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AnHoTanusa

Crpourcst BApUaHT T'PYIIIBI OUPAIMOHAIBHBIX CUMBOJIOB KOH-
nesuya, Ilectyna u Broporo asropa. OH HpuUMeEHSETCS K OIIpe-
JeIEHUIO0 OMpAIMOHAIbHBIX WHBAPUAHTOB aJareOpantdeckux opou-

doI0B.

1 Bseaenme

Paccmorpum ritaikoe npoeKTuBHOE MHOrooOpasue X pa3MepHOCTH N Ha/l
nosieM k xapakrepuctuku (; HAIKM MHOrooOpaswusl HEPUBOIUMBI, HO HE
obszaTebHO TeoMeTpuyecku HenpusouMbl. Crarba [14] BBesa 2pynny
Bepncatida Mmuoroobpasuit

Burn,, = Burn,, 4,

KaK CBOOOJIHYIO abejieBy TI'PYIITY KJIAacCOB M30MOPMU3MOB KOHEYHO I10-
POXKJICHHBIX TIOJICHl CTENeHN TPAHCIEHJICHTHOCTH N HaJl k; JIJIsi TAKOro
nosist ' Mbl obosnadnm depes [K| coorsercrByrommumit obpasytomiuii. 1o
MHOTro0bpa3uio X orpejensgercd ero Kiaacc

[X] := [k(X)] € Burn,,
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IIPOJIOJIZKEHHBII 110 &JJINTUBHOCTH /JI0 IVIQKAX IPOEKTUBHBIX CXEM, KOTO-
pble HeoOA3aTeIbHO HEITPUBOAUMBL. Jlj1s

U=X\D,
JO0IIOJIHEHE K JJUBU30PY C IIPOCTBIMU HOPpMaJIbHBIMU II€pECCICHUAMMU
D=D,U---UDy,

MO2KHO OIIpeJeJINTL €TI0 KJIaCC B Burnn:

U]:=[X] = Y [DixP+ Y [(DinDj)xP?—.... (L1)

1<i<t 1<i<g<e

D70 He TOJBKO MHBAPUAHT KJjacca nzoMopdusma U, HO 1 GupannoHasb-
HBIT nHBapuaHT B cieyomeM cmbicie: (U] = [U'] B Burn,, ecim cyime-
CTBYIOT KBa3UIIPOEKTHBHOE MHOroo6pasne V' u GupannoHaJbHble TTPOeK-
TUBHBIE MOP(MU3MBI

V-sU n vV =U.

10T (hopMaTM3M HCIIOIB30BAJICH I JTOKA3ATEIbCTBA CIIEIHATT3AIIH
paluoHaJIbLHOCTH.

[Ipeamnonoxkum, uro Ha X UMeEeTCs TOUHOE JIefiCTBIEe KOHETHO abere-
Boit rpymmbl G. B sroit curyarun omnpejenen G-95KBUBaApUAHTHBIN Oupa-
IMOHAJIbHBIN WHBAPUAHT X , BBEJIEHHBIN B [13], mpuHIMAIONTII 3HAYEHMST
B I'DyIIIIe

BH(G)v

KOTOPBIl 3aIMChIBAET MPEJICTaB/IeHIe Ha HOPMAJIBHOM PAaCC/IOeHNEe B 00-
meil ToUKe KOMIOHEHT MHOYKECTBA HEIOIBHKHBIX TodeK X ©.

B »To0it crarhe MBI uccaeayeM OUparmoHaIbHble MHBAPUAHTHI 0pOU-
¢oados. Hammomuum, aro (amrebpandeckuii) op6udoIi, 310 TIaj Kl oT-
JIeJTUMBIH HellpuBO UMbl cTek Jlesmusa—Mamdbopia, KOHETHOrO THITa HAT
k, ¢ TpuBHABHBIM OOIIUM CTAOMIM3ATOPOM. Y TAKOI'O CTEKa €CTh I'DY-
6oe mpocTpaHCTBO MOJyIeit, [11], KoTopoe OTe/mMMO 1 KOHEYHOTO THUIIA
uas k. Hazosem opbudoin xeasunpoexmuervim (WA npoexmueHbm )
ecs rpyboe MPOCTPAHCTBO MOJLY/Iell KBA3UIIPOEKTUBHOE (MM IPOEKTHB-
Hoe) Muoroobpasue (cm. [15]). Hanpumep, neiicreue G na X onpejenser
npoekTusHbIil opbudoi [X/G]. B aroit crarbe Bce opbudosibl KBa3u-
[IPOCKTUBHBI.



Mpsr BBeZIEM TPYTITY

Burn,,,

KOTOpast COBMeIMaeT cpoifcTsa rpymm Burn, n B,(G). B Burn, mbr co-
XpaHsgeM TOJLKO WH(MOPMAIIUIO O MPEJICTABICHUIX KOHEUHBIX abeIeBhIX
IPYII, ¢ TOYHOCTBIO JIO ABTOMOP(MU3MOB 3TuX rpymi. Padoras ¢ Burn,,
MBI [TOCTPOUM OUPAIMOHAILHBI HHBAPUAHT KBA3UIIPOEKTUBHBIX 1-MEPHBIX
opbudoI0B.

Jlocrarouno paccMaTpuBaTh KOHEYHBIE a0eAe6b, TPYIIILI, OJ1arojiaps
quBuzopuaudukanmu [6]. 1o mocsies0BaTeIBHOCTE A3y THIl ¢ TIIaIK -
MU [IEHTPaMU, IIPUMEHNUB KOTOPYIO K 001eMy opomdosty MOXKHO IOJTy-
9UTh OpOUdOJIT ¢ TOJTHKO abeeBBIMU TPYIIAMU KAK T€OMETPUIECKUMU
crabusmsaropamu. Ciabast dakropuszanus [2|, qokazanHas B (HyHKTO-
puasbHOit dopme B [3|, mcHonb3yercs s TOKAa3aTebCTBA KeaaeMoil
OUpaIMOHAILHON MHBAPUAHTHOCTH.

B § 2 mpr onpesesisiem rpyminy beprcaiina MHOrooOpasnit cooTHOIIIE-
HUSIME, aHAJTOTUIHBIMEI COOTHOIIEHUSIM HOYKHHUIL, UCIIOJIH3YEMBIM B OIIPe-
nenernn rpynnbl ['porenanka mMHOroobpasuit. B § 3 Mbr ompeessiem
rpymiy Burn,,. B § 4 MBI onpejiesisieM Kiace ajrebpandeckoro opoudoi-
na B Burn,,. B § 5 coepsKuTCs CBA3b MEK/Ty HHBapUaHTaM# opoudoIoB
U MOJLYJIIPHBIME KPUBBIMHU.

Uccnenosanne . Kpera BBIIOJIHEHO IPU YaCTHYHOI IOJIJIEPKKe SWiss
National Science Foundation — SNSF (rpanr 184613). VccnemoBamne
FO. Yunkens BwimosineHo npu dacTudHoil mojep:kke National Science
Foundation — NSF' (rpant 2000099).

2 TI'pymma BepHcaiiga n cOOTHOIIEHNS HOXK-
HUI]J,

[Iycts k — nosie xapakrepuctuku (. K rpynne ['porenuka
Ko(Vary)

JiBa OAXOMa, KaK K adeJieBoii rpyTiie, HOPOXK IeHHO KIaccaMn aaredbpan-
YeCKUX MHOroobpasuit Haj k ¢ KJIacCHYCCKUMHU COOTHOMIEHUSMN HOZKHHAIL
(31€Ch He MMeeT 3HAYEHUs, €CJIM MBI OPAHIIUMC TOJILKO KBA3HUIIPOEK-
TUBHBIMU MHOTOOOpa3msiMM), WM depe3 3ajanue burthep (8], B KOTO-



POM YYaCTBYIOT TOJIBKO IJIaJIKU€ MPOEKTUBHbIE MHOToOOpasus. Mbr He
paccMaTpuBaeM JIOHOJHUTEIBHYIO0 CTPYKTYPY Kouibila Ha Ko(Vary).

B s7oit ritaBe, Mbl 3adukcupyeM HabJIo/IeHre, 9TO rpyiimna bepHcaii-
na Burn,, Takke JomyckaeT 3aJiaHue COOTHOIIEHUAME HOXKHUI. Kak oT-
MEYEHO B BBEJECHHUHU, MbI TOJBKO TpedyeMm, YTOObI MHOTOOOpa3us ObLIN
HEIIPUBOJIUMBI (& He TeOMETPUIECKU HEIIPUBOUMEBI).

Jlemma 2.1. ITycmo k — noae xapaxmepucmuru 0, u W — 2aadxoe xea-
aunpoexmueroe mroz2000pazue Had k. Jlas n106020 nenycmozo omrpol-
mozo U C W cywecmesyrom dususopv. D+, ..., Dy maxue, umo W ~. D
codeporcumesn 6 U, u Dy~ Dsq, ..., Dy_1 ~ Dy, Dy 6ce anradku.

