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ABSTRACT. This paper deals with asset price bubbles modeled by strict local martingales. To any
strict local martingale one can associate a new measure, which is studied in detail in the first part
of the paper. In the second part we determine the ”default term” apparent in risk-neutral option
prices if the underlying stock exhibits a bubble modeled by a strict local martingale. Results for

certain path dependent options and last passage time formulas are given.

INTRODUCTION

The goal of this paper is to determine the influence of asset price bubbles on the pricing of
derivatives. Asset price bubbles have been studied extensively in the economic literature looking
for explanations of why they arise, but have only recently gained attention in mathematical finance
by Cox and Hobson (2005), Jarrow et al. (2007, 2009, 2010), Protter and Pal (2007), and Heston
et al. (2007). When an asset price bubble exists, the market price of the asset is higher than its
fundamental value. From a mathematical point of view this is the case, when the stock price process
is modeled by a positive strict local martingale under the equivalent local martingale measure.
Here by a strict local martingale we understand a local martingale, which is not a true martingale.
Strict local martingales were first studied in the context of financial mathematics by Delbaen and
Schachermayer (1995). Afterwards Elworthy et al. (1997, 1999) studied some of their properties
including their tail behaviour. More recently, the interest in them grew again (cf. e.g. Mijatovic
and Urusov (2010)) because of their importance in the modelling of financial bubbles.

Obviously, there are options for which it does not matter whether the underlying is a strict local
martingale or not, but for which well-known results still hold true without modification under the
condition of no free lunch with vanishing risk (NFLVR). One example is the put option with strike
K > 0. If the underlying is modeled by a continuous local martingale X with X = 1, it is shown
by Madan et al. (2008) that the risk-neutral value of the put option can be expressed in terms of
the last passage time pX = sup{t > 0 | X; = K} of the local martingale X at level K via

E(K — X7)*t =E ((K - XOO)JF]I{p%ST}) .

This formula does not require X to be a true martingale, but is also valid for strict local martingales.
However this changes if we go from puts to calls. The general idea is to reduce the call case to

the put case by a change of measure with Radon-Nikodym density process given by (X¢)i>0 as
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done in Madan et al. (2008) in the case where X is a true martingale. However, if X is a strict
local martingale, this does not define a measure any more. Instead, we first have to localize the
strict local martingale and can thus only define measures on stopped sub-o-algebras. Under certain
conditions on the probability space, we can then extend the so-defined consistent family of measures
to a measure defined on some larger o-field. Under the new measure the inverse of X turns into
a true martingale. The conditions we impose are taken from Follmer (1972), who requires the
filtration to be a standard system (cf. Definition . This way we get an extension of Theorem 4
in Delbaen and Schachermayer (1995) to general probability spaces and cadlag local martingales.
We study the behavior of X and other local martingales under the new measure.

Using these technical results we obtain decomposition formulas for some classes of European
path-dependent options under the NFLVR condition. These formulas are extensions of Proposition
2 in Pal and Protter (2007), which deals with non-path-dependent options. We decompose the
option value into a difference of two positive terms, of which the second one shows the influence of
the stock price bubble.

Furthermore, we express the risk-neutral price of an exchange option in the presence of asset
price bubbles as an expectation involving the last passage time at the strike level under the new
measure. This result is similar to the formula for call options derived by Madan, Roynette and Yor
(2008) or Yen and Yor (2009) for the case of inverse Bessel processes. We can further generalize
their formula to the case where the candidate density process for the risk-neutral measure is only a
strict local martingale. Then the NFLVR condition is not fulfilled and risk-neutral valuation fails,
so that we have to work under the real-world measure. Since in this case the price of a zero coupon
bond is decreasing in maturity even with an interest rate of zero, some people refer to this as a
bond price bubble as opposed to the stock price bubbles discussed above. In this general setup we
obtain expressions for the option value of European and American call options in terms of the last
passage time and the explosion time of the deflated price process, which make some anomalies of
the prices of call options in the presence of bubbles evident: European calls are not increasing in
maturity any longer and the American call option premium is not equal to zero any more.

This paper is organized as follows: In the next section we study strictly positive (strict) local
martingales in more detail. On the one hand, we demonstrate ways of how one can obtain strict
local martingales, while on the other hand we construct the above mentioned measure associated
to a cadlag strictly positive local martingale on a general filtered probability space with a standard
system as filtration. We give some examples of this construction in Section In Section [3| we
then apply our results to the study of asset price bubbles. After formally defining the financial
market model we obtain decomposition formulas for certain classes of European path-dependent
options, which show the influence of stock price bubbles on the value of the options under the
NFLVR condition. In Section [4] we further study the relationship between the original and the new
measure constructed in Section[I.2] which we apply in Section[5]to obtain last passage time formulas

for the European and American exchange option in the presence of asset price bubbles. Moreover,
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we show how this result can be applied to the real-world pricing of European and American call

options. The last section contains some results about multivariate strict local martingales.

1. CADLAG STRICTLY POSITIVE STRICT LOCAL MARTINGALES

When dealing with continuous strictly positive strict local martingales a very useful tool is the
result from [6], see also Proposition 6 in [28], which states that every such process defined as the
coordinate process on the canonical space of trajectories can be obtained as the inverse of a ”Doob
h—transform”lﬂ of a continuous non-negative true martingale. Conversely, any such transformation
of a continuous non-negative martingale, which hits zero with positive probability, yields a strict
local martingale.

The goal of this section is to extend these results to cadlag processes and general probability
spaces satisfying some extra conditions, which were introduced by Parthasarathy in [29] and used
in a similar context in [I3]. While the construction of strict local martingales from true martingales
follows from an application of the Lenglart-Girsanov theorem, the converse theorem relies as in [6]
on the construction of the Follmer exit measure of a strictly positive local martingale as done in
[13] and [25].

1.1. How to obtain strictly positive strict local martingales. Examples of continuous strict
local martingales have been known for a long time, the canonical example being the inverse of a
Bessel process of dimension 3. This example can be generalized to a broader class of transient
diffusions, which taken in natural scale turn out to be strict local martingales, cf. [I10]. More
recently, further results concerning the martingale property of certain local martingales have been
obtained, cf. for example [2, 26]. A natural way to construct strictly positive continuous strict
local martingales is given in Theorem 1 of [6]. There, it is shown that every uniformly integrable
non-negative martingale with positive probability to hit zero gives rise to a change of measure such
that its inverse is a strict local martingale under the new measure. For the non-continuous case
and for not necessarily uniformly integrable martingales we now give a simple extension of the just

mentioned theorem from [6]:

Theorem 1.1. Let (2, F, (Fi)e>0,Q) be the natural augmentation of some probability space with
F = V>0 Ft, i-e. the filtration (F;)¢>o is right-continuous and Fo contains all Fi-negligible sets for
allt > 0. Let X be a non-negative Q-martingale with Q(Xo =1) =1. Set 7 =inf{t > 0: X; =0}
and assume that Q(7 < o0) > 0. Furthermore, suppose that X does not jump to zero Q-almost
surely. For all t > 0, define a probability measure P, on F; via Py = X;.Q|z,; in particular,
P: < Q|r,. Assume that either X is uniformly integrable under Q or that the non-augmented
probability space satisfies condition (Pﬂ Then, we can extend the consistent family (P¢)i>0 to a

INote that we abuse the word “Doob h-transform” in this context slightly, since Doob h-transforms are normally
only defined in the theory of Markov processes, cf. Appendix
2Condition (P) first appeared in [29] and was later used in [27]. We recall its definition in Appendix
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measure P on the augmented space (2, F, (Ft)t>0). Under the measure P the process X does never

reach zero and its reciprocal 1/X is a strict local P-martingale.

Proof. Since the underlying probability space satisfies the natural assumptions, we may choose a
cadlag version of X, cf. Propositions 3.1 and 3.3 in [27]. If X is a uniformly integrable martingale,
the measure P is defined on F by dP = X.dQ. In the other case, when the probability space
fulfills condition (P), the existence of the measure P follows from Corollary 4.9 in [27]. Moreover
note that

P(r <o0) = lim P(r <t) = tlim EQ (Ir<py Xt) =0,
—00 =

o t—o00

therefore the process 1/X is a P-almost surely well defined semimartingale. The result now follows
from Corollary 3.10 of [?] applied to M| = X%H{T»}, once we can show that (M{,, Xinr,) with
7, =inf{t > 0: X; < 1} is alocal P-martingale for every n € N. But,

Mlg/\TnXt/\Tn = ]I{T>t/\7'n} =1,

which trivially proves the martingale property. Finally, the strictness of the local martingale 1/X
under P follows from

EP<);)—Q(T>15)<1

for ¢ large enough, since by assumption Q (7 < 0o) > 0. O

Starting with a Brownian motion stopped at zero under Q, it is easy to show that the associated
strict local martingale under P is the reciprocal of the three-dimensional Bessel process, which is
the canonical example of a strict local martingale (cf. Example 1 in [28]). Without stating the
general result, the above construction is also applied in [4] to construct examples of strict local
martingales with jumps related to Dunkl Markov processes on the one hand (cf. Proposition 3 in
[4]) and semi-stable Markov processes on the other hand (cf. Proposition 5 in [4]). Apart from the
previous, there do not seem to be any well-known examples of strict local martingales with jumps.
Note, however, that one can construct an example by taking any continuous strict local martingale
and multiplying it with the stochastic exponential of an independent compound Poisson process

or any other independent and strictly positive jump martingale.

In the following example we construct a “non-trivial” positive strict local martingale with jumps

by a shrinkage of filtration.

