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CYCLOTOMIC EXPANSIONS FOR gly LINK INVARIANTS
VIA INTERPOLATION MACDONALD POLYNOMIALS

ANNA BELIAKOVA AND EUGENE GORSKY

ABSTRACT. In this paper we construct a new basis for the cyclotomic completion of the
center of the quantum gl in terms of the interpolation Macdonald polynomials. Then
we use a result of Okounkov to provide a dual basis with respect to the quantum Killing
form (or Hopf pairing). The main applications are: 1) cyclotomic expansions for the gl
Reshetikhin—Turaev link invariants and the universal gl knot invariant; 2) an explicit
construction of the unified gl invariants for integral homology 3-spheres using universal
Kirby colors. These results generalize those of Habiro for sly. In addition, we give a
simple proof of the fact that the universal gly invariant of any evenly framed link and
the universal sl invariant of any 0-framed algebraically split link are I'-invariant, where
I' = Y/2Y with the root lattice Y.

1. INTRODUCTION

In a series of papers [I}, 2, [I5] Habiro, the first author et al. defined unified invariants
of homology 3-spheres that belong to the Habiro ring and dominate Witten—Reshetikhin—
Turaev (WRT) invariants. Unified invariants provide an important tool to study struc-
tural properties of the WRT invariants. In [3, 5] they were used to prove integrality of
the slo, WRT invariants for all 3-manifolds at all roots of unity.

The theory of unified invariants for sls is based on cyclotomic expansions for the colored
Jones polynomial and for the universal knot invariant constructed as follows. Given a
framed oriented link L in the 3-sphere, we open its components to obtain a bottom tangle
T, presented by a diagram D (see Figure 1). For a ribbon Hopf algebra U,g, the universal
link invariant J7(g;q) is obtained by spliting D intro elementary pieces: crossings, caps
and cups and then by associating to them R*!-matrices, and pivotal elements, respectively.

<

FIGURE 1. An example of the clasp bottom tangle

For a knot K, Jk(g;q) belongs to (some completion of) the center Z(U,g). In the
easiest case g = sly, the center is generated by the Casimir C'. For a 0-framed knot K,
Habiro showed that there are coefficients a,,(K) € Z[¢*!] such that

(1) Jic(shiq) = am(K)oy,  with o, = H (C*—(¢"+q"+2).
1
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Replacing C? in () by its value ¢"+¢"+2 on the n-dimensional irreducible representation
Vn_1, we get the n-colored Jones polynomial of K (normalized to 1 for the unknot)

(2) Te(Vier, @) = 3 (-1 5 0,0(K) (6" @) (@' @)

where (a;q),m = (1 —a)(1 —aq)...(1 —ag™'). Equation (@) is known as a cyclotomic

expansion of the colored Jones polynomial. Thus, Habiro’s series ([II) dominates all colored
Jones polynomials of K. To prove the fact that Jx(sly;q) belongs to the even part of
Z(U,sly), generated by C?, Habiro used the whole power of the theory of bottom tangles
developed in [16].

In this paper we give a simple proof for the “evenness” of the universal invariant of
algebraically split links for all quantum groups of type A. Recall that U,g has a natural
action of a finite group I' = Y/2Y where Y is the root lattice of g. For g = gly, I' = Z%
and for g = sly, [ = ZY 1.

Theorem 1.1. The universal gly invariant of any evenly framed link is U'-invariant. The
universal sy invariant of any 0-framed algebraically split link is I'-invariant.

The quantum group U,gly admits a finite dimensional irreducible representation V()
with highest weight v* for any partition A = (A\; > --- > A\y) with N parts and v? = ¢q. To
prove Theorem [LT] we extend the Reshetikhin-Turaev invariants to tangles colored with
representations L(¢) ® V(A\) where L(() is a one-dimensional representation of U,gl, for
¢ € I'. Then the claim follows from the comparison of the gl Reshetikhin-Turaev link
invariants colored with L(¢) ® V(\) and V(X).

The next main result of the paper establishes an explicit basis in the I'-invariant part
of the center Z of U,gly. It generalizes Habiro’s basis {0, | m € N} for the even part of
Z(Uqﬁ[z).

Theorem 1.2. There exists a family of central elements oy € Z labeled by partitions A
with at most N parts with the following properties:

(a) oy is I-invariant and annihilates L(C) ® V(u) for all ¢ € ' and partitions p with
at most N parts not containing \;
(b) o does not annihilate V(X)) and acts on it by an explicit scalar (see Theorem[82).

The proof uses the theory of interpolation Macdonald polynomials developed in [23],
24, 29, 30, 31, B2, B6]. This theory allows one to reconstruct a symmetric function
f(xy,...,xy) from its values at special points z; = ¢ # ™+ where p is an arbitrary
partition with at most N parts. The connection between the center of U,gly and sym-
metric functions goes through the quantum Harish-Chandra isomorphism, and we inter-
pret f(g Nt . g7#N) as the scalar by which the element of the center f acts on the
irreducible representation V(u). Interpolation Macdonald polynomials then correspond
to a natural basis in the center of U,gly.

The polynomials o) yield a basis in the I-invariant parts of both the center Z and
its completion (a function in the completion is determined by its values on all finite-
dimensional representations). We use a formula of Okounkov [29] to give explicit expan-
sion of a given central element z in the basis o, in terms of the scalars by which z acts on
all finite-dimensional representations V(). This leads to an expansion of the universal
knot invariant in the basis o), where the coefficients are related to Reshetikhin-Turaev
invariants of the same knot colored by V(1) via an explicit triangular matrix (d ;) which
does not depend on the knot.
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Theorem 1.3. For any evenly framed knot K, there exist Laurent polynomials ay(K) €
Z|q,q7 Y] such that the universal invariant of K has the following expansion:

(3) Tr(glyia) = Y ax(K) oy .
A

Moreover, the coefficients ay(K) can be computed in terms of the Reshetikhin-Turaev
invariants as follows:

an(K) = drula™) Jx(V(w),q)

pCA

where the coefficients dy ,(q) are defined in Theorem [10.17

We prove Theorem as Proposition 87 We would like to emphasize that the fact
that a)(K) are Laurent polynomials in ¢ is highly nontrivial. Indeed, we have computed
the tables of coefficients d ,(q) for gl, in Section [T.4l and these are complicated rational
functions, so a priori a)(K) are rational functions as well. Theorem [[3] thus encodes
certain divisibility properties for the linear combinations of colored invariants of K. We
refer to Section for the explicit computation of the coefficients ay(K) for the figure
eight knot.

We call [3) a cyclotomic expansion of the universal gly knot invariant. The name cy-
clotomic is justified by the fact that (B) has well-defined evaluations at any root of unity
by Lemma below. Note that for N = 2 and a 0-framed knot, our expansion does
not coincide with that of Habiro, simply because if an element z € U,gl, is central and
[-invariant, it does not imply z has a decomposition in even powers of the Casimir. There-
fore, our cyclotomic expansion is rather a generalization of F., in [37] or [4, eq.(3.14)],
both having interesting application in the theory of non semisimple invariants of links and
3-manifolds.

For our next application, assume M is an integral homology 3-sphere obtained by &-
surgery on an f-component algebraically split O-framed link L with e € {£1}¢. Following
Habiro-Le, we define an gly unified invariant (M) as

I(M) = (r®, J(gly;q) )

where r is the gly ribbon element and (-,-) is the Hopf pairing. In the case of sly
Habiro-Le proved [19] that the unified invariant belongs to a cyclotomic completition of
the polynomial ring

Z[q] := lim _Zal
T ((¢59)n)
known as Habiro ring. Using interpolation, we are able to express I(M) in terms of
special linear combinations of Reshetikhin-Turaev invariants of L, called Kirby colors.
For this we diagonalize the Hopf pairing, i.e. find a basis P, that is orthonormal to oy
and orthogonal to V(\) with respect to the Hopf pairing. This allows us to give explicit
formulas for the universal Kirby colors wy (see (23)) in the basis P, and to prove the
following result.

Theorem 1.4. The unified invariant

—

](M) = ‘]L(w€17"'7w€[) € Z[q]

belongs to the Habiro ring and dominates gly, WRT invariants of My at all roots of unity.
Moreover, 1(M) is equal to the sly Habiro—Le invariant of M.
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To prove that I(M) is equal to the sly Habiro—Le invariant we show the equality of
the universal gly and sly invariants for O-framed algebraically split links, and the fact
that the gly and sly twist forms z + (r¥! z) on them coincide. It follows that I(M)
belongs to the Habiro ring. Then we establish invariance of Kirby colors wy under Hoste
moves (a version of Fenn—Rourke moves between algebraically split links) in Lemma [0.7]
and finally deduce the equality I(M) = Jr(we,, - - -, W, )-

The main advantage of Theorem [[.4] compared to Habiro—Le approach is the interpre-
tation of I(M) as the Reshetikhin—Turaev invariant of L colored by w.. This leads to
various striking divisibility results and allows us to extend our cyclotomic expansion to
links.

Corollary 1.5. Given an { component algebraically split O-framed link L, then for all but
finitely many partitions \; with 1 < i < ¢, there exist positive integers n = n(\;, N), such
that

(B, R, € (9 Zlg, g7

where P = v dim, V(\) Py is a scalar multiple of Py.

This is a generalization of the famous integrability theorem in [I5, Thm. 8.2]. The
authors do not know any direct proof of Corollary without using the theory of unified
invariants. Based on Corollary we obtain a cyclotomic expansion for the Reshetikhin-
Turaev invariants of L:

!
(4) JoeA) == M N TT ey (@) TP, ... L)
1iCXh; J=1
where the matrix [c),(q)], , = [Fx(q*“i*NH)}/\u is the inverse of [d),(q)], ,. This gen-

eralizes equation (8.2) in [15].
In addition, in the case of knot surgeries we give a direct proof of the fact that

—

[<M:l:> = JL(wi) € Z[U]
by using our cyclotomic expansion and the interpolation theory.

Finally, we would like to comment on potential ideas for categorification of these results.
The ring of symmetric polynomials in /N variables is naturally categorified by the category
of annular gly-webs, with morphisms given by annular foams [6, [33] 34, [13], 11]. By the
work of the second author and Wedrich [13], one can interpret it as a symmetric monoidal
Karoubian category generated by one object E corresponding to a single essential circle.
The symmetric polynomials are then categorified by the Schur functors of E.

We expect the categorified interpolation polynomials to correspond to interpolation
Macdonald polynomials where ¢ plays the role of quantum grading and ¢ of the homological
grading (after some change of variables). We recall the general definitions and properties
of these polynomials from [29] in Appendix. The key obstacle for categorification of
interpolation polynomials is that they are not homogeneous. Therefore one needs to
enrich the category and allow additional morphisms between E and identity.

On the other hand, the conjectures of the second author, Negut and Rasmussen ([12],
see [10] [T1] for further discussions) relate a version of the annular category to the derived
category of the Hilbert scheme of points on the plane. The interpolation Macdonald
polynomials appear in that context as well [7].

The paper is organized as follows. After recalling the definitions, we compare the
Reshetikhin-Turaev invariants of tangles colored by V(A) and L(¢) ® V(\) in Section @l
In the next two sections we summarize known results about the center of U,gly, define
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its completion and prove Theorem [T in Section [6.2l The remaining results are proven
in Sections 8, @ assuming some facts about interpolation.

In the last sections we develop the theory of the interpolation Macdonald polynomials,
starting from the one variable case. We define multi-variable interpolation polynomials,
state and prove their properties in Section Next, we solve the interpolation problem
in two ways, one using the approach of Okounkov (Theorem [[0.17)), and another using
Hopf pairing (see (38))). We study divisibility of Fy(¢™,...,¢") by quantum factorials
in Section (see Lemma [[0.29). Section [[1lis focused on various stability properties
of the interpolation polynomials such as adding a column to a partition A (Proposition
MT8) and changing N for a fixed Young diagram A. In particular, in Proposition
we describe a HOMFLY-PT analogue of the interpolation polynomials depending on an
additional parameter A = ¢". We provide lots of examples and tables of interpolation
polynomials, especially for gl,. In Appendix A we collect some additional known facts
about the interpolation Macdonald polynomials and the Habiro ring.
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2. NOTATIONS AND CONVENTIONS

2.1. g-binomial formulas. Throughout the paper we will use the following notations
for the ¢-series. The g-Pochhammer symbols are defined as

m—1 0o

Hl—aq aq)w:H(l—aqi),mZO.

i=0 1=0
It is easy to see that
_ _(49)
(ag™; @)
We will use two normalizations for ¢g-binomial coefficients defined as follows:

atq a alg!
(ady = 1= = 5 = 0l () = gt

_ (@9 (@) _ (49
e = (1—q)* (b)q (4 Do(¢5 Dab

Finally, the g-binomial formula gives
@ C G-y (fmY\
(a;0)m = Y _(~1)g> ( ) a’.
2 i),

Let us also define symmetric g-numbers. For this we chose v such that v? = ¢ and set

P R AN
L I R vl

We will use all these formulas throughout the paper without a reference.