Jokasameavcmso. Ilycrs Z = W~ U. U3 [12, Thm. 7| caeayer, aro
IIpU JaHHOM BJIoyKeHnH VW B IIPOEKTUBHOE IIPOCTPAHCTBO, OOIasl TUIIep-
[IOBEPXHOCTH JIOCTATOYHO BBICOKOI CTEIeHN, coepyKalias Z OlpeIe/isieT
sususop Dy ma W, ocobennoct koroporo DI conepsarcs B Z u Ko-
TOPBIIl HE COJEPXKUT HENPHUBOJAUMbBIX KOMIOHeHT Z. FEcnu D; rinajaxwuii,
MbI 3akonumin, ¢ £ = 1. nade, Mbl umeem dim(Diing) < dim(Z), u mbI
3aKJII0OYaeM WHIyKImeil o pasmeproctu dim(7). ]

IIpennoxxenmne 2.2. [lycmov k — noae xapaxmepucmuryu 0 u n — namy-
pasvhoe wucao. Conocmasaenue [k(X)] ® [X], das enadkux npoexmues-
nolx mro2006pasut X pasmeprocmu n nad k onpedessem usomopPusm

Burn,, — ( @ 7 - [U])/MoﬁugﬁuuuposaHHbLe HOMHCHULDL,
[U],dim(U)=n

2de, cnpasa, mMvl umeem harmop c60600not abenesoli 2pynnvl Ha KAAC-
CaxT U3OMOPPUIMOE 2AG0KUL KEAZUNPOEKMUBHLT MH02000pa3UTl Pa3MeED-
nocmu n Had k no MoanUIMPOBAHHBIM COOTHOITEHNEM HOYKHUIL

U] = [V x P9 +[U~V],

0AA 2200KUT 3aMKEHYMBLT N0OMH02000pasut V. C U pazmeprocmu d < n.
Obpammviti usomoppusm 3adan dopmyaot (1.1).

Jloxazamesvcmeo. Mbl TpoBepuM, 9YTO OTOOparKEHUE YTBEPK ICHUS KOP-
PEKTHO OIPEJIESIEHO, TO €CTh, 9TO KJIACCHI JIFOOOH Maphbl OUpAIMOHAIBHO
9KBUBAJIEHTHBIX TIAJIKAX IIPOEKTUBHBIX N-MEPHBIX MHOI00OPa3mii paBHbI
110 MOJLYJIIO NIOILI/ICbI/H_II/IpOBaHHI)IX COOTHOIIEHU HOXKHHUII.

4



Baaromapst ciraboit dpakTopusannm, J0CTATOYHO PACCMOTPETh Crydail
X u Bly X, rne X riajikoe U IPOEKTUBHOE PA3MEPHOCTH 1 1 Y TJIAIKOE
noJAMHOrooopasue X pasmepHocTu d < n.

N3 MoauduIimpoBaHHbIX COOTHOIIEHII HOXKHUIL Mbl BHIUM, UTO

(X]=[Y xP" +[X\Y],
[Bly X] = [P(Ny,x) x P'] +[X \ Y],

rae Ny,xy obosHadaeT HOpMaJbHOe paccioenue. JfocTaTodHo mokasarTs,
aro [P(Ny,x) x P = [V x P"7¢]. MbI nokaxewm, B Gosiblieit 06IHOCTH,
Y9TO IS JIFOOOrO IJIaJIKOT0 KBasuipoekTusHoro W pasmepHoctu e < n u
BeKTOpHOro pacciaoerus F' wa W panra r < n + 1 — e, Mbl uMeeM

[P(F) x PP = [V x P"¢). (2.1)

st sr060ro 1aIKoro KBasuipoeKTUBHOIO MHOrooOpasus Z pa3sMepHO-
cru n — 1 mbt umeem [Z x Al] = 0 (pacemarpusas Z x {oo} C Z x P!,
UTaK

(W x P €] = [W x (P')" ]

(pacemarpusag W x P¢~1 C W x P"~¢). Mbr gokazem (2.1) o nnmyK-
mnu Ha e; caydait e = 0 oueBugien. Ilycts U C W — HemycToe OTKpPBITOE
[IOJIMHOYKECTBO, HAa KOTOpoM F TpuBmajibHo, u Dy, ..., Dy — IUBH30DHI
Kak B jiemMe 2.1.

MO,[LI/ICbI/H_[I/IpOBaHHbIe COOTHOIICHUA HOXKHUIL U ITPEAIIOJIO2KCHNE HH-
JYKITUA JTAI0T

[P(F) % ]Pm+1fefr] — [DE % ]Perlfe] 4 [(Dg,1 N DZ) % ]P)TL‘FI*@]

o+ [(Dy N (DU ---U Dy)) x P
+ [(W\ (D1 U UD()) X Pn_e].

MpbI 3ak/odaeM cooTHommeHusMu, g 1 < ¢ < £

(W N (Dig1 U---U D)) x P] = [(D; N (Diga U+ -+ U Dy)) x PP
+ [(W N (D; U---UDy)) x P
[Tepexoaum K IIpoBepke, 4To o6paTHOe oToOpazkeHue B popmyiie (1.1)

KOPPEKTHO OIPEJIEJIEHO, TO €CTh, COXPaHAECT MOIU(MUIINPOBAHHBIE COOT-
Hotrenus HoxkHMIL. [lycth V' — rirajikoe 3amMkHyTOE 1ogmMuoroobpasue U



pasmeproctu d. Torga U MoxKer ObITh IIPEJICTABICHO KaK JIONOJHEHNE, B
IJIaJIKOM [IPOEKTUBHOM MHOrooOpasuu X, K JUBU30DPY C IPOCTHIMU HOP-
MaJIbHbIMU TiepecederusMu Dy U -« - U Dy, ¢ KOTOPBIM TJIQJIKOE MOJMHO-
roobpazue Y C X umeer HOpMaJbHOE Iepecevdenne, Tak ato Y NU = V.
Nwmeercs [U] no dopmyne (1.1). Tna [V x P"9] umeercsa Bioxkenue B
Y x P*~? nonosiHenue K JUBU30PY € HPOCTHIMEU HOPMAJIBLHBIME TIepece-
YEeHUAME

(DiNY)x P4 y...u(D,NY) x P4

¥ 3HAYUT, aHajioruuHag dpopmyna B Burn,. Pasnyrune Bly X nmeer ju-
BH30D € IPOCTBIMU HOPMaJIbHBIMU nepecedenusivu Dy U---U DU E, tae
D; obosznagaer cobcTBeHHBIH mpoobpa3 D;, nu E, ncKIodnTeabHbIl JI1-
BU30D, 4To Jdaer dopmyiy st [U N V] B Burn,,. CpaBuusas GpopmyJisl u
OJIB3YSICh T€M, UTO KaxKJI0e Iepecevdenne 6e3 yuactus F OupainoHaJbHO
nepecedeHno B X, Torja Kak KaxkKJoe IepecevdeHne ¢ ydactueM F oupa-
IIIOHAJIBHO IIPOU3BEJICHUIO TIepecevdeHnst B Y ¢ MPOEKTUBHBIM ITPOCTPAH-
CTBOM ITPABUJILHONW Pa3MEPHOCTHU, MbI MOJIy9aeM HUCKOMOE COOTHOIIEHNUE.

fcro, YT0 KOMITO3UIHUS JABYX oToOpaskenuit Burn,, — Burn,, aBisercs
TOXKIeCTBeHHON. KoMIo3uiuss B APyroM IMOPsIKEe TOXKE TOXKJIeCTBEHHA,
YTO BUJTHO U3 MOAMMDUIMPOBAHHBIX COOTHOIIEHUN HOXKHMUIIL. m

3 TI'pynna BephHcaiijia cTekoB

B »Toit rmaBe Mbr BBegeM rpytny Burn,,.

Onpegenenne 3.1. Oupenemn Z[t]-momyas B xKak dhaxTop cBoGoIHOr0
Z-vopyiist Ha napax (A, S) u3 cBoGOIHBIX abe/IeBbIX Py A 1 KOHETHOT
cucTeMbl obpazyomux S rpynnsl A, riae gefictBue ¢ mpubaB/IsieT 5J1eMeHT
0 K .S, MO cJIeIyIONUM COOTHOIIEHUSIM:

o (A, S) u(A,S") sxBuBajeHTHB, ecan S’ epecTaHOBKA S.

o (A, S)u (A, S') sxkBUBaJIECHTHBI, €CJIH HEKOTOPBIi n3oMopdusm A =
A’ nepesojur S B S’.

e s Beex 2 < j <m, (A,9), S = (ay,...,ay), SKBUBaJIEHTHA
Z (_t)|l|_1<A/<ai_aio>iEIa
0#£IC{1,....5}
(C_LZ'O, (_11—(_11'0, Ce (OHyCKaH BCE 1 € ]) ce ,aj—C_LZ'O, C_Lj+1, . ,C_Lm>>,



rjie, BHYTPU CYMMBI, ) O3HAYAET 3JIeMEHT U3 I, ¢ IOC/IeI0BaTe b
HOCTBIO 9JieMeHTOB u3 A/{a;—a;,)ier, Jmusl 14 (j — |I|) 4+ (m — j),
HE3aBUCUMOI OT BBIOODA (.

IIpumep 3.2. [lug m = j = 2, mbl noaydaem, 9ro napa (A, (ai, as))
9KBUBAJICHTHA

(A, (a1, a2 — a1)) + (A, (a2, a1 — ag)) — t(A/{a1 — az), (@1)).

[TIycrs [A, S| obosnauaer kiacc napst (A, S) B B. Onpenenum rpay-
MpoBKY Ha B, mosaras, aro [A, S| nmeer crenens |S|:

B DB..
n=0

C 7ol TpaynpoBKoil, B ABIAETCS TpaynpOBaHHBIM Z[t]-MomyseM, ¢
eCTeCTBEHHOII IpajlyupOBKOil Ha Z[t].

