
FORMAL GAGA FOR GERBES

ANDREW KRESCH AND SIDDHARTH MATHUR

Abstract. Fix an I-adically complete Noetherian ring A and suppose X is a proper A-scheme.
This article concerns the relationship between the Brauer group of X and that of the various
Xn where Xn is the fiber over A/In+1. In particular, we answer a question of Grothendieck
by showing that, in positive and mixed characteristic, there are examples of X with nontrivial
Brauer classes that restrict to zero on all the Xn. We characterize such behavior, prove this cannot
happen in characteristic zero, and deduce a formal GAGA statement for Brauer classes.

1. Introduction

Given a family of varieties, the infinitesimal thickenings of a fiber should govern the algebraic
geometry of the family near that fiber. Grothendieck’s existence theorem algebraizes certain
formal-analytic coherent sheaves on the thickenings by bounding the coefficients of their defin-
ing equations. In combination with the theorem on formal functions, this leads to the formal
GAGA theorem for families, proper over the base. There is also formal GAGA for Picard groups
(cf. Proposition 5.3): if (A,m) is a complete local Noetherian ring, X a proper A-scheme, and
Xn = X ×SpecA SpecA/mn+1, then

Pic(X)
∼−→ lim←−Pic(Xn).

In [23, §3], Grothendieck investigated the analogous map for another invariant, the Brauer
group. More generally, he studied the restriction homomorphism in étale cohomology

(1.1) φ : H2(X,Gm)→ lim←−H
2(Xn,Gm),

posed the question of injectivity of φ, and suggested it may hold for torsion classes (see [23,
Rem. 3.4 (a)]). While there has been some positive progress (e.g., families of curves), no coun-
terexamples have been identified.

In this article we give a comprehensive answer to Grothendieck’s question. In mixed and
positive characteristic, we show that the jumping of the Néron-Severi rank fully characterizes
the non-injectivity of φ. With this we easily obtain counterexamples (see Sections 8-9). The
characterization (Theorem 8.3) takes a simple form for smooth families over a complete DVR:

Theorem 1.1. Suppose (A,m, k) is a complete DVR with char(k) = p > 0, denote the generic point
by η, and fix an integer ` > 1, not divisible by p. If X is proper and smooth over A, then the following
are equivalent:
(a) The system of abelian groups (Pic(Xn)) is Mittag-Leffler.
(b) The homomorphism φ : H2(X,Gm)→ lim←−H

2(Xn,Gm) is injective.
(c) The restriction of φ to H2(X,Gm)[`] is injective.
(d) The equality rk(NS(X0)) = rk(NS(Xη)) holds.

In characteristic zero, we demonstrate the injectivity of (1.1) unconditionally (see Remark 11.10,
Theorem 11.11). We then bound the order of an inverse system of Brauer classes, and use this to
deduce formal GAGA for Brauer groups in characteristic zero (see Theorem 12.1):
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Theorem 1.2. Suppose (A,m, k) is a complete local Noetherian ring with char(k) = 0. If X is a
proper A-scheme, then (Pic(Xn)) is a Mittag-Leffler system, φ in (1.1) is injective, and it induces:

(1.2) H2(X,Gm)tors
∼−→ lim←−[H2(Xn,Gm)tors].

Example 1.3. The map φ in (1.1) need not be surjective. For example, the group on the left
is torsion when X is regular, but on the right there are non-torsion elements already when
S = SpecC[[t]] and X = V ×S, with V a K3 surface over C (see also [4, Ex. 4.13] and [8, Rem.
2.1.8]).

The homomorphism φ in (1.1) was also studied by Geisser-Morin [17], under more restrictive
conditions, and Binda-Porta [7], using derived algebraic geometry. In particular, they establish
the injectivity of the intermediate homomorphism

(1.3) H2(X,Gm) ↪→ H2(X,Gm)

where X is the formal scheme associated with X0 in X . In Section 3, we will present a short
alternative proof of this statement without making recourse to derived methods and which also
holds for any commutative smooth affine group scheme in place of Gm.

The formalism of continuous cohomology in [27] yields the exact sequence:

(1.4) 0→ lim←−
1Pic(Xn)→ H2(X,Gm)→ lim←−H

2(Xn,Gm)→ 0.

So, by (1.3) if lim←−
1Pic(Xn) = 0, then φ is injective. This was observed, in increasing degrees

of generality, by Grothendieck, Geisser-Morin, and Binda-Porta, and it allows them to conclude
that φ is injective when the Picard functor is formally smooth, e.g., if X/S has 1-dimensional
fibers. Unfortunately this criterion rarely applies in higher dimensions. Indeed, even for smooth
projective X over A = C[[t]], the associated Picard scheme need not be smooth.

On the other hand, lim←−
1Pic(Xn) = 0 if (Pic(Xn)) has the Mittag-Leffler property, i.e., for

every m, the image of Pic(Xn) → Pic(Xm) stabilizes as n grows. This too fails in general; see
Section 9 for examples which ultimately lead to the non-injectivity of φ. This should not be
surprising because the Picard functor is quite large. However, if we distinguish the algebraically
trivial part of the Picard functor from its Néron-Severi quotient we may exploit the fact that
they are large in different ways: one is Noetherian and the other is a finitely generated abelian
group.

Indeed, using the Picard scheme, Lipman’s mixed-characteristic analogue, and Néron-Popescu
desingularization, we obtain results that force the Mittag-Leffler property on (Pic0(Xn)), even
when Pic0(−) is not formally smooth (see Proposition 6.2, Theorem 10.3, and Corollary 11.7).
In turn, this allows us to characterize the non-injectivity of φ in terms of Néron-Severi jumps in
mixed and positive characteristic (see Theorem 8.3).

On the other hand, we show that the finite-generation of the Néron-Severi part implies it is
eventually constant in characteristic zero (see, e.g., Proposition 11.8). This fact imposes cohomo-
logical properties on the Picard scheme (see Lemma 11.9) which imply three important results
in characteristic zero: (Pic(Xn)) is Mittag-Leffler, the term on the right of (1.2) is torsion (see
Theorem 12.1), and the system (Pic(Xn)) is eventually surjective in certain cases, even over
non-local rings (see Proposition 5.5).
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2. Preliminaries

Fix a scheme X and let (Ab)N (respectively (Sh)N) denote the category of inverse systems of
abelian groups (respectively abelian sheaves for the étale topology on X ).

Definition 2.1. ( Jannsen, [27]) We denote by H i
cont(X,−), the derived functors of the left-exact

functor
F : (Sh)N → Ab

sending (Gn) 7→ lim←−H
0(X,Gn). This is the continuous cohomology of the system (Gn).

Remark 2.2. The functor F can be written as the composition of functors

lim←−(−) ◦ (H0(X,−)) : (Sh)N → (Ab)N → Ab.

Therefore the Grothendieck spectral sequence and the vanishing of Ri lim←−(−) for i > 1 (for
abelian groups) lead to short exact sequences for each j ≥ 1:

(2.1) 0→ lim←−
1Hj−1(X,Gn)→ Hj

cont(X, (Gn))→ lim←−H
j(X,Gn)→ 0.

For j = 1 and j = 2 there are descriptions of Hj
cont(X, (Gn)) involving torsors and gerbes.

Definition 2.3. A (Gn)-torsor on X is the data of a Gn-torsor Pn → X and an equivariant
isomorphism φn : Pn+1×Gn+1 Gn → Pn, for every n. An isomorphism of (Gn)-torsors (Pn, φn)→
(P ′n, ψn) consists of the data of Gn-equivariant isomorphisms fn : Pn → P ′n which are compati-
ble with φn and ψn for every n ≥ 0.

Given a morphism of abelian sheaves G → H , we will use the standard notation − ×G H
for the analogous promotion of structure group for gerbes: it yields a banded H-gerbe when
applied to a banded G-gerbe.

Definition 2.4. A banded (Gn)-gerbe is the data of a banded Gn-gerbe Xn → X and an
isomorphism of banded gerbes φn : Xn+1 ×Gn+1 Gn → Xn for every n ≥ 0. An isomorphism
of banded (Gn)-gerbes (Xn, φn) → (X ′

n, ψn) consists of the data of Gn-banded isomorphisms
fn : Xn →X ′

n which are compatible with φn and ψn for every n ≥ 0.

It is a standard fact that the set of isomorphism classes of G-torsors over a scheme X , (resp.
banded G-gerbes over X ), form an abelian group, naturally isomorphic to H1(X,G) (resp.
H2(X,G)). An analogous fact also holds for (Gn)-torsors and gerbes.

Proposition 2.5. Let (Gn) denote an inverse system of abelian sheaves over the étale site of a scheme
X . Then the isomorphism classes of (Gn)-torsors on X are naturally identified with H1

cont(X, (Gn)),
and the isomorphism classes of banded (Gn)-gerbes onX are naturally identified withH2

cont(X, (Gn)).

It is useful to note that (Ab)N has enough injectives and that the injective objects (In) of
(Ab)N are characterized as those with In injective for all n, and with every In+1 → In a
split epimorphism [27, (1.1)]. Indeed, one can then quickly deduce the triviality of all (In)-
torsors and banded (In)-gerbes for injective objects (In). The proof of Proposition 2.5 is then
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a straightforward extension of the arguments in [18, Rem. III.3.5.4, Thm. IV.3.4.2]; we omit the
details.

