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Abstract Let £2 be a C? bounded open set of R? and consider the functionals

_ 232
Fe(u) = /Iwﬂmzumﬁl dx.

2

We prove thatif u € Wheo(2), |Vu| = 1 a.e., and Vu € BV, then

1
I —limF.(u) = = VullPds#?t .
;II(; ¢ (1) 3/I[ ul|>dst
J

Vu

The new result is the I" — lim sup inequality.
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120 S. Conti, C. De Lellis

1 Introduction
1.1 History of the problem

We consider the energy functionals

_ 232
Folu, 2] = /[%szuuﬂ dx. (1.1)

Here ¢ is a positive number, §2 is a (sufficiently smooth) bounded open set of
R?, u is an element of H2(£2), and |D?u(x)|? denotes the square of the Hilbert—
Schmidt norm of the Hessian D?u(x). These functionals have been proposed
as models for different physical problems (see [3], [18], and [13]). In all these
cases one seeks minimizers of F, among the u’s such that

|50

In [3] (see also [4]) the following conjectures were made. First of all, if
limsup, Fy(u®) < oo, then u® converges, up to subsequences, to a Lipschitz
function u solving the eikonal equation |Vu| = 1. Second, if {z®} is a family of
minimizers, then the limits # must minimize

Folv, 2] :=% / Vvl doet (1.3)
QNVV

among all v solving the eikonal equation. Here Jy, is the set where “Vv jumps”,
and [Vv] is the “jump”.

The first conjecture has been proved independently in [2] and [14], building
on the works [17] and [5]. Concerning the second question, one first has to
interpret (1.3). A possible choice is to restrict Fy to u’s with Vu € BV(£2).
In [5] Aviles and Giga proved that Fp is lower semicontinuous on the space
BV.(2) = {u e W-® :|Vu| = 1,Vu € BV(£2)}; endowed with the L!
topology. However an example of [2] shows that {Fy < ¢} N BV, (£2) is not com-
pact. This, combined with a construction of [10], gives a family {#°} bounded
in energy which converges to an u such that Vu ¢ BV,.. In [2], inspired by
[5], a larger space AG(£2) and a functional F : AG(£2) — R were proposed.
Summarizing the various results available in the literature, we have that:

(a) BV.(2) C AG(2) and F = Fy on BV,(2);

(b) F is lower semicontinuous on AG(£2):

(c) The sublevel sets of F are compact on AG(£2);

(d) Iflimsup Fs(u®) < oo, then u® clusters to elements u € AG(£2);
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Sharp upper bounds for a variational problem with singular perturbation 121

(e) If {utk} c H*(£2) converges to u € AG(£2), then

F(u) < liminf Fy, (u%).
k1 oo

One can also impose the boundary conditions (1.2) and hence prove the exis-
tence of a F—minimizer. In the language of I'—convergence (see [9] and the
books [8,7,6]), (e) is the I'liminf inequality. Combined with the I'limsup
inequality of Conjecture 1, (a)—(e) would give a full positive answer to the
problem raised by Aviles and Giga.

Conjecture 1 1If u € AG(S2) satisfies (1.2), then there exists a family of func-
tions {1} C H?(£2) which satisfy (1.2), converge to u, and such that F(u) >
lim sup, F,(u®).

We finally remark that all these results are restricted to two dimensions
because of the structure of F,: As it was shown in [11], already in three dimen-
sions the situation is very different.

1.2 Statement of the result

As far as we know, the existence of the optimal family of Conjecture 1 is known
only when u is the distance from the boundary and the jump set of Vu is a
finite union of smooth arcs, with a finite number of intersections (see [15]). A
milder problem than Conjecture 1 is to exhibit such an optimal family without
imposing boundary conditions. For the case that Vu jumps between two values
such a family was constructed in [3]; the construction was extended to piecewise
affine u’s with finitely many pieces in [10]. Therefore, in order to construct an
optimal family for any given u, it would suffice to approximate it with piecewise
affine maps uy such that lim F(ux) = F(u). This “approximation in energy”
is the standard procedure adopted to tackle I'-limsup inequalities: First one
proves the existence of the optimal family for a suitable class of functions, and
then one shows that this class is dense in energy.

In our case an approximation by piecewise affine maps would be delicate if
we want to impose the boundary conditions: In particular it would require a
Whitney type triangulation of £2 which refines towards the boundary. However,
even neglecting the boundary conditions and assuming that Vu € BV, it is not
clear at all whether an approximation in energy by piecewise affine maps is
possible. This difficulty is due to the rigidity of the eikonal constraint. Using a
completely different approach, in this paper we prove the following.

Theorem 1 Let 2 C R? be a C? bounded domain, a;&l u € Wh(2,R) with
Vu € BV(2,SY). Then there is a family {uf} C C*(£2) such that u* — u in
WP (2) for every p < oo and

lim sup F,[u®, 2] < Folu, £2].
el0
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122 S. Conti, C. De Lellis

If u additionally satisfies (1.2), then the family u® can be chosen to also satisfy
(1.2).

Remark 1 We shall actually prove that the more general boundary conditions

ulpe = gand %‘arz = h, for g,h € C>(3R2), can be preserved.

Remark 2 A similar result has been independently obtained by A. Poliakovsky
[19,20].

Remark 3 Our proofs rely on the fine properties of BV functions and on esti-
mates upon the F, energy of convolutions. This approach is remarkably different
from the traditional one based on approximation by affine maps, and can be
directly extended to more general functionals and higher dimension, provided
that the limiting function is in BV.

Concerning the more general case of Conjecture 1, we remark that nothing
is known about fine properties of functions in AG($2). Motivated by [13], in [12]
a (possibly smaller) function space A(£2) C AG(£2) was proposed. On this set
it is possible to define a functional Fin such a way that the pair (A(£2), F) has
the five properties (a)-(e). Moreover in [12] it was shown that A(§2) has fine
properties very similar to BV. However one can see that there are u € A(£2)
such that, for any convolution kernel ¢, Fy(u * ¢;) 1 oo. One such u can be
obtained by suitably modifying the example of [2]. Therefore this particular u
has finite energy and can be approximated in energy by piecewise affine maps
with finitely many pieces.