IIpeicTaBiienns ONpeIeIsior, Yepe3 ux Beca, siaementsl B B. Eci G
KOHEYHAd JUArOHAM3UPyeMasl TPYIIIOBasi CXeMa ¢ TOUHBIM IIPEJICTABIIe-
HUEM

p:G— GL,

(HaJ TPOM3BOJILHBIM TI0JIEM), TO CylecTByer mapa, (A, S), rme A aBoii-
creennad 110 Kaproe k G rpymma u S 1ocje0BaTeIbHOCTh BECOB B Pas-
JIOYKEHUU ) B CyMMBI 7 OJJHOMEPHDIX JIMHEHHBIX [IPEICTABICHUN. DIeMEeHT

[p] :=[A,S] € B,

KQHOHUYIECKN OIpesiesieH depes p.
OrpannamBas Ha TPYIIBI e-KpydeHnst A, i TOJTOKUTETHHOTO Tie-
JIOTO e, WM Ha p-upuMaphbie A, jjist IpoCThIX p, TosydaeM Z[t]-Moiyib

7alel (P .
B, coorBerctBenno B . OdeBuHble TOMOMOPGMU3MBI U3 STUX MOJLYJIEi
B BB ABJISISTCsI pacienieHHBIMI MOHOMOP(U3MAMU, C PaCIlelIeHueM, 3a-
JTAHHBIM

[A,S] — [A/eA, S], COOTBETCTBEHHO, (A, S] = [A(p), 5],

rie A(p) obosnauaer p-ipuMapHyto moarpyiny A. Mer moryaaem

B— @B(P)’ B(P) _ @B[Pj]'
J

p



Onpenenenne 3.3. [lycts k — nosie xapaktepuctuku O u n — HATYpasb-
Hoe uwncsio. ['pynma

Burn,,

ecTh abesieBa IpyIa, MopoKaeHHas mapamu (K, a), rie

e K KOHEJHO IMOPOXKIEHHOE TI0JIe CTeIleH! TPaHCIeHeHTHOCTH d < N
Hamg k u

® o C Bn—da
1o Moztymo otoxaectenenus (K (t), 8) u (K,t3), nna 3 € B,_q_1.

IIpumep 3.4. ZLJIHB Mbt umeeM obpazyiorue t2[0, ()], ¢[Cs, (1)], [Cs, (1, 1)],
(Cs, (1,2)], [Cs, (1,4)], [C5s @ Cs, ((1,0), (0,1))], u coorHOIIEHMS:

t[Cs, (1)] = [C5, (1, 49)] +¢[Cs, (1)] — %[0, ()],
(G5, (1, 1)] = 2t[C5, (1)] = £[C5, (1)]

(5, (1,2)] = [C5, (1, 1)] +

[

2 )

[Cs J+1Cs, (1,2)] = %[0, ()],
2(Cs, (1,2)] = £[0, ()],

205 ® G5, ((1,0), (0, 1))] = £[C5, (1)),

]
1)]
2)]
Cs, (1,4)]
[Cs @ Cs, ((1,0),(0,1))]
riae Cy = 7Z/57. Msl nosydaem

[C5 & C5,((1,0),(0,1))] = [C5, (1, 1)] = [C5, (1,4)] = #[C5, (1)] = [0, ()],

rjie
2([Cs, (1,2)] = #2[0, ()]) = 0.

CiresioBaTesbHO, 3[25] =7Z®L/2Z.

4 DBupanmnoHaJibHble MTHBAPUaHTbl Oopomdo.JI-
0B

B sroii riiaBe MBI BBejieM OMpaIioOHAJIbHBIE WHBAPUAHTHI N-MEPHBIX Op-
oudosiaoB Ha mojgeM k xapakTepuctuku 0, co 3HaUYeHUsIMEu B Burn,,.

[Iycte X — opbudosn. Hamomunm us [5] (em. takzxke [6]): ecim Dy U

--U Dy 1MBU30p € TPOCTBIME HOPMaJIbHBIMU IlepecedeHnsiMu Ha X, To X

Ha3bIBaETCs JUBU3OPUAALHBLM OTHOCUTENIBHO Dy, ..., D, eciim Mopdusm

X — BG!,,




onpegenentbiiit Oy (D;), na i = 1, ..., {, gBjsieTcst IpeJICTABUMbIM; U3
9TOrO CJIEYeT, YTO CTADUIN3ATOPHBIE IPYIIIIOBbIE CXeMbI X JInaroHa In3u-
pyembl. MbI OyzieM I0JIb30BATHCsS 9TOM TEPMHUHOJIOIUEN IPUMEHUTETHHO
K IIPOM3BOJIBHOMY KOHEYHOMY HAOOPY JIMHEHHBIX PaCCIOCHHUII.

JluBusopuaandukalns - 3TO MMPOIe/Lypa, IpuMeHgeMas K opondosity
X, KoTopasi JaeT MOCJIeI0BACTEIbHOCTh Pa3LyTHil BIO/b TJIAJKAX IeH-
TPOB

y - ... X ,

TaKylo, 9TO )} IUBU30PHUAIbHBII OTHOCUTEIBHO IIOIXOISIIEr0 IUBIU30Pa, C
IPOCTBIME HOPMAJIbHBIMU TepecedennsMu. 1o jgano Algorithm C B [5],
rjie IepBOHAYAILHO TPEOYIOTCsS abe/IeBbl FeOMETPUIECKHIE CTaOU/IN3aTO-
PBI, OJJHAKO TIOTOM 3TO ycjioBue youpaercs [6].

Kak 0b1710 00bsicHEHO B BBEJIEHHH, WHBAPUAHTHOCTH IIPU OMPAINO-
HAJIBHBIX IPOEKTUBHBIX MOPQU3MaxX ABJISIETCS YTBEp:KIeHneM 00 MHBa-
PUAHTHOCTH OTHOCUTEJIHLHO OTHOIIEHUs] SKBUBAJCHTHOCTH CYIIECTBOBA-
HUsI TpeTbero obbekTa (MHOroobpasue uan crex Jenmns—Mamdopma) c
OMpaIMOHAIBHBIMU TPOCKTUBHBIME MOP(MU3MAMU K JAHHBIM JBYM 00b-
ekTaM. B 9T0il TyiaBe MBI mHTEpecyeMcs KBa3UIIPOEKTUBHBIMI OpOmoI-
gamu X u X', 1 OTHOIIEHHE SKBUBAJICHTHOCTU IIPUHAMAET (POPMY CYIIe-
crBoBaHus creka lemuuas—Mamdbopaa ) ¢ OuparmoHaIbHBIMIA TPOEKTHB-
HBIMU MOpdU3MaMu

y—-Xx u Y-X. (4.1)

Hamomuum, 910 MOpdhU3M CTEKOB ITPOEKTUBEH, €CJIU OH (paKTOpU3yeTcs,
€ TOYHOCTBIO JI0 2-m30MOpdU3Ma, KaK MOCJIEI0BATETLHOCTD 3aMKHYTOTO
BJIOXKEHUST ¥ TIPOEKIUU U3 TPOEKTUBHOrO paccyoerus P(E), s HEKOTO-
pPOro KBa3W-KOTE€PEHTHOI'O IyYKa KOHEYHOro Tuia &£, B YaCTHOCTHU, IIPO-
eKTUBHBIE MOP(MU3MBI BCETJIa MTPEICTABUMBI.

B curyanuu (4.1) Her morepu OOGUTHOCTH Mpe/ioaras, 9ro ) TOXKe
opbudosi 1, TaK Kak paspelieHne ocobeHHocreil B (pyHKTOpHaIbHOi (hop-
Me Kak B [20] u 7] mprioKuMO K CTeKaM.

Eciu X n Y kBasunpoekTusubie opoudoiisl, To Mopbhuzm Y — X
IIPOEKTHUBEH TOIJIa U TOJBKO TOTJIA, KOT/Ia OH IPE/ICTABUMBIN 1 COOCTBEH-
ubiif. (Kaxkprit mpoeK THBHBINH MOPQU3M SIBISETCS TPEJICTABUMBIM 1 COO-
crBenubiM. O6paTHoe ciegyer u3 toro, uro Y — X dakropusyercs, ¢
TOYHOCTBIO JI0 2-m3oMopdusma, depes X Xx Y, rme X n Y obosnada-
I0T COOTBETCTBYIOIIHUE I'PYObIe ITPOCTPAHCTBA MOJLYJIei, TaKUM 00pa30M,



qro X — X u Y — Y unaynupyor OMeKIuu Ha TeOMETPUIECKUX TOY-
Kax; IPeJICTABUMBIN COOCTBEHHBI MOPMOU3IM HHIYIUPYIONNN OUEKITUIO
HA FeOMETPUYECKUX TOYKAX SABJISETCS KOHEYHBIM, a 3HAYUT, TTPOCKTUB-
HBIM. )

Teopema 4.1. IIycmv k — noae xapaxmepucmuxu 0, n — namypasvroe
wucao, u X — n-meproe ksaszunpoexmushoe mHozoobpasue nad k. Caedy-
rowee npednucarue, omobpasicarowue X na waace [X] € Burn, daem umn-
BAPUAHM, OMHOCUMENDLHO OUPAUUOHANOHDIT NPOECKMUCHBLL MOPPUIMOB:

o (' nomowwro dusudopuanrudpurayuu, samerum X Ha KEA3UNPOEK-
muehoil opoudond Y, ducu30PUAALHBIT OMHOCUMEALHO KOHEUHO20
HAOOPA NUHETHBLT PACCAOCHUT.

o C'mpamugpuvyupyem Y no muny usomopPuama 2e0MeMPUIECKUT CMa-
OUAUAMOPOS U 3aNUULEM OAA KAHCOOT KOMNOHEHMDbL COOMBEMCMBY-
OULEE HOPMANBHOE DACCAOEHUE!

o Sanuwem 2pyboe npocmparcmseo modyset Ve, ora kascdoti G, xax
Ya, u onpedeaum snemenm

4] = S (IYel, [Nyg]) € Burn,.