When X is proper over an I-adically complete Noetherian ring A, and we denote by Xn the
fiber over Spec(A/In+1) for all n, we may identify the étale sites of all the thickenings Xn with
that of X0. From a commutative group scheme G, smooth over X , we obtain the inverse system
of abelian sheaves (GXn). The formal scheme associated with X0 in X will be denoted by X.

Definition 2.6. Let X , X and G be as above, then we define the ith cohomology of G on the
formal scheme X to be H i

cont(X0, (GXn)) and we will denote it by H i(X, G). A G-torsor on X is
a (GXn)-torsor, and a banded G-gerbe on X is a banded (GXn)-gerbe.

For example, if we combine these definitions with Proposition 2.5 and take G = Gm,X , we
obtain:

Proposition 2.7. The group H2(X,Gm) is naturally identified with the isomorphism classes of
banded Gm-gerbes on X.

Remark 2.8. Returning to the general setting, provided that the transition maps Gn+1 → Gn

are epimorphisms (as is the case, e.g., for Gn = GXn as above), continuous cohomology
Hj

cont(X, (Gn)) may be identified with the cohomology Hj(Xproét, lim←−Gn) of a limit sheaf on
the pro-étale site of Bhatt and Scholze; see [6, §5.6].

3. Formal injectivity for G-gerbes

Let X → S be a proper morphism of schemes with S = SpecA the spectrum of an I-adically
complete Noetherian ring A. We employ the notation of Section 2, e.g., X for the associated
formal scheme. We give a formal injectivity result, generalizing the injectivity result of Binda-
Porta mentioned in the introduction. We avoid derived methods and instead deduce formal
injectivity from the following result of Bhatt and Halpern-Leistner [5, Thm. 7.4].

Lemma 3.1. Let A be an I-adically complete Noetherian ring, and let X and X be algebraic stacks
of finite type over A. Suppose that X is proper over A, and X has affine diagonal. Then, denoting
the fiber over Spec(A/In+1) by Xn, the inclusion morphisms give rise to an equivalence of categories
of morphisms of stacks over A:

HOMA(X,X ) ∼= lim←−HOMA(Xn,X ).

Originally proved using a short and direct descent-theoretic argument (cf. [5, Prop. 7.5]),
Lemma 3.1 can also be deduced easily from the coherent Tannaka duality result of Hall and
Rydh [25, Thm. 8.4], as we will now show.

Proof. Hall and Rydh’s result [25, Thm. 8.4] yields an equivalence of categories

(3.1) HOM(X,X ) ∼= Funct⊗,'(Coh(X ),Coh(X)),

where X and X are Noetherian algebraic stacks, and X has quasi-affine diagonal; on the
right in (3.1) is the category of right exact tensor functors and natural isomorphisms respecting
the tensor structure. Indeed, combining (3.1) with the Grothendieck existence theorem yields an
equivalence of categories

HOM(X,X ) ∼= Funct⊗,'(Coh(X ), lim←−Coh(Xn)).

The category on the right is formally identified with lim←−Funct⊗,'(Coh(X ),Coh(Xn)), and we
conclude by applying (3.1) to Xn and X . �
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Proposition 3.2. Let X be a scheme, proper over an I-adically complete Noetherian ring A, and
let G be a commutative group scheme, smooth and affine over X . Then the natural homomorphism
H2(X,G)→ H2(X, G) is injective.

Proof. Given a class α ∈ H2(X,G), we may represent it as a banded G-gerbe f : X → X , and
suppose α|X = 0. This means there is a compatible system of morphisms σn : Xn → X for
each n. Lemma 3.1 yields a section X →X of f , thus α = 0. �

Remark 3.3. Proposition 3.2, in the case when G = Gm, was shown by Geisser-Morin [17] when
X is regular and X → S is flat over a complete 1-dimensional base. Using derived algebraic
geometry, Proposition 3.2 was proven for G = Gm by Binda-Porta [7]. See the proof of [33, Lem.
4.2] for another precursor to Proposition 3.2.

Remark 3.4. One may relax the completeness condition on A in Proposition 3.2: instead, we may
suppose that (A, I) is merely a Henselian pair (see [35, Tag 09XE]) such that A is Noetherian
and A→ Â = lim←−A/I

m has regular geometric fibers (e.g. if A is excellent). This is because the
natural map H2(X,G)→ H2(XÂ, G) is injective by [8, Lem. 2.1.3].

4. The Picard functor and Néron-Severi group

Fix a proper morphism of Noetherian schemes f : X → S, and for a scheme T with a
morphism T → S we let fT : XT → T denote the base change of f . We make some brief
observations about the Picard functor PicX/S ,

PicX/S(T ) = H0(T,R1(fT )∗Gm),

and the Picard stack PicX/S which associates to T → S the groupoid of line bundles on XT .

Definition 4.1. Let X → S and T → S be as above.

(1) A line bundle L on a scheme X0, proper over an algebraically closed field k, is said to
be numerically trivial (resp. algebraically trivial) if, for every curve C ⊂ X0, the degree of
L|C is zero (resp. if L and OX0 appear as fibers of some line bundle on (X0)T , where T
is a connected k-scheme of finite type).

(2) We say a line bundle L on X is numerically trivial over S (resp. algebraically trivial over
S) if Ls = L|Xs is numerically trivial for every geometric point s : Spec k → S (resp. if
Ls = L|Xs is algebraically trivial for every geometric point).

(3) There is a subgroup (resp. subsheaf) Picτ (XT ) ⊂ Pic(XT ) (resp. PicτX/S ⊂ PicX/S ) which
consists of those line bundles which are numerically trivial over T (resp. with sections over
T étale locally represented by line bundles which are numerically trivial over schemes,
étale over T ). Similarly, there is a subgroup (resp. subsheaf) Pic0(XT ) ⊂ Pic(XT ) (resp.
Pic0

X/S ⊂ PicX/S ), where the condition of algebraic triviality replaces numerical triviality.

Remark 4.2. The natural inclusion PicτX/S ⊂ PicX/S is representable by open immersions (see
[3, Exp. XIII, Thm. 4.7]).

Remark 4.3. For any proper morphism X → S over a Noetherian scheme S, the quotient groups
Picτ (Xs)/Pic0(Xs) are finite for any geometric point s ∈ S, and their orders are uniformly
bounded (see [3, Exp. XIII, Thm. 4.6, 5.1]). Thus, if [n] : PicX/S → PicX/S is the nth power map,
then PicτX/S = [n]−1(Pic0

X/S) for suitable n > 0.
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Remark 4.4. Suppose S is separated, f is proper and flat, then PicX/S is an algebraic stack,
locally of finite type over S with affine diagonal ([25, Thm. 1.2]). If, additionally, f is cohomologi-
cally flat in dimension zero (i.e., the formation of f∗OX is compatible with arbitrary base change
along S), then the functor PicX/S is an algebraic space over S ([2, Thm. 7.3], see also [9, Thm.
2.2.6] and note that Brochard’s conclusion is valid in our situation because (fT )∗Gm is smooth).
In this case, the natural morphism PicX/S → PicX/S is a gerbe ([9, Prop. 2.3.2]). Note that f is
cohomologically flat in dimension zero if the geometric fibers of f are reduced (see [20, Prop.
7.8.6]).

It will be useful to discuss the component group of the Picard group of a (local) family. As
such, we make the following definition.

Definition 4.5. If X0 is a scheme proper over a field k then we define the Néron-Severi group of
X0 to be the cokernel in the exact sequence

0→ Pic0(X0)→ Pic(X0)→ NS(X0)→ 0.

If f : X → S = SpecA is a proper morphism where (A,m, k) is a complete local Noetherian
ring, then we define the Néron-Severi group of X over S, denoted by NS(X/S), via the following
commutative diagram with exact rows

0 r−1(Pic0(X0)) Pic(X) NS(X/S) 0

0 Pic0(X0) Pic(X0) NS(X0) 0

r

where X0 = X ×SpecA Spec k.

Remark 4.6. Note that in the above definition NS(X/S) ⊂ NS(X0) and since the latter is a
finitely generated abelian group (see [10, Thm. 3.4.1 (i)]), the rank of NS(X/S) is a well-defined
non-negative integer.

Remark 4.7. The group Pic(X)/Picτ (X) is finitely generated and has the same rank as NS(X/S).
We may see this as follows: first, note that r−1(Pic0(X0)) ⊂ Picτ (X). Indeed, if a line bundle
is numerically trivial on the closed fiber of the proper morphism X → SpecA, then it is nu-
merically trivial on all fibers (see Remark 4.2). Thus, the group Pic(X)/Picτ (X) is a quotient
of NS(X/S) and the kernel is a finite group. Indeed, Picτ (X)/r−1(Pic0(X0)) is finite because
it injects into Picτ (X0)/Pic0(X0) and the latter is a finite group by Remark 4.3.

We end this section with two results, Proposition 4.8 and Lemma 4.11, that are essentially due
to Grothendieck; see [24, Cor. 2.3, Cor. 2.7, Rem. 2.9].