1.3 Rough strategy of the proof

We start by mollifying ux; to get an approximating family {u.}. Standard esti-
mates give lim sup,, F,[u,, 2] < C (see Lemma 4). We build our result upon this
construction and this estimate. First, we prove a sharper bound on the energy
away from the jump set of Vu, via Lemma 5. Then, around the ‘good part’ of the
jump set we replace u, with the appropriate one-dimensional optimal profile,
which gives the optimal energy. The remainder has small energy by the fine
properties of the BV function Vu.

More precisely, in Sect. 3 we define the set J&(8, k, n, £) of points x € Jy, such
that:

e The jump of Vu at x is at least 6;
e At ascale ke, Vu is n—close to a pure jump and ||D?u|| is at least of order
ke

(see Definition 3). We denote by £28(8, k, 1, ¢) the ke-neighborhood of J$. In
Proposition 1 we show that

lim limsup limsup lim sup F,[u,, 22\ £28(0,k,n,e)] = 0.
010  ktoo nl0 £l0

Here the quadratic estimate of Lemma 5 plays a fundamental role.
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Sharp upper bounds for a variational problem with singular perturbation 123

In Sect. 4 we cover £28 with balls B;’s of size ke, in such a way that the number
of overlaps is controlled. On each ball we inductively substitute the original gra-
dient with a pure jump and glue in coronas of size ¢. After we make all these
modifications we mollify the final function at a scale €. We obtain in this way
a smooth vz, . .. On most of the set £2¢ this function is a e-mollification of a
“roof” function, on most of the complement it equals u,. We suitably define a
family of disjoint rectangles {Ré’,k,n,s}i which are centered on the jumps of the

roof functions and have vertical size v/ke. In each of these rectangles, Vi ke 1S
the e-mollification of a single roof function. In Proposition 2 we show that the F,
energy of v, . lies mostly in U;R'. In Sect. 5 we take v, , . and in each R’ we
substitute it with a suitable one-dimensional profile, glueing the two functions
inalayer of size e. Denote by wy ., . the final result. Then we prove that, for sets

R© = {x e 2 :dist (x,002) > ¢},

limsup limsup limsup limsup F; [Wﬂ_,k,n,e’ Q(‘E)] < Fplu, $2],
610 koo 740 £l0

A standard diagonal argument and an additional construction on the bound-
ary layer yields the desired optimal family. Finally, an interpolation argument
permits to enforce the boundary conditions (Sect. 6).

2 Preliminaries and basic estimates
2.1 Preliminaries and notation

We denote by B,(x) the disk of center x € R? and radius r > 0. When x = 0 we
use B, in place of B,(0)

We fix a standard mollifier ¢ € C2°(B;) with [ ¢ =1 and for every § > 0 we
denote by ¢;s the function ¢s(x) = Slzgo (is—‘) For any u € L1(£2) we denote by us
the function (uxg) * ¢s. All constants below can depend on the choice of ¢.

When p is a Radon measure and §2 an open set, we denote by ||| (§2) the
total variation of u in £2. This variant of the Poincaré inequality follows, for
instance, from Theorem 4.2.1 of [21].

Lemma 1 (Smooth poincaré inequality) There exists a constant C, depending
only on ¢, such that

172

/|v(x)—V5(O)|2dx < C|Dv||(Bs)  YveBV(Bs;). (2.1)
Bs

For any set A C R? we denote by A; the set {x : dist (x,A) < §}. The next
lemma is a small variant of a well-known covering argument:
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124 S. Conti, C. De Lellis

Lemma 2 (Covering lemma) There exists a universal constant N such that the
following holds for every r > 0. Given a bounded E C R?, there exist N finite

,,,,,

xf: € E foreveryjandi, E;p C U U B,(x]l:)
i
and BZ,(xﬁ:) N Bzr(xé) = foreveryi # L

Its proof is based on the geometric observation which is the main ingredient
of similar covering theorems:

Lemma 3 For any k > 1 there is N = N(k) such that the following holds. Given
any r > 0 and any set A C R? such that the balls {B,(x) : x € A} are dis-
joint, one can subdivide A into N sets {Aj}j—1,. N such that for each j the balls
{Bir(x) : x € Aj} are disjoint.

.....

Proof Let N(k) be such that a disk of radius 2k + 1 can contain at most N (k)
disjoint balls of radius 1. We claim that this constant satisfies the requirement
of the lemma.

Indeed, let {B,(x) : x € A} be a family of disjoint balls. We construct the sets
Aj of the statement by induction. We let A be a maximal subset of A such that
the balls {By,(x) : x € Ay} are disjoint. Analogously, we let A; be a maximal
subset of A\ (Ay U---UA;_1) such that {By,(x) : x € A;} are disjoint. We
claim that after at most N (k) steps the set A is exhausted. Indeed, if after N (k)
steps one point xg € A were left, then, by the maximality assumption, for each
j there would be x; € A; such that By, (xg) N By, (xj) # . This implies that the

.....

is a contradiction. O

Proof of Lemma 2 Let F = {B,/»(x) : x € E}. By the Besicovitch covering the-
orem [16, Sect. 1.5.2] the family  contains N2 disjoint families ]:"j = {Bypp(x):
x € Ej} which still cover E, where Nges is a geometric constant. This means that

e L C Eforeachj;
e B,p(x)NB,py) =0 forevery x,yeEj,x#y;
o EC Uj Uer]- Byj2(x).

