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Introduction

These notes grew out of four introductory lectures on Local Cohomology, held at the

International Workshop
on Commutative Algebra and Algebraic Geometry
St. Joseph’s College, Irinjalakuda, 18. - 23. July 2005

The aim of these lectures was to give a first introduction to Local Cohomology, encouraging
the audience to penetrate further in the subjects along the lines of the lecture notes [B] and
[B-F] and the textbook [B-S].

In particular we suggest to the reader, which is not familiar yet with the subject, to consult
in a next step the lecture notes [B-F], which are available as PDF. For those readers, who

have already a more extended background in Commutative Algebra, we suggest to go on
directly with [B-S].

Concerning Commutative Algebra we tried to use as far as possible only things which were
treated at the Workshop by introductory lectures, notably: Basics of noetherian rings and
modules, associated primes, Krull dimension, polynomial rings, localization, completion,
graded rings and modules.

We also did use a number of basic results from Algebraic Geometry without giving their
proves. For these results we recommend as a reference [H] or [R]. Moreover, we did state
and use a number of results on Local Cohomology whose proves are found in [B-F] or in
[B-S].



We also added a number of examples (which in full detail are treated in [B-S]) in order to
illustrate the main results in concrete situations.

As basic references in Commutative Algebra we suggest [E], [M] or [S]. Moreover we added
a few basic references to each of the four lectures in our final bibliography.

Finally, we express our very best thanks to the organizers of the Workshop and the Sisters
of the Congregation of the Holy Family for their kind and generous hospitality during and
after the workshop.

First Lecture: Torsion and Local Cohomology

1 Torsion Functors

Notation 1.1 Let R be a noetherian ring and let a C R be an ideal. For an R-module M
and a submodule N C M let

(N : a) ::{mEM‘amEM, V@Ea}.

M

Observe, that N i is a submodule of M and that N C N i °

Definition 1.2 The a-torsion submodule of an R-module M is defined by

To(M):= ] (0 : a") = {me M[3neN:a"m=0}.

neN

Remark and Exercises 1.3 A) Let a,b C R ideals and let M be an R-module. Then:
a) Do(M)=MTr(M)=0;

b) aCb=Ty(M)CT's(M);

c) Tya(M)=Tu(M);

d)  TPaye(M) = Te(M) N Tu(M).

B) Moreover



a) Ifh:M — N is a homomorphism of R-modules, then h(I'y(M)) C I'y(N);
b)  Ta(M/T'y(M)) = 0.

C) Finally, if the R-module M is finitely generated we can say:
a) dneN:a'l'y(M)=0;
b) dIJmeN:a"MNT(M)=0. °

Notation 1.4 A) Let M be an R-module. The set of zero divisiors of R with respect to
M is denoted by ZDg(M), whereas the set of non-zero divisors of R with respect to M is
denoted by NZDg (M), thus:

ZDp(M) :={z € R|3Im € M\{0} : zm = 0}; NZDg(M) := R\ZDy(M).

B) The set of prime ideals of R is called the spectrum of R and denoted by Spec(R). If a C R
is an ideal, the variety of a in Spec(R) is denoted by Var(a), thus:
Var(a) := {p € Spec(R) | a C p}.

Keep in mind, that the set of all varieties {Var(a)la C R an ideal} is the family of closed
sets of a topology on Spec(R): the Zariski topology.

C) If M is an R-module we denote by Assg(M) the set of associated primes of M, thus

Assp(M) := {p € Spec(R) |Im € M : (Ozizm) =p}.

Keep in mind that
NZg(M)= |J »

pe ASS (M)

and that Assg(M) is finite, if M is finitely generated. o

Proposition 1.5 Let M be a finitely generated R-module. Then
a) Assp(l'a(M)) = Assg(M) N Var(a).
b)  Assp(M/T'y(M)) = Assg(M)\Var(a).

Proof: [B-F, 1.8]. |



Remark and Exercise 1.6 A) Fix the ideal a of the noetherian ring R. Let h: M — N
be a homomorphism of R-modules. Then h(I'y(M)) C T'y(N) (cf 1.3 B) a) ), so that we may
define a homomorphism of R-modules

Ca(h) : To(M) — To(N), m+— h(m) =: Ty(h)(m).

B) Using the notation of part A), one easily verifies:

a) TIa(ida) = idr,(ar), where idy denotes the identity map U — U of a set U.

b) Ta(hol) =T4(h)oly(¢), where ¢ : L — M and h : M — N are homomorphisms of
R-modules.

c) Ta(zh) =al4(h), where x € R and h: M — N is a homomorphism of R-modules.

C) Moreover it is easy to check that for any exact sequence of R-modules 0 — L Lmh N ,
the induced sequence of R-modules

0—Tu(L) Ta () (M) La(h) To(N)
is exact.
D) Statements a) - d) of part B) tell us, that the assignment
h Ta(h)
La(e) =T (M——=N)r~—(I'a(M) I'a(N))

defines a covariant linear functor in the category of R-modules or — for short — a covariant
functor of R-modules I'y(o) = T'y. By part C), this functor is left ezact. °

Definition 1.7 The left exact covariant functor I'y = I'y(e) of 1.6 D) is called the a-torsion
functor. °

Remark and Exercise 1.8 Consider the exact sequence of Z-modules
0—-2Z—7Z—7Z/2Z — 0

and show that the 2-torsion functor I'yz is not an exact functor. °



2 Local Cohomology Functors

Again, let R be a noetherian ring and let a C R be an ideal. Let ¢ € Ny. We define the i-th
local cohomology functor with respect to a as the i-th right derived functor of the torsion
functor I',. We briefly recall this construction:

Reminders 2.1 A) An R-module [ is said to be injective, if for each injective homomor-
phism of R-modules M " N and each homomorphism of R-modules ¢ : M — I there is

a homomorphism of R-modules ¢ : N — I such that £ o h = .

B) The Lemma of Eckmann-Schopf says, that each R-module M is a submodule of an
injective R-module. °

Reminder 2.2 A) A cocomplez of R-modules (M*,d®) is a sequence of R-modules

di—1 i dt di+1

e Mz‘—l Mz Mi—l—l

Mz‘+2
such that Im(d'~1) C Ker(d") for all i € Z. A cocomplex of the form

.0 0 0--- 0 M a !

shall be written as ( M a Mt ——s -,

B) Let (M*,d*) and (N°®,e®) be cocomplexes of R-modules. By a homomorphism of cocom-
plezes (of R-modules)

h® : (M*,d*) — (N°*,e*)
we mean a family (h');cz of homomorphism of R-modules which give rise to the following
commutative diagram:

1 di71 di

e > Mif Mz' MiJrl
lhil lhz lhiJrl
. ei_l . ei .
e Nz—l Nz NH—I

Observe, that we have the identity homomorphism
(idarm )nez =: id(are aoy - (M®,d%) — (M*®,d°)
of cocomplexes and the composition
h®ot®:=(h"ol™): (L% f*) — (N°®,e°)
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of two homomorphisms of cocomplexes ¢* : (L®, f*) — (M?®,d®) and h® : (M*,d*) — (N*,e®).
Moreover, we define the sum

ho + f’ . (hn + €n>n€Z (MO d.) (N., eo)
of two homomorphisms of cocomplexes
he, 0% (M*,d*) — (N°*,d°%)
and the product
xh® = (xh™)pez : (M*,d%) — (N°®,e*)
of the homomorphism of cocomplexes h® : (M*,d*) — (N*®,e®) with x € R.