Proposition 4.8. Fix a reduced Noetherian scheme S and let X → S be a proper and flat morphism
of schemes which is cohomologically flat in dimension zero. Suppose that for each geometric point
s : Spec k → S, the resulting Picard scheme Pic0

Xs/k is a semi-abelian variety. Then Pic0
X/S is a

smooth algebraic space over S.

Proof. The claim is local on S, so we may assume that S = SpecA with some prime ` invertible
in A. For any n, the deformation and obstruction spaces of a line bundle on X are uniquely
`n-divisible, this shows that PicX/S[`n]→ S is formally étale and hence étale over S. The semi-
abelian hypothesis guarantees that the union of torsion PicX/S[`n] (for all n > 0) is schematically
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dense when intersected with each fiber Pic0
Xs/k. In turn, this implies that PicX/S → S is univer-

sally open over each point of Pic0
Xs/k for each geometric point of S.

Since the geometric fibers Pic0
Xs/k are integral, [9, Lem. 4.2.8 (i)] implies that Pic0

X/S is an open
subspace of PicX/S . It follows that Pic0

X/S → S is flat, by [22, Cor. 15.2.3]. Thus Pic0
X/S → S is

smooth, as desired. �

Recall that a scheme X is semi-normal if it is reduced and every finite bijective morphism of
schemes f : Y → X which induces an isomorphism on all residue fields is an isomorphism.

Remark 4.9. Let S be a reduced Noetherian Q-scheme. If the fibers of a proper and flat mor-
phism X → S are (semi-)normal then Pic0

Xs/k is a (semi-)abelian variety; see [14, Part 5, Thm.
5.4, Rem. 5.8] and [16, Intro. and Cor. 8].

Over a reduced Noetherian Q-scheme S, a proper and flat morphism X → S with semi-
normal fibers must have S-smooth Pic0

X/S by Proposition 4.8. However, the next example shows
that this can fail when the fibers of X/S are not semi-normal.

Example 4.10. There is a flat family of projective surfaces X → S over a variety S, cohomo-
logically flat in dimension zero, such that Pic0

X/S = PicτX/S has varying fiber dimension over S.
Let (E,∞) be an elliptic curve over C. We take S = E, the constant family V = E × S → S,
and the line bundle L = OV (∆ −∞), of degree 0 on fibers. Now consider P(OV ⊕ L) → V ,
take Z to be the zero-section in L ⊂ P(OV ⊕ L), and pinch P(OV ⊕ L) along the first-order
thickening Z(1) of Z to obtain X → V , with rational cuspidal curves as fibers. Now X → S has
H1(Xs,OXs) of dimension 1 for s 6=∞ and 2 for s =∞.

Lemma 4.11. Let π : X → S be a proper and flat morphism over a Noetherian scheme S. If the
geometric fibers of π are connected and normal, then PicτX/S → PicX/S is representable by closed
immersions.

Proof. It suffices to show the open immersion PicτX/S → PicX/S is closed under specializations,
so we may assume S is a DVR. Note that PicX/S is separated by [35, Tag 0DNJ]. Then PicX/S
is a scheme by [1, Thm. 4B]. Now Pic0

X/S → S has proper fibers (see [14, Part 5, Rem. 5.8])
so by [22, Cor. 15.6.8] Pic0

X/S is closed in PicX/S . By Remark 4.3, this implies the inclusion
PicτX/S ⊂ PicX/S is closed. �

5. Mittag-Leffler systems

Definition 5.1. An inverse system of sets (Si)i∈N is said to have the Mittag-Leffler property if for
every i ∈ N, there is an Ni ∈ N with Im[Sn → Si] = Im[SNi

→ Si] for every n ≥ Ni.

Example 5.2. The following statements are straightforward to verify.

(1) Any inverse system of finite sets, or finite dimensional vector spaces with linear connect-
ing maps, is Mittag-Leffler.

(2) If (Bn), (Cn) are two inverse systems of sets such that Bn → Cn are surjections, and (Bn)
is Mittag-Leffler, then so is (Cn).

(3) If (An), (Bn) are two inverse systems of sets with inclusions ιn : An → Bn for all n
and connecting maps bn,m : Bn → Bm with the property that b−1

n,m(Am) = An for every
n ≥ m, and (Bn) is Mittag-Leffler, then so is (An).
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(4) If
0→ (An)→ (Bn)→ (Cn)→ 0

is an exact sequence of inverse systems of abelian groups and (An) and (Cn) are Mittag-
Leffler, then so is (Bn).

(5) If (An) is an inverse system of abelian groups which is Mittag-Leffler, then lim←−
1An = 0.

Proposition 5.3. Let X be proper over an I-adically complete Noetherian ring A, with Xn =
X ×SpecA Spec(A/In+1) and let X denote the associated formal scheme. In the factorization

Pic(X)→ Pic(X)→ lim←−Pic(Xn).

of the natural restriction homomorphism, both maps are isomorphisms.

Proof. The left-hand map is an isomorphism by the Grothendieck existence theorem. The right-
hand map is an isomorphism if and only if the lim←−

1 term in (2.1) (for j = 1) vanishes. By [19,
Cor. 4.1.7] the system (H0(Xn,OXn)) enjoys the Mittag-Leffler property, hence the same is true
for the system (H0(Xn,Gm)) by Example 5.2 (3), therefore the lim←−

1 term vanishes. �

Example 5.4. Any inverse system of sets whose connecting maps are surjective automatically
satisfies the Mittag-Leffler property. As such, if π : X → S = SpecA is proper, flat, and
cohomologically flat in dimension 0, where A a reduced I-adically complete Noetherian ring,
and Pic0

Xs/k is a semi-abelian variety for every geometric point s : Spec k → S, then (Pic0(Xn))

is a Mittag-Leffler system by Proposition 4.8, since Pic0
X/S = PicX/S×PicX/S

Pic0
X/S → Pic0

X/S

is smooth (see Remark 4.4).

Next we show that (Pic(Xn)) is eventually surjective under certain conditions.

Proposition 5.5. Let π : X → S = SpecA be a proper and flat morphism over a reduced I-adically
complete Noetherian ring A containing Q. If the fibers of π are normal, then the connecting maps
in the system (Pic(Xn)) are eventually surjective. In particular, it is a Mittag-Leffler system and
φ : H2(X,Gm)→ lim←−H

2(Xn,Gm) is injective.

Proof. We begin by reducing to the case when π has geometrically integral fibers. Since X is
reduced by [21, Prop. 6.8.3], the spectrum S ′ = SpecA′ of its ring of global sections is reduced.
Moreover, π is cohomologically flat in dimension zero (see Example 4.4) so π∗OX is a locally free
OS-module. Since the geometric fibers of π are reduced, it follows that the morphism S ′ → S
is finite étale and therefore we may replace S by S ′.

As explained in Remark 4.9 and Example 5.4, the system (Pic0(Xn)) has surjective con-
necting maps. Since the obstruction to lifting a line bundle lies in a Q-vector space and
Picτ (Xn)/Pic0(Xn) is torsion (see Remark 4.3), it follows that (Picτ (Xn)) also has surjective
connecting maps. We set Gn = Pic(Xn)/Picτ (Xn), and we may conclude by showing (Gn)
is eventually constant. First we note that the connecting maps Gn → Gn−1 are all inclusions,
because h : Pic(Xn)→ Pic(Xn−1) satisfies h−1(Picτ (Xn−1)) = Picτ (Xn) by definition.

Consider the inclusion of the generic points of T = (SpecA/I)red, T ′ =
⊔l
i=1 SpecKi → T .

Now observe that if g : Pic(X0) → Pic(XT ′) then g−1(Picτ (XT ′)) = Picτ (X0), because the
locus on SpecA/I where a line bundle is numerically trivial is open (see Remark 4.2), and
closed by Lemma 4.11. It follows that G0 is finitely generated because it is contained in the
finitely generated group Pic(XT ′)/Picτ (XT ′) (see [10, Thm. 3.4.1 (i)]). Thus, if Gn ⊂ Gn−1 is the
inclusion of a proper subgroup, then the rank must drop because the obstruction to lifting a
line bundle lies in a Q-vector space. It follows that (Gn) is eventually constant, as desired. �
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The following example shows that the normality hypothesis above is necessary.

Example 5.6. There is a projective family of surfaces over C[[t]], cohomologically flat in degree
0, such that the system (Pic(Xn)) is not eventually surjective. We may obtain this from the
family X → S in Example 4.10, by base change to the completion of OS,∞. Setting Xn =
X ×S Spec(OS/m

n+1
∞ ), one may calculate

Pic(Xn) ∼= Z2 × E(OS/m
n+1
∞ )×mn

∞/m
n+1
∞ .

On the last factor, the maps in the inverse system are trivial.

We record the following lemma, which will help clarify how the limiting behavior of the Néron-
Severi group compares with that of the group of line bundles modulo numerical equivalence.

Lemma 5.7. Let X → SpecA be a proper morphism of schemes, where (A,m) is a complete local
Noetherian ring. The natural map

lim←−
iNS(Xn/Sn)→ lim←−

iPic(Xn)/Picτ (Xn)

is a rank-preserving surjection between finitely generated abelian groups for i = 0 and is an isomor-
phism for i = 1.

