux)

which implies

h=1 ielnly
O( (8Bj1—TEQ;) H¢Hck)-

Furthermore, multiplying out the products over I N I1,, we get

14
I1 (j ( I1 w) duy) (3.22)
h=0 \"9 \icini,

4
:(J q)od”*d) > (M (J 11 <I>0asidux) pap () T\ To))
Y het x

JCI\Io i€lnnJ

+0 (e (oBrTEN) g ).

Comparing (3.19) and (3.22), we finally conclude that

(11 o111, (11 0 )

+O( o8mre) g1
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when (sq,...,s:) € Qqg(aj, Bj4+1;N). This establishes (3.13) with an explicit error term. This esti-
mate implies that for the partition Q" = {Iy, ..., [y},

Cum{l) (e, -, s, ) = Cump) (g, .., s, 127) + 0 (e OFr77E0) g 1, )

By Proposition 3.5,
Cuml(fl; (11)51/ . -/ll)s,-‘Q/) = O/
so it follows that for all (sq,...,s:) € Qq(a4, Bj+1;N),

‘Cumgy) (Weyr s, )| < e (BBr1—TEG) g m (3.23)

3.2.4. Final estimates on the cumulants.

Let us now return to (3.5). Upon decomposing this sum into the regions discussed above, and
applying the estimates (3.9), (3.10) and (3.23) to respective region, we get the bound

‘Cumﬁf;(FN)‘ < ((Bm F1)NTT2 4 (maxj oq—l) Nl_T/z) X (3.24)
+N7/2 (maxy e~ (OBrirem)) g,

This estimate holds provided that and (3.18) hold, namely when

o5 =3B5 < Bj41 and OPj4q1 —1Ex; >0 forj=1,...,r. (3.25)
Given any vy > 0, we define the parameters 3; inductively by the formula
B1=v and Pji; =max (y +3B5,v + 36_1r£[3j) . (3.26)

It easily follows by induction that 3,1 < v, and we deduce from that
Cum(] (Fr)| < ((y + D"NT72 4y INIT2) gl + N2 g
Taking v = (r/8) log N, we conclude that when r > 3,
Cum{fy)(FN) —0 asN — oo. (3.27)

3.3. Estimating the variance

In this section, we wish to compute the limit

N—-1N-1

1
HFN||2L2(9) :ﬁ Z Z J Y5, s, dpy.

81:0 32:0 Y

Setting s; = s + t and sy = t, we rewrite the above sums as

N-1
IFNIE2(y) =ON(0) +2 D Onls), (3.28)
s=1
where
1 N—1-s
On(s) = N ; Jy Pt dpy.

Since Py = ¢ o a — py (P o at),

L Doty dpty = L(Cb 0 a¥* (¢ 0 at) duy — wy(b 0 a¥F )y (d o at). (3.29)
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It follows from Corollary [3.3|that for fixed s and as t — oo,

Lw 0 (¢ o a) duy — unb oa®)pdux, and py(doat) - px(¢).
We conclude that
J Der by dity — Onols) = J (b0 a®)d dux — px()?,
Y X

as t — oo, and for fixed s,
OnN(s) = BOgx(s) asN — co.

If one carelessly interchange limits above, one expects that as N — oo,

IFNIE2(y) = Ono(0) +2) Ouols) = D Ouls). (3.30)
s=1

§=—00

To prove this limit rigorously, we need to say a bit more to ensure, say, dominated convergence.
It follows from Corollary 3.3|that
J, (o a 0o at) duy = ual@)? +.0 (e mnlet) o )
J, (@0 et iy = () + 0 (75 o ce)

L(d» o a') duy = () + O (= ]| )

and thus, in combination with (3.29),
U Pstht duy‘ < g Omin(st) H‘b”%;k (3.31)
Y

This integral can also be estimated in a different way. If we set ¢+ = ¢ o a*, then we deduce from
Corollary [3.3] that

J (poa’ ) (boa')duy :J (ptoa®)dpeduy
Y Y

= py(bo)px(be) + 0 (e [|bel2i)

and
my(d o a®™) = py(de 0 a®) = pa(de) + 0 (€7 [ dellcy)
It is easy to see that for some & = £(m, n, k) >0,
[pellex < et [pllcx and [y (@0l < [ldllcx,
and thus
HH Per Wy duy’ < e et || (3.32)

Let us now combine (3.31) and (3.32): When t < 6/(2¢) s, we use (3.32), and when t > §/(2&) s,
we use (3.31)). If we set &' = min(5/2,5%/(2&)) > 0, then

Hy Psrtht dug‘ <e s ||(1)||2Ck
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for all s > 0, whence
N—1-—s

1
On(s)| < N Z
t=1

uniformly in N. Hence, the Dominated Convergence Theorem applied to (3.28) yields (3.30).

Jy Yottt duy‘ <e ”d)HZCk

3.4. Proof of Theorem [3.1]

In this subsection we shall check that the conditions of Proposition [3.4 hold for the sequence
(Fn) defined in (3.1). First, by construction, It is easy to check that

J FT dIJ-%J = 0,

Y

and by (3.30),
J F]ZQ dpy — Z Ox(s) asN — oo.
Y s=—00

Furthermore, by (3.27),

CumE;d)(FN) —0 asN — oo,

for every r > 3, which finishes the proof.

4. NON-DIVERGENCE ESTIMATES FOR SIEGEL TRANSFORMS
4.1. Siegel transforms

We recall that the space X of unimodular lattices in R™*™ can be identified with the quotient
space G/I', where G = SL;y1n(R) and I' = SLw4n(Z), which is endowed with the G-invariant
probability measures pyx. We denote by mg a bi-G-invariant Radon measure on G. Given a
bounded measurable function f : R™*™ — R with compact support, we define its Siegel trans-
form f:X — Rby

f(A) = Z f(z) forA e X.
z€ A\{0}
We stress that f is unbounded on X, its growth is controlled by an explicit function a which we
now introduce. Given a lattice A in R™*™, we say that a subspace V of R™*™ is A-rational if the
intersection VN A is a lattice in V. If V is A-rational, we denote by d (V) the volume of V/(VNA),
and define

x(A) = sup {d/\(V)_1 : Vis a A-rational subspace of Rm+“} .
It follows from the Mahler Compactness Criterion that o is a proper function on X.
Proposition 4.1 ([17], Lem. 2). If f : R™"™ — R is a bounded function with compact support, then
(A Laupp(£) Ifllco x(A)  forall A € X.
Using Reduction Theory, it is not hard to derive the following integrability of «:
Proposition 4.2 ([4], Lem. 3.10). o € LP(X) for 1 < p < m + n. In particular,
wxy {« > L) <p LP forallp <m+n.

In what follows, dz denotes the volume element on R™ "™ which assigns volume one to the unit
cube. In our arguments below, we will make heavy use of the following two integral formulas:
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Proposition 4.3 (Siegel Mean Value Theorem; [18]). If f : R™*™ — R is a bounded Riemann integrable
function with compact support, then

J fdpuy = J f(z) dz.
:x: Rm+n

Proposition 4.4 (Rogers Formula; [15], Theorem 5). If F : R™*™ x R™*™™ — R is a non-negative
measurable function, then

Z Flgz1,922) | dux(gl) =¢(m+n)~? J F(Z1,2) dz1dz,

—|—C(m+n)_1J F(z,z) dz
]Rm+n

+ C(m+n)_1J Fiz,-2) dz,

Rm+n
where the sum is taken over primitive integral vectors, and ( denotes Riemann’s (-function.
4.2. Non-divergence estimates

We retain the notation from Section 2l Given
O<wi,...,wmp<n and wi+---+wy=mn,
we denote by a the self-map on X induced by
a= diag(ewl,...,ew’“,e_l,...,e_l). 4.1)

Our goal in this subsection is to analyze the escape of mass for the submanifolds a*Y and bound
the Siegel transforms f(a®y) for y € Y. The following proposition will play a very important role
in our arguments.