B nocaednem waze, ecau Y nenpusodumo pazmeprnocmu d, mo [Yg] amo
accoyuuposannviti aaemenm Burng, a [Nyg] € B,_q %aace, accoyuu-
posannwili ¢ npedemasaenuem G 6 zeomempuneckols obwel movke Vg.
B obwem cayuae, moe nonumaem ([Yg|, [Ny.g]) xax cymmy sremenmos
Burn,, omuocauuzes x HEnpueoouMbM KOMNOHEHMAM.

Jloxazameavemeso. Ilycrs X' — KkBasunmpoeKTuBHBIH opbudosi ¢ bupa-
[MOHAJILHBIM ITPOEKTUBHBIM MOopdusmoM Ha X. Jlusuzopuaiusyem X’ u
noyunm ). Jnarpammy

yl

y—>X
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MOXKHO JIOIOJTHUTH 0 2-KOMMYTaTHBHOI'O KBaJipaTa OMparmoHaJIbHBIX
MPOEKTUBHBIX MOP(MU3MOB KBA3UIIPOEKTUBHBLIX OpPOUMOJIIOB, paspemnias
0CODEHHOCTH 3aMbIKAHUs B MOCTONHOM ITPOU3BEIEHIHN HEITYCTOT'O OTKPhI-
TOT'O TIOJCTEKa Tjie MOPQU3MBbI sIBJsiIOTCs n3oMopdusmamu. Takum 00-
pasoM, I J0Ka3aTeIbCTBa TEOPEMBI JOCTATOYHO IOKa3aTh, UTO JIJId
OMpPaIMOHAJIBHOIO ITPOEKTUBHOIO MOP(MU3Ma KBA3UIIPOEKTUBHBIX OpPOU-
dosnoB Z — Y umeer MecTo

> (IYe], [Nva]) = Y _(1Za], [Nzg]) € Burn,. (4.2)
G G
[Iycts L4, ..., L, — MuHEHBIE PACC/IOEHUs, OTHOCUTE/ILHO KOTOPBIX

Y nusuzopuasen. Oyukropuanbhas dhopma caaboit dakropusanuu B |3
IIpUMEHUMa K CTeKaM 1 jiaeT pakropusanuio Z — ) KakK KOMIIO3UIIUIO
oTobpazKeHuil dUBU30OPUAALHHLE NPOEKMUBHHIT 0POUPO0006 (OTHOCUTEITb-
HO Ipo0bpasos Ly, . .., Ly), rjie Kazkg0e 0TodpazKeHne, ik ero obpaTHoe,
SIBJISIETCS PA3JyTHEM C TJIAJKUM IEHTPOM.

[Iycts V — rnajkuit 3aMKHYTBIH TOJICTEK ) pasMepHOCTH < M, C TPY-
ObIM 1pocTpancTBOM Mojysteit V, u nycrs Z = Bly)). Ilposepum (4.2) B
sToM citydae. CieBa, MbI pa3obbeM Vi Ha 00beMHEHnEe KOMIOHEHT Vi,
He [IePeCeKaroInxcst ¢ V, 1 KOMIOHEHT )| HeTPUBUAJIBHO [TEPECEKAIOIIIX
V), 1 UpUMEHUM MO/UQPUINPOBAHHBIE COOTHOIIEHNST HOKHAIL K Y

> ([Yal, Nvel) = Y ([Ya], [Nv))
G G
+ Y ([YE NV] 0@ amOEVING ) + 3 (Y4 N V], [Nygl),

/e BO BTOPOIi CyMMe CIIpaBa, Pa3MEePHOCTH B3ThHI 10 KOMIIOHeHTaM. Pa3-
OuBast CyMMY CIIpaBa OT (4.2) AHAJIOTMIHBIM CIIOCOOOM, MBI TTOJTyYa€M BbI-
paKeHue ¢ OMHAKOBBIMU IIEPBBIMUA U TPETbUMU CyMMaMU, U CO BTOPOI
CYMMO#, KOTOpasd OTJINYaeTCA OT BTOPOI CYMMBI B BbIpaKeHUM BBIIIIE Ha
cooTHoIeHne B B. ]

3ameuanne 4.2. Haj anredpanmdecku 3aMKHYTBIM II0JIEM XapaKTepu-
ctuku 0, paccMarpuBag OPOUIIOBEPXHOCTH, Y KOTOPBIX HETPUBUAJIbHBIE
cTadMJIM3aTOPBI UMEIOT MOPAJIOK D, MBI BUJUM, YTO YE€THOCTD YUC/Ia U30-
JINPOBAHHBIX OCOOBIX TOUEK ¢ (C5-CTAOMIM3ATOPOM U PA3HBIMU BECAMH,
CyMMa KOTOPBIX OTJIMYH& OT HyJId, HC MCHACTCA IIPU Pa3dyTUdAX TOUYCK.
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9To 3aMevyaHHe HUMeeT CBOe OTPaKeHHe B 2-KPyJIeHHH B B[Q], KaK BHJIHO
u3 npuMepa 3.4 u OmparmoHaJIbHON WHBapUaHTHOCTH B Teopeme 4.1. B
9TOM KOHTEeKcTe MbI orMernM |5, Exa. 4.3|, a nmenno, nabsogenne, 9ro
Takad TOUKa ¢ C5-CTabNIN3aTOPOM He HCYE3HET IPU Pa3IyTHAX.

ITpumep 4.3. Oynkropuanbaas jgecrekndukamnus [5] opbudosia naer
OCJEOBATEIbHOCTD PA3JIyTUNA C TVIQJKUMU IEHTPAMU U Ollepalii Kop-
HEBBIX CTEKOB BJIOJIb IVIAJKUX JUBU30POB, KOTOPBIE YIIPOIIAIOT CTPYKTY-
py creka. Omepariysi KOpHEBOIO CTeKa J00aBjsier CTabuIn3aTop (i, (st
OJIOZKUTEJILHOTO 1IeJIOro 1) BioJb ausnsopa [10, §2], [1, App. BJ, u pe-
3YJIBTATOM JIECTEKU(DUKAIIH STBJISIETCsT OPOUMOJIJT, KOTOPBI MOy IaeTcs
13 TJIAKOIO0 MHOT000Pa3usi MOC/IEI0BATEILHOCTHIO OllepaIinii KOPHEBBIX
CTEKOB BJIOJIb KOMIIOHEHT JIMBU30PA C IMPOCTHIME HOPMAJIbLHBIMU II€pece-
gernsmu. OTHUX pasyTHii He XBaTaeT, YTOOBI IIPUBECTH OOIINI OpOM-
dom B 31y dopmy, Kak ormedeHo B 3amedanun 4.2. COOTBETCTBEHHO,
MBI MOZKeM paccMaTpuBars rpymay B/C, rae C 0o603HadaeT MOIMOITYIIh
IIOPOXK/JICHHBIN KJjlaccaMu I1ap

(Cal @ @CaTu(glu"'7g7")>

IPAMBIX CYMM KOHEYHBIX IUKJIXYECKUX Py (7 > 0 MIPOU3BOJILHO) U Ha-
60poB 00pa3yIOIINX, KaK MPEIMATCTBUE K JeCTeKU(PUKAIIUN OJHIMU pa3-
AYTUAMMUA.

Nmeem

B cc IS p € {2,3},

TaK Kak JUIsi JecTeKHPUKAIMI B 9TUX CJIyYasiX JOCTATOYHO pasilyTuii
[16], [19].

Tabsuna 1 mokasbBaeT KJacchl n3oMopdu3ma E[Qp ] /(C N ng }) TSt
HEKOTOPBIX IPOCTHIX p > 5. Ciieyronuii pe3y/ibrar HOATBEpPIKIAeT 06~
BU/IHYIO 3aKOHOMEDHOCTb.

IIpennoxxxenune 4.4. /[as npocmozo p > 5 nycmo

9= 9(Xo(p))

0bosHavaem pod modysaprot kKpueot, mo ecmo,

[1%} F1, xoedap= £1 mod 12,
(2], uHae.

12



p BYjcnBY) p BY/cnBYy p BYJ(cnBY)

5 7.]27. 17 ZZo L 31 72

7 0 19 Z 37 Z)2Z & 72
11 v/ 23 72 A1 7)27 & 7P
13 7.)27. 29 Z)L&7? 43 73

Tabsuna 1: Tun uzomopdusma ng ] /(CN B[Qp ])

Tozda

2277, ecaup=1mod 4,

Al 7Pl
B, /(CNB, )= _
2 /( 2 ) {Zg7 ecau p = 3 mod 4.

JlokazaTeabCcTBO IpetoxKeHust 4.4, OCHOBBIBAIOIIEECsT Ha, BhIUNCICHNU-
six ¢ cuMBostamu Manuna [17], 1ano B cieyonei riase.

-7
Bamnunch 0 B Tabsune 1 g p = 7 03HAYAET, ITO B[Q] C C. Ha camom

7=l
Jieste, Mbl UMeeM Takzke By C C. OJi1HAKO OKa3bIBAETCs, YTO

B /(¢ nB" = z/27.