Proof. As we saw in Remark 4.7, for every n ≥ 0, there is a rank-preserving surjection

NS(Xn/Sn)→ Pic(Xn)/Picτ (Xn)

which implies Pic(Xn)/Picτ (Xn) is a finitely generated abelian group. Since the connect-
ing maps in the system (NS(Xn/Sn)) are all injective, the inverse limit lim←−NS(Xn/Sn) is a
finitely generated abelian group. Indeed, it is a subgroup of the finitely generated abelian group
NS(X0/S0). Moreover, the natural connecting maps between the finite abelian groups

Fn = Ker[NS(Xn/Sn)→ Pic(Xn)/Picτ (Xn)]

are inclusions because the same is true for (NS(Xn/Sn)), hence (Fn) is a decreasing sequence
of finite abelian groups. Taking limits and noting that lim←−

1 Fn = 0, the result follows. �

Proposition 5.8. Let X → S = SpecA be a proper morphism, where (A,m) is a complete local
Noetherian ring. Then (Picτ (Xn)) is Mittag-Leffler if and only if (Pic0(Xn)) is Mittag-Leffler.

Proof. For each n, we have an exact sequence

0→ Pic0(Xn)→ Picτ (Xn)→ Gn → 0

where the Gn form a descending chain of finite abelian groups. Indeed, this is true for n = 0
by the theorem of the base (see Remark 4.3). Moreover, if g : Picτ (Xn)→ Picτ (X0) denotes the
restriction map, then g−1(Pic0(X0)) = Pic0(Xn), by definition, and Gn ⊂ G0. It follows that the
system (Gn) is eventually constant, and we obtain the result by (3) and (4) of Example 5.2. �

6. Lifting via strong Artin approximation

In this section we show that if X → S = SpecA is proper and flat where A is a complete
local Noetherian ring, then the associated inverse system of abelian groups (Pic0(Xn)) is Mittag-
Leffler.

Lemma 6.1. Let π : X → SpecA be a morphism which is locally of finite type, where (A,m, k) is
a complete local Noetherian ring, and suppose X is an algebraic stack with quasi-compact separated
diagonal and affine stabilizers.
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(1) For every n ≥ 1, we have the equality of subsets of the set [X(A/mn)] of isomorphism classes:⋂
j≥n

Im([X(A/mj)]→ [X(A/mn)]) = Im([X(A)]→ [X(A/mn)]).

(2) If X is quasi-compact, then for every n ≥ 1, there is an integer β(n) ≥ n such that

Im([X(A/mβ(n))]→ [X(A/mn)]) = Im([X(A)]→ [X(A/mn)]).

Proof. When X = SpecB is affine, (2) follows from the strong Artin approximation property for
complete local Noetherian rings [32, Thm. 2.9]. For the general case of (2), since X has affine
stabilizers there is a smooth cover f : Y → X by a finite-type A-scheme Y , which we may take
to be affine, such that every field-valued point of X lifts to Y = SpecB (see [13]). Since the map
f : SpecB → X is also smooth, it follows that SpecB(A/mi) → [X(A/mi)] is surjective for
every i. Therefore

f(Im(SpecB(A/mj)→ SpecB(A/mi)) = Im([X(A/mj)]→ [X(A/mi)])

for every j ≥ i ≥ 1. Now (2) follows by choosing a β(n) that works for SpecB.
For (1), suppose that x ∈

⋂
j≥n Im([X(A/mj)] → [X(A/mn)]). Since X is locally of finite

type, we may replace X by a quasi-compact open substack which contains x. Thus, we may
apply (2) to deduce that x ∈ Im([X(A)] → [X(A/mn)]). Since the other inclusion is obvious,
the result follows. �

Proposition 6.2. Let f : X → S = SpecA be a proper and flat morphism of schemes where A is a
complete local Noetherian ring. Then (Pic0(Xn)) is Mittag-Leffler.

Proof. The stack PicX/S is an algebraic stack, locally of finite type with affine diagonal (see
Remark 4.4). Moreover, the open substack PicτX/S of PicX/S is of finite type over S by [3, Exp.
XIII, Thm. 4.7 (iii)]. We conclude by using Proposition 5.8 and Lemma 6.1(2). Indeed, apply the
latter to X = PicτX/S to see that the images of Picτ (Xm) → Picτ (Xn) stabilize for m ≥ β(n)
where β(n) is as in Lemma 6.1(2). �

7. A sufficient condition for non-injectivity

The aim of this section is to give a sufficient condition for non-injectivity of φ : H2(X,Gm)→
lim←−H

2(Xn,Gm) in terms of `-torsion in lim←−
1 Pic(Xn).

Proposition 7.1. Let X → S = SpecA be a proper morphism, where A is an I-adically complete
Noetherian ring, and let ` be a positive integer not divisible by the characteristic of any of the residue
fields of A/I . Then the natural maps

H2(X,µ`)→ H2(X, µ`)→ lim←−H
2(Xn, µ`)

are isomorphisms, where Sn = SpecA/In+1 and Xn = X ×S Sn.

Proof. We have the following exact sequence:

0→ lim←−
1H1(Xn, µ`)→ H2(X, µ`)→ lim←−H

2(Xn, µ`)→ 0.

However, since µ` is an étale sheaf on the étale site common to each Xn,

H i(Xn, µ`)→ H i(X0, µ`)

is an isomorphism for each n ≥ 1. For i = 1 this implies lim←−
1H1(Xn, µ`) = 0, so that

H2(X, µ`)→ lim←−H
2(Xn, µ`) is an isomorphism. For i = 2 it implies the natural homomorphism

lim←−H
2(Xn, µ`)→ H2(X0, µ`) is an isomorphism. To conclude, we apply Gabber’s proper base
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change theorem [15, Cor. 1] to X/S to see that the composite H2(X,µ`) → lim←−H
2(Xn, µ`) ∼=

H2(X0, µ`) is an isomorphism, as desired. �

Corollary 7.2. Let X → S = SpecA be a proper morphism where A is an I-adically complete
Noetherian ring and suppose ` is a positive integer not divisible by any of the characteristics of the
residue fields of A/I . Then the natural map is an isomorphism:

H2(X,Gm)[`]
∼−→ H2(X,Gm)[`].

Proof. This follows by comparing the long exact sequences associated to the Kummer sequence
on X and X

0 Pic(X)/`Pic(X) H2(X,µ`) H2(X,Gm)[`] 0

0 Pic(X)/`Pic(X) H2(X, µ`) H2(X,Gm)[`] 0

We apply Propositions 7.1 and 5.3 to see that the rightmost vertical arrow is an isomorphism. �

Corollary 7.3. Let X → S = SpecA be a proper morphism where A is an I-adically complete
Noetherian ring and suppose ` is a positive integer not divisible by any of the characteristics of the
residue fields of A/I . Then, if φ is as in (1.1), there is a natural identification

(lim←−
1Pic(Xn))[`] = Ker(φ)[`].

Proof. This follows by Proposition 3.2, Lemma 7.2, and the exact sequence (1.4). �

8. Characteristic p phenomena

Lemma 8.1. Let f : X → S = SpecA be a proper morphism with A a complete local Noetherian
ring with residue field of characteristic p > 0, and let ` be a positive integer not divisible by p.

(1) The systems (Pic(Xn)[`]) and (Pic(Xn)/`Pic(Xn)) are constant.
(2) There is a natural identification

(lim←−
1Pic(Xn))[`] = Coker[Pic(X)/`Pic(X)→ Pic(X0)/`Pic(X0)].

(3) The abelian group lim←−
1Pic(Xn) is `-divisible.

Moreover, the statements above hold with Pic0(−) in place of Pic(−).

Proof. Note that the kernel and cokernel of the restriction map r : Pic(Xn+1) → Pic(Xn) are
both Fp-vector spaces. This implies any L ∈ Pic(Xn)[`] lifts to Xn+1 and that there is a unique
such lift which is `-torsion. A similar argument shows that (Pic(Xn)/`Pic(Xn)) is a constant
system and from this (1) follows.

For (2) and (3), we break up ·` : Pic(Xn)→ Pic(Xn) into the two exact sequences:

0→ Pic(Xn)[`]→ Pic(Xn)→ `Pic(Xn)→ 0,

0→ `Pic(Xn)→ Pic(Xn)→ Pic(Xn)/`Pic(Xn)→ 0,

take limits, and apply (1). The proof of these three statements for Pic0(−) is identical. �

Remark 8.2. Combining Lemma 8.1 (2) and Lemma 7.3 yields a refinement of [7, Thm. 1.3 (3)].

Theorem 8.3. Let f : X → S = SpecA be a proper morphism with (A,m) a complete local
Noetherian ring with residue field of characteristic p > 0, let ` > 1 be an integer not divisible by p,
and consider the following statements:
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(a) The system of abelian groups (Pic(Xn)) is Mittag-Leffler.
(b) The homomorphism φ : H2(X,Gm)→ lim←−H

2(Xn,Gm) is injective.
(c) The restriction of φ to H2(X,Gm)[`] is injective.
(d) The equality rk(NS(X/S)) = rk(NS(X0)) holds.

Then (a)⇒ (b)⇒ (c)⇒ (d). Moreover, if at least one of the following holds:
(1) the residue field of A is algebraically closed, or
(2) the residue field of A is finite, or
(3) f is flat.

then (d)⇒ (a).