By the triangular inequality, the last condition implies

Er/2 - U U Br(x)-

j XEE]'
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Sharp upper bounds for a variational problem with singular perturbation 125

By Lemma 3, each of the sets E; can be subdivided into N(4) subsets
{E]’.’}hzl,m,N@) such that, if x,y € E]h and x # y, then By, (x) N B (y) = 0.
This proves the statement of the lemma for N = NgeSN 4. O

2.2 Two estimates for the energy of mollifications

We now provide the two basic estimates on the energy of a mollification of u,
that will be used to control the error terms. The first one implies that mollifying
the limiting u we obtain a sequence bounded in energy, the second that away
from the jump set the energy density converges to zero. For clarity we formulate
and prove both lemmas keeping the mollification parameter ¢ distinct from the
parameter § entering the energy; they will be applied for ¢ = 4.

Lemma 4 (Linear estimate) There exists a universal constant C such that the
following holds for every k > 1. If u € WL (Boke) with Vu € BV (Boke,SV),
then
e 4 5
Fslug, Be]l < C g"‘g [ D-ull(Bake)- (2’2)

Proof 1t suffices to prove the Lemma for k = 1, and then to cover By, with
balls of radius ¢. First we estimate

2 2 2 2
/ 1D, * < 11D%ue]| o8 1Dl 1 5,
Be

= [ Vux Vipe) | 1B, |1 D1t 5 el 1,
IVull oo B 1V ()l 1 el 1 1Dl (Bae)

C
- ID?ul|(Bae). (2.3)

IA

IA

For the second term, since |Vu| = 1 and |Vu,| < 1, we compute

(A — Ve )2 = (Vi — Ve, Vi + Vi)’
< |Vu — Vug *|Vu + Vug > < 8|Vu — Vu|. (2.4)
Therefore

/(1—|wg|2>2 < 8/|Vu(x)—ws<x)|dx
B

Be

< 8/ [Vu(x) — Vue (0)| dx + 8/ |Vue (x) — Vug (0)] dx. (2.5)
B Be
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126 S. Conti, C. De Lellis

Using the inequality (2.1) we conclude

12
/|Vu(x) — Vu.(0)|dx < Ce /|Vu(x) — Vu(0)* dx
B, B,
< Ce|D*ul|(Be). (2.6)
Note that
2 2 C 2
ID“ucllLe,) < ID“ull(B2e)llgellLe < 8_2”D ul|(Bae) (2.7)

and therefore

/ |Vite (x) — Ve (0)| dx < | D?ue|looeL*(Be) < Cel|D?ul|(Bae). (2.8)
B,

Putting together (2.3), (2.5), (2.6) and (2.8) we get (2.2). |

Lemma 5 (Quadratic estimate) There exists a universal constant C such that the
following holds forall k > 1. If u € WL (Boe) and Vu € BV (Boe,SY), then

1 )
Fslug, Byl < C |:§ + 8—2:| {IIDZMII(szs)}Z- (2.9)

Proof Again, it suffices to prove the Lemma for £ = 1 and then to use a
covering argument. First we estimate from (2.7)

C
/ |D?u.|> < L*(Bo)|ID%uc | < 8—2{||Dzu||(Bzg)}2. (2.10)
B,

For the second term we use again (2.4) to conclude

/(1—|ws|2)2 < 4/|Vu<x>—wg<x>|2dx

Be Be
< 8/ |Vu(x) — Vu€(0)|2dx+8/ |V (x) — Vg (0)]? du.
B B,
(2.11)
Using the inequality (2.1) we estimate
/ Vi) — Vu ()2 dx < C{ID?ull(B,)}’. (2.12)

Be
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Sharp upper bounds for a variational problem with singular perturbation 127

Fig.1 A roof function

19,0 x0.ty 1S continuous, affine
on each side of the line
through x( with normal v, its
gradient jumps by 2sin 6, and
its value at x is 7

Zo

From (2.7) we get

/ Ve () — Vit O dx < |D%us |2.6%2%(Be)
B,
< C{IID%ul|(Ba)) . (2.13)

Putting together (2.10), (2.11), (2.12) and (2.13) we get (2.9). ]

3 Domain decomposition

Definition 1 (Roof functions) Given a point xo € R?, a direction v € S!, an
angle 0 and a scalar ty we define the roof function

1(X) = tg.y 2o (X) = to + oSO (X — x0) - vE +sinf |(x — x0) - V|

(see Fig. 1). We denote by J (xo) the set of all such functions t with a given x.

Definition 2 (Jump points) Let u € W (2) s.t. Vu € BV($2,S"). Consider the
setJ = Jv, of jump points of Vu [1, Definition 3.67]. Then to each xo we associate
the roof function t € J (xo) such that v = v, to = u(xp) and Vi = Vut at xo.

In our construction we will deal with several positive parameters, involved in
the definition of a “good set” (see Definition 3) on which the most complicated
part of the construction will later take place:

¢ 1is the scale of the mollification;
n denotes the L! distance from a single jump;
ke is the scale at which we use the basic estimates of the previous section;
6 denotes the maximum jump treated as “small jump” via the linear estimate.

Many sets and functions will depend on these parameters, but in order to avoid
cumbersome sub and superscripts, we will not make this dependence explicit
in our notation. Moreover C will always denote universal constants, which do
not depend on any of the parameters but can be different from line to line;
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128 S. Conti, C. De Lellis

Cpl,ij. is a constant which depends only on the parameters py, . .. p;. Since we

will often take the limit

limsup limsup limsup limsup,
610 ktoo 10 el

we will denote it by Lim . Further, we define the sets

R0 = (x e 2 :dist(x,02) > &} ,
Q% = {x € 2 :dist (x,082) > 6ke} .

The mollification can be used in £2®), we shall then perform a more refined
construction only in the smaller set £2*. The boundary layer £2 \ 2@ will be

treated in Sect. 6.

