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Abstract. We study G-equivariant birational geometry of toric va-
rieties, where G is a finite group.

1. Introduction

In this paper we continue our studies of actions of finite groups on
algebraic varieties, up to equivariant birational equivalence. Our main
tool is the new invariant introduced in [26]: to an n-dimensional smooth
projective variety X with a regular action of a finite group G we assigned
a class

[X ý G] ∈ Burnn(G),

taking values in the equivariant Burnside group, which is defined by cer-
tain symbols and relations; this is an equivariant birational invariant.
Contributions to the class [X ý G] arise from subvarieties in X with
nontrivial stabilizers. The study of relations among such classes requires
a full classification of equivariant birationality in dimensions < n. How-
ever, there is a homomorphism

Burnn(G)→ BCn(G)

to the combinatorial Burnside group, which is effectively computable [25,
Sect. 8], [38]. In [19] we studied various structural properties of this new
invariant and provided first applications.

In [24] we presented an algorithm to compute the classes of linear
actions and presented examples of nonbirational such actions. Here, we
turn to algebraic tori.

Recall that an algebraic torus of dimension n over a field k is a linear
algebraic group T which is a k-form of Gn

m. The absolute Galois group
of k acts on the geometric character group M := X∗(Tk̄) via a finite
subgroup

G ⊂ Aut(M) ∼= GLn(Z).

A torus T over k is uniquely determined up to isomorphism by its splitting
field, Galois over k, with Galois group G, and this representation of G.
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Rationality properties of tori over nonclosed fields have been exten-
sively studied, see, e.g., [40], [16], [7], [21], [28]. The relevant cohomo-
logical obstruction results from the Galois module Pic(Xk̄), for a smooth
projective compactification X of T . For any subgroup G′ ⊆ G the group

H1(G′,Pic(Xk̄)) (1.1)

is independent of the choice of X; its nontriviality is an obstruction to
stable k-rationality of T . This is the only obstruction in dimensions ≤ 3;
moreover, every stably rational torus in dimension ≤ 3 is rational [27].
The Zariski problem for algebraic tori, i.e., the question of whether or not
stably rational tori over k are rational over k, is still open, in particular,
for 4-dimensional tori identified in [28, Prop. 4.15], with G a subgroup
of C2 × A5 or C2 ×S4.

Here, over an algebraically closed field k of characteristic zero, we study
the G-equivariant version of this question, for a finite group G:

Problem: Is a given G-action on an algebraic torus linearizable, i.e.,
G-equivariantly birational to a linear action on projective space?

There are many similarities but also subtle distinctions between these
points of view, highlighted, e.g., in [20]. One of the similarities is that the
cohomological obstruction (1.1) applies also as an obstruction to (stable)
linearizability of the G-action, since for linear actions of G, the invariant
(1.1) vanishes (see, e.g., [3, Prop. 2.2] and references therein). On the
other hand, all tori in dimension 2, over any field, are rational, while
there is an action of G := C2 × S3 on G2

m, which is not linearizable
[23], but is stably linearizable [29, Prop. 9.11]; the corresponding class in
Burn2(G) is distinct from those of linear actions [19, Sect. 7.6].

In the case of surfaces both points of view have received ample atten-
tion, going back to [32], [22], with further developments in [15], [3], [36],
and in many other papers. The main approach there is via the (equivari-
ant) Minimal Model Program, i.e., classification of all birational mod-
els and (equivariant) birational transformations between those models.
Much less is known about linearizability of G-actions in higher dimen-
sions, in particular, for tori, see [5].

Our main results in this paper are:

• We give a recursive procedure (Theorem 5.3) to compute the class

[X ý G] ∈ Burnn(G). (1.2)

This uses the De Concini-Procesi formalism to construct a suit-
able equivariant birational model of the torus T .
• We present an example of such a computation (Proposition 6.1).
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• We discuss the relation between the class (1.2) and existing (sta-
ble)G-birational invariants, such as group cohomology (1.1): there
exist actions that can be distinguished by one invariant but not
the other (Proposition 6.1 and Proposition 7.1).

Acknowledgments: The first author was partially supported by the
Swiss National Science Foundation. The second author was partially sup-
ported by NSF grant 2000099. This paper is based upon work partially
supported by the Swedish Research Council under grant no. 2016-06596
while the first author was in residence at the Institut Mittag-Leffler.

2. Toric varieties: generalities

Throughout, we work over an algebraically closed field k of character-
istic zero.

2.1. Fans. Let T = Gn
m be an algebraic torus of dimension n,

M := X∗(T ), respectively N := X∗(T ),

the lattice of its algebraic characters, respectively, co-characters. A
smooth projective toric variety

X = XΣ

of dimension n is an equivariant compactification of T . It is uniquely
determined by the combinatorial structure of a fan

Σ = {σ},

a finite collection of strongly convex rational polyhedral cones σ in NR :=
N⊗ZR (see, e.g., [18] for basic definitions concerning toric varieties). We
let

Σ(d), d = 0, . . . , n,

denote the collection of d-dimensional cones in Σ.
The fan is subject to various conditions to ensure smoothness and

projectivity of X; see, e.g., [1]:

• every cone σ ∈ Σ is simplicial and is generated by a part of a
basis of N ,
• the union of cones is all of NR, and
• Σ admits a piecewise linear convex support function.

Such a fan Σ is called a smooth projective fan.
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2.2. Subtori and their closures. A primitive sublattice N ′ ⊆ N gives
rise to a subtorus T ′ ⊂ T , and an induced equivariant compactification
X ′ of T ′. The corresponding fan Σ′ is the fan in N ′R induced by Σ; it is
obtained by intersecting the cones of Σ with N ′R. The interesting case
for us is when T ′ satisfies the following

Property (E): σ ∩N ′R is a face of σ, for all σ ∈ Σ (see [9]).

Equivalently, every σ ∈ Σ has strongly convex image under the projection

NR → (N/N ′)R.

By [9, Thm. 3.1], property (E) for T ′, with respect to Σ, implies that
X ′ is nonsingular, isomorphic to the toric variety XΣ′ . Then we have a
closed immersion

XΣ′ → X, (2.1)

given on affine charts, for σ ∈ Σ′, by ring homomorphisms

k[σ∨ ∩M ]→ k[(σ∨ ∩M)/(N ′⊥ ∩M)].

The variety X ′ has transverse intersection with the boundary X \ T .
Generally, by [9, Thm. 4.1], after a suitable finite subdivision of Σ, one
can ensure property (E) for a given subtorus, or any finite collection of
subtori of T .

2.3. Quotient tori and orbit closures. A primitive sublattice N ′ ⊆ N
also gives rise to a quotient torus T/T ′. The case of interest to us is the
quotient torus T σ, associated with the sublattice Nσ spanned by genera-
tors of a cone σ ∈ Σ; by the standing smoothness assumption on fans, σ is
generated by a part of a basis of N . Furthermore, σ determines an orbit
D◦σ, the closed T -orbit in the corresponding affine chart Spec(k[σ∨∩M ])
of X. We denote its closure in X by Dσ. This is a smooth projective
toric variety, whose fan is obtained as follows [8, Thm. 3.2.6]:

• X∗(T σ) = σ⊥ ∩M , which is dual to N/Nσ,
• for cones τ ⊇ σ let

τ̄ := (τ + Rσ)/Rσ ⊆ (N/Nσ)R

be the induced cone in the quotient, these form a smooth projec-
tive fan Σσ.
• We have a closed immersion XΣσ ↪→ X with image Dσ. On

respective affine charts Spec(k[σ⊥∩τ∨∩M ]) and Spec(k[τ∨∩M ]),
for τ ⊇ σ, this is given by the surjective ring homomorphism

k[τ∨ ∩M ]→ k[σ⊥ ∩ τ∨ ∩M ],
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with kernel generated by characters in τ∨, not in σ⊥. In particu-
lar, we have a canonical isomorphism

T σ = Spec(k[σ⊥ ∩M ]) ∼= D◦σ.

• The projection T → T σ determines a rational map X 99K XΣσ ,
which is defined as a morphism on the union Uσ of affine charts
of X corresponding to cones τ ⊇ σ. This morphism

Uσ → XΣσ
∼= Dσ (2.2)

is smooth, given by the injective ring homomorphisms

k[σ⊥ ∩ τ∨ ∩M ]→ k[τ∨ ∩M ].

2.4. Transversality of intersections. By our smoothness assumption
we have

X \ T =
⋃

ρ∈Σ(1)

Dρ,

a simple normal crossing divisor in X. For σ ∈ Σ(d), we have Dσ of
codimension d in X, with transverse intersection

Dσ =
d⋂
j=1

Dρj ,

where ρj ∈ Σ(1), j = 1, . . . , d, are the rays spanning σ.