Proposition 4.5. There exists k > 0 such that for every L > 1and s > klogL,
my{yeyY: a(a®y) 2 L) < L' forallp <m+n.

Proof. Let x1 be the characteristic function of the subset {x < L} of X. By Mahler’s Compactness
Criterion, 1 has a compact support. We further pick a non-negative p € C*(G) with [ pdmg =
1. Let

1) dmg(g), xeX.

L) = (p* xL)(x) = JG o(g)xi(e™
Since wy is G-invariant,
J N dpy :J XL dux = py({ < L}).
X X

It follows from invariance of mg that if D7 is a differential operator as defined as in (2.4), then
Dznr = (Dzp) *x1. Hence, i € CX(X), and |ni||cx < ||pl cx-

Note that there exists ¢ > 1 such that for every g € supp(p) and all x € X, we have a(g~!x) >
¢! a(x),and thus {d¢o g~ < L} C {« < cL}and n; < Xcr. This implies the lower bound

wy ({y € Y: «(a’y) <cl}) = L XcL(a®y) duy(y) > Lm(asy) duy(y).
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By Corollary [3.3] there exists § > 0 and k > 1 such that

L ne(a’y) duy(y) = Lcm dpx + 0 (e7°% e flcx)
v {x <L} +0 (e%),

and by Proposition 4.2}

uy {« > L) < LP forallp < m+n.
Combining these bounds, we get

my(fy €Y: ala®y) < cl)) > px(fa < L)) + 0 (75) =1+ 0, (L7 + 7)),

and thus

by ({y €Y: afa’y) >cl}) <p LP +e .
By taking s > klog L where k = £, the proof is finished. O

Proposition 4.6. Let f be a bounded measurable function on R™*™ with compact support contained in
the open set {(Xm-+1, ..., Xm+n) # 0. Then, with a as in (4.1),

supj If o a®ldpy < 0.
s=>0JY

Proof. We note that there exist 0 < v; < vy and ¥ > 0 such that the support of f is contained in the
set

{ZxY) eR™™ v <l <ve, kil <OI™™, i=1,...,n}, (4.2)

and without loss of generality we may assume that f is the characteristic functlon of this set. We
recall that Y can be identified with the collection of lattices

{Aviu=(uy:i=1...mj=1,...,n) €[0,1)™"}.
We set U; = (Ui1, ..., Uin). Then by the definition of the Siegel transform,
fla*Ay) = > f(e™(p14 (U, @), --., ™ (pm + (Um, ), e °7q) .

(P q)ezZm™+m\{0}

Denoting by x(ai ) the characteristic function of the interval [—9 gl =™, 9 ||q|| "], we rewrite this
sum as

flaesa = Y Y TIxP s+ @, q) (4.3)

vies||ql|<ves pezZm i=1

=Y I Xt @)

vies<||ql|Svzes i=1 \pi€Z

Hence,
J (foa®)duy = > H > J X(qi)(m + (Wi, q))duy
9 vies<||ql|<vzes i=1 \pi€Z 01"

We observe that for each i and p; € Z, the volume of the set

{welU™: p+@aq)|<oq| ™}
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is estimated from above by
29[qll ™ 1w
S <
max; |qj|

and we note that the set is empty whenever [p| > 3 _; [q;/+9 [|q[ ™. In particular, it is non-empty
for at most O(||q||) choices of p € Z. Hence, we deduce that

L(msmw« Y IliE™= Y @<

vies<||q||<vzes i=1 vies|[qlI<vzes
uniformly in s. This completes the proof. O

Proposition 4.7. Let f be a bounded measurable function on R™*™ with compact support contained in
the open set {(Xm+1,---,Xm+n) # 0}. Then

sup(1-+ 517 [[Fo a2y, < 00,
s2>0

where vi = 1 and vy, = 0 when m > 2.

Proof. As in the proof of Proposition it is sufficient to consider the case when f is the charac-
teristic function of the set (@2). Then f(a®y) is given by (&3), and we get

[Foas|ayy, = L fla*y)fla®y) duy(y)

m

= > 11 ZJ X (i + () (v (w, 1)) dwg

s (= [I7 i—1 ez do1m
vy e quH,HZHgvz es 1= Pi,Ti€

For fixed q, 1 € Z™, we wish to estimate

L(q0):= ) J xe (@ @)X (r+ (T 0)) dw
prez oA
First, we consider the case when ¢ and { are linearly independent. Then there exist indices j, k =
1,...,m such that g;j¢x — qi{; # 0. Let us consider the function 1\ on R? defined by P(x1,x2) =
(1)

Xq (Xl)X%i) (x2) as well as the periodized function 1 on R?/Z? defined by (p(x) = 5_ cer2 Wz +x).

If we set
w = Z qcue and p:= Z Coug,
C#jk L4k
then we denote by S the affine map
S:(x1,x2) = (g5x1 + qrxa + W, §x1 + bxo + p),
which induces an affine endomorphism of the torus R?/Z?. We note that

ZJ e+ @A) (r+(w 1)) dujduk=J $(Sx) dulx),

ez 012 R2/Z2

where p denotes the Lebesgue probability measure on the torus R?/Z2. Since the endomorphism
S preserves 1, we see that

J B(Sx) dulx) = j Tix) du(x) = J D(x) dx = 492 [q]| [T .
RZ/Zz Rz/Zz R2
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Therefore, we conclude that in this case,
L(q0) < [[qlI ™ e (4.4)

Let us now we consider the second case when q and { are linearly dependent. Upon re-
arranging indices if needed, we may assume that

|91 = max(lqal,..., lqnl, [t1], ..., [En ). (4.5)

In particular, q; # 0, and thus {; # 0, since q and { are linearly dependent, so we can define the

new variables
mn n

vi=) (qi/qi)wy =) (/0 and vy =1y,...,vn =Un,
=1 =1
and thus

where o
0= Y[ % o am) 0+ ) am.
prez” ™
We note that the last integral is non-zero only when [p| < |q1| and [r| < [¢;]. We set q; = q’d and
¢; = ¢’d where d = ged(qs,¢1). Then qir — {1p = jd for some j € Z. We observe that when j is
fixed, then the integers p and r satisfy the equation q'r — ¢'p = j. Since gecd(q’,¢’) = 1, all the
solutions of this equation are of the form p = pg + kq’, v = 79 + kt’ for k € Z. In particular, it
follows that the number of such solutions satisfying [p| < |qi| and [r| < [¢1] is at most O(d). We
write
L@ =1"@v+17 @0,
where the first sum is taken over those p, r with qir — {;p # 0, and the second sum is taken over
those p, r with ;v — ¢;p = 0.