Ezample 1.2. Consider the well-known inverse three-dimensional Bessel process X as a function of

a three-dimensional standard Brownian motion B = (B!, B2, B3) starting from By = (1,0,0), i.e.

1

BT B B
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We define the filtrations (F)s>0 and (G¢)i>0 by Fr = o(BL, B2, B3;s < t) and G; = o(B}, B%;s < 1),
as well as the filtration (H;):>0 via

t
Ht:fwvgt:ff(Bi,B?,sSt; B u< L”nJ>

for some n € N. It is shown in Theorem 15 of [14] that not only X itself is an (F;)i>o-strict
local martingale, but that also the optional projection of X onto (Gt);>o is a continuous local
(Gt)¢>o-martingale. Since G C Hy C F; for t > 0, it follows by Corollary 2 of [14] that then the
optional projection of X onto (H)¢>0, denoted by °X, is also a local martingale. However, since
its expectation process is decreasing, °X must be a strict local martingale that jumps at t € %. In
fact, °X is given by the explicit formula °X; = u(B}, B, B‘?m |,t), where

Remark 1.3. As a further example, any nonnegative non-uniformly integrable (F;);>o-martingale
Y with Yy = 1 allows to construct a strictly positive strict local martingale X relative to a new

filtration (.7:}),520 through a deterministic change of time: simply set

J(i+ve) L0<t<1
1—t
T +limynYy) @ 1<t

and define F; = F S for t <1 and F; = Foo for t > 1. Since Y is not uniformly integrable, we
—

have EX; < Xg = Yp = 1 almost surely. Instead of setting X constant for ¢ > 1 one can also

define X to behave like any other strictly positive local martingale starting from X; := limy_, Y;

on [1,00). Note however that X is a true martingale on the interval [0,1).

1.2. From strictly positive strict local martingales to true martingales. In the following
let (Q, F, (F)¢>0, P) be a filtered probability space. Furthermore, we denote by (F;)¢>o the right-
continuous augmentation of (]}t)tzo, ie. JF = ]—N"H = Ns>t F, for all t > 0. Note, however, that
the filtration is not completed with the negligible sets of F.

Definition 1.4. (cf. [I3]) Let (F;);cr be a filtration on Q, where T is a partially ordered non-void
index set, and let (F;)ier be its right-continuous augmentation. Then (ﬁt)teT is called a standard
system if
e each measurable space (Q,]}t) is a standard Borel space, i.e. Fy is o-isomorphic to the
o-field of Borel sets on some complete separable metric space.
e for any increasing sequence (t;);eny C T and for any Ay D Ay D --- D A; D ..., where A; is
an atom of F;,, we have (), 4; # 0.

As noted in [27] the filtration F; = o(X,, s < t), where X;(w) = w(t) is the coordinate process

on the space C(Ry,R;) of non-explosive non-negative continuous functions, is not a standard
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system. However, it will be seen below that when dealing with strict local martingales it is natural
to work on the space of all non-negative continuous processes that stay at infinity once they reach
infinity, Coo (R4, Ry ), where R, = Ry U{oo} is endowed with the usual one-point compactification
topology. As noted in example (6.3) in [I3] the filtration generated by the coordinate process on
this space is indeed a standard system. More generally, we have the following lemma. Recall that

for any (F:)¢>o-stopping time 7 the sigma-algebra F,_ is defined as
Fro=0(Fo,{{r>t}nl: I'e F, t >0}).

Lemma 1.5. Let Q = Do (R, R ) be the space of functions from R into R+ = (RyU{oco})™, n €
N, with componentwise cadlag paths (wi(t))i>0, @ = 1,...,n, that remain constant after T— at the
value wi(T—), where T = limg_y0o 7 and 7, = inf{t >0/ I i =1,...,n: wi(t) > k}. We denote
by (Xi)iso the coordinate process, i.e. Xy(wi,...,wn) = (wi(t),...,wn(t)), and by (Fi)eso the
canonical filtration generated by the coordinate process, i.e. Fp = 0(Xs; s <t). Furthermore, set
F = Vo0 Fi- Then, (Fy)iso0 is a standard system on the space (Q, F, (Fi)i>0). The same is true,

if we replace Doo(Ry, R, +) by its subspace Cu (RJF,@Z) of component-wise continuous functions
allowing for explosions. Moreover, in both cases we have Fr— = Fr = F.

Proof. We prove the claim for Q = Do (R4, R}). The case Q = C (R4, RY) is done in a similar
way. As in [9] we define a bijective mapping i from €2 to some subspace A C (@i)(@, (where here
Q denotes the set of all rational numbers), via w — (X;(w))rcq. It is clear that ¢ is bijective and
we have F = i~1(B(A)). Furthermore, a sequence A; D Ay D --- D A; D ... of atoms of F, =
>t 0(Xs; s < 1) defines a component-wise cadlag function on every interval [0, lim; oo ¢;]N[0, 00)
for every sequence (t;);ey C Ry, because we allow for explosions. This function can easily be
extended to an element of Dy (R, R} ). The equality F,_ = F, = F is obvious from the definition

of the respective spaces. Il

Remark 1.6. In the same way it can be shown that the spaces Q = Do (Ry,R") and Coo (R4, R")
of componentwise cadlag resp. continuous functions from R, into R” = (RU {oo} U {—00})", that
remain constant after 7—, where 7 = limg_,oo 7 and 7, = inf{t > 0| i =1,...,n: |wi(t)| > k},

with their canonical filtrations generated by the coordinate process are also standard spaces.

Lemma 1.7. (cf. [I3], Remark 6.1) Let (F;)i>0 be a standard system on Q. Then for any

increasing sequence (Tn)nen of (Ft)-stopping times the family (Fr, )nen is also a standard system.

Notation: When working on the subspace (2, Fr_) of (Q,F), where 7 is some (F;)-stopping
time, we must restrict the filtration to (Fiar—)e>0, where with a slight abuse of notation we set
Fine— = Ft N Fr_. In the following we may also write (F;)o<t<r for the filtration on (2, Fr—,P).

Working with standard systems will allow us to derive for every strictly positive strict local
P-martingale the existence of a measure Q on (2, Fr_, (F¢)o<t<r), such that the reciprocal of the

strict local P-martingale is a true Q-martingale. In Section [3| we will use this result to reduce
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calculations involving strict local martingales to the much easier case of true martingales.

From Theorem 4 in [6] and Proposition 6 [28] we know that every continuous local martingale
understood as the canonical process on C(Ry,Ry) gives rise to a new measure under which its
inverse turns into a true martingale. The following theorem is an extension of this result to more
general probability spaces and cadlag processes. Its proof relies on the construction of the Follmer

measure, cf. [13]; nevertheless we will give a detailed proof, since it is essential for the rest of the

paper.

Theorem 1.8. Let <Q,.7-", (ﬁt)tzo, P) be a filtered probability space and assume that (ﬁt)tzo s a
standard system. Let X be a cadlag local martingale on the space (0, F, (Ft)e>0, P) with values in
(0,00) and Xo = 1 P-almost surely. We define 7;X :=1inf{t > 0: X; > n}An and 7% = lim,,_,oo 7;X.
Then there exists a unique probability measure Q on (Q,]-'Tx,, (]:t/\Tx,)tzo), such that % is a Q-
martingale up to time 7% and Q’]:tm]:TX_ > P‘Ftﬂ}}x_ for allt > 0 with Radon-Nikodym derivative

dP

given by Q| r
tNF_x _

= % Lperxy.

Proof. First, note that 7,% is an (JF;);>o-stopping time and the process (Xinrx)t>0 is a uniformly

integrable {(F});>0, P}-martingale for all n € N. Furthermore, P(7X

= 00) = 1, since a positive
cadlag local martingale does not explode almost surely. We define on (Q’}—Tﬁ() the probability
measure Q,, via Q,, = rff-P‘ 7y forall n € N. The family (Qn)neN constitutes a consistent family

of probability measures on (.7-"77);)”21: If A€ F.x, then

Quir(4) =B (X,x Ta) = EP(X,x14) = Qu(4),

ie. Qn+k| Fx = Q,, for all n,k € N. This induces a sequence of consistently defined measures
(Qn)nen on the sequence (F, x_ )nen, which is a standard system by Lemma Note that F.x_ =

Tn

Vys1 Frx—, since (7:X)p>1 is increasing. We can thus apply Theorem 3.2 together with Theorem 4.1
in Chapter V of [29], cf. also Theorem 6.2 in [13], which yield the existence of a unique measure Q on
(2, Frx ., (Finrx _)ezo0 such that Q| = Qn = Qn\;TX; Moreover, since {7,X < 7.X} € Frx_s

Q¥ <) = dim QY <7 = I Quir¥ <) = lim B (Ipxe X,y )
= Jim BP (T X ) = B (Lo Xox ) = BP (Xx) = 1,

i.e., 1/X does not jump to infinity under Q. Therefore, if A, € Frx, then

Q) = QAN {rY > 7)) = lim Q (AN {rX > 7)) = lim EP (XT%HAHH{T%%})

m—00

—  lim EP (X,gﬂAnH%Ng}) — EP (X%HA”) = Qu(An).

m—0o0

Therefore, Q|]:TX = Q, for all n € N.
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Now let S be an (F;);>o-stopping time. Note that {S < 7.X} € Fg and {S < 7.5} € Frx. Thus,
1) ~
QS < ) = QulS < 1) = B” (s Xt ) = B° (Lscr B (Xl Fs) ) = B (Igscr) Xs)
Since P(1;¥ < 7% = 00) = 1, taking the limit as n — oo in equation (1)) yields
(2) QS < %) = E” (Iys<o0} Xs) -
Applied to the stopping time S := ST4 + oollgc, where A € Fg, this gives
Q(S < 7%, A) = EP (Iyn(s<o0} Xs) -

Especially, if S is finite P-almost surely, then Q(S < 7%, A) = EP(Xgl,4) for A € Fg.
Now assume that A € F; N F.x_ with Q(A) = 0. Then,

0=Q(A) > Q(t < ¥, 4) =EP (I, X;) >0 L% p4)=o.
This shows that Q|-7'-tm]'-7_X, > P’J’tﬂ}}x, forallt > 0. If A€ F;NF_x_, then
. , 1
P(4) = lim P(AN{t< X)) = nlggoEQ (HA]I{th}M)

1 1
— L Q — RQ
= n]_l_)né.lo]E <]IA]I{t<T£(})(t> =K (I[A]I{t<‘l'x})(t) .

dp - X%]I{KTX} for all t > 0.