It turns out that the cocomplexes of R-modules form a category. Moreover, if (M*®,d*) and
(N°®, e*) are cocomplexes of R-modules, the set

homomorphism of cocomplexes

Hompg((M*,d*), (N®,e*)) = {h'

he s (M*,d*) — (N*,d*) is a }

carries a natural structure of R-module. This structure is compatible with composition in
the obvious sense. So, the category of cocomplexes of R-modules is an R-linear category ...

C) Let (M*,d*) be a cocomplex of R-modules and let n € Z. The n-th cohomology of
(M*®,d®) is defined by

H™(M*,d*) := Ker(d")/Im(d").
If (N*,e®) is a second cocomplex of R-modules and h® : (M*®,d*) — (N°*,e*) is a homomor-
phism of cocomplexes, there is an induced homomorphism

"M, d*) <)
Ker(d™)/Tm(d" 1) Ker(e")/Im(e" 1)
U U
m + Im(d" 1) — h™(m) + Im(e"1)

It is easy to verify, that induced homomorphisms behave well under taking compositions,
sums and products with elements of R:

a.) Hn(ld(MO7d')) — 1dHn(Mo7do),

b) H"({*oh®) = H"((*)o H"(h®);



c) H"(¢*+h*)=H"(¢*)+ H"(h*);

d)  H(xl*) = H"((*), (x € R).

So, for fixed n € Z, the assignment

Hn(ho)

H™(e) = H™ : (M*,d*)""=(N*, &*))r~> (H™(M*, d°) H™(N*,e*))

defines a (covariant linear) functor from (the category of) cocomplexes of R-modules to (the
category of) R-modules: the n-th cohomology functor. °

Reminder and Exercise 2.3 A) Let h®, ¢*: (M*,d*) — (N*,e®) be two homomorphisms
of cocomplexes. A homotopy from h® to (* is a family of homomorphisms of R-modules
t; : M — N*! such that

hi — gz = tz‘+1 o dz + €i_1 o tz‘, (VZ c Z)

If there is such a homotopy from A® to ¢*, we say that h® is homotopic to £* and write h® ~ (°.
This defines an equivalence relation on the R-module Hompg((M?®,d®), (N*,e®)).

B) It is most important for us, that “homotopic homomorphisms of cocomplexes are coho-
mologeous”

h. ~ g. é Hn(h.) ~ Hn(g.)’ (h.7€. e HOmR((M’, d.)7 (N.7 6.))) .

n €7z

C) Let F be a covariant linear functor of R-modules. Then, for each cocomplex of R-modules

(M®,d®) : - —— M-t =L it —— o we get an induced cocomplex

F(di—1) F(d?)

(F(M?*),F(d®)):---——=F(M™) F(MY) F(MHY) — -

Moreover, if h* : (M*®,d*) — (N°®,e®) is a homomorphism of cocomplexes, there is an induced
homomorphism of cocomplexes

F(h*) = (F(h"))nez - (F(M®), F(d*)) — (F(N®), F(e*)).
Now, let h®, ¢* € Hompg((M?*,d*),(N°®,e*)). Then:
a)  h® ~(*= F(h*) ~ F((*);

b)  h® ~ 0 = H(F(h*)) = H'(F(£*)), (¥n € Z). .



Reminder and Exercise 2.4 A) Let M be an R-module. A right resolution ((E*®,e®);b) of
M consists of a cocomplex of R-modules (E*®, e®) for which E* = 0 for all i < 0, and a homo-
morphism b : M — E° such that the sequence 0 M b E° & E!l d! E2

is exact. (E*,e*) is called a resolving complex for M and b is called a coaugmentation.

B) Let h: M — N be a homomorphism of R-modules, let ((D*,d®);a) be a right resolution
of M and let (E*,e®);b) be a right resolution of N. Then, a right resolution of h between
(D*,d®*) and (E*, e®) is a homomorphism of cocomplexes h® : D* — E*® such that h%oa = boh.

C) An injective resolution of the R-module M is a right resolution ((I*,d*);a) of M such
that all the R-modules I’ are injective. It follows from the Lemma of Eckmann-Schopf (cf
2.1B) ):

a) Each R-module M has an injective resolution ((I°,d*);a).

Using the defining property of injective modules, we also may prove:

b) Let M ", N be a homomorphism of R-modules, let ((E*,e*);b) be a right resolution
of M and let ((I°,d®);a) be an injective resolution of N. Then, h has a resolution
h® : (E®,e*) — (I°,d®). Moreover, if ¢* : (E® e*) — (I*,d*) is a second resolution of
h, then h® ~ ¢°.

D) Now, let F' = F(e) be a covariant functor of R-modules. It then follows easily by
statement b) of part C) and by 2.3 C) b):

a) Leth: M — N,((E® e*);b)and ((I°,d®);a) be as above. Let h®, (*: (E®, e*) — (I°,d°*)
be the right resolutions of h. Then H"(F(h*)) = H"(F(¢*)) for all n € Z.

From this we may deduce:

b) Let ((I°,d®*);a) and ((J°®,e*);b) be two injective resolutions of the R-mlodule M and

let i® : (I°,d*) — (J°®,€e®) be a resolution of idy; : M — M (which exists by C) a) ).
Then, for each n we have isomorphisms of R-modules

HP'(P(i%)) : HY(F(I*), F(d*)) — H"(F(J*), F(¢")).
Moreover, if j* : (I*,d*) — (J*,€*) is a second resolution of idy;, then

H"(F(i*)) = H*(F(j*)) for all n € Z.



Construction and Exercise 2.5 A) By a choice of injective resolutions of R-modules I,
we mean an assignment M~ = ((I%,,d%,); apr) which, to each R-module M assigns an
injective resolution of M. (Such assignments exist by 2.4 C).)

B) Fix a choice of injective resolutions of Rmodules I,. Let F be a covariant functor of
R-modules. For each n € Z set

REF(M) = H™(F(I3), F(dS)).

Let J. be a second choice of injective resolutions. For each R-module M let i3, : (I3,,d%,) —
(J3,€e%) be a resolution of idy, : M — M between Iy, = ((I3,dY,);an) and Jy =
((J3;,€%);bar). Then, according to 2.4 D) b) we have isomorphisms

a) H"(F(i5,) : R F(M) — R}, F(M), (Vn € Z)

which in addition depend only on I, and J,. So, up to the isomorphisms of a), the module
R F(M) is independent of the choice of injective resolution I,. Therefore we write

R"F(M) =Ry F(M).
C) Let I, be as above and let h : M — N be a homomorphism of R-modules. Let h* :

(I3,,d%) — (Ix,d%) be a right resolution of h. By 2.4 D) a), the induced homomorphisms
of R-modules

HY(F(I3), F(d3,) HY(F(I3), F(dy))
HY(F(h*)) : H H

depend only on A and not on the chosen resolution of h. We therefore set
R"F(h) := H"(F(h*)), (Vn € Z).
It is not hard to verify, that the assignment

RPF(e) = R'F : (M—"o N (RPF (M) —2 ) n (V)

defines a covariant functor of R-modules: the n-th right derived functor R"F of F,(n € Z).