Upon applying a linear change of variables, we obtain

W) 7 mRa (W)
Weo- Y| XD X ((arr — 6p)/as + tva) dvy
priqir—tip£0” TP/
<d ) J xq (@) xg (id/q1+ tvi) dvy.
jezn(0} '~

Let us consider the function

pi(x) = J Dlav)xy! (xd/q1 + Gvy) dvi

—00

We note that the integrand equals the indicator function of the intersection of the intervals

[ lqa M@l ™ Sl gl ]
and
[—xd/(q1t) — 9 [ea] Q) ™%, —xd/(q1&r) + 9 [ea] [T] 1],
and thus it follows that p; is non-increasing when x > 0, and non-decreasing when x < 0. This
implies that

o0

> eili<| e

jezZ\{0} -
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Since

| pi(x)dxz(J xif)(qlvl)dvl) (j XV (xd/q1) dx) < &gl e,

—00 —00 —0o0

we conclude that

M@ <d Y pilg) < gl e
jeZ\{0}

Next, we proceed with estimation of ],Ez) (q,0). Let ¢o := min{|[q|| : § € Z™\{0}}. Denoting by
N(q1, {1) the number of solutions (p, r) of the equation

qir—4p =0 with[p| < (¢, ™0 +n)lqil,
we also obtain

Pan= Y

prigqit—{p=0

N(Qlfel)J_ (o (qlvl) Y (tvy) dwy

JTH‘P/q] (i )(

qvi) Xy (Gvr) dvy
—n+p/d1

W (14w
< N(q1, &)lq1l 7)™ < N(qy, &) max (||q]|, ||€H) " )r

where we used that ¢ is chosen according to {.5). Combining the obtained estimates for ]El) (q,0)
and ] ( {), we conclude that when q and { are linearly dependent,

_ _ (1
J:(a,0) < @]~ [e ™ + N(qy, &) max (|[q], J[e) "™, (4.6)

where q; is chosen according to (4.5).

Now we proceed to estimate

y) < > [[1:@0. (4.7)

vres<IqL e <oz es =1

Using (@4), the sum in (£.7) over linearly independent q and { can be estimated as

m
< D [Tl e < > fall =™ e <1
vy es <l [Ul<vs s =1 vy es <[l Tl <vz es

For a subset I of {1,..., m}, we set w(I) := } ;. wi. Then using {.6), we deduce that the sum in
(4.7) over linearly dependent q and ¢ is bounded by

* —=w(I) 15 —w( [1¢] (II¢]+w(I€))
<Y e X TN, 6 max (a1, 12)
Ic{1,..m}
*

< eS)— (n+II¢l+w(I)) i y i y
IC{lZm}( | Zv163<||a||,||€||<vzes (a1, 1) (4.8)

The star indicates that the sum is taken over linearly dependent q and .
When I¢ = {}, then w(I) = n. Since the number of (q,{) satisfying vy e* < |[q]|, ||| < v2e®

is estimated as O(e?™*), it is clear that the corresponding term in the above sum is uniformly
bounded.
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Now we suppose that I° # (. Since G and { are linearly dependent, the vector { is uniquely
determined given {; and q, and we obtain that for some v{, vﬁ >0,

*

1] syn—1 [1¢|
PN [ CIUVE S G > 2 Niqo)'"h

v{es<|qiI<v] es 114K q1]
We shall use the following lemma:

Lemma 4.8. Forevery k > 1,

> ) N(gO* < T (logT)*

1<q<T 1<I<q
where vi = 1 and vi. = 0 when k > 2.
Proof. We observe that the sum of N(q,{)* over 1 < { < q is equal to the number of solutions
(p1,.--,Px,T1, ..., Tk, {) of the system of equations
qr1—€p1:0,...,qu—€pk:0 (49)
satisfying
il okl < (g™ +n)g and 1<L<q.

We order these solutions according to d := ged(q, (). Let ¢ = q’d and { = ¢’d. Then q’ and ¢’ are
coprime, and the system (4.9) is equivalent to

q/Tl —E’pl :O,...,q’rk—ﬂ/pk =0. (410)

Because of coprimality, each p; have to be divisible by q’, so that the number of such p;’s is at most
O(q/q’) = O(d). We note that given d the number of possible choices for { is at most q/d, and
(P1,-.., Pk, {) uniquely determine (ry,..., ). Hence, the number of solutions of is estimated
by
< ) (q/d)d* =qor_1(q),
dlq
where ox—1(q) = 2_g4/4 d*~1. Writing q = q’d, we conclude that

LT/4’]
> D> N@O*< ) qoealq<T Y Y <!
1<q<T 1<0<q 1<q<T 1<q’<T q=1
<<Tk+1 Z (q/)fk<<Tk+1(10gT)vk‘
1<q’'sT
This proves the lemma. O

A simple modification of this argument also gives that
> ) N@ < T (logT) V.
I<IqI<T 1< gl

Hence, it follows that

Zm es<[[ql I[e][<vz et
where v(I) = 1 when [I¢| = 1 and v(I) = 0 otherwise. Thus, the sum (4.8)) is estimated as
<1+ Z e W1 4 )V,

Ic{1,..,m}

N(qr, &) < (€)1 + )Y,
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The terms in this sum are uniformly bounded unless I = () and |I¢| = 1, namely, when m > 1.
When m = 1, we obtain the bound O(1 + s). This proves the proposition. O

4.3. Truncated Siegel transform

The Siegel transform of a compactly supported function is typically unbounded on X; to deal
with this complication, it is natural to approximate f by compactly supported functions on X, the
so called truncated Siegel transforms, which we shall denote by f(I). They will be constructed using
a smooth cut-off function n, which will be defined in the following lemma.

Lemma 4.9. For every c > 1, there exists a family (ny ) in CX(X) satisfying:
O<HL<1/ T]L:]- On{agcill—}/ T]L:O 07’1{0(>CL}, HnLHCk <1

Proof. Let x1 denote the indicator function of the subset {x < L} C X, and pick a non-negative
¢ € CX(G) with [ ¢ dmg = 1 and with support in a sufficiently small neighbourhood of identity

in G to ensure that for all g € supp(¢) and x € X,
¢l alx) < algtx) < calx).

We now define n; as

L) = (& * x0) () = JG (g)xt (97 %) dmal(g).

Since ¢ > 0and [ ddmg =1, itis clear that 0 < np < 1. If x(x) < ¢~ 'L, then for g € supp(¢d),
we have a(g~'x) < L, so thatny (x) = Jg ddmg = 1. If x(x) > cL, then for g € supp(¢), we have
o(g~!x) > L, so thatn (x) = 0.

To prove the last property, we observe that it follows from invariance of mg that for a differen-
tial operator Dz as in (2.4), we have Dznp = (Dzd) * x1. Therefore, supp(Dznr) C {x < cL}and
IPznilico < 1Dz dll11(g), whence [ fcre < 1. O

For a bounded function f : R™"™ — R with compact support, we define the truncated Siegel
transform of f as

We record some basic properties of this transform that will be used later in the proofs.

Lemma 4.10. For f € CX(R™*™), the truncated Siegel transform (1) is in C®(X), and it satisfies

il oy S Ml @) Cswpp(nyp Iflco forallp <mm, (*1D)
0|y Saupoe) Llfllco, (4.12)
FO L <sapptry Ll (4.13)
?—f(L)’ L) Lsupp(F)c L fllco forallt<m+n—1, 4.14)
f— 0 L20x) Lupp(f),t L= U72f]| co forallt<m+n—1. (4.15)

Moreover, the implied constants are uniform when supp(f) is contained in a fixed compact set.
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Proof. It follows from Proposition[4.1] that

0] iy 1l co e
Since 0 < ¢ < 1, @.11) follows from Proposition 4.2] and the upper bound in (4.12) holds since
supp(nt) C {oc cL}
We observe that for a differential operator Dz as in (2.4), we have D 2(f) = D/Z\f. Hence, we
deduce from Proposition [4.1| that
D2 ()| Kaupp(r) Il .
Since supp(nr) C {o < cL}and |ni||cx < 1, we deduce that