(@ QDmik = (a5 Q)m(aq™; Ok, (@;¢@)m

Note that



6 ANNA BELIAKOVA AND EUGENE GORSKY

2.2. Partitions. We will work with partitions A = (A; > As > ... Ay) which we will
identify with the corresponding Young diagrams in French notation, where the rows have
length \;. Transpose diagram to A is denoted by X, and [A\| = >  \;. Given a box in a
Young diagram, we define its arm, co-arm, leg and co-leg as in Figure 2

FIGURE 2. Arm, co-arm, leg and co-leg

We define the hook length as h(0J) = a(0J) + () + 1, and the content ¢(0J) = a' — 1"

Let
n(A\) =Y (i—Dx =Y I'(0)=>i0),

0
then

n(\) =Y % => d(0) =) aD).

0
The content of A is defined as

Let \y = \; + N —i for 1 <i < N, then we have the following identity

(O Il H?Ll(l —t7)
(5) DH@“_t ) = TN
and we define
0 paty =3, PG5 MR a5 ()
(7) = n(X)+ (N = DA — n()) + @7) = c(\) + (N =DM + (J;f)

3. QUANTUM GROUPS

3.1. Quantum gly. The quantum group U = U,gly is a C(v)-algebra generated by
Ey,....,Ex_1, F\,..., Fy_y, Ki¥', ..., Kf\?l satisfying the following relations:

(8) KiE; =vEK,;, K;F;=v"'FK; KinE =v"EKi1, KiglF;, = vF Ky

KK — K K

v—ov1

(9) [Ei, Fy] = 6i5
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and analogously for F}, where v? = ¢. To simplify the notation we set K; := K; K Z-:Lll. Then
the Hopf algebra structure on U (i.e. coproduct, antipode and counit) can be defined as
follows:

AE)=E®1+KeFE, A(F)=1F+FEoK; !, AKF)=K"® K,
S(K) = K, S(E) =—-EK;, S(F) =-KF,
(K =1,e(E;) = e(F;) = 0.

Usually U is considered as a subalgebra of U, that is an h-adically complete C[[h]]-
algebra topologically generated by E;, F; and H; for 1 <i < N—-1land1 < j <N
with

v=-exph/2, K;=v"=exphH,;/2
satisfying (@), (I0) and
H,E;— EH; = E;, Hil,—FH =—-F, Hunb—EHyy=—-E, HinwF—FHi,=F

replacing (). Rewriting the defining relations in terms of the generators

Fr
e =E(v—v"), F"= [ Z]' and K; for 1<i<N-1, 1<j<N
nl!
we obtain an integral version Uz, as a Hopf algebra over Z[v,v~'] € C(v) C C[[A]].
The quantum group gly has a fundamental representation CV with basis vy, ..., vy
such that

=it i YN
Kivjzv&jvj’ Ew; = v; 1) z'—l— F; = Vig1 1] z.

0 otherwise 0 otherwise.
It generates a braided monoidal category with simple objects V' (\), where A is a partition
with at most N parts. These are highest weight modules where K; act on the highest
weight vector by vY. The fundamental representation corresponds to A = (1). The

representations V() have integral basis where Uy, acts by Z[v, v~!]-valued matrices.

3.2. Ribbon structure. The Hopf algebra U}, admits a ribbon Hopf algebra structure
(see e.g. [8, Cor. 8.3.16]). The universal R-matrix has the form R = DO where the
diagonal part D and the quasi- R-matrix are defined as follows

D =X H®H  anq @ = Z F,® ey

ncNNV-1

where for any sequence of non-negative integers n = (nl, - ,nN,l), the elements e,
and F,, are defined by equations (66) and (67) in [I9] and form topological bases of the
positive and negative parts in the triangular decomposition of Uz. The inverse matrix
R~! = (©)D™! is obtained by applying the involution ¢ : v — v7L.

The ribbon element and its inverse have the form

(11) r= Z FoKaroen and r'= Z L(Fp) Kon gt tlen)

where 1y = K_y,v™ i H? and K_,,= Hf\il K?~N=1is the pivotal element. Here for any
sequence of integers n € ZN~! we set K,, = [], K7, and denote by

<N—1 N -3 1—N) 1-N
p= =

S S s (L D+ (N = 1LN —2,....0)

5 T T
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the half sum of all positive roots. Using the central element K = Hfil K;, we can write
the previous definitions as follows:

N N
Tal — KN HK;2Z 'UZi HZ'(HZ'+1)’ K—Qp — K7N71 HKEZ )

i=1 i=1
The central element 7! acts on V() by the multiplication with

By — NPl e

where (A, p) = Zﬁl Aifti, ¢(A) is the content of X and v? = q.

— pAA+20)

3.3. Even part of U. The algebra U has a natural grading by I' = ZY = {£1}" where
¢ =1((1,...,¢n) € Mactson K; by (;, on E; by 1 and on F; by (;(;11. It is easy to see that
the defining relations are preserved under this action. Following [19], we call an element
of Uy even or T'-invariant if it is preserved under the action of T'.

Let us denote by Us¥ a Z|q, ¢~ ']-subalgebra of Uz generated by e;, FZ-(")/CZ- and K ]2 for
1<i:<N-—-1land1l<j<N. Itis easy to check that i7" is I'-invariant.

The action of T" descends on the category Rep(U) of all finite-dimensional represen-
tations. Given ¢ = ((1,...,(y) € I', we can define a one-dimensional representation
L(¢) where E; and F; act by zero, and K; act by (;. We can also define representation
V(\) ® L(¢) where K; act on the highest weight vector by (™.

Lemma 3.1. The action of U on V(\) @ L(C) agrees with the I'-twisted action of U on
V(A).

Proof. Indeed, A(F;) = 1@ F;+ F;0K;, so Fj acts on V(\)®L(() via F,@K; " = F;(i(iy1.
Similarly, F; acts on V(A\) ® L({) via E; ® 1 = E; and K, acts via K; @ K; = K;¢;. O

3.4. The subalgebra U,sly. We define U,sly as a subalgebra of U generated by E;, F;
and Ki! = KflKiTl for 1 <7 < N —1. The Hopf algebra U,sly also admits an integral
version Uysly generated by

€, F™  and IC;El

over Z[q,q']. The braiding R = D'© with © as for gly, but different diagonal part
N—-1 H;,QH;

D = pXi=1 where H;, =H;, — H;., .

The ribbon element is defined by () with 7o = K_,, [, v="/2. The pivotal element

K_4, does not change. Note that the I'-invariant part of U,sly generated by e;, Fi(n)/Cl-
and IC? for 1 <1,5 < N —1 has a smaller Cartan part than its gl analogue.

Example 3.2. For N = 2 the product K, K, is central. By denoting K = K, K, ', E =
E,, F = F| we get the standard presentation for U,(sly):

K-k

1

KE =v’EK, KF =v?FK, [E, F] p——
3.5. Universal invariant. Lawrence, Reshetikhin, Ohtsuki and Kauffman constructed
quantum group valued universal link invariants. As it was already mentioned in the
introduction, the universal invariant of a link is defined by splitting a diagram of its
bottom tangle into elementary pieces and by associating R-matrices and pivotal elements
to them. For more details and references we recommend to consult [16, Sec. 7.3]. However,
we admit here the convention from [19, Sec. 2.7] and write the contributions from left to
right along the orientation of each component.



CYCLOTOMIC EXPANSIONS VIA INTERPOLATION MACDONALD POLYNOMIALS 9

4. RIBBON STRUCTURE ON Rep(U)

The aim of this section is to compare the Reshetikhin-Turaev invariants of a bottom
tangle whose components are colored with V() and V(A) ® L(¢). This will be later used
to prove Theorem [L1

Let us denote by Rq the representation ring of Rep(U) over Q(v). Given an [ compo-
nent link L, Reshetikhin—Turaev functor associated with Lie algebra g provides a Q(v)-
multilinear map

JLZRQX ---XRQ%Q(U)
(1, ooy ) = ®Tr;/(’”) (Jrlg;q)) = Jr(g pas s pu)

normalized to [, dimy(V (y;)) for the O-framed (g1, ..., p)-colored unlink. In cases when
g is fixed in the context, we will remove it from the notation for simplicity.

Note that in the case of a knot, we have Jx(A) = dim,(V(N\))Jx(V()N),q) where the
last invariant is the colored Jones polynomial used in Introduction and normalized to be
1 for the unknot.

The universal R-matrix defines a braiding between the representations V(). We can
extend this braiding to Rep(U) as follows. Clearly, L({)®L({’) ~ L(¢¢’) and we define the
braiding between L(() and L({’) to be trivial. Let V' be a finite-dimensional representation
of U where the eigenvalues of K; are integral powers of v. Given ( € I' we consider a
C-linear map Ty (¢) : V' — V which acts by ] {;" on the weight subspace of V' where K;
acts as v,

Lemma 4.1. The maps

cevi=swapo (Id®Ty(()): L)@V = V & L(()
with inverses

cyc=swapo (Ty(()®1d): V& L(() = L) ® V
define a braiding on Rep(U).

Proof. First, let us check that swap o (Id ® T\/(¢)) intertwines the actions of & on both
sides. Indeed, let v € V be a vector with weight (v*,... v*), then FE;v has weight
(v2 .. pa Tl sl yaN) while Fyv has weight (v, ... 0%yl o0 gen)),
Let e denote the basis vector in L(¢), then
ccvEi(e®v) = ccv (GG @ ®E;(v) = (1" - GG (W Ei(v) @ o,
(e @v) =coy (e @ Fi(v) = (- (I (R () © e,
ccvKi(e®v) = ey (G o @Ki(v)) = ("¢ (Y Ki(v) @ o,

while
Eiccy(e®v) = Ei(¢1" - (Fv@e) = (" (W Ei(v) @ e,

Fiecy(e@v) = B¢l - (Wo@e) = ¢t ¢TI (W Ri(v) ® o,
KiCC,V(. ® v) — Ki( ar |, XxNU ® .) _ 111 .. .Qaﬂrl .. 'CXrNKi(U) R e.
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Next, we observe that Ty (¢)Tv(¢") = Tv((¢') and Tyev(C) = Ty () ® Tv((), so cv
indeed defines a braiding. Even more concretely, we get the braiding as the composition

(12)
crsvieen | LOBVOLC)U % LO®LC)VeU = L)@ LoV el 2
L QLO)@UV 25 LY@ U L) ® V.
L]

The representations L(() are self-dual, and it is easy to see that the braiding ¢,y is
compatible with changing V' to V*. Therefore, Rep(U) with objects L(¢) ® V form a
pivotal braided monoidal category.

The quantum dimension of L(¢) equals to the trace of the action of the pivotal element,
which is (I], ). The twist coefficient 6y, is defined as the action of the ribbon
element on L(¢), and is given by (I], ¢)".

Lemma 4.2. Rep(U) is a ribbon category with twist 0r)gv = Or)0v -

Proof. By definition 01,)qv = cc,vOro)fveve = On)bv. O

4.1. Braiding in Rep(U,sly). In this section, we study the action of I' and the corre-
sponding braiding for U,sly, starting from N = 2. Similarly to the previous section, U,sl,
has a one dimensional representation L(—1) where E and F act by 0 and K acts by —1.
The action of Uysly on L(—1) ® V' is equivalent to Zs-twisted action on V' where Zy scales
E by 1 and F, K by —1.

One can attempt to define a braiding for Usl,. Since £ and F' shift the weights by 2,
it is easy to see that the analogue of Ty, should act by (v/—1)® on a subspace with weight
v®, and it does not square to identity. Nevertheless, it squares to £id on each irreducible
representation. This means that braiding relations on Rep(U,sly) hold up to sign.

To pin down this sign, we define the sign automorphism 3y which acts by (—1)® on
a subspace with weight v®. Since E, F shift the weight by £v?, ¥ commutes with the
action of Ugsly on V. The operator ¥y acts on the irreducible representation V(n) by a
scalar (—1)". Also, it is easy to see that Xygw = Ly @ Sy and Lygw = Xy @ .

Lemma 4.3. The operators Ty and Xy satisfy the following properties:
(a) We have

Ty =3y, oy =y y(105y) = (Sv @ gy y
(b) Let cyw : VW — W @V be the braiding, then
cowZyv ®1) =1 E)cvw, cow(l®@3w) = (Ew @ 1)eyw

(C) We have CL(—1)7V®W = CL(—l),V @) CL(—1)7W~
(d) The braiding with L(—1) satisfies Yang-Baxter equation, that is, the following
diagram commutes:
CL(—1),Ww

L-1)eVeW XX vern-1)eWw XX vew e L(-1)

lc\/, w lCV, w

CL(—1),W

L-)oWeV W weL(-)eV XY We Ve L(-1)
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Proof. Part (a) is clear. To prove (b), observe that the action of Uysly, ® Uysly on V@ W
commutes with both Xy, ®1 and 1® Xy, and the R-matrix is an element of the completion
of Uq5[2 & Uqﬁ[g.