Definition 3 We define J§ as the set of points xo € Jy, N £2* such that:

(gl) The roof function t associated to x satisfies | sin 0| > sin 0,
ID?u]|(Bage (x0)) > ke sin@,

and

! / v vz|+|”_t|<
u-— <7
| Boke | €

Boje (x0)

(3.1)

(3.2)

(g2) For the finitely many balls B;(y) C Boge(xo) with y - v = xo - v and

» —xo) vl €267 (see Fig. 2), one has

/ [[Vul]? do#t > |2 sin6?|328 —ne.
Bs(y)ﬁfw

We set 28 .= st/z = {x € 2 : dist (x,J8) < ke/2}.

(3.3)

Proposition 1 (Domain decomposition) Let 2 cC R? and let u € WH>®($2) be

such that Vu € BV(2,SY). Then

Lim Fe[u,, 2@\ 281=0.

Proof We cover the domain with four sets, which are treated separately. Fix
some «a < 6, to be chosen later. The first set is given by the points where D’u
scales less than linearly with the diameter. Therefore it contains most of the

measure of £2, but almost no energy:

21 = {x e 2% : |D*ull(Bae(x)) < dake}.
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Sharp upper bounds for a variational problem with singular perturbation 129

Fig.2 Sketch of the geometry
in Definition 3. The estimate
(3.2) states that on the large
ball By, the function u is
close to a roof function. The
condition (3.3) states that for
all balls of radius ¢ centered
on the jump set of the roof

function (dashed line), the “"‘9‘
amount of energy contained ivvv‘
in the jump set of u (full
curve) is not significantly

smaller than the one of the
corresponding roof function

In this set we shall use the quadratic estimate to show that
Felue, 211 < Cakl|D?ul|(82). (34)

The second set contains the points where D?u scales linearly but with a small
coefficient,

2% = {x € 2% 1 ||ID*u||(Bake (x)) > dake
and  ||D*ul|(Bake (x)) < 32kesind}.

Here we shall use the linear estimate to prove the existence of a function 4 such
that

lim h(@) = 0 (3.5)
010
and
lim sup lim sup Fy[u,, 22%] < h(d). (3.6)
al0 el0

The third set, given by

2% :={x e 2\ 28 dist (x,002) > Tke, | D*u|| (Bak: (x)) > 32kesind},
contains the points where the energy concentrates, but which are sufficiently
distant from J8. Using the fine properties of BV functions we shall show that

this set has small energy. More precisely we will prove that

lim F,[ug, 23] = 0. (3.7)
el0
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130 S. Conti, C. De Lellis

Finally, the set R%:={xe R :e <dist(x,d2) < Tke} has small energy, in the
sense that

lim F,[u,, 2] = 0. (3.8)
el0

Note that 2\ 28 ¢ 21« U 2%* U 23U 24 Therefore from (3.4), (3.7)
and (3.8) we get

lim sup Fy[ug, 2© \ 28] < Cak||D?ul|(£2) + lim sup Fy[us, 2%%].
el0 el0

By (3.6) we can pick o = «(8, k, 1) so that this expression is bounded by 6 +A(9).
We conclude that

Lim Fufue, 2\ 28] < limh@) 2 o.
610

We now proceed to prove the four claims.

Proof of (3.4) In order to simplify the notation we write £2! for 21 and we set
p = ||D?u||. From Lemma 2 we get N families of disjoint balls 77 = {Bay (x))};
such that x} € 2! and 2! ¢ U,-J- By (x}). Using (2.9) we can write

Felue, 21

IA

D Felue BieGh) = 3 C—[u(Bae )]’
ij

]

IA

Cak D 1(Bae(x)) < Cak D [Z w(Bage (x{-»] <CNak(82).

ij j=1 i

Proof of (3.5) and (3.6) To simplify the notation we write 22 for £22¢. Arguing
as in the previous step, via the linear estimate (2.2) we get

Felue, 2%1 < Cu($23,).
Recall that for pu—a.e. x € £2 the limit

o w(Br(x))
ot =y L0

exists and is finite. Indeed, u = u! +|Vut — Vu~ | LJv,, where u! (E) = 0 for
any set E such that JHYE) < oo. For p-a.e. x & Jyu, one has lim u(B,(x))/r =
lim ,ul(B,(x))/r = 0. For u-a.e. x € Jyy, one has lim u(B,(x))/2r = |Vu™ —Vu™|
because Jv, is rectifiable [1, Sect. 3.9].
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Denote by A the set {x € 2% : a/4 < ¢(x) < 16sin6}. We claim that

lim sup “(szks) < limsup /L(.szks NA%). (3.9)
el0 el0

Then, since obviously M(szkg NA%) < u(A%) and, by the properties of u,

lim limsup u(A%) = 0,
010  «l0

the claim (3.9) would conclude the proof of (3.6).

To prove (3.9), fix any y > 0. Then there exist ryp > 0 and a set K such that
n(2\ (A* UK)) < y and for any x € K we have either

B
M < ad foreveryr < rp
2r 3
or
B _
m > 12sin@ foreveryr < ry.
’
We claim that
KN szks = ¢ foreverye < ry/4k. (3.10)

This would imply
lim sup :“('szkg \AY < vy
el0
and the arbitrariness of y would give (3.9).

To prove (3.10) we argue by contradiction. If it were false, there would be
x € K and y € £2? such that |x — y| < 2¢k. Then either

8
dake < u(Boke(y)) < u(Bage(x)) < gake
or
48kesinf < w(Boke)(X) < w(Bars(y)) < 32kesind.

Both cases would lead to a contradiction. This proves (3.10).

Proof of (3.7) We repeat the covering argument of the first estimate, using the
linear estimate (2.2) and covering with balls of radius By, 4. We conclude

F.lu., %] < Cu(:z,ig/z). (3.11)

@ Springer



132 S. Conti, C. De Lellis

For any point x¢ consider the family of blow-ups v, (x) = rlu(xg + rx)
Bl — R.