Definition 2.6 Let a be an ideal of the noetherian ring R. Let n € Z. The n-th local
cohomology functor H(e) = H} with respect to a is defined as the n-th right derived functor
of I'y:

H}(e) = H} :=R"Ty(e) =R"T,.
If M is an R-module, H} (M) is called the n-th local cohomology module of M with respect
to a. °

10



3 Basic Properties

Remark and Exercise 3.1 A) Let F be a functor of R-modules. Then one has:

a) R"F(M)=0 for all n <0 and all R-modules M.

b) If I is an injective R-module, then R"F(I) = 0 for all n > 0.

c) If Fis an exact functor, then R"F (M) = 0 for all n > 0 and all R-modules M.
d) If F is left exact, for each R-module M, there is an isomorphism

oM F(M) = RF(M).

B) Let a be an ideal of the noetherian ring R. Then, by translation we get from the above
statements:

a) HIM)=0forall n <0 and all R-modules M.

b) If I is an injective R-module, then H7(I) =0 for all n > 0.

¢)  For each R-module M, there is an isomorphism of R-modules o : Ty(M) — HO(M).

C) By 1.3 A) ¢) we clearly have

a) HIM)= H"-(M) for all n € Z and all R-modules M.

val

Remark and Construction 3.2 A) Let F be a covariant functor of R-modules. Moreover,
let
S:0-N-"M-5P—0

be a short exact sequence. Then, one may construct a family of homomorphisms of R-
modules
st (R"F(P) — R"™ F(N))

n€Ngy
such that the sequence

0 0
0 'R,OF(N)&ROF(M)%'ROF(P)
50’F 1 0
a) C R EWN) 2 mipn) B pipp
SLF
= R2F(N)

11



is exact. The homomorphism dg ¥ is called the n-th connecting homomorphism with respect
to F' associated to S. The exact sequence a) is called the right derived sequence with respect
to F' associated to S.

Moreover, the construction of the connecting homomorphisms dg s natural, that is, it has
the following property:

a) For each commutative diagram of R-modules

h l

S: 0 N M P 0
S ]\lf’ n J\lm 4 1L 0

with exact rows S and S’ and for all n € Ny we have the commutative diagram

n,F

d.

R"F(P) & R"1F(N)
R"F(w)l lR"F(u)
n,F

R"F(P') ———= R F(N)

For the construction and th proves of the stated properties of the connected homomorphisms,
we recommend to consult [B-F, 3.5, 3.6 and 3.7].

B) Let a be an ideal of the noetherian ring R and let S : 0 — N LM 5 P =0 be
a short exact sequence. Then, having in mind the definition 2.6 we have the connecting
homomorphisms with respect to Iy associated to S:

6% = o5 L HY(P) — HITY(N).

We call these connecting homomorphisms with respect to a associated to S. These now occur
in the exact sequence

Hg (h) HR(0)

0——= H(N) HO(M) HO(P)
60,u 1 1
) "~ () o) 9 Py
61,u

—— H3(N) ——

which is called the cohomology sequence with respect to a associated to S. This sequence is
natural as was made clear already above. °

C) Let a C R be as above and let M be an R-module. Let © € NZDg(M). Then, we have a
short exact sequence of R-modules

S:0—- MM M/zM — 0,

12



in which z- denotes the multiplication map m +— xm and p denotes the canonical map
m +— m + xM. As each of the functors H] is linear, we have H}(z-) = H}(z idy) =
zH?(idy) = zidpgp (M) = x- : H}Y(M) — HX(M). So, the cohomology sequence with
respect to a associated to S takes the form:

0
0 ——— HY(N) —=—= H(M) —="~ H(M /M)
63" z Hi(p)
a) o HaM) HY(M) ——"— H}(M/xM)
s M)
This is an exact sequence, which will be used often. °

Definition 3.3 Let a be an ideal of the noetherian ring R. An R-module M is said to be
a-torsion if M =T (M). 3

Remark and Exercise 3.4 Let a be an ideal of the noetherian ring R. Then:
a) If M is an R-module, I'y(M) is a-torsion.
b) Submodules and homomorphic images of a-torsion modules are a-torsion.

c) A finitely generated R-module M is a-torsion if and only if there is some n € N with
a"M = 0. °

Proposition 3.5 Let a be an ideal of the noetherian ring R, let n € Ny and let M be an
R-module. Then the module H} (M) is a-torsion.

Proof. This follows from the construction of H'(M) = R"I's(M) = H*(T'4(1*),[4(d®))
Ker(T'y(d"))/Im(Tq(d" 1)) C Ty(I™)/Im(T(d™ 1)) on use of 3.4 a), b).

Proposition 3.6 Let a be an ideal of the noetherian ring R and let I be an injective R-
module. Then T'y(I) is an injective R-module, too.

Proof. [B-F, 3.13] or [B-S]. |
Corollary 3.7 Let a be an ideal of the noetherian ring R and let M be an a-torsion R-
module. Then, M has an injective resolution ((1°,d®);a) in which all the injective modules

I™ are a-torsion.

13



Proof. [B-F, 3.14, 3.15]. |

Theorem 3.8 Let a be an ideal of the noetherian ring R and let M be an a-torsion R-
module. Then H(M) =0 for all n > 0.

Proof. By 3.7 the module M has an injective resolution ((I°®,d*);a) such that I" is a-
torsion for all n € Ny. Let n > 0. It follows H}(M) = R"T'y(M) = H"(T'o(I*),I'(d*)) =
H™(I*,d*) = Ker(d")/ Im(d"~') = 0. |

Corollary 3.9 Let a be an ideal of the noetherian ring R. Let M be an R-module and let
N C M be a submodule which is a-torsion. Let M 2, M/N be the canonical map. Then

a) HY(p): HY(M)— HY(M/N) is surjective.
b) HI(p): H}(M)— H}(M/N) is an isomorphism for all n > 0.

Proof. 'The cohomology sequence with respect to a and associated to
0 N2 N2> M/N ——0 has the shape

0 0 HY(p) 0
0—>Ha(N) —>Ha(M) —>Ha(M/N)
O HY(N) — HY(M) =% I (M/N) — - 7L (M/N)

S HI(N) — Ho (M) 22 o (N HI+L(N)

By 3.8 we have H?(N) = 0 for all n > 0. |

Second Lecture: Vanishing Results

4 Grade and Depth

Throughout this section, let R be a noetherian ring and let a C R be an ideal. f S C R is a
set of real numbers, we form inf(S) and sup(S) in R U {—o0, 00}, with the convention that
inf(()) = oo and sup(P) = —co.

Definition 4.1 The a-depth of a finitely generated R-module M is defined as

ta(M) :=inf{i € Ng | HL(M) # 0}.

14



Our goal is to characterize the a-depth of a finitely generated R-module in “non-cohomological
terms”.

Reminder and Exercise 4.2 A) Let M be an R-module. A sequence 1, -,z € R is
called an M -sequence if
i—1
v; € NZDR(M/ > a;M), fori=1,---r.
j=1

B) Let M be as above and let xq,--- ,x, € R. Then:

a) mp,---,x,is an M-sequence if and only if x; € NZDg(M) and zy, - - - , 2, is an M /x1 M-
sequence. .

Definition 4.3 The a-grade of an R-module M is defined by

0, if a € ZDR(M)

sup{rEN‘Elxl,~-~ , T, € Q:xy, - ,x, is an M-sequence }

grade,,(a) := {

If x1,---,z, is a sequence of elements of R, we say that r is the length of the sequence. So,
grade,,(a) is 0, if there is no M-sequence consisting of elements of a. Otherwise, grade,,(a)
is the supremum of the lengths of all M-sequence which consist of elements of a. °

Proposition 4.4 Let M be a finitely generated R-module. Let r € N. The following state-
ments are equivalent:

(i) There is an M-sequence 1, -+ ,x, € a.

