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TRACE DECATEGORIFICATION OF CATEGORIFIED QUANTUM sl

ANNA BELIAKOVA, KAZUO HABIRO, AARON D. LAUDA, AND MARKO ZIVKOVIC

ABSTRACT. The trace or the Oth Hochschild—Mitchell homology of a linear category C may be regarded
as a kind of decategorification of C. We compute the traces of the two versions U and U* of categorified
quantum sl introduced by the third author. The trace of U is isomorphic to the split Grothendieck
group Ko (Z/{), and the higher Hochschild-Mitchell homology of f is zero. The trace of * is isomorphic
to the idempotented integral form of the current algebra U(sla[t]).

1. INTRODUCTION

Categorification is a process of transforming a set-like structure into a category-like structure, which
is inverse to decategorification, usually defined as a functor from category-like structures to set-like
structures. For example, the functor from the category of small categories to the category of sets,
mapping a category C to the set Ob(C)/ = of isomorphism classes of objects in C, is considered to
be a decategorification. In this example, the categorification problem is to find, for a given set S,
a nice category C and a bijection between Ob(C)/ = and S. The notion of niceness depends on the
circumstances, and categorification is not a well-defined notion in general. Usually, a decategorification
functor maps categories with structures, such as monoidal categories and 2-categories, to sets with
structures, such as monoids and categories. The corresponding categorification problem for a monoid
M is to find a nice monoidal category C with the monoid Ob(C)/ 2 isomorphic to M.

Another example of decategorification functor is the Grothendieck group Gy, which is a functor from
small abelian categories to abelian groups. This functor is enhanced to a functor from small abelian
monoidal categories to associative, unital rings. The categorification problem for a ring R is to find
a nice abelian monoidal category C with a ring isomorphism Gy(C) = R. For an additive category C,
which is not necessarily abelian, the usual Grothendieck group is not defined, but there is the split
Grothendieck group, denoted Ko(C), which is generated by the isomorphism classes of objects in C,
with relations [z @ y] = [z] + [y] for z,y € Ob(C) (see Section [3 for details).

One can apply the split Grothendieck group Ky to an additive 2-category C to obtain a linear
category Ko(C). (By a linear category we mean a category enriched over the category Ab of abelian
groups.) Here, the objects in Ky(C) are the objects in C, and for objects  and y the hom-module
Ko(C)(x,y) is defined as the split Grothendieck group Ko(C(z,y)) of the hom-category C(z,y).

In [8], the third author defined an additive 2-category U, which categorifies the Beilinson—Lusztig—
MacPherson idempotented integral form AU of the quantum group U = U, (sly) [I]. That U categorifies
AU means here that the split Grothendieck group Ky(if) is isomorphic to 4U. For an elementary
introduction to the 2-category U see [A.

In this paper, we consider another decategorification functor on linear categories, called the trace.
The trace of a linear category C is defined to be the coend of the Hom functor Hom¢: C°P x C — Ab,
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i.e., the abelian group

zeC
Tr(C) = / Home (z,x) = @

Home (z, ) | /Span{fg —gf}.
£€0b(C)

where the subgroup Span{fg — ¢gf} is spanned by fg — gf for all pairs f: z — y, g: y — = with
x,y € Ob(C). The trace Tr(C) is also known as the 0th Hochschild-Mitchell homology HH(C) of C.
Unlike the split Grothendieck group, the trace can be defined for any linear category, not necessarily
additive. The trace of a linear category C is naturally isomorphic to the trace of the additive closure of
C. Moreover, the trace Tr(Kar(C)) of the Karoubi envelope Kar(C) is isomorphic to Tr(C), see Section

Bl
Similarly to Ky, the trace Tr can be applied to linear 2-categories. The trace Tr(C) of a linear

2-category is a linear category such that Ob(Tr(C)) = Ob(C), and
Tr(C)(x,y) = Tr(C(z,y))

for z,y € Ob(C).
For an additive category C, the trace Tr(C) and the split Grothendieck group Ky(C) are related by
the linear map

he: KQ(C) — TI“(C)

which maps the equivalence class [X] of X € C to the equivalence class [1x] of the identity morphism
1x: X —» X.
For an additive 2-category C, we have a linear functor

hc: Ko(C) — Tr(C),
which maps each object to itself and maps morphisms by

hC(z,y): KO(C(xv y)) - Tl“(C(LL‘,y))

In this paper we compute the traces of the additive 2-categories U and U*, where U* is another
version of the categorified quantum sly, introduced in [8]. Here we recall that the objects of u (and, in
fact, of U*) are the integers, which are regarded as the elements of the weight lattice of sla. For more
details about U, see Section [Bl

The first main result of this paper is the following.

Theorem 1.1. The linear functor

hy: Ko(td) — Tr(U) = HHo(U)

is an isomorphism. Hence Tr(i{) is isomorphic to 4U. Moreover, for i > 0, and n,m € Z, the
Hochschild-Mitchell homology group HH; (U (n,m)) of U(n,m) is zero.

Now we consider the trace of the additive 2-category U*.

The Lie algebra sla[t] = sly ® Q[t] is the non-negative part of the loop Lie algebra sla[t,t71]. The
universal enveloping algebra U(sl3[t]) of sl2[t] is called the current algebra of sly. Thus, U(sly[¢]) is the
Q-algebra generated by E;, F; and H; for i > 0, where X; = X ® t?, subject to the following relations:

[H;, Hj) = [Ei, Ej] = [F;, Fj] = 0,
(Hi, Ej] = 2Eiyj, [Hi, Fj| = —2F;, [Ei Fj] = Hig.

An integral basis of the loop algebra U(slz[t,t71]) was constructed in [6]. The following is our second
main result.
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Theorem 1.2. As a linear category, Tr(U*) is isomorphic to the idempotented integral form 7 U (slyt])
of the current algebra U(sl3][t]).

For the definition of 7U(slyt]), see Section Bl
We conclude by summarizing some advantages of Tr compared with Kj:

e The trace is defined for linear categories, not only for additive categories.

e The trace is sometimes richer than K.

e The trace of the category is isomorphic to the trace of its Karoubi envelope. This property
does not hold for the split Grothendieck group in general.

The paper is organized as follows. After recalling general facts about traces for (linear) categories
and bicategories in the first two sections, we introduce (strongly) upper-triangular linear categories
and compute all Hochschild-Mitchell homology groups for them. Then we recall the definitions of the
additive 2-categories U, U and U* and show that U is strongly upper-triangular, yielding the proof of
Theorem [T} In Section [7, we give an explicit presentation of the categories U*(m,n) by generators
and relations. Finally, we provide the proof of Theorem
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2. TRACES OF CATEGORIES AND BICATEGORIES
In this section we define the traces of categories and bicategories.
2.1. Traces of categories. Let C be a small category. We denote by C(z,y) the set of morphisms
from x to y in C. For an object x € Ob(C), set Ende(x) = C(z, ), the set of endomorphism of x, which

has a monoid structure. Set End(C) = [I,cop(c) Ende ().
The trace of C is defined to be the coend of the Hom functor

zeC
Tr(C) = / C(z,z) € Set.
By abuse of notation, we will also write TrC in later sections. Unravelling the definition of the coend
(see e.g. [II] p. 226]) Tr(C) may be defined also by
Tr(C) = End(C)/ ~,

where the equivalence relation ~ is generated by fg ~ gf for all pairs f: © — vy, g: y — = with
x,y € Ob(C). For f € End(C), let [f] € Tr(C) denote the corresponding equivalence class.
The trace gives rise to a functor

Tr: Cat — Set,

from the category of small categories to the category of sets, which maps a functor F': C — D to the
map Tr(F): Tr(C) — Tr(D) defined by
Tr(F)([f]) = [F(f)] € Te(D)

for f: x — x in C.
Here we summarize some useful facts:

e For f € Endc(z) and an isomorphism a: y———x, we have [f] = [a~! fa] in Tr(C).
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e If o: F—==-G is a natural isomorphism between two functors F,G: C — D, then Tr(F) =
Tr(G). Thus, the functor Tr: Cat — Set can be refined to a 2-functor from the 2-category of
categories, functors and natural isomorphisms to the 2-category of sets, functions and identities
of functions.

e Equivalence of categories C ~ D induces an isomorphism Tr(C) = Tr(D).

2.2. Products. Recall that the categories Cat and Set have finite products given by direct products
for categories and sets, respectively.

Lemma 2.1. The functor Tr: Cat — Set preserves finite products.

