MOD-POISSON APPROXIMATION SCHEMES AND
HIGHER-ORDER CHEN-STEIN INEQUALITIES

PIERRE-LOIC MELIOT, ASHKAN NIKEGHBALI, AND GABRIELE VISENTIN

AssTRACT. In this article, we provide an extension of the Chen-Stein inequality for Poisson approx-
imation in the total variation distance for sums of independent Bernoulli random variables in two
ways. We prove that:

e we can improve the rate of convergence (hence the quality of the approximation) by using
explicitly constructed signed or positive probability measures;

e we can extend the setting to possibly dependent random variables.

The framework which allows this is that of mod-Poisson convergence and more precisely those mod-
Poisson convergent sequences whose residue functions can be expressed as a specialization of the
generating series of elementary symmetric functions. This combinatorial reformulation allows us to
have a general and unified framework in which we can fit the classical setting of sums of independent
Bernoulli random variables as well as other examples coming e.g. from probabilistic number theory
and random permutations.
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1. HiGHER-ORDER CHEN-STEIN INEQUALITIES

1.1. Poisson approximation and the Chen-Stein inequality. This article is concerned with the
problem of approximation of the distribution of positive integer-valued random variables X,,>1

stemming from number theory or from combinatorics. The simplest case is when X, = """ | Y]
1
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is a sum of independent Bernoulli random variables with p; = P[Y; = 1] = 1 — P[Y; = 0];
the parameters p; belong to [0, 1] and are arbitrary. Le Cam’s inequality [Cam60], which follows
immediately from the subadditivity of the total variation distance with respect to convolution of
measures, ensures that if A\, = > """ | p; and (0,,))* = >, (p;)?, then

ef/\n (/\n)k
k!

o0

px, (k) — < (0n)*

N =

drv(py,, Poisson(\,)) =

k=0

where ux, (k) = P[X,, = k]. A more precise inequality due to Chen ensures that one can divide
the right-hand side by \,, while keeping the inequality (see [Che74; BE83; BH]92; Ste94]):

2 _ (04)?
N TET
This follows from the adaptation of Stein’s method to the Poisson distribution Po(\), which sat-
isfies the functional equation E[X f(X)] = AE[f(X + 1)]. In [KJ09, Theorem 4.2], a correction
term for the Poisson distribution Po(A,,) has been computed, allowing to have an upper bound

of order (¢,,)?/(\n)*/? for the total variation distance between jix, and the modified Poisson dis-
tribution. This correction procedure has been perfected in [Chh+20]: by using Fourier analysis

1 —eHn
drv(px,,Po(\,)) < ———

arguments instead of the Chen-Stein method, a signed measure W = ({py, ..., pa}) has been
constructed for any r > 1, with the property that if (¢,,)> = > | (p;)? stays bounded, then
dry (nx, ) = 0 ()7F). e

However, the constant in the O(+) in the right-hand side of Equation (1) grows with r and with
(0,)?, and by looking at the details of the proof of [Chh+ 20, Theorem 3.11], one can only give a

constant which grows like ¢®”, which might be much larger than (,)"% . The purpose of this
article is to give a better unconditional bound, which is also much more general, because it holds for
approximations of discrete distributions which are not convolutions of Bernoulli distributions. In
this setting, the set of probabilities {p;, . .., p,} will be replaced by a square-summable sequence A
which encodes the properties of the random model.

1.2. Erdds-Kac central limit theorem and its Poisson refinement. Given an integer k > 1, we
denote w(k) its number of distinct prime divisors, with the multiplicities not taken into account;
for instance, w(120) = w(2? x 3 x 5) = 3. The random variable w, is then defined by

wyp =w(Up ), with Up ) uniformly distributed on [1,n] = {1,2,3,...,n}.

The asymptotics of the distribution of w, is one of the first result from probabilistic number theory.
Indeed Erdds and Kac proved in [EK40] that the following convergence in law holds:

w, — loglogn
Vloglogn

The Gaussian approximation is far from being accurate and Rényi and Turan proved that the error

in Kolmogorov distance is of order O((log log n)’% ), see [RT58]. A better discrete approximation
is provided by the Poisson law with parameter loglogn. Indeed, the Fourier transform of w,, can
be estimated by the Selberg-Delange method:

E[ein] = olloglognty) (e —1) (ww(g) + O( = )) (MPw)
logn

with 7 = 0.577 ... equal to the Euler-Mascheroni constant, and

g _ iy & _ el€—1
w@=T1 (1+ ) e 1+ 54) 5

peP
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We recognize the Fourier transform of the distribution Po(loglogn + 7), multiplied by a residue
which converges uniformly towards a smooth function ¢(£) on the torus T = R/27Z. This can
be used in order to prove that

drv(wn, Po(loglogn + 7)) = O((loglogn) ™).

In [Chh+20, Theorem 4.9], some signed measures /=" have been constructed with the property
that
r+1

dTV (Wna V(r)) (lOg 10g n) B —n—o0 Cr (2)

n
for some explicit constants C,>1; the case 7 = 1 corresponds to the Poisson distribution with
parameter loglogn + . The speed of convergence in Equation (2) is a O((loglog n)~2), so the
estimate above is not as good as an unconditional upper bound, which we aim to obtain at the end
of this article.

1.3. Mod-Poisson approximation schemes. The two asymptotic estimates (1) and (2) are very
similar, but the first one regards the approximation in distribution of a sum of independent ran-
dom variables, whereas the later estimate is about w,, whose law does not admit such a represen-
tation. The connection between these two models comes from the asymptotics of their Fourier
transforms. Consider a sum X,, = """ | Y; of independent Bernoulli random variables, with each
Y; of parameter p;, and with a sequence of parameters p = (p;);>1 such that Y ;°, p; = +00 and
S (pi)? < +oo. Since E[e¥] = (1 + p;(e’® — 1)), we can write:

E[ef¢¥n] = M (e~ (%(6) +0 (Z(W)) (MPp)
with A\, = > | p;, and
0p(€) = [T (L pie ) e,
=1

In Equations (MPw) and (MPp), we have:
e a sequence of random variables (X,,),en with values in N,
e and a sequence of parameters (), ),en growing to infinity,

such that the ratio of Fourier transforms
E[eiEXn]

Roaom] — B = w(e) (MP)

converges on the unit circle towards an analytic function (). Notice that the residue ¢)(§) has the
same form for the two models: a convergent infinite product of terms (1 4 p(e' — 1)) e 2“1,
This is a general phenomenon for discrete random models stemming from number theory or com-
binatorics, and it will enable us to use a unified approach with the same techniques. A sequence
of integer-valued random variables (X,,),en for which the ratios of Fourier transforms 1), defined
in Formula (MP) converge uniformly on the unit circle towards a continuous function ) is called
mod-Poisson convergent with parameters (A,)nen. This notion has been introduced in [BKNO09;
KN10] and studied thoroughly in [DKN15; FMN16; Chh+20]; in these later articles, the expo-
nent ¢(£) = !¢ — 1 is sometimes replaced by the exponent of a general infinitely divisible distribu-
tion supported by the lattice Z (mod-¢ convergence). Here, we shall focus on the mod-Poisson case
in order to prove precise estimates of the distribution of X,, when the residue defined by Formula
(MP) converges.

Definition 1 (Approximation scheme of order 7). Let (X,,)nen be a sequence of random variables
with values in N, which converges mod-Poisson with parameters (A, )nen and limiting residue

$(€) = lim ¢, () = lim E[el$¥Xn] (=1
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We assume that the residues 1), and 1) are given by the following convergent power series:

() =1+ ban(€=1)" 5 (&) =1+) b(e—

Then, the approximation scheme of order r of the law j1,, of X, is the signed measure vy,

transform
() = 500 (k) € — (e <1+stn >
k=0

The derived approximation scheme of order r of X, is defined similarly, by truncation of the coefficients
of the limiting residue 1 (§):

i) (g) = M <1+Zb )

(") with Fourier

Notice that by definition, U = ) is the Poisson law Po(\,). For r > 1, an explicit formula

for 11" is provided by [Chh +20, Lemma 3.8]:
00 = X 0 () bk -0,

0<t<s<r

(r)

and similarly for the derived approximation scheme. This explicit formula implies that v, 1s a well

defined signed measure on N, and that ), v/ U (k) = 1. Our goal is then to control
drv (n, v Z IP[X,, = k] — {7 (k)]

and drpvy (fn, V7). Before going on, let us remark that up to a modification of the sequence (\,,)nen,
we can assume by, = by = 0. Indeed, replacing )\, by A\, + b1, removes the term b, ,, from the
power series 9, (£) (this also modifies the other coefhcients b;>s ,,).

Informally, our main results are the following:

(1) If (X,)nen converges in the mod-Poisson sense and if

Tn 5
bsn S =
bl < ()
Dy

r+1
for some constants 7,, > 0, then drv (i, V\) < C ( F) for some universal constants
C and D (see Theorem A for a more precise statement).
(2) In the particular case where X, = >""" | Y] is the sum of independent Bernoulli variables,

the condition above is satisfied with (7,,)? proportional to (0,,)* = Y. | (p;)?. Therefore,
we get a higher-order Chen-Stein inequality (see Theorem B).