Given a pair of vectors ©v € V,w € W such that Ku = v'u and Kw = v/w, we get
K(u®w) =v"u®w, so Tygw = Ty @ Tw. Since cp—1),y = swap o (Id ® Tv), we get
the desired relation. Finally, (d) follows from (c). O

We can generalize the above results to representations of U,sly as follows. For ¢ €
75! there is a one-dimensional representation L(¢) of U,(sly) where Ej, F; act by 0 and
Ki = K;K_ Y act by ¢; (1 <i < N —1). Given a representation V where all weights of

K; are integral powers of v, we can define an operator T¢ - : V' — V which acts by CAila
on a subspace where IC; acts by v*. Here A is the Cartan matrix for sl given by

2 -1 0 ... 0
-1 2 -1 ... 0
(13) A=10 -1 2 ... 0
o 0 0 ... 2

and a = (ay,...,an_1). Note that det(A) = N, so A~! has rational entries with de-

nominator N and one needs to choose an N-th root of (—1) to define ¢4A~'2. Define
EC,V = TCQ,V'
Lemma 4.4. The operators T and X¢ v satisfy the following properties:

(a) TevEi = GET v, TevFy = GFIT v

(b) X¢v commutes with the action of Uysly on V.

(c) The map cr),vy = swapo (Id®@ Ty y) : L(Q) @ V = V ® L(C) s a morphism of

Ugsln-representations
(d) The maps Tryv and ¢y satisfy all equations in Lemma [{.3 with L(—1) changed

to L(().

Proof. (a) The operator F; changes the weight a = (ay,...,ay_1) by Ae;, so if ;v = v%v
then

T,y Fy(v) = ¢4 @A) Fo = (A7 Fo = GFTL v (v).
The proof for F; is similar. Part (b) immediately follows from (a).

For (c), we observe that the action of F; on L(¢) ® V is the same as the action on
V', while the actions of F;, K; are twisted by (;. On the other hand, the action of F; on
V ® L(() is the same as the action on V', while the actions of E;, K; are twisted by (.
Therefore by (a) the operator cp(,v intertwines the actions of Uysly on L(¢) ® V' and
V& L(().

Finally, the proof of the rest of Lemma [4.3] extends to U,sly verbatim. O

Remark 4.5. The above construction of T¢ y and ¥,y can be extended to an arbitrary
semisimple Lie algebra with Cartan matrix A. The action of ¥y can be interpreted in
terms of projection of the weight lattice to its quotient by the root lattice.

We draw a tangle colored by a representation V' = V() using solid lines, and a tangle
colored by L(() by dotted lines. If a component is colored by L({) ® V', we draw a dotted
line on the left of a solid line and parallel to it. The crossings between solid and dotted
lines correspond to Cf(c),v depicted in Figure[3l Note that unlike gly case, cr),v does not
square to identity and we have to distinguish under- and over-crossings between solid and
dotted lines. This allows us to define Reshetikhin-Turaev invariants for framed tangles
colored by representations of U,sly of the form L(¢) @ V().
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Using the notations as in Figure B we can visualize the statement of Lemma [£4] in

Figure [l

FIGURE 3. The operators cr),v, CZ(lg) v and X¢.

EN

Theorem 4.6. (a) Let L be an algebraically split 0-framed link with ¢ components. Then
for arbitrary partitions Ay, ..., A\g and (1, ...,( € I the following identity of Reshetikhin—
Turaev invariants holds:

(14) Jp (sby; V(M) © L(G), -+, VI(A) @ L(Gr)) =
T (s V), -, V() - dimy L(G) - - - dimy L(G),

where dim, L((;) = Trg(g)(l) =+1.
(b) Let L be an arbitrary link with evenly framed components, if N is odd. Then (I4)
holds for gly Reshetikhin—Turaev invariants.

Proof. (a) We use the results of Lemmas@.3 and [£.4land the above diagrammatic notation.
By Lemma [£3(a), we can change crossings between dotted and solid lines at a cost of
placing ¢ on solid lines. By doing this iteratively, we can make all dotted lines to be
above solid lines. At this stage, each solid component of L acquires several copies of
¢ and Zc_l at various places of the link diagram. The number of these copies (with
signs) equals the linking number between this component and the dotted part which
is even by our assumption. By Lemma [.3[(b) we can combine all these copies of ¥
together and cancel out. Finally, using Lemma [.3d), we can separate the dotted and
solid links. By changing the crossings in the dotted link, we transform it to the 0-framed
unlink. Therefore the invariant of the solid link equals Jp, (sly; V(A1),. ..,V (A\,)) while
the invariant of the dotted link equals dim, L(¢;) - - - dimy, L((p).

F1GURE 4. Diagrammatics for Lemma [4.4]
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The proof of (b) is similar, except that 3y is trivial for all V. As before we can unknot
dotted components. Now the ribbon element acts on L(¢) by ) = ([[; &)Y, and hence,
any (even if N is odd) number of them acts by 1. The result follows.

O

5. CENTER OF U

Let Z be the center of Uz. In this section we recall the main facts known about Z.

5.1. Harish-Chandra isomorphism. Let (U2)Y := Z[v, v [K;™, ..., K% be the
Cartan part of Uz invariant under the Weyl group action. After a multiplication by an
appropriate power of the central element K := Hfi , K, each element of (U®)~ can
be viewed as a symmetric function in N variables. This allows to identify (U2)%~ with
the ring of symmetric functions divided by powers of the elementary symmetric poly-
nomial ey = K. In the classical case, this ring can be identified with the center using
the Harish-Chandra isomorphism. After quantization, the image of the Harish-Chandra
homomorphism belongs to

Sym = Z[,U:tlv 6]7\/1][1‘17 s 7xN]SN

where r; = K? (compare e.g. [20, Ch. 6]). In this section we will furthermore identify
Sym with the Grothendieck ring R of Rep(U) with coefficients Z[v*!].
First, the character map

ch : R — Sym

sends a representation U to its character ch(U). Clearly, ch(U® V) = ch(U)+ ch(V') and
ch(U® V) = ch(U)ch(V), so ch is a ring homomorphism. The character of V(\) equals
the Schur function sy(x1,...,zy), while the character of L({) equals (; - - (y.

The Harish-Chandra map

he : Z — Sym

is defined as follows. Let ¢ be a central element in U, it acts in the Verma module A(\) by
some scalar ¢|a(n). We define hc(¢) to be the polynomial in Sym defined by the condition

he(#)(¢) = ¢lapy forall A

where p = (22, 253 128 Note that the product ¢¢' acts on A(X) by the product
of the corresponding scalars, so hc is also a ring homomorphism. It is known to be an
isomorphism (see e.g. [20, Ch. 6]).

Finally, the map & : R — Z is defined by € = he ™' o ch. Tt is a composition of two ring
homomorphisms and hence a ring homomorphism too. Hence, we get the commutative

diagram:

R : > Z
ch
hc
Sym
In Lemma we will show that £ actually coincides with the Drinfeld map.

Example 5.1. The central element K = K --- Ky acts on V()) by a scalar v=*:. Since
> pi =0, we get he(Ky -+ Ky) =yi--yn.

Example 5.2. The center of Ugsl, is generated by the Casimir element:
C=@w—-v "VPFE+oK+vK!
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It acts on a representation V;, by v™ +v™™"1 50 he(C) = y+ 3y~ (note that v” = v in
this case). On the other hand, ch(V}) = y+y~ !, s0 (V1) = C, where V; the 2-dimensional
representation.
Similarly, we can consider the corresponding central element in U,gl, defined by
Co, = (0 —v ')V?FE+vK Ky + v 'K ' K.

It acts on a representation V(\) by a scalar

T+A1—\ —1-A1+A Y1 | Y2 1/24+X
plitri—d2 oy, 1+2:_+_’ :,U/'f'l’

U = 'U_1/2+>\2 )
Y2 U1

Y2

he(Co ) — Yoy _ ¥t =1
so he(Cyl,) = v T = e =62 (Y1, y2)(z1 + 22).

5.2. Hopf pairing. The Hopf pairing (U, V') of two representations U,V € R is defined
as the Reshetikhin—Turaev invariant of the Hopf link with components labeled by U and
V. This is a symmetric bilinear pairing on R. The map ¢ is related to the Hopf pairing
as follows:

Lemma 5.3. The Hopf pairing on R can be computed as
(U, V) =T/ (£(V)).

Proof. Consider the Drinfeld map D [9] which sends a representation V' to a central
element corresponding to the universal invariant of the following tangle:

D(V) := V

By e.g. [14l eq. (20)] (see also [19 Proposition 8.19] and references therein) the eigenvalue
of D(V') on the irreducible representation V() equals ch(¢**?) where ch is the character
of V. By the definition of the Harish-Chandra map, this means that hc(D(V)) = ch(V),
and

D(V) = he™(ch(V)) = &(V),

so ¢ agrees with the Drinfeld map. Now (U,V) = Tqu(D(V)) = Tqu(f(V)) or more
precisely,
(V(A), V(i) = sx(¢")su(q”)  where  dimg V() = 5,,(¢”).
U

Using the Drinfeld isomorphism £ we can extend the Hopf pairing to the center by
setting

(z1,29) == (€ (21), 6 (z)) forany 2,z € 2.

6. CYCLOTOMIC COMPLETION AND THE UNIVERSAL INVARIANT

The universal invariant of a link belongs a priori to a (completed) tensor product of
copies of Uy, rather than U or Uy, due to the diagonal part of the R-matrix. The aim of
this section is to define a certain completion of Uy and its tensor powers, such that the
universal gl invariant of evenly framed links belongs to it. Since the action of I' extends
to the completion, this will allow us to speak about I'-invariance of J.(gly; q).
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6.1. Cyclotomic completion of U;. Given n € N, we define a family of two-sided ideals
Z/Ién) as the minimal filtration such that u;")ug”) C Z/Ig”") and

(@ @)ns €y fulE2) €U

forany 1 <i < N —1and 1< j <N where f,(x) = (2;q),. In other words, Ué") is the
two-sided ideal generated by the products

(15) (¢;Q)a em fo (K3) - -fCN(KJQV), with a+ Zmi + Zci =n.

Lemma 6.1. We have

n

A ) =3 (1) 502 K (2

a

Proof. We prove Lemma by induction in n. For n = 0 it is clear. The induction step
follows from the identities

farr(K7) = fu(K)(1 = ¢"K})
and

Al-q¢"K)) =101 —-¢"K? @ K? = (1 - ¢"K?) ® ¢" "K? +1® (1 — ¢" “K?).

Proposition 6.2. a) Z/{é") is the left ideal generated by (IH).

b) Ué") form a Hopf algebra filtration, that is Aug” C ZHF” Ug) ® Z/Ig).

c) Assume that \; < k for all i. Given arbitrary m, there exists n = n(k,m) such that
the elements ofug) act on the integral basis of V(\) by matrices divisible by (q; q)m.

Proof. a) Observe that by Lemma we get fo(¢°K?) € Ugl) for all integer s. Now the
statement follows from the identities

FEDED = FOfua KD, (K2 )EY = FO fu(@°K2)
and
fn<K12>€f = effn(quz?)7 fn<Ki2+1>€f = effn(qisKiLl)-
b) Follows from the identity
m MY m—igri o i
i=0 q

and Lemma [6.11

c) By (a), it is sufficient to check the statement for e and f,(K?). If \; < k then for

n > k e annihilates V()), while f,(K?) acts on a vector with weight (v, ... v¥) by
fn(q*) = (¢ q),, which is divisible by (g; ). O

By Proposition B.2(b), the filtration
U, =U >ul) > Ul o

is a Hopf algebra filtration of Uy with respect to a descending filtration of ideals I,, =
((¢;q)n) in Z[v,v™] in the sense of [I8, Sec. 4]. Hence, the completion

Uy
uy"

Z:l\ = lim
o
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is a complete Hopf algebra over the ring
—— Z
Z[v] := lim &
T ((g9)n)
We refer to [I8, Section 4] for details. Analogously, we define the I'-invariant subalgebra
U = lim (Z )
A L[Z"

as a complete Hopf algebra over the Habiro ring Z[\q] Let us now extend the completion
to the tensor powers of U;. For this we define the filtration for U%l for [ > 1 as follows

f u@l Zu@z 1®u(” ®u®l i

=1

and the completed tensor product u§’ with respect to this filtration will be the image of

the homomorphism
®1

lim —% s Y%k
T FuUs) "

where on the right hand side we use the h-adically completed tensor product.