Proof. For C,D € Cat, we have a bijection
(2.1) v: Tr(C) x Tr(D) — Tr(C x D)

defined by «([f],[g]) = [(f,9)] for f € End(C), g € End(D). Note also that the trace Tr(7) of the
terminal object 7 in Cat, which is a category with one object ¢ and one morphism 14, is a one-element
set {[1:]}, which is terminal in Set. O

By Lemma 2] the functor Tr defines a (strong) monoidal functor between cartesian monoidal
categories

Tr: (Cat, x) — (Set, x).

2.3. Traces of bicategories. Recall that a (small) bicategory C consists of

a set Ob(C) of objects in C,

a small category C(z,y) for =,y € Ob(C),

a functor o: C(y, z) x C(z,y) — C(z, z) for z,y,z € Ob(C),
an object I, € C(z,z) for x € Ob(C),

natural isomorphisms

Ohg f: (hog)ofiﬁlo(gof),
)\f: Iyoféfu
pf: folwéfa

for objects f € Ob(C(z,y)), g € Ob(C(y, 2)), h € Ob(C(z,w)),

which satisfy certain relations (pentagon etc.). For more details see [3, Chapter 7] or [2]. A 2-category
is a bicategory such that the oy 4,7, Ay and py are identities.

For a bicategory C, we define a category Tr(C) with Ob(Tr(C)) = Ob(C) as follows. For z,y €
Ob(C), set Tr(C)(z,y) = Tr(C(z,y)). For z,y,z € Ob(C), define the composition map

o: Tr(C)(y, 2) x Tr(C)(x,y) — Tr(C)(z, 2)
as the composite

(2.2) Tr(C(y, 2)) x Tr(C(z,y)) —— Tr(C(y, 2) x C(z,y)) ), Tr(C(z, 2)) ,

where ¢ is the isomorphism as defined in equation ([2)). For o € Endg(e,y) and 7 € Endgy,,), we
have [7] o [0] = [T 0 0]. The identity morphism for z € Ob(Tr(C)) = Ob(C) is given by [17,]. The
associativity and unitality of composition in Tr(C) follows from the natural isomorphisms a, A and p.
For example, for 2-morphisms o: f = f, 7: ¢ = g and p: h = h in C, we have

(lplo[r]) o lol =[(poT) 0 0] = langs((poT) 0 o)y, I =po (7 00)] =Ip] o ([r] o [0]).
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Remark 2.2. Recall that a monoidal category may be regarded as a bicategory with one object. Hence
the above definition of the trace of bicategory specializes to the trace of monoidal category, which takes
values in categories with one object, i.e., monoids. An internal notion of trace for 1-morphisms inside
of a bicategory is given in [5].

2.4. Horizontal trace of a bicategory. This subsection is a digression on “horizontal traces” of
bicategories, which is not necessary for the rest of the paper. The motivation for considering “horizontal
traces” is given at the end of this subsection.

For a bicategory C, there is another structure which may be called the “trace” of C. In graphical
explanations, a 1-morphism in a bicategory is sometimes drawn as a horizontal arrow, and a 2-morphism
between two 1-morphisms are “vertical face” bounded by two horizontal arrows. The trace Tr(C) of C
is obtained from C by taking traces in the “vertical direction”, i.e., in 2-morphisms. Thus one might
call Tr(C) the vertical trace of C.

Here we introduce another notion of “trace” of a bicategory C, which we call the “horizontal trace”
Tr"*"(C), which is obtained from C by taking trace in the “horizontal direction”. More precisely,
Trh°T(C) is the category defined as follows. Here, for simplicity, our bicategory C is a 2-category.
The objects in Tr"*(C) are 1-endomorphisms f: z — x, € Ob(C). Morphisms from f: z — = to
g: y — y are equivalence classes [p, o] of pairs (p, o) of a morphism p: z — y in C and a 2-morphism
o: pof=gop: x —y, depicted by

e —1 1 a
yTy

where the equivalence relation on such pairs is generated by

(p,(goT)a) ~ (p\,o(rof))

or
o[ Z Vo v~ v S
g

for p,p': v -y, 0: pof =gop:x —y, 7: p = p: x - y. The composite of two morphisms
p,o]: (f: z—=x)—=(g: y—y) and [q,7]: (9: y = y) = (h: 2z — z) is defined by

g, 7][p, o] = [gp, (T o p)(q 0 0)].
The identity morphism is given by
Iy = [1907 lf]

for f: x — . It is not difficult to check that Tr"**(C) is a well-defined category.
The notion of the horizontal trace of a bicategory may be regarded as a categorification of the notion
of the trace of a category.
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There is a canonical functor i: Tr(C) — Tr"(C) defined as follows. For an object # € Ob(C) in
Tr(C), set

i(x) =(1z: z — x).
For a morphism [o: f = f: = y|: * = y in Tr(C), set
i([o]) = [f.o: fols=1y0f].

It is easy to see that the functor i is full and faithful. Thus, Tr*"(C) has more information about C
than Tr(C).

The horizontal trace may be loosely regarded as a generalization to bicategories of the tube algebra
of monoidal category (see for example [14] [4]). If our bicategory C admits biadjoints, then the hom-sets
Trhor(C)(f: T — x,g: y — y) can be naturally regarded as a “skein module of C-diagrams” on the
annulus A = S! x [0, 1] with the 1-morphism z put on a point (pt,0) € A4 and y on (pt, 1) € JA. It is
natural to consider skein modules of C-diagrams on more general surfaces with specified 1-morphisms
on boundary points. The horizontal trace Tr""(C) plays an analogous role for studying such general
skein modules, as the tube algebra does to the skein modules associated to a monoidal category with
duals. It would be interesting to consider the horizontal trace and the skein modules for C = U*.

3. TRACES OF LINEAR (BI)CATEGORIES

3.1. Linear and additive categories. A linear category (also called Ab-category or preadditive
category) is a category enriched in the category Ab of abelian groups. This means it is a category
whose hom-sets are equipped with structures of abelian groups and the composition maps are bilinear
(compare [111, p. 276]).

A linear functor between two linear categories C and D is a functor F' from C to D such that for
z,y € Ob(C), the map F: C(z,y) — D(F(z), F(y)) is an abelian group homomorphism.

An additive category is a linear category equipped with a zero object and direct sums. For a linear
category C, there is a universal additive category generated by C, called the additive closure C®, in
which the objects are formal finite direct sums of objects in C and the morphisms are matrices of
morphisms in C. There is a canonical fully faithful functor i: ¢ — C®. Every linear functor F': C — D
from C to an additive category D factors through ¢ uniquely up to natural isomorphism.

3.2. Traces of linear categories. Similarly to the case of categories which are not linear, for a linear
category C, the trace Tr(C) of C is defined to be the coend of the Hom functor

zeC
Tr(C) = / Claa)= @ Clwx)/Span{fg - of},
z€O0b(C)

where f and g runs through all pairs of morphisms f: z — y, g: y — x with z,y € Ob(C).
The trace Tr gives a functor from the category of small linear categories to the category of abelian
groups.

Lemma 3.1. If C is an additive category, then for f:  — x and ¢g: y — y, we have
[f @9l =[f]+]g)
Proof. Since f®dg=(f@0)+(0®g): z®y — x Dy, we have
[fegl=[fell+0ed]l

Now we have [f @ 0] = [ifp] = [pif] = [f] where p: x @y — z and i: © — x § y are the projection
and the inclusion. Similarly, we have [0 & g] = [g]. Hence the result. O
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3.3. Traces of linear bicategories. A linear bicategory is a bicategory C such that
(1) for z,y € Ob(C), the category C(z,y) is equipped with a structure of a linear category,
(2) for z,y,z € Ob(C), the functor o: C(y, z) x C(z,y) — C(x, 2) is “bilinear” in the sense that
the functors — o f: C(y,z) — C(z,2) for f € Ob(C(z,y)) and go —: C(z,y) — C(z,2) for
g € Ob(C(y, z)) are linear functors.
The trace Tr(C) of a linear bicategory C is defined similarly to the trace of bicategory, and is
equipped with a linear category structure.

3.4. Traces of additive closures. Here we consider the trace of the additive closure C® of a linear
category C. The homomorphism

Tr(i): Tr(C) — Tr(C®)

induced by the canonical functor i: C — C® is an isomorphism. In fact, the inverse tr: Tr(C®) — Tr(C)
is defined by

tr([(fr)kal) =D [feil

k

for an endomorphism in C®
(fe)rie{l,n}: T1D - DTy = 21D - DXy

with fr: 1 = 2z in C.

3.5. Traces and the Karoubi envelope. Let C be a linear category. An idempotent e: x — x in
C is said to split if there is an object y and morphisms ¢g: * — y, h: y — z such that hg = e and
gh=1,.