Lemma 2.1. Let T ′ ⊂ T be a subtorus satisfying property (E) with
respect to Σ and let X ′ be the closure of T ′ in X = XΣ. The morphism
T → T/T ′ extends to a smooth T -equivariant morphism to T/T ′ from a
T -invariant neighborhood of X ′ in X, with fiber X ′ over 1 ∈ T/T ′.

Proof. Let N ′ ⊆ N be the corresponding primitive sublattice, with corre-
sponding fan Σ′ in N ′R. By property (E), the cones of Σ′ are already in Σ.
The variety X ′ is contained in the union of affine charts of X associated
with cones of Σ that belong to Σ′, by the algebraic description of the
closed immersion (2.1). This union is a T -invariant neighborhood of X ′.
Let σ be a maximal cone of Σ′. Now we have a T -equivariant morphism

Spec(k[σ∨ ∩M ])→ Spec(k[σ⊥ ∩M ]),

extending T → T/T ′, and these patch to give the desired morphism,
which is smooth with fiber over 1 as claimed. �

Proposition 2.2. Let T ′ ⊂ T be a subtorus satisfying property (E) with
respect to Σ and let X ′ be the closure of T ′ in X. Let σ ∈ Σ be such that
the sublattice N ′ ⊂ N corresponding to T ′ satisfies σ ⊂ N ′R. Then:
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• The intersection of X ′ with D◦σ
∼= T σ is the subtorus T ′σ ⊂ T σ

associated with
N ′/Nσ ⊆ N/Nσ.

• The subtorus T ′σ ⊂ T σ satisfies property (E) with respect to Σσ,
and the intersection of X ′ with Dσ

∼= XΣσ is XΣ′σ , where Σ′ is
the fan in N ′R, induced from Σ, and σ ∈ Σ′ determines the fan
Σ′σ in (N ′/Nσ)R.
• The intersection X ′ ∩Uσ is equal to the pre-image of XΣ′σ under

the smooth morphism (2.2).

Proof. In the affine chart Spec(k[σ∨∩M ]) of X associated with σ, we have
closed subvarietiesD◦σ, defined by the characters in σ∨∩M , not in σ⊥, and
the intersection with X ′, given by equating characters whose difference
lies in N ′⊥ ∩M . So the coordinate ring of the intersection is obtained
by setting to zero all characters not in σ⊥ and equating characters whose
difference lies in N ′⊥ ∩M ; this gives k[(σ⊥ ∩M)/(N ′⊥ ∩M)]. The first
statement is established, since the subtorus of T σ = Spec(k[σ⊥ ∩ M ])
associated with N ′/Nσ is Spec(k[(σ⊥ ∩M)/(N ′⊥ ∩M)]).

For the second statement, we want to show, for τ ∈ Σ with τ ⊃ σ,
that τ̄ ∩ (N ′/Nσ)R is equal to ω̄ for some ω ∈ Σ with ω ⊃ σ. We take
ω := τ∩N ′R; since T ′ satisfies property (E) we have ω ∈ Σ. Since σ ⊂ N ′R,
we have ω ⊃ σ. Now

(τ + (Nσ)R) ∩N ′R = τ ∩N ′R + (Nσ)R = ω + (Nσ)R.

So τ̄ ∩ (N ′/Nσ)R = ω̄, as desired.
We treat the remainder of the second statement, and the third, by an

analysis on coordinate charts. Let τ ∈ Σ′, with τ ⊃ σ. In the affine
chart Spec(k[τ∨ ∩M ]), we have Dσ defined by characters in τ∨ ∩M , not
in σ⊥, and the intersection with X ′, given by equating characters whose
difference lies in N ′⊥∩M . This gives a description of the coordinate ring
of the intersection as

k[(σ⊥ ∩ τ∨ ∩M)/(N ′⊥ ∩M)].

The same coordinate ring arises when we apply the description of the
subtorus closure to T ′σ ⊂ T σ. By considering the same coordinate rings,
and the injective ring homomorphisms corresponding to (2.2) for τ ∈ Σ
and τ ∈ Σ′, we obtain a commutative diagram of affine schemes which we
see easily to be cartesian, and thereby obtain the third statement. �

2.5. Equivariant combinatorics. Let G be a finite group, acting on a
toric variety X = XΣ by automorphisms that restrict to algebraic group
automorphisms of T ; our convention is that geometric actions are from
the right.
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The G-action on X determines a representation

G→ GLn(Z) = Aut(M). (2.3)

The homomorphism (2.3) determines a right action on the cocharacter
lattice N . The induced action on NR leaves the fan Σ invariant, i.e.,
σ · g ∈ Σ, for all σ ∈ Σ and g ∈ G.

We can also start with a representation (2.3). By [6], there exists a
smooth projective fan Σ, that is invariant under the G-action. Corre-
spondingly, G acts on XΣ, with associated representation (2.3).

Suppose we are given a finite collection of subtori of T . By combining
[9, Thm. 4.1] and [6], we achieve, after a suitable subdivision of Σ, prop-
erty (E) for all of the subtori, still requiring G to act regularly on the
toric variety. Notice that any further subdivision of Σ preserves property
(E), for the given collection of subtori.

After a further G-equivariant subdivision of Σ, we may suppose that
the boundary X \ T may be written as a union

X \ T =
⋃
i∈I

Di, I := {1, . . . , `},

whereDi is a nonsingularG-invariant divisor, for all i. This is achieved by
iterated star subdivision along cones, where the collection of generators
is contained in an orbit of Σ(1) and is maximal with this property (see,
e.g., [6]).

3. Stabilizer stratification and subdivisions

3.1. Background. We recall basic terminology concerning toric arrange-
ments, studied in, e.g., [14], [12], [10], [9], [11], [4], [2].

The main motivation for the introduction of the combinatorial formal-
ism below was the computation of the cohomology ring of the complement
of the arrangement; the relevant notions are:

• Morgan differential algebra [34],
• Orlik-Solomon algebra [35].

We start with a torus T . The ingredients are:

• Layers, i.e., cosets of subtori of T .
• Toric arrangement, i.e., finite collections of layers.
• Saturations of toric arrangements, obtained by adding all con-

nected components of intersections of layers.

The main result of [14] and [11] is that the rational homotopy type of
the complement of a toric arrangement only depends on discrete data
associated with the toric arrangement.
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Projective wonderful models for toric arrangements are constructed in
[9], building on the wonderful models of subspace arrangements [13] and
conical arrangements [31]. These are defined as the closures of comple-
ments of toric arrangements in products of

• a nonsingular projective toric variety X = XΣ, such that the
subtori associated with the given layers satisfy property (E) with
respect to Σ, and
• the blow-ups of X along the closures of the layers.

3.2. Equivariant compactifications of diagonalizable groups. Let
∆ be a diagonalizable algebraic group over k, i.e., an affine algebraic
group isomorphic to a closed subgroup of an algebraic torus; in particular,
∆ is commutative. The identity component T ⊂ ∆ fits into an exact
sequence

1→ T → ∆→ ∆/T → 1, (3.1)

which is (noncanonically) split. The subgroup T is an algebraic torus,
and the quotient ∆/T is a finite abelian group.

Since the character groups X∗(T ) and X∗(∆) := Hom(∆,Gm) have a
common dual N , a smooth projective fan Σ in NR determines, besides
the equivariant compactification

T ⊂ X = XΣ,

also an equivariant compactification

∆ ⊂ X = XΣ.

The smooth projective scheme X has components indexed by ∆/T :

X =
⊔

δ̄∈∆/T

Xδ̄.

Let r be a positive integer, such that ∆/T is r-torsion. A primitive
sublattice N ′ ⊆ N now gives rise to:

• The subtorus T ′ ⊂ T , its r-torsion translate

T ′[r] := T ′∆[r] ⊂ ∆,

and the induced surjective homomorphism

ϑ[r] : T
′
[r]/T

′ → ∆/T.

• The corresponding equivariant compactification

X ′[r] := X ′∆[r] ⊂ XΣ,

with components indexed by T ′[r]/T
′.
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• The quotient diagonalizable algebraic group

∆/T ′,

which as in Lemma 2.1 is the target of a smooth ∆-equivariant
morphism from a ∆-invariant neighborhood of X ′[r] in XΣ, with

X ′[r] as fiber over (∆/T ′)[r].

• In case N ′ = Nσ, notation ∆σ for the quotient diagonalizable
algebraic group, with ∆σ identified with a corresponding ∆-orbit
in XΣ as in §2.3, and closure of ∆σ in XΣ identified with XΣσ .

3.3. Arrangements of diagonalizable groups. The arrangements,
relevant for our applications, are on the one hand less general than those
in §3.1, in that layers that arise are translates of subtori by torsion ele-
ments of T . On the other hand, our inductive scheme requires arrange-
ments in more general diagonalizable algebraic groups than just tori.

Let ∆ be a diagonalizable algebraic group over k. A (right) action of
a finite group G on ∆, by automorphisms, is determined uniquely by the
data of a group homomorphism

µ : G→ Aut(M), M := X∗(∆).