6.2. Hopf pairing and universal invariants. Let us denote by ¢ € U,® U}, the double
braiding or the universal invariant of the clasp tangle in Figure [Il given by

C = (S & ld) R21R .
The main point about this element is that it is dual to the Hopf pairing or the quantum
Killing form (compare [19, Sec. 4]). Hence, after writing ¢ = >, ¢(i) ® ¢/(i) the Hopf
pairing is defined by setting
(16) (c(i),d(4)) = 0y

Restricting to the Cartan part this gives us (compare [19, Lemma 3.12])

a7) Hq S | P

i=1 n;

and hence, (H}', H]") = 8i50nm(—1)" 2. We deduce that (K?,K7) = ¢! or, more gener-
ally,

(K7 K3") = 6557
defines the Hopf pairing on the I'-invariant part of the Cartan. In Section [I0] we construct
another basis for the Cartan given by [, fn,(K?) such that (f,, fm) = Onm(—1)"¢""(¢; @)n-
In this new basis, we can rewrite the Cartan part of the clasp element as follows:

(18) Zqunw%mW>

neNN =1

For sly similar computations will glve

= > H EURIE p (1) @ £ (K2)

neNN-1 i=1 qq"l

(compare Section B.1 in [19]).
Let us denote by

Invi) ={ueld|z>u=clr)u Yrel}
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the invariant part of &/ under the adjoint action x > u := x(1yuS(x(9)) in Sweedler notation.
The main advantage of the usage of bottom tangles in the definition of J1,(gly; ¢) is that in
this case J1(gly; q) € Inv (U) (compare [I5], Sec.4.3]). As a corollary, we get the following:

Proposition 6.3. Given an l-component evenly framed link L, the universal invariant

Jr(aly; q) is a well defined element of Inv <ﬁ®l).

Proof. By definition, Jg is obtained by multiplying together elementary pieces, such as
Fa, en, K Qipl, D*!, and by then taking a sum over all indices. The linking between different
components and framing will make appear powers of D*? that we can decompose using
the basis elements f,,(K?) of the completion by (I)). Note that we can collect all diagonal

contributions of each component by using formulas like
DE;®1)D' =E;®K; and D1®F;)D'=K;'®F; .
Since framing is assumed to be even, we will have an even number of D-parts. Hence

using (I8) and the explicit form of the quasi R-matrix ©, we get the claim. U

Remark 6.4. For sl we can build the same completion after replacing K; with ;. Then
the arguments in the proof of Proposition [6.3] will show us that for any algebraically split
link the universal invariants belongs to this completion.

Proof of Theorem [I.11

Using Proposition and remark above, we can define the action of I' on each compo-
nent of .J;(g; q) separately. We will denote by J5“(g; q) the result of this action. Then
we have

JL (VM) @ L(Gr), -, VI(A) © L(Ce)) =

l l
® Tﬁ{(&)@L(Ci) (JL(9§ Q)) _ ® TI.ZI/(Ai) <J§1""’<‘(g; Q)) . dimq L(Q) . dimq L(CZ)-
i=1 1=1

The second equation follows from Lemma [3.Il By Theorem we conclude that
JEI"“7Q ()\1, ey )\g) — JL ()\1, ey )\g)

for all Ay, ..., A, under the assumptions of Theorem LI} therefore J;(g;q) = J$ " (g; q)
and hence, J7(g;q) is [-invariant under the same assumptions.
O

Corollary 6.5. For any (-component evenly framed link L, Jp(gly;q) belongs to the T'-
invariant part of Inv (Z:{\@’g). Moreover, for every O-framed algebraically split link L,

Jr(gly;q) = Ji(sln;q) -

Proof. The first statement is the direct consequence of Theorem [LLIT The second one
follows from the fact that the only difference in the definitions of both invariants is in the
diagonal part of the R-matrix, that does not contribute since the linking matrix vanishes
and the rules for moving of D and D’ along a component of the link coincide. O

6.3. Twist forms. Let us denote by Z the center of Y. In what follows, we will be
particularly interested in the following twist forms

T.:Z— Z given by Ti(z2) = (r=1, 2)

the Hopf pairing with the ribbon element. On the I'-invariant Cartan part they are easy
to compute, given the Hopf pairing between the generators H; in Section . We have

(19) Ti(K2) = (TOﬂ,Kga> = pt@2-a) ¢ Z[v, v



18 ANNA BELIAKOVA AND EUGENE GORSKY

for any a € Z". Now equation (I6]) allows to extend the twists form to U as follows:
Ta (FuKmKoaen) = 5m7nq(p72i i) +(a,2p-a) o Zlv, v_l]

where o; = e; — e; 41 are the simple roots. Observe that after restriction to U s, ie.

replacing Ko, with Kgp, in the above formula, the result belong to Zlg,q™!] and coincide
with [19, eq. (102)] for any b € ZV 1.

7. HABIRO’S BASIS FOR Z(U,sls)

In this section we summarize Habiro’s results for sl, in the way suitable for our gener-
alization.
Habiro [I5] defined a remarkable family of central elements in Z(U,sly):

(20) O 1= H (C? = (V' +v7")?) = H(C — V"= v (C + v+,
i=1 i=1
Since C' acts on the (j + 1)-dimensional representation V; by a scalar v/™! + v=71 the
polynomial o, is completely characterized by the following properties:
(a) (Parity) o, is I' = Zs-invariant.
(b) (Vanishing) o, annihilates the representations V; for j < m.
(¢) (Normalization) o, acts on the representation V,, by a scalar

(21) ((Um+1 + ,U—m—l)z _ (’Ui + v—i)Z) )
i=1
Note that parity implies that o, also annihilates the representations L(—1)®V; for j < m.
By using the Harish-Chandra isomorphism, we can alternatively consider the polynomials
Ton(y) = he(om) == [[wo' =y v )™ —y ') = ()" [[¢'(1 = *¢) (1 =y 2¢")
i=1 i=1
which are characterized by the following properties:
(a) (Parity) T,, is Zg-invariant, that is, T,,,(—y) = T,,.(v)
(b) (Vanishing) T,,,(+v7 ™) =0 for j <m
(c) (Normalization) T, (v™ ) is given in (2I)).
Habiro proved that {o,,}m>0 form a basis in (a certain completion of) the I'-invariant
part of the center. Hence, the elements S, = £7!(0,,), given by

m

S = H(V1 — vt = vV + 0t o)
i=1
form a basis of R. We will show that
n—1
P, = H<V1 _ %t v’%’l) cR
i=0

is a dual basis to {Sy,}m>0 with respect to the Hopf pairing. The following is a slight
reformulation of [15, Prop. 6.3].

Lemma 7.1. We have
 {2n+1}!

(P, Sm) = Ty One
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Proof. Clearly, one has

n—1
€(P) = [L(€ — v =02
i=0
which annihilates V5; for ¢ < n. We have the following cases:
1) For n < m we have (P,, S,,) = Tri”(am). Since P, is in span of V; for i < n and o,
annihilates all these, we get (P,, S;,) =
2) For m < n we have (P,, S,,) = Tr;™(£(P,)). Since S,, is in span of V; for i < n and

(Pp, Vo)) ={i+n}... {i—n+1}2i+1].

Hence P, annihilates all these, we get (P,, S,,) =
3) Finally, for n = m we observe that P, has a unique copy of V,, and

<Pn7 Sn> = <Vna Sn> = Vn(o-n)
which is easy to compute. O

We can use the above results to compute the coefficients in the decomposition of any
central element into {oy, }m>o-

Lemma 7.2. Let ¢ be a Zy-invariant element in Z(Uysly) which acts on V; by a scalar
¢j. Then

" - {20+ 2H{i+1
0= anon, where a, = Z;H)"" {n{fﬁ 2}}{!1{2 —}i}! o

Proof. We have ([I5, Lemma 6.1])
o |20+ 2] 2n+1
P, e | Vi
Z n+z+2][n+1+z]vl
If =) amom, then

— {1} P, o {1} i 2Z+2] o+ 1 i B
an—m’ﬁ"q (¢ {2n+1}lz m[n+1+i]Tr“I/(¢)_

- —i 21+ 2H1 ]
;(_1)n {n —0—{Z ‘:_2}!}{{71}— iM dimg(V;) ;.

Using dimy(V;) = [i + 1] we obtain the result. O
Habiro proved that for any O-framed knot K, there exist a,(K) € Z[q, ¢~] such that
J K 5 [2 q Z an
n>0

known as a cyclotomic expansion of the colored Jones polynomial of the knot K.

8. NEW BASIS FOR THE CENTER OF U

Recall that Z is the center of tjle completion . In this section we construct the basis
{0} of the I'-invariant part of Z. Furthermore, we explicitly define its dual { Py}, with
respect to the Hopf pairing. This allows us to construct the cyclotomic expansion of
Jk (gly; q) for any O-framed knot K.

The proof uses the existence and properties of interpolation Macdonald polynomials
[29] which are summarized in the following theorem.

Theorem 8.1. There is a family of symmetric polynomials Fy(x1,...,xN;q) such that:
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(a) F\ is in the span of Schur functions s, for p < X\ with the leading term

FA = (—1)‘A|+(1§)QDN()\)S)\ + ...,

(b) Fy(g=#m=N+1 . q7#¥) =0 unless p contains \.

() Fa(g ™) = (~1) B G [T, (1 — ¢ O).
d) Any function F in the completion can be written as

F(lj,...,l']\[) - Z du,)\(q)F(q_Ml_N+17'"7q_MN)F>\("L‘17"'7"L‘N;Q)
A, pCA

(22

where d , are explicit coefficients prescribed by Theorem [10.17

We discuss the definition and give more details on interpolation Macdonald polynomials
in Section 10

Theorem 8.2. There exists a family of central elements oy € Z with the following prop-
erties:

(a) oy is I-invariant and annihilates L(C)®@V (u) for all p not containing A and ¢ € T.
(b) hc(oy) is in the span of s,(x1,...,xN) for p < X, with the leading term

he(oy) = (—1)MHE) (N =DINGDN N g 4

(c) ox acts on V(X) by a scalar

axlvoy = (—1)(1;)(]_"(”_(];) H(1 — Oy

OeX
Proof. Define oy = he™'(gy), where g (1, ..., zn) = Fa(oV "2y, ..., oV 2y ¢"). Then
oy is clearly I'-invariant and
oAl L©evin = 9a(G - v = (@Y, g ).
Il’ldeed7 lf yl = Cl . vﬂi+ﬂi = Civ(ﬂii%+N7i) then /UNfly? — q(ﬂri’N*l)
Now Fy(q+N=D . ¢"N:q!) vanishes unless y contains A, and has the nonzero value
prescribed by the previous theorem for p = . O

Let us define Ry := R ® Q(v) by extending the coefficient ring Z[v=!] of R to the
rational functions in v.

Theorem 8.3. Define the following formal elements of Ro

P = Z M Vip) e R
! UCA dlmq V(M) v

then one has

(23) (Py,0,) = TrqP*(aV) =0y -

Proof. First, let us write the interpolation formula (22]) for F' = F,:

Fu(xla - TN Q) = de,u(Q)Fu(q_Ml_N-i_l’ SRR q_MN; q)FA(xla -y TN Q)a
HCA
SO
> du(@)F (g N g g) = b

HCA
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1

By changing ¢ to ¢~ we get
(24) Z d)\”u(qil)Fl/(qﬂlJrNia e 7q“N ) - 5)\ N
HCA

Now Tr;/(“)(oy) = dim, (V' (1)) g, (g1 ..., ¢"V), hence

d -1
wuld) Tr};(“)(oy) = Oy -

Triroy) = ) %
/ cA dlmq V(M)

0

Next, we would like to study the integrality properties of the universal knot invariant.

Lemma 8.4. (a) Let 0 € UF'. Then o = (K- Kn) %> axox with ay € Zq, ¢ ].
(b) Given k and m, there exists n = n(k,m) such that for all T'-invariant central
elements o in the ideal Z/{g@) the coefficients ay are divisible by (q; q)m for |A| < k.

Proof. (a) Recall that Harish-Chandra transform hc identifies the I'-invariant part of

the center of Uy with the space of symmetric functions in z, ..., zy with coefficients in
Z|q,q']. Since F) is a polynomial with top degree part equal to the Schur polynomial (up
to a monomial in ¢), we can write (z1---an)*f(x1,...,25) = Dy axF\(@1, ..., zN;5¢7 1)

and the result follows.
(b) If o is in the ideal Z/Ién) for sufficiently large n, then by Proposition its matrix
elements in the integral basis of V(\) are divisible by (¢; ¢),,. By definition of Harish-

Chandra transform, this implies that the values f(¢~*~N*1 ... ¢=*~) are divisible by
(¢;¢)m and hence by the interpolation formula ([22)) the coefficients a, are divisible by
(¢; q)m as well. d

Corollary 8.5. The center of the completion U is isomorphic to the completion of the
space of symmetric polynomials with coefficients in Z[v] with respect to the basis F).