Therefore, =
dQ
FiNF _x _

X
Finally, note that because (X;" )i>¢ is a positive finite-valued uniformly integrable P-martingale
foralln e N, P|r , ~Q|r , and

1 d
dPlr , = —dQ|r , <« B =X x VE>0.
Tin XTX T dP F x "
n tATH
Thus,
1 1 Xinrx 1
EQ Fo| =E° [ —— | F,
( Xt/\Tﬁf 8) Xt/\ni( Xs/\Tﬁ( ’ Xs/\Tff
for s < t, i.e. % is a local martingale up to time 7X. U

Corollary 1.9. Under the assumptions of Theorem[1.8, X is a strict local P-martingale, if and
only if Q(T% < o) > 0.

Proof. It follows directly from equation that Q(t < 7%) = EPX,, which is smaller than 1 for

some t, iff X is a strict local martingale under P. O

Remark 1.10. Corollary makes clear why we cannot work with the natural augmentation of
(Fi)e>0. Indeed, we have A, := {rX < n} € F, N F,x_ and P(4,) = 0 for all n € N, while
Q(Ay) > 0 for some n if X is a strict local P-martingale. However, it is in general rather inconve-
nient to work without any augmentation, especially if one works with an uncountable number of

stochastic processes as for example in an incomplete market situation. For this reason a new kind
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of augmentation - called the (7;X)-natural augmentation - is introduced in [2I], which is suitable

n
for the change of measure from P to Q undertaken here. Since for the financial applications in the
second part of this paper the setup introduced above is already sufficient, we do not bother about

this augmentation here and refer the interested reader to [21I] for more technical details.

In the following we extend the measure Q in an arbitrary way from F,x_ to Foo = V=g Fi.
For notational convenience we assume that F = F,. In fact it is always possible to extend a
probability measure from F,x_ to F: since (Q, ;) is a standard Borel space for every t > 0 and
(92, F.x_) is a standard Borel space for all n € N by Lemma it follows from Theorem 4.1 in [29]
that (2, F) and (€, F_x_) are also standard Borel spaces. Especially, they are countably generated
which allows us to apply Theorem 3.1 of [12] that guarantees an extension of Q from F x_ to F.
Moreover, it does not matter for the results how we extend it, because all events that happen with
positive probability under P take place before time 7% under Q almost surely. However, if Y is
any process on (Q, F, (F;)i>0,P), then Y; is only defined on {t < 7%} under Q. Especially, if YV’
is a P-semimartingale, then Y™ is a Q-semimartingale for each n € N as follows from Girsanov’s
theorem, since Q| Fox ™~ P| Fox- Therefore, Y is a Q-semimartingale on the stochastic interval

i

Unen[0,7:X] or a “semimartingale up to time 7% in the terminology of [I6]. We note that in
general it may not be possible to extend Y to the whole positive real line under Q in such a way
that Y remains a semimartingale. Indeed, according to Proposition 5.8 of [16] such an extension

is possible if and only if Y_x_ exists in Ry Q-almost surely. We define the process Y as

- Y: ct< X
Y;

liminfy , x sorx seq¥s X <t<oo

Note that Y; = Y; on {t < 7X}. The above definition specifies an extension of the process Y, which
is a priori only defined up to time 7%, to the whole positive real line. In the following we will work

with this extension.

Lemma 1.11. Under the assumptions of Theorem we have X~L = X%]I{KTX}. Furthermore, the
t

process (%) . is a true Q-martingale for any extension of Q from F.x_ to F.
t/) >

Proof. First note that

I } Ly T < Dl xyHimsup -1 L
im su = limsup | — —_— — im sup — = —
n—>oop tATX n—>oop Xy {t<ri} XTT)L( {zmf} | = X {t<rX} n—>oop n {t>7X} X, {t<rX}
and

lim inf lim inf 1]1 1]1 >1"f1]1 1H

ity Tl leen ¥ x e | 2 Initplean = gleey Gas
Thus, X% = X%]I{KTX}. Furthermore,

0= Tl = i T levan = Jim i, vy = i i Sl =0
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implies that X, x_ = 0o on {7% < 0o} Q-almost surely. From Theorem we know that —1¢ is

™

a true Q-martingale for all n € N. By the definition of 7,X we have for any integer n > t:

1 < 1 1 1

Xt/\’r,)f = Xt/\’r,)f =X

tAInf{s>0: X;>n} Xi Al =

Vv

Xiprx — X A1l X

1 1 1
ER () = ER ( liminf < liminf EQ =1,
Xt n—00 Xt/\Tff n—00 Xt/\T,,)f

the dominated convergence theorem implies that for all 0 < s <t
1 1 1
EQ ( ]:s> =EQ( lim Fs | = lim EQ
Xy n—00 Xyprx oo Xiprx

To simplify notation we identity in the following the process X with X.

Because

2. EXAMPLES

In this section we shed new light on some known examples of strict local martingales by applying

the theory from the last section for illustration.

2.1. Continuous local martingales. For the following examples we work on the pathspace
Coo(R4, Ry ) with X denoting the coordinate process and (F;);>o being the right-continuous aug-

mentation of the canonical filtration generated by the coordinate process.

2.1.1. Scaled transient diffusions. Let (X;)o<t<¢ be a regular transient homogeneous diffusion on

(0,00), i.e.
IAC tAC
Xi=x9+ / b(Xy)ds —i—/ o(Xs)dWs,
0 0

where ¢ = inf{t > 0| X;_ = 0V X;_ = oo} = 7% A7/X and as before Xg = 1. Then a scale

function for X is
B x u b(v)
s(x) —/c exp <—2/C 2(0) dv> du

for some ¢ > 0 such that s(1) = —1. We assume that s(0) = —oco and s(co) = 0 and that 0 is an

entrance boundary for X. Under these assumptions it was shown in [10] that (—s(X¢))o<i<c is a

strict local martingale. Indeed, we have
d(—S(Xt)) = —Sl(Xt)O'(Xt)th.

under Q is given by

-1 _ Sl(Xt)O'(Xt) Q
d<s<Xt>>‘ 2%y

, 1
The behaviour of (W)OSKC
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where W9 is a Q-Brownian motion. Indeed, using that % 2= %, Girsanov’s theorem implies
t
that

WR — /Ots(Xt)d<S(1X),WQ>t =W+ /Ot Wdt =W,

is actually a P-Brownian motion. Furthermore,

d(—s(X;)) = d (M) = —s*(X;)d <S(_X1t)> - 5°(X) <S(;)>t
= —¢(Xy)o(X)dWQ —

dt = —S/(Xt)U(Xt)th.

2.1.2. Ezxponential local martingales. In this subsection we consider positive local martingales of

the form
dX; = Xb(Yy)dWy, Xo=1,

where Y is assumed to be a (possibly explosive) diffusion following
dYy = p(Yy)dt + o(Y)dW,, Yo=y€eR,

with a P-Brownian motion W. Exponential local martingales of this type are further studied in
[26]. Assuming that o(z) # 0 for all z > 0 and that

1 b2 1 t )
527 220 2 € Lloc(R+)7 b (Yu)du <ooVt>0 P-as.
g o 0

o2’

a strictly positive weak solution of the given SDEs existﬂ Under Q the dynamics of % are

1Y  b(Y) . q
d(Xt> = X, aw;

for a Q-Brownian motion WQ, and the Q-dynamics of Y; are
dY; = [u(Yy) + o (Y)b(Yy)] dt + o (V) dW .

Notably, the criterion whether X is a strict local or a true P-martingale from [26], Theorem 2.1,
is deterministic and only involves the functions b,c and p via the scale function of the original
diffusion Y under P and an auxiliary diffusion Y, whose dynamics are identical with the Q-dynamics
of Y stated above.

3n [26] the conditions on b are less restrictive and the exponential local martingale X may hit zero, but in our

setup the local martingale X needs to be strictly positive.
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2.1.3. Diffusions in natural scale. We now further specify the setting from to the case, where
dXt == O'(Xt)th, Xo == 1,

is already a P-local martingale, assuming that o(z) is locally bounded and bounded away from zero

for x > 0 and ¢(0) = 0. Using the results from [§], we know that X is strictly positive, whenever

1
T
" dr =
/0 o) T

which we shall assume in the following. Furthermore, X is a strict local martingale, iff

* z
—d .
/1 2(2) T < 00

We know that % is a Q-martingale, where % 2= X%? with decomposition
A :

d (22) =— ;-2 )dWQ ();) AWl

for a Q-Brownian motion W® and & (y) := —y% - o ( ) Note that

/1wa2y<y>dy / @ =

which confirms that % is a true Q-martingale. We see that, if X is a strict local martingale under

P, then
1 ')
y X
——dy = / ———dx < 00,
/o 72(y) 1 o2(x)

i.e. % hits zero in finite time Q-almost surely.