The induced action of G on T is determined by the induced homomor-
phism

ν : G→ Aut(M/Mtors).

There is also an induced action of G on ∆/T . A k-point δ ∈ ∆ is
given by a homomorphism M → k×, that we also denote by δ, and the
corresponding class δ̄ ∈ ∆/T is given by the restriction of δ to Mtors; so,

ker(δ̄) = ker(δ) ∩Mtors.

There is an induced homomorphism

νδ̄ : Gδ̄ → Aut(M/ ker(δ̄)),

where Gδ̄ = Stab(δ̄) ⊆ G denotes the stabilizer of δ̄ ∈ ∆/T . We also
remark that the G-action on ∆/T always fixes the identity; consequently,
when ∆ has nontrivial group of connected components, the action of G
cannot be transitive on components of ∆.

That G need not act transitively on components, represents a depar-
ture from the convention in [24, §2]. For instance, different orbits of
components can have different isomorphism types of generic stabilizer
groups. Nevertheless, we call the G-action on ∆ generically free when it
satisfies the following equivalent conditions.
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Lemma 3.1. There exists a G-invariant dense open subscheme of ∆ on
which G acts freely, if and only if G acts generically freely on the identity
component T of ∆.

Proof. A dense open subscheme of ∆, on which G acts freely, has non-
trivial intersection with T and exhibits the G-action on T as generically
free. For the reverse implication, we let r be a positive integer, such that
the group of connected components of ∆ is r-torsion. Then the rth power
endomorphism of ∆ is G-equivariant and has image T . The pre-image
of a nonempty invariant open subscheme of T , on which G acts freely, is
an invariant dense open subscheme of ∆ on which G acts freely. �

3.4. Lattice structure. In the following discussion we do not assume
that G acts generically freely on ∆.

We call a subgroup Γ ⊆ G distinguished if Γ is the largest subgroup,
acting trivially on some algebraic subgroup Θ ⊂ ∆. We call an alge-
braic subgroup Θ ⊂ ∆ distinguished if Θ is maximal, on which Γ acts
trivially, for some subgroup Γ ⊆ G. The operations, associating to Θ
the distinguished Γ, and to Γ, the distinguished Θ, restrict to inverse
order-reversing bijections between distinguished subgroups of G and dis-
tinguished algebraic subgroups of T . The set of distinguished subgroups
of G has a structure of lattice, with Γ1 ∧ Γ2 = Γ1 ∩ Γ2. To describe
Γ1 ∨ Γ2 we let Θi denote the algebraic subgroup of ∆ associated with Γi
for i = 1, 2. Then Γ1 ∨ Γ2 is the subgroup, containing both Γ1 and Γ2,
with associated algebraic subgroup Θ1 ∩Θ2.

Let Γ be a distinguished subgroup, with associated algebraic subgroup
Θ ⊂ ∆. Then Γ is the intersection of the generic stabilizer groups of
the components of Θ. We might have Γ as the generic stabilizer of some
component of Θ, indeed this arises when we use the stabilizer of a point
of ∆ to define Θ, whereby we see: every stabilizer group is distinguished.
As the next example shows, a distinguished subgroup is not necessarily
the stabilizer group of any point of ∆.

Example 3.2. Consider G = C2 × S3, with G → GL2(Z) sending the
generator of C2, respectively generators of S3, to(

−1 0
0 −1

)
,

(
0 −1
1 −1

)
,

(
0 1
1 0

)
.

(This is essentially the unique faithful 2-dimensional representation of
G over Z [39].) The center C2 is distinguished, associated with (µ2)2.
However, every point of (µ2)2 has stabilizer of order 4 or 12.

We modify the discussion above, by considering subtori T ′ ⊂ T and
their associated distinguished subgroups Γ′ ⊆ G. The maximal algebraic
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subgroup Θ′ ⊂ ∆, on which Γ′ acts trivially, contains T ′ and has the
property that every connected component has the same generic stabilizer.
The above bijection restricts to one between distinguished subgroups of
Γ′ ⊆ G associated with subtori of T and distinguished algebraic sub-
groups of ∆ whose components all have the same generic stabilizer; we
write TΓ′ for the identity component of the associated algebraic subgroup
of ∆. There is a lattice structure, with Γ′1∧Γ′2 = Γ′1∩Γ′2, but now Γ′1∨Γ′2
is the subgroup associated with the identity component of TΓ′

1
∩ TΓ′

2
.

We write

L′ = L′(T )

for the lattice of distinguished subgroups of G associated with subtori of
T . The lattice L′ has maximal elementG and minimal element ker(ν). To
each Γ′ ∈ L′, there is the subtorus TΓ′ ⊂ T , associated with a primitive
sublattice NΓ′ ⊂ N ; concretely, NΓ′ is the sublattice of N , where Γ′ acts
trivially. We introduce

TL′ := {TΓ′ |Γ′ ∈ L′}, GL′ := TL′ \ {T}.

Lemma 3.3. Every distinguished algebraic subgroup Θ ⊂ ∆ has con-
nected component of the identity in TL′.

Proof. We let Γ ⊆ G denote the distinguished subgroup associated with
Θ, and T ′, the identity component of Θ. The generic stabilizer Γ′ of T ′

contains Γ, and we have Γ′ ∈ L′. We have T ′ contained in TΓ′ , the identity
component of the associated algebraic subgroup Θ′. Since TΓ′ ⊂ Θ′ ⊂ Θ,
we have dimTΓ′ ≤ dimT ′. It follows that T ′ = TΓ′ . �

Notice, by Lemma 3.3, the locus in ∆ with nontrivial stabilizers is
contained in a finite union of translates of tori TΓ′ for Γ′ ∈ L′, where the
translates are by torsion elements of ∆. (For any stabilizer group, by
Lemma 3.3 the associated distinguished algebraic subgroup will be such
a finite union.) As well, TΓ′ is invariant under the action of g ∈ G if and
only if g ∈ NG(Γ′). (The generic stabilizer gets conjugated by g.)

3.5. Constructing the model. Let L′ = L′(T ) be the lattice of distin-
guished subgroups of G associated with subtori of T , as above. As we
have seen in Section 2, there exists a smooth projective fan Σ that meets
the following criteria:

• Property (E) holds for all subtori in TL′ , with respect to Σ.
• Σ is G-invariant.
• No pair of rays of Σ, in a single G-orbit, spans a cone of Σ.

For σ ∈ Σ, the stabilizer Stab(σ) acts on the toric variety Dσ
∼= XΣσ ,

an equivariant compactification of the quotient torus T σ.
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Lemma 3.4. We have Stab(σ) ∈ L′. The lattice L′(T σ), associated with
the Stab(σ)-action on T σ, is equal to the sublattice of L′, of elements
bounded above by Stab(σ). For Γ′ ∈ L′(T σ), the pre-image of (T σ)Γ′

under the projection morphism

prσ : T → T σ

is equal to TΓ′.

Proof. By the third criterion on Σ, the action of Stab(σ) on Nσ is trivial.
Consequently, if Γ′ ∈ L′(T σ), so Γ′ is the generic stabilizer of (T σ)Γ′ , then
Γ′ acts trivially on (prσ)−1((T σ)Γ′). Using Proposition 2.2, we see that
Γ′ is the generic stabilizer of (prσ)−1((T σ)Γ′), and TΓ′ = (prσ)−1((T σ)Γ′).
In the other direction, if Γ′ ∈ L′, Γ′ ⊆ Stab(σ), then TΓ′ is the pre-image
under prσ of a subtorus of T σ, whose generic stabilizer is Γ′. �

Each ∆-orbit of XΣ gives an instance of §3.3, with Stab(σ) acting on
∆σ, and the locus with nontrivial stabilizer contained in some translates
of the subtori in TL′(Tσ). As noted above, the following are valid:

• For a suitable positive integer r, the translates of the subtori in
TL′(Tσ) are by r-torsion elements of ∆σ.
• The subtori in TL′(Tσ) have pre-images in T , belonging to TL′ .
• Property (E) holds for the subtori in TL′(Tσ), with respect to Σσ.

Since Σ has finitely many cones, a single positive integer r may be chosen,
so that translation is by r-torsion elements of ∆σ, in the first item above,
for all σ ∈ Σ. We suppose, as well, that ∆/T is r-torsion.

Consequently, the intersection of any pair of subtori in TL′ is a diagonal-
izable algebraic group, whose group of connected components is r-torsion.
Indeed, if Γ′, Γ′′ ∈ L′, with respective associated subtori T ′ := TΓ′ and
T ′′ := TΓ′′ , then T ′′′ := TΓ′∨Γ′′ is the identity component of T ′ ∩ T ′′.
Any non-identity component of T ′ ∩ T ′′ has generic stabilizer contained
in Γ′ ∨ Γ′′ and associated distinguished algebraic subgroup Θ ⊂ T , that
satisfies

T ′′′ ⊂ Θ ⊂ T ′′′∆[r].