Let A be the set of xo € 2 with the following properties:

e There are v € S! and 6§ € R such that

lim ||D2Vr||(Bl) =4|sinfb|, lim/ Vv, = Vt|+ v, —t| =0
rl0 rl0
By

where t = 1y, x4 15 a fixed roof function, with o = u(xo).
e Further,

lim / [[Vv,] — 2sin@v|d#! =0
rl0

BlmJer

and, for every fixed open set w C By,
lim ]%1((1) NJvy,) — (@ NJg)| = 0.
r

From the fine properties of BV functions, we know that (2 \ A) = 0 (for
the first property, see [1, Proposition 3.69], for the second it follows from the
rectifiability of Jy,). Moreover, xg € A is in Jy, if and only if sin6 # 0; in
this case the roof function above corresponds precisely to the roof function
associated to xg in Definition 2 (although 6 and v are not unique).

A standard measure theoretic argument shows that those properties hold
uniformly, up to an arbitrarily small error set. More precisely, let the three
parameters 0, k and 7 be fixed. For any positive y and 7 there exist 9 > 0 and
K C A such that:

o n(\K)=vy;
e Forevery x € K and for every ¢ < g the following estimates hold, with the
parameters corresponding to x:

ID?ul|(Bsge (x)) < 20ke] sin @] + e, (3.12)
ID?ul|(Boke (x)) > 8ke|sinf| — ije , (3.13)
1 —t

/ |Vu — Vi| + il <1, (3.14)

[Boke| 3
Boje (x)

IVulPds#! > 12sin0]32¢ — fe, (3.15)

B:(y)NJvy

where the balls B, (y) are the ones from Condition (g2) in Definition 3.
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‘We now claim that

If we choose 7 sufficiently small then K N Qie n="9 (3.16)

The choice of 7 will depend on 6, k and ;. With these kept fixed, (3.16) and
(3.11) give

lim sup Fe[ue, 2°] < Cu($2}, ) < Cu(2 \ K) < Cy.
el0

Since y is arbitrary and C is a universal constant, this would conclude the proof.

We now prove (3.16). Assume x € KN ‘9135/2' Then there is y € £23 such that
|y — x| < ke/2. Therefore the ball Bsg, (x) contains the ball By, (y), and x € £2*.
From the definition of £23 and (3.12) we conclude

20ke | sin@| > 32ke sin — fje.

Clearly, if 7 is sufficiently small, then |sinf| > sin@ > 0. Therefore x € Jy,.
Moreover, if 7 is small compared to 1 and 6, (3.13) and (3.14) imply (g1) and
(3.15) imply (g2) in Definition 3. Hence we conclude that x € J&. But this is not
possible because .Qgg 2N J& =0.

Proof of (3.8) We cover £2* with N disjoint families of balls of radius &. Apply-
ing the linear estimate (2.2) (with k = 1) to each of them we have

F.lue, 2] < CNu (fx € 2 : dist (x,382) < (Tk + 1)e}) .

Taking the limit ¢ — 0 we obtain (3.8). |

4 Interior construction: the intermediate family

In this section we construct a function which coincides with a smoothed roof
function around most of /&, and with u, away from it. We first briefly describe
the geometry, sketched in Fig. 3. We cover £28 with balls of radius ke, and have
good estimates on the larger balls of radius 2ke. We first interpolate between
the original function u# and a roof function on the coronas By, )\ B(k_l)g(xf),
and — after all interpolations have been performed — mollify on a scale ¢
(Definition 4). Along the interface we obtain a finite number of rectangles
R’ such that the function coincides with a mollified roof on each of them (Defi-
nition 5). We then prove (Proposition 2) that the energy outside the rectangles is
negligible; in the next section we shall then produce an appropriate modification
of the construction inside the rectangles.

Let Fl = {szg(xé").}i (1 <j < N) be N families of disjoint balls such that
x} € J8 and the By, (x}) cover £28. These families exist by Lemma 2. For every
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Fig. 3 Sketch of the
construction in Definition 4,
for a case with N = 2. The
central ball belongs to the
family F7, the two outer ones
to 7. The interpolation is
done in the coronas, the
rectangles are disjoint and
contained in the part where v
coincides with a mollified roof
function. The dashed lines
represent the interfaces of the
roof functions

k fix a cutoff function ¥ € CZ°(By) such that v = 1 on By_;. Then for every

e > 0 we define ¥° € C2°(By,) as ¥°(x) = ¥ (%).

Definition 4 (Intermediate family of functions) We set W = u and inductively
define {V'}j—1,..n as follows. At the j~th step we consider the family of balls F,

and set

(A — Y& — X)) ) + ¢ (x — XD (x)

v x) =
€9

Here t, is the roof function associated to x'.
Finally we set v := VN x ¢,.

if x € B (x})
for some i,
otherwise.

Note that v depends on the covering, hence on J8, and therefore on ¢, 7,6

and k.

Definition 5 For each i and j, consider the family of rectangles of the form

{x: |(x—xi:)~v| <&s, a< (x—xé)w)L <b} where a,b € R,

and v = v; is the normal associated to x.

Let R{: be the largest of these rectangles among the ones contained in the ball

B(k-2)e (x{:) and which do not intersect any ball B 1), (xi::) with j' > j.

Uniqueness of Rﬁ follows from the argument at the end of the proof of

Proposition 2. Further, by definition dist (Rﬂ:, R’;) > 3e.

Proposition 2 (Energy concentration) Let v be as in Definition 4 and R],: as in

Definition 5. Then
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Moreover on each R’ one has v = ¢, * t; and

1 .
legz / IIVAPdA" < Folu, 2]. (4.2)

g ity
Rid

,,,,,

type considered in point (g2) of Deﬁmtlon 3 which intersect R{. Let ¢;; denote
the length of R} in direction v*. Then

/ IVEIPdA" = €;125in6] < Nj2e2sin6f.
Riﬂfvr{

From (g2) in Definition 3 we have

2¢12sin0P < / [[VulPdt + ne.