Hf Hck Lsupp(f) L ||chk

proving (4.13).
To prove (@.14), we observe that since 0 < n; < 1and ;. = 1 on {« < ¢~ 'L}, it follows from
Proposition - that
f g :J fl-n—mld f J dusy.
L) f)C| | | ﬂL| Haxe <<supp(f) H HCO (x}c*ll_}(x 255

—1

Hence, applying the Holder inequality with1 <p <m+mnand q = (1—1/p)~", we deduce that

L1y 1/a
o) Ifllco llecllp mac (foc > e

?—?(U‘

L1(X) <<5UPP(
Now it follows from Proposition [4.2] that

f_fuw (-1,

L1(x) Lsupp

which proves (4.14). The proof of (4.15) is similar, and we omit the details. O

),p IIfllco

5. CLT FOR SMOOTH SIEGEL TRANSFORMS

Assume that f € C2(R™*™) satisfies f > 0 and supp(f) C {(Xm+1,---,Xm+n) # 0}. We shall in
this section analyze the asymptotic behavior of the averages

Z fay (foas)) withy € Y,

and prove the following result:

Theorem 5.1. If m > 2 and f is as above, then the variance

= 3 (] (ot -l
-1 N
clm+n) Z 2 (JRM (pa®z)f(qz) dz+JRm+nf(pa z)f(—qz) dz).

s=—0o0p,q=1
is finite, and for every & € R,
Hy ({y € ¥: Fnly) < &) — Normg, (&) (5.1)

as N — oo.
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The proof of Theorem 5.1 follows the same plan as the proof of Theorem but we need to
develop an additional approximation argument which involves truncations of the Siegel trans-
form f. This can potentially change the behavior of the averages Fn, so we will have to take into
account possible escape of mass for the sequences of submanifolds a*Yy in X.

Throughout the proof, we shall frequently make use of the basic observation that if we approx-
imate Fn by Fn in such a way that [|[Fn — Fn [L1yy — O, then Fn and Fn will have the same
convergence in distribution.

Let

‘Hl

1 N—1
Z (foa®—py(foa®) (5.2)
s M

for some M = M(N) — oo that will be chosen later. We observe that
M—
- 1 A ~ 2M A
IIFN — Ny € — foa®—py(foa®) < —=su J If o a®| dpy. (5.3)
L1(Y) N ;J I HLl(y) N 5218’ Y
and thus, by Proposition [4.6|we see that
HFN _TINHU(H) —0 asN — 0.

provided
M = o(N/2). (5.4)

It particular, it follows that if holds for F, then it also holds for Fy;, we shall prove the for-
mer. In order to simplify notation, let us drop the tilde, and assume from now on that Fy is given

by G.2).

Given a sequence L = L(N), which shall be chosen later, we consider the average

1 A A
FNL) = N Z (f(” oa® —puy(fH o as))

s=M

—

defined for the truncated Siegel transforms (") introduced in Section We have

L _ A A
HFN_F](\J)‘ TZH(foa — )oa) y(foas—f“‘)oas) L1(y)
2 N-—-1
< — foas—fUoqas .
\NSZM L'(Y)

We recall that f(") = -, 0 < <1, and g (x) = 1 when «(x) < ¢ 1L, so that

foas—fHoqa®
L

Hence, by the Cauchy-Schwarz inequality,

foas —floqs <[foa®| gy, my ({y €Y: ala®y) > 'L} 2.

L1(Y)

Let us now additionally assume that
M > logL, (5.5)
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so that the assumption of Proposition [4.5)is satisfied when s > M. This implies that
ny ({yeyY: ala’y) > c_lL}) <p LP forallp <m-+n.
We also recall that by Proposition[f.7j when m > 2,

suproa HL2 < 00,

s>0
whence, for s > M,
[foas —fT) <p L 7P,
L1(Y)
and thus
[P =] Ly <o VAP forallp < m g (5.6)
If we now choose L = L(N) — oo so that
N =0(LP) forsomep <m+n, (5.7)

then it follows that

o=t

Hence, if we can show Theorem [5.1 for the averages Fl(\lL) with the parameter constraints above,

—0 asN — oo.
L(Y)

then it would also hold for Fy. In order to prove CLT for (F](\,L ) ), we follow the route of Proposition
and estimate cumulants and L2-norms of the sequence.

5.1. Estimating cumulants

We set

Our aim is to estimate

N-—1
Cum{fy) (F](\]L)) = Ni/z Z Cumffy) (ll)sl I ) (5.8)
M

when r > 3. The argument proceeds as in Section 3.2 but we have to refine the previous estimates
to take into account the dependence on the parameters L and M. Using the notation from Section
we have the decomposition

M, N=1 =0 M N U ([ U Qaleg, B MN)), (5.9)

j=019[>2
where
Q(BTJrl; M/N) = {M/ -~/N - 1}T N A(BT+1)/
QQ((X]'/ Bj+1; MIN) = {M/ .. '/N - 1}1’ N AQ((X]'/ Bj-l—l)-

We decompose the sum into the sums over Q(f41; M, N) and Qq(«;j, Bj4+1; M, N). Let us choose
M so that

M > Bri1. (5.10)

Then Q(B+41; M, N) = (), and does not contribute to our estimates.
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5.1.1. Case 1: Summing over (s1,...,s:) € Qolay, Bj+1; M, N) with Q = {{0},{1,...,7}}.

In this case, we shall show that

Cumglj (Lpg]”,...,wgf)) ~ Cumgaz <d)(” oa’,..., oW o asf) (5.11)
where ¢(1) = f(T L)). This reduces to estimating the integrals
(H b5 ) dyvy (512)
iel

II\J|< ( a51> dwa) I <J ﬁ(L)oasi)dW)_
1c1 ic] ienyg Y

If (s1,...,8+) € Qo(a, Bj4+1; N), and thus
|Si] — Siz| < &5 and Si, > [3]'+1 forall 1 < il,iz <,

it follows from Corollary [3.3|with r = 1 that there exists 6 > 0 such that

L(?(U S dpy = pyc ( ) 40 ( —8Bji ?(L)‘ Ck) : (5.13)
For a fixed | C I, we define
— Hf(l—) oSt
ig]
and note that for some & = £(m, n, k) > 0, we have
HCD(L)‘ <<HH‘6(L) oasis| <« e f(L)‘ -
Ck ey ck Ck

If we again apply Corollary to the function @), we obtain
J (Hf ) duy = | (®1)0a®) duy (5.14)
ie] 74
[ om —~5B511
—uxCD d}lx—i—O(e ) Ck>

= (Hf Si) dux + O <e—5'3i+1e“E %

i€]

(I)(L)‘

f(L)‘ 171 )
ck )’
where we used that py is invariant under the transformation a. Let us now choose the exponents
o5 and P51 so that 35,1 — réx; > 0. Combining (5.12), (5.13) and (5.14), we deduce that

[, (1190 ) am = (] (17000 ) e ()™ o9

i€l Jc1 ie]
1]
Ck
1]
cx /)’

:J [T (V)0 0% — (V) dpx +0 ( (6Bj1—TEx)
X

iel

+0 <e_5ﬁi+1 ert %

f(L)‘

f(L)’
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and thus, for any partition P,

1, (TT) e =TT

Ie? iel Ie?

0 CI Py m—y

iel

.
Ck) !

and consequently,
Cum|) (¢g5>,...,¢g5>) = Cum) (q)(U o asl,...,d)“-) o aSr) (5.16)
vo e [,

Ck

whenever (sq,...,s:) € Qolj, Bj+1; M, N) with Q = {{0},{1,...,r}}, from which (5.11) follows.

