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CYCLICITY FOR CATEGORIFIED QUANTUM GROUPS

ANNA BELIAKOVA, KAZUO HABIRO, AARON D. LAUDA, AND BEN WEBSTER

Abstract. We equip the categorified quantum group attached KLR algebra and an arbitrary choice
of scalars with duality functor which is cyclic, that is, such that f = f∗∗ for all 2-morphisms f . This
is accomplished via a modified diagrammatic formalism.

Consider the 2-category UQ(g) (as defined in [3, 5, 13]) which categorifies a Kac-Moody Lie algebra
g. In this 2-category, every 1-morphism possesses a left dual and a right dual. Standard arguments
show that the left and right duals (which are isomorphic) are well-defined up to unique isomorphism;
however they are not well-defined as 1-morphisms. That is, the operations of left and right dual are
anafunctors, not functors. In particular, every 1-morphism is isomorphic to its double-dual, but there
is no fixed isomorphism intrinsic to the 2-category structure.

However, we can choose a right duality functor, which allows us to fix a left and right dual. In
fact, this duality will be strict: any 1-morphism will be equal to its double dual. One such functor is
supplied by the functor τ̃ defined in [6, 3.46], that is by rightward rotation by 180◦. However, in the
graphical calculus defined in [5], this functor lacks one of the basic properties we expect from a duality:
while a 1-morphism is equal to its double dual, for a 2-morphism f : u → v, we will not necessarily
have that f and f∗∗ are equal.

If the equality f = f∗∗ does hold, we call the resulting duality cyclic. In this case, the functor of
double dual is isomorphic to the identity; thus, the identity map defines a (strictly) pivotal structure
on this 2-category. This property is also equivalent to the induced biadjunction on the objects (u, u∗)
being cyclic. In diagrammatic terms, this means that a morphism is unchanged by a full 360◦ rotation.
It follows that the string diagram calculus which uses a cyclic duality functor enjoys a topological
invariance that greatly simplifies computations. Furthermore, a pivotal structure is necessary for
defining convolution in the Hochschild cohomology of a representation of this 2-category; in particular,
it plays a key role in the authors’ previous work on traces of categorified quantum groups, and related
work of Shan, Varagnolo and Vasserot [1, 14, 17].

Our work is motivated by work of Brundan [3], which shows that the 2-category introduced in [5]
can be defined as in [13], where the functor Fi is the right dual of Ei (by definition), but there is no
a priori connection between Fi and the left dual of Ei. In order to define a duality functor, we must
thus choose an isomorphism of Ei to the right dual of Fi (that is, of Fi with the left dual of Ei).

In [3, 1.2], one such isomorphism is defined, which matches the choice implicit in [5]. Unfortunately,
as [5, (2.5)] shows, this duality is usually not cyclic; in particular, it is not for a generic choice of param-
eters, or for the choice which is most important in geometric and representation theoretic applications,
such as [4, 15].

In this paper, we introduce a 2-category Ucyc
Q (g) for an arbitrary choice of parameters Q with

canonical cyclic duality, which is equivalent to UQ(g) as a 2-category; of course, this equivalence is not
compatible with the duality functor. That is, we give a diagrammatic framework for this 2-category
where arbitrary isotopies leave 2-morphisms unchanged. This differs from the similar calculus given in
[5] in that the “degree zero bubbles” are no longer identity 2-morphisms, but rather a multiple of the
identity. By carefully choosing these parameters we are able to modify the biadjunction making the
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2-category UQ(g) pivotal. Aside from this modification of bubble parameters, the resulting 2-category
Ucyc
Q (g) has surprisingly simple relations including a simplified version of the mixed EiFj relations (see

(1.15)) and nice rotation properties for sideways crossings (see (1.8) and (1.9)). Furthermore, in the
2-category UQ(g), if the KLR algebra RQ associated to a choice of scalars Q governs the endomorphism
algebras of the upward oriented strings (endomorphisms in U+