So (T ′ ∩ T ′′)/T ′′′ is r-torsion.
Inside X = XΣ there is the union of r-torsion translates of the closures

of the subtori in GL′ . The complement, the “open part”

X◦ ⊂ X,
has the property that the stabilizer groups are constant on components
of locally closed strata, for the stratification determined by the toric
boundary.

The projective model
XΣ,L′,[r]



EQUIVARIANT BURNSIDE GROUPS 13

is obtained as in [9], by applying the De Concini-Procesi iterated blowup
procedure, as developed in [30], to the r-torsion translates of the closures
in XΣ of the subtori in GL′ . So, XΣ,L′,[r] is the closure of X◦, in the
product of X with all blow-ups

B`X′
[r]
X (3.2)

for T ′ ∈ GL′ , where X ′[r] ⊂ X denotes the corresponding r-torsion trans-

late compactification (§3.2), by the description of the De Concini-Procesi
procedure. There is a projection morphism

π : XΣ,L′,[r] → X, (3.3)

which is an isomorphism over X◦. As is the case for X, the projective
model has connected components indexed by ∆/T :

XΣ,L′,[r] =
⊔

δ̄∈∆/T

XΣ,L′,[r]δ̄.

In particular, when ∆ is a torus already, we have XΣ,L′,[r] = XΣ,L′,[r].
The complement of X◦ in XΣ,L′,[r] is a normal crossing divisor

D =
⋃

ker(ν)6=Γ′∈L′
DΓ′ .

For Λ ⊂ L′ \ {ker(ν)}, there is the stratum

DΛ :=
⋂

Γ′∈Λ

DΓ′ ,

with D∅ := XΣ,L′,[r] by convention. We have DΛ 6= ∅ if and only if Λ is a
chain in L′, i.e., letting t denote the cardinality of Λ we have

Λ = {Γ1, . . . ,Γt} ⊂ L′ \ {ker(ν)}, Γ1 ⊃ · · · ⊃ Γt. (3.4)

Suppose Λ is a nonempty chain. Then with

T ′ := TΓ1 , (3.5)

the connected components of DΛ are indexed by T ′[r]/T
′:

DΛ =
⊔

τ̄∈T ′
[r]
/T ′

DΛτ̄ . (3.6)

Example 3.5. Let G = Z/2Z act on T = G2
m, swapping the two factors.

With Σ the complete fan in NR, for N = Z2 = Z〈e1, e2〉, with rays
generated by e1, e1 + e2, e2, −e1 − e2, so XΣ is the blow-up of P2 at a
point, the origin in A2 ⊂ P2. We have L′ = {triv, G}, with respective
subtori G2

m and ∆Gm (the diagonal). The stabilizer locus in T is precisely
∆Gm . However, we need to take r divisible by 2, since σ = R≥0 · (e1 + e2)
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(and also σ = R≥0 · (−e1 − e2)) leads to Stab(σ) = G acting nontrivially
on a one-dimensional torus; this fixes the 2-torsion subgroup. We only
blow up divisors, so

XΣ,L′,[2]
∼= XΣ,

and X◦ is the complement of the proper transforms of two lines in P2,
intersecting at the origin in A2 ⊂ P2, with slopes ±1.

3.6. Properties of the model.

Proposition 3.6. Suppose that G acts generically freely on ∆. Then,
for Σ and r as above, the projective variety

XΣ,L′,[r]

is in standard form with respect to the union of the strict transform of
the toric boundary and the exceptional divisors of the De Concini-Procesi
iterated blowup procedure.

To be in standard form with respect to a simple normal crossing divi-
sor, means that the divisor has smooth G-orbits of components and that
G acts freely on the complement [37].

Proof. The exceptional divisors of the De Concini-Procesi blowup form
a simple normal crossing divisor. The centers of blowup X ′[r] have trans-
verse intersection with the toric boundary by Lemma 2.1. By Proposition
2.2, the exceptional divisors, together with the proper transform of the
toric boundary, form a simple normal crossing divisor. We conclude by
Lemma 3.3. �

In [17, Sect. 4.1], we find a description of a point of a De Concini-
Procesi model of a linear space V , as a point of V with a flag of subspaces
of V ; see also [24, Sect. 6]. We give an analogous description of a point
of XΣ,L′,[r]. First, we give a point of X, say in the ∆-orbit identified
with ∆σ (§3.2). By the observation (§2.2) that X ′ is contained in the
union of affine charts of X associated with cones in Σ′, it is then only
necessary to supply the projections to the factors (3.2) for T ′ ∈ GL′ with
σ ⊂ (NΓ′)R, which implies Γ′ ⊂ Stab(σ) (since Γ′ acts trivially on NΓ′).
In other words (Lemma 3.4), we consider just Γ′ ∈ L′(T σ). Now a point
p ∈ XΣ,L′,[r] is described as a pair

p = (x, V1 ⊂ W1 ⊂ · · · ⊂ Vt ⊂ Wt)

consisting of x ∈ X, in the ∆-orbit identified with ∆σ, and a flag of
subspaces of Nk := N ⊗ k such that

• Vi = NΓi ⊗ k for some Γi ∈ L′, for all i.
• We have dim(Wi) = dim(Vi) + 1 for all i.
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• The maximal Γ′ ∈ L′(T σ) with x ∈ (T σ)Γ′∆σ[r] is Γ1, when t ≥ 1,
otherwise is ker(ν).
• The maximal Γ′ ∈ L′ with Wi ⊂ NΓ′ ⊗ k is Γi+1, for i < t.
• If t ≥ 1, the maximal Γ′ ∈ L′ with Wt ⊂ NΓ′ ⊗ k is ker(ν).

The point p lies in the stratum DΛ indexed by the chain

Γ1 ⊃ · · · ⊃ Γt,

and not in any deeper stratum. The stabilizer of p is

{g ∈ G |x · g = x, and Vi · g = Vi and Wi · g = Wi for all i}.
We take T ′ as in (3.5), with corresponding sublattice N ′ := NΓ1 . So,

the tangent space to T/T ′ at the identity is naturally identified with
(N/N ′)k. The normalizer NG(Γ1) acts on the quotient ∆/T ′, and the
smooth morphism from a ∆-invariant neighborhood of X ′[r] to ∆/T ′ with

fiber X ′[r] over (∆/T ′)[r], mentioned in §3.2, is NG(Γ1)-equivariant. De-
noting such a ∆-invariant neighborhood by Q, we have the composite

Q→ ∆/T ′
r·→ ∆/T ′, (3.7)

with image T/T ′, and pre-image X ′[r] of the identity element.

Lemma 3.7. Let the notation be as above.

(i) The projection morphism π in (3.3) factors through B`X′
[r]
X.

(ii) There exist an NG(Γ1)-invariant neighborhood W ⊂ T/T ′ of the
identity and an étale NG(Γ1)-equivariant morphism from W to
the vector space (N/N ′)k, with fiber over 0 consisting just of the
identity element of T/T ′, where the corresponding map of tangent
spaces gives the natural identification with (N/N ′)k.

(iii) If we let U denote the pre-image of W under the composite mor-
phism (3.7), then by following the composite (3.7) with the mor-
phism of (ii), we get a smooth NG(Γ1)-equivariant morphism

U → (N/N ′)k,

with pre-image of 0 equal to X ′[r].

(iv) For the induced equivariant morphism B`X′
[r]
U → P((N/N ′)k),

the class of the exceptional divisor in PicNG(Γ1)(B`X′
[r]
U) is the

pullback of OP((N/N ′)k)(−1). The pullback of OP((N/N ′)k)(−1) to
π−1(U) is the class of the divisor⋃

Γ′∈L′
Γ1⊆Γ′

DΓ′ ,

with all components of multiplicity 1.
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Proof. With XΣ,L′,[r] as the closure of X◦ in a product of blow-ups, pro-
jection to B`X′

[r]
X yields the factorization in (i).

We get (ii) from an equivariant version of a construction of Moci [33].
The coordinate ring k[(N ′⊥ ∩ M)/Mtors] of T/T ′ has a maximal ideal
m, corresponding to the identity element of T/T ′. A splitting of the
surjective NG(Γ1)-equivariant homomorphism

m→ m/m2

determines NG(Γ1)-equivariant T/T ′ → (N/N ′)k, sending the identity to
0. The corresponding map of tangent spaces gives the natural identifi-
cation of the tangent space to T/T ′ at the identity with (N/N ′)k. Then
for suitable W we have (ii); an immediate consequence is (iii).

Since blowing up commutes with smooth base change, we get the first
assertion in (iv) from the standard description of B`{0}(N/N

′)k as the
closure of the complement of 0 in (N/N ′)k×P((N/N ′)k). For the remain-
ing assertion, we use the treatment of iterated blow-ups in [30], which
lets us express π as an iterated blow-up of X in the following manner.
The first step is the blow-up

π1 : B`X′
[r]
X→ X.