BijinJvu

Using first (3.1) in Definition 3, then that the balls B;j; are disjoint, we have

Z / vdlPdt < > / IVulPdst + 2kne
R’n]vrl_- it BiinJvu
=> |[Vu]|3d%1+z | DPul Bk o)
ileijlﬂ/Vu
< / IVulPde’ + ||D2 Q).
S
2N0Jvy

We conclude that

leZ/ (viPdrt < / I[VulPdszt,

Yy R]ﬁ] ,/ NIy,

which gives (4.2).
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We now pass to (4.1) and we first note that 28 C |J;; B(kH)g(x]L:) and v = u,
on 2\ {J; B(i11)¢ (x}). Therefore Proposition 1 implies

Lim F, | v, 20\ | Busne@h | = LimF, [u, 291\ 2¢] = 0.
i

This estimate allows to reduce the proof of (4.1) to the following two identities:

Lim Fy | v, | Biiestye 6D \ By () | =0, (43)
ij

and
Lim Fe | v,| ) By—2e () \ R | = 0. (4.4)
]
Proof of (4.3) We first claim that for J = 0, 1,...N, the function v/ obeys

v — ]

&

1
[Boke|

/ v — Vi + <Cm Vi (4.5)
Bst(x{:)

Notice that we require the control on all balls, not only on those of the J-th
family, and that we allow the constant to depend on J. This can be proved by
induction. For J = 0, (4.5) follows from (3.2) and the fact that V0 = u. At step
J,foreachx € Bkg(xi’) we have

v =) < T = d )
and
Vv — v ) < vV = v () + §|vj_1 — ).

The balls of the J-th family are disjoint, hence for those the result is clear. Con-

sider now a generic ball By, (x}). Since all balls have the same size, and each
family is disjoint, it can intersect at most M (which is a universal constant) of
the balls of the family J. Therefore,

1 / 7 -l 1 -1
W v = / v =
[Boke | Z [Boke |

Bage () ’ Bage ()N By (2]

<MCj_1n,
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and the same for the gradient. The triangular inequality concludes the proof
of (4.5).
Next we claim that (4.5) implies

FelVh, Bin)e () \ Bk—2)e (¥)] < Ce + Crnje (4.6)

where as usual v’s = ¢, %/, and C can only depend on k. For the moment let us
assume the claim, which will be proved below. Attributing each x in the union
of the B1)e \ B—2)¢ to the level j where v(x) was last modified, i.e. to the

largest j such that x € B(i41), (xh), we get

Fe [ v, Butnye \ B¢
if

<> F |:V’s U By () \B(k2)s(x§)i| <> Ce+Cpne.
j i j

i

Using (3.1) we obtain, for C; = C/sin#,

C, .
Fe [ v, Butne \ By | <D (70 + Céck’?) 1D?u ]| (Boke (x7))
ij ij

C_
<N (79 - Céckn) ID*ul|(£2).
This bound is uniform in ¢. Therefore

C_
lim limsup limsup F; | v, U Bciye \ Bi—2)e | < NlllTrgo _9||D2u||(.{2) = 0.

ktoo 100 el0 Y k

To complete the proof of (4.3) it remains to prove the claim (4.6). After
scaling and translating we conclude that it suffices to prove that (4.5) implies
(4.6) when ¢ = 1 and x; = 0. Then it is clear that (4.5) gives

IVV) = VDl ) + 192V = V2128, < Cinl.

where the constant can depend on k (the dependence on j can be removed,
taking the maximum between the finitely many C;’s). Finally,

F1[V4,Bk+1 \ Bx_2] < Fi[(t)1, Biy1 \ Bxal + Cxn < C+ Gy,
which is equivalent to (4.6).

@ Springer



138 S. Conti, C. De Lellis

Proof of (4.4) Roughly speaking (4.4) follows from the fact that the rectangles
cover most of the interface, i.e. that at most a length of order ¢ is lost in any ball.
In turn, this follows from the fact that overlapping balls have roof functions
which are n-close.

In each ball B_), (xﬁ:) we consider the set

Bl = Bue2e ) \ R\ U B ()

J=>J

Note that in each (E{:)s we have vV = t{:, and correspondingly in each E{ we
have v = ¢, * t.. By (4.3) it suffices to show that

Lim Fe[v,U;;El] = 0.

In order to achieve our goal we claim that

(Cl) For any fixed § > 0 and k > 2, there exist positive 79 and & such that
HE],:ﬂ{l(x—xii)-vﬂ 58}” < Cé? for all i and j, 4.7)

whenever ¢ < g9 and n < ng.

For the moment we assume (Cl), which will be proved later. Since ||V (¢e * tﬂ:) | <
1 and |D?(g. * t))|| < C/e, from (4.7) and (3.1) we would get

ID?ul|(Boke () Vi,j, Ve < £0,Yn <o (4.8)

i C
F.v,E < Ce < _
el il = ~ ksin®

Summing all the contributions and taking into account that the families 7/ are
formed by disjoint balls, from (4.8) we conclude

; CN
limsup limsup Fe[v, U;E}] < _||D?%u||(£2)
ksin@

ni0 el0

and hence we get (4.4). .

It remains to prove (Cl). Without loss of generality we can assume x = x} = 0
and v = e3. Moreover for simplicity we drop the indices i and j.