(ii) H{(M) =0 for alli<r.

Proof. “(i) = (ii)”: (Induction on ). As 1 € a N NZDg(M) we may conclude by 3.1 B)
c) that HY(M) = Tq(M) C Ty p(M) = U,en(0 B 7 R) = 0, and this proves the case r = 1.

Let > 1. Then zy, -+, 2,1 € a form an M-sequence. So, by induction Hi(M) = 0 for all
i < r—1. It remains to be shown that H. (M) = 0. According to 3.2 C) a) we have an
exact sequence

H2(M [z, M) — H.H M) = HI7H(M).

According to 4.2 B) z9,--- ,x, is an M/x;M-sequence. In particular by induction we get
Hi{(M/x M) = 0 for all i < r — 1. It follows that the map z- : H.'(M) — HI"Y(M) is

15



injective, hence, that * € NZDg(H. '(M)). Consequently 2" € NZRgr(H. *(M)) for all
n € N. As H.7'(M) is a-torsion (cf 3.5) and as z € a it follows H.~*(M) = 0.

“(ii) = (i)”: Assume that Hi{(M) = 0 for all i € {0,---,r — 1}. We have to find an
M-sequence 1,Zs, -+ ,x, € a. In view of 3.1 B) ¢) we get ['y(M) = HY(M) = 0. So,
1.5 a) implies Assgp(M) N Var(a) = Assg(To(M)) = Assg(0) = 0 so that a C p for each
p € Assp(M). As Assg(M) is finite it follows from the Prime Avoidance Principle, that
ad UpeAsspon P = ZDr(M) (cf 1.4 C) ), hence that a N NZDg(M) # (. So, there is an
element x; € aNNZDRg(M). This proves the case r = 1. So, let r > 1. By 3.2 C) a) we have

exact sequences ' ' '
HIY (M) — HZY (M2, M) — Hi(M), (i €N).

These show that HI(M/xyM) = 0 for all j < r — 1. By induction, there is an M /z; M-
sequence Iy, --- , T, consisting of elements x; € a. By 4.2 B) zy,---,x, becomes an M-
sequence. |

Theorem 4.5 Let M be a finitely generated R-module. Then to(M) = grade,(a).

Proof. Easy from 4.4. |

5 Dimension and Cohomological Dimension

Let R be a noetherian ring and let a C R be an ideal.

Definition 5.1 The cohomological dimension of the R-module M with respect to a is defined
as:
cda(M) = sup{i € No | HL(M) # 0}.

Reminder and Exercise 5.2 A) Let M be a finitely generated R-module. The dimension
of M is defined as the supremum of lengths of chains of primes in the variety of the annilator
0 i M C R of M.

dim(M) := SUP{KGNOHPo,Ph'“ P € Var(0 2 M) i po & -+ %W}'

B) Keep in mind the following facts:

a) dim(M)=-oc0<= M =0<+=dim(M) <0.
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b) N C M submodule = dim(N), dim(M/N) < dim(M).

¢) € NZDg(M)=> dim(M/zM) < dim(M) — 1. .

Theorem 5.3 (Vanishing Theorem of Grothendieck): If M is a finitely generated R-module,
then cdq(M) < dim(M).

Proof. Let d := dim(M). If d = oo, there is nothing to prove. If d = —oco, we have M =0
and hence H (M) = 0 for all i € Z, and our claim is clear. So, let d € Ny. We have to
show that H:(M) = 0 for all i > d. Let M := M/Ty(M). According to 3.9 b) we have
Hi(M) = Hi(M) for all i > 0. By 5.2 B) b) we have d := dim(M) < d. It thus suffices to
show that Hi(M) =0 for all i > d. As T'y(M) =0 (cf 3.1 B) ¢) ), we may replace M by M
and thus assume that I'(M) = 0. So, by 4.4 there is an x € a N NZDg(M). According to
3.2 C) a) there are exact sequences

HY(M/aM) — HL(M) = HY(M), (Vi > 0).

Asx € aand as H:(M) is a-torsion, it suffices to show that H:"'(M/xM) = 0 for all i > d (cf
proof of 4.4, “(i) = (ii)”). Assume first that d = 0. Then, by 5.2 B) ¢) dim(M/zM) < —1,
hence M/xM =0 (cf 5.2 B) a) ). It follows that H. (M /xM) =0 for all i > 0 = d. So, let
d > 0. By 5.2 B) ¢) it follows dim(M/xM) < d — 1. Now, by induction H"'(M/zM) =0
for all ¢ > d. |

6 Arithmetic Rank and Cohomological Dimension

Again, let a be an ideal of the noetherian ring R.

Definition 6.1 The arithmetic rank of a is defined as

ara(a) :=inf {r € No|3zy,--- ,z, € R: =a}.
Remark 6.2 If a is generated by r elements 1, - - - , x,., then clearly ara(a) < r. So:
a) ara(a) < oo;
b) ara(a) =0 <= a=+0 <= a C 0. .
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Remark 6.3 Let b C R be a second ideal. Then, for each R-module M there is an exact
sequence

) —— Hy(M) & Hy(M) —— Hg (M)

— Hyo(M) —— Hg(M) & Hy(M) —— Hyy(M)
—— H3 (M) —— HZ(M) & Hi(M) ——

the Mayer-Vietoris sequence with respect to a and b associated to M. For the construction
of this sequence see [B-F, (4.11), (4.12), (4.13), (4.14), (4.15)]. For a different approach see
[B-S, Chap. 3]. o

Lemma 6.4 Let x € R and let M be an R-module. Then Hy, (M) =0 for all i > 1.

Proof. Let n: M — M, := {z"|n € No}~'M be the natural homomorphism of R-modules
defined by m — % for all m € M. Then Ker(n) = I'r,(M). Let M := M/T'r,(M); we get
an exact sequence

0—M -1 M, — M, /7(M) — 0,
where 7] is defined by m + g, (M) — n(m).

It follows from 3.2 B) that there are exact sequences
Hy,' (M, [/7(M)) — Hp,(M) — H'(M,) — Hp, (M, /7(M)) for all i > 0.
It is easy to verify that M, /5(M) is Rr-torsion. It follows by 3.8 that
Hiz (M, /7)) = Hig, (M, /(M) = 0 for all i > 1.

Therefore Hi (M) = H% (M,) for all i > 1. Moreover, by 3.9 b) we have Hb (M) =
HE (M) for all 4 > 0. It thus suffices to show that Hj (M,) = 0 for all i > 1. Observe,
that the multiplication map z- : M, — M, is an isomorphism of R-modules. Therefore
v = Hp (z-) : Hy,(M,) — Hy, (M,) is an isomorphism, hence injective. As Hy, (M,) is
Rax-torsion, it follows H% (M,) = 0 for all i > 0. |

Theorem 6.5 (Vanishing Theorem of Hartshorne): If M is a finitely generated R-module,
then cdy(M) > ara(a).