In subsequent steps we blow up the (proper transforms of the) pre-images
under π1 of r-torsion translate compactifications X ′′[r] ( X ′[r] in any order
of weakly increasing dimensions. Finally we blow up the proper trans-
forms of the remaining r-torsion translate compactifications, in any order
of weakly increasing dimensions. Examination of the behavior of the ex-
ceptional divisor of π1 under these blow-ups gives what we need. �

4. Equivariant Burnside group

In this section we recall the equivariant Burnside group, introduced in
[26], and state the formula that we will use for our computation in the
equivariant Burnside group.

The equivariant Burnside group

Burnn(G) = Burnn,k(G)

is an abelian group, generated by symbols

(H,Y ýK, β),

where

• H ⊆ G is an abelian subgroup,
• K is a field, finitely generated over k, with faithful action over
k of a subgroup Y ⊆ Z := ZG(H)/H, where ZG(H) denotes the
centralizer of H in G,
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• β is a sequence of length r := n−trdegK/k of nontrivial characters
of H, that generates H∨.

The symbols are subject to relations, labeled

(O), (C), (B1), and (B2)

(which stand for ordering, conjugation, and blowup relations), e.g., the
equivalence of symbols that differ by a re-ordering of the sequence of
characters. Symbols are also permitted in which K is a Galois algebra
for some Y ⊆ Z over a field that is finitely generated over k; we identify
(H,Y ýK, β) with (H,Z ýIndZY (K), β). See [24] for a complete
description of relations.

In a symbol, β is determined uniquely, up to order, by the similarity
type of a faithful (n− trdegK/k)-dimensional representation of H over k,
or any field containing k. Furthermore, we declare a symbol to be trivial
in case the trivial character occurs, i,e., if the given representation has
nontrivial space of invariants.

We record a frequently used consequence of defining relations [26, Prop.
4.7]: If β = (b1, . . . , br) is such that for some

I ⊆ [1, . . . , r], |I| ≥ 2,

one has ∑
i∈I

bi = 0,

then

(H,Y ýK, β) = 0 ∈ Burnn(G).

We also record the following particular case of relation (B2): if b1 = b2,
then

(H, Y ýK, β) = (H, Y ýK(t), (b2, . . . , br)) (4.1)

in Burnn(G), where Y acts trivially on the variable t. As an immediate
application, we obtain:

Proposition 4.1. Consider the symbol

(H,Y ýK, β) ∈ Burnn(G), β = (b1, . . . , br), 1 ≤ r ≤ n.

Let

` := min
1≤j≤r

(ord(bj))

be the smallest order of a character appearing in β. We have

(H,Y ýK(t1, . . . , t`−1), β) = 0 ∈ Burnn+`−1(G).

Here Y acts trivially on the variables t1, . . . t`−1.
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Proof. We may assume that the minimum is at b1. Consider the symbol

(H, Y ýK, (b1, . . . , b1︸ ︷︷ ︸
` times

, b2, . . . , br)) ∈ Burnn+`−1(G).

This symbol vanishes. Iterative application of (4.1) gives the claim. �

A nonsingular projective variety X with generically free G-action de-
termines, as G-equivariant birational invariant, a class

[X ý G] ∈ Burnn(G).

This is particularly easy to describe when X is in standard form with
respect to a G-invariant simple normal crossing divisor, or more generally
satisfies Assumption 2 of [26]. Then

[X ý G] =∑
x0∈X/G

x0=[x], x∈X

(
generic stabilizer of {x},Gal(k(x)/k(x0)), (I{x}/I

2
{x})x

)
.

Points of the quotient X/G are in bijective correspondence with G-orbits
of points of X; the sum is over x0 ∈ X/G, and x, in the sum, denotes an
orbit representative. Importantly, not only k-points, but all points are
taken in the sum. The residue field k(x) is a Galois extension of k(x0).

The ideal sheaf I{x} of the closure {x} defines the coherent sheaf I{x}/I2
{x}

on {x}, whose stalk at x gives a faithful representation of the generic

stabilizer of {x}. In order to get a representation with trivial space of
invariants, x has to be a maximal point with this generic stabilizer, so
only finitely many points x0 ∈ X/G yield nontrivial symbols.

Remark 4.2. An immediate corollary of Proposition 4.1 is that the sym-
bols invariant is stably trivial: For any G-variety X of dimension n, there
exists a d ∈ N such that class

[X × Pd ý G]− (triv, G ýk(X)(t1, . . . , td), ()) = 0 ∈ Burnn+d(G);

here G acts trivially on Pd, respectively, on the variables t1, . . . , td.
This is in stark contrast with invariants originating in unramified co-

homology.

When X is replaced by a G-invariant open subvariety U , the same
formula as for [X ý G] (but taking into account only x0 ∈ U/G) leads
to a class in Burnn(G), that is denoted by

[U ý G]naive.

(A class [U ý G] is also defined in [26], but plays no role in this paper.)
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Let

D = D1 ∪ · · · ∪D`

be a simple normal crossing divisor on X, where each Di is G-invariant
and nonsingular. Then, with I := {1, . . . , `}, we have

[X ý G] = [U ý G]naive +
∑
∅6=I⊆I

∑
j∈JI

indGGI,j
(
ψI([D

◦
I,j ý GI,j]

naive
(NDi/X)i∈I

)
)
.

Here,

• JI indexes G-orbits of components of DI :=
⋂
i∈I Di, with nota-

tion DI,j for the G-orbit of components corresponding to j ∈ JI ,
and DI,j for a chosen component of DI,j.
• GI,j is the maximal subgroup of G, for which DI,j is invariant.
• We denote by D◦I ⊂ DI , by D◦I,j ⊂ DI,j, and by D◦I,j ⊂ DI,j, the

complement of all Dj, j /∈ I.
• The class

[D◦I,j ý GI,j]
naive
(NDi/X)i∈I

∈ Burnn,I(GI,j),

in the indexed equivariant Burnside group [25, §4] [24, Sect. 4] is
defined like a naive class in Burnn(GI,j), but with additional data
of characters associated with each of the indicated line bundles
[24, Sect. 5] (in this case, the restrictions of the normal bundles
NDi/X).
• The homomorphism

ψI : Burnn,I(GI,j)→ Burnn(GI,j)

appends the characters associated with the line bundles to the
characters β [25, Rem. 4.1].
• The induction homomorphism

indGGI,j : Burnn(GI,j)→ Burnn(G)

is defined in [24, Defn. 3.1].

This formula holds by [24, Prop. 4.8]; see, also [24, Exa. 5.12].
The additional characters, attached to symbols in the indexed equivari-

ant Burnside group, may be manipulated, e.g., by applying any element
of Aut(ZI), where ZI denotes

⊕
i∈I Z. For instance, when J ⊆ I and we

apply the element

τI,J ∈ Aut(ZI), τI,J(ej) :=


∑

i∈I, i≤j
i>j′ ∀ j′∈J, j′<j

ei, if j ∈ J,

ej, if j /∈ J,
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of [24, Exa. 4.1], to a symbol (H ⊆ H ′, Y ýK, β, γ) ∈ Burnn,I(G) with
the additional characters

γ = (ci)i∈I ,

we get the symbol τI,J(H ⊆ H ′, Y ýK, β, γ) := (H ⊆ H ′, Y ýK, β, γ̃),

γ̃ = (c̃i)i∈I ,

where c̃j is the sum of ci over i ≤ j with i > j′ for all j′ ∈ J , j′ < j for
j ∈ J , and c̃j = cj otherwise.

As a generalization of the map ψI there is the map

ψI,J : Burnn,I(G)→ Burnn,J(G),

which appends just the characters indexed by elements of I \ J to the
characters β; see [24, Defn. 4.2].

5. Computing the class in the Burnside group

We wish to compute a class in an equivariant Burnside group, associ-
ated with a given G-action on ∆. We have the exact sequence of algebraic
groups (3.1) and the notation introduced in §3.3. We fix δ̄ ∈ ∆/T , the
class of some δ ∈ ∆. Besides the stabilizer Gδ̄ of δ̄, there is

Gδ := ker(νδ̄),

which is equal to the stabilizer of δ ∈ ∆, provided that δ is a suitably
general lift of δ̄ ∈ ∆/T . The group Gδ is the generic stabilizer of the
induced action of Gδ̄ on the component T δ̄ of ∆.

We recall, δ̄ ∈ ∆/T indexes a component Xδ̄ of X. This has a class

[Xδ̄ ý Gδ̄/Gδ] ∈ Burnn(Gδ̄/Gδ). (5.1)

Our goal is to compute the class of X ý G, which we understand to
mean the collection of classes (5.1) for all δ̄ ∈ ∆/T .