2.2. Jump example. E| Let @ = D(Ry4,R) with (&)¢>0 denoting the coordinate process and
(Ft)t>0 being the right-continuous augmentation of the canonical filtration generated by the co-
ordinate process. Assume that under P, (& );>0 is a one-dimensional Lévy process with § = 0,

EP exp(b¢;) = exp(tp(b)) < oo for all ¢ > 0 and characteristic exponent
. 1 2,2 AT ;
U(A) =ia\+ 30 + /]R (1 — e+ z/\aﬂlﬂx‘d}) m(dx),

where a € R, 02 > 0 and 7 is a positive measure on R\ {0} such that [(1A|z|*)7(dz) < co. Define

tds
Xy = Ytb exp (P(b)/ Y) ;
0 S

where (Y;):>0 is a semi-stable Markov process, i.e. (%Yc(f’)) - @ (Y;(IC_I)) o for all ¢ > 0,
= t >
implicitly defined via
eXP(&t) = Yt cxp(e.as

4This example is taken from [4]. However, we corrected a small mistake concerning the time-scaling.
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Following [4], (X¢)¢>0 is a strict local martingale if b satisfies
—a +/ xr(dz) > 0, —a + bo? — / z(1 — e")r(dz) + / zePn(dz) < 0.
|z|>1 lx|<1 |z|>1

Furthermore, under the new measure Q the process

1 —b tdS
X Y, "exp (p(b)/0 Yg)

is a true martingale, where now (§;):>0 has characteristic component U with

U(u) = W(u—ib) — W (—ib).
3. APPLICATION TO FINANCIAL BUBBLES I: DECOMPOSITION FORMULAS

In this section we apply our results to option pricing in the presence of strict local martingales.
For this, let X be a strictly positive cadlag local martingale with Xy = 1 on a probability space
(Q, F, (Ft)t>0, P) that satisfies the assumptions of Theorem i.e. the filtration is a standard
system. The stopping times 77{( , n €N, and 7% are defined as in sections and 4} Furthermore,

we denote by Q any extension of the measure Q constructed in Theorem to (Q,F).

We consider a financial market model which satisfies the NFLVR property as defined in [7].
We denote by P the equivalent local martingale measure (ELMM). Assuming that the interest rate
equals zero, we interpret X as the (discounted) stock price process, which is a local martingale under
P. In this context, the question of whether X is a strict local or a true P-martingale determines
whether there exists a stock price bubble. If X is a strict local P-martingale, the fundamental value
of the asset (given by the conditional expectation) deviates from its actual market price X. Several
authors like Cox and Hobson [5], Jarrow et al. [I8, 19] or Pal and Protter [28] have interpreted this

as the existence of a stock price bubble, which we formally define as follows:

Definition 3.1. With the previous notation the asset price bubble for the stock price process X

between time ¢ > 0 and time T > t is equal to the F;-measurable random variable
vx(t,T) == X; — EP (X7|F).

Remark 3.2. For t = 0 we recover the default function vx(0,7") = Xo—EP X7 of the local martingale
X, which was introduced in [I1]. In [I0, 11] the authors derive several expressions for the default
funtion in terms of the first hitting time, the local time and the last passage time of the local

martingale.

In [28, Proposition 7], the price of a non-path-dependent option written on a stock, whose
price process is a (strict) local martingale, is decomposed into a "normal” (“non-bubble”) term
and a default term. In the following we give an extension of this theorem to a certain class of

path-dependent options. For this let us introduce the following notation for all k € N:
RE={zeRF: 2;>0,1=1,....k}, R, ={zeR": o;>0,1=1,...,k}.
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Theorem 3.3. Let 0 < t; < to < --- < t, € Ry and consider any Borel-measurable non-negative
L ,i) forallx:(ajl,...,xn)eRﬁ_Jr, Then

z10°"

1 1
B %0) =B (o (o ) B )

function h: R | — Ry. Set g(x) :=x, - h (

Now suppose that the following limits exist in Ry fory; e Ryy, i =1,...,n—1:
hmg(yla"'ayk‘;zlv"'?’zn—k)::nk(y17"'ayk)a k:]-a"'vn_17 limg(zla"'azn)::n0~
|z|—=0 |2]—0

Define g : A — R as the extension of g from Rt to A C R}, where A is defined as
A={z R} : ifx, =0 forsomek=1,...,n, then x; =0V [ > k}. Then:

B 1 1 n—1

(3) E"h (Xty,. 0 X)) = EQQ <Xt (AR )Q) o ZEQ (H{tk<7'X§tk+1} ' nk<Xk)> ’
1 n k=0

where we set tg =0 and X* = (%77%) fork=1,...,n—1, X" =0.

t1 tr
In particular, if n(-) = ck, k=1,...,n— 1, are constant, then:

1 1 n—1
(4) E°h (X, ..., Xt,) ZEQ9<Xt ’W’Xt> = o Qte < 7 < trga)
1 n

k=0

Proof. First note that

Lirxsi,y = Trxse rx sy Ly, 3 lrxsg,y

Using the change of measure dP|z, = ﬁdQ[ 7, on {% >t,} we deduce

1 1
EPh(X) = EQ <9 (X) ]I{TX>tn}) =E° <g <X) Lrxstyy - 'H{Tx>tn}> -
1
EQ <]I{Tx>t1}EQ (]I{Tx>t2} . EQ <]I{Tx>tn1}EQ <H{7x>tn}g <X> ‘ ftn1> ‘ ftM) ']—“t2>']-“tl>) :

Because on {7X > t,,_1} we have

1 1 _
2 (tovona ()| 7 ) =20 (3 ()] 7 ) -2 (s ovangmes 0079 7,),

it follows that
(1
EPh(X) = EQ <]I{Tx>t1}EQ (H{Tx>t2} ...ER (]I{Tx>tn_2}EQ <]I{Tx>tn_1}g (X>

_EQ (]I{TX>tl}]I{TX>t2} . H{Tx>t"—l}l{tn_1<TX§tn}"7n—1 (Xn—1)> )

Similarly, on {7% > t, 2} we have

1 1 _
E? <H{TX>tn_1}9 (X) ‘ ftn_z) =E® <9 (X) ’ ftn_z>EQ (H{tn_gqxgtn_l}nnf? (x" 2)‘ftn_2) ;
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and we deduce that

(1
EPh(X) = EQ (H{Tx>tl}EQ <H{Tx>t2} ...EQ (H{Tx>tn_2}g <X> ‘ ]-"tn_3> ]—"t1>>

~ES (H{t"*2<7X§tn—1}77"*2 (Xn_2)) —E° (H{tn71<7'X§tn}nnfl (X"_1)> .

Iterating this procedure results in

n—1
E°h(X) = EQ <H{Tx>t1}9 <)1(>> - ZEQ (H{tk<TX§tk+l}nk (Xk))
k=1
n—1

— EQg <)1(> _EQ (H{Tthl}WO) -3 EQ (H{tk<TX§tk+1}nk (Xk>) .

k=1

g

Remark 3.4. The second term in the above decompositions and with the minus sign in front
will be called the default term in the following. This is motivated by the following observation:

vx(t,T) = X — EP(X7|F) = Xi — Xi - Q(7™ > T|FR) = Xi - Q(r* < T|FR).
Taking expectations under P yields
EPyx(t,T) = B (X - Q(rY < T1F)) = B (I QY < TIF)) = Qe < 7 < T).

Thus, the default term is directly related to the expected bubble of the underlying.

The convergence conditions that must be fulfilled in Theorem may seem to be rather strict.

However, below we give a few examples of options which satisfy those conditions.

Ezxample 3.5. Let us consider a modified call option with maturity 7" and strike K, where the
holder has the option to reset the strike value to the current stock price at certain points in time

t) <to < --- <ty <T,i.e. the payoff profile of the option is given by
H(X) = (Xp —min(K, Xy, Xty ..., Xe,)) 7T
With the notation in Theorem it follows that

Mo=m=-=1n-1=1

and the option value can be decomposed as

1 + n—1
EPh(X) = EQ (1 - % min (K, X, . .. ,th)> =) Qty <7 <tppa)
k=0

1 +
= ER (1—-min(K,Xt1,...,th)> —~x(0,7).
X7

Therefore, this modified call option has the same default as the normal call option, cf. (14) in [2§].
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Ezample 3.6. Let us consider a call option on the ratio of the stock price at times S and T > S
with strike K € Ry, i.e.

for S <T € R,. In this case
=0, m(y) =y

and the decomposition of the option value is given by

1 K\" 1
P _ mQ Q
EPh(X)=E ( - T) ~E (]1{5<TX§T} S).

Ezample 3.7. A chooser option with maturity T and strike K entitles the holder to decide at time
S < T, whether the option is a call or a put. He will choose the call, if its value is as least as high
as the value of the put option with strike K and maturity 7" at time S. However, in the presence
of asset price bubbles, i.e. when the underlying is a strict local martingale, put-call-parity does not

hold, but instead we have
EP((Xr — K)"|Fs) — EP (K — X7)"|Fs) = EP (X7|Fs) — K.
Therefore, the payoff of the chooser option equals

WXs, X1) = (X1 — K) ' Lge (xp 7o)k + (K — X7) e x,)76) < k-
Let us assume that X is Markovian. Then we can express EF (X7|Fs) as a function of Xg, say

EP(Xr|Fs) = m(Xs), and the limits defined in Theorem exist, if m is monotone for large

values, and equal

m(y) = H{m<1>ZK}, no = lim I 0)>Ky-

g T—00

Thus, the value of the chooser option can be decomposed as

h(X57 XT)
Xr

If X is the inverse of a BES(3)-process under P, it is calculated in subsection 2.2.2 in [5] that

m(X,) = EP(X7|Xg) = Xg (1 — 20 <_sz/1TfS>> .