Proof. Let r € N and let a = 7| Rz;. According to 3.1 C) a) and 6.2 it suffices to
show that H:(M) = 0 for all ¢ > r. The case r = 1 is clear by 6.4. So, let r > 1. We
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write b := Z;;i Rz;. As a = b+ Rx,, the Mayer-Vietoris sequence of the ideals b and Rz,
associated to M yields exact sequences

H{ o (M) — HY(M) — Hi(M) ® Hy, (M), (Vi>0).

bN(Rzr)

By induction Hi(M) =0 for all i > r. By 6.4 Hp, (M) =0foralli>1. As \/bN(Rz,) =
Vb Rz, = /> }x]xrR we have Hi !, (M) = szg 1o 5(M) forall i >0 by 1.3 C)

a). But by induction, the right hand side module vanishes for all i > . On use of the above
sequences we get H(M) =0 for all i > r. |

7 Affine Varieties: Numbers of Defining Equations

Reminders 7.1 A) Let r € N, let k be an algebraically closed field and consider the poly-
nomial ring k[z1, - ,z,]. Let § # S C k[xq,---,x,]. The algebraic set defined by S is the
set

V(8> = {(Cla"' 7Cr) =cE kr|f(§) = 07 vf ES}
We also convene that V() = k". Algebraic sets V' C k" are often called affine (algebraic)
varieties in k". If fy,--- f, € k[z1,- - ,x,] are finitely many polynomials, we write

V(fis-o i) = V~{F s fad)

and we say that V = V/(f,---, f.) is defined by the n-equations f; = 0,1 = 1,--- 'n. A
basic question of algebraic geometry asks:

Which is the minimal number n = n(V') such that a given affine variety V' C k™ may be
defined by n equations?

B) It is immediate, that
a) V(S) :V(Zfesfk[xla 7xn])
Therefore:

b) Each affine variety V' C k" is of the form V' = V'(a), with an ideal a C k[zy,--- , x,].

As each ideal is finitely generated we conclude from statement a)

c¢) Each affine variety V' C k" is of the form V = V(fi, -+, f.), with finitely many
polynomials f17 e 7fn € k[xla to 7'777“]'
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C) Let V' C k" be an affine variety. The vanishing ideal of V' is defined as
I(V) = {f € k[$1,~-~ 7'777“] ‘ f(V) = 0}

This is indeed an ideal of k[zq, - - -, x,] which moreover is radical, that is I(V) = \/I(V).
It is easy to verify that

a) V(I(V)) =V for each affine variety V C k".

Moreover, it is a consequence of “Hilbert’s Nullstellensatz”, that

b) I(V(a)) = +/a for each ideal a C k[zy,- -, z,]. 3
Now, we can characterize the minimal number of equations needed to define an affine variety.

Theorem 7.2 Let k be an algebraically closed field. Let a be an ideal of the polynomial
ring klxy, -+ ,x.]. Let V.= V(a). Then ara(a) = ara(I(V)) and this number is the
smallest number n such that there are n-polynomials fi, -, fn € kl[z1, -+, x.] for which

V:V(fh 7fn)

Proof. As I(V) = I(V(a)) = y/a (cf 7.1 C) b) ) we have ara(a) = ara([(V)). Let
fi,-o+, fo € klzy, - -+ @] such that V = V(fl,--  fu). Tt follows />0, fik[ar, -+, x,] =
IV, fiklz, -, x]) =I(V(fi,-- ))—I( ) = v/a, hence n > ara(a).

et

Let m = ara(a) and 1 < fm € k‘[xl, -+ x,] such that />, fiklzy, -, x,]

f 1, =
Va. It follows V(fy, -+, fm) = Vi1 fiklzy, - 2a]) = VUV, fikly, - z]))
=V(VIL fikler, - z]) =V(Va) = V(I(V(a)) = VI(V)) =V (cf7.2C) a), b)). W

Corollary 7.3 Let k be an algebraically closed field, let a be an ideal of the polynomial ring
klxy, -+ 2] = R and let ¢ = cdq(R). Then, one needs at least ¢ equations to define the
affine variety V.=V (a) C k™.

Proof. Clear by 7.2 and 6.5. [ |
Exercise 7.4 Consider the polynomial ring k[zi,---,z,] =@ R over the field k. Let m :=
> i xiR. Use 4.5 and 6.5 to show that Hi(R) # 0 if and only if ¢ = r. o
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Example 7.5 Let k be an algebraically closed field, let V' = V(x1x3, 124, Tox3, T224) C k.
As (1913)% = (1174 + 1273)Tow3 — 11737214 and (v124)? = (L1204 + ToX3)T1T4 — T1T3ToT4,
we have V' = V(xyx3, x124 + 2223, X24), S0 that V can be defined by 3 equations. Hence
ara(/(V)) < 3.

As I(V) = \/(w13, 2124, 00w3794) = \/ (21, 3) - (T2, 24) = \/ (21, 22) N (23, 24) = (21, 22) N
(w3,24) we have Hjy)(R) = H}, o ngesn (), Where R = k2, 9,23, 24] (cf 3.1 C) a) ).
So, the Mayer-Vietoris sequence gives rise to an exact sequence

H:IS(V)(R> — H?xl,---,u)(R) — H y(R) @ H, (1),

(z1,22 (x3,24
By 7.4 we have H/, . . . (R)# 0. By 6.5 we have H/, . (R) = H{, ,,(R) = 0. So
Hjyy(R) # 0 hence cdy)(R) > 3, thus ara((V)) > 3, hence ara(I(V)) = 3. .

Comment and Exercise 7.6 In the previous example we have V = V (21, 29) UV (23, 24).
So V' is the union of the two planes V(x1, z9) and V (g, x3) in k* which intersect each other
in the origin (0,0,0,0). On the other hand, the union of two planes which intersect each
other in a line, can be defined by 2 equations. °

8 Affine Varieties: Extending Regular Functions

Reminder and Exercise 8.1 A) Let k be an algebraically closed field, let » € N and let
V C k" be an affine algebraic variety. Then V is said to be irreducible if V' # () and if
V' cannot be written as the union of two proper subsets Vi, Vo & V' which are again affine
varieties in k7. It is easy to verify, that the following statements are equivalent:

(i) V is irreducible;
(ii) I(V) C k[zy,---,x,] is a prime ideal;

(iii) V =V(p), where p C k[z1,---,z,] is a prime ideal.

B) We assume from now on, that V is irreducible and furnish V' with its Zariski-topology.
So, the open sets of V' are precisely the sets of the form V\W, where W C k" is an affine
variety. Equivalently: The closed sets of V' are the affine varieties W C k" with W C V.

C) Let U C V be a non-empty open set. A function f : U — k is said to be regular if it is
locally presented by rational functions, more precisely:
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For each p € U, there are polynomials h,, g, € k[z1,- -, x,] and an open neighborhood
W, C U of p such that:

h@(q
9»(q)

~—

Vg € Wy, i gp(q) # 0 and f(q) =

We set
OU):={f:U — k| f is a regular function }.

It is easy to see, that O(U) is a subring of the ring of all functions U — k. We thus call
O(U) the ring of reqular functions on U. Let us note two important facts, for which we refer
to [B-F, (7.1), (7.4)]

a) O(U) is a domain.

b)  The restriction map k[zy,---,z,] — O(V) given by f ~ fly is a surjective homo-
morphism of rings with Ker(w) = I(V).

D) Now, let Z C V be a closed subset. Then

Iv(Z):={f € O(V)| [(Z) = 0}

is a radical ideal of O(V'). We call this ideal the vanishing ideal of Z in O(V'). Keep in mind
that Iin(V) = I(V) C klzy, - -+ ,x,] = O(E") (cf C) b) ).