Proof. By Lemma [R.4] any element of the center of U can be written as an infinite series

> a)Fy with coefficients in Zrﬂ, up to a factor (z;---xy)~*. By Corollary [1.10 the
multiplication by (z; - - -xx)~® preserves the space of such series. 0

Corollary 8.6. Any o € U can be written as an infinite sum o = > axox with coeffi-
cients ay = Tr}*(o) € Zlq).

Proposition 8.7. The universal knot invariant admits an expcmsion

Jic(oly;q) = Zcu with ax(K) = dyu(q™") J(V(1),9) € Zlg,q7"]

pCA

called a cyclotomic expansion of the universal gly knot invariant.

Proposition 8.7 implies Theorem [[.3] in Introduction. Note that the knot invariant
Jx(V (1), q) is normalized to be 1 for the unknot.

Proof. By Corollary 6.5, Jk(gly;q) is a central element in U , SO it can be written

as 0 = Y ayoy with coefficients ay € Z[g]. On the other hand, the value of Jx on
any representation Vy is in Z[q,q"'], so by the interpolation formula (22)) the coeffi-
cients ay can be written as rational functions with numerators in Z[q, ¢~!] and cyclo-
tomic denominators. By Proposition M2 this implies that ay € Z[q,q¢"']. The ex-
plicit formula for a, is obtained by taking Hopf pairing with P, and observing that
Tr(‘z/(“) (Jr(gly; q)) = dim,(V (1)) Jx(V (1), q) according to our normalization. O
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The last result shows that ax(K) = Tr;* (Jx(gly; q)) € Z[g™!], even through the coeffi-
cients d) ,(q) are rational functions in ¢ (compare Example MT0.23).

9. UNIFIED INVARIANTS OF INTEGRAL HOMOLOGY 3-SPHERES

This section is devoted to our main application of the previous results — a construction
of the unified invariants for integral homology 3-spheres. We start with few auxiliary
results.

Let us denote by

N dxpu(
P, = v Mdim, v Z dlm“q (1) € Ro
and define
_ _)P(E) e gu ) pr w(A) = Dy(})

A

where ¢(\) is the content of A. The next Lemma implies that wy is the universal Kirby
color for (£1)-surgery.

Lemma 9.1. For any x € 73(@, we have

(26) <w:|:737> = JU;(‘T) = <Ti17£('r)>
where Jy,(x) is the Reshetikhin—Turaev invariant of the (£1)-framed unknot colored by
x.

Proof. 1t is enough to check (28] for the basis elements x = V' (v). We compute

(P{,V(v)) =v Mdim, V Z ld”). (V(p), V() = v M dim, V(A) Y d (g s (@)

dlmq
HCA

= dim, V(M) ) dw q_l)C,,F,,(q““LN_i) = 6y, dim, V()

pCA

where we used Lemmal[5.3] equation (24) and the expansion s, = (—1)|M+(]2V)q_DN()‘)v(l_N)WF,,—l—
lower terms and hence,
Cy = (_1)\)\|+(1;)q—DN(>\)U—N|>\\ )
Using this computation it is easy to check that
27)  A{ws, V(v)) = oTVGFW) Qim, V() = T2 dim, V(v) = Tr;/(”) (r*h)
is equal to Jy. (V(v)). O

V()
dimg (V (7))

(s, V() = (s, V() wo, V(1)) = o0 2000020 — (17 (1)

we see that w, and w_ are inverse to each other in the algebra RQ isomorphic to ZAQ.
A direct consequence of the above Lemma and the fusion rules is the following result.

From the following computation for V'(v) =

Theorem 9.2. Let LUK = Ly ULy---U LUK be an (I + 1) component algebraically
split 0-framed link such that K is the unknot. We denote by Lk +1) the framed link in S*
obtained from L by +1-surgery along K, then for any py,...,p € R

JLUK(ph e 7pl7w:l:1) = JL(K’i1)<p17 e 7pl)-
Proof. The proof is given in [15, Thm. 9.4]. O
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9.1. Construction of the unified invariants. Without loss of generality, we can as-
sume that an integral homology 3-sphere M is obtained by e-surgery on an ¢ component
algebraically split link L, where ¢ € {#1}. For sly Habiro and Le defined a unified
invariant of M as follows

—

l
IMY(M) = T (Ji(slyiq)) € Zlg) where T!=@Q)T.,
1=1

is the sl twist form. They also proved that I"“(M) belongs to the Habiro ring [19].
For gl we define the unified invariant of M similarly
- ¢
I(M) :=T:(Ju(gly; @) € Zlg] where T.=(Q)T,
i=1

by using the gl twist forms.

Theorem 9.3. For any integral homology 3-sphere M,

—_

I(M) = JL(Wam cee awel) € Z[Q]

Moreover, its evaluation at any root of unity coincides with the sly Witten—Reshetikhin—
Turaev invariant of M.

This implies Theorem [[.4] from Introduction.
Proof. By Corollary 6.5, for any algebraically split O-framed link L we have

Ji(glv; @) = Ju(sly; @)

Hence, as explained in Section [6.3] the gly and sly twist forms on J;, do coincide. This
implies (M) = "V (M). Since the Habiro-Le invariant is known to belong to the Habiro
ring and to evaluate at a root of unity to the Witten-Reshetikhin-Turaev (WRT) one, it
remain to show (M) = J(we, .. .,we,). We prove this claim in two steps.

Step 1: Assume ¢ =1, then Jp(wy) = I(M) by Lemma [0.1]

Step 2: For any 2 = 2, ® --- Q@ @y € Inv(b?%’g) we define a; for k = 0,1,...,¢ and
b, =1,...,¢ as follows:

k ¢ k-1 ¢
ag = H<T€i,ZL‘i> H (We;, 5), b =y, H(Tq,xi) H (we;, 7).
i=1 j=k+1 i=1 j=k+1

Then
ag—1 = (We,, br) and  ag = (r*, b).
where we identify wy with their image under £ for simplicity. Since by € Zgp, we have
ap = ap_1 by Step 1 for k =1,2,...,¢. Hence, we have ag = a, which is our claim. O
Theorem has striking consequences. Indeed, for any A € R let us denote
= P
_ / _ T
Py = Spangu{P,[ACu}, P=Py and P:= }%n P

For any framed link L, the Reshetikhin-Turaev functor provides a Q(v)-multilinear map
JL : Rg X -+ X Rg — Q(v). For any algebraically split O-framed link L, Theorem
implies that its restriction to P provides a Z[g™!]-multilinear map

J:Px--xP—Zqg,q
inducing -
Jp P x--xP 7 .
This leads to a generalization of the famous integrability theorem in [I5 Thm. 8.2].
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Corollary 9.4. Given an { component algebraically split O-framed link L, then for all but
finitely many partitions N; with 1 < i < ¢, there exist positive integers n = n(\;, N), such
that

Jo(P5,, . Py,) € (g 0)nZlg.q 7] -

It would be interesting to have a direct proof of Corollary [0.4] without using the theory
of unified invariants.

Based on Corollary we can give a cyclotomic expansion of the Reshetikhin—Turaev
invariant of L as follows:

(28) To(rs . A = vz MY chj Ji(P,,....,P)

MZCAZ] 1
where the matrix [cy . (q)], , : = [F\(g~ "N A 18 the inverse of [d>.(9)],,, by Theorem
[M0.I7 below. This generalizes equation (8.2) in [15].

9.2. Few direct arguments. Our proof of the fact that I(M) belongs to the Habiro

ring is based on the result that I"U(M) € Z@ proven in [19] on more than 100 pages.
Given the complexity of their argument, we decided to collect here different facts that
can be shown without reference to [19].

Theorem 9.5. Assume My is obtained by (+1)-surgery on the knot K, then

—

](M:t) = JK(wi) S Z[U]
belongs to the Habiro ring.
Proof. By Theorem [L.3] we know

JK gIN; q Za,u with a’ll«<K) € Z[Quqil]

The fact that /(M) belongs to the Habiro ring easily follows from the claim that 7. (o,)
is divisible by (v;v),, for some m depending on  and N. Let us prove this claim. By (19)
the Hopf pairing with r*! replaces an element xf’ with v2=(*) where Q4 is a quadratic
form. By Lemma we can rewrite ¢, as a linear combination of [[, fn,(¢% ;) such
that > .n; = |u|, d = N(N +1)/2 and s; € Z. Moreover, each f,(¢%z;) is divisible by
fn(v%y;) where y? = z; and hence belongs to the ideal I,, of Z[v*!, 3] characterized in
Proposition 2.1 of [3]. The result follows now from [3| Theorem 2.2]. The number m we

are looking for is {N(%Ll)J'

O

Combining previous results we obtain an explicit expression for the unified invariant
for knot surgeries:

(29) T = Jiclws) = T Tcalysq) = 3 (~D)RHE) g7 g (py)
A

Assuming that I(M) = Jp(we,, . ..,w:,) is well defined, its topological invariance can be
shown directly as follows. Since I(M) depends only on the isotopy class of L, it remains
to check its invariance under Hoste moves (a version of Fenn-Rourke moves between alge-
braically split links). Without loss of generality, we can assume that the last component
is an unknot, then the statement follows from Theorem [9.2]
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Assuming I (M) belongs to the Habiro ring, and as such has well defined evaluations
at roots of unity [I7, Thm. 6.3] we can use the same trick as above to show that for any
root of unity (

eveI (M) = WRT(M, ().

Let us recall that the WRT invariant is obtained from Ji(sly;¢q) by taking trace along
each component with the Kirby color

Y vEA) dim V()
N >, vEE2e) dim? V(1)
where the sums are taken over all A\, u € Ri® = {A|dim; V' ()\) # 0} and v? is evaluated

to (. Hence, we need to show that for any z in the ad-invariant part of the completed ¢th
tensor power of Uy, we have

Q4

V()

Trf}f (x) £ e (x) Vo € Inv(?jl\gw)

q

where < means the equality after evaluation v? = ¢. We will prove this fact in two steps.
Step 1: Assume ¢ = 1, in this case InvUy = Z with basis given by z, = £(V'(\)). Since
Q)4 is invariant under Hoste moves, we have
TrgZi () = (Qu, V(v)) = eve (UJF(”’”JFQP) dim, V(l/))

where we interpret the left hand side as a Hopf link with components colored by 24 and
V(v), and the right hand side is the result of the sliding. Comparing this computation
with (27), we deduce that at roots of unity the actions of 2L and wy do coincide on

£(R1), and they vanish on z € Z \ £(R) after evaluation.
Step 2: Define a; for k =0,1,...,/ and by =1, ..., ¢ as follows:

k 4 k-1 14
w=@mie @ 0w, n=@1ele @ 0w,
j=1 J=1

j=k+1 Jj=k+1
Then
ap—1 = Trg* (b)) and a; = Tr%’“(bk).
Since by € Zg, we have ay, < ai_1 by Step 1 and Lemma for k =1,2,...,¢. Hence,

¢ . . .
we have ag = a, which is our claim.

10. INTERPOLATION POLYNOMIALS

In this section we summarize the theory of interpolation Macdonald polynomials.

10.1. One variable case. Consider the space of polynomials in one variable x over C(q)
with the following bilinear form

(a*,a™) = g7
Let us define polynomials f,,(x),m = 0,1,... by the equation fy(x) = 1 and
(30) fm(x) =(x;q)m = (1 —2)--- (1 — :L’qm_l) for m > 1.
Clearly, f,,(z) is a degree m polynomial with leading term (—1)mqm(7371)xm, s0 { fm m>0

form a basis in Z, ,-1[z]. Our next aim is to show that this basis is orthogonal. Observe
that f,,(¢7%) = 0 for k < m.

Lemma 10.1. We have (fn.(2), fr(2)) = 0emq ™(q; Q)m
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Proof. First, observe that (g(x),z*) = g(q¢~*) for any polynomial g(x). Therefore for

m > k we have (f.(z),2%) = fn(¢7%) =0, so (fu(x),g(x)) = 0 for any polynomial g(z)
of degree strictly less than m. In particular, (fm(x), fe(z)) = 0 for m > k and

(fn(@), (@) = (=15 (fnl@), ™) = (1) 5 frulg™) =
()" (1 =g ™) - (1—g ) =g (1 —¢q™) - (1 - q).

m(m—1)

0

Lemma 10.2. The transition matriz between the monomial basis x* and the basis fi(x)
has the following form:

31 xa = ka x), ka =(—1 b 7ab+% (a) .
( ) bgza ,bfb( ) b ( )q b q

Proof. To find the coefficients we compute the pairing ( f,(z), %), then using orthogonality

we obtain
ko y = (folz), ") fold™) .
(@), (@) (folx), fule))

For a > b from Lemma [I0.1] we get

(fo(=), fo(z)) = ¢ *(q: Qo

while
fb(q—a) _ (1 . q—a) . (1 _ q—a+b—1) _ (—l)bq ab+——5—
(_1)bq ab+b(b 1) (q; q)a

(45 @)a—b
and the equation follows. O

b(b 1)

(1—q%) - (1—g* ")

Our next goal is to expand arbitrary polynomial f(x) in the basis f,,(z). This can be
done in two different ways. First, we can expand f(z) in the monomial basis and apply
(BI). Alternatively, we can apply Newton interpolation method: if f(z) = > amfin(2)

then
= amfule™),
m>j
which is a triangular system of equations for the unknown coefficients a,,. Thus knowing
f(g™7) one can at least theoretically reconstruct the coefficients a,,. This can be made
explicit by the following:

Lemma 10.3. We have

b 1 ik j b (m 7]»
@) I = D) an = s S <j)qf(q )

Proof. By g-binomial theorem we have
(33) o) = (-1 () o
q

Now

“m:&i’b,@)_ G 1) zm: ' <j)q<f’”“"j>'

.]:

Finally, (f,27) = f(¢77). .
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Remark 10.4. Equation (33]) can be interpreted as an explicit inverse of the matrix in

@1).