(3) If the mod-Poisson convergence admits a Bernoulli-like asymptotic residue ¢ (with the same
form as in Equations (MPw) and (MPp)), and if the convergence ¢, — ¢
e can be expanded to a complex disc containing the unit circle,
e is fast enough,

then we get an unconditional upper bound (see Theorem C)

C)
d n7y7(1r3< S r+1 °*
v (( ) ) :
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1.4. Outline of the paper. The theory of mod-convergent sequences with respect to an arbitrary
reference infinitely divisible distribution ¢ has been developed in [DKN15; FMN16; FMN19;
BMN19; Chh+20]. In the specific case where the reference law is the Poisson distribution, the
residue of mod-Poisson convergence can be expressed as a specialisation of the generating series
of elementary symmetric functions. This combinatorial reformulation, which first appeared in
[Chh+20, Section 4.2], is one of the main argument which enables the extension of the higher
order Chen-Stein inequalities to random variables which are not sums of independent Bernoulli
variables. We detail this idea in Section 2, and we then state our main results and the relevant
hypotheses for the random models. In Section 3, we use Fourier inversion on the unit circle T in
order to estimate the total variation distance between a probability measure p on N and its approx-
imation scheme ") or order » > 1. Classical arguments allow us to remove most terms of the
Fourier inversion formula, and what remains is a sum of integrals akin to the integral expressions
of Hermite polynomials. These Hermite-like functions are studied in Section 4, and the summa-
tion of all the estimates and the proof of the main results is performed in Section 5. Finally, in
Section 6, we revisit the proof of the Flajolet-Odlyzko transfer theorem (see [FO90]) which yields
the asymptotic of the coefficients of a power series with algebraic singularities. This enables us to
obtain an unconditional upper bound on the total variation distance between the law of

e the number C,, of cycles in a random permutation;

e or, the number D,, of irreducible divisors in a uniformly chosen random polynomial with
given degree and coeflicients in a finite field

and its derived approximation scheme of order » > 1. This discussion relies on complex analysis
arguments and integrals along Hankel contours, and a similar argument can be used for the number
wy, of prime factors of a random integer; see our Remark 19 at the very end of the paper.

2. SYMMETRIC FUNCTIONS AND ADAPTED SEQUENCES OF DISTRIBUTIONS

The objective of this section is to introduce all the relevant hypotheses for our main theorems,
as well as a list of examples which will satisfy these hypotheses. A large part of the discussion will
rely on the combinatorics of the algebra of symmetric functions Sym, for which we refer to [Mac95,
Chapter I]and [Mél17, Chapter 2]. Recall that a symmetric function is a formal linear combination
=221, i) fror of monomials w; = @, 2y, - - - ;, with:

the indices I in | |2 ,(N*)";

the variables z1, 25, . . . forming an infinite commutative sequence;

the coeflicients f; in some field, say R;
deg f = sup{|I| with f; # 0} < +oc;
e f invariant by any permutation of the variables: for any 0 € &(c0) = J7, &(n), f7 = f.

We shall use two important algebraic bases of Sym over R: the Newton power sums

[e.9]

Pr>1 = Z(l’z’)k

i=1
and the elementary symmetric functions
Cr>1 = E Tiy Tig ** * Ty -
1< <2< <1k

Thus, Sym = R[p1, pa, . ..] = Rley, ea,...]. The change of basis formula between power sums and
elementary symmetric functions is encoded by the two generating series B(z) = > ;- & ¥ and
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Ez) =1+, e 2k

¢E(z) = H(l +x2) = exp( log(1 + mzz)) = exp (— Z Z %) = exp(—P(—2)).

i=1 =1 k=1 i=1

If A = {ay,aqg,...} is a summable family and f is a symmetric function, we shall denote f(A)
the real number obtained by replacing the variables x; by the a;’s (setting ; = 0 if A is finite and
i > | A|). This always gives a convergent power series, because f is a polynomial in the power sums,
and
pr(A) = Z(ai)k is absolutely convergent for any k& > 1.
i>1

The map f € Sym +— f(A) € R is a morphism of real algebras; it is also called a specialisation of
the algebra of symmetric functions. More generally, we call specialisation of Sym any morphism
of algebras from Sym to R; such a morphism does not necessarily come from a summable family
A = {ay,as,...}. Given the generating functions €(z) and B(z) of the elementary symmetric
functions and of the power sums and a specialisation A of Sym, we shall denote €(A, z) and B (4, 2)
the corresponding analytic functions of the variable z, assuming the convergence of these power
series.

2.1. Sums of independent Bernoulli variables. Let us consider as in the introduction a sum X,, =
> i, Y; of independent Bernoulli variables, with Y; ~ Be(p;). We are going to explain how to
compute the coefficients b, ,, of the residue of deconvolution 1, (£) = E[eé¥n] e (D) with
A = >, pi- To begin with, let us remark that the Fourier transform of X, is a specialisation of
the generating series €(z) of the elementary symmetric functions. Indeed, it is obtained by taking
z = ¢ — 1 and the alphabet {p,pa, ..., pn}:

B[] = [[E[®] = [J(1 + pi(e* = 1)) = €{p1....,pu}. € = 1)
i=1 i=1
o ieV) C (_1>k_1 pk(ph .- 7pn) i k
_eXp(—‘ﬁ({pl,...,pn},l—e )) —exp<; ? (e°—=1)"|.
Dividing by e*(“*~1) amounts to remove the term of order k& = 1 from the exponential, so
2 (=1)k 1 N S I
vnl€) = exp (Z S 1)’“)'

k=2

The coefficients by, are then obtained by expanding the exponential series. There are two ways to
perform this computation:

e specialisation with p; = 0. Given a countable family of real numbers A = {ay, a0, ...}
with 37, (a;)* < +00, we define a morphism of real algebras f € Sym > f(A’) € R by
setting:

pi(A)=0 Piza(A) = pr(A) = ) (a)".
i>1

Since (pg)k>1 1s an algebraic basis of Sym, the formula above entirely determine the spe-

cialisation A’ (A’ is also sometimes called a virtual alphabet). Now, with A = {p1,...,pn},
we have
. (=1 pi(A) i€ k) _ - NS ;e
() —exp<k§:; e A IR R

$0 b5, = ¢s({p1,...,pn}’) forany s > 1.
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e inclusion-exclusion formula with the true elementary symmetric functions. Let us make
the previous argument a bit more explicit. If we expand the exponential generating series

exp(—PB(—=2)), we get:
(_Uk—e(/\)

e = —
k Z 2 P,

A€ (k)
where the sum runs over the set ) (k) of integer partitions A = (A > Ay > - > Ayn) > 1)
of size k = Zf(:’\l) i3 Pr = P, P, - - - Py for any integer partition A; and z), is a combinato-
rial coefhicient, such that % is the number of permutations with size k£ and with cycle-type

A. A multiplicative expression of zy in terms of the parts of the integer partition X is pro-
vided by [Mac95, Chapter I, Equation (2.14)]. By specialisation of the formula above with

respect to the two formal alphabets A = {p1,...,p,} and A’, we get:

B (_l)k—z()\) .
ep(A) = Z T pa(pL, - 0n);

AeY(k)

_1)k—€()\)

by, = N = ( )
k.n ek(A) Z 2 p/\(pla 7pn>

e (k)

An) =2

In particular,

1 1
bin=0 ; byp= ) p2(p1,.- . on) ;5 b3n = §P3(p1, ey Dn)

b4 _ (pQ(pla"'apn))Q _ p4(p17"'7pn)

8 4

The removal of the integer partitions with parts of size 1 which is performed when going
from e;(A) to ex(A’) also results from an inclusion-exclusion; hence, it is easy to see from
the formule above that for any s > 1,

bow = S (e1(prs- - pn) eamt(Prs o pa) = D Y ) e s(P1y - Pn),

! !
P t! pa t!
with by convention ¢y (p1,...,p,) = 1.
Remark 2. The expression of b;,, in terms of the elementary symmetric functions e;(pi, ..., pn)

can be used to prove that each coefficient b;,, is a polynomial of total degree s in the moments
M., = E[(X,,)¥], with M, considered to be of degree k. Indeed,

k
E[(X,)"] = Zl! {I;} el(p1y- -y Pn),
=1

where {¥} is the Stirling number of the first kind, which counts set partitions of [1, k] in [ parts.
The formula above can be inverted in order to express the elementary symmetric functions of the
probabilities p; in terms of the moments of X,,. Therefore, the coefhicients b, ,, with s < r and the
approximation scheme of order 7 > 1 of the law of X, depends only on the r first moments of X,,,
and not on the individual probabilities p;. For instance,

1
b2,n = 5 (Mz,n - M1,n - (Ml,n>2)§
1 1 1
b3, = B ((Ml,n)2 — My, — My, M, ) + 3 (M, + (Ml,n)g) + 6 M ,,.

This property is important for simulations, if one wants to approximate the law of X,, from a
dataset instead of the list of the probabilities p;. In a companion paper [MNV22], we investigate
the applications of the theory developed in the present article to credit risk models. We refer to
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[MINV22, Remark 4.3 and Appendix D] for the formula of change of basis between the coeflicients
bs., and the moments of X,.

Before going on, let us analyse the radius of convergence of the generating series that we have
manipulated above.