Proof. That (a) ⇒ (b) follows from Proposition 3.2, and the statement (b) ⇒ (c) is obvious. To
show (c) ⇒ (d) we assume rk(NS(X/S)) < rk(NS(X0)). Now we consider the commutative
diagram for each n ≥ 0:

0 r−1(Pic0(X0)) Pic(X) NS(X/S) 0

0 Pic0(Xn) Pic(Xn) NS(Xn/Sn) 0

and by taking limits and using Proposition 5.3 we obtain an identification

Coker[g : NS(X/S)→ lim←−NS(Xn/Sn)] = Ker[lim←−
1Pic0(Xn)→ lim←−

1Pic(Xn)].

Since g is an injective map between finitely generated abelian groups, either it is rank-preserving
or Ker[lim←−

1Pic0(Xn) → lim←−
1Pic(Xn)] is a finitely generated abelian group of positive rank. If

the latter holds, then by the `-divisibility of lim←−
1Pic0(Xn) (see Lemma 8.1), lim←−

1Pic(Xn) has
nontrivial `-torsion so, in this case, we may apply Corollary 7.3. Thus, we may assume that
NS(X/S)→ lim←−NS(Xn/Sn) is rank-preserving.

Now we consider the exact sequence

(8.1) 0→ NS(Xn/Sn)→ NS(X0)→ NS(X0)/NS(Xn/Sn)→ 0

and note that the cokernel is a Z/pnZ-module and therefore lim←−NS(X0)/NS(Xn/Sn) is a
Zp-module. Indeed, the groups NS(X0)/NS(Xn/Sn) are quotients of Pic(X0)/Im[Pic(Xn) →
Pic(X0)] and these are Z/pnZ-modules because the obstruction to deforming a line bundle
along a square-zero extension lies in an Fp-vector space. By taking limits of the sequence (8.1)
above and using the fact that NS(X/S) → lim←−NS(Xn/Sn) is rank-preserving, our hypothesis
that rk(NS(X/S)) < rk(NS(X0)) implies lim←−

1NS(Xn/Sn) contains a copy of Zp/F where F is a
finitely generated abelian group of positive rank. Thus lim←−

1NS(Xn/Sn) has nontrivial `-torsion,
and since lim←−

1Pic0(Xn) is `-divisible, it follows that lim←−
1Pic(Xn) has nontrivial `-torsion, and

we again conclude by Corollary 7.3.
It remains to show (d) ⇒ (a) with one of the extra hypothesis. We suppose rk(NS(X/S)) =

rk(NS(X0)). Then for each n ≥ 0, we have the finite-index containments

NS(X/S) ⊂ NS(Xn/Sn) ⊂ NS(X0)

and therefore (NS(Xn/Sn)) is a Mittag-Leffler system. To conclude, we use Example 5.2 (4) and
the fact that (Pic0(Xn)) is a Mittag-Leffler system. The latter follows from Proposition 6.2 in
the flat case. To treat the non-flat cases, we develop further techniques in Section 10 to show
(Pic0(Xn)) is a Mittag-Leffler system (see Theorem 10.3). �
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Proof of Theorem 1.1. The restriction map rη : Pic(X)→ Pic(Xη) is an isomorphism, so there is
a specialization map sp : Pic(Xη)→ Pic(X0). Also

Pic0(Xη) ⊂ sp−1(Pic0(X0)) ⊂ Picτ (Xη)

where the rightmost containment follows by Remark 4.2 and the leftmost containment follows
from, for example, the proof of [30, Prop. 3.3]. Indeed, it is shown there that the specialization
map sp preserves algebraic equivalence. This implies rk(NS(X/S)) = rk(NS(Xη)) and the
result follows by Theorem 8.3. �

Example 8.4. If V is a proper k-scheme and A is a complete local Noetherian k-algebra, then
one can check that the trivial family X = V × SpecA satisfies (d) in Theorem 8.3 (use the
fact that the Néron-Severi group scheme of V is étale). Therefore, the system (Pic(Xn)) is
Mittag-Leffler and the associated map φ is injective.

Remark 8.5. Example 8.4 answers a question implicit in the work of Binda-Porta (see [7, Ex.
4.18]). Indeed, they address the injectivity of φ for constant families and ask about the vanishing
of lim←−

1Pic(Xn). The vanishing holds by the Mittag-Leffler property.

Question 8.6. If f : X → SpecA is a proper morphism over a complete local Noetherian
ring with residue characteristic p ≥ 0, when do non-torsion (or p-power torsion) classes in
H2(X,Gm) extend to H2(X,Gm)?

9. Examples

In this section we record a few explicit examples where

φ : H2(X,Gm)→ lim←−H
2(Xn,Gm)

is not injective when the residue field has characteristic p > 0.

Example 9.1. In [37, Section 3], van Luijk writes down an explicit quartic surface X ⊂ P3
Z, flat

over Z, such that
(1) the generic fiber is a K3 surface which has geometric Picard number 1,
(2) the fibers Xp over Fp for p = 2, 3 are K3 surfaces with geometric Picard number 2, and
(3) The Picard group of X2 (resp. X3) is freely generated by a hyperplane section and a conic

(resp. a line) defined over Fp (see [37, Rem. 3.4]).
This implies, if we take X × SpecZp → SpecZp where p = 2, 3, then φ is not injective. This
can also be verified by directly checking that lim←−

1Pic(X×SpecZp/pnZp) ∼= Zp/Z and applying
Corollary 7.3 to conclude.

Example 9.2. If A = Z3[
√
−1], then φ is not injective when X ⊂ P3

A is the Fermat quartic.
Indeed, Tate observed that rk(NS(Xs)) = 22 (see [36, Sec. 3]) whereas rk(NS(Xη)) = 20.

Example 9.3. In [28], the construction is given of the universal elliptic curve with full level N ≥ 3
structure:

(1) a smooth affine curve Y (N)→ Z[1/N ] (see [28, Cor. 4.7.2]),
(2) a (relative) elliptic curve E (N)→ Y (N),
(3) inducing a surjective morphism to the moduli stack of elliptic curves Y (N)→M1,1,Z[1/N ].

For explicit equations defining the above when N = 3, see [28, (2.2.11)]. Then for any prime
p not dividing N , there are always points s : SpecFp → Y (N) such that the corresponding
elliptic curve is supersingular, whereas the generic such elliptic curve is not (see [34, §V.4]).
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Thus, there exists a morphism S = SpecFp[[t]] → Y (N), so that the generic fiber of ES =
E (N)×Y (N) S → S is not supersingular, but the special fiber is. So ES → S is an elliptic curve
whose ring of endomorphisms is of rank 4 on the special fiber and has rank ≤ 2 generically.
Then X = ES ×S ES → S is an abelian surface over S with jumping Néron-Severi rank. It
follows that φ is not injective for this X/S.

10. Liftability is a closed condition

From Section 6 it follows that (Pic0(Xn)) is Mittag-Leffler when (A,m, k) is a complete local
Noetherian ring and X a proper and flat A-scheme. In this section, we show (Pic0(Xn)) is
Mittag-Leffler without flatness as long as k is algebraically closed or finite.

Remark 10.1. Recall, by Cohen’s structure theorem, if A is a complete local Noetherian ring
which contains a field, then there is an isomorphism A ∼= k[[x1, .., xn]]/I , where k is the residue
field of A. When we refer to a complete local Noetherian k-algebra, we implicitly mean that k is a
field of representatives, i.e., that the residue field is isomorphic to k.

In mixed characteristic, we will not be able to anchor our analysis over a field of repre-
sentatives. Instead, we work over the Witt vectors, denoted by W (B) for an Fp-algebra B. In
this situation, a construction of Lipman yields a group scheme over k that resembles a Picard
scheme, at least when k is perfect.

Theorem 10.2. (Lipman) Let X → SpecA be a proper morphism of schemes over a complete local
Noetherian ring (A,m, k), such that k is perfect. Then for each n, the fpqc sheaf associated to the
functor on k-algebras

B 7→ Pic(Xn ×SpecW (k) SpecW (B))

is representable by a commutative group scheme PXn , locally of finite type over k, with functorial
exact sequences for perfect fields k′ over k

0→ Pic(Xn ×SpecW (k) SpecW (k′))→ PXn(k′)→ Br(H0(Xn,OXn)red ⊗k k′).

Moreover, there are affine morphisms

r′n,m : PXn → PXm

for every n ≥ m ≥ 0. Furthermore, there is a natural isomorphism PicX0/k
∼= PX0 , and the identity

component P0
Xn
is of finite type over k.

Proof. All except the last two sentences is contained in [29, Thm. 1.2, Thm. 7.5]. The same
argument in the last paragraph of [29, p. 29] shows that PicX0/k

∼= PX0 . Moreover, by definition,
there are maps r′n,m, and they are affine because the maps fn : PXn → P1 defined in [29, p. 29]
are all affine (see [29, Prop. 2.5]) and fm ◦ r′n,m = fn. To see that the identity component of PXn

is of finite type over k, we consider

r′n,0 : PXn → PX0
∼= PicX0/k

.