Theorem 8.2 Let V' C k" be an irreducible affine variety and let U & V' be a non-empty
open subset. Then, there is an exact sequence of O(V)-modules

resyy

0 o) O(U)—>H11V(V\U)(O(V))—>O

in which resyy is the restriction map defined by f — fy.
Proof. See [B-F, (7.8)]. |

Corollary 8.3 Let V and U be as above. Then, the following statements are equivalent:

(i) Each regular function f: U — k may be extended to a reqular function f: V —k.

(i1) H}, ) (O(V)) =0

(111) There are functions fi, fo € Iy (V\U) which form an O(V')-sequence.
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Proof. “(i) <= (ii)”: Statement (i) is equivalent to the surjectivity of the restriction map
resyy - O(V) — O(U) and hence implies statement (ii) by 8.2 — and conversely.

“(ii) = (iii)”: As VAU C V we have [(V) C I[(V\U). As V\U # V we have V(I(V\U)) =
VAU # V = V(I(V)) (cf 7.1 C) a) ) and hence I(V) & I(V\U). So, there is some f €
I(VAU)\I(V). Therefore f[y (V\U) = f(V\U) =0 and f[y# 0 (cf 8.1 C) b)). This shows,
that Iy, (V\U) # 0. As O(V) is a domain (cf 8.1 C) a) ), this implies H} (V\U)(O(V)) =0
(cf 4.4). So, statement (ii) is equivalent to t7, 1\ (O(V)) > 2. By 4.4 this is equivalent to
statement (iii). |

Example and Exercise 8.4 A) (Hartshorne) Let k be an algebraically closed field and
consider the homomorphism of polynomial rings

h: klxy, o, x3, 4] — klz, 9]

given by z1 — x, x9 — zy, 3 — y(y — 1), x4 — y2(y —1).

Then, clearly
Moreover, as k[z,y] is a domain, Ker(h) C k[xy, z9, x3, 24] is a prime ideal. So by 8.1 A) a)

V :=V(Ker(h)) C k*

is an irreducible affine variety.

Keeping in mind the Homomorphism Theorem, the Nullstellensatz (cf 7.1 C) b)) and 8.1 C)
b) we get isomorphisms of k-algebras

klx,zy,y(y — 1),y2(y — V)] = k[zy, 2o, x3, 4] /Ker(h) = klxy, x9, x5, 24) /I(V) = O(V).
We thus identify

V) = [flf,wy,y(y —1),5%(y — 1)] and
T fv =, Ty lv=ay, x3 lv=yly — 1), 24 [v= 1>y —1).

B) Clearly Ker(h) C (21, xg, 3, 24), hence {0} = V(x1, 29, x3,24) C V(Ker(h)) = V. We set
U= V\{0}.
Then V\U = {0} and hence
ILy(VAU) = (21 Iv, 2o Tv, @3 Tv, @ [v) = (2,29, y(y = 1),9°(y — 1)).
Now, it is easy to check that

klz,yl = O(V) +yOV), y ¢ O(V) and Iy (VAU)k[z,y] € O(V).
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So, k[z,y]/O(V) is a non-zero cyclic O(V)-module annihilated by Iy (V\U). Therefore,
klx,y]/O(V) is a non-zero homomorphic image of O(V') /I, (V\U) = k, hence k[z,y|/O(V) =
k. So, we get an exact sequence of finitely generated O(V')-modules.

0—O0OWV)—klz,y) = k—0.

Now, z and y(y — 1) € I, (V\U) form a k[x,y]-sequence, so that H}V(V\U)(k[u,v]) = 0 for
i =0,1 (cf 4.4). Thus, applying local cohomology to the above sequence, we get

Hi, o (O(V)) 2 k.
Therefore, by 8.3 we must have a regular function on U, which cannot be extended to a

regular function on V.

C) To make the latter statement more explicit we consider the map « : k* — k? given by
(z,y) = (z,2y,y(y — 1),4*(y — 1)). If f € Ker(h) we have f(a(z,y)) = f(z,2y,y(y —
1),y%(y—1)) = f(h(x1), h(zs), h(x3), h(z4))) = 0. This shows that Im(a) C V (Ker(h)) = V.
So, we may write

a:k? =V (z,y) = (2, 0y, y(y — 1),y — 1)).

As the coordinates of a are given by regular (actually polynomial) functions, we can say
that « is a morphism of algebraic varieties.

Now, consider the open sets
Uy :=V\V(xy), Us:=V\V(x3).
Then & = z; [y has no zero in U; and y(y — 1) = x3 [y has no zero in Us. Therefore
U=U, UUs.
Now, we can define a map

(z1,22), ifpelh

U — k2 (21,29, 23, 24) — .
ﬂ (—/_1 22 4) { (xla%g): 1prU3

This map has regular coordinates and hence is a morphism.

Clearly we have
a~1(0,0,0,0) = {(0,0),(0,1)},

and moreover (3 is inverse to a [2\1(0,0),(0,1)} SO that

a I: k\{(0,0),(0,1)} = U =V\{(0,0,0,0)}.

~-
=W
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e iAo

In particular we have O(W) = O(U). So, @ maps k* onto V by just mapping (0,0) and
(0,1) to the same point (0,0,0,0)

D) Now, we can give explicitly a non-extendable regular function on U:
Namely, let 55 € O(U) be the second component of 3, so that

Lo ifpelh

T1,T9, T3, Ty) =P) = o .
52((1 2,23 4) p) { B if e U

3

Then, [y cannot be extended to a regular function on V: Namely, for all p € U we
have (a2(p) = y(B(p)). Choosing (z,y) € k?\{(0,0),(0,1)} we thus get fa(a(z,y)) =
y(Blal(z,y)) =y(z,y) =y.

Assume now, that (35 can be extended to a regular function v on V. Consider the regular
function
ok =k (y = (a(0,y))).

Then, for all y # 0,1 we have

o(y) = v(a(0,y)) = B2(a(0,y)) = y.

This means, that o is given by the polynomial y € k[y] = O(k). On the other hand

(0) = v((0,0)) = 7(0,0,0,0) = v(a(0, 1)) = o (1),

which yields the contradiction 0 = 1. Therefore, 5 : U — k cannot be extended regularly
to V. °

As a preparation for later arguments we suggest the following exercise.
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Exercise 8.5 A) Let k be an algebraically closed field. Show that the proper closed non-
empty subsets of the line L = k are precisely the finite subsets of L.

B) Let 7 € N and let V' C k" be a curve, that is an irreducible affine variety of dimension 1,
so that dim(O(V)) = 1. Show that the conclusion of part A) holds, if we replace L by V. e

Third Lecture: Finiteness Results

9 Localization and Local Cohomology

Proposition 9.1 Let R be a noetherian ring, let S C R be a non-empty multiplicately closed
set and let I be an injective R-module. Then S™'I is an injective S~ R-module.

Proof. [B-F, (5.1)]. |

Theorem 9.2 Let R be a noetherian ring, let a C R be an ideal, let S C R be a non-empty
multiplicatively closed set and let M be an R-module. Then, for each n € Ny there is an
isomorphism of S™'R-modules

gny s STHHI(M) —> Hlg 1 p(S7'M).

Proof. (Sketch; for details see [B-F, (5.2) - (5.6)]) Let 0 M—t-po Lo 4 p
be an injective resolution of M. Then, by 9.1 and by the exactness of the localization functor

s-1f

Sle: (M—LeN)rm(S1M SIN)

(from R-modules to S™!R-modules) we see that

0—=5- 1 e oS g1 d g-ip
is an injective resolution of the S~'R-module S~'M. Therefore

H7g 1 p(ST'M) = H™ (T gy 1 (S71%), Ts 1 (S71d®)).