5 MoaynasapHble CUMBOJIBI U JOKA3aTE€JIbCTBO
npeaJjioxkenud 4.4

DKBUBapHaHTHas rpynna bepHcaiina, Beejennas B [13], ceazana ¢ Mo-
nynaspabiMu KpusbiMu X (IV), sytst pasabix N. B 910ii riaBe moxoxyto
POJIb UT'PAIOT MOJLYJ/ISIPHBIE KPUBBIE

Xo(p) = Lo(p)\H U {0, 00}

U COOTBETCTBYIOIINE MOILYJIAPHBIE CUMBOJIBI [17]; YCTaHOBJICHHadA HaMU
CBA3b MEXKJIy 2-MepHOil OMpaImoHaJIbHON reoOMEeTpHUeil U MOJIYISIPHBIME
KPUBBIMU OCTaeTCA 3arajlO4HOi J1JId HaC.

JIst IpocThIX p > 5, MBI HHTEpPECyeMcst abeIeBOil IPYIIIOi

BY/cnBY)
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¢ obpasyonumn

[va(lﬂa)]a 2<a<p-2,
[Cy, (1,a)] = [Cy, (1,a71)] JUIST BCEX a, (5.1)
2[Cp? (17 2)] =0, (5.2)
[Cp, (1,2)] = =[G, (1,p = 2)], (5.3)
(Cp, (1)) = [Cp, (La = D] +[Cy, (1,a™" = 1)] (5.4)

ﬂﬂﬂae{3,...,1%1}U{’%3,...,p—2},

riae a~! o3HavYaeT NOJIOKUTEILHOE 1IeJIoe MEHbIe, UeM p, oOpaTHoe K a

gl())d p- (Myeen [y, (1, 1)] = £[Cy, ()] € Cu [, (1,p — 1)] = 2[0, ()] €
| Monynsapuas rpymmna

To(p) = { (‘CL Z) € SLy(Z)

nmMeer uHIEKC p + 1 B SLo(7Z), ¢ mpemcraBuTesisiMu MPaBBbIX CMEXKHBIX

KJIACCOB
10 10 1 0 0 —1
0 1/)°’\1 1)"7""77\p—1 1)7\1 0 /)"

[Iycrs T'o(p) meiicTByer crangapTHBIM COCOOOM Ha BepXHENH IOJIYILIOC-
kocru H, a takke na QU {ico}, ¢ 1BymMsa opbuTamMu COOTBETCTBYIONIMIE
kactaM 0, oo € Xo(p). 3mecn, 0 orHOCHTCs K MHOXKeCTBY Beex b/d € Q
¢ ptd, aocok maOKecTBY a/c € Q ¢ p | c. HeiicTBuresbaas cTpyKTy-
pa Ha Xo(p) ompejessiercss CTAHIAPTHBIM KOMILIEKCHBIM COIPSIZKEHIEM
H — H, z — —Zz. Xopolllo u3BeCTHO, YTO MHOYKECTBO JICHCTBUTE/IHHBIX
Touek Xo(p) cBsi3HO.

[Tpumenstist cuvBossl Manuna [17] k T'o(p), Mbl mosmydaem 3ajanne
Hi(Xo(p),Z) obpazytonumu u cooTHomennsivu. Ipemoxenue 4.4 cie-

czOmodp}

JIyeT U3 JI0Ka3aTeIbCTBa, YTO 9T COOTHONIEHNE, BMECTE C JIOTIOJIHUTE b
HBLIMH COOTHOIICHUSIMY, OTPAZKAIOIIUMUI, 9TO CYyMMa, JIIOOOTO IUKJIA C €r0
KOMIIJIEKCHO COITPsI?KEHHBIM paBHa HYJII0, coBrnaaaror ¢ BujgoM (5.1)—(5.4).
Ha camom meste, MbI mCroib3yem 6oJiee IpoCThble COOTHOMIEHUS, KOTOPBIE
JIAIOT TOMOJIOTHE He pUMaHOBOiT moBepxHOCTH X((p), & COOTBETCTBYIOIIE-
ro opbugonsda co crabuimm3aropaMid B SJUIAITHIECKAX TOUKax. PaxTop

14



H 1o T'y(p)/{x£1} — 510 0pbud 0L, KOTOPBIT KOMIAKTUMUIUPYETCST J10-
[IOJIHEHUEM KAaCIOB J10

XO(p)orb-

Opb6uoIpl 1 UX TOMOJOTTIECKe NHBAPUAHTHI O0bSICHEHDI, HAIIPH-
Mep, B [18], a yuobHas ccblika Ha opbukpuBbie — 910 [4]. amernm, 4To
Hi(Xo(p)orb, Z) TakzKe MOXKHO 3a/]aTh HAIPSIMYIO KAK TOMOJIOIHHU JIOTIOJI-
HEHHS K 3JUIMITUICCKAM TOYKAM, 110 MOJLYJIIO COOTHOIICHUS, YTO MOIXO0-
JiAmee KpaTHOe MAJICHBLKOMN IIeTJIM BOKPYT SJIMITUYECKON TOYKU 3aHYy-
JISIeTCA.

Ecm p = 1 mod 4, To cymecTByer napa KOMILIEKCHO COIPSIZKEHHDBIX
ITUNTUIECKUX TOUEK B Xo(P)orh, [Jle cTabuau3aTop (IpecTaBiisioneil
roukn B H) nmeer mopsiok 2 B I'o(p)/{£1}; misa kaxoit u3 Hux, aBa-
JKJIBI MAJICHBKAdA IIeT/Isl [I0JIAraeTCs PABHOM HyJII0 B FOMOJIOIUAX. Ecim
p = 1 mod 3, TO ecTh KOMILJIEKCHO CONPSIZKEHHAS Mapa SJIIUITHICCKAX
TOYEK rjie crabumsarop umeeT mopsiiok 3 B I'o(p)/{£1}, 1 Takux Mer
HoJiaraeM TPHUZKIbI MaJIeHbKasd 11T/ paBHA HYJIO B FOMOJIOTUSIX.

CobepeM HyKHBIe HaM pe3ysbrarsl u3 [17], ¢ Mogudukanusvu B pam-
Kax Teopun opoudosnos. Mbl coxpansiem oboznadenus (5.1)—(5.4) orno-
curenbio a wa”t, w g a & {p—2, (p—1)/2} onpenenum noaoKuTE b
Hble Tesible a' U a” MeHbIle, YeM p, Jepes3 yCIOBUsl

/ "

d =—-a"'—1mod p, ' =—(a+1)"" mod p.
Jlemma 5.1 ([17, (1.4)]). Cropvexmusnwiti 2omomophusm

Lo(p) = H1(Xo(p)orb, Z)

onpedeaen conocmasaeruem vy € I'og(p) obpasa

6 Xo(p) 2eodesuuecroti 6 HUQ uz 0 6 - 0. SHdpo nopooscdeno xommy-
mamopom L'o(p) u napabosuueckumu snemenmamu I'o(p).

JIemma 5.2 ([17, (1.5)-(1.9)]). Abeaesa epynna Hi(Xo(p)ow, Z) donyc-

Kaem 3adanue 00pas3yoUUMU

{Oa%}> QSCZSP_Q»
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{0 } + {0 _1} =0, (5.5)
{o,m} + {o,m} = 0. (5.7)

JlokazarebCcTBO TIpeIoKeHusd 4.4 MCIoJIb3yeT ajaredOpamdeckKuit pe-
3yJITAT BMECTE C TOIOJOITIECKIM PaCCYZK/IEHUEM.

Jlemma 5.3. Hzomoppusm
BY/cnBY) -
Hy(Xo(p)ow, /<{o }+{0 }a€{2 ..,p—2}>

sadaemca [Cp, (1,a)] — {0,1/a}, das scex a.

Jloxasamenvemeo. Ipeamonoxum, aro 2 < b < (p — 3)/2. Berarem co-
orHomenus (5.4), coorsercrBytorme ¢ = b+ 1 u a = p — b, u 3amernm,
9TO IpaBble dieHbl cOKparsTcs, omarogaps (5.1). [oxyaum

[Cp7 (17 b+ 1)] - [CP7 (17p - b)] = [CZH (17 b)] - [Cp7 (17p —b— 1)]
Hauunast ¢ (5.3), MBI OIy9IUM, [0 WH/TYKITUH,
{va (17 CL)} = _[Cp? (1,]) - CL)], (58>
Jtst Beex a. Venonbsys (5.8) u (5.1), mbr eperuiiem (5.4) B dopme
[Cp, (1,0)] + [C, (1,d)] + [C, (1,0")] = 0, (5.9)
ansa ¢ {(p—1)/2,p—2}.
Mper 3aBepIiaem 10Ka3aTebCTBO, cpaBHnBas cooTHommenus (5.1)—(5.2),

(5.8)—(5.9) ¢ (5.5)—(5.7) u ¢ JONOTHUTEIBHBIMI COOTHOIIIEHUAME OT (haKTOP-
IPYIIBI B YTBEPKICHUH JIEMMBL. O
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B To Bpewmst, kak rpynna Hi(Xo(p),Z) cBobosna panra 2¢g (rie g 910
pox kpuoit Xo(p)), Mbl umeem kpyderue B Hy(Xo(p)orb, Z):
Z/6Z & 7%, ecoup=1mod 12,
Z)27.® 7%, eciu p=>5mod 12,
Z)37.® 7%, ecom p=T mod 12,
729, ecan p = 11 mod 12.

Hl (XO(p>0rb7 Z) =

Kowmmiekcuoe conpsizkenue aeiicrsyer Ha Hy(Xo(p)ow, Z):

1 1
0oty
Jlemma 5.3 oroxecTBisieT B[Qp ] /(C N BE’ }) ¢ dakropom Hi(Xo(p)orb, Z)

110 3JIEMEHTaM BHJA CyMMBI IIUKJ/IA U €r0 COIPSIZKEHHOIO.