The maximality of R implies that there is a point on the left side (and a point
on the right side) which is either in 8B ;_2), or in 8B(k+1)g(x’ ), for some j' > j.
In the first case the result is obvious (see Fig. 4). In the second case, it follows
from the fact that the center x' = x’ of the other ball is close to the horizontal
axis. Indeed, if we denote by ¢ and ¢ the two roof functions corresponding to
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Fig.4 SetE; = EN{|xy| < ¢}
(black) entering (4.7) in the
proof of Proposition 2. The
dashed line is the jump set of
Vt, the dotted lines delimit the
region where x’ needs to lie. It
follows that the part of 3B’
delimiting R has to be
approximately vertical. For
clarity one rectangle smaller
than R is illustrated, the
optimal one touches both left
and right boundaries

x = 0and x', by (3.2) we have

1 t—t

/ |Vt—Vz’|+| | <2

[Boke| £
BstmBZke(x/)

At the same time, |Byy, N Boye (x')| > C|Boy,|, for some universal constant C,
because B i1y N Bk+1)e(X') # ¥ and k > 2. Since both |sin#| and |sin 6’| are
bounded from below by sin 6, the distance of x’ from the horizontal axis (which
is the jump set of Vi) is controlled by C; sne. Choosing 7 such that Cy gn < 1
we get (Cl). O

5 Interior construction: the optimal family

We complete the construction of Sect. 4 by modifying it inside the “good”
rectangles, and obtain the recovery sequence (in a subdomain). We prove

Proposition 3 Let 2 C R? be a C? bounded domain, _and u € W) with
Vu € BV($2,SY). Then there is a family {u®} C C®(2) such that u® — u in
WP () for every p < 00, u® = u, in a neighbourhood of 32®, and

lim sup Fe [uf, 2©] < Folu, 22].
el0

Proof Consider the function v of Definition 4 and the decomposition of the
domain obtained in Definition 5. We claim that for each rectangle R} we can
find a smooth w such that v = w outside R} and

. 1 1 _
F.[w,Rl] < Lz 12 sinf® + Ce (5 + ke—‘)ﬁ) , (5.1)

where 6 is the angle of the roof function t{:, and ¢;; = 1 Jy,n N Rﬁ:) the length
of the rectangle. We assume for the moment the claim, which will be proved
below.
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We repeat the construction in each of the (disjoint) rectangles; let w be the
result. Then

. . C -
F, [w, R§] < Z12sin0P " Ty N R + 78 + Cske 0VE

=<

W = W =

C _
/ VUl A" + Ce + ken + 78 4 Cske OV

]VMQR]L:

where we estimated the first term via the integral of the jump of Vu using (3.3).
(The rectangle contains up to k disjoint balls of the type appearing in (3.3), the

sum of their diameters is at least 7! Ivvy N R) — 4¢.)
Summing over all rectangles and using (3.1) we get

F w UyR! /|[Vu]|3 d! + Z ( + Cyn + Ce_‘)[) 1D2u||(Boge (X))
< Folu, 2]+ anzun(m + Cynl D2ul(2) + Ce V| D2u(2).
(5.2)

Taking the Lim, we send first ¢ — 0, then n — 0, then k — oo. Combining
(5.2) with Proposition 2 we get

Lim F,[w, 2®1 < Folu, £2].

A standard diagonal argument concludes the proof.
It remains to prove (5.1). By scaling and translating it suffices to consider the
case ¢ = 1, t(x) = cos 0 xq + sin 6 |x3|, and

R = (—a,a) x (—\/E, \/E).

If a < 2, simply w = v will do, since F¢[f;, R] < Ca. We can therefore assume
2<ac<k.

The ideal profile for a transition with jump 2 sin 6 across an horizontal inter-
face is

wf = cos O x1 + In[2 cosh(xp sin0)] .

Its gradient takes the form

0 _ cos 0
W= (sin 0 tanh(x; sin 0))
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hence

sin 0

|Vw? > —1 = sin? 6 (tanh®s — 1)>, V2w’ = !
cosh” s

e1®eq,
where s = x, sin 6. The energy across the interface is

/(|VW9|2 — 1?4+ V2w’ 2dxy
R

.4
.4 5 5 sin® 6 1 8 . 3
= sin” @(tanh” s — 1)° + ——ds = —|sin8|°.
/[ ( ) cosh4s:| | sin 8| 3| |
R

Let now ¢ be a cutoff function in C°(R, [0, 1]), with = 1 on the smaller
rectangle

R =(—(a-1),a—1)x (- vk+1,vk-1)

and || 4+ |[Vy| + |[V2y| < C for some universal constant C (independent of a
and k).

We define w = yw? 4 (1 — ¢)v. To prove the claim it suffices to estimate
the contribution from the boundary layer R \ R’. Recall that on R we have
v =1 =tx*x¢p;. We get

Vw =Vt + v (Vn? — Vi) + Vyw? —1).
Now we estimate the energy. The explicit expressions above give
w? — 1] + |vu? — V1| < Ce~P2sinél

Analogously one gets |VZw| < Ce~ 2500l If |x;| > 1, then t; = ¢, and in
particular |V#;| = 1. Therefore,

Vi N
Fl[W,R\R/] < 4k / Ce—Z\xzsinG\dxz_,’_z / Ce—Z\xzsiné)\dxz
Vk—1 _Jk
C

< Cke Vhyp —
| sin @]

Since [sin@| > sinf > 6/2, this proves the claim (5.1). O
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6 Construction up to the boundary

We show how to extend the construction up to the boundary, and how to enforce
boundary values for u, and the normal derivative. We start with an estimate
on the mollification of smooth functions, that will be crucial in the estimate of
term (VI) below (through (6.10)).

Lemma 6 Let ¢ be an even mollifier (that is ¢5(x) = @5(—x)) supported in By,
and ¢s(x) = 8 2¢(x/8). Let A C R? be open and u € C2(A). Then there exists a
constant C,, depending on u and ¢, such that

lu(x) — u* @s(x)| < Cu8? forevery x € A and § < dist (x,0A).

Proof When w is affine and dist (x,dA) < &, then w(x) = w * ¢s(x). Therefore
it suffices to prove the lemma when x = 0, u(0) = 0, and Vu(0) = 0. In this case
we can write

W — ux gs0)] < Cy / Wles@)] < Cub?
Bs

where C,, depends only on |[u|| 2. O

Proof of Theorem 1 In this proof we do not explicitly indicate the dependence
of constants on the domain 2, as well as on the boundary data g and 4.