The Karoubi envelope Kar(C) (also called idempotent completion) of C is the category whose objects
are pairs (z,¢e) of objects z € Ob(C) and an idempotent endomorphism e : x — x, €2 = ¢, in C and
whose morphisms

fi(x,e) = (yve/)
are morphisms f: x — y in C such that f = ¢’fe. Composition is induced by the composition in C
and the identity morphism is e : (z,e) — (z,e). Kar(C) is equipped with a linear category structure.
It is well known that the Karoubi envelope of an additive category is additive.
There is a natural fully faithful linear functor

t:C — Kar(C)

such that ¢(z) = (z,1;) for € Ob(C) and ¢(f: © — y) = f. The Karoubi envelope Kar(C) is universal
in the sense that if F': C — D is a linear functor from C to a linear category D with split idempotents,
then F extends to a functor from Kar(C) to D uniquely up to natural isomorphism [3, Proposition
6.5.9].

Proposition 3.2. The functor ¢: C — Kar(C) induces an isomorphism
Tr(1): Tr(C) — Tr(Kar(C)).

Proof. We can construct a map u: Tr(Kar(C)) — Tr(C) such that, for f: (z,e) — (z,e) in Kar(C),
[f] € Tr(Kar(C)) is mapped to [f] € Tr(C). Then one can check that w is an inverse to Tr(¢). O

Given a linear bicategory C we define the Karoubi envelope Kar(C) as the linear category with
Ob(Kar(C)) = Ob(C), and for z,y € Ob(C) the hom-categories are given by Kar(C)(z,y) =
Kar(C(z,y)). The composition functor Kar(C)(y, z) x Kar(C)(z,y) — Kar(C)(z, z) is induced by
the universal property of the Karoubi envelope from the composition functor in C. The fully-faithful
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additive functors C(x,y) — Kar(C(x,y)) combine to form an additive 2-functor C — Kar(C) that is
universal with respect to splitting idempotents in the hom-categories C(z,y).

3.6. Split Grothendieck groups and traces. For an additive category C, the split Grothendieck
group Ko(C) of C is the abelian group generated by the isomorphism classes of objects of C with
relations [z @ y]~ = [x]~ + [y]~ for z,y € Ob(C). Here [z]~ denotes the isomorphism class of x. The

split Grothendieck group K| is functorial.
Define a homomorphism

he: Ko(C) — Tr(C)
by
he([2]) = [1a]
for x € Ob(C). Indeed, one can easily check that
he(lz © yle) = [1a] + 1]
The maps he form a natural transformation
h: Ko = Tr: AdCat — Ab,

where AdCat denote the category of small additive category.

Given a linear bicategory C, we define the split Grothendieck category Ko(C) of C as the linear
category with Ob(Ky(C)) = Ob(C) and Ky (C)(z,y) := Ko(C(z,y)) for any two objects =,y € Ob(C).
For [fl~ € Ob(Ko(C)(x,y)) and [g]~ € Ob(Ko(C)(y, z)) the composition in Ky(C) is defined by
9] o [fl= :=[g 0 fl=.

The homomorphisms hc(,,,) taken over all objects x,y € Ob(C) give rise to a linear functor
(3.1) hc: Ko(C) = Tr(C)

which is the identity map on objects and sends Ko(C)(z,y) — Tr(C)(z,y) via the homomorphism
hc(e,y)- It is easy to see that this assignment preserves composition since

(3-2) ho(lgle o [fl=) = he(lg o fl=) = [1gos] = [1g 0 15] = [L] o [15] = hc(lgl=) © ho([f]=)-

3.7. Tools for computing the trace. In this subsection we collect a few results which will be needed
later.

Proposition 3.3. Let C be a linear category and B C Ob(C) such that every object x of C is isomorphic
to direct sum of elements of B. Let C|g be the full subcategory of C with Ob(C|g) = B. Then Tr(C)
is isomorphic to Tr(C|g).

Proof. Let S :={, b; | b; € B}, so C|s is equivalent to C|5®. Since every object of C is equivalent to
an element of S, we have C ~ C|s ~ C|5%. So, Tr(C) ~ Tr(Cz?) ~ Tx(C| ). O

Proposition 3.4. Let C be a small linear category. Let H := @meOb(c) C(z,x), and let K C H be a
subgroup. Assume that there is a homomorphism 7: H — K with the following properties:

(1) m is a projection,

(2) [7(f)] = [f] € Tr(C) for every f € H, and

(3) w(gh) = w(hg) for every g € C(z,y) and h € C(y,x) (z,y € Ob(C));
then Tr(C) is isomorphic to K.

Proof. The inclusion ¢: K < H induces a homomorphism i*: K — Tr(C), k — [k]. The map 7 induces
7: Tr(C) — K. Tt is easy to check that i* and T are inverse to each other. Hence Tr(C) & K. 0
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4. THE HOCHSCHILD—MITCHELL HOMOLOGY OF UPPER-TRIANGULAR CATEGORIES

In this section, we introduce (strongly) upper-triangular linear categories and compute their Hochschild—
Mitchell homology groups.

4.1. Hochschild—Mitchell homology of linear categories. Recall that for a ring R, the Hochschild
homology HH, (R) of R can be defined as the homology of the Hochschild complex (see [13]):

dn_
C,=CuR):  ...— C 0, 1 2000 — 0,
where C,,(R) = R®"*! and
n—1
dn(ao X R an) = Z(_l)ZaO KRR A; Q441 R R (079 —+ (—1)"ana0 X aq [ ] Ap—1
i=0
for ag,...,an € R.

The Hochschild-Mitchell homology of a linear category can be similarly defined as follows. Let C be
a small linear category. Define the Hochschild—Mitchell complex of C

C,=C(C): oo — O, 2 20,500 — 0,
where
Cn=Cn(C) := @ C(Tn,20) @C(Tp-1,Tn) ® -+ QC(x0, 1),
L0, n €EOb(C)
n—1
A (frn® fn-1®- -+ ® fo) = (Z(_l)ifn ® @ fo—ifn—i-1 @+ ® fo> +(=1)"fofn® fn1®---® f1.
1=0

The Hochschild—Mitchell homology HH.(C) of C is defined to be the homology of the chain complex
C.(C). Tt is clear that HHo(C) = Cy/d1(Ch) is isomorphic to Tr(C). Here we list some well-known
properties, see [13].

Lemma 4.1.

(1) An equivalence C ~ D of linear categories induces an isomorphism of the Hochschild-Mitchell
homology HH, (C) = HH..(D). (More generally, a Morita equivalence of linear categories induces
an isomorphism on the Hochschild—Mitchell homology. We do not need this fact.)

(2) The inclusion functor C — C® of a linear category C into its additive closure C® induces an
isomorphism HH, (C) = HH,(C?).

4.2. Upper-triangularity of linear categories. Let us define a property of linear categories which
allows us to compute all their Hochschild—Mitchell homology groups.

Definition 4.2. A small linear category C is said to be upper-triangular if there is a partial order <
on the set Ob(C) such that, for all z,y € Ob(C), C(z,y) # 0 implies = < y.

Note that C is upper-triangular if and only if there is no sequence

; frn-y ;
x() fO Il fl n xn fn x() (TLZ 1)
of nonzero morphisms in C unless g =21 = -+ = .

Lemma 4.3. For an upper-triangular linear category C, we have

(4.1) HH.(C)= @ HH.(C(z,z)).
£€0b(C)
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Proof. From the definition of upper-triangularity, we have, for zg,...,z, € Ob(C), n > 0,
C(zn,z0) @C(Tp—1,2n) ® -+ ®C(x0,21) =0
unless zg = x1 = --- = x,,. Hence
C.C)= P Cla,z)®"t,
2€0b(C)
and the Hochschild—Mitchell complex of C decomposes as
.0z P ).
z€0b(C)

Hence we have (@1]). O
Remark 4.4. In the situation of Lemma [] similar isomorphisms hold for the cyclic homology [10]
HC.(C)= @ HC.(C(z,x)).

2€0b(C)

Definition 4.5. A strongly upper-triangular linear category is an upper-triangular linear category C
such that for all x € Ob(C), we have C(z,z) = Z.

Proposition 4.6. For a strongly upper-triangular linear category C, we have

ZOb(C) ifi=0,

HH;(C) =
©) {0 if ¢ > 0.

Here Z Ob(C) denotes the free Z-module spanned by Ob(C).
Proof. The result follows from Lemma and
7 ifi=
i, z) = {2 =0
0 ifi>0.
O

4.3. Additive categories with strongly upper-triangular bases. Let C be an additive category,
and let B C Ob(C) be a subset. Denote by C|p the full subcategory of C with Ob(C|g) = B. The set
B is called a strongly upper-triangular basis of C if the following two conditions hold.

(1) The inclusion functor C|p — C induces equivalence of additive categories (C|g)® ~ C.
(2) C|p is strongly upper-triangular.