Komrtekcroe compsizkenne jeiicrayer TpuBuaibio Ha Hi(Xo(P)orb, Z)tors-
Hnsg p = 1 mod 4, unciao nepecedenuss mod 2 ¢ KpuUBOil, NHBAPUAHT-
HOI TIOJT CONPSIZKEHNEM, U COCJMHSTONIEH SJITUITUIECKIE TOIKN TOPSIKA
2 paznensier Hy(Xo(p)o, Z)[2] 95KBUBAPHAHTHO KaK MPSIMOE CJIaraeMoe

Hi(Xo(p)orb, Z). Temepn E[;]/(C N B[Qp]) eCcThb HpsMast cyMMa Z /27, Koria
p =1 mod 4, uyas, korma p = 3 mod 4, u dakrop Hi(Xo(p),Z) no site-
MeHTaM (OPMBI CyMMa IMKJIA U ero coupszkenHoro. ITociemmnee MOKHO
pa306paTh BbIOpaB TpuaHTYIsIuio Xo(p), THBADHAHTHYIO OTHOCHTEIHHO
CONPSI?KEHUsI, U HMCIOJIB3Ysl CIIEKTPAIBHYIO TIOC/IeI0BATETbHOCTD CBA3bI-
BAIOIILY 0 9KBUBAPUAHTHYIO TOMOJIOTHI0 Xo(p) € IPYIIIOBBIMI MOMOJIOTHsI-
yu H;(Xo(p),Z), ¢ 01HOI CTOPOHBL, U C IPYIIOBLIMU TOMOJIOTHSIMU IPYIIIL
Jj-mereii, ¢ apyroit croponsl, masa j = 0, 1, 2; cf. |9, §VIL.7]. (Bce rpyn-
[OBBIE TOMOJIOTHH PACCMATPUBAIOTCS JJIs TPYTIbl Z /27, COOTBETCTBYIO-
1eli KOMILIEKCHOMY COIPsIZKeHU0.) MbI orycKaeM JieTajin, U MoKa3biBaeM
TOJIBKO Pe3yJ/IbTar:

H{(Z/)2Z,H,(Xo(p),Z)) =0  miag Bcex i > 1,

Z, ecaun j =0,
HYP*(Xo(p), 2) = 2/22.© 79, ecn j =1,
7)27, ecnm j > 2.

Ob6pammenue B nynb Hq(Z/27Z, Hi(Xo(p),Z)) Breder 3a coboii, 910 mOJI-
rpynna Hy(Xo(p),Z) snementoB hopMbl CyMMa IIUKJIA W €r0 CONPsI?KEeH-

HOTO UMeeT (hakTop 6e3 KpydeHus. DTO 3HAYUT, 4TO (HPaKTOP N30MOpdQeH
79.
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BIRATIONAL TYPES OF ALGEBRAIC ORBIFOLDS
ANDREW KRESCH AND YURI TSCHINKEL

ABSTRACT. We introduce a variant of the birational symbols group
of Kontsevich, Pestun, and the second author, and use this to define
birational invariants of algebraic orbifolds.

1. INTRODUCTION

Let k be a field of characteristic zero and X a smooth projective variety
over k, of dimension n; we require our varieties to be irreducible, but
not necessarily geometrically irreducible. The paper [14] introduced the
Burnside group of varieties

Burn,, = Burn,, 4,

the free abelian group on isomorphism classes of finitely generated fields
of transcendence degree n over k; for such a field K we denote the cor-
responding generator by [K]. To X one associates its class

[X] := [k(X)] € Burn,,
extended by additivity for smooth projective schemes that are not nec-
essarily irreducible. To
U=X\D,
the complement to a simple normal crossing divisor
D=DyU---UD,,

one may also associate a class in Burn,,:

U]:=[X]= Y [DixP+ > [(DinDj)xP?—.... (L1)

1<i<t 1<i<j<t

This is not only an invariant of the isomorphism type of U, but is a
birational invariant in the following sense: [U] = [U’] in Burn,, if there
exist a quasiprojective variety V' and birational projective morphisms

VU and vV = U.

This formalism was used to establish specialization of rationality.

Date: October 26, 2020.
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Now we suppose that X is equipped with a faithful action of a finite
abelian group G. Then there is a G-equivariant birational invariant of X
introduced in [13], taking its value in a group

B.(G)

which records the normal bundle representation generically along com-
ponents of the fixed locus X¢.

This paper concerns birational invariants of orbifolds. An (algebraic)
orbifold is a smooth separated irreducible finite-type Deligne-Mumford
stack over k with trivial generic stabilizer. Such a stack has a coarse
moduli space [11], separated and of finite type over k. We call the orbifold
quasiprojective (respectively projective) when the coarse moduli space is
a quasiprojective (respectively projective) variety (see [15]). For instance,
the G-action on X determines a projective orbifold [X/G]. The orbifolds
in this article are always quasiprojective.

We will introduce a group

Burn,,

that combines features of the groups Burn,, and B,,(G). We only carry
in Burn,, the information of representations of finite abelian groups, up
to automorphisms of those groups. Working with Burn,,, we will exhibit
a birational invariant of a quasiprojective n-dimensional orbifold.

It suffices to consider finite abelian groups thanks to divisorialification
[6], a sequence of blow-ups in smooth centers which, when applied to a
general orbifold, yields an orbifold with only abelian groups as geometric
stabilizer groups. Weak factorization [2], in a functorial form proved in
[3], is used to exhibit the desired birational invariance.

In Section 2 we establish a presentation of the Burnside group of va-
rieties with relations that are analogous to the scissors relations, used
to define the Grothendieck group of varieties. Section 3 introduces the
group Burn,. In Section 4 the class of an algebraic orbifold in Burn, is
defined. Section 5 confirms a connection between invariants of orbifold
surfaces and modular curves.

Acknowledgments: The first author was partially supported by the
Swiss National Science Foundation. The second author was partially
supported by NSF grant 2000099.

2. BURNSIDE GROUP VIA SCISSORS RELATIONS
Let k£ be a field of characteristic zero. The Grothendieck group
Ko (Vary)
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may be approached in two ways, as an abelian group generated by the
classes of algebraic varieties over k with the classical scissors relations
(where it makes no difference if we restrict to just smooth quasiprojective
varieties), or via the Bittner presentation [8], which only involves smooth
projective varieties. We do not concern ourselves in this article with the
further structure of Ko(Vary) as a ring.

In this section we record the observation that the Burnside group
Burn,, also admits a description in terms of scissors relations. As men-
tioned in the Introduction, we only require our varieties to be irreducible
(but not necessarily geometrically irreducible).

Lemma 2.1. Let k be a field of characteristic zero, and let W be a
smooth quasiprojective variety over k. For any nonempty open U C W

there exist divisors Dy, ..., Dy such that W ~. Dy is contained in U, and
Dy~ Dy, ..., Dy_1~ Dy, Dy are all smooth.

Proof. Let Z = W . U. By [12, Thm. 7], given an embedding of W
in projective space, a general hypersurface of sufficiently large degree
containing Z defines a divisor D; on W whose singular locus D} is
contained in Z and does not contain any irreducible component of Z.
If D; is smooth, then we are done with £ = 1. Otherwise, we have
dim(D]™®) < dim(Z), and we conclude by induction on dim(Z7). O

Proposition 2.2. Let k be a field of characteristic zero and n a natural
number. Then the assignment to [k(X)] of [X] for smooth projective
varieties X of dimension n over k defines an isomorphism

Burn,, — ( @ Z - [U])/modz’ﬁed—scissors,

[U],dim(U)=n

where, on the right, we have the quotient of the free abelian group on
1somorphism classes of smooth quasiprojective varieties of dimension n
over k by the modified scissors relations

(U] =[V xP" 9 +[UNV]

for smooth closed subvarieties V- C U of dimension d < n. The inverse
isomorphism is given by the formula (1.1).

Proof. We check that the map from the statement of the proposition is
well-defined, i.e., the classes of any pair of birationally equivalent smooth
projective n-dimensional varieties are equal modulo the modified scissors
relations.

By weak factorization, it suffices to consider the case of X and Bly X,
where X is smooth and projective of dimension n and Y is a smooth
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subvariety of X of dimension d < n. By the modified scissors relations
we have

(X] =Y x P9 + [X Y],

[Bly X] = [P(Ny/x) x P']+[X \ Y],
where Ny, x denotes the normal bundle. We are done if we can show that
[P(Ny,x) x P = [Y x P"~9]. We will show, more generally, that for any
smooth quasiprojective variety W of dimension e < n and vector bundle
F on W of rank r < n+1—e, we have
[P(F) x P = [W x P"7). (2.1)

For any smooth quasiprojective variety Z of dimension n — 1 we have
[Z x A'] = 0 (by considering Z x {oo} C Z x P!), and hence

W x P"¢] = [W x (P')" ]
(by considering W x P"~¢~1 C W x P"~¢). We prove (2.1) by induction
on e; the case e = 0 is now clear. Let U C W be a nonempty open subset

on which F' is trivial, and D, ..., D,, divisors as in Lemma 2.1. The
modified scissors relation and the induction hypothesis lead to

[P(F) x P77 = [Dy x P"*'7¢) 4 [(Dy—1 \ Dy) x P"¢]
o+ (DN (DyU---U Dy)) x PH=e]
+[(W N (DyU---UDy)) xP*°.
We conclude with the relations, for 1 <17 < ¢:
(W N (Dig1U---UDy)) x PP = [(Di \ (Diz1 U--- U Dy)) x PrHe]
+ [(W N (D; U---UDy)) x P,

We verify that the map in the reverse direction, given by the formula
(1.1), is well-defined, i.e., respects the modified scissors relations. Let
V' be a smooth closed subvariety of U of dimension d. Then U may be
presented as the complement in a smooth projective variety X of a simple
normal crossing divisor Dy U --- U Dy, with which a smooth subvariety
Y C X has normal crossing, such that Y N U = V. We have [U], given
by the formula (1.1). For [V x P"~9] we have the embedding in Y x P"~¢,
complement to the simple normal crossing divisor

(DiNY)x P y...u(D,NY) x P4

and thus an analogous formula in Burn,. The blow-up Bfy X has the
simple normal crossing divisor Dy U ---U D, U E, where D, denotes the
proper transform of D;, and FE, the exceptional divisor, leading to a for-
mula for [U \ V] in Burn,,. Comparing formulas and using that any in-
tersection not involving FE is birational to the corresponding intersection



BIRATIONAL TYPES OF ORBIFOLDS 5

in X, while any intersection involving FE is birational to the product of
an intersection in Y with projective space of the appropriate dimension,
we obtain the desired relation.