Proposition 3. Let {pi, ..., p,} bea set of probabilities in (0,1), N, = > " pi» X = Yo Be(pi),
and U, (w) = ElwX»] e (=, With our previous notations, 1,(£) = ¥,,(*).

(1) Ifbs,, = es({p1, ..., pn}’), then we have

U, (w) = E({pr,....pn} w—1) =14 byu(w—1),

s=1

and the right-hand side converges on the whole complex plane; thus, V,, is an entire function.

(2) More precisely, if (5,)? = > (pi)?, then for any s > 2,

|bs.n| < e(0a)”\?
ER s .

Proof. Since U, (w) =[], (1 + p;i(w — 1)) e™P =V} is a product of entire functions, it is indeed
well defined and convergent on the whole complex plane, and its coeflicients b, ,, come from the
previous computations. Notice that we have in particular by, = ¢;({p1, ..., pn}’) = 0. In order to
prove the upper bound on the coefhicients bs>s ,,, we shall use the following elementary inequality:
212
VzeC, |[(14+2)e” <e'T
Indeed, if z = x + iy, let us fix € R and study as a function of y

[(1+2)e”*P
e|22|

— (L af e
The derivative with respect to y of this function vanishes if and only if y = 0 or 1 = (1+z)?+52. If
x € (—=2,0), then the two maxima of the function are equal to 1, whereas if z < —2 or z > 0, then

. . . . . 2 2 2
the unique maximum is attained at y = 0 and is equal to (1 + 2z +2?) e 72777 < 2@ —2r=2" — 1,

Now, by using the Cauchy formula with a circle of radius R = ;/—f, we get:
(on)? R? s
2

1 & Lo 2 e e(0,)%\2
R 1 . piz < = .
N f];ll: <( + plz) € ) s+l — Rs ( S )

This fast decay of the coefhicients b, ,, will turn out to be an essential tool in the proofs of our
estimates. O

|bs,n| =

2.2. Models with Bernoulli asymptotics. Consider more generally a countable family of real
numbers A = {ay,ay,...} with 0® = 37 (a;)* < +oo. Then, the result from Proposition 3
extends readily to

e - 1) = [[1+af - ) D =14 W) w1 )

Thus, the function €(A’, -) is an entire function on C, and its coeflicients ¢4 (A’) satisfy the inequal-

ity:
2\ 3
Vs > 2, |es(A)] < (e%) .
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This can be seen by taking the limit of the corresponding result for the truncated finite alphabets
A, ={ay,aq,...,a,}.

Definition 4. Let (X,,)nen be a sequence of random variables with values in N. We say that the sequence
converges mod-Poisson with parameters (\,,)nen and with Bernoulli asymptotics if there exists a square-
summable family A = {ay, az, . ..} such that:

E[wXr] e A=t 5 €A w—1),

where E(A', -) is the entire function defined by Equation (3), and where the convergence happens locally
uniformly on a disc of radius r > 1.

In [Chh+20, Section 4, Table 4.1], a list of examples of mod-Poisson models with Bernoulli
asymptotics is provided; the computations of the corresponding generating series rely on relatively
elementary combinatorial or algebraic arguments. The remainder of this Subsection is devoted
to recalling these important examples; the proofs of the corresponding mod-Poisson convergence
results will be revisited in Section 6 in order to get explicit estimates of the remainders.

2.2.1. Number of cycles of a random permutation. Let (0y>1)r>1 be a sequence of positive parameters,
and let © be the specialisation of the algebra Sym defined by px(©) = 0 for any £ > 1. We also
introduce the homogeneous symmetric functions

b= ) Tiy Tig ~ ** Ty ;
1<i1 Sia<-w<i

they form another algebraic basis of Sym, and they differ from the elementary symmetric functions
by allowing equalities between the indices iy, ..., The generating series of the homogeneous
symmetric functions $(z) = 1+ > ;- bx 2" is related to the generating series 3(z) by:

H(z) = H : _1xiz = exp (— Z log(1 — a:zz)> = exp (Z Z %) = exp(B(z)).

By expanding the exponential, we get an expression of the symmetric function by, in terms of the
power sums, which is very similar to what we saw previously with elementary symmetric functions:

br = Z iPA-

rep(k) A

Let Py, (6,.,),-, be the probability measure on the symmetric group &(n) which gives to a permu-
tation o with m; (o) cycles of length 1, ms (o) cycles of length 2, etc. a probability proportional to
szl(ek)mk(a):

1

(Qk)mk(ﬁ)‘
an(gk) H

k21 >1

]P)nv(ek)k21 [U] =

The normalisation constant is easy to compute. Indeed,

|
Zuon = D (0™ = 37 “pa(€) = nlb,(6).
oe6(n) AEY(n) z
These weighted measures P, (g,),., have been studied in [BU09; BU11; BUV11; EU12; NZ13], in
connection with models of spatial random permutations. If (6} )1 is the constant sequence equal
to 6 > 0, then we recover the Ewens measure with parameter 6, for which h,,(0) = [T/, (1+ &2).
Consider now the random variable

C,, = (number of disjoint cycles of o, ~ Py (g,),2, ) -
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Its generating series is:
1 Hn(wO)
Elw™] = ——— why )™ | = (genC)
ST ;U (H( g ) b,(0) i
where wO denotes the specialisation of Sym given by pi>1(wO) = wh.

Proposition 5. Suppose that the sequence of parameters (0y,)x>1 yields a specialisation © of Sym such
that

=0
P(O,2) = ; -
has the following properties:
(1) The generating series (O, z) is holomorphic on a domain
A(m, M, ¢) ={z € C such that |z| < M, z # m, |arg(z —m)| > ¢}

with0 <m < M,0< ¢ <.

(2) Around z = m, B(O, z) has a logarithmic singularity, and

(O, 2) zelog(l_li) K+ 0(z—m)

m

with § > 0.

We set

— 0 1
S Y o1+~ ),
R ;n—F@—l 0g< +n)7
notice that v1 = ~ is the Euler-Mascheroni constant. Then, the sequence of numbers of disjoint cycles
(Ch)nen converges mod-Poisson with parameters A, = 0 logn + K + g and Bernoulli asymptotics.

The limiting alphabet Ay 1s
0 0
AH—{l’e—"_—l’m’...}

Moreover, the convergence happens locally uniformly on C at speed O(n=1):
E[w©n] e~ (Ologn+Kio)(w=1) E(Ap,w—1)+0(Mn).
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A proof of this result is given in [NZ 13, Lemma 4.1]; we shall see in Section 6 that it is a particular
case of transfer results for generating series with algebraico-logarithmic singularities (see [FO90;
Hwa99] and the discussion of [Chh+20, Section 4.4]). Let us remark that the form asked for the
singularity of PB(O, z) is inspired by the case of Ewens measures: indeed, we then have B(0, z) =
flog(;L) and K = 0.

2.2.2. Number of irreducible factors of a random polynomial. Let ¢ = p® be a prime power, and f,, be
a random polynomial chosen uniformly among the ¢ monic polynomials with degree n in F,[X].
We denote

D, = D(f,) = (number of distinct irreducible divisors of fn),

the irreducible factors being counted without multiplicity. If Irr(F,) denotes the set of all irre-
ducible monic polynomials in IF,[X], then we have the following identities of generating series:

Z(qz _ Z w D(P) degP H (1+wzdegp+w22degP+“.)
n=0 PcFq[X] Pelrr(Fq)
P monic
ZdegP 1— (1 o w)zdegP
- H <1+w1_zdegP) - H 1_ZdegP
Pelrr(Fq) Pelrr(Fy)
= exp Z log(1 — (1 —w)z%2") —log(1 — 292 ")
Pelrr(Fq)
© 0 I km(q1 _ _ k
e J(m) (1= (1= w) >>
k
m=1 k=1
e n n
= S LY (-) 1—(1—w)t
€xp ; n klzn k q k' ( ( w) )
oo Zn .
= — (L, * Jy
o322 0 )
where I,(n) = card{P € Irr(F,)| deg P = n}, I,(n) = nl,(n), Jo(n) = 1 — (1 —w)", and *

denotes the operation of convolution on arithmetic functions:

Vn>1, (f*g)( Zf <)

kln
The number of irreducible polynomials with a given degree is well known to be given by Gauss’
formula: B
Iy(n) = (n*q°)(n),
where /i is the arithmetic M&bius inversion function. In particular, I,(n) < £-. Then,
(Iy* Ju)(n) = (e g% (1= (1= w)"))(n).
In particular, if w = 1, then (Tq xJ1)(n) = (ux1x¢*)(n) = (¢*)(n) = ¢", and exp <Z;’°:1 (qz)n> =
1qu = ,(gz)™. Therefore, if we define a specialisation of Sym by setting
Pr(Bgw) = (pxq* (1= (1 —w)®))(k)

for any k > 1, then we obtain an expression of the generating series E[w”"] similar to the one of
the previous paragraph (Equation (genC)):

E[wPr] = o2t (genD)
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The analysis of the bivariate generating series leads to the following result of mod-Poisson conver-
gence (see [Chh+20, Example 4.5 and Theorem 4.6]), which is a function field analogue of the
Erdds-Kac asymptotics of the sequence (wy, )nen-

Proposition 6. We fix a prime power q¢ = p° and we denote

k) 1
Rq—; - log(l_qlk)

The sequence of numbers of distinct irreducible factors (D,,)nen converges mod-Poisson with parameters
A = logn + R, + v and Bernoulli asymptotics. The limiting alphabet A, is

11 1
Aq:{1’§7§"”}u{qdegf” PEII‘I‘(F)}

Moreover, the convergence happens locally uniformly on the disc with radius q at speed O(n™1):
R[wPn] e~ (egn+Raty)(w=-1) E(A,w—1) + O(n™).