Now (r′n,0)−1(Pic0
X0/k

) is of finite type and contains P0
Xn

. �

Theorem 10.3. Let X → SpecA be a proper morphism of schemes where A is a complete local
Noetherian ring whose residue field k is of characteristic p > 0. If k is finite or algebraically closed,
then the system of abelian groups (Pic0(Xn)) is Mittag-Leffler.
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Proof. We explain the proofs of the equal and mixed characteristic cases in parallel. For n ≥ m
the scheme-theoretic images of the restriction morphisms rn,m : PicXn/k → PicXm/k (resp.
r′n,m : PXn → PXm , in the mixed characteristic case) yield a decreasing sequence of closed sub-
schemes of PicXm/k (resp. PXm ), which we intersect with r−1

m,0(Pic0
X0/k

) (resp. (r′m,0)−1(Pic0
X0/k

))
to obtain Zn,m (resp. An,m). Since r−1

m,0(Pic0
X0/k

) (resp. (r′m,0)−1(Pic0
X0/k

)) is of finite type over k,
when k is finite, the associated sets of k-points for each m are each finite and hence the system
(Pic0(Xn)) is Mittag-Leffler. Thus, we may assume k is algebraically closed. We claim that a line
bundle Lm on Xm lies in Zn,m(k) (resp. An,m(k)) only if there is a line bundle Ln ∈ Pic0(Xn)
which extends Lm. In the equicharacteristic case, this will imply

Zn,m(k) = Im[Pic0(Xn)→ Pic0(Xm)]

for all n ≥ m. In the mixed characteristic case this implies

An,m(k) = Im[Pic0(Xn)→ Pic0(Xm)]

for all n ≥ m.
Choose Lm ∈ Zn,m(k) (or, in the mixed characteristic case, Lm ∈ An,m(k)). Since each rn,m

(resp. r′n,m) has a closed image set-theoretically (see [12, Exp. VIB, Prop. 1.2]) there is a k-point of
PicXn/k (resp. PXn ) restricting to Lm ∈ PicXm/k(k) (resp. restricting to Lm ∈ PXm(k)), because
rn,m (resp. r′n,m) is of finite type and k is algebraically closed.

In the equicharacteristic case, Pic(Xi) → PicXi/k
(k) is a bijection for every i ≥ 0 since k is

algebraically closed. Hence if Lm ∈ PicXm/k(k) lies in Zn,m(k), then there is an Ln ∈ Pic0(Xn)
which extends Lm. In the mixed characteristic case, a similar argument using the exact sequence
in the statement of Theorem 10.2 shows we may identify PXn(k) with Pic(Xn). This implies
that if Lm ∈ PXm(k) lies in An,m(k), then there is an Lm ∈ Pic0(Xn) which extends Lm.

By the Noetherian property the decreasing sequence of closed subschemes Zn,m (and An,m)
must stabilize for large n and therefore Im[Pic0(Xn)→ Pic0(Xm)] stabilizes, as desired. �

We end the section with a useful observation.

Lemma 10.4. Let X → S = SpecA be a proper morphism of schemes where A is a complete local
Noetherian k-algebra. Then there is an N > 0 such that for any n ≥ m ≥ N , the following diagram

Pic(Xn) PicXn/k(k)

Pic(Xm) PicXm/k(k)

is cartesian. In particular, (Pic(Xn)) is Mittag-Leffler if (PicXn/k(k)) is Mittag-Leffler.

Proof. Suppose Xn → Yn → SpecA/mn+1 is the Stein factorization. Then the Yn’s are Artinian
semi-local schemes which all have the same number of points, and one may check that there is
an integer N > 0 such that for every n ≥ m ≥ N , the natural morphisms Ym → Yn induce
isomorphisms (Ym)red → (Yn)red. Thus, the claim follows by comparing the low degree terms
for the Leray spectral sequence applied to Gm,Xi

for the morphism Xi → Spec k (for i = m,n)
and this yields the commutative diagram with exact rows:
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0 Pic(Xn) PicXn/k(k) H2(Yn,Gm) ∼= H2((Yn)red,Gm)

0 Pic(Xm) PicXm/k(k) H2(Ym,Gm) ∼= H2((Ym))red,Gm)

and we conclude by applying Example 5.2 (3). �

11. Injectivity results in characteristic zero

The aim of this section is to show the system (Pic(Xn)) is always Mittag-Leffler when the
local ring A has residue field of characteristic zero. We begin with a definition which is a
geometric avatar of Definition 4.5.

Definition 11.1. Fix a complete local Noetherian k-algebra (A,m) (recall Remark 10.1) and let
X be a scheme proper over S = SpecA. We define the Néron-Severi group scheme over k of
Xn = X ×S SpecA/mn+1 as follows. For n = 0, it is the cokernel in the exact sequence of
commutative group schemes

0→ Pic0
X0/k
→ PicX0/k

→ NSX0
→ 0,

and for n ≥ 1 it is the upper cokernel in the following commutative diagram with exact rows

0 r−1
n (Pic0

X0/k
) PicXn/k NSXn

0

0 Pic0
X0/k

PicX0/k
NSX0

0

rn

Remark 11.2. Note that because r−1
n (Pic0

X0/k
) contains Pic0

Xn/k for every n ≥ 0, NSXn
is an étale

group scheme over k. Also, if k is algebraically closed, then there is a natural isomorphism
NSXn

(k) = NS(Xn/Sn) where Sn = SpecA/mn+1 (compare with Definition 4.5).

Lemma 11.3. Let X → SpecA and Xn → Sn be as above, and assume that k is a field of
characteristic zero and let k̄ denote an algebraic closure. Then

(1) r−1
n (Pic0

X0/k
)(k̄) is a divisible group, and

(2) r−1
n (Pic0

X0/k
) = Pic0

Xn/k as subgroup schemes of PicXn/k.

Proof. We know that Pic0
Xn/k ⊂ r−1

n (Pic0
X0/k

), and that r−1
n (Pic0

X0/k
) is of finite type over k

(because the morphisms PicXn/k → PicX0/k
and Pic0

X0/k
→ Spec k are of finite type, see [3,

Exp. XIII, Thm. 3.5, 4.7 (iii)]). Let H be the cokernel:

0→ Pic0
Xn/k → r−1

n (Pic0
X0/k

)→ H → 0.

Since H is étale and of finite type over k, it must be finite and hence H(k̄) must be a finite
group. Thus, if r−1

n (Pic0
X0/k

)(k̄) is divisible, so is its quotient H(k̄) and therefore H must be the
trivial group scheme, as desired. As such, it remains to show that r−1

n (Pic0
X0/k

)(k̄) is divisible.
Let Zn ⊂ Pic0

X0/k
denote the scheme-theoretic image of rn : r−1

n (Pic0
X0/k

) → Pic0
X0/k

. Then
Zn is a closed subgroup scheme of Pic0

X0/k
and by [12, Exp. VIB, Prop. 1.2], rn maps surjectively

onto Zn. Thus, if I ⊂ OXn⊗kk̄ is the ideal which cuts out X0 ⊗k k̄, there an exact sequence of
groups

H1(Xn ⊗k k̄, 1 + I)→ r−1
n (Pic0

X0/k
)(k̄)→ Zn(k̄)→ 0
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where 1 + I is the kernel of the surjection Gm,Xn×kk̄ → Gm,X0×kk̄. Since 1 + I is isomorphic
to a coherent sheaf (via the logarithm), H1(Xn ⊗k k̄, 1 + I) admits the structure of a Q-vector
space so it, and its image, are both divisible. Moreover, Zn(k̄) ⊂ Pic0

X0/k
(k̄) = Pic0(X0 ⊗k k̄)

consists of the subgroup of line bundles L ∈ Pic0(X0 ⊗k k̄) which extend to Xn ⊗k k̄, i.e.,
those L ∈ Pic0(X0 ⊗k k̄) with 0 = o(L) ∈ H2(Xn ⊗k k̄, 1 + I). This is a divisible subgroup if
Pic0(X0 ⊗k k̄) is. Indeed, if n > 0 is an integer and M⊗n extends for M ∈ Pic0(X0 ⊗k k̄), then
so does M , because o(M⊗n) = no(M) = 0 if and only if o(M) = 0 (since H2(Xn, 1 + I) has
the structure of a Q-vector space, as above). So it remains to show Pic0(X0 ⊗k k̄) is divisible.

Note that Pic0
X0/k

is a connected commutative group scheme over a field of characteristic zero
and is therefore also smooth over k. It follows that the multiplication by m map is surjective for
m > 0. Indeed, by Chevalley’s structure theorem, Pic0

X0/k
is an extension of an abelian variety

A by a smooth connected commutative affine group scheme G. By [31, Cor. 16.15], there is an
isomorphism G = T ×G⊕ja where T is a torus. Since the multiplication by m map is surjective
on A and on G, it follows that it is so for Pic0

Xn/k as well. So the epimorphism of sheaves
(−)⊗m : Pic0

X0/k
→ Pic0

X0/k
(m > 0) gives rise to a surjective map of sections over k̄. Therefore

the abelian group Pic0(X0 ⊗k k̄) is divisible. �

Lemma 11.4. Let X → S = SpecA be a proper morphism over a complete local Noetherian k-
algebra (A,m) and suppose k′/k is a field extension. Then if Sn = SpecA/mn+1, Xn = X ×S Sn
and we set (Xn)k′ = Xn ×k k′, there is a proper morphism X ′ → S ′ = SpecA′ over a complete
local Noetherian k′-algebra (A′,m′) such that the formal system of morphisms ((Xn)k′ → Sn ×k k′)
is isomorphic to (X ′ ×S′ S ′n → S ′n), where S ′n = SpecA′/(m′)n+1.