It is clear that the composite Burn,, — Burn,, of the two maps is the
identity. The composite in the other order is seen to be the identity using
the modified scissors relations. 0

3. BURNSIDE GROUP FOR STACKS

In this section we introduce the group Burn,.

Definition 3.1. We define the Z[t]-module B by starting with the free
Z-module on pairs (A, S) consisting of a finite abelian group A and finite
generating system S of A, where the action of ¢ is to append the element
0 to S, and passing to the quotient by the following relations:

e (A, S) and (A, 95’) are equivalent if S’ is a permutation of S.

e (A, S) and (A, S’) are equivalent if some isomorphism A = A’

transforms S to S’.
e (A,9), S=(ay,...,an), is equivalent, for any 2 < j < m, to

Z (_t>m_1(A/<ai_aio>ieb

0AIC{1,....5}
(C_Lio, (_ll—C_LZ'O, R (omlttlng all ¢ € I) c. ,C_Lj—C_LiO, C_Lj+1, R 7C_Lm))7
where inside the sum 7y denotes an element of I, with sequence

of elements of A/(a;—a;,)ier of length 1+ (5 —|I|) 4+ (m — j) that
is independent of the choice of 7.

Example 3.2. When m = j = 2, we obtain (A, (a;,as)) equivalent to

(A, (ar,a9 — a1)) + (A4, (az,a1 — as)) — t(A/{a1 — a9), (ar)).

We let [A, S] denote the class in B of a pair (A, S). We define a grading
on B by assigning degree |S| to [4, S]:
B =D B,.

n=0

With this grading, B is a graded Z[t]-module, for the natural grading on
Z[t].

Representations determine, via their weights, elements of B. If G is a
finite diagonalizable group scheme with faithful representation

p:G— GL,

(over an arbitrary field), then there is a pair (A,S), where A is the
Cartier dual group to GG and S is the sequence of weights supplied by a
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decomposition of p as a sum of n one-dimensional linear representations.
The element

[p] :==[A,S] € B,
is canonically determined by p.

Restricting to e-torsion groups A for a positive integer e, respectively,
to p-primary A for a prime number p, leads to a Z[t|-module EM, respec-
tively BY”. The evident homomorphisms from these modules to B are
split monomorphisms, with splittings given by

[A,S] — [A/eA, S], respectively, [A, S] — [A(p), 5],
where A(p) denotes the p-primary subgroup of A. We have
EI@E@), l—g(p) zli_n}E[p”.
P J

Definition 3.3. Let k£ be a field of characteristic zero and n a natural
number. The group

Burn,,

is the abelian group generated by pairs (K, «), where

e K is a finitely generated field of transcendence degree d < n over
k and
® (o C Bn—d>

modulo the identification of (K (t), ) and (K,t3) for 8 € B,_q_1.

Example 3.4. For B we have generators 2[0, ()], t[Cs, (1)], [Cs, (1, 1)],
[Cs, (1,2)], [Cs, (1,4)], [C5 @ Cs, ((1,0), (0,1))], and relations:

t[Cs, (1)] = [C5, (1,4)] +¢[C5, (1)] — £°]0, ()],
[Cs, (1, 1)] = 2t[C5, (1)] = ¢[C5, (1)),
(G5, (1,2)] = [Cs, (1, 1)] + [C5, (1,2)] — £[0, ()],
(G5, (1,4)] = 2(C5, (1,2)] - %[0, ()],
[C5 @ C5,((1,0), (0,1))] = 2[Cs @ C5, ((1,0), (0, 1))] — ¢[C5, (1)),

where Cs = Z/5Z. We deduce

[Cs & C5,((1,0), (0,1))] = [C5, (1,1)] = [C5, (1,4)] = t[C5, (1)] = %[0, ()],
with

2(15, (1,2) = %[0, O]) = 0.
Hence 3[25] =7Z&Z/2Z.
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4. BIRATIONAL INVARIANTS OF ORBIFOLDS

In this section we introduce birational invariants of n-dimensional orb-
ifolds over a field k of characteristic zero, taking values in Burn,,.
Let X be an orbifold. We recall from [5] (see also [6]): if D;U---U D,

is a simple normal crossing divisor on X', then X is called divisorial with

respect to Dy, ..., D, if the morphism
X — BG!,,
determined by Ox(D;), for i = 1, ..., {, is representable; this implies

that the stabilizer group schemes of X’ are diagonalizable. We will apply
this terminology more generally to any finite collection of line bundles.

Divisorialification is a procedure that, when applied to an orbifold A,
yields a succession of blow-ups along smooth centers

y—=-= X,

such that ) is divisorial with respect to a suitable simple normal crossing
divisor. This is given as Algorithm C in [5], initially with a requirement
to have abelian geometric stabilizer groups, later with this requirement
removed [6].

As explained in the introduction, invariance under birational projective
morphisms is the statement of invariance under the equivalence relation
of existence of a third object (variety or Deligne-Mumford stack) with
birational projective morphisms to two given objects. In this section we
are interested in quasiprojective orbifolds X and X’, and the equivalence
takes the form of existence of a Deligne-Mumford stack ) with birational
projective morphisms

Yy—-X and Y- X (4.1)

We recall that a morphism of stacks is projective if it factors up to 2-
isomorphism as a closed immersion followed by projection from a pro-
jective bundle P(E) for some quasi-coherent sheaf £ of finite type; in
particular, projective morphisms are always representable.

In the situation (4.1) there is no loss of generality in supposing ) as
well to be an orbifold, since resolution of singularities in a functorial
form as in [20] and [7] is applicable to algebraic stacks. When X and
Y are quasiprojective orbifolds, a morphism ) — X is projective if and
only if it is representable and proper. (Every projective morphism is
representable and proper. The reverse implication uses that J — X
factors up to 2-isomorphism through X xx Y, where X and Y denote
the respective coarse moduli spaces, that X — X and ) — Y induce
bijections on geometric points, and that a representable proper morphism
inducing a bijection on geometric points is finite, hence projective.)
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Theorem 4.1. Let k be a field of characteristic zero, n a natural number,
and X an n-dimensional quasiprojective orbifold over k. The following
recipe, assigning to X a class [X] € Burn, gives an invariant under
birational projective morphisms:

e Use divisorialification to replace X by a quasiprojective orbifold
Y that is divisorial with respect to some finite collection of line
bundles.

e Stratify Y by the isomorphism type of the geometric stabilizer
group and attach to each component the normal bundle:

Y=1[Ye:  Nve= Ny
G

o Writing the coarse moduli space of Vg, for each G, as Yg, we
assign the element

[A]:=) ([Yel, [Nye]) € Burn,,.
a
In the last step, if Yg is irreducible of dimension d, then we understand
[Ye] to be the associated element of Burng, with [Ny.g] € B,,_4 associated
to the representation of G at the geometric generic point of V. In gen-
eral, we understand ([Yg], [Ny.g]) to be the sum of the elements of Burn,
attached to the irreducible components.

Proof. Let X' be a quasiprojective orbifold with birational projective
morphism to X. We divisorialize X’ to obtain ). The diagram

yl

|

y—4X

may be completed to a 2-commutative square of birational projective
morphisms of quasiprojective orbifolds by desingularizing the closure in
the fiber product of a nonempty open substack where the morphisms are
isomorphisms. This way, we are reduced to showing that for a birational
projective morphism Z — ) of quasiprojective orbifolds we have

> (Y6l [INve]) = Y (1Zal, [Nzg)) € Burn,,. (4.2)
G G
Let L4, ..., L, be line bundles, relative to which ) is divisorial. The

functorial form of weak factorization in [3] is applicable to stacks and
yields a factorization of Z — ) as a composite of maps of divisorial
projective orbifolds (with respect to pullbacks of L1, ..., L), each equal
to or inverse to a blow-up along a smooth center.
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Let V be a smooth closed substack of ) of dimension < n, with coarse
moduli space V, and let Z = B{,,). We verify (4.2) in this case. On the
left, we break up )¢ into the unions of components ), disjoint from V
and ), meeting V nontrivially, and apply the modified scissors relation
to Vi

> ([Yal, Nvel) = Y ([Ya], [Nyv))

G G
+ ) (Vg N V], 1m0 dmOEMINy o) 4+ (Y4 N V], [Nyel),
€ G

where in the second sum on the right, the dimensions are understood to
be taken componentwise. Breaking up the sum on the right of (4.2) in
a similar fashion, we obtain an expression with identical first and third
sums and a second sum that differs from the second sum in the expression
above by relations in B. 0

Remark 4.2. Over an algebraically closed field of characteristic zero, if
we consider orbifold surfaces whose only nontrivial stabilizer groups are
of order 5, then the parity of the number of isolated points with Cs-
stabilizer and unequal weights not summing to zero remains unchanged
under blow-up of points. This observation is reflected in the 2-torsion in

3[25] obtained in Example 3.4 and the birational invariance in Theorem
4.1. In this context we mention [5, Exa. 4.3], the observation that a single
such point with Cs-stabilizer persists under blow-up.