We recall the lattice L′ = L′(T ) from §3.4 and make a choice of fan Σ
and positive integer r as in §3.5; we work on the model XΣ,L′,[r]. Exactly
as in Proposition 3.6, for the action of Gδ̄/Gδ we have XΣ,L′,[r]δ̄ in stan-
dard form, with respect to the union of the strict transform of the toric
boundary and the exceptional divisors of the De Concini-Procesi iterated
blowup procedure.

We introduce Gδ̄-invariant divisors. Let

Γ′1, . . . ,Γ
′
`δ̄
∈ L′

be a choice of conjugacy class representatives of elements of L′\{ker(ν)}.
We set

Di :=
⋃

Γ′ conjugate to Γ′
i

DΓ′ .
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Then D = D1 ∪ · · · ∪ D`δ̄
is a simple normal crossing divisor on XΣ,L′,[r],

with each Di invariant under Gδ̄. Now suppose

I ⊆ Iδ̄ := {1, . . . , `δ̄},
with DI nonempty. We take JI to be the set of conjugacy classes of
chains in L′, with one element from each conjugacy class, indexed by an
element of I. Then j ∈ JI indexes an orbit DI,j of DΛ for a representative
chain Λ of the conjugacy class of j. The maximal subgroup, under which
DΛ is invariant, is

NGδ̄
(Λ) := NGδ̄

(Γ1) ∩ · · · ∩NGδ̄
(Γt),

the stabilizer of Λ under the conjugation action of Gδ̄.
With the subspaces Vi = NΓi ⊗ k of

V := N ⊗ k
for 1 ≤ i ≤ t, appearing in the description of a point of DΛ, not in any
deeper stratum, we have from Lemma 3.7, for 1 ≤ i ≤ k, a NGδ̄

(Λ)-
equivariant morphism DΛ → P(V/Vi). This is surjective when i = t and
has image P(Vi+1/Vi) for i < t.

For δ̄ ∈ ∆/T the stabilizer NGδ̄
(Λ) acts on the fiber ϑ−1

[r] (δ̄) over δ̄ in

T ′[r]/T
′, where T ′ is as in (3.5). We let Kj denote the set of NGδ̄

(Λ)-orbits
for this action.

Proposition 5.1. Let G act on ∆, and let δ̄ ∈ ∆/T . Let us write

[Xδ̄ ý Gδ̄/Gδ] = Aδ̄ +Bδ̄

in
Burnn(Gδ̄/Gδ),

where Aδ̄ records the contribution from X◦∩Xδ̄, and Bδ̄, the contribution
from strata obtained from exceptional divisors in the De Concini-Procesi
model for X. Then

Aδ̄ =
∑

[σ]∈Σ/Gδ̄

(Stab(σ)δ, Stab(σ)/ Stab(σ)δ ýk(T σ δ̄), ρσ),

where

• the sum is over Gδ̄-orbits of Σ; for each orbit an orbit represen-
tative σ ∈ Σ is chosen,
• the action of Stab(σ) on X◦∩T σ δ̄ has constant stabilizer Stab(σ)δ,
• the representation

ρσ : Stab(σ)δ → GL(J/J2)

is defined using the ideal

J := (x)x∈(σ∨∩M)\(σ⊥∩M)(k[σ∨ ∩M ]/(x− δ(x))x∈σ⊥∩Mk[σ∨ ∩M ]),



22 ANDREW KRESCH AND YURI TSCHINKEL

and

Bδ̄ =∑
∅6=I⊆Iδ̄

∑
[Λ]∈JI

∑
[τ̄ ]∈Kj

ind
Gδ̄/Gδ
NGδ̄

(Λ)τ̄/Gδ

(
ψ{1,...,t}

(
[D◦Λτ̄ ý NGδ̄

(Λ)τ̄/Gδ]
naive
(O(−1))

))
.

By analogy with [24, Conv. 8.1], here (O(−1)) denotes the following
collection of line bundles, indexed by {1, . . . , t}:

OP(V2/V1)(−1),OP(V2/V1)(1)⊗OP(V3/V2)(−1), . . . . (5.2)

Proof. The contribution from X◦ ∩Xδ̄ is obtained directly from the for-
mula for the naive class in Burnn(Gδ̄/Gδ), from Section 4. The term Bδ̄

is taken from the formula in Section 4, where the additional sum over
orbit representatives of Kj accounts for the components in (3.6). �

Let us fix a chain (3.4), which indexes a stratum DΛ ⊂ XΣ,L′,[r]. Let
δ̄ ∈ ∆/T , and with T ′ as in (3.5), let τ̄ ∈ ϑ−1

[r] (δ̄). The group NGδ̄
(Λ)τ̄

acts on

X ′τ̄ , P(V2/V1), . . . , P(Vt/Vt−1), P(V/Vt), (5.3)

and we have an NGδ̄
(Λ)τ̄ -equivariant birational morphism from DΛτ̄ to

the product of the varieties in (5.3). Therefore:

Lemma 5.2. For τ̄ ∈ T ′[r]/T ′, mapping to δ̄ ∈ ∆/T , we have

[DΛτ̄ ý NGδ̄
(Λ)τ̄/Gδ](O(−1)) =

[X ′τ̄ × P(V2/V1)× · · · × P(V/Vt) ý NGδ̄
(Λ)τ̄/Gδ](O(−1)).

in Burnn,{1,...,t}(NGδ̄
(Λ)τ̄/Gδ).

For Λ 6= ∅, the expression on the right-hand side in Lemma 5.2 may
be taken as known, in the recursive determination of the classes (5.1).

Theorem 5.3. The class

[Xδ̄ ý Gδ̄/Gδ] = Aδ̄ +Bδ̄

in Burnn(Gδ̄/Gδ) may be computed by applying the formula for Aδ̄ from
Proposition 5.1 directly, and by computing the classes

[D◦Λτ̄ ý NGδ̄
(Λ)τ̄/Gδ]

naive
(O(−1)) ∈ Burnn,{1,...,t}(NGδ̄

(Λ)τ̄/Gδ)
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appearing in the formula for Bδ̄ from Proposition 5.1 in a recursive fash-
ion, starting with large t = |I|, using the formula

[D◦Λτ̄ ý NGδ̄
(Λ)τ̄/Gδ]

naive
(O(−1)) = [DΛτ̄ ý NGδ̄

(Λ)τ̄/Gδ](O(−1))

−
∑
[Λ′]

ind
NGδ̄

(Λ)τ̄/Gδ

NGδ̄
(Λ′)τ̄/Gδ

(
ψI′,J

(
τI′,J [D◦Λ′ τ̄ ý NGδ̄

(Λ′)τ̄/Gδ]
naive
(O(−1))

))
−
∑
[Λ′′]

∑
[τ̄ ′′]

ind
NGδ̄

(Λ)τ̄/Gδ

NGδ̄
(Λ′′)τ̄ ′′/Gδ

(
ψI′′,J

(
τI′′,J [D◦Λ′′ τ̄ ′′ ý NGδ̄

(Λ′′)τ̄ ′′/Gδ]
naive
(O(−1))

))
.

The first sum is over NG(Λ)τ̄ -conjugacy classes of chains

Λ′ : Γ1 = Γ′1 ⊃ Γ′2 ⊃ · · · ⊃ Γ′t
′

strictly containing Λ with the same largest member Γ1 = Γ′1; we put
I ′ := {1, . . . , t′}. The second sums are over NG(Λ)τ̄ -conjugacy classes of
chains

Λ′′ : Γ′′1 ⊃ Γ′′2 ⊃ · · · ⊃ Γ′′t
′′

containing Λ, with Γ′′1 ) Γ1, and NG(Λ′′)τ̄ -orbit representatives τ̄ ′′ of the
fiber of

T ′′[r]/T
′′ → T ′[r]/T

′

over τ̄ , where T ′′ denotes TΓ′′1; we put I ′′ := {1, . . . , t′′}. In each sum,
J records the indices of the members of Λ and is identified in an order-
preserving fashion with {1, . . . , t} to land in Burnn,{1,...,t}(NGδ̄

(Λ)τ̄/Gδ).

Proof. This follows from the formula in §4, and the evident analogous
formula for indexed equivariant Burnside groups. By Lemma 3.7, ap-
plication of τI′,J and τI′′,J corrects the divisor characters in the first,
respectively second sums in the formula. �

6. Dimension 2

There is only one nontrivial action on Gm, namely t 7→ t−1, and it is
linearizable.

In dimension 2, it is known [40, II.4.9, Exa. 7] that every action on G2
m

factors through a subgroup of

D4 or C2 ×S3 ⊂ GL2(Z).

Subgroups of D4 give rise to a regular action on P1×P1. Projecting from
the identity of G2

m ⊂ P1 × P1 gives an induced regular action on P2, and
this is linear. So, we focus on

G := C2 ×S3,
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whose action we realize by inverse and permutation on the coordinates
of

T ⊂ G3
m, T := {(t1, t2, t3) | t1t2t3 = 1}.