Q (g)), then a different KLR algebra RQ′

for a related choice of scalars Q′ governs the downward oriented strings (endomorphisms in U−
Q (g)). In

our new pivotal 2-category Ucyc
Q (g) the same KLR algebra governs the upward and downward oriented

graphical calculus. This 2-category has some similar features as the 2-category defined for gln in [10].
In Section 2 we provide an explicit isomorphism between Ucyc

Q (g) and the 2-category UQ(g) from [5].
This isomorphism is a straightforward scalar multiplication, so no deep new techniques were needed in
the construction of Ucyc

Q (g). However, it was only in the light of Brundan’s rigidity theorem that this
modification became apparent to the authors.

Our aim in this note is to provide the most convenient definition of categorified quantum groups to
aid researchers in the field of higher representation theory. To that end, we provide some useful relations
in section 3 that can be derived in Ucyc

Q (g). It is clear that the 2-category Ucyc
Q (g) introduced here is

the most natural version of the categorified quantum group for a general choice of scalars Q. Indeed,
the 2-isomorphism defined in section 2 removes some of the inconvenient signs that have appeared in
the study of various 2-representations [9, 12, 11].
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1. The cyclic categorified quantum group

1.0.1. The Cartan datum and choice of scalars Q. We fix a Cartan datum consisting of

• a free Z-module X (the weight lattice),
• for i ∈ I (I is an indexing set) there are elements αi ∈ X (simple roots) and Λi ∈ X (funda-
mental weights),

• for i ∈ I an element hi ∈ X∨ = Hom
Z

(X,Z) (simple coroots),
• a bilinear form (·, ·) on X .

Write 〈·, ·〉 : X∨ ×X → Z for the canonical pairing. These data should satisfy:

• (αi, αi) ∈ 2Z>0 for any i ∈ I,

• 〈i, λ〉 := 〈hi, λ〉 = 2 (αi,λ)
(αi,αi)

for i ∈ I and λ ∈ X ,

• (αi, αj) ≤ 0 for i, j ∈ I with i 6= j,
• 〈hj ,Λi〉 = δij for all i, j ∈ I.

Hence Ci,j = {〈hi, αj〉}i,j∈I is a symmetrizable generalized Cartan matrix. In what follows we write

dij = −〈i, αj〉,(1.1)

di =
(αi, αi)

2
.(1.2)

for i, j ∈ I.

Let k be a commutative ring with unit, and let k× denote the group of units in k.

Definition 1.1. Associated to a Cartan datum we also fix a choice of scalars Q consisting of

• tij for all i, j ∈ I ,
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• spqij ∈ k for i 6= j, 0 ≤ p < dij , and 0 ≤ q < dji,

such that

• tii = 1 for all i ∈ I and tij ∈ k
× for i 6= j,

• spqij = sqpji ,
• tij = tji when dij = 0.

We set spqij = 0 when p, q < 0 or dij ≥ p or dji ≥ q.

Definition 1.2. A choice of bubble parameters C compatible with the choice of scalars Q is a set
consisting of

• ci,λ ∈ k
× for i ∈ I and λ ∈ X .

such that

(1.3) ci,λ+αj
/ci,λ = tij

for i, j ∈ I, λ ∈ X .

Of course, we can choose such a set of scalars for any tij by fixing an arbitrary choice of ci,λ for a
fixed λ in each coset of the root lattice in the weight lattice, and then extending to the rest of the coset
using the compatibility condition.

For any choice of bubble parameters compatible with the choice of scalars Q the values along an
sl2-string remain constant since

ci,λ+αi
= tiici,λ = ci,λ,

so that for all n ∈ Z we have ci,λ = ci,λ+nαi
.

1.1. Definition of the 2-category Ucyc
Q (g). By a graded linear 2-category we mean a category en-

riched in graded linear categories, so that the hom spaces form graded linear categories, and the
composition map is grading preserving. Given a fixed choice of scalars Q and a compatible choice of
bubble parameters C we can define the following 2-category.