Proposition 4.7. For an additive category C with a strongly upper-triangular basis B, we have

7ZB ifi=0,

(©) {0 if ¢ > 0.

Proof. Because of Lemma4.J]and the definition of the strongly upper-triangular basis, the Hochschild—
Mitchell homology of the category C is the same as that of the category C|p. Proposition [£6 concludes
the proof. O

5. THE 2-CATEGORIES U, U* AND THEIR KAROUBI ENVELOPES

In this section we define 2-categories U and U* as well as their Karoubi envelopes ¢ and U*. We
recall some definitions and results of the “thick calculus” developed in [7].
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5.1. The algebras U, 4U and 4U. The quantum group U = Uy(slp) is the unital, associative
algebra over the rational function field Q(q) with generators E, F, K and K ! subject to the relations

K- K1
qg—q '
For A = Z[q,q '], the integral form 4U = 4U(sly) is the A-subalgebra of U, generated by K, K1

—1

and the divided powers E*) = E¥/[k]! and F*®) = F*/[k]! for k > 1, where [k]! = Hk -9 "

i=1 qg—q—
The idempotented version 4U = 4U(slz) of 4U, introduced in [I], can be obtained from 4U by
replacing the unit with a collection of mutually orthogonal idempotents 1,, for n € Z, such that

K1, =1,K =q¢"1,,, E®™1, =1,,0,E®, F®1, =1, 5, F®

KK '=K'K=1, KE=¢°FEK, KF=q*FK, EF-FFE=

One may regard AU both as a non-unital algebra and as a linear category. In the latter case, we regard

AU as a linear category with objects in Z such that the abelian group of morphisms from m € Z to

n € Z is the A-submodule of the non-unital ring AU consisting of the elements 1,z1,, for z € 4U.
The defining relations for the algebra 4U are

(5.1) E@g®] { aﬂbLb } plath),
(5.2) F@R®1, — [ azb ] Flath)q
min(a,b) o b in _ ‘
(5.3) (@ p®7, { ] FO=DE@=)1, = forn>b—a,
7=0
min(a,b) b—a—n ‘ _
(5.4) FOEDL, = > [ j } E@DpC=D1 - forn<b—a.

j=0
5.2. The 2-category U. The 2-category U = U(sls) is the additive 2-category consisting of

e objects n for n € 7Z,

e for a signed sequence € = (e1,€2,...,6m), wWith €1,...,&, € {+, =}, define
& =E,E, ... &,
where £ := £ and £_ := F. A l-morphisms from n to n’ is a formal finite direct sum of
strings

E1,(t) = 1,,E.1,,(t)
for any ¢ € Z and signed sequence ¢ such that n’ =n+2377" ;1

e 2-morphisms are Z-modules spanned by (vertical and horizontal) composites of identity 2-
morphisms and the following tangle-like diagrams

nt2 + T EL,(t) — E1,(t+2) ne2 % T Flu(t) = Fly(t+2)

>< n o2 EELL(t) = EEL,(t —2) ><V n o FFLy(t) = FFL,(t —2)

: 1, (t) = FE1,(t+1+n) c 1, (t) = EF1,(t+1—n)

n

A S

n
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m"; FEL,(t) = 1, (t+1+n) m"; EFL,(t) = 1,(t+1—n)

for every n,t € Z. The degree of a 2-morphism is the difference between degrees of the target
and the source.

Diagrams are read from right to left and bottom to top. The rightmost region in our diagrams is
usually colored by n. The identity 2-morphism of the 1-morphism £1,, is represented by an upward
oriented line (likewise, the identity 2-morphism of F1,, is represented by a downward oriented line).

The 2-morphisms satisfy the following relations (see [8] for more details).

(1) The 1-morphisms £1,, and F1,, are biadjoint (up to a specified degree shift). Moreover, the
2-morphisms are cyclic with respect to this biadjoint structure.

(2) The &’s carry an action of the nilHecke algebra. Using the adjoint structure this induces an
action of the nilHecke algebra on the F’s.

(3) Dotted bubbles of negative degree are zero, so that for all m > 0 one has

n n
(5.5) @:0 ifm<n-—1, Q:O ifm< —n—1.

Dotted bubble of degree 0 are equal to the identity 2-morphism:
n n

Q =1dy, forn>1, Q =1dy, forn < -—1.

n—1 —n—1

We use the following notation for the dotted bubbles:

o= S Onm G
deg ( QZ) = deg (@Z) — 2m.

We call a clockwise (resp. counterclockwise) bubble fake if m +n—1 < 0 and (resp. if m —n—1 < 0).
The fake bubbles are defined recursively by the homogeneous terms of the equation
(5.6

)
(O: + @Tt+-~-+ @:Ltj+-~-> (@: + QTt+-~-+ thﬂ‘+-~-> =1d;,
and the additional condition o o
Qoz @o:Idln'

One can check that relation (6]) holds also for the real bubbles. So we will not distinguish between
them in what follows.

so that

(4) There are additional relations:

n

(5.7) = ¥ h wa - ¥ @h "

fitfe=—n fitfa=n
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Ufl
n n n
5.8 - + S @
( ) fa
(3P

fit+fatfa=n—-1

N
n n n
= + Z_ sz ’
fitfotfa=—n-1 mfs

5.3. The 2-category U. The 2-category U is defined as Kar(i), meaning that the categories U(m, n)
are replaced by their Karoubi envelopes.
In U(m,n), for any a,b > 0, there are additional objects £®1,, and F®)1,, defined by

(5.9) E@W1, () = <5a1n <t— @> ,ia) = n+2 | n

f(a)1n<t> = (faln <t—|— w> ,z;) = n-2a n

where the idempotent i, is defined as follows

1?1—2;1)_.. ; T

lq = 04D, = ‘ ‘
T

Here D, is the longest braid on a-strands. The idempotents i/, are obtained from i, by a 180° rotation.
We have £1,, & @[a]gc‘f(“)ln and F1,, =~ @{b]gf(b)ln. Here we use the standard notation

[a] — (];__7;:1 _ qafl _|_qa73 4+t q7a+1, [a]' = H[Z], and |: Z :| = 7[1)]'[[;]i b]' .

We define here some additional 2-morphisms in U, whose degrees can be read from the shift on the
right-hand side.
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c F@F®q, - glatblq, (—ab),

a b

L E@WF@1, - 1,(a® — an),

c Flg@1, - 1,(a® + an),

1, —» EDF@1,(a® — an),

01, = F@E@1, (a® + an).

5.4. The split Grothendieck group K(i). Lusztig’s canonical basis B of 4U is

(i) E@F®1, fora,b>0,n€Z n<b—a,
(i) FOE@1, forab>0,n€Z n>b—a,

where E@FW®1, = FOE@], . Let ,,B, be set of elements in B belonging to 1m(AU)1n. The
defining relations for the algebra 4U all lift to explicit isomorphisms in U (see [7, Theorem 5.1, Theorem
5.9]) after associating to each z € B a 1-morphism in U/ as follows:

E@WF®, ifg=E®OF®],
x = E(x) = FOg@1  if g = FOE@7,

Let B = {&€(z) | x € B} and ,,B8, = {£(x) | # € »B,}. For later use, we note that there is a
bijection

(5.10) £ BB

Theorem 5.1. ([7]) Every 1-morphism f in U is isomorphic to a unique sum of elements in B. The
map

(5.11) v AU — Ko(ld)
x = [E@)]x,

is an isomorphism of linear categories.
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5.5. The 2-category U*. The 2-category U™ is defined as follows. The objects and 1-morphisms of &/*
are the same as those of Y. Given a pair of 1-morphisms f,g: n — m, the abelian group U*(n, m)(f, g)
is defined by

U*(n,m)(f,9) == EPUn,m)(f, g(t)).

teZ

The category U*(n, m) is additive and enriched over Z-graded abelian groups. Alternatively, the linear
category U*(n, m) is obtained from U(n, m) by adding a family of natural isomorphisms f — f(1) for
each object f of the category U(n,m).

In U*(n,m) an object f and its translation f(t) are isomorphic via the 2-isomorphism

1y € U(n,m)(f, f(0)) =U(n,m)(f, (f({t)){—t)) C U (n,m)(f, [(1))-
The inverse of the isomorphism 1,: f — f(t) is given by

Ly (t) € Uln,m)(f(t), f(t)) = Un,m)(f(t), (f(0))(t)) CU"(n,m)(f{t), ).

These isomorphisms f 2 f(t) make the Grothendieck group Ko(U*) into a Z-module, rather than
Z[q,q~']-module since [f]~ = [f(t)]~ in U*.

The horizontal composition in &/ induces horizontal composition in U*. It follows that the U*(n, m),
n,m € Z, form an additive 2-category.