2.2.3. Number of prime divisors of a random integer. The discussion of Subsection 1.2 can be put
in the framework of mod-Poisson convergent sequences with Bernoulli asymptotics. Indeed, the
complex version of Equation (MPw) is valid, so we get:

Proposition 7. The sequence of numbers of distinct prime divisors (wy,)nen converges mod-Poisson with
parameters A, = loglogn + 7 and Bernoulli asymptotics. The limiting alphabet A,, is

11 1
A, =<1, =, =,...0US—, peP}.
23 P

Moreover, the convergence happens locally uniformly on the complex plane at speed O((logn)™"):
E[w*"] e~ (loglognty)(w—1) _ QE(AZU’ w—1) + O((log n)—l).

This mod-Poisson convergence is a consequence of a Tauberian theorem which yields estimates of
the sum > w*® by using properties of the L-series

S (e ) T (1)

n=1 peP peP

see our Remark 19 at the end of the article.

2.3. Estimates of the total variation distance. We are now ready to state our main theorems.
The first result estimates the quality of the approximation scheme of order r of a integer-valued

. . . ; _ i&_
random variable X whose deconvolution residue E[e!X] e~ can be expanded on the torus
as a power series in z = ¢ — 1, with the coeficients of the series that satisfy the same kind of
inequality as in Proposition 3.

Theorem A. Let X be a integer-valued random variable such that

for some positive parameters \ and T. We denote V") the approximation scheme of order v > 1 of the
distribution p of X:

D(§) e = 1+Zb
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Then, there exists two universal constants C' and D such that, if ¢ = 3—} < 1, then

doy (p, ") < C el
If D = 4, then one can take C' < 570.

Remark 8. The reason why we do not insist on the precise value of the constants C' and D in
Theorem A is the following. During the proof of Theorem A (Sections 3 to 5), we shall add
numerous quantities which will depend on the index r of approximation, and we shall then use
upper bounds on these quantities which are independent from r > 1. In almost every case, the
order of approximation r = 1 yields by far the worst estimates; and assuming that r is larger (for
instance, larger than 10) yields much better constants. So, one can state a version of Theorem A
with much smaller universal constants C' and D if one replaces the hypothesis 7 > 1 by » > 10.
In the following, we tried to make the computation of the constants in the upper bounds easy to
track; thus, they are easily improved upon with additional assumptions on r (and possibly on 7

and ).

An immediate consequence of Theorem A is the following higher-order Chen-Stein inequality,
which regards the approximation of the distribution of a sum of independent Bernoulli variables:

Theorem B. Let (p;);>1 be a sequence of probabilities in (0,1), and X,, = ., Be(p;) be the sum of
independent Bernoulli variables. If

n

= Zpi : (0,) = Z(pi)Q : A > 16e(0,)?

=1

and if U is the approximation scheme of order v > 1 of the distribution i, of X, then there exists
universal constant C < 570 such that

ean <1
VA '

Proof. This follows readily from Proposition 3, which yields the estimate |b,,,| < (Z%)* with 7, =

Veop. O

Corollary 9. Let (p;)i>1 be a non-increasing sequence of probabilities in (0, 1) such that > ;- | (pi)* =

02 < +00. We denote pu,, the distribution of X,, = S0 Be(pi), An = S, piy and v} the derived
approximation scheme of order r > 1:

dTV(Nna T(L ) <C (%)TH, with 1, =

i) (€) = et (1 + ) by (e — 1)5) . with by = es({p1, pa, . . .}').
s=2

If A\, > 16e0?, then
dry (i, 7)) < C () ™+ (r* + (200 + 1)r) (Z(%)S_Q) "y

withn, = 4\/@ andry, =3, (pi)%
Example 10. Suppose that p; = 1. Notice then that X, has the distribution of the number of cycles
of a uniform random permutation in &(n). We have 02 = %2, logn+~ < A\, <logn+7v+ 5,

andr, =Y, % < =. Therefore, setting h = \/>7T and Ar = {1, 3, 3,...}, we get that for r > 1,

i>n 2
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the derived scheme of approximation 1/} defined by

S0(E) = M) (1 ES e (- 1>s)
s=2

satisfies:

2/eh\" ! 1 h'=2 1?4 2(logn + 1)r
Viogn (=7 1 n

. In particular, if » > 1 is fixed, then the total variation distance is
2 O((logn)~"%"); this is compatlble with the asymptotic estimate from [Chh+20, Theorem 4.3].

dTvpxa,msbfgcr(

8e7r

for any n such that logn >

Lemma 11. Let p and v be two signed measures on N with Fourier transforms

AE) = XDy (6);
(&) = MU (9,
with X > 0. The total variation distance between i and v is smaller than

2 x/_

where || f|loo = SUPger j2xz | f ()] for a continuons function on the circle.

e =Xl + MY = Xllo),

Proof. The two sequences (11(n))nen and (v(n)),en are summable, and they yield two functions in
the Wiener algebra of absolutely convergent Fourier series:

=S (e = Y vm)e

By the Cauchy-Schwarz inequality,

2drv(p,v) =Y |uln

neN
< (0) — (0} + fjni > (olu(n) = (o)
n=1 =1
< |l =vllz \/— 11" = V|| z2(r)
< 1Y =Xl + ﬁ Y = Xllos + A% = Xllo)
since ||} =D, = 1. O

Proof of Corollary 9. If (0,,)* = >, (pi)?, since 02 > (0,)?, we know from Theorem B that

dry (i, ) < C ()"
with 7, = 4\/@ Therefore, we only have to add an estimate of dpy (7, 7). We set A,

{p1,p2,...,pn} and A = {p1,p2,...}. The two approximation schemes of order r (standard and
derived) have the same parameter /\n, and their deconvolution residues are

=1+ b€ =1 1 =1+ b(e—
s=2 s=2



MOD-POISSON APPROXIMATION SCHEMES AND HIGHER-ORDER CHEN-STEIN INEQUALITIES 15
with b, ,, = es(A}) and by = es(A’). If kK > 3, then for any ¢ > n > j, we have (p;)?(p;)*
()" (p;)* so

D))t = Y () ()

i>n>j i>n>j
S w)w) = > ) )
i>n, j>1 i>n, j>1

S0 Tonlp)t
ijl(pj)Q N ijl(pj)k'

As a consequence, for any integer partition A = (A\; > Ay > -+ > )\,) with size s and whose parts
are all larger than 2, we have:

l
PA(A) — (A < pa(A) Y (M(A) —(ZA)G(AN))

132(;1)1 — pa(Ay)
! ( pa2(A) > Pal4)
0% — (0,)?

AS Y yem(s) % = 1, we obtain from this:

S _
by = bonl < 5 (0 = (02)%) 0*

1% = ¥l < 2(0* = (00)*) ( s (

W = hllee < (0° = (@a)?) { D ( )
7 =

The inequality follows then immediately from Lemma 11, since 0.9069 < 1. O

Many ingredients in the proof of Theorems A and B rely on estimates of the Fourier transform
of X, and not on the fact that X is a sum of independent Bernoulli variables. As a consequence,
one can extend Theorem B to the case of mod-Poisson convergent sequences with Bernoulli asymp-
totics.

Theorem C. Let (X,,)nen be a sequence of integer-valued random variables and (ji,)nen the corre-
sponding sequence of discrete distributions. We suppose that the sequence (X, )nen converges mod-Poisson
with parameters (\,)nen and Bernoulli asymptotics:

Yw € D(0,p), |Efw*]e Y — €A w - 1)| <e,

for some square-summable family A, some p > 1 and some sequence (¢,,),en going to zero. Then, with
the same universal constants C and D as in Theorem A, setting 0> = Y., a* and assuming that

VA, > Dy/eo, we have

Dyeo\"™ p
d M) < L\
TV(Mn;Vn,*) — C ( /_>\n ) +5n (p 1 + )

In particular, if (\n)nen goes to infinity and if e, = O((Ay) ™2

( ) r+1

), then dry (i viil) = O((Aa) =),
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Proof. The proof of Theorem A will never use the fact that the distribution p of X is positive;
therefore, we can use it with the distribution Y defined by the Fourier transform

A6 = (143 e 1)

Hence, drv (5, 04)) < C (n,)™+ with 1, = D\/@U, assuming that 7, < 1. We then add the

distance

dTV(,um Vp o ) < ||77Z)n 7vZ)”oo \/— (Hl/} ¢ ”oo + )‘ ||77Z)n @Z)HOOL
with ¢, (€) = fin(&) e @D and (€) = E(A’, e — 1). By assumption, |[¢, — ¢]les < &p.
Moreover, we have 1,,(£) = W, (el) and ¢(£) = ¥(el), with
U, (w) = E[wXr] e (-1 ; U(w) = A w—1).