Definition 1.3. The 2-category Ucyc
Q (g) is the graded linear 2-category consisting of:

• objects λ for λ ∈ X .
• 1-morphisms are formal direct sums of (shifts of) compositions of

1λ, 1λ+αi
Ei = 1λ+αi

Ei1λ = Ei1λ, and 1λ−αi
Fi = 1λ−αi

Fi1λ = Fi1λ

for i ∈ I and λ ∈ X . In particular, any morphism can be written as a finite formal sum of
symbols Ei1λ〈t〉 where i = (±i1, . . . ,±im) is a signed sequence of simple roots, t is a grading
shift, E+i1λ := Ei1λ and E−i1λ := Fi1λ, and Ei1λ〈t〉 := E±i1 . . .E±im1λ〈t〉.

• 2-morphisms are k-modules spanned by compositions of (decorated) tangle-like diagrams illus-
trated below.

OO

•
λλ+αi

i

: Ei1λ → Ei1λ〈(αi, αi)〉
��

•
λλ−αi

i

: Fi1λ → Fi1λ〈(αi, αi)〉

OOOO

i j
λ : EiEj1λ → EjEi1λ〈−(αi, αj)〉

����i j
λ : FiFj1λ → FjFi1λ〈−(αi, αj)〉

��

OO

i j
λ : FiEj1λ → EjFi1λ

��

OO

i j
λ : EiFj1λ → FjEi1λ
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�� JJ i
λ

: 1λ → FiEi1λ〈di + (λ, αi)〉
��TT i

λ

: 1λ → EiFi1λ〈di − (λ, αi)〉

WW


i λ

: FiEi1λ → 1λ〈di + (λ, αi)〉 GG ��
i λ

: EiFi1λ → 1λ〈di − (λ, αi)〉

In this 2-category (and those throughout the paper) we read diagrams from right to left and bottom
to top. The identity 2-morphism of the 1-morphism Ei1λ is represented by an upward oriented line
labeled by i and the identity 2-morphism of Fi1λ is represented by a downward such line.

The 2-morphisms satisfy the following relations:

(1) The 1-morphisms Ei1λ and Fi1λ are biadjoint (up to a specified degree shift). These conditions
are expressed diagrammatically as

(1.4) OO �� OO

λ

λ+ αi

= OO

λλ+ αi

��OO��

λ+ αi

λ

= ��

λ+ αiλ

(1.5) OO��OO

λ

λ+ αi

= OO

λλ+ αi

�� OO ��

λ+ αi

λ

= ��

λ+ αiλ

(2) The 2-morphisms are cyclic with respect to this biadjoint structure.

(1.6) OO

��

��

λ+ αi

λ
•

=

��

•
λ λ+ αi

= OO

��

��

λ+ αi

λ

•

The cyclic relations for crossings are given by

(1.7)
����i j

λ =
OO ��

�� OO
λ

�� OO

��OO

j i

ji

=
OO��

��OO
λ

��OO

�� OO

ij

i j

Sideways crossings satisfy the following identities:

(1.8)
OO

��j i

λ =
OO

λ
�� OO

��OO

i j

ij

=
��

λ
OO��

OO ��

ji

j i

(1.9)
��

OO

ij

λ =
OO

λ
��OO

�� OO

ji

j i

=
�� λ

OO ��

OO��

i j

ij

(3) The E ’s (respectivelyF ’s) carry an action of the KLR algebra associated toQ. The KLR algebra
R = RQ associated to Q is defined by finite k-linear combinations of braid–like diagrams in the
plane, where each strand is labeled by a vertex i ∈ I. Strands can intersect and can carry dots
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but triple intersections are not allowed. Diagrams are considered up to planar isotopy that do
not change the combinatorial type of the diagram. We recall the local relations:
i) For i 6= j

(1.10)
λ

OOOO

i j

=






0 if (αi, αj) = 2,

tij

OOOO

i j

if (αi, αj) = 0,

tij OOOO
•dij

i j

+ tji OOOO
•dji

i j

+
∑
p,q

spqij
OOOO

•p • q

i j

if (αi, αj) < 0,

ii) The nilHecke dot sliding relations

(1.11)