EPh(Xs, Xr) = EQ ( > ~Q(m(Xg) > K, S<t¥<T) -~ Jim Lin(n)> 1) QY < 9) .

Therefore,

. T p . T .
xll)rrolo m(z) = xlggloE (X7|Xs=2) = zlgrolo 2¢ <

1 ) 12
VT —8) VT -8 /a(T =5)

and

m(y) = H{%(l—Q@(— Le))=K} " H{\/%ﬂ(}.

In the following we give another extension of Proposition 7 in [2§] to Barrier options, i.e. we

allow the options to be knocked-in or knocked-out by passing some barrier.
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Theorem 3.8. Consider any non-negative Borel-measurable function h : Ry — Ry and define
g(x)=x-h (%) for x > 0. Suppose that limy_,o g(z) =: n < oo exists and denote by g : Ry — Ry
the extension of g with g(0) = n. Define mgﬁ = mins<p Xy, m%( = max;<7 X; and 7% := inf{t >
0: Xy >a}, TX :=inf{t >0: X; <a} for a € R.. Then for any bounded stopping time T and
for any real numbers D <1 and F > 1:

(01 B (h(Xr)lgy<py) = ES (g <
(00)  E® (h(Xr)lxspy) = E (g (
1) B (MXr)yary) = E° (g (

wo) B (10pen) = (o () onsem)

Before proving the theorem we remark that the result is intuitively reasonable in that the default
only plays a role if the option is active. Especially note that the default term for Up-and-out options

is equal to zero, a result which is true for all options with bounded payoffs (cf. Corollary 1 in [28]).

Proof. Keeping in mind that D < 1 and F' > 1, it follows from the absolute continuity relationship
between P and Q that

1 1

Similarly,

1 1
EP <h(XT)]I{mgsz}) = E° (9 <XT) H{TX>T, m§>D}> = EX (9 <XT) ]I{TX>T, T§>T})
1
- = (9 <XT H{m%‘>D}> —n-Q(r* <T <Tp)

= B (g <XT> ]I{fr%ZD}) —n-Q(r¥ < T, TX = ).

1
Lxsr, m>T<zF}> =EX (9 <XT> H{TX>T2T§}>

T> H{m¥zF}> —n-Q(mp <T, 75 <7T)

—

Continuing,

1

EP (h(XT)]I{m;T(zF}) = B0y
1
Xr
1

X7 H{m¥>F}> 777'Q(TX ST)'
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Finally,

1 1
P _ Q _ mQ
B (MXr)gery) = E (9<XT)H{T">Tv m¥<F}>‘E (9<XT>H{TX>T7 T§>T})
1

= E (9 <XT> H{m%ﬁF}) —n- Q¥ <T <77)
1

_ mQ
= E (9 (XT> H{m¥§F})'

All the formulas have been proved. O

Remark 3.9. Above we used the risk-neutral pricing approach to calculate the value of some options
written on stocks which may have an asset price bubbles, as suggested by the first fundamental
theorem of asset pricing. The derived decompositions show that there is an important difference
in the option value depending on whether the underlying is a strict local or a true martingale
under the risk-neutral measure, which is reflected in the default term. Even though we do not
create arbitrage opportunities when pricing opions by their fundamental values calculated above,
several authors have suggested to “correct” the option price to account for the strictness of the
local martingale, cf. e.g. [17, [18] 19, 24]. While the authors of [17, [I8] 19] work under the additional
No Dominance assumption which is strictly stronger than NFLVR, Madan and Yor suggest in [24]
the following pricing formulas for European and American call options written on (continuous) X
with strike K and maturity 7"

C%trict (K, T) := lim EP (XT/\O'n - K)‘h
n—oo
Cztrict (K, T) = sup lim EP (Xo/\on - K)+

O'G,TO,T n—oo

for some localizing sequence (o, )nen of the strict local martingale X. It is proven in [24] that this
definition is independent of the chosen localizing sequence and that CfEt”Ct = ij”d. However, a
generalization of this definition to any other option h(-) on X with maturity 7" is problematic: the
independence of the chosen localizing sequence (0,)nen is not true in general, so one may have
to choose o, = T.X

well-defined and equal to EPh(X7), when X is a true martingale. Since in this case there are no

as defined above. Moreover, in general lim,,_,o, EPA(X?") may not even be

asset price bubbles, it does not seem correct to trade the option for a price which differs from
its fundamental value. Therefore, in the case where we have a decomposition of the fundamental
option value as above or more generally as proven in Theorem this suggests that the most
sensible approach to correct the option value for bubbles in the underlying is to set the default
term equal to zero. Equivalently, we can also set 7% equal to infinity under the measure Q. This
even gives a way of correcting the option value for stock price bubbles in the general case, where
a decomposition formula may not be available. By doing so we basically treat the price process as
if it was a true martingale. However, we want to emphasize that it is not necessary to correct the

price at all, since the fundamental value gives an arbitrage-free price.
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4. RELATIONSHIP BETWEEN P AND Q

In the following we study the relationship between the original measure P and the measure Q in
more detail. To avoid an overload of notation in what follows, we introduce the following conven-

tion which will be valid throughout:

X is assumed to be a cadlag strictly positive local martingale on the probability space (2, F, (Ft)t>o0, P),
whose filtration is the right-continuous augmentation of a standard system and F = \/;~q Fi. We
set X = inf{t > 0| Xy > n} An for alln € N and 7% = lim,,_,o0 7,X . Furthermore, we denote by
Q any extension to (2, F) of the measure associated with X, defined in Theorem .

Lemma 4.1. Set X = X, i.e. X; =00 on {t > 7%}. Then, Q(Xoo =00) =1 & P(X,, =0)=1.

Proof. Since X is a P-supermartingale and % a Q-martingale, both converge and therefore X is
almost surely well-defined under both measures.

<: Assume that P(X, = 0) = 1. Because 1/X is a Q-martingale, we have by Fatou’s lemma for
all u > 0,

1 o 1 1
EQ <XH{TX>t,Xt>u}> < lim inf E® <X]I{7’X>t,Xt>u}> = E° <)(tH{TX>t,Xt>u}) = P(X; > u).
oo

By dominated convergence for ¢t — oo,
1
[e.e]

This implies that

1
]EQ (X]I{TXZOO,XOO>O}) = 0.
o]
1 1
EQ( — | <EQ( ) =1.
(=)==(%)

1 1
Q _ —
E < I[{szoo}> =0 & Iirx—oy =0 Qas.

Since % is a Q-martingale,

Thus, Q(Xe =0) =0 and

Since ﬁﬂhx <00} = 0, it follows that i = 0 Q-almost surely.

=-: Assume that Q(X. = c0) = 1. Because X is a P-supermartingale, we have
EP X <EPX;, <1

and
E” (Xoolix,<ry) S EP (Xilx,cpy) = Qt < 7%, X; < k) = Q(Xy < k) Vk>0.

For ¢t — oo by dominated convergence then

EP (Xoolfxocn)) € QXoo <k)=0 Vk>0.
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This implies that Xeolyx <k} = 0 P-almost surely for all £ > 0. Therefore, P(Xo € {0,00}) = 1.
Since EP(X,.) < 1, it follows that P(Xs = o0) = 0 and thus X, = 0 P-almost surely. O

Until here we have only considered the behaviour of the local P-martingale X under Q. But how
do other processes change their behaviour, when passing from P to Q? This question is of particular
interest, since we want to apply our result to option pricing, where under the risk-neutral measure
all discounted stock price processes turn into local martingales. Let us assume that besides X there
exists another process Y on (2, F, (F;)i>0,P). For alln € Nwe set 77 =inf{t >0: Y; >n} An

and 7Y = lim,,—y 0o 7',31/ . Note that in what follows we identify Y with the process Y defined above.

Lemma 4.2. Let Y be a strictly positive cadlag local P-martingale. Then: Q(tX < 71¥) = 1.

Proof.
Y _ Xy _ 1 Y _ Xy _ 7 P _
QY <) = lim Q(r¥ < 1Y) = lim E (XTgﬂ{qug}) = 0.
g
Moreover, we introduce condition (A): Q(Y,x_ = oo) = 0.

It can be shown that (A) is always fulfilled, if X and Y are independent or if X is a true
martingale. However, in general it is hard to check (A), since it requires some knowledge of the

joint distribution of 7X and 7,7, for n,m large.

If X and Y are assumed to be cadlag processes under P, they are also almost surely cadlag
under Q before time 7% because P and Q are equivalent on every .7-"735. Furthermore, since % is a
Q-martingale, it does not explode and therefore X;_ # 0 and X; # 0 Q-almost surely for all £ > 0.

Thus, the process Z := % does also have almost surely cadlag paths before time 7. Since from

time 7% on everything is constant, the only crucial question is whether Z = % has a left-limit at
X
T,
Lemma 4.3. Let Y be a non-negative local P-martingale. Then Z; = <%>0< « is a local
<t<t

martingale on (Q, Fox _, (Fyprx_)i>0, Q). Furthermore, setting Z; := Z; and Xy = co on {t > 7%}

X

1s the unique way to define Z and X after time 7 such that % and Z remain non-negative cadlag

local martingales on [0, 00) for all possible extensions of the measure Q from Fox_ to F = \/ ;5 Ft.