This extends to a regular G-action on a del Pezzo surface X of degree 6;
the action is obtained by regularizing the S3 permutation action on the
standard coordinates of P2 together with the Cremona involution. As
mentioned in the introduction:

• This action is not linearizable, by [23]; there, the proof relied
on the (equivariant) Minimal Model Program, specifically, on the
classification of Sarkisov links. In [19] we provided an alternative
proof, using partial information about the class of the action in
the equivariant Burnside group.
• There are no cohomological obstructions to stable linearizability,

H1(G′,Pic(X)) = 0,

for all subgroups G′ ⊆ G.
• For every subgroup G′ ( G, the G′-action on T is linearizable

[29, Sect. 9].
• The G-action is stably linearizable [29, Prop. 9.11].

We apply the procedure from Section 5 to compute the class of the
G-action on an equivariant compactification of T in the Burnside group.
The result is:

Proposition 6.1. The class in Burn2(G) of the G-action on X is:

[X ý G] = (triv, G ýk(X), ())

+(S2, C2 ýk(P1), (1))

+(diagonal in C2 ×S2, C2 ýk(P1), (1))

+(C2,S3 ýk(P1), (1))

+(C2,S2 ýk(P1), (1))

+2(C2 ×S2, triv ýk, (e1, e2))

+2(C2 ×S2, triv ýk, (e1 + e2, e2))

+(C2 × C3, triv ýk, ((0, 1), (1, 1)))

+(C3, triv ýk, (1, 1)).

For comparison, we display the class of the linear action

[P(1⊕ Vχ) ý G] ∈ Burn2(G),

computed in [25, Exa. 5.3]; here Vχ is the standard 2-dimensional repre-
sentation of S3, twisted by a nontrivial character of the central C2. This,
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in essence the only possible linear action, yields the class

(triv, G ýk(P(1⊕ Vχ)), ())

+(S2, C2 ýk(P1), (1))

+2(C2,S3 ýk(P1), (1))

+2(C2 ×S2, triv ýk, (e1, e2))

+2(C2 ×S2, triv ýk, (e1 + e2, e2))

+(C2 × C3, triv ýk, ((0, 1), (1, 1)))

+(C2 × C3, triv ýk, ((0, 1), (1, 2))).

Here e1, e2 are nontrivial characters of C2, respectively S2; to distinguish
we write (i, j) for characters of C2 ×C3, given by i on the C2 factor and
j on the C3 factor.

Corollary 6.2. The toric and the linear actions of C2×S3 on k(P2) are
not equivariantly birational.

Proof. The term

(C2,S3 ýk(P1), (1)) (6.1)

is incompressible (see Defn. 3.3 and Prop. 3.6 in [24]). It appears with
different coefficients in the two expressions above. By [24, Prop. 3.4], the
actions are not equivariantly birational. �

Remark 6.3. There are also other terms in these formulas that distinguish
the two actions, e.g., the terms with C2 × C3-stabilizer.

Recall that X × Pr and P(1 ⊕ Vχ) × Pr, with trivial G-action on Pr,
are equivariantly birational for r ≥ 2, by [29, Prop. 9.11]. The case of
r = 1 is unknown. Computing Burn3(G) we find nothing to distinguish
the classes

[X × P1 ý G], [P(1⊕ Vχ)× P1 ý G] ∈ Burn3(G).

Indeed, all contributions from nontrivial stabilizers vanish in Burn3(G).
For terms with C2- and C3-stabilizers this follows immediately from
Proposition 4.1, while for terms with C2 × C3-stabilizer this requires
further analysis.

The rest of this section consists of a proof of Proposition 6.1. It is an
application of the algorithm from Section 5, which we carry out in detail.
We have:

• T = ∆,
• δ̄ = 1,
• Gδ̄ = G, Gδ = triv,
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and the formula from Proposition 5.1 simplifies to

[X ý G] = A+B.

We use the coordinates t1 and t2 to identify T with G2
m, and recover the

action of Example 3.2. There is a corresponding basis e1, e2 of N ∼= Z2.

Step 1. We compute L′ = L′(T ), the lattice of distinguished subgroups
of G, associated with subtori of T :

Γ′ TΓ′

G {(1, 1, 1)}
〈(0, (1, 2))〉 {(t, t, t−2)}
〈(0, (1, 3))〉 {(t, t−2, t)}
〈(0, (2, 3))〉 {(t−2, t, t)}
〈(1, (1, 2))〉 {(t, t−1, 1)}
〈(1, (1, 3))〉 {(t, 1, t−1)}
〈(1, (2, 3))〉 {(1, t, t−1)}

triv T

Step 2: We construct a smooth projective G-invariant fan, with respect
to which property (E) holds for every TΓ′ ; this has rays generated by

(1, 0), (1, 1), (0, 1), (−1, 0), (−1,−1), (0,−1).

Step 3: We subdivide to obtain a fan Σ satisfying the additional prop-
erty that no pair of rays in a single G-orbit spans a cone of Σ; the ray
generators are

(1, 0), (2, 1), (1, 1), (1, 2), (0, 1), (−1, 1), (−1, 0), (−2,−1),

(−1,−1), (−1,−2), (0,−1), (1,−1).

Step 4. We find a positive integer r such that the stabilizer locus in T
is in the union of the r-torsion translates of subtori in GL′ , and the same
holds for the Stab(σ)-action on T σ, for all σ ∈ Σ. In T , the stabilizer
locus consists of the one-dimensional subtori above, together with

(1, 1, 1), (−1,−1, 1), (−1, 1,−1), (1,−1,−1), (ζ, ζ, ζ), (ζ2, ζ2, ζ2).

For σ ∈ Σ(1) we have Stab(σ) ∼= Z/2Z acting on T σ ∼= Gm, fixing ±1.
So we take

r = 6.

Step 5. We carry out the De Concini-Procesi blow-up procedure, which
in this case amounts to blowing up the 6-torsion of T in X = XΣ to
obtain

XΣ,L′,[6]
∼= B`36 pointsX.
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Step 6. We compute A directly as

A = (triv, G ýk(X), ()).

This is the contribution from the zero cone in the formula from Σ1 in
Proposition 5.1. The two orbits of 1-dimensional cones σ lead to action
of Stab(σ) ∼= Z/2Z on T σ ∼= Gm with trivial generic stabilizer, hence
no contribution to the equivariant Burnside group. As well there is no
contribution from the 2-dimensional cones, which form a single orbit with
trivial stabilizer.

Step 7. We compute B by the procedure of Theorem 5.3. We have ` = 3:

D = D1 ∪ D2 ∪ D3 ⊂ XΣ,L′,[6],

with respective conjugacy class representatives of L′ \ {triv} from the
table in Step 1:

Γ′1 = G, Γ′2 = 〈(0, (1, 2))〉, Γ′3 = 〈(1, (1, 2))〉.
Together, Γ′2 and Γ′3 generate C2 ×S2

∼= K4.
With I = {1, 2, 3} we have nonempty DI corresponding to the follow-

ing subsets I ⊆ I:

{1}, {2}, {3}, {1, 2}, {1, 3}.
For each I, there is exactly one conjugacy class of chains, with represen-
tative

{Γ′i | i ∈ I}.
We list representative chains Λ, with corresponding NG(Λ) and NG(Λ)-
orbits of T ′[6]/T

′:

Λ NG(Λ) T ′ T ′[6]/T
′ NG(Λ)-orbits

G G {1} T [6] see Table 1
〈(0, (1, 2))〉 K4 {(t, t, t−2)} µ6 (via t−1

1 t2) see below
〈(1, (1, 2))〉 K4 {(t, t−1, 1)} µ6 (via t1t2) see below

G ⊃ 〈(0, (1, 2))〉 K4 {1} T [6] see Table 1
G ⊃ 〈(1, (1, 2))〉 K4 {1} T [6] see Table 1

When T ′ has dimension 1, we identify T ′[6]/T
′ with µ6 by the indicated

coordinate function. The action by NG(Λ) = K4 has orbits

{1}, {−1}, {ζ, ζ2}, {−ζ,−ζ2}.
When Λ = {〈(0, (1, 2))〉}, the elements in orbits of size 2 have stabilizer
〈(1, (1, 2))〉. When Λ = {〈(1, (1, 2))〉}, the elements in orbits of size 2
have stabilizer 〈(0, (1, 2))〉.