Therefore, we can use the Cauchy integral formula in order to control the derivatives: for any
w = €X on the unit circle,

/ / / \Iln(z) — \II(Z> En
) vl = W) -l < o [ B e
We conclude as in the proof of Corollary 9 by replacing ;7= by the larger constant 1. O

Remark 12. Our main Theorems A, B and C compare the probability distribution p of an integer-
valued random variable X with a signed distribution (™ on N. For instance, in the setting of
Theorem A and when 7 = 2, an explicit formula for v? is:

v@ (k) = O (k) (1 + by (1 — % + WA—;D)) :

0 being the Poisson distribution with parameter A. In particular, >, v? (k) = 1, but v®
can take negative values for & large enough if by < 0 (under the hypotheses of Theorems B and C,

by = pQé ) is indeed negative). This possibility is a general phenomenon for the approximating

distributions (). Let N, be the smallest integer such that

> vOm)>— > v (m);

m|m< N, and v(7) (m)>0 m | v(") (m)<0

[ J/

-~

Qr Br

this integer exists because >, v (m) = 1 > 0. Then, one can define a positive probability
distribution ;") by setting

0 ifn < N,,

:u(r)<n) = ar_ﬁ’r ifn:NT:

max (0, (n)) ifn > N,.
It is easy to see that dTV(,u,u(”)) < dry(p, v"). Therefore, our results yield for any r > 1 a
law of random variables 1™ which is a suitable approximation of the law . Unfortunately, it

seems that there is no easy way to sample a random variable under the distribution x(™. On the
contrary, for any bounded function f : N — C, it is easy to compute the approximation V( I(f) =

> ren V7 (k) f(k) of E[f(X)] by means of a sampling method. Indeed, set
g(k) = f(k) + > b (D) F)(k),

where (A, f)(k) = f(k+ 1) — f(k) is the discrete difference operator. Then, v (f) = E[g(Y)],
where Y follows a Poisson distribution with parameter \; see [ Chh+ 20, Proposition 1.12].
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3. FOURIER INVERSION AND CONTROL OF THE TERMS WITH LARGE PARAMETERS

Throughout this section, f is a probability measure on N, and \ and 7 are positive real numbers
such that A > (47)? and

i > ; T s
(€ A be (e¢ — 1)  with |b,] < (—) )
() ; ( ) |bs] 7

The approximating measure of order r for 1 is the measure v(") with Fourier transform

ﬁ(T)(f):e)‘ (ei€-1) <1+Zb )

We can consider that () = . In order to control dry(u, v")) for r > 1, the basic strategy is
to use the Fourier inversion formula in order to compute dpy (v*), v5*1)) for s > r, and then to
sum these estimates. The fast decay in O(s~3) of the coefficients b, will exactly compensate the fast
growth in O(s3) of certain estimates. Our strategy is inspired by certain similar but less precise
arguments from [Hwa99], which were already reused in [Chh+20]. In particular, hereafter we
split a Fourier integral in two parts at || = A~6, and a similar splitting at |€] = A~ 7 was used in
the aforementioned articles.

3.1. Removal of the large indices of approximation. To start with, let us notice that

— -

V(S+1)(§) — (s (5) = byi1 e)\(eif_l) (ei§ — 1)8+1;

V(S+1)(/{3) _ V(S)(/{?) = byi i(_l)s-i-l—l (S —; 1) vk — 1),

=0

where v = v(1) is the Poisson distribution with parameter \. As a consequence, regardless of the
value of ),
s+l

> WEIR) — (k) \<|bs+1|§(s“) (Zv(k—l)) =2 by < (8451)2 |

keN keN

Most of the work hereafter consists in proving a better upper bound when s + 1 is not too large,
say smaller than 2. For the indices s such that s+1 > max(%,r+ 1), we shall simply use the trivial
upper bound above. Let us remark that the function

472 3
s (_)
T

attains its maximum at © = 4e~! 72 Since A > 1672, max(3,7 + 1) > 472 > 4e ! 7% and the
. s+1 2 r+1
largest term of the series 2 is the first one, and it is smaller than (147=)™".

(47)
s+12max(%,r+1) s+1
Moreover, the ratio between two consecutive terms of the series is:

(flg)#: 472 s+1 472 \/ﬁ
(425 s+1 s—|—2 e(s—+1

s+1

m\»—‘

Therefore,

s+1

472\ % 1 [1672\F
< 1 ;
s+ 1 1—e 2 A

r4+1

1672\ 2
3 doy (W9, 1D < g < 6)\7 ) (U0)

s+1>max( % ;1)

s+1>max( % ;r+1)
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with
1
4= ——— < 1.2708.
2(1—e"2)
If r + 1 > 2, then we are done. In the sequel, we suppose that 2 > r 4+ 1 > 2, and we are going to
evaluate dpy (v, v6)) whenr +1 < s+ 1 < jz\. At the end, we shall add to these controls the
upper bound (U0) computed above.

3.2. Removal of the tails of the distributions. For s + 1 < 2, we start by rewriting the local

difference between v**1) and 1v(*) as a Poisson-Charlier polynomial:

min(s+1,k)

s LA
v (k) — v (k) = boyy v(k) ; (=1 < Jlr 1) %

We refer to [Chh+20, Remark 3.9] for a proof of this formula, and to [Sze39, Section 2.8.1] for

S—H) < (s+1)*

the general properties of the Poisson-Charlier orthogonal polynomials. Since (*] T

(54+1) ) s+ 1\" 5\ "
() = v (R)| < Jbsqa] | 1+ S v(k) < |bsyi] 1 v(k).

In order to estimate Y, [V (k) — v (k)|, we first remove the integers k such that & is too
large. We set
4 1

——(1-—) ~0.78160...
B 5( 166) 0.78160

and a ~ 1.73026 . . . such that &« — alog o = 3, and we remove the integers k larger than 2a\. We
have:

5\" 5
ST k) — O (k)] < [be] Y (Z) P[P(A) = K] = [byya]e® Y IP’[P (ZA) :k],
k>S2a k>3 aX E>3a)

and the right-hand side is proportional to the tail of a Poisson distribution with parameter 2, so
it can be estimated by using for instance the Chernov inequality:

]P’{P <§)\) > §a)\} < inf (e%’\(et_l_at)) = e%(ﬁ_l)’\.
4 4 — >0

Thus, for s +1 < %,

s+1

1 |b ‘ 5 1 72 2 s+1 (5
— E (s+1) k) — () k)| < Ll (Zﬁ_lp‘ < A2 (Zﬂ_l)A.
2k5A|V Hmvrols T T2 \Ms+1) )

>ZOC

s+1 A

2 e Toe attains its maximum at A = 8e(s + 1),

Notice that %B — 1 = —-. The function A — A

16e
SO
s+1

A7 elAF DA < (8(s+ 1)) T

Therefore, we obtain the first upper bound:

s+1

% Z WD (k) — v (k)] < (8TT) i (U1)

k>2aX

with a; = % For future reference, goz =o' ~2.16282...
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3.3. Removal of the tails of the Fourier integrals. Suppose now that k£ belongs to the interval
[0, &’A]. By the Fourier inversion formula,

m”zw”Wm—mezmﬂ/ﬁ (66 — 1)1 Ae-D-ine &
(—m,m) 27

With k = A+ zA2 and || = O(A2), the idea is to approximate (e — 1) by (i¢)**! and
e —1) —iké by —%2 —iz(\2¢), thereby obtaining an integral which can be computed explicitly
and which yields a term proportional to the Hermite polynomial H;,(z). Let us first split the
integral I* in two parts I ,ES% and / ,gz), according to whether || is larger or smaller than A~3. For
any € € (—m,7),

262

Re(e® —1) =cosé — 1< —

so the integral [ ,gsl) corresponding to the outside of the interval (—A~3, A=) is smaller than

|bs+1| /OO _2)\32 +1 ‘bs-i-l‘ m it s 2)\%
Pstll et S 2 B A rl 2122
O ¢ & 2\ 2\ 2 T w2 |’

where I'(s, z) = [~ u*~' ¢~ du denotes the incomplete T' function. Notice that for ¢ > 0,

7' T (s, 1) = / stutte ™ du < / W e ™ du =T(s+t,2) <T(s+1).

With A > 4(s 4+ 1) > 8, there are less than /A + 1 < (o + §) A = o'\ with o ~ 2.28782. ..
integers k in the interval [0, &’)], so we get:

[a—y
D w
[N}
sff
/N
3 )
o| 2
~_—
[SI[9Y)
=
VR
(NN VA
+
\.H
o)
>1w >
N~

1 s T T
3 3 1= Tl (3

kE<a/\

16 2\
7T27_ s;l
3
< 2 U2
_CL2(S+3)2 (46)\) ( )

with

We now focus on the part I ,282) of the integral I\*) corresponding to the interval (—A~3, A=5). First,

let us notice that on this interval,

52
2

3
AP

A < ;
6

el — 1 —i¢+

1
A < S
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by using the inequality |e* — 1| < |z| el?l. This leads to:

1
1 s AR 7—711
z Z [IS:% _ bs+1/ . (elﬁ _ 1)s+1 o (AZe) ;lf
k<a/\ A3 g
1

es Ag?
S s Oé” |bs+1| )\2/ €s+4 e ﬁ
6 R, 27T

< a5 (51 3)} (;) 2 (U3)

with

1

"< 0.1271.
127" =

as =

Thus, we have proved so far:

Proposition 13. Under the hypotheses stated at the beginning of this section, for any index s such that
2<s+1<2, 15 Wt (k) — v (k)| is smaller than

1 AE Ag2 3 df
Ap+ Ay + Az + 2 |bs41] Z /_ (e — 1) Hem s AR =

1 o
k<a’'x LA 3 .

where k = X\ + 22 and Ay, Ay and As are respectively bounded from above by (U1), (U2) and (U3).