Proof. First, we show that Z = % is a local Q-martingale on | J, [0, 7X] with localizing sequence
(7Y A7) nen. Indeed, for ¢t > s we have for all n € N

7| = EP Y;ﬁ/\T}L//\T,,)f
Xs/\T}L/ ATX

}/S/\TX ATX

Fs | = Xi = Zs/\q-%’/\rﬁf
SATY AT X

Y v anx
EQ (Zt/\T,’f/\Tff’fS> =E° th/wﬂ
IATY AT
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and by the first part of Lemma [4.2l we know that 7.X A7) — 7% Q-almost surely. Since Z is a

non-negative local supermartlngale on (J,,enl0, 7, 7X], we can apply Fatou’s lemma twice with s < t:
Z, = lim inf Zshu = lim inf lim Z X ALY
B u—tX u<rX ueQ T X u<TX ueQ N0 SNUNTR AT
> lminf 1im B2 Zyany |[Fo) 2 liminf EQ(Zi|F
T u—srX u<rX yeQn—oo PAUNTR AT °) = u—TX u<rX ueQ ( u‘ S)

> IEQ< liminf  Zipw

u—7X u<rX ueQ

]-'s> = ER(Z|F,),

where the second inequality is due to the fact that E® (Zt AuATXATY

) 2 E®(ZipulFs) by the
supermartingale property. By the convergence theorem for positive supermartingales, we conclude
that Z,x_ = Z,x_ exists Q-almost surely in R,. To see that Z is indeed a local martingale and
not only a supermartingale, we show that Z™ is a uniformly integrable martingale for all n € N,

Z

where 77 = inf{t > 0| Z; > n} A n. Since 7 is a non-negative supermartingale, it is sufficient to

prove that the expectation of Z™ is constant:

Bz = B (Ziglizarsy + Zoglingsy) = lim B9 (Z0z ooy ) +EQ (Zox Lipzsexy)

moyso
=l E® (Zolincny) + B2 ( Jim ZopTiogar) )

= Jim E9Z.x — lim E (Znsi Lrz>rx }) + lim EY (Zn)g ]I{TnZZTX}>
= Zy— Jim B (ZyTixorzsny) = Zo

To prove the uniqueness of the extension of Z for all possible extensions of Q to F, define for all
n €N 77 =inf{t >0: Z; > n}, where Z is an arbitrary cadlag extension of (Z;);,x. Then
(7)) nen is a localizing sequence for Z for all possible extensions of Q. Fix one of these extensions
and call it Q0. We have

EQ(Z|F,) = Z7 VneN.

Now for fix n € N define the new measure Q" on F via

Q" Z,z
dQ® 77
Note that Q™ is also an extension of Q from F_x_ to F. Furthermore, for all ¢ > 0, we have
. Z (Z4..)
b S A ER T (- B o O N I (R N
77 T

7TZ . . iTZ i’TZ
because Z " must also be a uniformly integrable martingale under Q*. Therefore, Z ™ and (Z'™ )?
are both Q%-martingales, which implies that Z,,,x = Z,x_ for alle > 0. Thus, Z = Z is uniquely
determined. 0

As usual to simplify notation we will identify Z with the process Z in the following.
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Remark 4.4.
e Note that if (A) is satisfied, then Z.x =0 on {7% < co} Q-almost surely.

e Even though we proved that Z_x_ exists Q-almost surely and also X x_ is well-defined,
this does not allow us to infer any conclusions about the set {Y, x_ exists in Ry} in general.
e For our purposes it is sufficient that local Q-martingales are cadlag almost everywhere, since
we are only interested in pricing and do not deal with an uncountable number of processes.
One should however have in mind that in order to have everywhere regular paths some kind

of augmentation is needed, cf. [21].

Remark 4.5. If Q = COO(RJF,R?’_) is the pathspace introduced in Lemma and (X,Y) is the
coordinate process as well as (F;):>0 the canonical filtration generated by (X,Y’), then we extend
Qto F= \/720 Fi such that

Q (wi(t) = o0, wa(t) = wa(tX )Vt > TX) =1

Lemma 4.6.

(1) If X is a P-martingale, then Z := % 18 a strict local Q-martingale if and only if Y is a
strict local P-martingale.
(2) Assume that X is a strict local P-martingale. Then:
(a) IfY is a P-martingale, then Z is a Q-martingale and Z_x =0 on {7% < co}.
(b) If Z is a strict local Q-martingale, then Y is a strict local P-martingale.
(¢) If Z is a Q-martingale and if (A) holds, then'Y is a P-martingale.
(d) IfY is a strict local P-martingale and if (A) holds, then Z is a strict local Q-martingale.

Proof.

(1) This is obvious, because Q and P are locally equivalent, if X is a true P-martingale.
(2) First note that

EPYy =E%Z > E®%Z =EQ (Ztﬂ{t<7—X}> +EQ (Ztﬂ{tzTX})

Y;
= EQ ();tﬂ{t<7_)(}) =+ EQ <ZTX]I{t2TX}) = EPYZ + EQ <Z’T‘XH{tZTX}> .
(a) Since Y is a positive local P-martingale, we have:

Y is a true P-martingale < IEPYt = EPYO forallt >0
& E®Z =ERZ forall t >0, Z,xI;;x_) =0 Q-almost surely.

(b) Obviously, if E®Z; < EQZ, for some t > 0, the above inequality is strict and thus also
EPY; < EPY,.

(c) If (A) holds, Z,x = 0 on {7% < oo} Q-almost surely by Remark Therefore,
since Z is a Q-martingale, the above inequality turns into an equality and Y is a true

P-martingale.
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(d) Assume that Y is a strict local P-martingale, i.e. EPY; < EPYj for some ¢t > 0.
Furthermore assume that (A) holds, which implies that Z x = 0 Q-almost surely on
{r% < 0o}. Then:

EQZ, = EPY; + EQ (ZTX]I{QTX}) = EPY, < EPY, = E9Z,

i.e. Z is a strict local Q-martingale.
O

Ezample 4.7. (Continuation of Example

For the following example we work on the pathspace COO(R+,@1) with (X,Y’) denoting the
coordinate process and (F;)¢>0 being the right-continuous augmentation of the canonical filtration
generated by the coordinate process. Remember from example that for o(x) locally bounded

and bounded away from zero for z > 0, ¢(0) = 0, the local P-martingale

dXt == O'(Xt)th, XO == 1,

1
X
" _dr =
/0 ()T

and under Q with % = X% the inverse process is a true martingale with decomposition
Fi

1Y  oXy) . q (1 Q
d(Xt>— e =7 (5 )aw,

is strictly positive whenever

for a Q-Brownian motion W® and a(y) := —y% - o (i)

Now let us assume that Y is also a local martingale under P with dynamics
dY; = y(Yy)dB,

where ~ fulfills the same assumptions as o and B is another P-Brownian motion such that d(B, W); =
pdt. Then % is a Q-local martingale with decomposition
Y, YY) ina e [ Q
d{ — | = dB; +Yio | — | d
(Xt) x, ey A
where BQ is a Q-BM such that d(BR, WQ), = pdt.

5. APPLICATIONS II: LAST PASSAGE TIMES FORMULAS

In Section 3| we have seen how one can determine the influence bubbles have on option pricing
formulas through a decomposition of the option value into a “normal” term and a default term
(cf. Theorems . However this approach only works well for options written on one under-
lying. It is rather difficult to give a universal way of how to determine the influence of asset price
bubbles on the valuation of more complicated options and we will not do this here in all generality.
Instead, we will do the analysis for a special example, the so called exchange option, which allows

us to connect results about last passage times with the change of measure that was defined from
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the beginning of the paper.

The setup is the same as in the previous subsection, but now we assume that there exists another

strictly positive process Y on (Q, F, (F¢)t>0, P), which is also a local P-martingale. In the following

Y

we will assume that X and Y are continuous. As before we define Z = %, which is a local

Q-martingale.

5.1. Exchange option. With the interpretation of X and Y as two stock price processes and
assuming an interest rate of r = 0, we can define the price of a European exchange option with

strike K € Ry (also known as the ratio of notionals) and maturity 7" € R as
E(K,T):=EP (X — KYp)*.
The corresponding price of the American option is given by

A(K,T) := sup EP(X, — KY,)",
o€To,T
where 7o is the set of all stopping times o, which take values in [0,7]. Let us define the last
passage time pg := sup {t >0 Zy = %}, where as usual the supremum of the empty set is equal
to zero. In the next theorem the prices of European and American exchange options are expressed

in terms of the last passage time pg in the spirit of [31].
Theorem 5.1. For all K,T > 0 the prices of the FEuropean and American exchange option are
given by

E(K,T) = EQ ((1 ~KZ.x)t H{pKST<TX}) . A(K,T)=EQ ((1 _KZ.x)t H{pKSTXAT}) :
Proof. Assume o € To 7. As seen above, Z = % is a non-negative local Q-martingale, thus a super-

martingale, which converges almost surely to Zo, = Z_x. From Corollary 3.4 in [3] resp. Theorem

2.5 in [31] we have the identity
}"a> |

1 + 1 +
(5) (K — Zg> — EQ < <K — ZTX> H{pKSU}

Multiplying the above equation with the F,-measurable random variable Kl x.,y and taking

expectations under Q yields
EQ ((1 _KZ,)" ]I{TX>U}) — EQ ((1 - KZTX)HI{,JKSKTX}) .
Changing the measure via dP|z, = %UdQ|fa, we obtain
(6) E° (Xo — KY0)+ =E" (H{TX>J}X0 (1- KZ0)+) = E° ((1 - KZTX)+ H{PK§U<TX}) ’

since I, x4y = 1 P-almost surely. Taking o =T' the formula for the European option is proven.