One can consider completion Z,[z] of the space of polynomials with respect to the basis
Jm(x). In this completion, infinite sums Y~ @y, fm(z) are allowed. Newton interpo-
lation method and (B32) identify this completion with the space of distributions on the
interpolation nodes 1,¢7%, .. ..

We will need the following lemma.

Lemma 10.5. We have
(z—¢)z—g¢) (=gt ) =

Z(—l)jq*jmw;l) (T) L=g¢) (L= ) fi(x).

Proof. We prove it by induction in m. For m = 1 we get

r—¢=—1-2)+(1-¢)=~fi+1-7)f.

For the step of induction we observe

(34) (z— ¢ fi(0) = ¢/ (1= ) fi (@) + (g7 — ¢"*™) f(x)
= —q I fi(z) + g (1 — ¢ f;(2).

Using (B4)), it is easy to identify the coefficient at f;(z) in

=g g () () )

— (=1 O (R) ( " 1) (L=g™ 7)o (L= g™ )
J— 4y

+q g ) (J) (L=q) (L= g™ (1L =g
q

_ _q—j(m+1)+<j-£1)<1 . qs+j) . (1 . qurmfl)

% qm—j—l—l ( . m ) (1 o qs+j—1) + (m> (1 o qs-i-m-l—j) ]
j—1 q J/q
It remains to notice that

= [qijrl(jT—nl)qu (T)q —a [(jibl)qu@)q]
e e ),
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Remark 10.6. If we set a formal variable y = ¢° in Lemma [I0.5, then we get the identity

m

(l‘ - y)(x — qy) ce (ZL‘ _ qu—l) _ Z(—l)jquer

(4

m .
(™) focs o))
J q
This is a g-analogue of the binomial identity

(x—y)" = i(—l)ﬂ‘ (m) (1—y)™ (1 — ).

j=0 J
10.2. Multi-variable case: polynomials. Let us generalize the above results to the
case of N variables. The pairing has the form

b1 bN 7Zaibi — ( ail b1

(27" -2y at - ay) = ¢ ot 2y ) - (2 )

Note that for x = (x1,...,2N)

by

(g(x), 2 -2y ) = g(a™, ..., q7"™).
Consider the products
fk17~~~,kN<X) = fra <x1> e 'fk‘N (xN>

Since fi(z) give a basis in C(q)[z], the polynomials fi, x, give a basisin C(q)[xy,. .., xn].
Clearly,

(Fryomdens T - 2%) = 0 unless b; > k; for all 4.
Lemma 10.7. We have (fi,.. ky» fimi,...my) =0 unless k; = m; for all i.

Proof. Suppose that k; > m, for some ¢. Since f,,, mn, contains only monomials of the

N

form 2 - x?{,v with b; < m;, we have (fk17,_.,kN,xI{1 X :El]’(,v) = 0 for all such monomials
and hence (fi,. ky» frma,..my) = 0. O

Next, we would like to describe the basis in symmetric polynomials. It will be labeled
by partitions A = (A; > Ay > ... > Ay) with at most N parts. We define

) ey = Seetol

Clearly, the numerator in (33)) is antisymmetric in x;, so it is divisible by [],_;(z; — x;)
and the ratio is a symmetric function. It is easy to see that F)\(x) is a non-homogeneous
Dn(A

polynomial of degree |\|, and the top degree component equals (—1)"\‘+(12V)q )s\ where
sy is the Schur function and Dy(A) is defined by (@). The function F)(x) is known
as a special case of a factorial Schur function [26] 27, 28], it is also a specialization of
nonsymmetric Macdonald polynomials described below.

Lemma 10.8. Suppose that by > ... > by. Then F\(¢7%,...,q7") = 0 unless b; >
XNi + N —1 for alli.

Proof. Suppose that b; < A; + N — j for some j, then for all ¢ < j and £ > j one has \; +
N—i>XN+N—j>b; > by, 50 fr,4n-i(¢%) = 0. This implies det[f,\HN_i(q_b“)]fYé:l =0.
On the other hand, since b; # b; the denominator [, j(q_b" — ¢~%) does not vanish. [

Corollary 10.9. If u is another partition then we can define b; = p;+ N —1, and conclude
that Fx(q7* =Nt = 0 unless u; > N; for all i, that is, partition pu contains .
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Example 10.10. Suppose that A = (1), then Fyy is a symmetric function of degree 1
with leading term (—1)1+(]2V)QDN( Jsay = P8 3" 2,0 We have Dy(1) = N — 1+ (]?\f), SO
N
Fay(zy,...,on) = (—1)1+(2)qN +(3) > x; + c. To find the constant ¢, we observe that
by Corollary we get Fiyy(¢ ¥, ¢ V2, ...,1) =0, s0
c= (_1)(]§)qN—1+(1§)<qu+1 Fg N 1) = (_1)(1;)(](1;) [N,
Lemma 10.11. We have

Fr(g V) = (1)) gr+(3) =g,

Oex

where h(O) is the hook length of a box O in the Young diagram corresponding to A.

Proof. Since the sequence \; + N —1i is strictly decreasing, we have fy, Nj(g N =0
for 7 > and

fki-i-N—i(q_)\i_NH) = {)\z‘ + N — Z'}qfﬂ
and
det(fr,+n—j(g ¥ V) = H{)‘i +N =i}l

On the other hand,

o i I ; Ny . -\ (j— —Xi+i i—7
H(q—m N+i _ g Aj N-H): (_1)(2)q 2 (Ai+N—35)(d 1)H(1_q Aititd; 7.

1<J 1<J

and the statement follows now from formula (B and the identity

D HN =G -1 =n\)+ (g)

Example 10.12. For arbitrary N and A = (1) we computed in Example that

Foy = ()" GG (¢N Yy + .. 4 an) — [N],).

Hence,
Foy(g ™, a2 1) = qG) (" gV 44+ 1) = [N],) =

(1)) (1 = 1) = (1) E)g( 1 — g7,
We summarize the above results in the following proposition:

Proposition 10.13. [29] There exists a unique collection of nonhomogeneous symmetric
polynomials Fy(x1,...,xy) with the following properties:

o I\(xy,...,xN) has degree |)|.
° F,\(q_“"_N”) = 0 for all partitions  not containing \.

o B(g V) = () [ (1 7O,

We will denote the value Fy(g=* N +i) = (—1)< ) n+(5) [Toen (X — ¢ ") by ey

Lemma 10.14. Suppose that q is a root of unity. Then cy x vanishes for all but finitely
many partitions .
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Proof. Observe that [, (1 — ¢~"@) is divisible by [],[Ai — Ait1)4! and
N
D i(hi = Aip) = AL
i=1
This means that for some ¢ we must have
- N’ — 4N T N?Z’
Y
and cy ) is divisible by (1—¢)--- (1 — qL%J). If ¢* = 1 then it vanishes for |\| > sN?. [
Remark 10.15. A partition is called an s-core if none of its hook lengths is divisible
by s. The s-core partitions play an important role in representation theory of symmetric
groups in finite characteristic, and of Hecke algebras at roots of unity [21]. If ¢° = 1 then
clearly cy x(q) # 0 if and only if A is an s-core. Although there are infinitely many s-cores,
Lemma [[0.14] shows that there are finitely many s-cores with at most N rows.
For example, for s = 2 the 2-cores are “staircase partitions” A = (k,k —1,...,1), and

the maximal 2-core with at most N rows has size N + (N —1)+...+1= (N;ﬂ).

10.3. Multi-variable case: interpolation. One can use the polynomials F) to solve
the following interpolation problem.

Problem 10.16. Find a symmetric function f = > axFy\ given its values f(g "~ N*?)
for all p.

We have ‘ ‘
Flg Ny = " ayFy(g V)

This is a linear system on ay with the triangular matrix
(36) C=leauly,s anl@) = Fa(g )

It is clear from Proposition [0.13] that to find ay for a given A it is sufficient to know all
coefficients ¢, , for p C v C A

In [29] Okounkov computed the inverse matrix D = C~! which allows one to explicitly
compute the coefficients a.

Theorem 10.17. [29] Define ¢; ,(q) = cxu(q™") and cont(X) = n(X) — n(X). Then
C*
D =|d d =(—1 || —|A| ,cont(A)—cont () " Ap
[ )\,ll«])\7u7 A ( ) q CM’MCK’)\
and
a, = def(q—m—ivﬂ‘) b Z(_l)|u|—\A|qcont(A)—cont(u)C:_,uf(q_Ai_NH).
A Cun Ny, Cha

Example 10.18. If A = y then clearly dy , = L

CX N

Example 10.19. We have F(g) = (—1)(g)q<]3v), SO

N N _
€0),0) = €0),0) = (—1)(2)q(3), Coy,0 = C0),0) = (—1)(2)q (3).

Since
e = (1)1 = g1 = ()11 — ),
we get
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So the first two terms of interpolation series have the following form:

flzy,...,xn) = (—1)<I;)q_<]3v>f(q1*N, e N 1) Fipy(x)+

_1y(D+r —()+1
= 1_2 [—f@ ™, )+ faY TN D] Fay(x) +

Example 10.20. For N =1 and a > b we have
coyay = fo(@ ) = (1 =g~ @) (1 — g+

hence
oy = (L —q% - (1—¢ ")
Now
rw _ (1—g") - (A—g"") (a)
C?b),(b) (1—=¢)--(1-q) b q’
and
aep b= _ala=1) C*b,a —1)eb bb=1) _a(a=1) (@
doy@ = (-1)""¢ = 2 o — =) @ (b) ’
C(a),(a) € (), (b) C(a),(a) a

which matches (32)).

Example 10.21. Let N =2, A= (1) and p = (3,2). We have F)\ = q(x1 +x2) — (14 q),
50

ou=0ag"a)=(—q-1+q¢"+q¢ %), &, =+q—1-¢q7",
and using Lemma (1011
CAN = _(1 - q_l)v C;,A = _(1 - Q)a

Cup=—C1=q"V1=¢?)A=-¢HA-q¢"=¢"1-9*1-*1-¢1-q".
Now

dru=q" S _ g (Mt .
CunCin (1-9°1=¢*)(1-¢*)(1-q")
10.4. Hopf pairing. We have a symmetric bilinear form (-, -) on Z[z1, ..., zx]*V defined
by its values on Schur polynomials
(sn,8,) = sa(g N oY) s, (g N LT,

It is closely related to the Hopf pairing (-, -) for R = Rep(U) defined in Section 5.2l Note
that

(fysu) = Fla N g )s, (g ).
for any symmetric function f.