OO

•

OO

i i

−

OO

•
OO

i i

=

OOOO

•

i i

−

OOOO

•i i

=

OO OO

i i

hold.
iii) For i 6= j the dot sliding relations

(1.12)

OO

•
OO

i j
=

OO

•

OO

i j

OOOO

•

i j
=

OOOO

•i j

hold.
iv) Unless i = k and (αi, αj) < 0 the relation

(1.13)

OOOO OO

λ

i j k

=

OOOOOO

λ

i j k

holds. Otherwise, (αi, αj) < 0 and

(1.14)

OOOO OO

i j i

−

OO OOOO

iji

= tij
∑

ℓ1+ℓ2=dij−1

OOOO

��•ℓ1

OO

��•ℓ2

i j i

+
∑

p,q

spqij
∑

ℓ1+ℓ2

=p−1

OO

•q
OO

•ℓ1

OO

•ℓ2

i j i

(4) When i 6= j one has the mixed relations relating EiFj and FjEi:

(1.15) OO��

��

OO

λ

i j

= ��OO λ

i j

��

��

OO

OO

λ

i j

= OO�� λ

i j

(5) Negative degree bubbles are zero. That is, for all m ∈ Z+ one has

(1.16)
i

��MM

•
m

λ

= 0 if m < 〈i, λ〉 − 1,
i

QQ��

•
m

λ

= 0 if m < −〈i, λ〉 − 1.

On the other hand, a dotted bubble of degree zero is a scalar multiple of the identity 2-
morphism:

i
��MM

•
〈i,λ〉−1

λ

= ci,λId1λ
for 〈i, λ〉 ≥ 1,

i
QQ��

•
−〈i,λ〉−1

λ

= c−1
i,λId1λ

for 〈i, λ〉 ≤ −1.
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(6) For any i ∈ I one has the extended sl2-relations. In order to describe certain extended sl2
relations it is convenient to use a shorthand notation from [7] called fake bubbles. These are
diagrams for dotted bubbles where the labels of the number of dots is negative, but the total
degree of the dotted bubble taken with these negative dots is still positive. They allow us
to write these extended sl2 relations more uniformly (i.e. independent on whether the weight
〈i, λ〉 is positive or negative).

• Degree zero fake bubbles are equal to

i
��MM

•
〈i,λ〉−1

λ

= ci,λId1λ
if 〈i, λ〉 ≤ 0,

i
QQ��

•
−〈i,λ〉−1

λ

= c−1
i,λId1λ

if 〈i, λ〉 ≥ 0.

• Higher degree fake bubbles for 〈i, λ〉 < 0 are defined inductively as

(1.17)
i

��MM

•
〈i,λ〉−1+j

λ

=






− ci,λ
∑

a+b=j

b≥1

MM

•
〈i,λ〉−1+a

��

•
−〈i,λ〉−1+b

λ

if 0 < j < −〈i, λ〉+ 1

0 if j < 0.

• Higher degree fake bubbles for 〈i, λ〉 > 0 are defined inductively as

(1.18)
i

QQ��

•
−〈i,λ〉−1+j

λ

=





− c−1
i,λ

∑
a+b=j

a≥1

MM

•
〈i,λ〉−1+a

��

•
−〈i,λ〉−1+b

λ

if 0 < j < 〈i, λ〉+ 1

0 if j < 0.

These equations arise from the homogeneous terms in t of the ‘infinite Grassmannian’ equation




i QQ��

•
−〈i,λ〉−1

λ

+
i QQ��

•
−〈i,λ〉−1+1

λ

t+ · · ·+
i QQ��

•
−〈i,λ〉−1+α

λ

tα + · · ·







i
��MM

•
〈i,λ〉−1

λ

+
i

��MM

•
〈i,λ〉−1+1

λ

t+ · · ·+
i

��MM

•
〈i,λ〉−1+α

λ

tα + · · ·


 = Id1λ

.