It is easy to verify, that for each R-module N one has ['yg-1(S™'N) = S7'T'y(N). Therefore
H' ((S7'M) = H"(Das-1(S7*),Dag-1(S71d®)) (= H™(S™'T(I°),S7'T4(d%)). As the
functor S~'e is exact, it commutes with cohomology, so that

Hlo 1 n(STIM) = ST H™(Do(1°),Ty(d%)) = ST HZ(M).
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Remark 9.3 Theorem 9.2 may be expressed in the form:

Local Cohomology commutes with Localization. °

Proposition 9.4 Let a be an ideal of the noetherian ring R and let M be a finitely generated
R module such that cdq(M) > 0. Then, there is a j € N such that the R-module HZ(M) is
not finitely generated.

Proof.  We have to show that if HS(M) # 0 for some ¢ > 0, then HI(M) is not finitely
generated for some j € N.

There is some p € Spec(R) such that HS(M), # 0. We have to find some j € N such that
the Rp,-module HI (M), is not finitely generated. By 9.2 we may replace R, a, M respectively
by Ry, ay, M, and hence assume that (R, m) is local. As H{(M) # 0 and as Hf, = R°T'g =
R¢ = 0, we must have a C m Let M = M/T(M). As Hi{(M) = H{(M) for all i > 0, we
may replace M by M and hence assume that H2(M) =2 T',(M) = 0, so that there is some
z € aNNZDg(M), (cf 4.4).

In particular, there are exact sequences

H=YM) — H-Y(M/zM) — H(M) =5 H/(M) — H.(M/xM) for all i € N.

Assume first, that dim(M) = 1. Then, by Grothendieck’s Vanishing Theorem 5.3 we must
have ¢ = 1, hence H}(M) # 0. Also by this same vanishing theorem (and as dim(M/zM) <
dim(M) — 1, ¢f 5.2 B) ¢) ) we have H}(M/xM) = 0. Applying the above sequence with
i = 1 we thus get an epimorphism H!(M) -+ H}(M), so that zH}(M) = H}(M) # 0. By
Nakayama, H}(M) cannot be finitely generated.

So, let dim(M) > 1. If HS(M) is not finitely generated, we choose j = c¢. So, assume
that HS(M) is finitely generated. Then, by Nakayama the map HS(M) -~ HS¢(M) is
not surjective. Applying the above sequence with i = ¢, we get HS(M/xM) # 0. As
dim(M/xM) < dim(M) — 1 (cf 5.2 B) ¢) ) it follows by induction that H:(M/xM) is not
finitely generated for some ¢ € N. Applying the above sequence with ¢ = ¢ + 1 we thus may
choose j € {¢,0+ 1}. |

Corollary 9.5 Let a be an ideal of the noetherian ring R and let M be a finitely generated
R-module. If H{(M) # 0 for some i > 0, then there is a j > 0 such that Hi(M) is not
finitely generated. .
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10 Associated Primes of Local Cohomology Modules

Theorem 10.1 Let a be an ideal of the noetherian ring R and let M be a finitely generated
R-module. Leti € Ny be such that HI(M) is finitely generated for all j < i. Let N C H(M)
be a finitely generated submodule. Then the set Assg(HL(M)/N) is finite.

Proof.  (Induction on 7). The case i = 0 is clear as HY(M) = T'y(M) C M is finitely
generated. So, let i > 0 and set M = M/T'o(M). Then HY(M) 2 Ty(M) =0 and H(M) =
Hi(M) for all i > 0. In particular, HI(M) = 0 for all j < i. We thus may replace M by M
and hence assume that H)(M) = 0. By 4.4 we thus find an element y € a N\ NZD(M).

Moreover, as N is finitely generated and a-torsion, there is some n € N such that y"N = 0.
Let z :=y". Then x € aNNZD(M) and zN = 0.

On use of the cohomology sequence with respect to a and associated to the exact sequence
S:0—- M- M -2 M/xM — 0 we now get a commutative diagram with exact rows
and columns

Hy=H(M) HH (M [z M)

. ||
T = Hgl(Ml/:z:M)/(Sl( N) - pi J\£ )/N —Z> Hl(l]\/[)
| |
0 0

in which e = H:'(p) is induced by the canonical map p : M — M/xM, in which §
is the connecting homomorphism (%,a’ in which m and p are the canonical maps given by

m + §H(N) 2, 5(m) and m + N & xm. Observe that Ker(8) = e(H"(M)) is finitely
generated. As R is noetherian and N is finitely generated, it follows that (V) is finitely
generated.

By the exact sequences resulting from S
™ (M) — H7 (M /aM) — H(M) (5 >0),

we see that HE(M/xzM) is finitely generated for all k¥ < i — 1. So, by induction we have
tAssg(T") < co. As N is finitely generated, we also have fAssg(N) < oco. It therefore suffices
to show that

Assp(HL(M)/N) C Assg(T) U Assp(N).

So, let p € Assg(HL{(M)/N)\Assg(T). It suffices to show that p € Assg(N). With an
appropriate element h € Hi(M) we may write p = (0 ; o(h)). Consider the submodule

U:=3 '(Ro(h)) € T. The second row of the above diagram gives rise to an exact sequence

z|

0—> U —1> Ro(h) —='> 7 - Ro(h) — 0,
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where the maps ¢ | and Z- | are obtained by restriction of § respectively of z-. As U C T
we have Assg(U) C Assg(T) and hence p ¢ Assgr(U). As p = (0 B o(h)) € Assg(Ro(h)),

the above exact sequence yields p € Assg(zRo(h)). As T - Ro(h) = RTo(h) = Rxh we get
p € Assg(Rzxh). So, there is some s € R such that p = (0 B sth).

As z € a and H!(M) is a-torsion, there is some m € N with 2™ (zsh) = 0 Therefore we have
™ e (Oéxsh) =p, hence z € p = (0 5 o(h)).

From this we obtain xh + N = p(xh) = xp(h) = 0, hence zh € N and thus zsh € N. As
p=(0 ; sxh), we get indeed p € Assg(V). |

As an immediate application (namely by taking N = 0) we get:
Corollary 10.2 Let a be an ideal of the noetherian ring R and let M be a finitely generated

R-module. Let i € Ny be such that Hi(M) is finitely generated for all j < i. Then the set
Assr(HL(M)) is finite.

Example and Exercise 10.3 (A.K. Singh) Let x,y, z,u, v, w be inderminates. We set
R:=7Zx,y,z,u,v,w]/(xu+ yv + zw) and a := (z,y, 2)R.

Then according to [Si] we have fAssg(H2(R)) = oo.

Show that for this choice of R and a we have

=0, if i # 2,3,
not finitely generated if ¢+ = 2, 3.

Hi(R) {

11 The Cohomological Finiteness Dimension

Definition 11.1 Let a be an ideal of the noetherian ring R and let M be a finitely generated
R-module. The (cohomological) a-finiteness dimension of M with respect to a is defined by

fa(M) :=inf{r € No | H;(M) not finitely generated }.

Remark 11.2 A) Let R,a and M be as above. Then:
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a) fo(M) € NU {oo} with fo(M) = oo if and only if H:(M) is finitely generated for all
i € Np, hence if and only if cda(M) <0 (cf 9.4).

b)  ta(M) < fo(M).

c) If fo(M) < oo, then fo(M) < cda(M).