Proposition 10.22. We have
(37) (F\,F,) = 5,\,,,q_w+2<]3v) H<1 _ N+,

Oex
so the Hopf pairing is diagonal in the basis {Fy}x.
Proof. We have
(F\,s,) = Fy(g7m N+ ,q*“N)sM(qu“, 5, 1)=0

unless A C p. On the other hand, F, can be expanded in s, for 1 < v, so (F), F,,) vanishes
unless there exists u < v such that A C p, in particular, A < v.
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Since the Hopf pairing is symmetric, (F), F,) vanishes unless A\ < v and v < A, so
A = v. Finally,

N N
(Fy, Fy) = (=1)PHE) Py (B 5,) = (= 1)AHE) PO py (M=N+L A g (7N

Now
N N
By(g™ N g = ()G WG T - @)
e
while
_ g~ N—c@O)
—N+1 _ —nN) (1—g¢ )
S)\<q 7"'71) =4q H (1 _q_h(D)) :
OeA
hence
N N
Bg™ g )s(@ M) = (1) GO T - g ) =
e
(_1)\)\|+(];7)qu\)\|70()\)+(1;)(1 . qN—l—c(D)).
On the other hand, Dy (A\) = ¢(A) + (N — D)|A| + (g) O

This provides us with a different perspective for the interpolation problem. Suppose
that we have a Schur expansion for F):

F)\ = Z bk,usu-

H=A

Then for an arbitrary symmetric function f(xy,...,zy) we can write

(fs F)) f b —pi—N+i
f Z F)\ FAA Zzb)‘“ SM ZZ )\M?)\,F)\ f(q pimNE )FM

and the interpolation coefficient is equal to

b)\ s (quJri)
38 dy, = bt/
( ) A (F)\a F)\)

Example 10.23. For N =2 and A = (3,2) we have

Fzo) = ¢*(1 = 21)(1 = qu1)(1 = 22)(1 — q2)(¢* (21 + 22) — (1 +¢q)) =
q's32— "1+ Qsan — ' (1+ ¢+ + @)oo+ Pss0+ (1 +q+ ¢ + ) (1 + q)s21—
CO+q+@+ 6520 - P+ a+E+ )1+ q)s11+ (@ + " +2¢° +¢%)s10 — (¢ + ).
Also
(F32.F32) = —¢ (1= ¢")(1 = *)(1 = ¢*)*(1 — q)
Therefore the interpolation coefficient for A = (3,2) and p = (1,0) equals

,1 1)
d (P 44 9,3 2 3170(51 )
@+ +2¢°+)A+q) P+ —q-1)

Pl -1 -)2(1—q)  (1-¢)1-A)(1—¢)(1 -9
This agrees with Example T0.211

).
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10.5. Divisibility. Given a polynomial f(z), define

o) = {1
Observe that
(1) = L= I ) 4 1) LI 1 0) + 1(0) -0l

More generally, we have

+ 1) fa(y) - - Oy (fi)-

Example 10.24. For f,,(z) = (1 —z)--- (1 —¢" '), note that d,,(1 — ¢'z) = —¢*, so we
get

n

Froo(@,y) = Onyfura (@) = Y (1= y) -+ (1 = ¢ 9)[0ry (1 = )] (1 — ¢ '2) -+ (1 = ¢"w)

=0
_Zfl fn Z( i )

Example 10.25. For example,
Fro(,y) =qlz+y) —(1+q) =qly — 1) + (gz — 1) = —[¢/1(y) + f1(q2)].

Similarly,
Fao(a, y) —*(@* +ay+ ") + (g + ¢+ ) +y) — (L+g+¢°)
~[(1 = g2)(1 = ¢*2) + q(1 — ¢*2)(1 = y) + ¢*(1 — y)(1 - qy)]
—[falgz) + afi(2) f2(y) + ¢ Fo(y)].
Corollary 10.26. For all integers a and b the value F,(q% q°) is divisible by (ng)q!

Proof. Let k = L%J In the above equation either ¢ > k£ or n — 72 > k, so each term in the

sum is either divisible by fi(¢*"17®) or by fi(¢®), so by g-binomial theorem it is divisible
by (k)g! O

More generally, let 0; = 0,, 4,,, then it is well known that 0; satisfy braid relations, so

one can define d,, for any permutation w. Furthermore,

Ex(w1,...,0N8) = Ouwolfoysn—1(71) -+ - fay (zn)],

where wg = (N N — 1 ...1) is the longest element in Sy.

Lemma 10.27. For all X\ one can write F\(x1,...,xy) as the sum where each term has
the form

s s . . N+1
(40) fjl(q 1xml) T fjd(q dxmd)v where j1 + ...+ ja = ‘)‘| and d = < 2 )

Here the indices m; might repeat arbitrarily.

Proof. From (89) and Example [[0.24] it is clear that 0; applied to a product (40) with ¢
factors produces a sum of similar products with ¢+ 1 factors. We start from a product of
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N factors, and d, is a composition of (g) operators 0;, so the terms in the resulting sum

have N + (];[) = (N; 1) factors. Also, each 0; decreases the degree by 1, so

j1+...+jd:Z()\i+N—z)—(2) = |\l
U

Remark 10.28. A more careful analysis of this proof leads to a combinatorial formula
for F where the terms are labeled by semistandard tableaux, but we do not need it here.
This is a g-analogue of the expansion of a Schur function in the monomial basis.

Lemma 10.29. For any sequence of integers ay,...,ayn the value F\(q™,...,q"°V) is
divisible by (k),! where k = {ﬁJ :
2

Proof. In each term (H0) there are d = (N;q) indices ji,- - -, jq which add up to |A], so at
least one of these indices is greater than |A|/d. It remains to notice that f;(¢) is divisible

by (g);! for all integers a. O
The following lemma gives a rough description of the expansion
(41) F)\(l‘l,...,l’N) - Z bm17...7mkfm1(x1)”‘me(ZL‘N)~
mi...,mMN

of the symmetric interpolation polynomial F) in terms of nonsymmetric ones.

Lemma 10.30. Given k, for sufficiently large |\| for all terms of the expansion (&1l) either
the coefficient by, .. m, is divisible by (k),! or there exists m; > k for some 1 <i < N.

k

Proof. We follow the same logic as in Lemma [0:29 For || > 2k("}") every term (@Q) is
divisible by for(¢°x;) for some s and 7. By Lemma this can be further decomposed
into terms which are divisible by (j),!fox—;(x;), and either j or 2k — j is greater than or
equal to k. Overall, we presented

Fx(z1,. ., an) = A(k)g! + Y Biful(a:)
for some polynomials A and B;. It remains to notice that the polynomial B; fi(x;) can be

presented as the sum of f,,, (1) -+ finy (xny) where m; > k. O

11. STABILITY OF INTERPOLATION AND THE CASE N = 2

11.1. Stability of interpolation matrices. In this section study the dependence of the
interpolation polynomials on V.

As above, if partition A has less than N parts we can complete it with zeroes. We
denote by Fy.n(z1,...,zx) the corresponding polynomial in N variables.

Lemma 11.1. Let A be a partition with at most N parts. Then

N-—-1
(—1)N71q( 2 )F,\;N—1(q9€1, ooy qrN—1) if AN =0
0 otherwise.

Fxn(z1,..,on0,1) = {
Proof. Let p be a partition with at most N — 1 parts. Then by Proposition [10.13]

FA;N(q_“l_N“, .. .,q_“Nfl_l, 1)=0

unless p contains A. If Ay > 0 then this never happens and F).n(x1,...,2x-1,1) = 0. If
An = 0 we write L(zy,...,xy-1) = Fan-1(qz1,...,qrNn_1). We have

L(qiuliNle ’q*NN—lfl) = F)\;Nfl(qiuli(Nil)Jr% e 7q*NN—1)

PRI
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which vanishes unless p contains A, so by Proposition I0.13 F.n(z1,...,2N-1,1) is pro-
portional to L(z1,...,xx_1). Finally, at u = A we can use Lemma [[0.11] to determine the
coefficient. O

Remark 11.2. We can also prove the lemma using the explicit determinantal formula.
Indeed, f,+n—i(1) = 0 unless fy,4+n—; = 0 which is equivalent to i = N and Ay = 0.
Therefore for Ay # 0 the last row in the matrix fy,4ny_;(z;) vanishes (where xy = 1),
and Fy.n(z1,...,2ny-1,1) =0. For Ay = 0 we have

det [y n—i(2)]0y
Hi<j§N—1(xi — ;) HigN—l(xi - 1)

F)\;N(xla ce oy TN-1, 1) =

Note that fii1(2) = (1 — 2)fr(qr), so
Prrv—i(@s) = (1 = z5) frrv-1)-ilqr;)
Therefore
N—-1

17, (1 — ;) det [ fa,+(v-1 (qfﬁj)}i,jzl B
Hz<g<N (@i — 1)) HigN—l(xi —1) B

N—1
<—1>N-1q< 2) Fyn-a(gan, ., qan-n).

Corollary 11.3. Let c)\ ) be the coefficient defined in previous section for symmetric
functions in N variables. Then the expressions

(_1)(15)(]—(3)0&12, (_1)(15)(](3)0&12*, (_1)(¥)q(§)dgfjj

are independent of N (provided that A and p have at most N parts).

F)\;N(xla cey IN-1, ]-) -

Example 11.4. For one-row partitions A = (b) and p = (a) the interpolation coefficients
are given by the formulas in Example [10.20/ up to a monomial factor.

The above results allow us to describe Schur expansion of interpolation polynomials:

Proposition 11.5. We have
(42) FM = (_1)(]§)q(§)2mmm IT (1 - Ag@)s
pCA OeX\p
where A = ¢V and the coefficients
Bap = (—1)E)g(D)a(M) g Pl T (1 = ¢"©)
Oep
do not depend on N.
Proof. 1t follows from (B8] that
d)\ (F)\u F)\)
FA: b>\7$,b>\7 :#7
Z KR K Sﬂ(q*N‘i’l)

Since dy , vanishes unless ;1 C A, the same is true for by ,. By Corollary [I1.3] the product
dy, = (—1)(12V)q(13‘v)d)\7u does not depend on N, and we can use the formulas

(P Fy) = ¢ PG) [T - Ag©),

Oex
7N+i): n(p)—(N— IMH 1—Aq )

_ h(D
Uep 1 q
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to write
Y (m)
) () g a2 () —n()+ Nl |yl _ 4,0 (=¢")
b = (=) 2)g Gy, g N20) =N TT (1 — ag )H<1—ch<m>)'
Oel Oew
The result follows. O]

Corollary 11.6. The one-row interpolation polynomials have the following Schur expan-
sion:
CiG=n (1 —Agh) (1 — Ag™Y) (n
FY — L1yl S (—1yig s il i
m = ORI 0 gy
w

(~)(E)gB) Y (g (N . 1) s

m J—
HCA J

Here hg-N) = 58.\)7) are complete symmetric functions in N variables.

Proof. For A = (m) and N =1 we have

J=0

By writing A = ¢ and p = (j) we get
AT A=A =g (1 =g/ (1= ¢™),

OeX\p

SO
i(G=3)

2

(I1—q)-(1—gmd)

by, () = (—1)
0

Remark 11.7. The HOMFLY-PT limit of interpolation polynomials in Proposition 1.5
appears to be related to the results and conjectures in [22], it would be interesting to find
a precise connection.

11.2. Adding a column. It is well known that in symmetric functions in N variables
one has the identity
SALIN = T1-* TN - Sx.

Here A\ + 1Y = (A; +1,..., Ay + 1) and the corresponding Young diagram is obtained
from the Young diagram for \ by adding a vertical column.

For interpolation polynomials we have two different generalizations of this identity:
the first relates F\ i~ to F) and the second describe the action of the multiplication by
Ty TN

. . N
Proposition 11.8. We have Fy\ in(z1,...,2x5) = q(2) Hfil(l — ;) Fa(qxy, ... qeN).
More generally,
N
(43) Fypn(zy,...,xn) = qk(2) H fe(z) Fx(qxy, ..., ¢ xy).
i=1
Proof. We have f,,.1(x) = (1 — ) fin(qz), therefore
N

det [fy,+14n—i(2;)] = det [(1 — 2) fren—i(qz;)] = [ (1 — =) det [ n—i(z;)] -

j=1
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Since each factor (z;—x;) in the denominator gets multiplied by ¢ after changing x; — qz;,
this implies the first equation. Now (3] can be obtained by applying it k times. U

Let e; denote the i-th basic vector in Z» with 1 at i-th position and 0 at other positions.
Given I C {1,...,n}, we define e; = 3., ¢;

Proposition 11.9. We have
N
SL’l"'SL’NF)\(.Tl,...,.TN) :q,|)\‘,(2) Z (—1)|I|FA+61<5L’1,...,.TN).
Ic{1,...,n}

Here we use the convention that Fi., = 0 unless the entries of A+ ey are non-increasing
(that is, A+ e; is a partition).

Proof. We have f,,11(x) = fi(z)(1 — ¢™x), so
Tfm () = " (fm(2) = finia1(2)).
Therefore
1 ay det [fyanv—i(z;)] = det [z fx onv—i(z;)] =
det [¢ NN (frqv—i(@y) = Proaen—i(z;)]
O

Corollary 11.10. Consider the completion of the space of symmetric functions with co-
efficients in Z[q, q~'] with respect to the basis Fy. Then the operator of multiplication by
x1---xy 18 invertible in this completion and its inverse is given by the equation

N
(ZL‘l"'ZL'N)_lF)\(ZL‘l,...,I‘N) = q<2) Z q‘)\l—’—vF)\—l—v(fL‘la---al‘N)'

N
UEZZO

Proof. Define the operators A; by A;(F)\) = Fyye,, and p;(Fy) = ¢ F) fori =1,..., N.
Clearly, [A;, A;] = [pi, p;] = [Ai, pj] for i # j and by Proposition [[1.9 we have

1-ay = G T - A,

i
hence

Example 11.11. For N =1 and A = (0) we get a curious identity

= Z fm(2)q

We can check this identity directly, by computing the values of both sides at g7 for all
j. Denote

me ) me )

Then w11 =1+ q(1 — ¢ ")u; and ug = 1, so it is easy to see that u; = ¢.
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11.3. Interpolation polynomials for gl,. In this subsection we describe the interpo-
lation polynomials for gl, explicitly. By definition, we have polynomials F)(z1,x2) where
)\1 Z )\22

1

Ty — T2

Fari(@)  fra(e)
f>\2('r1) f>\2('r2)

Let us consider the case Ay = 0 first, and write \; = k. Then

frra(@1) frwa(a2)| _ fora(21) = frar(2)

F)\h)\g (xla $2) —

ka(l‘l,l‘g) = det 1 1 .
X1 — T2 X1 — T2
Let
l,zlJrl _ l,;Jrl
hi(x, 29) = ————
T1 — T2

Recall that fyii(z) = Zfiol(—l)jq@ (k;.rl)qxj, SO

k+1 v (k41
Fk,0(56’1,56’2) = Z(—l)JQ 2 ( j ) hjf1(371,5€2)7
j=1 q

compare with Corollary [I.6. We just replace each 27 in the expression for fi (x) by
h]’,1<.§lf1, .TQ).