We now claim that

‘Cumﬂ;g <d)“-) oa't,..., Mo )

—(m+n—1))*+ H A1) Hm'm(r,ernfl) (5 17)

< Hf

Lm+n—1 (x)

where we use the notation x* = max(x,0). The implied constant in (5.17) and below in the proof
depend only on supp(f). By the definition of the cumulant, to prove (5.17), it suffices to show that
for every z > 1 and indices iy, ..., 1,,

—(m+4+n—-1))" . min(z,m+n—1)
(L) Si)...( (L) 512)‘ d Hf f(L)‘ 5.18
Using the generalized Holder inequality, we deduce that whenz < m +n —1,
M ogsu)... (D) o gsiz (L) o g5t Al (D) o gSiz
Jl(@tr0w)- (o oam) o< fotroan] o oan
<[ .
Lm+n— 1(:)(:)

Alsowhenz>m+n—1,

[0 oas)- o100

—(mtn-1)
<o (o) (o)
e
< ]é‘(L) z—(m+n—1) ]é‘(L)‘mjLnil '
Co Lm+n71(:xj)

This implies (5.18) and (5.17).

Finally, we recall that if (s1,...,s:) € Qo(j, Bj4+1;, M, N) with Q = {{0},{1,...,1}}, then we have
Isi, — si,| < o for all i1 # 1, and thus

Qo Bi+1;M,N)| < Nog . (5.19)
Combining (5.17) and (5.19), we conclude that
i X e (eean 0t oan)

(s1,-8+)€Q0(;,B5+1,M,N)

(r—(m+n—1))* min(r,m+n—1)
1—r/2 r—1 || £(L)
<<f N O(j f

g

Co L m+n—1 (x)
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Hence, it follows from (5.16) that

1 L L
W Z Cumfy) (ﬂ’gl)/---/ll)gr))

(s1,87)€EQ0(y,B5+1;M, N)

< NT/2 e (8Bj1—ToyE Hf

Ck
4 Nl_r/zog_l A(L) (r—(m+n—1))" H{:‘(U‘ min(r,m+n—1)
) Cco Lm+n—](x)
and using Lemma we deduce that
1 (r) (o (L) (1)
NT/Z Z Cumuy (¢S1 /---rlbsr )
(s1,-,87)EQQ (O(j Bj+1'M N)

< N7/2 (0BT ) LTy NI/ 2 L= (mtn 1)

5.1.2. Case 2: Summing over (s1,...,s+) € Qolaj, Bj+1; M, N) with [Q > 2 and Q # {{0},{1,...,7}}.
In this case, the estimate (3.23) gives for (s1,...,s:) € Qol(ey, Bj+1; M, N),

‘Cumuy W, ..l )‘<<e (51— TEa) Hf

cx’
and
S ’Cumw W, ..t )] < N2 (8Bja-TEa) Hf .
(s1,87)€Q0 (o5,B5+1;M,N)
< N™/2e=(3Bj1—T&0g) 7 [il=s
where we used Lemma

Finally, we combine the established bounds to estimate Cum(ury) (Fg\]L ) ). We choose the parame-

ters o5 and (3 as in (3.20). Then ;1 <; v. In particular, we may choose
M >,y (5.20)
to guarantee that (5.10) is satisfied. With these choices of o; and (3;, we obtain the estimate

‘Cumﬁfj(Fﬁ))‘ ¢ NT/2e=3YLT |||y 4 NIT/2y I (=m0 (5.21)
We observe that since m > 2,
(r—(m+n-1))"

<r/2—1 forallr >3,
m+n

Hence, we can choose q > 1/(m + n) such that
qr—(m+n—-1)" <r/2—1 forallr > 3.
Then we select
L =N¢9,
so that, in particular, the condition (5.7) is satisfied. Now (5 can be rewritten as

Cumg\d)(F( )) <5 Nr/2+1‘q675‘y ||f”1‘ +Nq —(m+4+n—1))* (r/27l),y1‘71 Hﬂ|EO (522)

Choosing v of the form
= cr(logN)
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with sufficiently large ¢, > 0, we conclude that
Cumgy)(F](\lL)) —0 asN — o

forall r > 3.

5.2. Estimating variances

We now turn to the analysis of the variances of the average Fl(\lL ) which are given by
(
[

We proceed as in Section [3.3]taking into account dependence on parameters M and L. We observe
that this expression is symmetric with respect to s; and sy, writing s; = s +t and s, = t with
0<s<EN—-—M-—-1Tand M <t <N —s—1, we obtain that

N—-1 N-1

Nl X | et el e

51 MS2

(L) L) AL
5% ’LZ(y)_ o) +2 Zl ol (s), (5.23)
where
(L) 1NES [ WL
L L
ON ' (s) ::N Z Jll)s+tll)t dpy.
t=M 7Y
We have
L), (L 2 2 P P
L%AM)ij;ﬂ%SHWU a') duy — py(fH 0 a® )y (1P 0 ah).

To estimate @% ) (s), we introduce an additional parameter K = K(N) — oo such that K < M (to
be specified later) and consider separately the cases when s < K and when s > K.

First, we consider the case when s > K. By Corollary 3.3, we have

N R N . 112
J (f(L) o as+t)(f(l_) oah) duy = ux(f(”)z +0 <e_5mm(5't) f(L)‘ k) . (5.24)
y C
Also, By Corollary 3.3
[, (#1100t dpy (B0 0 (o 70 ). (525)
Y
Hence, combining (5.24) and (5.25), we deduce that
. U
J lbg—_o—)td)iL) du‘d -0 <eémm(s,t) f(L)’ k) )
Y C
Since
N—M—1 /N—1—s N—1 N—1
Z (Z 65m1n5t>§ZZ(€58+6 )<<Ne ,
s=K t=M s=K t=M
we conclude that
N—M-—1 )
o (s) < e L] < emtKL2 |, (5.26)
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where we used Lemma The implied constants here and below in the proof depend only on
supp(f).

Let us now consider the case s < K. We observe that Corollary [3.3| (for v = 1) applied to the
function d'5 = (1) o q3)f(1) yields,

L(f“—) o as+t)(f°“‘) oal) duy = L’(d)gu oa') dpy

= | ol du 0 (e ol

o)

Furthermore, for some & = £(m,n, k) > 0, we have

N 2
5w < [ o

]?(L)’

< e
k

f(L)‘

Ck C cx’

Therefore, we deduce that

. . . . JUNTY)
J (fD o as Y (fH o at) dpy = J (fY o a*)fM duyx + O (e—éteés f(U‘ Ck) :
Y X
Combining this estimate with (5.25), we conclude that
. . . 12
L by duy = Jx(f(” 0 a®)f™ dpy — px(fH)? +0 (e—f’te&s fn] Ck) .
Hence, setting
O (s)i= | (110 ) dux — e (FV),
we obtain that
L)y N—M-=s_, 1M s ||a) ]
O (s) = =0 () + 0  NTleMets |1
A1 112 STV
=0H(s)+0 (Nl(M—i-s) Hf(” 4+ N7legmdMgés f(L)’ ) .
L2(X) ck
Therefore, using Lemma we deduce that
K—1 K—1
on (0 +2 > oy’ (s) =0 +23 el (5.27)
s=1 s=1

+ 0 (NTHM + KK [|f][ %0 + N~ Te 2MeEK121£]12,) .
Combining (5.26) and (5.27), we conclude that