The Karoubi envelope Kar(U*) will be denoted by U*, which is equivalent as an additive 2-category
to the additive 2-category obtained from U by applying the procedure where we obtained U* from U,
ie.,

U*(n,m)(f,g) @L{nmf, t))-

teZ

6. STRONGLY UPPER-TRIANGULAR BASIS FORZJ

Before we define a basis of the hom-modules in #/, we need some basic facts about symmetric
functions.

6.1. Symmetric functions. For a partition A = (A1, Ag,...,A;) with Ay > Ay > --- > A, > 0 let
I\ := "7, Ai. We denote by P(a,b) the set of all partitions A with at most a parts (i.e. with As41 = 0)
such that A\; < b. Moreover, the set of all partitions with at most a parts (i.e. the set P(a,o0)) we
denote simply by P(a). We will denote the collection of all partitions of arbitrary size by P. The dual
(conjugate) partition of A is the partition A\* = (X[, A5, ...) with At = #{i [ A\; > j} which is given
by reflecting the Young diagram of A along the diagonal. For a partition A € P(a,b) we define the
complementary partition A = (b — Aa,...,b— A2, b — A1). Finally we define N = (X))t

Let us denote by Sy the symmetric group and Sym, = Z[z1, ..., z3]°* the ring of symmetric poly-
nomials. For any k-tuple p of natural numbers we define

a, = Z sign(o)z?™ € Sym,,
oESk
where o = " ah? .. af*. Clearly, a, = 0if u; = p; for ¢ # j, and it changes the sign after permuting
pi and ;1. The Schur polynomials s, € Sym,, are then defined as

(6.1) g = Tutd _ det(@y” ™ )1 <iyen

s det(; ™ )1<i <k
Note that this definition make sense for any k-tuple (yu1,...,ur) € Z* with p; > i — k. We will make
use of this fact in what follows.
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Let Sym be the ring of symmetric functions, defined as a subring of the inverse limit of the system
(Symy,)k>0 (see e.g. [12]). The elementary symmetric functions

€5 1= E Iil---xij;
1<y <o <<y
or the complete symmetric functions
hj = E 0 P {Eij
1<4y <ip<---<iy

generate Sym as a free commutative ring, i.e., Sym = Zley,es,...] = Z[h1, ha,...]. The power sum
symmetric functions are defined by
Py = Z zt
i

We have the Newton identities:
j .
Jej = Z(_1)1716J—7’L‘pi7

=1

J
Jhj = Z hj—ipi -
i=1
For t,5 > 0, set
— t ¢
e = Z Tiy o Ty, -
1< <ig <<
Then we have
j .
jery =Y (=1) " er ;i

i=1
We also have for t,5 > 0
1
ey == > Mjp pypss-
J: AEP())
where
(6.2) M = (=) TTam N m,(N).
i>1
Here m;(A) denotes the number of parts in A of size i.
By Pieri’s formulas for a partition A we have

(6.3) sxe = > s,
HEARLI

where A ® 17 is the set of partitions obtained by adding j boxes to A at most one per row.
The ring Sym has a Hopf algebra structure with comultiplication

A: Sym — Sym ® Sym
given by

A(sy) = Z N;‘USM(X)S,,,

n,veP
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where IV, ,;\V are the Littlewood-Richardson coefficients, counit
e: Sym — Z, sy 6o,
and antipode
S: Sym — Sym, sy — (—=1)PMsy.

We will also use the standard notation for the skew Schur functions
SV/M = ZN;\/ILSA .
A
We will need the following two bases for the ring Sym of symmetric functions:
(6.4) {sx| X € P},

(65) {6t17j1...6t37js |820;t1 > >t > 101,000 0s 2 1}

6.2. Basis for 2-morphisms in U. For any partition A € P(a) let us define

(6.6) 5/(\a)1n _ gs(f)l * + (E@W1, — £@D1,(2\)

and analogously,

These notations for sy extends linearly to any elements of Sym,. The correspondence
Sym, >y — Eéa)ln

is multiplicative, i.e., we have for y, z € Sym,

We will use the following algebra isomorphisms b,b~: Sym — End(1,,) defined by

n n
(6.7) )= ), b= L ).
It follows

n n

(6.8) bHe) = (-1 L ), ble)=(-1'{ ).
Forn € Z, a,b > 0, § € 7, let us define the following sets:
BT (n,a,b,8) :=
{f2@id 110 <i,j < min(a,b),6 =i —j,A € P(a—j),u € Pb—j),veP(i),oc P(j),T € P},

A, V,0,T
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B (n,a,b,9) :=
{g5 059 1,00 <d,j < min(a,b),6 =i —j,A € Pla—j),n € P(b—j),v € P(i),0 € P(j), 7 € P},
where
b,a,i,j
f)\,,u,v,]cr,Tl" =

Proposition 6.1 (Proposition 5.15 of [7]). Let a,b > 0, § € Z. The Z-module
UF® @y, Feroglato )
is free with basis given by the elements of B¥(n,a,b,d) of degree ¢. Similarly, the Z-module
UEWFPOI,, gt Fltoq, (1))
is free with basis given by the elements of B~ (n,a,b, ) of degree t.
Corollary 6.2. The minimal degree of an element of B¥(n,a,b,d) for n > b— a, and of B~ (n,a,b,d)
for n < b—a is at least 62. The only degree 0 element in B*(n,a,b,0) for n > b—a (in B~(n,a,b,0)
for n < b — a) is the identity.

Proof. Let n < b—a. Polynomials and bubbles can only increase the degree, so it is enough to compute
the degree of 98,’3:6’,]0,01717 which is

—j(b—3j)—jla—j)—i(b—j) —ila—j) +i*+ 5% —i(n —2(b—j)) — j(n—2(b—j)) =
=—6(a+b—2))+i*+52=d(n—20b—3)) = —-d(n+a—0b)+i>+75%>i%>+52>5.
For § =0 it is 0 if and only if i = 0. The case when n > b — a is similar. O

Corollary 6.3. Let t,t' € Zand z,y € B. If ' —t <0 ort—t =0 and x # y, then
UE()(1), E(y)(t')) = 0.

The only elements in U(&(z)(t), £(x)(t)) are multiples of the identity.

6.3. Strongly upper-triangular basis for U(n, m).

Proposition 6.4. For m,n € Z, the set , B8/, := {z(t) | ¢ € , By, t € Z} is a strongly upper-triangular
basis for U(n, m).

Proof. Let B := ,B.,. Corollary ensures that U(n,m)|p is strongly upper-triangular. Proposi-
tion ensures that the inclusion U(n,m)|p — U(n,m) induces equivalence of additive categories
U(n,m)|)® ~U(n,m). O
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6.4. Proof of Theorem [I.Il Now we prove Theorem [I11
The homomorphism

Mgt n,m) ¢ Ko(U(n,m)) — TrU(n,m))

is an isomorphism since it factors as the composition of isomorphisms
KoU(n,m)) 2 —> 1maUl, =Z,B L WBl = Tr(U(n,m)).

Here + is given in Theorem BT}, £': , B!, — ,, B/, maps x(t} to £(z)(t), and the last isomorphism follows
from Propositions 7] and Hence the linear functor hy,: Ko(U) — Tr(U) is an isomorphism.
Propositions @77 and [6.4] imply also that HH; () = 0 for i > 0.

7. AN ALTERNATIVE PRESENTATION OF U*(n,m)

In this section we give an algebraic presentation of the Karoubi envelope U*(n,m) of U*(n,m)
obtained by reformulating results in [7].

If n+m > 0, then every object of U* (n,m) is isomorphic to a direct sum of finitely many copies
of the objects F®E@1,, with 2(a — b) = m — n. In the following, we give a presentation of the
full subcategory of U*(n,m) with objects {F®E1,, | 2(a — b) = m — n}, which essentially gives a
presentation of U*(n,m). Using symmetry, one can similarly define u* (n,m) when n +m < 0, by
giving a presentation of the full subcategory of U*(n, m) with objects {£(® F®)1,, | 2(a —b) = m —n}.

In the following we consider the full subcategory of U*(n, m) with objects {FME@1,, | 2(a — b) =
m — n}, where we do not assume n+m > 0 or n+m < 0.

Let us define:

b+1 ot b—1 a—1
t§_b,a) _ : n u;b,a) _ J n
b a b a
A
d(;%a) - n. d/g\b»a) _ n ’
b a
bg\b,a) :b+§\ba _ s)\l T b (ba — b (s)) n
b la
We extend these definitions by setting u =0fora=0o0rb=0.