As indicated in Theorem 5.3, we start the computation of B by looking
at contributions with t = 2; for these, we have D◦Λ = DΛ.
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stabilizer orbit [G-stabilizer]
K4 (1, 1, 1) [G]

(−1,−1, 1) [K4]
〈(0, (1, 2))〉 (ζ, ζ, ζ) (ζ2, ζ2, ζ2) [S3]

(−ζ,−ζ, ζ) (−ζ2,−ζ2, ζ2) [〈(0, (1, 2))〉]
〈(1, (1, 2))〉 (ζ, ζ2, 1) (ζ2, ζ, 1) [〈(1, (1, 2))〉]

(−ζ,−ζ2, 1) (−ζ2,−ζ, 1) [〈(1, (1, 2))〉]
〈(1, id)〉 (1,−1,−1) (−1, 1,−1)
triv (ζ,−ζ,−ζ) (ζ2,−ζ2,−ζ2) (−ζ, ζ,−ζ) (−ζ2, ζ2,−ζ2)

(1, ζ, ζ2) (1, ζ2, ζ) (ζ, 1, ζ2) (ζ2, 1, ζ)
(1,−ζ,−ζ2) (1,−ζ2,−ζ) (−ζ, 1,−ζ2) (−ζ2, 1,−ζ)
(ζ,−ζ2,−1) (ζ2,−ζ,−1) (−ζ2, ζ,−1) (−ζ, ζ2,−1) [triv]
(−1, ζ,−ζ2) (−1, ζ2,−ζ) (ζ,−1,−ζ2) (ζ2,−1,−ζ)
(−1,−ζ, ζ2) (−1,−ζ2, ζ) (−ζ,−1, ζ2) (−ζ2,−1, ζ)

Table 1. Orbits of T [6] under K4 ⊂ G. Orbits under G
are unions of K4-orbits; for each a representative is identi-
fied, with G-stabilizer displayed in brackets [ ].

• Λ = {G ⊃ 〈(0, (1, 2))〉}: We have NG(Λ) = K4, with

V1 = 0 and V2 = k · (1, 1).

Following Lemma 5.2, we have

[DΛτ̄ ý (K4)τ̄ ](O(−1)) = [{1}τ̄ × P(V2/V1)× P(V/V2) ý (K4)τ̄ ](O(−1)),

as a point, with pair of characters e1 determined by V2/V1, and
e1+e2 determined by V/V2. So, (5.2) gives e1 and e2 as characters
of (O(−1)). Applying ψ{1,2} to get an element of Burn2((K4)τ̄ ),
we only get something nontrivial when (K4)τ̄ = K4. There are two
contributions from Table 1; when we apply induction to Burn2(G)
we obtain

ψ{1,2}
(
[DΛτ̄ ý (K4)τ̄ ](O(−1))

)
={

(C2 ×S2, triv ýk, (e1, e2)), if (K4)τ̄ = K4,

0, otherwise.

• Λ = {G ⊃ 〈(1, (1, 2))〉}: The computation is similar, with

V2 = k · (1,−1),
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and we obtain

ψ{1,2}
(
[DΛτ̄ ý (K4)τ̄ ](O(−1))

)
={

(C2 ×S2, triv ýk, (e1 + e2, e2)), if (K4)τ̄ = K4,

0, otherwise.

We proceed to cases with t = 1.

• Λ = {G}: We have V1 = 0. So,

ψ{1}
(
[D◦Λτ̄ ý Gτ̄ ](O(−1))

)
=

{
ψ{1}

(
[DΛτ̄ ý Gτ̄ ](O(−1))

)
− C0 − C1, if Gτ̄ ⊇ K4,

ψ{1}
(
[DΛτ̄ ý Gτ̄ ](O(−1))

)
, if |Gτ̄ | ∈ {1, 2, 6},

where for i ∈ {0, 1},

Ci := indGτ̄K4

(
ψ{1,2}

(
[D{G⊃〈(i,(1,2))〉}τ̄ ý K4](O(−1))

))
;

by Lemma 5.2, we have

[DΛτ̄ ý Gτ̄ ](O(−1)) = [{1}τ̄ × P(V ) ý Gτ̄ ](O(−1)).

The nontrivial contributions come from three values of τ̄ . When
τ̄ = (1, 1, 1), we get

ψ{1}
(
[D◦Λτ̄ ý Gτ̄ ](O(−1))

)
= (C2,S3 ýk(P1), (1))

+ (C2 × C3, triv ýk, ((0, 1), (1, 1))).

The cases τ̄ = (−1,−1, 1) and τ̄ = (ζ, ζ, ζ) give

(C2,S2 ýk(P1), (1)), respectively (C3, triv ýk, (1, 1)).

• Λ = {〈(0, (1, 2))〉}: The only nontrivial contribution is from τ̄ =
1. Then,

ψ1

(
[DΛτ̄ ý K4](O(−1))

)
= (S2, C2 ýk(P1), (1))

+ 2(K4, triv ýk, (e1, e1 + e2)) ∈ Burn2(K4).
(6.2)

We get ψ1

(
[D◦Λτ̄ ý K4]naive

(O(−1))

)
, according to Theorem 5.3, by

subtracting contributions from

Λ′′ = {G, 〈0, (1, 2)〉}, τ̄ ′′ ∈ {(1, 1, 1), (−1,−1, 1), (ζ, ζ, ζ), (−ζ,−ζ, ζ)}.

When τ̄ ′′ ∈ {(1, 1, 1), (−1,−1, 1)}, we apply τ{1,2},{2} to the in-
dexed equivariant Burnside group element

(K4 ⊆ K4, triv ýk, (), (e1, e2)) ∈ Burn2,{1,2}(K4)
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to yield, in each case, weights e1 and e1+e2, thereby cancelling the
term in (6.2) with coefficient 2. When τ̄ ′′ ∈ {(ζ, ζ, ζ), (−ζ,−ζ, ζ)}
the contribution is trivial in Burn2(K4). So

ψ1

(
[D◦Λτ̄ ý K4]naive

(O(−1))

)
= (S2, C2 ýk(P1), (1)).

• Λ = {〈(1, (1, 2))〉}: The computation is similar. There is only a
nontrivial computation for τ̄ = 1, and we obtain

ψ1

(
[D◦Λτ̄ ý K4]naive

(O(−1))

)
= (diagonal in C2 ×S2, C2 ýk(P1), (1)).

Combining the contributions, we obtain the formula in the statement
of Proposition 6.1.

7. Dimension 3

In this section, we analyze 3-dimensional tori, following [27]. This is
the smallest dimension where cohomology can obstruct rationality and
linearizability. We have a motivating problem:

• Investigate the relation between

[X ý G] and H1(G′,Pic(X)),

where X is a smooth G-equivariant projective compactification
of T and G′ ⊆ G.

Any action on a torus T = G3
m factors through a subgroup of

C2 ×S3 × C2 or C2 ×S4,

and the second group admits 3 different actions, labeled C, S, and P in
[27]. The first group is realized on a product of a del Pezzo surface of
degree 6 with P1, with the natural action of G′ := C2 ×S3 on the DP6
(described in Section 6) and C2 on P1. As mentioned in Section 6 and [29,
Rem. 9.13], it is an open problem whether the G′-action is linearizable.

The other actions are realized as follows [27, Sect. 2]:

(C) on P1 × P1 × P1,
(S) on the blowup of P3 in the four coordinate points and the six lines

through these points; here S4 permutes the coordinates in P3 and
C2 is the Cremona involution;

(P) on the (singular) hypersurface

{x1x2x3x4 = y1y2y3y4} ⊂ (P1)4,

where S4 acts by permuting the factors and C2 switches xi and
yi, for all i.
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The C2 ×S4-action in type (C) is linearizable. The following propo-
sition concerns the types (S) and (P), see [27, Fig. 4], showing that the
corresponding actions are indistinguishable via the Burnside obstruction
but can be distinguished via cohomology.

Proposition 7.1. Assume that T admits the action of the Klein group
G := Z/2⊕ Z/2 such that G ⊂ GL(M) is generated by−1 0 0

0 0 −1
0 −1 0

 ,

−1 −1 −1
0 0 1
0 1 0

 .

Let X be a smooth projective G-equivariant compactification of T . Then

(1) H1(G,Pic(X)) = Z/2, and the action is not stably linearizable,
(2) [X ý G] = (triv, G ýk(X), ()) in Burn3(G).

Proof. The first statement is one of the key results in [27, Sect. 4]. The
second follows by an argument as in the proof of Proposition 4.1: any
symbol with a nontrivial stabilizer that arises, vanishes in Burn3(G). �
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[16] Sh. Endô and T. Miyata. On a classification of the function fields of algebraic
tori. Nagoya Math. J., 56:85–104, 1975.

[17] E.-M. Feichtner and D. N. Kozlov. Abelianizing the real permutation action via
blowups. Int. Math. Res. Not., (32):1755–1784, 2003.

[18] W. Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 1993. The William H. Roever
Lectures in Geometry.

[19] B. Hassett, A. Kresch, and Yu. Tschinkel. Symbols and equivariant birational
geometry in small dimensions. In Rationality of varieties, volume 342 of Progr.
Math., pages 201–236. Birkhäuser, Cham, 2021.
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