M—N-1
oy’ 0+2 > el (5.28)
s=1

K—1
=0lH0+2) el (s)
s=1

+ O (NTHM A+ KIK |20 + (N7l ®MeSK 4 e P12 |13,
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We choose the parameters K = K(N), M = M(N), and L = L(N) so that

e °K12 50, (5.29)
N—le ®MeéK12 _, (5.30)
NTIM+KK =0 (5.31)

as N — oco. Then
2

5
L2(Y)

N

K—1
=0(0)+2) O (s)+o(1).
s=1

Next, we shall show that with a suitable choice of parameters,

K—1
o> _
g% Lw)_@m(0)+2;®w(s)+o(1), (5.32)

where
Ouls)i= | (Foa* sy — ux (P
x
We recall that by Lemma foralt<m+n—1,
f g

f— 0 g L2 o, (5.33)

<fr L7"|f|lco and

L1(X) L2(X)

where the implied constant depends only on supp(f). It follows from these estimates that
pac (F) = poe (F) + O (L7 [f] o),
Jx(fm o a*)fM) duy = Jx(fo a®)f dpoe + O (LT V2 I][2,),
so that
OLL)(5) = Ouls) + Ore (L1212, ). (5.34)
We choose the parameters K = K(N) — coand L = L(N) — oo so that
KL= D/2 50 forsomet<m+n—1. (5.35)

Then (5.32) follows. We conclude that

2
(L)
JFs

) — On(0) —1—2;@00(3) (5.36)

as N — oo.
Finally, we compute O (s) using by the Rogers formula (Proposition applied to the func-
tion
Fo(z1,22) = ) flpa*z)f(qz), (z1,22) € R™T™ x R™H™,
p,q=1
Since

| Foattaun =] | X Fulomgm) | duxion),

Z1,Zo€(ZmHm)*
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we deduce that

2
J (foa®)fduy = <J f(2) dz)
x RTTL+TL
—1
+ {(m+n) E <JR

p.q=1 e

f(pa®z)f(qz) dz + J

RmM+n

f(pa®z)f(—qz) dz> .
Since by the Siegel Mean Value Theorem (Proposition [4.3),
J fdpuy = J f(z) dz,
x R

we conclude that

On(s) =ctm+n " ¥ (]

f(pa®z)f(qz) dz + J
pa>1

RTTL+TI

f(pa®z)f(—qz) dz) .

m+n

Finally, we show that the sum in (5.36) is finite. We represent points z € R™"™ as z = (X, 7)
withx € R™ and y € R™. Since f is bounded, and its compact support is contained in {yj # 0}, we
may assume without loss of generality that f is the characteristic function of the set

{(xg) eR™™ vy < gl <vz, Il <O, i=1,...,m}

with 0 < vy <vyand & > 0. Let

Qs(p) = {(x,y) c R™H™ . ”1;5 <)l < ""’pes, PWial[gI™ <9, i= 1,...,m}.
Then
|| ftpas)itzqz) dz = vol (Qs(p) 1 Qula)).
Setting

I(u)={FeR™: viu< |yl <vaul,

we obtain that

vol (Qs(p) N Qo(q)) =J
I(esp~1)NI(g~1)

m
(H 20 max(p, q) IIUH_Wi> dy
i=1

< max(p,q) ™" J Y [9l~™ dy.

[(esp~1)NI(g~
We note that I(eSp~1) N I(q~!) = 0 unless (vlvgl)esq <p< (vzvfl)esq, and also that

v2/q 1
J 1G] dy < J v ldr < 1,
I(q~1) vi/q

Hence, it follows that

00 00 o
Z@‘X’(S) < Z Z maX(P;q)f(m+m < Z (esq)*(m“‘*l) < 00,
s=1 S,q:1 (vlvz—l)esqug(vzvl—l)esq S,q:1

because m +n > 3.
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5.3. Proof of Theorem [5.1]

As we already remarked above, it is sufficient to show that the sequence of averages F](\,L ) con-
verges in distribution to the normal law. To verify this, we use the Method of Cumulants (Propo-
sition [3.4). It is easy to see that

J FU duy =0.
Y

Moreover, with a suitable choice of parameters, we have shown in Section that for r > 3,

Cumgg) (F](\]L)> —0 asN — oo,
and in Section [5.2] that

HFl(\,L) — 02 <oo asN — oo.

2
L2(Y)
Hence, Proposition 3.4 applies, and it remains to verify that we can choose our parameters that
satisfy the stated assumptions. We recall that

L=N9 and vy =c,(logN).

The parameters M = M(N) > K = K(N) need to satisfy the seven conditions (5.4), (5.5), (5.20),
(.29), (6.30), (5.31), (5.35). We take

K(N) = c1(log N)

with sufficiently large c¢; > 0 so that (5.29) is satisfied. Then taking

M(N) = (logN)(loglog N),
we arrange that (5.5), (5.20), and (5.30) hold for all N > Ny(r). We note that the constant ¢, and
the implicit constant in (5.20) depends on 1, and the (loglog N)-factor here is added to guarantee
that the parameter M is independent of r. Finally, the conditions (5.4), (5.31), (5.35) are immediate
from our choices.

6. CLT FOR COUNTING FUNCTIONS AND THE PROOF OF THEOREM [1.2]
We recall from Section [I.3] that
Ar(u) =[Ay N Q7|+ O(1),

where A, is defined in (1.8) and the domains Qt are defined in (1.9). We shall decompose this

domain into smaller pieces using the linear map a = diag(e™?,...,e"m, e 1,...,e 1), wenote that

for any integer N > 1,

and thus
N-1
AwNQenl =) R(a*Ad),
s=0

where x denotes the characteristic function of the set Q.. Hence the proof of Theorem|1.2|reduces
to analyzing sums of the form ZSN:_Ol X (a®y) withy € Y. For this purpose, we define

1 N-—1 R . R .
N -zm;)(xoa — py(Roat)). (6.1)

Our main result in this section now reads as follows.
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Theorem 6.1. If m > 2, then for every & € R,
ky (ly € 9: Fnly) < &) = Normg (&)

as N — oo, where

_om (T, Sngp) (2emEn—1)
o2 = pm+ (E{}l) <Ln—1 I dz>< ) 1>.

We approximate x by a family of non-negative functions f, € C2°(R™*™) whose supports are
contained in an e-neighbourhood of the set Q., and

1/2

X < f£ < 1, Hfg —XHLI(Rern) <L g, Hfs _X”LZ(R““L“) K€ P HfEHCk ¢ E_k.

This approximation allows us to construct smooth approximations of the Siegel transform ¥ in the

following sense.
Proposition 6.2. For every s > 0
J [feoa®—%oa®| duy < e+e®.
Y
Proof. We observe that there exists d;(¢) > 9 such that 9i(e) = Vi + O(¢) and f. < X, where X,
denotes the characteristic function of the set
{ZY) eR™M:1—e<|[y| <e+e, x| <Oile) [y] ™ fori=1,...,m}.
Then it follows that
Fe(@A) —R(a*A)l= ) (fela®™v) —x(aV)) < Y (xela®v) —x(a*V)).

veA\{0} veA\{0}

It is clear that x. — X is bounded by the sum X1, + X2, + X3,¢ of the characteristic functions of the
sets

{Zy) eR™™: 1—e < |yl <1, kil <9ile) g™ fori=1,...,m},
{xy) eR™M e[yl <e+e Ixil <9ie)|[yl|™ fori=1,...,m},
{®RY) € R™™: 1< [[gll < e, bl < 95(e) |G~ foralli, x;| > c[g| ™ for some j}
respectively. In particular, we obtain that
fe(a®A) = R(a*A) < K1,e(a*A) 4+ Ro.e (°A) + Rz e (@A),

Hence, it remains to show that forj =1,2,3,
J (Xjeca®)duy <e+e ®
Y
As in (4.3), we compute that