(1.19)

Now we can define the extended sl2 relations. Note that in [5] additional curl relations were
provided that can be derived from those above. For the following relations we employ the
convention that all summations are nonnegative, so that

∑
f1+···+fn=α is zero if α < 0.

(1.20)

i i

OO �� λ = − OO��

��

OO

λ

i i

+
∑

f1+f2+f3
=〈i,λ〉−1

λ

��NN•
f3

		
OO

•
f1

i
QQ��

•
−〈i,λ〉−1+f2

i

i

(1.21)

i i

�� OO λλ = − ��

��

OO

OO

λ

i i

+
∑

g1+g2+g3
=−〈i,λ〉−1

RR��•
g3

II��

•g1
i

��MM

•
〈i,λ〉−1+g2

i

i
λ
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1.2. A duality functor. As discussed in the introduction, our motivation for considering this modified
diagrammatic framework is in order to construct a cyclic duality. This functor arises from the ability
to rotate diagrams. It is defined as in [6, 3.46] by taking the usual adjoint, using the adjoints defined
by cups and caps. We refer to that source for the effect this duality has one 1-morphisms, since this is
the same in UQ(g) and Ucyc

Q (g). Most importantly Ei and Fi are dual. On the level of 2-morphisms,
our duality is defined by

(1.22) f∗ := f = f

The second equality holds by applying (1.6,1.7). Here, it is very important that the diagrams are
interpreted in the category Ucyc

Q (g), since cyclicity is precisely the property that these two operations

give the same duality. The second equality of (1.22) would not hold if these diagrams were interpreted
in UQ(g).

2. An isomorphism of 2-categories

Theorem 2.1. There is an isomorphism of 2-categories

M : Ucyc
Q (g) −→ UQ(g)

where UQ(g) is the 2-category defined in [5].

Note here that UQ(g), defined when k is a field in [5], can be extended to the case k is a commutative
ring with unit.

Proof. Define the 2-functor M to act as the identity on objects and 1-morphisms and by rescaling the
following generators:

M

(
GG ��
i λ

)
:= ci,λ · GG ��

i λ

M
(

�� JJ i
λ

)
:= c−1

i,λ · �� JJ i
λ

M
(

����i j
λ

)
:= tji

����i j
λ

M
( OO

��j i

λ
)

:= t−1
ij

OO

��j i

λ(2.1)

The map M preserves relations (1.4) – (1.6). The cyclic relations (1.7) become

(2.2) tji
����i j

λ = t−1
ij tji

OO ��

�� OO
λ

�� OO

��OO

j i

ji

=
OO��

��OO
λ

��OO

�� OO

ij

i j

since c−1
j,λ−αi−αj

c−1
i,λ−αi

ci,λ−αj
cj,λ =

ci,λ−αj

ci,λ−αi

cj,λ
cj,λ−αi−αj

= t−1
ij tji.
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Likewise, since ci,λc
−1
i,λ−αi+αj

= ci,λ/ci,λ+αj
= t−1

ij and c−1
j,λcj,λ+αj−αi

= cj,λ+αj−αi
/cj,λ+αj

= t−1
ji ,

equations (1.8) and (1.9) become

(2.3) t−1
ij

OO

��j i

λ = t−1
ij

OO

λ
�� OO

��OO

i j

ij

=
��

λ
OO��

OO ��

ji

j i

(2.4)
��

OO

ij

λ =
OO

λ
��OO

�� OO

ji

j i

= tji
�� λ

OO ��

OO��

i j

ij

All of the KLR relations are preserved by M and the mixed relation (1.15) for i 6= j becomes

(2.5) t−1
ji

OO��

��

OO

λ

i j

= ��OO λ

i j

t−1
ij

��

��

OO

OO

λ

i j

= OO�� λ

i j

It is not hard to check using the definition of fake bubbles and the 2-functor M that for all values
of α