For every ¢ > 0 we consider the tubular neighborhood of the boundary
T, := (082); and the open set £2; := {x : dist (x,£2) < ¢}. Letv : 92 — St
be the outer normal to 952, and n > 0 be such that (x,f) — x + tv(x) is a
diffeomorphismus between 952 x (—3#n,3n) and 73,. We define w : £2,, — R by
setting w(x) = u(x) on £2, and

w(y + tv(y)) = 3u(y — tv(y)) — 2u(y — 2tv(y)) for ye 982, t<€ (0,n)
(this is the standard extension procedure for Sobolev functions). Then

Vw e BV(£2,,R?), VWL~ < C, (6.1)
ID*w|(32) =0, and w|,=u. (6.2)

Let u® be the result of Proposition 3, and set w® = u® on 2@, and w® = w, on
2\ 2©. These match smoothly since both equal u, around 32®. We claim
that the family w? satisfies,

lim sup Fe[w®, 2] < Fylu, £2], (6.3)
el0
w® - u in WI’P(.Q),Vp <oo, wW=w,onT:NL. (6.4)
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The last condition is by definition; the middle one follows from Proposition 3
and the facts |w.| < C, |T;| — 0. To prove the first one, by Proposition 3 it
suffices to show that

1% Fiwe, 2\ 2®©1=0. (6.5)

The latter is proved by a variant of the argument leading to Lemma 4. Indeed,
let x € £2. Following (2.3), (2.4), and (2.5) we get

Fe[we, Be(x) N 2] < C||D*w||(Bae (x))

8
+ / IVW(y) = Vwe ()] + [VWwe(y) — Ve (x)].
Be(x)

The rest of the argument is unchanged. We conclude that
F.[we, Bo(x) N 2] < C|D*w||(B2s(x)), forallxe 2. (6.6)

Let now F/ = {Bae (xﬁ-')},- (1<j<N)be N families of disjoint balls such that the
union of the B, (x}) covers £2 N T, and x; € £2 N T,. Then (6.6) gives

Folwe, Te N 2] < > Felwe, B N 2]
ij
< C> ID*wl[(B2:(¥h) < CID*wl|(T3e) ,
ij

and (6.5) follows since lim, o I1D?w||(T3) = |D?*w]|(82) = 0. This concludes
the proof of (6.3) and (6.4) and of the first part of the Theorem.

We finally enforce the boundary conditions. Let g,h € C2(3£2), as in
Remark 1. Then

vy +tv(y) =g(y) +h(y)t ye€a2, te(—n,n)

defines amap v € C*(T}), and v = u up to the gradienton 3£2. Letw : 2, — R
be given by

_ Jux) forx e 2
W) = v(x) forx € T \ £2.

By the trace properties of BV functions, the new w still satisfies (6.1) and (6.2).
We repeat the above construction using the new definition of w, and obtain a
family {w*}, C C°°(£2) which obeys (6.3). We extend each w*® to 23, by setting
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w® = we. Next, fix a cutoff ¢ € C*°([0, c0), [0, 1]) with ¢ = 0 on [3/4,00) and
¥ =1 on [0,1/4]. We define ¥¢ : R? — [0,1] as

¥ (dist (x,0£2)/¢) , forx € 2,
0 else.

Pé(x) = [

We set 22 := (1 — ¥&)w? +Wey. For small e, {z°} C C2(£2). Moreover z¢|yo = g
and % o = h. We claim that {z°} is the desired optimal sequence. Since

lo\r, = wf and w® — win WP (§2) for all p, it suffices to prove
limF.[z°,2NT,] = 0, (6.7)
el0
liﬁ}/ IVZfIP = 0 forallp < co. (6.8)
&
T,

First step By (6.1) we have |[Vwg|co < C and ID?>w.|| < Ce~! on T,.
Moreover

C
192 lcogr,y < 19wellcocry + IVVeogr,) + < Iwe = Vior,. (69)

We claim that |[we — v[|co(,) < Ce. Indeed, notice that on £23, \ £2. we have

we = V.. By the smoothness of v, from Lemma 6 we get ||[v. —v|| CO(23:\20) = Ce?,
and hence

we = vilco@s\2.) = Ce?. (6.10)

Recall that |Vwe]| + ||[Vv|| < C. Therefore using (6.10) and integrating over
the segments perpendicular to 32, we easily get [we — V| co(r,) < Ce. Plugging
this into (6.9) we conclude ||Dz*||co(r,) < C and hence (6.8) follows easily. In a

similar way we get ||D218||C0(T€) < Ce~!. Summarizing,

C
IVZ¥licor,) = € and 1D lleogr,y = — on T, (6.11)
Second step Using (6.11) we can write
Vz¢t -V
FI2.@N T < Fawe, N To]+C / V&= Vwel L p2eet. (6.12)
€

2nT,
The first term is infinitesimal by (6.5). To estimate the second one, we compute

[Vz8 — Vwe| < |V |w, — V| + |[Vw, — VY|
< Ce Y we — V| + |Vwe — V| + |Vw — V.
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Similarly

|D%z%| < |D*we| + |D*v| + Ce HVw, — Vv| + Ce 2w, — v
< |D*w,| + |D?*v| 4+ Ce 7 | Vw, — V|
+ C8_1|Vw —Vv|+ C8_2|wg — .

Therefore the integral in (6.12) is bounded by a universal constant times

Vw, — Vw Vw — Vy Wg —V
/|D2v|+/|D2w8|+/| 88 |+/| . |+/|882 )

T; Te Te T, Te

We denote these integrals respectively by (1), (IT), (III), (IV), and (V) and we
will prove that they all vanish as ¢ | 0.
Third step The limit of (I) vanishes because |D?v| is bounded. In the proof of
(6.5) we have already shown that the limits of (IT) and (III) also vanish.

Next, note that the BV function Vw — Vv has trace 0 on 3£2. Therefore (IV)
vanishes thanks to the trace properties of BV functions.

Finally, integrating over segments perpendicular to 952 we get

v C
V) < C / %+;/|VW5—VV| — (VD) + (VID).
202 T

The limit of (VI) vanishes by (6.10); and (VII) is treated as (III) above. ]
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