Thus, in the inequality
dTV Iu’ ZZ| s+1 I/S)(k‘)|,
s>r keN
we have removed from the right-hand side the terms
e with s 4+ 1 > 4 (upper bound (U0)),
e with & > o/ (upper bound (U1)),

e and then with ¢ > A3 in the Fourier inversion formula for vt (k) — v()(k) (upper
bounds (U2) and (U3)).

The next Section 4 is devoted to the analysis of the remaining terms I.°); the summation of all the
estimates will then be performed in Section 5.

4. ESTIMATES OF PARTIAL HERMITE FUNCTIONS

We keep the hypotheses stated at the very beginning of Section 3, and which are those of our
Theorem A. In order to control the integral [ ,Esg, we use the expansion in series

(ig)n1+---+ns+1

i& s+1 __
(-1 = > N |

CMNgy1!

Form > s +1, set

)
.. /,’L !
N, Ns412>1 s+l

ni+-4nsy1=m
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sothat (e —1)**' =37 . | Cs (i)™ By comparison with the sum over integers ny, . . ., no1 >
0, we see that 0, s < & On the other hand,
? m:
1
A6 9 d
(s) _ —mtl . —ul U
Ik,3 - E Cm,s)\ 2 (_1)m / l(1u>me 2 lxu%'
—)\6
m>s+1

We would like to replace the integrals over (—As, As) by integrals over R. Recall that for any
m > 0, the Hermite polynomial H,,(x) is given by:

W2 d
e 7 Hm(.’lj) — (_1)m /(m)m e_T—HIU U
R

V2r'
see [Sze39, Chapter V]. The classical Cramér inequality states that |H,,(z)| < e vm! for any

z € R and any integer m. In the sequel, we prove a similar inequality when the integral is taken
over an interval [M, +00) instead of R.

4.1. Partial Hermite functions as integrals of Hermite polynomials. Fix M > 0, and set
o0 s _u? izu m O™
Fnl) = (=)™ 22 Guy™ % o . We have fiu(2) = (—1)™ £ fo(x), and

fo=F <SM(u) e_u72> ,

where Sy is the Heaviside step function and (Ff)(z) = (2m)~"/2 [, €™ f(u) du is the Fourier
transform. The inverse Fourier transform is given by (F~'g)(u) = (27)~/2 [, e g(z) dx. The
Fourier transform leaves the function

w2

N(u)=e"2
invariant. Since F~(f * g) = V271 (F~1f) (F~'g), if Sar(u) = (F~'Kyr)(u), then
fo = F(F Fr) () (FN) () = —— (K % ).

ez

However, the Fourier transform Kj of S is given by

Ko(x) = Nore + \/;50(37);

see for instance [Dav02, Chapter 9]. Then, Kj;(z) = ™* Ky(x) and we get:

1 : z—1 2 d 1 z2
ola) = o ([t B 4 Lew

In this formula, the first term involves a principal value, and it can be replaced by:
/eng,,_wc—Zy)2 dy _ 26_32/ e_% sinh((x +1M)y) "
R 0

22 o (x4 iM)P /°° 2 on g
s ———— (§]
Cn+ 1) J, v

n=0

| & 1 (x+iM)2 !
= V2nr(z +iM)e 22(2n+1)(n!)( 2 )

n=0
1 12 2 T+1 2
= \/27T(ac+i]\/[)/ e T e dt
=0

We have




22 PIERRE-LOIC MELIOT, ASHKAN NIKEGHBALI, AND GABRIELE VISENTIN

and on the other hand, e Hpy(z) = (-1)™ 2= (e %) So, for any m > 0,

m am 22 P (a+iM)? 22 (1+1M 9 5 it2M
(_1) _al-m(e 2 e 2 ):e 2 e (1—t) Hm(m$———1_t2

and we get the semi-explicit formula:
2

l(z—i_lM) /1 _z? (I+IIVI 9\ m ( thM )
m\X) = ———F— e ze 1—1 2Hm 1—t2.CE—— dt
() Gramll ( ) v —

1 142

1 2 2 (z4iM)? m—1 it* M 1 z2

— e 2 e 2 1—t3)"2 H, i [V1-t2z— )dt+—e2Hm:[.
V 2T t=0 ( ) 1( /1 —_ 42 2 ( )

4. 2 Control of the integrands. In the integral formula for f,,(z), in order to remove the factor
\/1—7 which is divergent when ¢ goes to 1, we shall use the following identity:

(1—3)% H, <\/1 gy M ) Zt2l <2z> ST “Hypo (1 =3z —it>M).

This is a particular case of:

Lemma 14 (Multiplication theorem for Hermite polynomials). For any m > 0,
_ m—21 (2 (m (20)!
Hm(ax) = 2 a (a — 1) <2l> Ql—l' HmeZ(x)-

Proof. The Hermite polynomials satisfy the recurrence equation
Hp1(z) =2 Hyp(x) —m Hpyq(2);
see [Sze39, Equation (5.5.8)]. This implies the explicit expression:

(_1)lm! -2
Hu(x) =S ot g2,
(z) 20 (m — 20111
1=0
The inverse of this formula is:
TR
= 2 o — oy 2@
1=0
Therefore,
_ (_1)] m! m—2j _ m—2j
nler) = 2 atm 2y
25<m

(=1)/ m! —25
‘ M H 9
.k|2(z+:k)< 25 (m — 25 — 2k 1R 2j-2(7)
Js J =m

5l /1 o !
} (Z (5) e ) 2 (m — o)

m—2l (2 ! m!
(@ =V s — o

Hm—ZI(x)u

Il
S

which is the claimed formula up to a rewriting of the binomial coefhicient. O
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The Hermite polynomial H,,(z) is given by the contour integral
n! su_u? du
Hp(2) = ﬁj{e iy
see [Sze39, Equation (5.5.12)]. As a consequence, for any z € C, setting |z| = \/ny, we get

|Hn('z)| < min <eR|zH—R72—nlogR>
n T R>0

n—nlogn y2+4_y y2+4_y
<e 2 expl|n yT—log BT :

2 4 — 2 4 —
gy VI y_10g< v y>

The function

4 2

is increasing from R, to Ry, and it behaves asymptotically as logy. Therefore, it is smaller than
log 3
2

estimates v27mn < -2 — < ey/n, we thus get a complex version of the Cramér inequality for
. . €
Hermite functions:
n 1 1
32vnlez ni.

2 . . . . qe
%= 4 ¢ for some constant ¢, which can for instance be taken equal to “5=. By using the Stirling

2
=]

Vn>1, Vze€C, |Hy(z)|<et

So,

2

T 2aci 2 m t2M
S (1—t2)2Hm(Mx— . )‘

1 -t

I3

_ (=tHa? 42 2—+?)m?
4

2
<32e ——_(m—2l)% (_>
I/ (m —2l)! 6

1
When m = 2n is even, \/(m — 2I)! = \/(2(n — [))! > 2"~ Bm (n— )! (m — 20)~1, so the sum is

smaller than N
' 2 m+1 2
Dm — © - m% 7::/ (g) ’ S 2mT+ (i) ’ .
eI ETIE 5
(

When m = 2n + 1 is odd, 1/ (m — 21)!

sum is in this case smaller than

e m! 2\ 2z my1 [ 4
D, = T = <2m 2 | —
oot e (3) (3)

7t4 12 t2 7t2 2 :1:2
Set O(xz, M) = /a2 + M? ftlzo e 1 S R dt,land gm(z) = 377 Hp(x) — frn(x). We are
interested in the case where M = A\s and |z| = O(A2). The previous calculations prove that for
m>2and M > /2,

I
DO
—~
S
|
o~
~—
+
—_
~—
v
[\
N
L
‘%0
2
P
—~
S
|
o~
~
B
|
[\
~
~—
=

, so the

m+1

gm(2)] < 43‘;7 (%m) "o, M).

Since H,,(z) = (=1)™ H,,(—z), we have:

M w2 oo du
—1\)™ i me—T—qu
o [ G o

22 > w2 du —M w2 du
=e 2 Hy(x)—(—1)™ iu)m"e T —— — (—1 m/ iu)™ez T ——
(@)= (1" [ ) o e LD Nor
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Therefore, for s + 1 < 3,

4.3. Control of the series. Let us explain how to control the series E;. If we consider

(4e(i:;1)2)’?

as a function of m > 0, then it is increasing until m = , and then decreasing. Since we
assume A\ > 4(s + 1), the first term of the series is therefore the largest one. We bound the (s + 1)

first terms of the series by (%) *2, and for m > 2(s + 1), we have:

4(s+1)?

(4e(s+ 1)2>m2+1 o M1 (4e(s+ 1)2>7§ < /2 <4€(3—+1>2)T;

A(m +1) Am m 2 Am

2
B < (s+1) (&;1))+ (i?) <w)+

e . de(s+1)\
< <1+—8(1_2_;)>( +1) (—A )

We can summarise the estimates computed in this section:

Therefore,

Proposition 15. Under the hypotheses stated at the very beginning of Section 3, for any s such that
2<s+1< %,ifk:)\—i-x)\%,tben

s+1

det?