Theorem 7.1. Let n,m be integers with n — m € 2Z. The full subcategory of U*(n,m) with objects
{F® €@, | 2(a — b) = m — n} is generated as a linear category by the morphisms

109 FOg@y, o Feteglaty, = >,

gb,a), FOg@y,  po-Dgl-Dq = >
a0 FOgw, » FOe@1, A e P),

¢ (b a), () gy, - Fbiglay = e P(a),
b FOg@y, » FOg@y, - xePp
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for a,b >0, 2(a — b) = m — n, subject to the relations

(71) titj + tjti = 0, UiUy + UjUs = O,

(72) uitj —|—tju1- :ElerT*"Jriqu’

(7.3) dti= > Noutivmd,, diti= > N),tivmds,
m>0,veP m>0,veP

(74) (7 /)\ = Z N()\m)udl//uierv ’U,id)\ = Z N()‘m)udl,uier,
m>0,veP m>0,veP

(7.5) dudy, = Npdy, dd,=> Npydy, bub,=> Npb,

A A A
(7'6) [ I)\vdu] = [bkvti] = [bkvui] = [b)wdu] = [b)\vd,lu] =0,

where we omit the superscripts always assuming that the last superscript in each relation is (b, a). (For
example, the first relation in (1)) is t§b+1’a+1)t§b’a) + t§b+1’a+1)t5b’a) =0.) In [T2), ¢ for k € Z is
defined by
Ek - Z b(”(-l)l d(li,)dzi”)'
i1 i >0, i4i i =k
Note that ¢, = 0 for k£ < 0.

Proof. Here we give a sketch proof since the result is not used in the rest of the paper.
Let V(n,m) be the linear category with Ob(V(n,m)) = Ob(U*(n,m)) and with generators and
relations as stated in the theorem. We define a linear functor

F: V(n,m) = U (n,m)|zors@1, | 2(at)y=m—n}

which maps the objects and the generating morphisms in an obvious way. By checking the relations
(TI)—(C8), one can verify that F is well defined. (For this verification, we need identities proved in
[7.) Since F is identity on objects, it suffices to prove that F is full and faithful.

We first prove that F is full. For ¢ =0, ..., min(a,b) and A € P(i), we set

b,a) b,a
0 = taysicatagrioz b1t

(b,a) _ (b,a)
’U,)\ —U)\iU)\i71+1...U)\2+i,2u>\1+i_1.

where we omit the obvious superscripts. For a,b > 0, § € Z, let us define the following subsets of
V(n,m)

B(n,a,b,d) :=
{tud, d\u b | 0 < i, < min(a,b),6 =i —j,\ € P(a—j),n € P(b—j),v € P(i),s € P(j),7 € P}.

Using Lemmal[Z.2 below we see that the functor F sends B(n, a, b, §) bijectively to the base BT (n, a, b, §)
of U*(FW W, FO+0)glatd)1, ). Hence F is full.

To see that F is faithful, one has only to see that every morphism can be expressed as a linear
combination of elements in B(n,a,b,d). This is easily checked. O

The following lemma is a U*-version of Proposition that follows immediately.
Lemma 7.2. Let a,b > 0, § € Z. The Z-graded module
Z/.{* (]_-(b)g(a) 1., F(b+5)g(a+5) ]-n)
is free with basis given by the elements of B¥(n,a,b,d). Similarly, the Z-graded module
Z/.{* (5(11)]_—(17) 1, g(a+5)F(b+5) ]-n)
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is free with basis given by the elements of B~ (n,a,b,J).

8. THE LINEAR CATEGORY 7U(sly[t])

8.1. The Q-algebra U(sly[t]). Recall that as a Q-algebra, the current algebra U(sl;[t]) has the fol-
lowing presentation. The generators are F;, F; and H; for i > 0, where X; = X ® t*. The relations
are

[Hi, Hj] = [Ei, Ej] = [Fi, Fj] = 0,
[Hi, Ej] = 2By, [Hi, Fj] = =2F;y;,  [Ei, Fj] = Hiy,
for i,5 > 0.
Let Ut (sly[t]), U (sl2[t]) and U°(sly[t]) be subalgebras of U(sly[t]) generated by {FE; | i > 0},
{F;|i>0}and {H; | i > 0} respectively.
For every i > 0 we define
|Ei| =2, |Fi|=-2, |H;|=0
and extend this definition of degree to U(sly[t]) by setting |zy| = |z| + |y|.
The Q-algebra U(sl2[t]) has a basis given by the elements
a ar b bs e Ct
Fo P HY L CHYED LB,
where
r>0, 91>--->1,2>20, ap,...,a, >1,
5207 ]1>>]5205 blv"'abszlv
t>0, k1>--->k >0, c1,...,c: > 1.
8.2. The integral form zU(sl2[t]) of U(sly[t]). For a,i > 0, define the divided powers of E; and F;
by

@ - Llpge p@_Llpe
g al” "’ '

i ali
Note that E” = F® =1,
Let 7 U(sl3[t]) denote the Z-subalgebra of U(slz[t]) generated by EZ-(a), ﬂ(a), i>0,a>1. Set
72U (slo[t]) = 2U(sla[t]) N U (sly[t]),
ZUT (sl[t]) = 2 U(sle[t]) N U™ (sla[t]),
2U™ (sl[t]) = zU(sl2[t]) N U (slz[t]),

which are Z-subalgebras of z7U(sla[t]).
For j > 0 set Hjo=1. For j > 0 and b > 0, set recursively

b

bHjp = > (1) Hjp_ 1 Hy,
=1

or explicitly

1 A A A
B! Z My \H HyF Hyf -

" AEP(b)

Hj,=

with My » as in (@2]).
Define a ring homomorphism ¢: Sym — UY(sl5[t]) by

¢(ej) = Hi ;.
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Then we have
(8.1) Hj = ¢(pj), Hip= d(eip).

Let zU” (sly[t]) € 2U°(sly[t]) be the image of ¢.
In [6], Garland defined an integral basis of the loop algebra.

Proposition 8.1 (Garland [6], Thm. 5.8). The Z-algebra zU(slz[t]) is a free abelian group with basis
given by the elements

(a1) (ar) (e1) (ct)
Filal i 'FiTa Hj oy ... Hjs7bsEk(_i1 .. .Ekft )
where

r>0, i1>-->4>0, a,...,a >1,

520, j1>-->Js20, b1,...,bs>1,

t>0, ki>-->k >0, cp,...,ct > 1.

From this proposition and the basis for symmetric functions given in equation (6.5) the next lemma

follows easily.

Lemma 8.2. The Z-subalgebra 7 U” (sly[t]) is free with basis given by the elements
Hj vy .. -Hj, b,
where
520, j1>-->7s2>0, by,...;bs>1
Thus, the map ¢: Sym — 7 U” (sly[t]) is an isomorphism.
By using the Schur functions as a base, we obtain the following corollary.
Corollary 8.3. The Z-algebra zU(sl1[t]) is free with basis given by the elements
FL L F ) g(s,) Ho o B . B,

i

where
r>0, 91>--->1,2>20, ap,...,a, >1,
TEP,
by > 0,
t>0, ky>--->k >0, c1,...,c: > 1.

8.3. The idempotented version U(sly[t]). The idempotented version U(sly[t]) of U(sly[t]) is the
Q-linear category defined as follows. The objects of U(slz[t]) are integers. For m,n € Z, the Q-module

U(sly[t])(m, n) is defined by

U(sla[t])(m, n) = Ulslz[t])/(U(sly[t]) (Ho —m) + (Ho — n)Ul(sly[t])).
The element in U(sly[t])(m, n) represented by x € U(sly[t]) is denoted by
1,21, = 21,, = 1,x,

which is zero unless n — m = |z|. Composition in U(sly[t]) is induced by multiplication in U(sly[t]),
ie.,

(1pz1ln)(1nylm) = 1pzylm,
for z,y € U(sls[t]), m,n,p € Z, p— n = |x|, n — m = |y|. The identity morphism for n € Z is denoted
by 1,.
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8.4. The idempotented integral form ;U(sly[t]). The idempotented version zU(sly[t]) of the inte-
gral form 7z U(sly[t]) is the linear subcategory of U(sl3[t]), such that Ob(zU(sl2[t])) = Z and
2U(sla[t])(m, n) = 1,,(zU(sk2[t])) 1, € Usla[t])(m, n).

It follows that 7 U(slz[t]) (1, n) has a basis as a free Z-module given by the elements

(8.2) L F L F (s ) BSY LB,
7”207 7’1>>7’T207 a’lv"'va’Tzlv
TE P,

t>0, k1>"'>kt207 Cly. .., > 1,
ca+-+ee— (a1 +--+a)=2(n—m).

The above base will be used for the case m +n > 0. For m +n < 0 we will use another base,
obtained from previous one by acting with the automorphism ®: U(sl3[t]) — U(slz[¢]) such that

®(E) =F, ®F)=EFE; ®(H)=—H,.