For the American option value we note that in the proof of Theorem 1.4 in [I] it is shown that

JF
1 +
A(K,T) = lim E” (YWT ( e K> ) = lim EP (XTW - KYTW)

n—oo 7_’5( AT n—0o0
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Setting ¢ = 7.X AT in equality @, it follows that

. P + . Q +
AK,T) = limE (XTgAT - KngAT) = lim E ((1 — KZ,x) H{pKSTgATqX})

n—oo

— lim EQ ((1 ~KZ.x)t ]I{pKSTgAT}) — EQ ((1 . KZTX)ﬂI{pKSTXAT}) .

n—oo

O

Remark 5.2. If we take Y = 1 in the above theorem, we get the formula for the standard European
call option expressed as a function of the last passage time of X as it can be found in [32] for the

special case of Bessel processes or [22]:
(7) E(K,T)=Q(px <T < 7).
More generally, formula is always true, if (A) holds.

Remark 5.3. We can also express the price of a barrier exchange option in terms of the last passage
time of Z at level % as done in Theorem for exchange options without barriers. For example,
in the case of the Down-and-In exchange option we simply have to multiply equation with the

Fo-measurable random variable Iy x < py.

We now analyze a few special cases of Theorem [5.1]in more detail:

(1) X is a true P-martingale
If X is a true P-martingale, the price process for X exhibits no asset price bubble. Then,
regardless of whether the stock price process Y has an asset price bubble or not, we know
that Q is locally equivalent to P and Q(TX = 00) = 1. Therefore

BE(K,T) = A(K,T) =EQ (1 - KZoo)" I p<1y)

and the European and American call option values are equal. For Y = 1 this formula is
well-known, cf. [31].
(2) Y is a true P-martingale
We recall from Lemma that in this case Z,x = 0 on {7% < co} Q-almost surely.
Denoting 7& = inf{t > 0| Z; = 0} this translates into Q(7X = 77) = 1, since

Qrf < 7%) = lim Q(f < 7¥) = lim B” (X,xl 2 pxy) =0,

n—oo n
Therefore,
E(K,T) = Qpx <T <7),
AKT) = Qox <TAT)=Q(px <TATE) =Qlpx <T),

where the last equality follows from the fact that the last passage time of the level % by
Z cannot be greater than its first hitting time of 0. We thus recover the formula for the

European call option given in [22], Proposition 7, see also [32] for the case of the inverse
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Bessel process of dimension greater than two.

Especially, the American option premium is equal to
AK,T)-EK,T) = Qg <T)-Qpx <T<7)=Q(px <T,7{ <T)
= Q(rg <T)=Q(r* <T)=x(0,T),

which is just the default of the local P-martingale X or, in other words, the bubble of the
stock X between 0 and T
X and Y are both strict local P-martingales: An example

Let X and Y be the inverses of two independent BES(3)-processes under P and assume
that Xo = = € R,, while Yy = 1. (Note that this normalization is different from the
previous one. However, since the density of X resp. Y is explicitly known in this case, we
can do calculations directly under P. This allows us to point out some anomalies of the
option value in the presence of strict local martingales).

We apply the formula for the European call option value written on an inverse BES(3)-

process from Example 3.6 in [5] and integrate over Y:

s [ (2525) +( ) o (oly) + () oo
e [o(285) o (258) i () < () rmco

where

P(Y: € dz) = ;3\/% <exp <(1/Z2; 1)2) — exp <(1/Z2; 1)2>) .

T—0 92

: P
Since EF Xp — Nora
as the initial stock price goes to infinity. Therefore, the convexity of the payoff function

as shown in [I5], the option value converges to a finite positive value

does not carry over to the option value. This anomaly for stock price bubbles has been
noticed before by e.g. [0, [15]. We refer for the economic intuition of this phenomenon to
[15], where a detailed analysis of stock and bond price bubbles modelled by the inverse
BES(3)-process is done.

Furthermore, recall that by Jensen’s inequality the European exchange option value is
increasing in maturity if X and Y are true martingales. However, in our example the option
value is not increasing in maturity anymore: Since E(K,T) < EP Xp e 0, the option
value converges to zero as T — oo. Taking Y = 1, this behaviour has been noticed before
by e.g. [B, 15, 24 28] and is also directly evident from the representation of E(K,T) in
Theorem

5.2. Real-world pricing. Here we want to give another interpretation of Theorem Note that

from a mathematical point of view we have only assumed that X and Y are strictly positive local

P-martingales for the result. Above we have interpreted P as the risk-neutral probability and X, Y
as two stock price processes. Now note that we have the identity (X — KY)T =Y (% -K )+. This
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motivates the following alternative financial setting: we take P to be the historical probability and
assume that also P(Yp = 1) = 1. Normalizing the interest rate to be equal to zero, the process
S = % denotes the (discounted) stock price process, while Y is the density of a candidate for an
equivalent local martingale measure (ELMM). Since Y and X = Y'S are both strictly positive local
P-martingales, they are P-supermartingales and cannot reach infinity under P. Thus, S = % is

also strictly positive under P and does not attain infinity under P either.

As before X and Y are both allowed to be either strict local or true P-martingales. While the
question of whether X = YS is a true martingale or not is related to the existence of a stock
price bubble as discussed earlier, the question of whether Y is a strict local martingale or not is
connected to the absence of arbitrage. If Y is a true P-martingale, an ELMM for Z exists and the
market satisfies NFLVR. However, as shown in [20] and explained in [I], even if Y is only a strict
local martingale, a superhedging strategy for any contingent claim written on S exists. Therefore,
the “normal” call option pricing formulas

E(K,T)=E" (Yr (Sr - K)%), A(K,T)= sup E° (Y, (S, — K)*)

o€To, T

are still reasonable when Y is only a strict local martingale. This pricing method is also known as
"real-world pricing”, since we cannot work under an ELMM directly, but must define the option
value under the real-world measure, cf. [30]. Note that if Y is a true martingale, we can define an
ELMM P* for S via P*|z, = Y;.P|£, and the market satisfies the NFLVR property. In this case we
obtain the usual pricing formulas

E(K,T)=E" (S — K)*  resp.  A(K,T)= sup EF (S, — K)".

o€To,T

Following [15] we can interpret the situation when Y is only a strict local martingale as the
existence of a bond price bubble as opposed to the stock price bubble discussed above. This is
motivated by the fact that the real-world price of a zero-coupon bond is strictly less than the
(discounted) pay-off of one, if Y is a strict local martingale. Of course, it is possible to make a
risk-free profit in this case via an admissible trading strategy. From Theorem we have the

following corollary:

Corollary 5.4. For all K, T > 0 the values of the European and American call option under

real-world pricing are given by

Q K\" Q K\*
E(K,T):E <1—‘STX> H{p%ST<TX} 5 A(K,T):E (1—517—)(> H{p‘f{STX/\T} 5

where p3 = sup{t > 0| S; = K}.

From the above formulas for the European and American call options it can easily be seen that

their values are generally different, unless X = Y'S is a true P-martingale (in this case 7% = oo
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Q-a.s.). Therefore Merton’s no early exercise theorem does not hold anymore, cf. also [T}, [5 [18] [19].

Furthermore, note that we have the following formula for any bounded stopping time 7":
E(K,T) =EP(Xr — K - Yr)" =EQ (1 — KZy)" — EQ (H{TXST}Q - KZT)+) :

where the second term equals Q(7* < T), if (A) holds. For Y = 1 this decomposition of the
European call value is shown in [28]. However, in general Z is only a local martingale under Q.

Therefore, the above formula is qualitatively different from the decomposition formulas in section
29

Now we show that also the asymptotic behaviour of the European and American call option is
unusual, when we allow X and / or Y to be strict local P-martingales. From the definition of the

European call value we easily see that
lim E(K,T) =E"(YrSr) = EP X = Q(+X > T), lim E(K,T)=0.
K—0 K—oo
Moreover, using the last passage time formula for the American call derived above, it follows that

lim A(K,T) = li S < XAT)=1
Jim (K,T) KlgloQ(pK_T )

and

lim A(K,T) = Klim Qlpy < T5AT, S;x =o0) = lim Q(pf < T, S,x = )
— 00

K—o0 K—o0

= Q¥ <T, Zx=0)=Q(Zr=0),

which may be strictly positive and equals Q(7X < T') under (A).
For the asymptotics in T" we get

Q KN\T
7_11_{130 E(K, T) = E (1 — ‘S'oo) H{pi<TX=OO} ;

Q K \*
Th_{]goA(K’ T) = E (1 — S'TX) I[{pf(<TX} 5

and from the definition of the call option it is also clear that

lim B(K,T) = lim A(K,T) = (1 - K)™".
T—0 T—0

5.2.1. American option premium under real-world pricing. In this subsection we keep the notation
and interpretation introduced in the last section. However, we do not assume that Z and / or X

are continuous any more.