M


 i

��MM

•
〈i,λ〉−1+α

λ

 = ci,λ

i
��MM

•
〈i,λ〉−1+α

λ

M


 i

QQ��

•
−〈i,λ〉−1+α

λ

 = c−1

i,λ

i
QQ��

•
−〈i,λ〉−1+α

λ

One can check that all of the sl2 relations will be invariant under this map.
The 2-functor M has the obvious inverse using the inverse of the rescalings. �

Corollary 2.2. ([6, 16]) If k is a field, there is an isomorphism

γ : AU̇ −→ K0(U̇
cyc
Q )(2.6)

of linear categories, where U̇cyc
Q denotes the Karoubi envelope of the 2-category Ucyc

Q (g).

Remark 2.3. Several of the relations in Definition 1.3 are redundant. In particular, applying the
inverse of the isomorphismM from Theorem 2.1 to Brundan’s rigidity theorem implies that the cyclicity
relations 1.6 – (1.8) follow from the others see [2, Theorem 5.3]. Furthermore, one can also omit (1.5)
[2, Theorem 4.3].

3. Helpful relations in U̇cyc
Q

3.1. Curl relations. In this section we show that the curl relations follow from those already in-
troduced. Since this fact is not immediately accessible in the existing literature we provide a proof
here.

Lemma 3.1. The following relations

λKK

LL

RR

VV

i

=

{
−ci,λIdEi1λ

, for 〈i, λ〉 = 0,
0, for 〈i, λ〉 > 0,

λ SS

RR

LL

HH

i

=

{
c−1
i,λId1λEi

, for 〈i, λ〉 = 0,

0, for 〈i, λ〉 < 0,
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Proof. The first claim is proven as follows:

λKK

LL

RR

VV

i

=
λ

OO

��

i

(1.11) λ

OO

��

i

• +
λ

OO

��

i

•
(1.10) λ

OO

��

i

•

then using cyclicity this is equal to

(3.1) =
λ

OO

OO

i

•
(1.21)

− i
��MM

•

OO

i

λ

and the claim follows since a clockwise oriented i-labelled bubble with a single dot in weight λ + αi

vanishes if 〈i, λ〉 > 0 and is equal to ci,λ+αi
= ci,λ. The second claim is proven similarly. �

Lemma 3.2. The following relations

(3.2)

λKK

LL

RR

VV

i

= −
∑

f1+f2+f3
=−〈i,λ〉

λ
OO

i

i
��MM

•
〈i,λ〉−1+f2

•f1
λ SS

RR

LL

HH

i

=
∑

g1+g2+g3
=〈i,λ〉

i

λ

OO
i

QQ��

•
−〈i,λ〉−1+g2

•g1

hold in Ucyc
Q (g).

Proof. Note that when either summation is nonzero then the bubbles appearing in the equation are
fake bubbles. We prove the first identity. The second is proven similarly.

When 〈i, λ〉 ≥ 0 this claim follows from Lemma 3.1. The case 〈i, λ〉 < 0 can be proven by capping
of (1.21) with −〈i, λ〉 dots and simplifying the resulting equation. For more details see for example
Section 3.6.1 of [8]. �

Inductively using (1.11) it is easy to show the following Proposition.

Proposition 3.3.

(3.3)

λKK

LL

RR

VV
•m

i

= −
∑

f1+f2
=m−〈i,λ〉

λ
OO

i

i
��MM

•
〈i,λ〉−1+f2

•f1
λ SS

RR

LL

HH
•m

i

=
∑

g1+g2
=m+〈i,λ〉

i

λ

OO
i

QQ��

•
−〈i,λ〉−1+g2

•g1

hold in Ucyc
Q (g).

3.2. Bubble slide equations. In what follows it is often convenient to introduce a shorthand notation

λ
i

��MM

•
♠+m

:=

λ
i

��MM

•
〈i,λ〉−1+m

λ
i

QQ��

•
♠+m

:=

λ
i

QQ��

•
−〈i,λ〉−1+m

for all 〈i, λ〉. Note that as long as m ≥ 0 this notation makes sense even when ♠+m < 0.