9. TRACE OF THE 2-CATEGORY U*

In this section we prove Theorem by computing Tr(U4*) = Tr(U*).

9.1. Split Grothendieck group of U*. Recall that the addition of translations in the definition of
U* identifies every 1-morphism with all its shifts. Hence, on the level of the split Grothendieck group
multiplication with ¢ becomes a trivial operation. Thus the split Grothendieck group of Ko(U*) can

be obtained from those of U by setting ¢ = 1 and it coincides with the integral idempotented version
of U.

9.2. Generators of the trace of U{*. Let us introduce the following notation

E@1, = [E"1,), FW1,:=[F1.], b* (1) :=b"(s,).
Recall that EL'I) is the trace of the 2-endomorphism of £(*) given by the multiplication with the Schur
function indexed by pu.

Proposition 9.1. (Triangular Decomposition) For n +m > 0, Tri*(n,m) is a free Z-module with
basis

FOut(r)EML, forneZ, a,b>0,2(a—b)=m—mn, A€ Pla), p€ P(b), 7 € P,
and for n +m < 0 by
EVbt (1)FP1, forneZ, ab>0,2(a—b)=m—mn, A€ P(a), p€ P(b), 7 € P.
Note that if n +m = 0 then both these bases can be used.

Proof. We will prove the proposition for m +n > 0. The other case is similar. .
After bubble slides (Corollary 4.7 and Proposition 4.8 of [7]), we have to show that Tri/*(n, m) has
a basis given by

FOEWb (1)1, for neZ, ab>0, 2a—-b=m—-n, AeP(a), uePb).

Since every object of U*(n,m) is isomorphic to a direct sum of elements of ,,,8, (Theorem [51)), by
Proposition we have TrU*(n,m) ~ Tr(U*(n,m)|, B, ). We will use Proposition B4 for the linear

category C := U*(n,m)|,.5, -
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Let H =D, g5, C(x,x). By Proposition[6.1} H is a free Z-module generated by {feit 1] 2(a—

A\ w0,
b) =n —m}. Let a subspace K C H be generated by {f§22287,%,71n |2(a —b) =n—m}.
Define p: H — H as follows:

b a
~
i o
<fi)zzyz‘7‘r ) =p Euj [)\j (S‘r) =
v n
AN
b a

It is obvious that p(f) = f for f € K, and that [p(f)] = [f].

Using thick calculus relations to simplify the results of iteratively applying p, one can show that for
every f € H there is k > 0 such that p*(f) € K. Let 7 : H — K be defined by 7(f) = p*(f) where k
is chosen as above. Since it is true for p, we have w(f) = f for f € K, and [n(f)] = [f]. So conditions
(1) and (2) of Proposition B4 for the map 7 are satisfied. Condition (3) is proved in the following
Lemma

Thus, Trif* = Dm TrU* (n,m) is freely generated by {[ffi%%T nl = F(b)E(a)b+( )1, } as desired.

g

Lemma 9.2. For every g € (U*(n,m))(s,t) and h € U*(n,m))(t,s), for s,t € ,,B,, the equation
w(gh) = w(hg) holds.

Proof. Let s = E@F® 1, and t = Eleti—i) Flt+i=i1 = By Proposition B it is enough to prove the
statement for generators g = 2“1, and h = fb'H J’““ A . Moreover, it is enough to prove

A V0, T VAN VNG A0
it for:
_ pbaii b,a,0,0
(1) g—fML’V’UTl and h = f), 0.0 L1ns
_ pgbaig b+1 J,a+i—j,1—3,0
(2) 9= f 0 nand b= fo0' 70 1, and

_ rbayig bti—j,a+i—j,0,j—i
(3) 9= fA,,u,u,o,T]'” and h = fO 0,0,07,0 1"’

because all generators can be constructed from the above h’s by vertical composition.
Schur functions can be slid through splitters using [7, equation (2.74)]. We will not need the precise
form of these relations. In the calculations below it suffices to consider the generic formula of the form

a b a b a b
n:Z ’ n:Z n’
H 1 H 1
a+b a+b a+b

Without loss of generality let us assume m > n. Let us prove (1) by induction on b. If b = 0 it is
obvious since w(gh) = gh = hg = w(hg). If b > 0

p(hg) =p =

( ) b

@ n

Vi
\
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On the other side

plgh) =p /«@\ bt | T () () (s

and by acting with m we get w(hg) = w(gh).

25
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Let us prove (2) by induction on b. If b = 0 then h = 1,,, so it is obvious. Likewise, if i — j = 0 then
h =1,. So let us assume b > 0 and ¢ — 5 > 0.

b a b—1i a—1
p(hg) =p j br(s,) |~ , bt (sr)

b a b—i

\

By acting with 7 on above relations and using assumption of the induction we get

b—gj 6(11 b—i+j a—i+j
A
MK@\A
n(hg) =7 1'73 b+(87-) =7 K@x b+(8.,-) = m(gh).
I/,

b—i b—itj a—i+j

)
>

Case (3) is similar. O

The degree of Ff\b)b+(7-)E,(f)1n is 2()A| + || + |7]) > 0. So we have the following.

Corollary 9.3. The negative degree part of Trif* is zero. For any positive integer i, the 2i-degree
part of Trif*(n,m) is freely generated by Ff\a)bJr (T)Eff)ln for n +m > 0 and by Eftb)bJr(T)FE\“)ln for
n+ m < 0. In both cases 2(a — b) = m —n and |A| + || + |7] = i. In particular, the degree zero part
of TrU* coincides with Ko(U*).

9.3. Wedge product of symmetric polynomials. As a preparation for the proof of Proposition
below, we need the following extension of the Schur polynomials to non-partition sequences.
For a > 0, set

P(a) = {(fir,- . Fia) € B° | Fiy > j — a}.

Note that P(a) C P(a). As mentioned in Section 6.1} the definition (6.I) of the Schur polynomial
extends to sequences in P(a) as follows. For i1 = (1, ..., lq) € P(a), set

_ Rjta—jy
(91) Sp = afi+s — det(xi _ )1§1,j§a'
P
s det(z{ ™7 )1<i,j<a
For k=1,...,a—1, we have
(9-2) S(Fr,sbia) = TS Bk 1Bkt — LR B2, fia)

Note that the sequence (fi1,. .., fk—1, tk+1 — 1, ik + 1, fgt2, - - -, fg) Of the right hand side is obtained
from 1z by permuting the kth and k + 1st entries and adding +1 to them. Using ([@.2)), it is easily
checked that for every i € P(a) we have either s; = 0 or sz = £s, for some uniquely determined
i € P(a). Consequently, sy € Sym,.
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For A € Z%, i € 7Y, set

XU,D::(le--w)\a;,ﬁla---;,ﬂb) EZaer.

Note that we have AU i € P(a + b) if and only if A € P(a), i € P(b) and Ay > Jiy.
Define the wedge product of symmetric polynomials

Aap: Sym, X Sym, — Sym, .,
by
/\a,b(s)\a Su) = S(A=b)up

for A € P(a), pn € P(b), where A —b = (\; — b,...,A\q — b) € P(a). Since (A —b) U p € P(a +b), it
follows that syu, € Sym,,, is well defined. The maps A4, a,b > 0, form an algebra structure on the
graded Z-module &~ Sym,, which is isomorphic to the exterior algebra A Sym; = A Z[h1].

We have ([7, Proposition 2.9])

for x € Sym,,y € Sym,,.

9.4. Structure of the category (Tri/*)*. Let Tr(i*)" denote the linear subcategory of Tr(*) such
that Ob(Tr(U*)*) = Z and the morphisms are generated by composites of Eg\a)ln forn € Z, a > 0,
A € P(a). Similarly, let Tr(i4*)~ denote the linear subcategory of Tr(i4*) such that Ob(Tr(U*)™) = Z
and the morphisms are generated by Ff\a)ln forn € 7%, a >0, A € P(a).

We define Tr(1/*)° as the linear subcategory of Tr(U*) with Ob(Tr(14*)°) = % and the morphisms
are generated by bt (7)1,, n € Z, 7 € P. It is easy to check that Tr(U*)°(n,m) = 0 for n # m, and
that Tr(U4*)°(n, n) has basis given by b* (7)1, for 7 € P.

For x € Sym,, set

El1, = E@(2)1, = [£Y1,)].
The following lemma gives the composition rule in Tr(({U*)").
Lemma 9.4. For z € Sym,, y € Sym,, we have

ESE“)Ey(Jb)ln = Z (—1)|?‘E(“+b) (Nap(x8r ® 57Y)) 1.
T€P(a,b)

Proof. We have

E;")Eg’)an -
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= Z (=D)ITIE@+®) (A, (25, @ s71)) 1.
T€P(a,b)

Proposition and Lemma imply the following.