1 1 2 1
el 1 a1 ((7) T et

a=tHa? 42 2—1?) M
1

with ©(x, M) = Va2 + M? ftlzoe

1
a= 2 (14— ) <1307,
(2m)2 8(1—272)

dt, and

5. RIEMANN SUMMATION OF THE ESTIMATES
We now gather all the estimates previously computed in order to prove Theorem A. Setting
€= \A‘/—TX < 1, and we start by comparing "™ to the sums of the upper bounds (U1), (U2) and (U3)
over indices s such that r +1 < s+ 1 < jz\.

e The sum of the upper bounds (U1) is smaller than

1
pTEp g1 <0.8536 .

5
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T

o Sete; = ;7% The sum of the upper bounds (U2) is smaller than

as Z(s + 3)% (e1)*t! < ay % Z(s +3)(5 +2) (e)*tt

s2r s>r

T

with e < N The series is equal to

r r o)l 1 2e1 2(e1)”
(r+3)(r+2)(e) (1_51 iyt (r+2)(r+3)(1_sl)3)
< 1.6077 (r +3)(r +2) (e1)" .

Thus, the contribution of the upper bounds (U2) is smaller than

r+1
6.3167 (r + 3)3 (1)™" < 6.3167 (r + 3)3 (&) et < 2.8669 7.
€

T

o Similarly, withe; = = < ﬁé, the sum of the upper bounds (U3) is smaller than

(r+3)

> > (5 +3)(s+2) (22)" < 0.1685 (1 + 3)2 (22)" ! < 0.031™.

s>r

as

Therefore, taking also into account (UO) and using Proposition 15, we see that for any r > 1,

der?\F 1 1
doy (i1, ™) < 5.0223 ™ + ay (Z (s+1) ( e; ) ) <Z 272 O(x, Aa)).

s>r k<a'X

The sum over indices s is easy to compare with e7+!: with g5 = 25 < ¥ it is equal to

<7
(r+ Die

1 4 €3
l—e3 (r+1)(1—e3)?

) < 25.898 £+,
So,
dry (p, V™) < 5.0223™+! +29.2811 " ( > A2 Oz, Aé)>

k<a’
and in the remaining sum, we can assume A > 8, since otherwise the upper bound (U0) suffices.

. . 1 _a=tHa? 42 2—1?) M
In order to control a sum y, _ ., ©(z, M), we split the integral [,_ e T

cording to whether ¢* is smaller or larger than 3. If t* < 1, then
(1 —tHa? +12(2 — ) M? - 322 N 3t2 M>
4 - 16 8 '’

ac-

whereas if t? > 1, then

(1— 22+ 22— )M? _ 31+ H)(1—t)a?  3p2
4 = 8 LT

1 1 2 1 _se? 1 7@1—5%
6(3:7)\6)§(’x‘+)\6> ?)\_%e 16 + 1_E (§] 16 T .

16

Sl

Therefore,

. 1 1
We want to take the Riemann sum of the values A™2 ©(xz, \é) where z runs over the set of real

numbers L
{)\_—17 k e [o, LO/)\H]} .

Let us remove the two values where & = [A| and £ = |A] + 1 ; they correspond to values of |z
smaller than A=z, and they yield a contribution smaller than 4.8086 A~2. The other values of 2 can
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be considered as middle points of intervals [a, b] with b — a = A~2, these intervals being included
respectively in [~ A2 — : A2,0] and [0, (o’ — 1)A2 + : A~2]. For any twice-differentiable function
0 : R — R and any interval [a, b], recall that

K/je(m) df) - <b—a)e(“‘2”’)‘ < IPlel0 — )

see for instance the estimates at the end of [Zor04, Section 6.3]. We shall use this upper bound
with the following functions # on R :

0 upper bound on [|6"|
xQ
re T 0.85
5T ;
e 16 <
7312
1oe — 0.54
: 322
1-e 1 3
327 16
16
We obtain:
1 1 1 3)\% 1
> A0 ) S LA+ Lte s I+ 1401421072,
k<a/\
k#[ALLAI+1
with

2 2

I = \/W/|x| wdr—— ;<77185
2

I =/ 7T/ - 7r\[§5.9239;

(/~DAZ+IA"2 -3 (@-DAZ+IA"Z
Iy = (1——)/ 5—dx§1.87/ o
V2/) b1t 3] AF_Iad 1+ |z|

1
2

16
1 1— e % 4/37(2 — /2
[4=<1——)/%dx: m( \/—)32.3979.
oY do 3

. . . . 1/3 ..
The integral I3 yields logarithms which are compensated by the term e~ and it is then easy to

check that the worst case is when A = §; in this case,

> A2 O(x, AF) < 19.2366.

k<o’
Combining this estimate with the previous calculations, we finally obtain
dov (p, ") <570,
and this ends the proof of Theorem A.

6. HANKEL CONTOURS AND UNCONDITIONAL UPPER BOUNDS

The purpose of this last section is how explain how to compute for the three examples from
Section 2.2 the upper bound ¢, involved in our main Theorem C. These computations rely on
standard arguments from complex analysis, but as far as we know the estimates that we obtain have
never been written with an explicit remainder ¢,,.
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We consider a sequence (X, ),en of integer-valued random variables, and a sequence (a,,),en of
real numbers, such that the double generating series

= i an 2" Elw™

n=0
has the following properties:

(H1) One can find a domain A(m, M, ¢) x D(0, p) with p > 1, such that F(z,w) extends to a
biholomorphic function on this domain.

(H2) There exist two constants § > 0 and 7" > 0 and a holomorphic function L(w) on D(0, p)
such that

Hw
Flzyw) = (—— ) exp(L(w) + O(]z — ml))
1

m

on the domain A(m, M, ¢) x D(0, p), with an implied constant 7" in the O(-).

The numbers of cycles (C,)nen of random permutations chosen according to the probability mea-
sures P, (g,),., and the numbers of irreducible divisors (D, )nen of random polynomials in Fg>3[ X]
satisty the hypotheses (H1) and (H2) above. Indeed, with a,, = h,,(0), p = 2 and L(w) = Kw,
under the assumptions of Proposition 5, we have for (C},),en

0 1 Ow
Fo(z,w) = Z 2" b (wO) = exp(wP(O, 2)) = ( i) exp(Kw + O(2|z —ml)).

1—
n=0 m

The terms 6, m, M, K and the implied constant in the O(+) above are the same as in the statement
of Proposition 5 for the generating series (0, z). For (D,,),en and a,, = ¢", we have

O~ k —(1— k
Fp(e,w) = exp< SHCAIELERD) >>
k=1
with
N [e's) . 00 N yn
3(y) = L)y =>"> u(d)q o
n=1 n=1 dln
- (=) ~ ()
= ——=lo =lo + R, (y),
d; Rl Sy e\ Ty 4(v)
where R, (y) = > o, ( ) log(l_}]yd>, which is convergent on the disk D(0, ¢~ 2). Therefore,
Ly 60— (1 —u))
FD(Z’w>:(1—qz) exp( w+z )
k=2
Let us remark right away that Fp(z,1) = = qz, and therefore that ), , M —R,(2). Asa

consequence, we can rewrite the double generating series as:

>wexp<9% (w—1) +§:N kl(“’_l)k)

=2

o) = (

1—gqz
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Therefore, the hypotheses (H1) and (H2) hold withp= 2,0 =1,m = ¢!, M = g1,
— Jg(a) (=DM (w—1)F
L(w):Rq(w—1)+k2; 1 . ;

=1 1 1
—Hl < | —1
[R4(2) = Ry >|_d§:;d og(l_qzd) 0g(1 ql_d)'
b 1 _ > q S(d 1) 1
< — gz — ¢ < —q |z —q
dz:;d(l—q1 ) dz:;(l—q2)
3
qz —1
< z — ,
ETEETR
and similarly,
kqg 3(k—1) 1
134(2") = Ty(q™")| < ¢ 7 |z—q"
! ! (g2 — 1)(q> — 1)
for k > 2, so
G IR | [EER I B ( (90) )|Z_q |
k=2 k 4(q2_1)(q2_1) 2 4
81 7 _

(g2 —1)(qz = 1)(¢7 — 3)

since [w—1| < 14p = §. The angle ¢ can here be chosen arbitrary small, since the only singularity
on D(0, M) x D(0, p) of the double generating series Fip(z, w) is at z = m.