Lemma 5.5. Let h : Ry, — R4 be a Borel-measurable function such that limg_, @ =7
exists in Ry. Define g : Ry — Ry wvia g(x) =z - h (%) for x > 0 and g(0) = n. We denote by
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E(h,T) = EP(Yrh(ST)) the value of the Buropean option with maturity T and payoff function h
and by A(h,T) the value of the corresponding American option. Then,

E(h,T) =E%(Z7) — B2 (Irx c1y9 (Z,%))
Furthermore, if in addition h is conver with h(0) =0, h(z) <z for all z € Ry and n =1, then
A(h,T) =E%g (Z7).
Proof. For the European option value we have
B(hT) = EP(Yrh(Sr) = B (g(Zr)pxsny) = B(Zr) ~ B9 (Iyxry (Zox))

And for the American option value we get

1
A(h,T) = lim EP (YTATgh(STATg)) — lim EQ (ZT,\Tgh ( — >>

n—oo n—00 TATX

= lim EQg(ZT/\T;i{) = EQg(ZT/\TX) = ]EQg(ZT)7

n—oo
where the first equality is proven in [I] under the above stated assumptions on h and the fourth

equality follows by dominated convergence due to g < 1. O

Under the assumptions of Lemma the American option premium is thus equal to

A(h,T) — E(h,T) = EQ (H{TXST}Q (ZTX)) .

Note that Lemma [5.5|is a generalization of Theorem Al in [5]. Indeed, if NFLVR is satisfied, then
Y is a true P-martingale and Z,x = 0 on {7% < oo} by part 2(a) of Lemma Thus,

A(h,T) = E(h,T) + g(0) - Q (+¥ < T) = E(h,T) +~x(0,T).
6. MULTIVARIATE STRICTLY POSITIVE LOCAL MARTINGALES

So far the measure Q defined in Theorem [I.§ above is only associated with the local P-martingale
X in the sense that X7 P]; x = Q[; x for all n € N and that i is a true martingale under Q.
One may now naturally wonder Whether glven two (or more) posmve local P-martingales X and
Y, there exists a measure Q, under which + X and & v are both true martingales. Obviously, this is
the case, if X and Y are independent under P. Moreover, if X and Y are continuous, this question

has a positive answer as is shown in the following theorem:

Theorem 6.1. Assume that the filtration of (0, F, (Fi)i>0,P) is a standard system. Let X,Y be
both strictly positive continuous local P-martingales with respect to the right-continuous augmen-
tation (Fi)t>0 of (]}t)tzo with d(X); = fidt, d(Y)s = gdt and d(X,Y )y = hdt. Suppose that
figr # h? almost surely. Then there exists a measure Q on (2, Fre_, (Ft)o<i<re), under which %

and 11/ are Q-martingales and & dQ

= where
FRnFe_ M

[ (RYe - X, L (geX, — Y fo
Mt_/o YX(fsgs—h2>dX +/ V. X (Fugs 120
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and 7€ is the explosion time of E(M).

Proof. The stochastic exponential £(M) is a continuous local P-martingale with localizing sequence

€ =inf{t >0: EM); > n} An.

n

We define a consistent family of probability measures Q,, on Fre by

dQn
dpP

=&M),e, neN.
Fe "

Using the same trick as in the proof of Theorem (1.8} we restrict each measure Q, to Fe_. Since
(ng_)neN is a standard system by Lemma there exists a unique measure Q on F_¢_, such
that Q|r , = Q, for all n € N. For any stopping time S and A € Fg we get

QS < 75, 4) =B (E0M)sprelisrs ay) -
Taking n — oo results in
Q(S < 7%, A) = EP (E(M)s]{5<00,4}) -
It follows that P is locally absolutely continuous with respect to Q before 7¢. Next, according to

Girsanov’s theorem applied on .7:75

£

Nypes = X[% — (M5, X7, = X[ — / d(X,Y),
0

MYy~ X g /Wf (9:X: — haYa) fo
YSXS(fsgs - h%) ° 0 YSXS(fsgs - h%)

tATE tATE
T, " SYS - ths sJs sXs - thts shs T, " S
_ th_/ (f )gsfs + (g )f ds_th_/ Jo
0 Y;Xs(fsgs - hQ) 0 Xs

s

is a local Q-martingale. We apply [t0’s formula:

1 1 /t/\T,f dXS N t/\TT‘EL d<X>5 _ 1_/1?/\7',‘% st B t/\’rf deS—i_/t/\Tf £d8
o X2 o X Xo Jo X3 S X3 o XP
1

Thus, ﬁ is a local Q-martingale for all n € N. Since + is continuous, (T,%X)meN is a localizing

Xt/\’r;‘f XO

sequence for ﬁ on (2, F.¢,Q) for all n € N, where

1
/X ::inf{tZO: X>m}/\m, /X = lim /X
t

Moreover, we have

Q¥ < 79) = lim QY < 7£) = lim BP (00 vrey) = O

n—o0

which yields that

1 1 1 1
1 Ee _ lim EQ 1 EQ
Xy B ( X, . ux ) o B ( Xonre Lre<n X}> o E ( X o ez X}>

tATm

1 1
_ : Q : Q
o n%gnooE (Xt/\7—5> +77%E>HOOE (X 1/XH{T7§>T%1/X}> ’

tATH
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Since % is a P-submartingale,

lim EQ [ —1 1 = i P S0 < lim EP [ -1 =0
mgnoo X X {TEZ‘I-’;/X} N mgnoo X X {7'527'1%1/)(} - mgnoo Xt/\rf {7527'71n/x} e
Therefore, ﬁ is actually a Q-martingale, which shows that % is a Q-martingale on the stochastic

interval [0, 7).

For % the claim follows by analogous calculations. O

Remark 6.2. The above theorem deals with two strictly positive local P-martingales. It is however

obvious that one can get a similar result for n > 2 strictly positive local martingales.

We briefly want to describe a different approach focusing on “conformal local martingales” in
RY, d > 2, which is dealt with in [28]. However, in [28] the authors make the restriction that the
conformal local martingale does not enter some compact neighborhood of the origin in R¢. Using
simple localization arguments as in Theorem above, one can get rid off this assumption which
seems somehow inappropriate when dealing with stock price processes. This yields the following

extended version of Lemma 12 in [28]. We denote by | - | the Euclidean norm in R

Definition 6.3. A continuous local martingale X, taking values in R?, is called a conformal local
martingale on (9, (F;)¢>0, P), if (X, X7) = <X1>]I{i:j} P-almost surely for all 1 <i,j <d.

Theorem 6.4. Assume that the filtration of (2, (Fi)i>0,P) is a standard system and denote by
(Fi)i>o its right-continuous augmentation. Let X = (X',...,X%) be a conformal local P, (F;)-
martingale, where each X' is non-negative and X # 0 P-almost surely. Suppose Xog = xo with
|zo| = 1. Define 7 := inf{t > 0| |X¢| = 0}. Then there exists a measure Q on F,_, such that
Y = % is a non-negative Q-martingale with (Y, Y7) = <Y1>]I{i:j} Q-a.s. foralll <i,j <d.

Proof. Define 7, := inf{t > 0: |X;| < 1}. Asin Lemma 11 in [2§] it follows that (|X¢a, |>~%)
|2—d

t>0

is a uniformly integrable P-martingale for all n € N, because | - is harmonic. We define a

consistent family of probability measures Q,, on F,, by

aQ,

P =X, >4 neN.

Frn

Using the same trick as in the proof of Theorem [I.8] we restrict each measure Q, to F,,_. Since
(Fro—)nen is a standard system, there exists a unique measure Q on F,_, such that Q|z, = Qn

for all n € N. For any stopping ime .S we thus get

QS < ) = B (1X5, P scry ) = B (1Xs P Tsrny ) -
Choosing S =t < 0o and taking n — oo results in
Q(t < 1) = EP|X;*4.
Therefore, P is locally absolutley continuous to Q before 7.

Xt/\‘rn
[ Xtnr, |2

Q-martingale up to time 7. O

From Lemma 12 in [28] we know that is a conformal Qp-martingale and thus Y is a
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APPENDIX A. CONDITION (P)

In Theorem [1.1] we mentioned the condition (P), which was introduced in Definition 4.1 in [27]

following [29] as follows:

Definition A.1. Let (2, F, (F¢)e>0) be a filtered measurable space, such that F is the o- algebra
generated by (Ft)i>0: F = V5o Ft- We shall say that the property (P) holds if and only if (F)¢>0
enjoys the following conditions:

e For all t > 0, F; is generated by a countable number of sets;

e For all ¢ > 0, there exists a Polish space €2, and a surjective map m; from €2 to € , such
that F; is the o-algebra of the inverse images, by m, of Borel sets in €2; , and such that for
all Be Fi ,w € Q, m(w) € m(B) implies w € B;

o If (wyp)n>0 is a sequence of elements of 2, such that for all N > 0,

N
ﬂ An(wn) 7é 07

n>0

where A, (wy,) is the intersection of the sets in F,, containing w,, , then:

m Ap(wn) # 0.

n>0
APPENDIX B. DOOB H-TRANSFORM

Doob h-transforms are defined in the theory of Markov processes as follows:

Let X be a Markov process starting from x with values in I and a cemetery state 6 under the

measure P,. Let F; = 0(X5;s <t) for all t > 0, and let h be an excessive function for X, i.e.
Eh(Xy) <h(z)Vzel, Vt>0, E.h(Xy) = h(x)Vaxelast—0.

Then a new sub-Markovian measure can be defined via
h(X:)
h(x)

Then, X considered as a process under P” is called the Doob h-transform of X.

PZ!E = Plr, t < :=inf{t > 0] X; = d}.

If one takes h to be the identity and requires X to be a Markovian strictly positive local martingale,

we have
X
R t
H{t<C}Px‘ft - ?'Piﬂ,ftv
i.e. under PZ the process X is killed at ¢, which happens with positive probability, if X is a strict

local martingale.

Note however that we do not assume that the process is Markov in the analysis done in this

paper.
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