L (R1,e 0 @®) dpy = > H > J si(e)lgl—w (Pi+ Wy @)dug |, (62)

(1—e)es<||gll<es i=1 \piez” 01"

where xg denotes the characteristic function of the interval [—6, 8]. We observe that

J[onn Xo1(e)lql - (Pi + (Ty, @) dw < (maxiclqil) ™ q) ™ << [lql| =™,
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and moreover this integral is non-zero only when |p;| = O(||q]|). Hence,

> J Xo:(e)q)—: (Pi + (Wi, ) dug < [[qf| ™,
piez” 0"

and

L freoa)duy< Y JJlIa™

(1—e)es<||qll<es i=1
<e ™ Hgez™: (1—e)es < |[q] < e

The number of integral points in the region {(1 — ¢)e® < ||y|| < e®} can be estimated in terms of its
volume. Namely, there exist r > 0 (depending only on the norm) such that

{@ez™: (1-ee* <|q| <e’ll<TeR™: (1-¢)e® —r <[yl <e® +r1).
Hence,
J (Rreoa’)duy <e ™ ((eS+1)"—((1—¢)e® —1)") < (1+1e 5)" —(1—e—1e )"
! Le+e ®.

The integral for %, o a® can be estimated similarly.

The integral over X3 ¢ o a® as in (6.2) can be written as a sum of the products of the integral

J[oun (Xaj(a)na\rw]' (pi + (W, @) — Xo, g~ (Pi + <ﬁi/a>)) di
< 2(maxy|qil) T (05(e) — 95)|[g] ™ < ellq) ™,

and the integrals
J[O 1 Xﬁi(ﬁ)HaH_Wi (pl + <ﬁ1/a>) dﬁi < 28i(8)(maxk|qk|)ilHq”iwi < Hq”flfwi

with i # j. We observe that these integrals are non-zero only when |p;| = O(||q||) and [pi| =
O(/|q|])- Hence, we conclude that

m
| acoatam < 3 eJJla™=e X <,
k es|qli<est =1 es<||qlI<est?

which completes the proof of the proposition. O

Now we start with the proof of Theorem As in Section [p] we modify Fy and consider
instead

N—1
- 1
FN = —— goa®—uy(goa® 6.3
N = s S_ZM (% by (% o a®)) 6.3)
for a parameter M = M(N) — oo that will be chosen later. As in (5.3) we obtain that

”FN _T:NHL](‘J) —0 asN — o

provided that
M = o(N1/2), (6.4)
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Hence, if we can prove the CLT for (Fn), then the CLT for (Fn) would follow. From now on, to
simplify notations, we assume that Fy is given by (6.3).

Our next step is to exploit the approximation x ~ f¢, so we introduce

A

N—1
1 Z o
F](\T) . V N s=M (fE ° as F“é (fE © as)) ’

where the parameter ¢ = ¢(N) — 0 will be specified later. We observe that it follows from Propo-
sition[6.2] that

=

feoa®—%o aSHU(y) < NV2(g 4 eMy,

5 Nt

g N
L'y VN S_ZM
We choose ¢ = ¢(N) and M = M(N) so that

N/2¢ 50 and NY2e M 0. (6.5)

Then

(e)
Fn —F H —0 asN — oo.
H N NllLy)

Hence, it remains to prove convergence in distribution for the sequence Fg\? ),
We observe that the sequence F](\f ) fits into the framework of Section [5l However, we need to
take into account the dependence on the new parameter ¢ and refine the previous estimates. It

will be important for our argument that the supports of the functions f, are uniformly bounded,
[fellco < 1, and [|fellcx < e7*

As in Section [5, we consider the truncation

N—1
(et) . _ 1 (m s AL) s )
F = — fe "oa®— fe 7o0a®)).
N N ; € Wd( 3 )
s=M
defined for a parameter L = L(N) — oco. We assume that

M > loglL, (6.6)

so that Proposition [4.7| applies when s > M. Since the family of functions f. is majorized by a
fixed bounded function with compact support, Propositionimplies that whenm > 2,

feoa®|| ,u, <1 foralls>0,
L2(Y)

uniformly on ¢. Hence, the bound (5.6) can be proved exactly as before, and we obtain

(e,L)

HFl(\T) —Fy ‘ <p N/2L=P/2 for allp<m-+n.

L1(Y)
We choose the parameter L as before so that

N =0 (LP) forsomep<m-+n (6.7)
to guarantee that

—0 asN — oo.
L'(Y)

(e) _plel)
LS
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Now it remains to show that the family F](\f ') satisfies the CLT with a suitable choice of parameters
M, L, . As in Section [5|we will show that for r > 3,

Cum) (Fﬁ’”) 50 asN - oo, 6.8)
and
(e,L)‘ 2

F —0 asN — oo 6.9
H N2y (6.9)

with an explicit o € (0, 00).

Under the condition

M > v, (6.10)

the estimate (5.21)) gives the bound

‘Cumgy)“:](\?l))’ <<NT/26—6YLTHfEHT Nl T/2 T— 1L (m+n—1)) HfEHTCO

<<NT/2 —5yLT —rk+N1 T‘/2 r— 1[_( (m+n—1))" ]

We note that the implicit constant in (5.21) depends only on supp(f¢ ) so that it is uniform on e. We
choose L = N9 asin Sectionland Y = c+(log N), where ¢, > 0 will be specified later. In particular,
then N1—7/2yr—1(r—(m+n—1))" _, 0 and assuming that

NT/2LTe~ Tk = o(edY), (6.11)
it follows that holds.
To prove , we have to estimate
N—-1 N-1
[ = J, et aw,
s1=M s,=M

where

As in (5.23), we obtain that

) N—M
[P ]y, =R 02 3 el
s=1
where
N—1-s
@S/L) (s):= % Z J wgi{;)w d}ly
t=m Y
Our estimate proceeds as in Section 5, and we shall show that with a suitable choice of parameters,
HF“'”(Z —@eL) 0)+2Kzl@(€”(s)+o(1) (6.12)
Nz = ' '

where
Ot (s) = | (F" 0 )l dpx — (P2
X
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Indeed, arguing as in (5.28), we deduce that
M—N-—1

o2 Y egts)
s=1
K—-1
=0 (0)+2) Ol (s)
s=1

+ 0 (NTHM + KK+ N7Te 2MebK[2e 72k 0K 2g72K)
Hence, (6.12)) holds provided that

e K272k 0, (6.13)
N-le ®MeéKp 2,2k _, (6.14)
(M +K)K — 0. (6.15)

Next, we set
OL(s)i= | (Fe o0y dpx — ux(Fe)?
and observe that as in (5.34)), :
@f)j'”(s) = 8(5 (s)+ O+ (L T 1V2) foralt<m+n—1,
uniformly on e. Hence, choosing K so that
KL= (=72 50 forsomet<m+n—1, (6.16)
we conclude that

(e,1)
[

) K1
=00)+2) O (s)+o(1).
gy, = O (0 ;w() (1)
The terms @(¢)(s) can be computed using Propositions|4.3{and and we obtain that

L) (s) = ¢(m+n)~! Z (JR]M (pa®z)f(qz) dHJ fe(pa®z)fe(— ql)dZ)

We also set
Oe(s) :=C(m+m) ™ Y~ (J x(pa*2)x(az) dz + | x(PaSZ)x(qZ)dZ>
’pq>1 Rm+n Rm+n
“20mn) Y| xpatzx(az) &z
p’qu RmM+n
We claim that
0L (s) — O (s)| < e1/2e~ (MAM=2)s/2 (6.17)