Proof. Set A′ = A ⊗̂k k′ (completed tensor product). This is a complete local Noetherian k′-
algebra (A′,m′), and after base change along SpecA′ → SpecA we obtain a proper morphism
X ′ → SpecA′ with the desired properties. �

Lemma 11.5. Let X → SpecA be a proper morphism over a complete local Noetherian k-algebra
(A,m) where k has characteristic zero. If we set Xn = X ×S SpecA/mn+1, then there is an N > 0
such that for every n ≥ m ≥ N the restriction map Pic(Xn) → Pic(Xm) induces an isomorphism
on torsion subgroups.

Proof. For each i ≥ 0 and ` > 0, if Xi → Yi = SpecBi → Spec k is the Stein factorization, the
Kummer sequence yields the following exact sequence:

0→ B×i /B
×`
i → H1(Xi, µ`)→ Pic(Xi)[`]→ 0.

Since H1(Xm, µ`)→ H1(X0, µ`) is an isomorphism for every `,m by topological invariance of
the étale site, it suffices to show that for all large n ≥ m, the maps B×n /B

×`
n → B×m/B

×`
m are

surjective for every ` > 0. As in the proof of Lemma 10.4 there is an N > 0 such that the map
Bn → Bm induces an isomorphism on all residue fields for every n ≥ m ≥ N , which we denote
by k1, .., kc. Then we can write

0→ 1 + Jn → B×n →
c∏
i=1

k×i → 0

where Jn is the radical of Bn. Because the `th power map induces an isomorphism on 1 + Jn
(since it is a Q-vector space, as above), the snake lemma implies B×n /B

×`
n →

∏
(ki/k

×`
i ) is an

isomorphism. Thus, for all such n ≥ m ≥ N , we may conclude that B×n /B
×`
n → B×m/B

×`
m is an

isomorphism, as desired. �
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Lemma 11.6. Let X → SpecA be a proper morphism over a complete local Noetherian k-algebra
(A,m) where k has characteristic zero. Then for each n ≥ 0, the connected component of the Picard
scheme of Xn admits a semi-abelian decomposition, i.e., there is an exact sequence

(11.1) 0→ G⊕`na → Pic0
Xn/k → En → 0

where En is a semi-abelian variety. Moreover the morphisms Pic0
Xn/k → Pic0

Xm/k respect this decom-
position and, for sufficiently large n ≥ m, the induced maps En → Em are isomorphisms.

Proof. The smooth, connected, and commutative groups Pic0
Xn/k can be written as

0→ G⊕`na × Tn → Pic0
Xn/k → An → 0

where Tn is a torus and An is an abelian variety by Chevalley’s structure theorem and [31, Cor.
16.15]. Thus, Pic0

Xn/k fits into an exact sequence as in (11.1). Moreover because Ga admits no
nontrivial maps to an abelian variety or a torus, the morphisms Pic0

Xn/k → Pic0
Xm/k respect

these decompositions. Note that this decomposition is compatible with base change and since
En → Em is an isomorphism if En⊗k k̄ → Em⊗k k̄ is, by Lemma 11.4 we may assume that k is
algebraically closed. Now since the Ei are semi-abelian, it suffices to show that for large n ≥ m
the map En(k)→ Em(k) induces an isomorphism on torsion subgroups. Moreover because the
characteristic of k is zero, the additive group has trivial torsion and thus, this is the same as
showing Pic0

Xn/k(k)→ Pic0
Xm/k(k) induces an isomorphism on torsion subgroups. However, the

diagram

Pic0
Xn/k(k)tors = [r−1

n (Pic0
X0/k

)(k)]tors PicXn/k(k)tors = Pic(Xn)tors

Pic0
Xm/k(k)tors = [r−1

m (Pic0
X0/k

)(k)]tors PicXm/k(k)tors = Pic(Xm)tors

is cartesian (since the equalities on the left hold, by Lemma 11.3), so we may conclude by
applying Lemma 11.5. �

Corollary 11.7. Let X → SpecA be a proper morphism over a complete local Noetherian k-algebra
(A,m), where k has characteristic zero. Then the systems (Pic0

Xn/k(k)) and (Pic0(Xn)) are both
Mittag-Leffler.

Proof. Let Zn,m ⊂ Pic0
Xm/k denote the scheme-theoretic image of

r0
n,m : Pic0

Xn/k → Pic0
Xm/k.

Each r0
n,m has a closed set-theoretic image by [12, Exp. VIB, Prop. 1.2]. We claim that the induced

map Pic0
Xn/k(k) → Zn,m(k) is surjective for all n ≥ m ≥ N for some large natural number

N , this will imply Zn,m(k) = Im[Pic0
Xn/k(k) → Pic0

Xm/k(k)]. Since the descending chain of
subschemes (Zi,m)∞i=0 stabilizes for any given m (by the Noetherian property), this would imply
(Pic0

Xn/k(k)) is Mittag-Leffler (and (Pic0(Xn)) as well by Lemma 10.4).
Consider the semi-abelian decomposition of Pic0

Xi/k
as in (11.1) and choose an N > 0 such

that En → Em is an isomorphism for all n ≥ m ≥ N (see Lemma 11.6). In this case, the
fiber over any k-point of the morphism r0

n,m : Pic0
Xn/k → Pic0

Xm/k is a pseudo-torsor under
Ker[G⊕`na → G⊕`ma ]. The kernel is a vector group, so since H1(Spec k,Ga) vanishes, the pseudo-
torsor must have a k-rational point if it is non-empty. �
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Proposition 11.8. Fix a complete local Noetherian k-algebra A, where k is a field of characteristic
zero, and let X be a scheme proper over SpecA. Then there is a C > 0 such that for all n ≥ m ≥ C
the natural morphisms of group schemes NSXn

→ NSXm
are isomorphisms.

Proof. Since the group schemes are étale it suffices to show the natural morphism induces
bijections NSXn

(k̄) → NSXm
(k̄) for large n ≥ m, and this is the same as showing that the

natural maps

NS(Xn ×k k̄/Sn ×k k̄)→ NS(Xm ×k k̄/Sm ×k k̄)

are bijections for large n,m. By Lemma 11.4 applied to k̄ = k′ and replacing A with A′ we may
thus assume that k is algebraically closed. Observe the following

(1) (Pic0(Xn)) is a Mittag-Leffler system of divisible abelian groups by Lemma 11.3 and
Corollary 11.7.

(2) The system (NS(Xn/Sn)) consists of finitely generated abelian groups with injective
connecting maps (see Remark 4.6).

(3) By Lemma 11.3, these fit into exact sequences

0→ Pic0(Xn)→ Pic(Xn)→ NS(Xn/Sn)→ 0.

For convenience, we set Gn = NS(Xn/Sn) and Dn = Pic0(Xn). In order to prove (Gn) is
eventually constant, we will show that the nested sequence

· · · ⊂ G2 ⊂ G1 ⊂ G0

can have proper inclusions at most rk(G0) many times. Indeed, we will show that if an inclusion
Gn ⊂ Gn−1 is proper, then rk(Gn) < rk(Gn−1). Assume Gn ( Gn−1. Let α ∈ Gn−1 be an
element not in Gn, we will show that `α is not in Gn for every ` ≥ 1. Note that this will also
show that the torsion of G0 lies in all the Gn.

Assume for a contradiction that `α ∈ Gn for some nonzero integer `. There are line bundles
L on Xn−1 and M on Xn such that [L] = α and [M ] = `α. Since α is not in Gn we know that
L does not extend to Xn. Moreover, M |Xn−1 = L⊗`⊗N for some line bundle N ∈ Dn−1. Since
Dn−1 is divisible, we may write N = (N ′)⊗` and therefore M |Xn−1 = (L ⊗ N ′)⊗`. However,
L ⊗ N ′ also represents α in Gn−1 and hence the line bundle cannot extend to Xn. In other
words, if I is the square-zero ideal which cuts out Xn−1 in Xn, the obstruction

o(L⊗N ′) ∈ H2(Xn, I)

to extending L⊗N ′ to Xn is nonzero. Since the latter is a Q-vector space and the obstruction
map Pic(Xn−1)→ H2(Xn, I) a group homomorphism, we must have that

o(M |Xn−1) = `o(L⊗N ′) 6= 0,

which contradicts the fact that M |Xn−1 (and `α) extends to Xn. �

Lemma 11.9. Let X → SpecA be a proper morphism over a complete local Noetherian k-algebra
(A,m). Assume k has characteristic zero. If we set Sn = SpecA/mn+1 and Xn = X ×S Sn, the in-
verse systems of groups (In), given by In = Im[PicXn/k(k)→ NSXn

(k)], and (H1(Spec k,PicXn/k))
are eventually constant.

