
Dynamical Systems in Number Theory. Autumn 2010.

Homework 3

(1) (well approximable vectors↔ excursions to the cusp) A vector x
in Rd is called well approximable if for some ε > 0, the inequality
‖x− p/q‖ < q−1−1/d−ε has infinitely many solutions p ∈ Zd and
q ∈ N. Let

Λx = Zd+1

(
id 0
x 1

)
, x ∈ Rd

at = diag(et, . . . , et, e−dt) ∈ SLd+1(R),

∆(Λ) = min{‖v‖ : v ∈ Λ, v 6= 0}, Λ ∈ L1
d+1.

Prove that a vector x is well approximable if and only if there ex-
ists δ > 0 such that the inequality ∆(Λxat) ≤ e−δt has solutions
t → ∞ (i.e., the flow visits exponentially shrinking neighbour-
hoods of ∞).

(2) Show that if αβ < 2α − 1, then in the Schmidt game, Bob
has a strategy to force the end point of the game to be any
preassigned point.

(3) Let x1, x2, x3 . . . denote the sequence of the top digits of the
numbers 2, 22, 23, . . . in the decimal expansion. Compute the
frequences

lim
N→∞

1

N
|{i = 1, . . . , N : xi = d}|.

(Hint: use rotations on the circle.) Which of the digits is most
likely to appear?

(4) Show that every closed set invariant under the horocycle flow
is either the whole space or consists of periodic orbits.

(5) Consider a sequence Pi = xiU of periodic orbits of the horo-
cycle flow U = {us} with the periods going to ∞. Prove that
this sequence becomes dense as i → ∞. (Hint: imitate the
“thickening” argument from the class and use mixing.)

(6) Give an example of a sequence of probability measures µn on
[0, 1] and a set B ⊂ [0, 1] such that µn → µ, µn(B) = 1, and
µ(B) = 0.

(7) Let L(x, y) = αx + βy with α, β ∈ R, α/β ∈ R\Q. Using the
properties of the horocycle flow, show that the set

{L(p, q) : p, q ∈ Z, gcd(p, q) = 1}
is dense in R.
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