10 ANNA BELIAKOVA, KAZUO HABIRO, AARON D. LAUDA, AND BEN WEBSTER

Using cyclicity, (1.10) and (1.15) one can prove that the following bubble slide equations

λ

OO

j

i
QQ��

•
♠+m

=





∑m

f=0

(m+ 1− f)

λ+ αj

OO

j

i
QQ��

•
♠+f

•m−f

if i = j

tij

λ+ αj

OO

j

i
QQ��

•
♠+m

+ tji

λ+ αj

OO

j

i
QQ��

•
♠+m−dij

• dji

+
∑
p,q

sp,qi,j

λ+ αj

OO

j

i
QQ��

•
♠+m−dij+p

• q

if aij < 0

tij

λ+ αj

OO

j

i
QQ��

•
♠+m

if aij = 0

λ

OO

j

i
��MM

•
♠+m

=





∑m

f=0

(m+ 1− f)

λ

OO

j

i
��MM

•
♠+f

•m−f

if i = j

tji

λ

OO

j

i
��MM

•
♠+m−dij

•dji

+ tij

λ

OO

j

i
��MM

•
♠+m

+
∑
p,q

sp,qj,i

λ

OO

j

•p
i

��MM

•
♠+m−dij+q

if aij < 0

tji

λ

OO

j

i
��MM

•
♠+m

if aij = 0

hold in Ucyc
Q (g). Inverting these formulas gives the expressions below.

λ

OO

j

i
��MM

•
♠+m

=






λ+ αj

OO

j

i
��MM

•
♠+(m−2)

• 2
− 2

λ+ αj

OO

j

i
��MM

•
♠+(m−1)

•

+

λ+ αj

OO

j

i
��MM

•
♠+m

if i = j

−
∑
f≥0

k≥0

(
f+k

k

)
(−t−1

ij tji)
f (−tij)

−(k+1)
∑

p1,...,pk≥0

q1,...,qk≥0

(∏k

ℓ=1
spℓ,qℓ
j,i

)
λOO

j

i
��MM

•
♠+m−fdij+q1+···+qk

•
fdji+p1+···+pk

if aij < 0

λ+ αj

OO

j

i
QQ��

•
♠+m

=





λ

OO

j

i
QQ��

•
♠+(m−2)

• 2

− 2

λ

OO

j

i
QQ��

•
♠+(m−1)

•

+

λ

OO

j

i
QQ��

•
♠+m

if i = j

−
∑
f≥0

k≥0

(
f+k

k

)
(−t−1

ij tji)
f (−tij)

−(k+1)
∑

p1,...,pk≥0

q1,...,qk≥0

(∏k

ℓ=1
sqℓ,pℓ

i,j

)
λOO

j

i
QQ��

•
♠+m−fdij+q1+···+qk

• fdji+p1+···+pk

if aij < 0
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3.3. Triple intersections. Using cyclicity and (1.13) one can show that for all i, j, k ∈ I not satisfying
i = j = k the equation

(3.4)

��

OO OO

λ

i j k

=

��

OOOO

λ

i j k

holds in Ucyc
Q (g). Similarly, it is not hard to show that if (αi, αj) < 0, then

(3.5)

��

OOOO

i i j

−

OO

��

OO

jii

= −tij
∑

ℓ1+ℓ2=dij−1
��
•
ℓ1

OO

•
ℓ2

OO

i i j

−
∑

p,q

spqij
∑

ℓ1+ℓ2

=p−1 ��
•
ℓ1

OO

•
ℓ2

OO

•
q

i i j

(3.6)

OO

��

OO

j i i

−

��

OO OO

iij

= −tij
∑

ℓ1+ℓ2=dij−1
��

•
ℓ1

OO

•
ℓ2

OO

jii

−
∑

p,q

spqij
∑

ℓ1+ℓ2

=p−1 ��
•

ℓ1

OO

•
ℓ2

OO

•
q

jii

also hold in Ucyc
Q (g).
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