This reduces to the estimation of

JRM fo(pasz)f. (qz) dz — j x(paz)x(qz) dz

Rm+n

(6.18)

< +

j (fe —X)(pa’z)f. (qz) dz J X(paz)(x — fo)(q2) dz
Rm+n Rm+n
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We observe that there exists 0 < v; < v such that
| t—xpaaremaz=0
Rern

unless vy e®q < p < V2 e*q, and by the Cauchy-Schwarz inequality under these restrictions,
1/2

fe=xllz lfelhe

dz| < p(m+n)/2 q(m+n)/2 qm+ne(m+n)s/2'

J (fe —X)(pa*2)fe(qz)
RTTVFYI

Since m+n > 3,

J (fe — X)(pasz)f. (qz) dz

=) 2

j (fe —x)(pa*2)fe(qz) dz
Rm+n

p.g>1 MR g>1v; esq<p<vresq
e'/%es 1/2 ,—( 2)s/2
—(m+n— S
< Z m+ne m+n)s/2 Lelre '

q
q=>1
The sum of the other integral appearing in lb is estimated similarly. This proves (6.17).
Provided that ¢ = ¢(N) — 0, the estimate (6.17) implies that

2
HF](\T’L)‘ g, = Oee(0) 42 Y ©wls) +o(1)
s=1
Hence,
()2 > -
F ( 02 =000 +2Y Ou(s
R (©)+23 Ouls)
as N — oo.

Finally, we compute the limit

?= Y enls)=2tmen)t Y Y | xipatzixiea) ¢z

We note that the sum

is equal to the characteristic function of the set
{®g) e R™™: ||g]| >0, [xi <0 g™, i=1,...,m},

and

i=1

) max(p, q)~ "”‘J g™ dy
1/q<||yll<e/q

eq 'z| !
m m—n S||—n —1 =
2 (l | 191) max(p,q)~ Lnl I <L1|z|1 T dr) dz

_— —1-—w; —wy
| zwaxie dz—f " (st max(p, )] ) dy

3 0

i=1

Hfh) wn max(p,q)" ™,

i=1

3

zm
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where Wy = [¢n-1 [|Z]| 7™ dZ. We also see that

Z max(p,q)_m_“:Z —m-n_ 9 Z q—m—n

p,q=1 p=1 1<p<q
= ((m +2Z mn_ (m+n—1)—¢(m+n),
q>1

and thus

> 2((m+n—1)
0% = Ouls) =2 ] o 1.
. _ZOO H ((m+n)
6.1. Proof of Theorem[6.1]
As we already remarked above, it is sufficient to show that the average F](\f ) converge in dis-
tribution to the normal law. According to Proposition it is sufficient to check that
Cuml) (FG™) =0 asN = o0

when r > 3, and

— 0% asN — oo.
L2(Y)

These properties have been established above provided that the parameters

(e,1)
|7

M =M(N), e=¢(N), L=N9, y=c (logN), K=K(N)<M(N)
satisfy the ten conditions (6.4), (6.5), (6.6), (6.7), (6.10), (6.11), (6.13), (6.14), (6.15), (6.16). It remains

to show that such choice of parameters is possible. The condition is guaranteed by the choice
of L. First, we take

e(N) = 1/N.
Then the first part of holds. Then we select sufficiently large ¢, iny = c,(log N) so that (6.11)
holds. After that we choose
K(N) = ci(log N)
with sufficiently large c; > 0 so that (6.13) holds. Then it is clear that (6.16) also holds. Given these
g, L, v, and K, we choose
M(N) = (logN)(loglog N)
so that the second part of (6.5), (6.6), (6.10), and (6.14) hold for all N > Ny(r). With these choices,
it is clear that and (6.15) also hold. Hence, Theorem [6.1]follows from Proposition 3.4,

6.2. Proof of Theorem [1.2]

For u € My, « ([0,1]), we set

At(u) — Cin logT

Dt(u):= (log 7)1/ ’

where Ciyn = 2™9 - - - Imwn with wy = fsnfl Iz ™ dz. We shall show that Dt(u) can be
approximated by the averages Fn defined in (6.1). This will allow us deduce convergence in
distribution for Dt. We observe that:
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Lemma 6.3.
N-—1
> J X(a®y) dpy(y) = Cm N+ O(1),
s=0
where C n is defined above.
Proof. We observe that
N-—1
ZJ K(a®y) duy(y) =J En(y) duy (y),
s=0 Y Y

where =y denotes the charateristic function of the set
{xy eR™M 1< gl <e, kil <d|yll™, i=1...,m}.

Using notation as in the proof of Proposition [4.6] we obtain

L; ENWduyly) = Y ) HJ[Ol]m X(ﬁi) (pi + (Wi, Q) s

1<[qf <eN pezm i=1"0

= Y T[] X e ) aw

1</faf<eN i=1 \prez” O™

We claim that

| e @) an =20 (619)

pez? 0™
To prove this, let us consider more generally a bounded measurable functions x on R with compact
support, the function P (x) = x(x1) on R™, and the function {(x) = Z‘pGZ X(p + x1) on the torus
R™/Z™. We suppose without loss of generality that q; # 0 and consider a non-degenerate linear
map

S:R™M—>R™:u— ((W,q),uy,..., um)

which induced a linear epimorphism of the torus R™/Z™. Using that S preserves the the Lebesgue
probability measure p on R™/Z™, we deduce that

Y|, xer@@an=| G0 = | b dui = | xiu)da

pez R™/Zm

which yields (6.19).

In turn, (6.19) implies that

L Endpy =2™ (Hﬁi> > lal™

=1/ 1<qll<eN

[o1jm

Using that [[g; ™™ = [z ~™ + O (|52 ™) when [[§; —Ta|| < 1, we deduce that

> l@l™=

I<]qll<e™

| Imirag+om,
IR

and expressing the integral in polar coordinates, we obtain
|71 eN

[
J |rz)| ™ tdrdz = wa N + O(1).

IzlI=

Igl ™ dy =j

J1<||9||<eN st



CENTRAL LIMIT THEOREMS FOR DIOPHANTINE APPROXIMANTS 49

This implies the lemma. U

Now we return to the proof of Theorem[1.2] Since
N—1

Aen(u) = Y R(a*Ay)+0(1),
s=0

Lemma [6.3]implies that
HDeN —FNHCO —0 asN — oo,

where (Fy ) is defined as in (6.1). Therefore, it follows from Theorem that for every & € R,
HE € M ([0,1]) : Den(u) < E})] = Normg (&) as N — oo.
Let us take N1 = [log T|. Then
eNT<T<eN™ and Ny <logT <Nt +1,

so that
Angit — Cin Nt

(log T)1/2
with ar —+ 1and bt —+ 0as T — oco. Hence, we deduce that
{u € Mmn([0,1]) : Dr(u) < & = {u € Mmn([0,1]) : Denyaa(u) < (£—=br)/ar}l.
It follows that for any ¢ > 0 and sufficiently large T,
{u € Mmn([0,1]) : Dr(u) <&} = {u € Mmn([0,1]) : Dengi(u) < &—ell.

Dt < =ar DeNT+1 + bt

Therefore,
liTminf fu e Mmn(0,1]) : Dr(u) < &} > Normg (& — ¢)
—00

for all ¢ > 0. This implies that
1iTminf {u € M([0,1]) : Dt(u) < &}f > Normg(&).
— 00

A similar argument also implies the upper bound

limsup {u € My n([0,1]) : Dy(u) < &} < Normg(&).

T—o0o

This completes the proof of Theorem 1.2}
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