Example 11.12. We have
file) =1—a, fo(z) = (1 - 2)(1 —qz) =1~ (1 +q)z +q2°,

fil@)=(1—2)1—q)1-q'z) =1—(L+q+q)r+(¢+¢ +q)2" —¢'2’

Foo(w1, m2) = =1, Fro(ay,22) = q(z1 +22) — (1 +¢),
Foo=—¢ (2] + ;e + 23) + (¢ + ¢ + ¢*) (21 + 29) — (1 + g+ ¢°).
By Proposition we have
Fyy o (@1, 2) = ¢ frg (1) oo (22) Fa - x0.0(07221, ¢ 32).
In particular, for (Ay, A\y) = (k, k) we have
Fyi(w1,22) = ¢" fr(1) fr(a).

Also, by Lemma [[T.1] we get

_f>\1 (qxl) if )\2 =0
0 otherwise.

(44) F>\1,>\2(x1’1) = {

11.4. Interpolation tables for gl,. For the reader’s convenience, we have computed
the polynomials F)(z1,x2) and the corresponding interpolation matrices using Sage [35].
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First, we present F)\ in Schur basis:

Fp=-1, F=g¢1—(q+1), B=-¢s+(@+@+qs— (¢ +q+1),
Fip=—gsip+qs1 —q=—q(1 —x1)(1 — )

Fy=¢"s3—(° + ¢+ "+ )52+ (@ +¢" +2° + @ + @)1 — (@ + ¢ + g+ 1)
Foy=q’s20 = q°s2— (" +¢° + @)1+ (@ +¢° + @)1 — (¢° +q)
Fyi=—¢"ss1+ ¢ ss + (° + " +q" + ¢*)so1 = (¢° + ¢+ ¢" +¢°)sa—

(@ +q" +2¢° + @ + @)1+ (@ +q' +2¢° +¢* + @)1 — (¢ +¢* +q)
Foo=—q"s22+ (" + )s21 — 52— (¢ + @ + @)sin+ (@ +¢*)s1 — ¢
P =q"s3—(a" +d°)s31 = (0" +¢° +@° +a")so2+ %83+ (4" +24° +2¢° + 24" + ¢°) 52,1~
<q6 _'_q5 +q4 —|—q3)52 - <q6 _'_2q5 _'_2q4 +2q3 +q2)8171 + <q5 +q4_'_2q3 +q2)51 - <q3 +q2)
Fis=—¢"s33+ (" + ¢+ )ss2— (®+ 0"+ 0)s31 — (@ + @+ 20"+ ® + ¢°)so2 + Css+

(@°+2¢"+24°+2¢°+4") 521~ (0" +0"+4") 52— (0" +¢"+2¢° +¢*+¢*) s1.0+(0"+¢" +¢%) 51— ¢

Next, we list the values of the evaluations cy , = Fy(¢~**~!, ¢7#2) for various A and y in
Tables [, 2, B below. The resulting matrix C = (c,) is upper-triangular, with diagonal
entries prescribed by Lemma [[0.T1l Zero entries correspond to pairs (A, 1) where p does
not contain A\. The entry corresponding to (A, 1) = ((1),(3,2)) is marked in bold, it is
divisible by 1 — ¢ but does not factor any further.

Using either Theorem [[0.17] or equation (38]), one can easily reconstruct the inverse
matrix D = C!, and we list part of it in Table @ (see Examples [0.21] and [0.23 for more
computations).

Note that by Corollary this determines the coefficients ¢y, and dy, for A C pu C
(3,3) and arbitrary V.

11.5. Link invariants for gl,. We can use the interpolation tables to expand the invari-
ants of simple knots in the basis F). Indeed, the colored gl, invariants are determined by
the colored sly invariants (that is, colored Jones polynomial) by the formula

IV (A1, 22),4) = Tk (Va-xs» @)
The coefficients ay(K) are then determined by Theorem

= daula ) Ix(V(n),a).

For example, for the figure eight knot we have the following values of the colored Jones
polynomial:

Jx(Vo,q) =1=Jx(V(1,1),q), Jx(Vi,q) = Jx(V(2,1),¢) =1+¢*+q¢ > —q—q ",

Tx(Va,0) =1+ +q7° —q—q + (@ + > —qa—a )@ +a7° > —q7).
Using the values of dy ,, from Table @ (and changing ¢ to ¢~') we obtain

-1 -1
a(K) = ~Jic(Vora) = =1 a1 (K) =~ Jx(Vo. ) +

1 ‘]K(‘/la Q) = q_2(q3 - 1)7

-2 -2
q

Ik(Vo,q) = ¢ (=" + ¢ +¢* —¢* — 1),

q

R T

-3

(I—g¢ (1 -q¢?)
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__ a a7 _
1K) = (1—-¢ (1~ q*z)JK(VO’ 9+ (1- q*l)QJK(Vl’ 2
q? =202
e q_Q)JK(V(L 1),q)=q " (¢"+q+1),
gt g3
) =y O V0
g g
(1—q¢1)2(1 — q*z)JK(VQ’ - (1=gH2(1—q7? FVL 1)+
! Jk(V(2,1),0)=¢ (" —¢" =" =+ " +2¢> + ¢ + ¢+ 1).

(1=g1)(1=q7%)
Using Tables [I], 2] Bl, one can similarly compute the values of a)(K) for all A C (3,3) and
verify that these are indeed Laurent polynomials in q.

A |[(0)] (1) (2) (1,1)
0 =1 -1 —1 —1

(D) 0]¢g'(t-0q g °(1—¢°) ¢ '(1-¢°)
(2) | O 0 —¢°(1-¢)(1—¢*) 0
(L] o 0 0 —q¢*(1-q)(1 —¢°)
3) | 0 0 0 0
21 0 0 0 0
GBI 0 0 0 0
22)] 0 0 0 0
32) [ 0 0 0 0
33)] 0 0 0 0

TABLE 1. Evaluations of interpolation polynomials: matrix C' = (cy ,)

A\ (3) (2,1) (3.1)

(0) 1 1 1

(1) ¢ *(1—¢% g (1—¢°) ¢ (1—q"

(2) A=) -¢) |-¢*0-q0—-¢ —¢ "1-—¢)1—¢"
(L,1) 0 —¢*1-q(1-¢% —q¢ '(1-q¢(1—4¢"
(3) [a"0-q0—-¢*)(1—-¢°) 0 ¢ ‘A-q)(1-¢)1—q"
(2,1) 0 ¢ '1-¢*0-¢) | ¢«*U-q9-¢)0—-4¢"
(31) 0 0 —¢ '(1-¢)°(1 -¢)(1 —¢")
(2,2) 0 0 0

(3,2) 0 0 0

(3,3) 0 0 0

TABLE 2. Matrix C' = (cy,,), continued

12. APPENDIX

Here we collect some useful definitions and facts about Habiro’s ring and interpolation
Macdonald polynomials.
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A\p (2,2) (3,2) (3,3)

0) 1 ) )

(1) ¢ *0+q)(1—-¢% a (4" - *+q°+1) q (1+q)(1*q3)

(2) 01— )1 = ¢) —¢ (1= ) 0 —¢") (14490 -¢)?

(1,1) —¢ '1-¢)1—¢% —¢(1-¢)(1—¢" 0 -0 -4

(3) 0 , - -¢)d—q" q (l—q )L — )1 —q")
(2,1) ¢ "(1=¢)°(1-¢% ¢ "1-¢)0-¢)0—-4" q‘8(1+q)(1 - )1 -1 —¢"
(3,1) A 0 [0 -g( =)0 - )0 —q") 1)1 -¢)(1 - )
22) |- 0-q1 -0 -¢) | ¢ 0 -1 -HA -1 —¢") ‘10(1 - )1 =)’ (1—q"
(3.2) 0 (1-9’1-¢)1-¢)0-¢q" ¢ "(1-¢)’0-¢)°(1—q")
(33) 0 0 —¢ 21— —-¢)*1 -1 —q"

TABLE 3. Matrix C' = (cy,), continued

Mp | (0) | (D) (2) (1,1) (2,1)

(0) _1 _L _ q2 _ q3 _ q4
1—q (1—q)2(1—q2) (1—q)2(1—q2) (1—q)§(1—q3)

_q _ 9 _q q

(1) 0 1—q (1=q)? (1-¢)? (1-q)®
g 9
2] o] 0 ) 0 )

L o] o 0 — -
’ (1-¢)(1—¢?) (lfq)i(lqu)

2,0l 0| 0 0 0 =’ =)

TABLE 4. Interpolation matrix D = (dy,) = C™*

12.1. Habiro’s ring. The Habiro ring [17] is defined as
— Z

2lq] = lim 20

n ((49)n)

Any element of Z[E] can be presented (not uniquely) as infinite series

= Fal@Dns fo € Zld).
n=0

Evaluations of such f(g) at all roots of unity are well defined, since if ¢° = 1 one has
F(q) = 3570 fu(@)n. Tt is easy to expand every f(q) € Z[q\] into formal power series in
(¢ — 1), denoted by T'(f) and called the Taylor series of f(q) at ¢ = 1. One important
property of the Habiro ring is that any f € Z[q\] is uniquely determined by its Taylor
series. In other words, the map 7T : Z@ — Z[[q — 1]] is injective [I7, Thm 5.4]. In
particular, 2@] is an integral domain. Moreover, every f € Z[q\] is determined by the

values of f at any infinite set of roots of unity of prime power order. Because of these
properties, Habiro ring is also known as a ring of analytic functions at roots of unity.

Since Ny,>ol, = 0 with I,, = (¢; ¢)»Z]q], the natural map Z[q] — Z[q\] is injective. The
image of ¢ under this map is invertible, and the inverse is given by

= "G 0)n
n=1

compare with Example [T} This implies that there is an injective map Z[q, ¢~'] — Z[q].
The following result is proved in [I7, Proposition 7.5], but we give a slightly different proof
here for the reader’s convenience. We will denote by ®,,(¢) the nth cyclotomic polynomial
d,(q) = H(a,n):l (¢ — ¢%) where ¢, is any primitive nth root of unity.
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Proposition 12.1. Suppose that f(q) € Z[\] and f(q)h(q) € Zlq,q '] for some product
of cyclotomic polynomials h(g) = Dpy (g) - - Bu, (g). Then £(q) € Zig, q~1.

Proof. Let us denote g(q) = f(q )h(q) € Zlq,q '], we prove the statement by induction
in r. For r = 1 we get h(q) = ®,(q) and g(q) = f(q)Pn(q), so for any primitive n-
th root of unity (, we have ¢((,) = f(¢)Pn(¢) = 0, so g(q) a(q)®,(q) for some
) =

« € Zlq,q']. This implies (f(q) — a(q))®.(q) = 0, and since Z[ | is an integral domain

we get f(q) = a(q).
For r > 1 we get

F(@) @y (@) -+ P, (q) € Zlg, g7 '],
so by the above

f<q>q)n1 (Q) T ®nr—1 (Q) S Z[Q7 q_1]7
and by the assumption of induction f(q) € Z[q, ¢ !]. O

12.2. Interpolation Macdonald polynomials. We consider partitions with at most N
parts.

Theorem 12.2. [23, 241 29| [30, 31, B2, [B6] There exists unique up to scalar factors family
of symmetric polynomials I)(x1,...,zN;q,t) with the following properties:
(a) Ly(g "tN=%) = 0 unless p contains
(b) (g *t"=") #0
(c) I is a nonhomogeneous polynomial of degree ||, and its degree || part is propor-
tional to the Macdonald polynomial Py(x1,...,xN;q,t).

The polynomials I are called interpolation Macdonald polynomials. In fact, the prop-
erties (a) and (b) already uniquely determine I (up to a scalar), and their existence
follows from the fact that ¢=*#¥~% for a nondegenerate grid in the sense of [31]. Part (c)
is then a deep property of these polynomials.

It is easy to see that at ¢ = t interpolation Macdonald polynomials I specialize to F).
Unlike F), there is no determinant formula for I, but there is a different combinatorial
formula [30].
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