Following [FO90], under the assumptions (H1) and (H2), let us compute f,(w) = a, E[w*"]
by using the Cauchy integral formula with respect to the following Hankel contour:

ks
W

The small circle is chosen of radius ™, and the path + is split into the following parts:
ey ={z€C||z| =M, |arg(z —m)| > ¢};
e p={2€C| 2| <M, [z—m|>" arg(z —m) = —¢};




MOD-POISSON APPROXIMATION SCHEMES AND HIGHER-ORDER CHEN-STEIN INEQUALITIES

e 3={2€C||z—m|=2, |arg(z —m)| > ¢};
e u={2€C||z| <M, |z—m|>7T, arg(z —m) = ¢}.
We have

—L(w)
fo(w) e H0) = L j{ Flw)e ™™
vy

~ D(n+0w) N 1 /+ +/ eOlz=m) 1 J
- T(w)nlm»  2ir \ J,, ) (1 = Z)fw pntl -

. . _ .o . T(ni+d
since the n-th coefficient of (1 — £)~% as a power series in z is —-ow)_
m I'(w)n!m

Lemma 16. Suppose n > 2, and large enough so that

Then, under the hypotheses (H1) and (H2),

I'(n+ 0w)

Am™" O0x—2 TM
['(0w)n! mn mens e

— 9

fu(w) e L(w) _

witbAzl—l-%—i—Mandx:Re(w).

em(cos ¢)2+0p

29

Proof. We split the remainder in four parts r,, 1 (w) + rp2(w) + 7 3(w) 4+ 7.4(w), according to the
partition y = 71 L 2 U 3 U 4 of the Hankel contour. Suppose first z > 0. Then, it is immediate

that

Ox
[T (w)] < MT" (L) oT(m+M) o —n 02—2 [TM

¥_1

by assumption on n. We then can evaluate 7, 5 and 7, 4 as follows:

Ox
TeT(Mfm) 00 1 i
7n2(w)] < T/ 1wt Im + se'?| 7"t s ds
T T (M—m) o0 tcosg| "
S —_1n9$—2/ tl—@x 1+ Qb dt
2mrmn =1 n
T(M—m) o0
< Tme m-" n0x72 / t170m eftcosqﬁ dt
2 t=1
1
-n n@x—Q eTM‘

< -
~ 2me (cos ¢)?
Finally, we have | exp(O(|]z — m|)) — 1)| < Texp(£2) 2 on 73, so

T'm 16
|Tn,3<w)‘ § 8Tm exp (—) m_” n@x—Q S -~ m—n n91—2 eTM.
n e



30 PIERRE-LOIC MELIOT, ASHKAN NIKEGHBALI, AND GABRIELE VISENTIN
Suppose now that 2 < 0. Then, we get similarly

Ox
-n 1 T(m+M
|’I“n71<IU)‘ < M (%) e (m+ )’

TmeT(M’m)F(2—9$) N

27 (cos )20 " ’

T
[raa(w)] < 8Tm eXp<_m) ———
n

|rn72<w)| <

whence the result in both cases. O
Lemma 17. If n > 20p + 1 and w € D(0, p), then

< Bnf*2

r
‘ (TL + ew) . n@wfl
n!

with B =3 (6p + %)2 e2®+2) and 1 = Re(w).

Proof. The easiest proof consists in using an explicit form of Stirling estimates, namely,

logD(z +1) = <z—|—%> log<z+%> —( ) = log(27) +Z/ log( :k) )dt

This formula is valid for any complex number z such that Re(z) > 0. Therefore,

logT'(n + 6w) — log(n!) — (fw — 1) logn

Guw — L
:<n+6w—1)log(1+ ¢ 2)—<n+1>log<1+ 1)—(9w—1)
2 n 2n
> % t2 t2
log(1— —log| 1 — —— | dt.
+,;/o Og( (n+9w—1+k)2) °g< (n+k>2)

By using the integral Taylor formula log(1 +2) — 2 = —22 [ izop dt, one shows that the first

line is smaller than

Op + 1)2
(610g2—2)ﬂ.

On the second line, the function log(1 + z) is Lipschitz with constant 3 for arguments with mod-

ulus smaller than 3 7> 50

log( 1 r og(1- —* <A
0 — —lo - —
ST w11 k)? T k2] T3

< 8t?

1 1
(n+0w—1+k2 (n+k)?
Op+1 4¢2
(n+k)3 ~ (n+k)?

< & Putting everything together and simplifying a

. . 1 o
and the series is smaller than ¢ > 7, i S

bit the expression, we obtain:
op+ 1)?
g T'(n + 0w) — log(n!) — (9w — 1) logn| < 3 22
n

The estimate follows readily by taking the exponential. O
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Theorem 18. We place ourselves under the hypotheses (H1) and (H2), and we also assume that n is large
enough, so that the conditions of Lemmas 16 and 17 hold. Then, the rescaled moment generating series
E[w*"] satisfies the following uniform estimate over D(0, p):

A+ B ’ L) ‘ -1
E ] o000 m) (w1~ (L(w)~L(1) _ RGNS i LGN ro (A8 7
['(6w) n n

where

16 T(2+6p) 1N? 54,01
A=(1+24+ 2770 Npg)e™ . B b (0p+1)
( + 5 + eﬂ(cos¢)2+9f’> (0)e : 3 (9p+ 2) e2 2),

and where the implied constants in the O(-)’s are both equal to 1.

Xn] — fn(w) _

an

Proof. This follows immediately from Lemmas 16 and 17 and from the formula E[w

fn(w)
fa(1) "

O

Let us explain how to use Theorem 18 in order to prove the assumption of Theorem C for a
sequence of random variables (X,,),en. Since L is holomorphic on D(0, p) with p > 1, we have a
convergent power series

X 1\k—-1
L(w) — L(1) = K(w — 1) +Z(1>Tp’“ (w—1)*

for some coefhicients K and pg>o. For the sequence (C),),en of numbers of cycles, K is given by the
assumption on PB(O, z) and pi>2 = 0; whereas for the sequence (D,,),en of numbers of irreducible
divisors, K = R, = R,(¢~") and pr, = J,(¢7%). Notice on the other hand that the infinite product
representation of the T function ylelds

O () ()

. Ay = {2 > 1
(A, w— 1) with o {9;”_1’ " g
Yo = Zn 1 n+9 1 elog(l + )

Therefore, if the parameters py>2 can be written as a specialisation py(B) with B square-summable
family, then Theorem 18 yields a mod-Poisson convergence result with Bernoulli asymptotics. The
parameters are

A = Ologn + K + 7,

the limiting alphabet is
A=AyUB,

and the remainder ¢, is a O(n™!) with an explicit constant. In particular, €, < (\,)~"% for any
r > 1, so drv(fin, 1/7(172) = O((\,)"%) for any order of approximation » > 1. Our discussion
yields a proof of Propositions 5 and 6, and it establishes the validity of our approach for these

models.

Remark 19. The analysis of the sequence (w;,),>1 of numbers of prime divisors follows the same
ideas as above, except that the double generating series F'(z, w) needs to be replaced by the bivariate

L-series
Fls,w) :iwns _H< p* —1)

n=1 peP
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This series is convergent for any s = o + it with o > 1; in the sequel we set Kk = 1 +
Perron integral formula, if  is not an integer, then

. By the

log z°®

K+ioco s

wa(" = / F(s,w) r ds;
2ir . s

n<x —ico
see [ Ten95, Chapter I1.2]. On the other-hand, if x = n is an integer, then A(n, w) = nE[w*]. The
Selberg-Delange method consists in:
e writing F'(s,w) as a product G(s,w) (¢(s))*, where w is arbitrary in D(0, p) with p > 1,
and G(s, w) is a biholomorphic function on the domain {s = o +ir|o > 3} x D(0, p).

e estimating the integral A(z, w) by deforming the contour k — ico — k + ico into a Hankel
contour as below:

The form of this contour is related to the existence of a zero-free region for the Riemann ¢
function. It is the piecewise smooth path

Y= U Uy Uy Uy Ut Uag Uy Uy
with the following parts:

- 7o 1s the union of the circle with center 1 and radius @, and of the two horizontal

lines § +i0- = 1 — g — +i0_ and 1 — 57— +104 — § +10;.

- 41 is the vertical line which connects Z +i0. to £ +1i.

- 75 isthe path 1 — g it fort € [1,T].

(1+1

- 75 is the horizontal line Wthh connects 1 — +iT to k £17T.

1
8(1+log T)
- 7; is the vertical line which connects x + iT to x + ioc.

The parameter T is a large real number which can be chosen optimally according to the value of .
One can show that if p = 2 and s is on the right of the contour ~, then:
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(Z1) for any non-trivial root z of the Riemann ¢ (hence, in the critical strip 0 < Re(z) < 1),
1 + L has positive real part.

(Z2) |log((s)] < log(1 +log, |Im(s)|) + C for some constant C.
(Z3) G(s,w) is uniformly bounded.
Following closely the argument from [Ten95, Chapter I1.5], one can prove that

K
en= sup |Ewer]e (oxloentnw) _ g4l o 1)| <
weD(0,2) logn

for some explicit constant K. Note that all this computation of the remainder ¢,, is unconditional
and does not require the Riemann hypothesis (the RH would only enable one to get a much better
constant K). We plan to explain how to compute a good constant K in a forthcoming work,
by modifying a bit the Selberg-Delange method. The compensation argument which consists in
introducing G(s,w) = F(s,w) (¢(s))™™ and in using known estimates of the complex powers of

¢ in order to control X
w 1‘8
i [ G @) S as

allows one to deal with general (bivariate) L-series F'(s,w), but it leads to a loss of accuracy if
F(s,w) is explicitly known. Hence, in order to study the sequence (wy,),en, one can work directly
with the series F(s, w) and a zero-free region of its meromorphic extension, and prove the analogues
of (Z1) and (Z2) directly for F(s,w). We shall show these computations from analytic number
theory in a separate work.
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