Example 4.3. Functorial destackification [5] of an orbifold provides a
sequence of blow-ups along smooth centers and root stack operations
along smooth divisors that simplify the stack structure. The root stack
operation adds stabilizer u, (for some positive integer n) along a divisor
[10, §2], [1, App. B], and the outcome of destackification is an orbifold
that is obtained from a smooth variety by iterating root stack operations
along components of a simple normal crossing divisor. Blow-ups alone
are, as noted in Remark 4.2, insufficient to bring a general orbifold into
this form. Correspondingly, we may view the quotient B/C, where C
denotes the submodule generated by the classes of pairs

(Cay @@ Cay, (g1, -, 9r))

of direct sums of finite cyclic groups (r > 0 arbitrary) and tuples of
generators, as an obstruction to destackification with blow-ups alone.
We have

B cc for  pe{2,3},

since blow-ups suffice for the destackification in these cases [16], [19].
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p BY/CNBY)  p BY/CNEY)  p B/(CNEL)

5 7.]27 17 ZRZ&Z 31 Z

7 0 19 Z 37 Z)27.® 72
11 7 23 72 A1 727673
13 7./27 29 Z/2L&TZ* 43 7?

TABLE 1. Isomorphism type of ng]/(c N EEJ])

Table 1 records the isomorphism type of B[Qp ] /(C HB[QP ]) for some primes
p > 5. The next result confirms the evident pattern.

Proposition 4.4. For a prime p > 5 let
9= 9(Xo(p))

denote the genus of the modular curve, i.e.,

B [1%] F1, when p= =41 mod 12,
9= [1%], otherwise.
Then

222079, ifp=1mod 4,

lpl N
B, <m82)_{zg, if p=3 mod 4.

The proof of Proposition 4.4, based on computations with Manin’s
modular symbols [17], is given in the next section.

The entry 0 in Table 1 for p = 7 indicates that B[;] C C. In fact, we
have Eg] C C as well. But we find

B /(cnB" = z/22.

5. MODULAR SYMBOLS AND THE PROOF OF PROPOSITION 4.4

The equivariant Burnside group introduced in [13] is shown to exhibit a
connection with the modular curves X (V) for various N. In this section
the modular curves

Xo(p) = Lo(p)\H U {0, 00}

and the corresponding modular symbols [17] play a role; the connection
between 2-dimensional birational geometry and modular curves remains
mysterious to us.

Fix a prime p > 5; we are interested in the abelian group

B)/(cnBy)
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with generators
[Cy, (1, a)], 2<a<p-2,

and relations

[Cy, (1,a)] = [Cy, (1,a71)] for all a, (5.1)
2[C,, (1,2)] =0, (5.2)
[Cp7 (1’ 2)] = _[OIH (Lp - 2)]7 (53)
(Cp, (1)) = [Cp, (La = 1)) +[Cy, (1,a™" = 1)] (5.4)

foraE{3,...,1%1}U{’%3,...,p—2},

where a~! denotes the positive integer less than p, inverse to a mod p.
(We have [C), (1,1)] = t[C,, (1)] € C and [C,, (1,p — 1)] = ?[0,()] € C.)
The modular group

To(p) = { (‘i Z) € SL(2)

has index p + 1 in SLy(Z), with right coset representatives

1) G )Gl )00

We let T'y(p) act in the standard way on the upper half-plane H and as
well on Q U {ioo}, the latter with two orbits corresponding to the cusps
0, oo € Xo(p). Here, 0 corresponds to the set of all b/d € Q with p {d
and oo, to the set of a/c € Q with p | ¢. The real structure on Xy(p) is
determined by the standard complex conjugation H — Hl, z — —Z. It is
well known that the real locus of Xy(p) is connected.

With Manin’s modular symbols [17], applied to I'g(p), we get a pre-
sentation of H;(Xo(p),Z) by generators and relations. Proposition 4.4
is established by showing that these relations, together with the addi-
tional relations that the sum of any cycle and its complex conjugate is
zero, match the presentation (5.1)—(5.4). In fact, we use a simpler set of
relations, which yield the homology not of the Riemann surface Xy(p),
but rather of the corresponding orbifold with stabilizers at elliptic points.
The quotient of H by I'g(p)/{=£1} is an orbifold, which we compactify by
adding the cusps to obtain

CEOmOdp}

XO(p)orb-

Orbifolds and their topological invariants are explained, for instance,
in [18], while a convenient reference for orbifold curves is [4]. However,
Hi(Xo(p)or, Z) may also be presented directly as the homology of the
complement of the elliptic points, modulo the relation that an appropri-
ate multiple of a small loop around an elliptic point is zero.
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When p = 1 mod 4 there is a complex conjugate pair of elliptic points
of Xo(p)orp where the stabilizer (of a representative point of H) has order
2 in I'g(p)/{£1}; for each of these, twice a small loop is declared to be
zero in homology. When p = 1 mod 3 there is a complex conjugate pair of
elliptic points where the stabilizer has order 3 in I'g(p)/{£1}, for which
we declare 3 times a small loop to be zero in homology.

We summarize the needed results from [17], modified appropriately to
the orbifold setting. We maintain the convention from (5.1)—(5.4) about
a and a~! and, when a ¢ {p—2, (p—1)/2} define positive integers a’ and
a” less than p by the requirements

d =—-a"'—1mod p, a’ = —(a+1)"" mod p.
Lemma 5.1 ([17, (1.4)]). A surjective homomorphipsm
Lo(p) — Hi(Xo(p)or, Z)
is defined by sending v € T'y(p) to the image
{0,~-0}

in Xo(p) of a geodesic path in HUQ from 0 to ~-0. The kernel is generated
by the commutator subgroup of T'y(p) and the parabolic elements of T'y(p).

Lemma 5.2 ([17, (1.5)—(1.9)]). The abelian group Hy(Xo(p)orb, Z) is
presented by generators

0.2}, 2<a<p-2

and relations

{0 }+{0 — _1}—0 (5.5)
{o,m}+{o,m} =0. (5.7)

Now the proof of Proposition 4.4 combines an algebraic result with
topological reasoning.

Lemma 5.3. An isomorphism
BJ/(CnB) -
Hl(XO( P)orb, /<{O }“‘{O —} GG{Q ,p—2}>

is given by [Cy, (1,a)] — {0,1/a} for all a.
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Proof. Suppose 2 < b < (p — 3)/2. We subtract the relations (5.4)
corresponding to a = b+ 1 and a = p — b, noticing that the rightmost
terms cancel thanks to (5.1), to obtain

[va (17 b+ 1)] - [va <1>p - b)] = [CIH (17 b)] - [va (Lp —b— 1)]

Starting from (5.3) we obtain, inductively,

[CZM (17 a’)] = _[CIH (1,]7 - a)] (58)
for all a. Using (5.8) and (5.1), we rewrite (5.4) as
[Cp, (1, a)] + [Cp, (1, 0)] + [Cy, (1,0")] = 0 (5.9)

for a ¢ {(p —1)/2,p — 2}. We conclude by matching relations (5.1)—
(5.2), (5.8)—(5.9) with (5.5)-(5.7) and the additional relations from the
quotient group in the statement of the lemma. O

While Hy(Xo(p),Z) is free of rank 2¢g (where ¢ is the genus of Xy(p)),
there may be torsion in Hy(Xo(p)orb, Z):

Z/6Z®Z%, if p=1mod 12,
Z7.)27.® 7%, if p=>5mod 12,
Z/37.® 7%, if p=Tmod 12,
739, if p =11 mod 12.

Hl (XO(p)orb; Z) =

Complex conjugation acts on Hy(Xo(p)ow, Z) by
1 1
0,—;— 40 .
(0.1 01

p—a
Lemma 5.3 identifies B[Qp]/(c N E[Qp}) with the quotient of Hy(Xo(p)orb, Z)
by the elements of the form sum of a cycle and its conjugate.

Complex conjugation acts trivially on Hy(Xo(p)orb, Z)tors- When p =1
mod 4, intersection number mod 2 with a conjugation-invariant curve
joining the order 2 elliptic points splits off Hi(Xo(p)om, Z)[2] equivari-

antly as a direct summand of Hy(Xo(p)orb, Z). Now Egﬂ/((} N B[Qp]) is a
direct sum of Z/2Z when p = 1 mod 4, zero when p = 3 mod 4, and the
quotient of Hy(Xo(p),Z) by the elements of the form sum of a cycle and
its conjugate. The latter is accessed by choosing a conjugation-invariant
triangulation of Xy(p) and using spectral sequences relating the equivari-
ant homology of X,(p) with the group homology of H;(X(p),Z), on the
one hand, and the group homology of the groups of j-chains on the other,
for j =0, 1, 2; cf. [9, §VIL.7]. (All group homology is for the group Z /27,
corresponding to complex conjugation.) We omit the details and report
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only the outcome:

H(Z/2Z,H,(Xo(p),Z)) =0 for all ¢ > 1,

A if j =0,
HY(Xo(p). 2) 22L& 79, itj=1,
727, if j > 2.

The vanishing of Hy(Z/27Z, Hi(Xo(p),Z)) has the consequence that the
subgroup of Hy(X(p),Z) of elements of the form sum of a cycle and its
conjugate has torsion-free quotient. Hence the quotient is isomorphic to

Z79.
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