Proof. By Definition 11.1 and Lemma 11.3, for any n ≥ m ≥ 0 we obtain a commutative diagram
with exact rows
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0 In NSXn
(k) H1(Spec k,Pic0

Xn/k)

0 Im NSXm
(k) H1(Spec k,Pic0

Xm/k)

By Proposition 11.8 the middle vertical arrow is an isomorphism for all large n, m. So to show
(In) is eventually constant it suffices to show that the right-hand vertical arrow is also an
isomorphism for all large n, m. Taking cohomology of the exact sequence (11.1) at n and m
yields the diagram

H i(Spec k,Pic0
Xn/k) H i(Spec k,En)

H i(Spec k,Pic0
Xm/k) H i(Spec k,Em)

The horizontal arrows are isomorphisms for i ≥ 1, because H i(Spec k,Ga) = 0, and by Lemma
11.6 the vertical arrow on the right is an isomorphism for all large n, m. For the remaining
assertion, we take cohomology of the short exact sequence

0→ Pic0
Xn/k → PicXn/k → NSXn

→ 0

and apply Proposition 11.8 along with the five lemma to see that the system (H1(Spec k,PicXn/k))
is eventually constant. �

Remark 11.10. In [23, Rem. 3.4 (a)], Grothendieck proposes a strategy of Raynaud designed to
produce a non-torsion class α for which φ(α) = 0 (φ as in (1.1)), and he also remarks that
this construction does not depend on the residue characteristic. Our next result, Theorem 11.11,
shows that any strategy which is insensitive to the characteristic must fail.

Theorem 11.11. Let f : X → S = SpecA be a proper morphism over a complete local Noetherian
k-algebra (A,m) where k has characteristic zero. If we set Sn = SpecA/mn+1 and Xn = X ×S Sn,
then the systems of abelian groups (Pic(Xn)), (PicXn/k(k)), (NS(Xn/Sn)) and (Pic(Xn)/Picτ (Xn))

are Mittag-Leffler. In particular, φ : H2(X,Gm)→ lim←−H
2(Xn,Gm) is injective.

Proof. For every n ≥ 0, we have an exact sequence of abelian groups

0→ Pic0
Xn/k(k)→ PicXn/k(k)→ In → 0

where In = Im[PicXn/k(k) → NSXn
(k)]. By Corollary 11.7, the system (Pic0

Xn/k(k)) is Mittag-
Leffler. Since (In) is Mittag-Leffler (see Lemma 11.9) it follows from Example 5.2 (4) that
(PicXn/k(k)) is Mittag-Leffler. Thus by Lemma 10.4 we may conclude (Pic(Xn)) is Mittag-
Leffler. By Example 5.2 (2) this implies (Pic(Xn)/Picτ (Xn)) is Mittag-Leffler and, by Remark
4.7 and Example 5.2 (1), that (NS(Xn/Sn)) is Mittag-Leffler. �

12. Formal GAGA for Brauer classes

The cohomological Brauer group of a quasi-compact scheme X is Br′(X)
def
= H2(X,Gm)tors.

We establish a formal GAGA result for Brauer classes in characteristic zero.

Theorem 12.1. Let π : X → SpecA be a proper morphism of schemes where A is an I-adically
complete Noetherian ring containing Q. Let Xn = X ×SpecA Spec(A/In+1) and suppose one of the
following holds:
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(1) A is a complete local Noetherian k-algebra, or
(2) A is reduced and π is flat with normal fibers.

Then the natural map ψ : Br′(X)→ lim←−Br′(Xn) is an isomorphism.

Proof. It suffices to show that there is an M > 0 such that if m ≥M and α ∈ H2(Xm+1,Gm) re-
stricts to an `-torsion element in H2(Xm,Gm), for any ` > 0, then α must either be `-torsion or
have infinite order. This implies lim←−Br′(Xn) is torsion and equal to (lim←−H

2(Xn,Gm))tors. The
fact that Br′(X) → lim←−Br′(Xn) is an isomorphism now follows from Corollary 7.2 combined
with Theorem 11.11 or Proposition 5.5. Indeed, the latter implies H2(X,Gm)→ lim←−H

2(Xn,Gm)
is an isomorphism by (1.4).

If (1) holds, then we may choose an N > 0 such that the following are satisfied:
(a) The cokernel of PicXm+1/k

→ PicXm/k is a vector group for every m ≥ N (see Proposition
11.8 and Lemma 11.6).

(b) The maps H1(Spec k,PicXn/k) → H1(Spec k,PicXm/k) are isomorphisms for all n ≥
m ≥ N (see Lemma 11.9).

(c) If Xn → Yn → SpecA/mn+1 is the Stein factorization then (Yn)red → (Ym)red is an
isomorphism for all n,m ≥ N . Consequently, the maps H2(Yn,Gm)→ H2(Ym,Gm) are
isomorphisms for all such n,m.

By Theorem 11.11 we may choose an M ≥ N such that the image of PicXm/k(k)→ PicXN/k
(k) is

stable for every m ≥ M . Assume for m ≥ M there is an α ∈ H2(Xm,Gm)[`] with a pre-image
α′ in H2(Xm+1,Gm)tors which is not killed by `. In this case, 0 6= β = `α′ ∈ H2(Xm+1,Gm)tors

satisfies β|Xm = 0.
Consider the short exact sequence

(12.1) 0→ 1 + I → Gm,Xm+1 → Gm,Xm → 0

where I is the ideal cutting out Xm in Xm+1. The long exact sequence of sheaves arising from
pushing forward (12.1) along the structure morphism fm+1 : Xm+1 → Spec k induces a long
exact sequence of stalks at the geometric point. This yields the injection:

Coker[Pic(Xm+1 ⊗k k̄)→ Pic(Xm ⊗k k̄)]→ H2(Xm+1 ⊗k k̄, 1 + I ⊗k k̄).

This is necessarily Q-linear for m ≥ N because by (a) the term on the left is isomorphic to
G⊕ja (k̄) for some integer j. Therefore β|Xm+1⊗kk̄ must be zero, i.e.,

β ∈ Br1(Xm+1)
def
= Ker[H2(Xm+1,Gm)→ H2(Xm+1 ⊗k k̄,Gm)].

By functoriality of the Leray spectral sequence, we obtain the commutative diagram

PicXm+1/k
(k) H2(Ym+1,Gm) Br1(Xm+1) H1(Spec k,PicXm+1/k

)

PicXm/k(k) H2(Ym,Gm) Br1(Xm) H1(Spec k,PicXm/k).

cm+1

' by (c) ' by (b)

cm

A diagram chase shows that if β ∈ Br1(Xm+1) maps to zero in Br1(Xm), then Im(cm+1) (
Im(cm). However, this cannot happen if m ≥M because

Im[PicXm/k(k)→ PicXN/k
(k)] = Im[PicXm+1/k

(k)→ PicXN/k
(k)].

If (2) holds then Proposition 5.5 implies there is an M > 0 such that Pic(Xn) → Pic(Xm)
is surjective for every n ≥ m ≥ M . Thus, by taking cohomology of the exact sequence (12.1)



22 ANDREW KRESCH AND SIDDHARTH MATHUR

we see that the kernel of H2(Xm+1,Gm) → H2(Xm,Gm) is a Q-vector space. Therefore, any
element α′ ∈ H2(Xm+1,Gm)tors which restricts to an `-torsion element in H2(Xm,Gm) must
be `-torsion as long as m ≥M . �

Remark 12.2. If X is projective over SpecA, a result of Gabber (see [11, Thm. 4.2.1]) implies
that the cohomological Brauer group coincides with the Brauer group, BrAz(X) of Azumaya
algebras up to endomorphisms of a vector bundle. In this setting, Theorem 12.1 can be expressed
as BrAz(X)

∼−→ lim←−BrAz(Xn).

Example 12.3. The analog of Theorem 12.1 fails in characteristic p > 0, even for trivial families.
Set S = Spec k[[t]] and X = V × S where V is an ordinary K3 surface over a separably closed
field k of characteristic p > 0, then there is a natural identification for each n > 0 (see, e.g., [26,
Def. 18.3.3]):

Ker[H2(Xn,Gm)→ H2(V,Gm)] ∼= 1 + tk[t]/(tn+1) ⊂ (k[t]/(tn+1))×.

Thus, the group lim←−Br′(Xn) is not torsion, so ψ as in Theorem 12.1 cannot be surjective.

Remark 12.4. The surjectivity of ψ in Theorem 12.1 for prime-to-p torsion still holds: if X is
a proper A-scheme where A is a complete local Noetherian ring with residue field of char-
acteristic p > 0, then Br′(X)[p′] → lim←−[Br′(Xn)[p′]] is surjective, where Br′(X)[p′] denotes
the prime-to-p torsion subgroup of Br′(X). Indeed, let ` be a positive integer not divisible by
p. By the `-divisibility of lim←−

1Pic(Xn) (see Lemma 8.1), any `-torsion element of lim←−Br′(Xn)

lifts to H2(X,Gm)[`]. By Corollary 7.2 this is isomorphic to Br′(X)[`]. To conclude the argu-
ment, we observe that lim←−[Br′(Xn)[p′]] is torsion. This holds, because for every n the kernel of
H2(Xn+1,Gm)→ H2(Xn,Gm) is an Fp-vector space.
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