Proposition 9.5. Let n,m € Z, a > 0, and m — n = 2a. Then Tr(U*)*(n,m) is a free abelian group
with basis

{E?1, | A € P(a)}.

Our goal in this section is to obtain a presentation for Tr(i/*)* and bases for Tr(U*)*(n, m) that
facilitate a direct comparison with zU™ (sl5[t]) and its basis given in Proposition Bl To do this we
will need to relate the basis for Tr(U*)™ (n,m) given in Proposition [1.5] to one given by composites of
the form

(a1) p(a2) (ap)
Eltll1 Ejaz ...El;p 1,,
where a1 +as+---+ap=a,l1 >l >--->1,>0,a; >1,p>0.

In what follows we utilize the lexicographic order on partitions, where A > p implies Ay > pq or else
Ai = p; for 1 < i <k and Agy1 > pgy1 for some k > 1. The lemma below gives the leading term in

this order for the change of basis from E§Z)E§\b)1n to Egaer)ln.
Lemma 9.6. For A € P(b), j > A1, we have
EWEYL, — ESTY1, € Spang (EC@V1, | 7 € Pla+b),7 < j*UA}L

Proof. By Lemma [9.4] we have
ECVEVL, = Y (~DTEC) (Ag (8508, © s750)) 1

T7€P(a,b)
= Z (_1)?E(a+b)(/\a,b(3‘r+j® Z NZxsv)ln
T7€P(a,b) veP(b)

=ECH LN N (—1)TNE Aap (5745 @ 5,) | 1n

T€P(a,b) vEP(b)

_ a+b
= E(* ) E E )\S (T145=b,...,Ta+i—b,v1,...,0p) 1,
T€P(a,b) veP( b)

where 7+ j = (11 +4,...,7a + j) € P(a). Note that the term for 7 = b* in the above sum is exactly
sjaux. One can check that the other terms are contained in Spany{s, | 7 € P(a+b),7 < j*UA}. O
Proposition 9.7. The linear category (TrZ/I *)T has the following presentation.

e Objects are integers n € Z.
e Morphisms are generated by El(f)ln € (Trid*)(n,n + 2a) for a,1 >0, n € 7Z.
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e The morphisms satisfy the following relations:

(9.3) EVED1, =EVEW1, forn e, a,b,l,5>0,
(9.4) EV1, =1, forneZ >0,
(9.5) EXEQ, = ( atb ) EN1, forn e Z, a,b,1>0.

Proof. First we prove that Tr(Z/I*)"r is spanned by composites of the morphisms El(ff)ln, n € Z,a,l>0.
Suppose we are given Eg\a)ln7 ne€Z,a>0, € Pla). We will show by induction on a and A (in the

lexicographic order) that it is a linear combination of composites of morphisms of the form El(f )1n with
i, >0 and n € Z. If a = 0, then there is nothing to prove. Suppose a > 0. If A = (A1)?, then we are
done. Otherwise, let k¥ > 1 be such that \y = --- = Ax > Ags1. Then, by Lemma [0.6] we have

E@1, — Eg’?E“*’“) I €8pang {(E1,, | 7 € P(a), 7 < A}

(Mg1se

By the induction hypothesis, it follows that Eg\a)ln is as desired.
Now we prove the relations given in the statement. The relation (@.4) is obvious. Relation ([@.3)) is
proven using Lemma [0.4]

El(f)El(f)ln = Z (=1)TEC@H) (A, y (5105, @ s2sp)) 1y,
T7€P(a,b)

= Z (_1)?E(a+b) (/\a,b(ST—H & S?+l))1n
T7€P(a,b)

=ECD L (1) (srrpu@n) | 1n.
T€P(a,b)
Since we have

S(ruE+l) = (—1) st

for 7 € P(a,b) and we have |P(a,b)| = (“:b) relation (@.5) follows. O

Corollary 9.8. As a Z-module, (Trid*)*(n,n + 2a) has a basis given by
(9.6) Ef§;>Ef§;> - Ef§5)1n,
where a1 +as+---+ap=a,li >l >--->1,>0,a; > 1,p>0.

Proof. Using the relation it is clear that (TrZ/I *)T(n,n + 2a) is spanned by the elements given in
@5). To see that these elements are linearly independent, we use Lemma repeatedly to deduce
that

E§f§>E§§;> L El%)1, —E@ 1, € Span{EW1, | 7 € P(a), 7 < (194,182, ... ,1%)},

i P (052 el 4

so that the change of basis between elements in ([@0.6) and those in Proposition [@.5]is upper triangular.
O
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5. Commutation relations in Tri/*. Before the main result we need the following two lemmas.

Lemma 9.9. The equation
b~ (pm)gln - &b~ (pm)]-n = 2gm1n
holds in the 2-category U.

Proof. The proof is by direct computation using the relations in U.

_i il(lﬂ—i)%-i@ml{}i” —Zil(H—l—i)%—iH R eY
il(m—l—z % w ) A }

:i{il(wl—z{ o A" mi:l(l_l l"% A"
i=0 \ I=i l=i+1
+ mzﬂ I—2)(1—1—1) %i @m_l@Z" }
1=it2
SO0 2 0L0r
:5b_(pm)1n+2i0 % € A"
= &b (p) 1y + 2 zm: S %@m“ %
= =
= b (pr)Ln +2 §7
Lemma 9.10. The commutation relation
nl, ifitj=0

E;F;1, — F;E;1, =
! ! {b (pi+j)1n otherwise,

holds in Trif*.
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Proof. Let m := 1+ j. For n > 0, the relations
AN
i J =_ 17 i
T Z @fz
fitfetfz=n—1+m mfg

%

imply

EF;1, — F,Ei1, = é(l +1) @m,l Ql = gl Omfz Qz -

m

:i )™ b ()b (em—i)1n = b~ [Z(—nmlzmem_l] 1, =
=

=0

=b" [$m = Sm—1,1 + 82,12 — -+ (1) sim] Ly = 07 (D) 1,

where we use that ;" ((—1)'hm,—ie; = 0 and the identity

Pm = 8m — Sm—-1,1+Sm—2,12 — -+ (—1)m7151m € Sym.

If n <0 then the relations

NP
’ ' == Tt Z sz

fitfetfz=—n—1+m :
't

imply

EiF;1, — F;Eil, = —;(l +1) mez @z -
= Z(m —1) @m—l @z - ;l @l @m—l N

NE

S ()b (e )1 = b l (—1>m-lzmeml] 1, =

=0

=0

m — Sm—1,1 + Sm—2,12 — **

Il
S8
—
»

-+ (_1)m71817n} 177, =b" (pm)ln.

31
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9.6. Main result.

Proof of Theorem [I.4. We need to show that Tri/*, as a linear category, is isomorphic to the idempo-
tented integral form 7 U(sly[t]). Because of Proposition[3.2it is enough to prove that Trif* is isomorphic
to ZU(E[Q[t]).

Let us define the functor F : U(slz[t]) — Tri* ® Q to be identity on the objects and to send E;1,
and F;1, to E;1,, and F;1,,, respectively. Moreover, let

nl, i=0,

Hilp — { b= (p)1n i > 0.

Let us check the relations on target, i.e. we need to show that the following relations hold true:

(b~ (pi), b (p;)] =0
[Eiln,E;j1,) = [Fil,,F;1,] =0
(b7 (pi), Ej1n] = 2Eiy;
[b™ (pi), Fjla] = —2Fiy;
[Ei, Fj] = { b~ (pisiln) otherwijse.

The first relation is obvious, the second follows from Proposition The next one follows from
Lemma [@.91 The last relation is shown in Lemma [0.10l So, the functor F is well defined.
It is clear that F sends

B s ED FY s FO o(s,) o b ().

J J

Proposition and Corollary give the basis of Trif*(n,m) for n+m > 0:

Fied L Feb (nEE B,
1 1

7:1>"'>7:T207 7"207 a’lv"'va'Tzlv
TEP,
k1>"'>kt20, t>0, c1,...,¢c¢>1,
o+ +ee— (a1 +--+a) =2(n—m),
and similar for m +n < 0.

We see that F sends basis elements [82) of 7U(sly[t])(n,m) to the basis elements of Trif*(n,m),
both for n +m > 0 and n +m < 0. So it is an isomorphism. Therefore, the restriction f|ZU(5K2[t]) :

2 U(sly[t]) — Trid* is also an isomorphism. O

By using Theorem [[.2] we can get rid of two cases in triangular decomposition and have the
following corollary.

Corollary 9.11 (Triangular Decomposition). For every n,m € Z, Trif*(n,m) is free with basis

FOMH(rEML, for neZ, ab>0, 2a—-b=m-n, Ae€P(), peP®b), reP
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