We now may formulate 9.4 in the form:

) oda(M) > 0= fo(M) < cda(M).

B) Keeping the notation of part A) we may reformulate 10.2 in the form

a) 1< fo(M) = fAssg(H.(M)) < oo. .

Proposition 11.3 Let a be an ideal of the noetherian ring R and let M be a finitely gener-
ated R-module. Then

fa(M) =inf{r e Ng|a g , /0 1:% Hr(M)}.

Proof. Let sq(M) :=inf{r € Nola Z . /0 ; Hr(M)}. First, let @ < fo(M). Then HL(M) is a
finitely generated a-torsion module. It follows that there is some n € N with a"H.(M) = 0,
(cf 3.4 ¢) ). So, we get a C /0 B Hi(M) for all i < fo(M). Consequently fo(M) < sq(M).

We now prove the converse inequality. To do so, it suffices to show that for each s € N we
have the implication

aC (ORHg(M)) forall i < s = s < fo(M).

We prove this by induction on s. If s = 1 there is nothing to show (cf 11.2 A) a) ).
So, let s > 1. It suffices to show that the modules Hi(M) are finitely generated for all
ie{l,--,s—1}

Let M := M/T4(M). Then HY(M) = T'y(M) = 0 and H{(M) = H{(M) for all i > 0.
Therefore a C 1/0: Hi(M) for all i < s and it suffices to show the R-modules H:(M) are

finitely generated for all i € {1,---,s— 1}. This allows to replace M by M and hence to
assume that H2(M) = 0.

We thus find an element z € a N NZDg(M). Now, for each i < s there is some n; € N with
a” C 0 B Hi(M). Let n = max{n;|i < s}. Then 2" € a® NNZDg(M). In particular we have
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2"H:(M) = 0 for all i < s. Applying cohomology to the exact sequence 0 — M oM —
M/x"M — 0 we thus get exact sequences

0— H: Y M) — H Y (M/2"M) — H{(M) — 0

forall : € {1,---,s—1}. As a"H.(M) = 0 for all these 7 it follows a®” H:"'(M /2" M) = 0
and hence a C /0 : Hi"Y(M /2" M) for all i € {1,---,s —1}. So, by induction the modules
HI7Y(M/z"M) are finitely generated for all i« € {1,---,s — 1}. Now, the above exact
sequences show that H.(M) is finitely generated for all i < s. |

Lemma 11.4 Let a be an ideal of the noetherian ring R. Let L be an R-module such
that §Assgp(L) < oco. Assume that for each p € Assg(L) there is some n, € N such that
(a™ L), = 0. Then, with n := max{ny|p € Assr(L)} we have a"L = 0.

Proof. Let z € L and let ty,---,t, € L be such that a"z = )| | Rt;. Let p € Assg(L).
Then (a"z), C (a"L), C (a™ L), = 0, hence (>_;_, Rt;), = 0.

So, for each ¢ € {1,--- ,r} there is some s;, € R\p such that s; ,t; = 0. Let s, := [[._; 5.
Then s, € R\p and s,t; =0 for i =1,--- ,r, hence sya™z = 0.

Let b := 3 cawp() B8p- Then clearly ba"z = 0. As s, ¢ p we must have b ¢ p for
all p € Assg(L). As #Assg(L) < co we get by the Prime Avoidance Principle that b ¢
Upeassp(z) P = ZDr(L). So, there is an element z € bANZDg(L). But now, za"z C ba"z = 0
implies a"z = 0. As z € L was arbitrarily chosen, we get a"L = 0. |

Theorem 11.5 (Local-Global Principle of Faltings) Let a be an ideal of the noetherian ring
R, let r € N and let M be a finitely generated R-module. Then, the following statements are
equivalent:

(i) HL(M) is finitely generated for all i < r.
(ii) The Ry,-module H.(M), is finitely generated for all i < r and for all p € Spec(R).

(iii) The Ry-module Hip (M), is finitely generated for all i < r and all p € Spec(R).

Proof. “(i) = (ii)”: Clear by the basic properties of localization.
“(il) <= (iii)”: Clear by the fact that local cohomology commutes with localization (cf 9.2).
ii) = (1)”: (Induction on r). The case r = 1 is clear as HJ(M) = T'y(M) is finitely

(i)
generated. So, let 7 > 1. By induction we know already that H:(M) is finitely generated
for all ¢ < r — 1. It remains to be shown that L := H. '(M) is finitely generated. By 11.3

it suffices to show that a C _ /0 i L, hence to find an n € N with a”L = 0.
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By 10.2 we have Assg(L) < co. Let p € Assg(L). By our hypothesis L, is finitely generated
over R,. As L is a-torsion, L, is aR,-torsion. So, there is some n, € N with (a™ L), =
a™ RyL, = (aRy)™ L, = 0, (cf 3.4 ¢) ). Now, we conclude by 11.4. |

Corollary 11.6 Let R,a and M be as in 11.5. Then

fa(M) = min{ far, (M,) | p € Spec(R)} = min{ far, (M,) | p € Var(a) N Supp(M)}.

Proof. The first equation is immediate by 11.5. The second equation is easy from 9.2. W

12 The Finiteness Theorem

Definition 12.1 A) Let (R, m) be a noetherian local ring. Then, the depth of a finitely
generated R-module M is defined by (cf 4.3)

depthz (M) := grade,,(m).
So, by 4.5 we may write

depth(M) = t(M) = inf{i € No | Hj,(M) # 0}

B) Let a be an ideal of the noetherian ring R and let M be a finitely generated R-module.
We define a a-adjusted depth of M at a prime p € Spec(R) by

adj,depth(M,) = depthp, (M) + height((a+p)/p),

where height((a+p)/p) is understood to be the height of the ideal a := (a+p)/p C R/p =: R,
hence by the definition of height:

height((a + p)/p) = min{dim(R; |p € Var(a)}

Remark 12.2 Keep the notation and hypotheses of 12.1. Then, the number
height((a + p)/p) corresponds to the “distance of p from the variety Var(a)”.

More precisely, if q € Spec(R) with p C g one can consider height(q/p) as “the distance
between p and q” measured in terms of lengths of chains of primes which connect p and g:

height(q/p) = max {¢ € No | Ipo,--- ,pr € Spec(R) :pCpo&m &--- &P Cq}.
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Therefore we can say
height((a + p)/p) = inf{ height(q/p) | C q and q € Var(a)} := “distance (a, Var(a))”.
So, the adjusted depth measures the usual depth of M at p, that is depth Ry (My), and adds

to it the distance p has from Var(a).

Having large depth at p, means that M “behaves well at p”. So, the a-adjusted depth
measures the “well-behaviour of M at p” giving a bonus to points p which are far away
from Var(a). Therefore, the a-adjusted depth tells us, how well behaved M is at points
p € Spec(R) “near the variety Var(a) of a”.

Reminder 12.3 By Krull’s Principal Ideal Theorem the maximal ideal m of a local noethe-
rian ring R cannot be generated be less than height(m) = dim(R) elements. A noetherian
local ring (R, m) whose maximal ideal m can be generated by dim(R) element is called a
reqular local ring.

A noetherian ring R is said to be regular, if R, is a regular local ring for each p € Spec(R).
[}

Theorem 12.4 (Finiteness Theorem of Grothendieck) Assume that the noetherian ring R
1s a homomorphic image of a reqular ring. Then

fa(M) = inf{adj,depth(M,) | p € Spec(R)\Var(a)}.

Proof. See [B-S, 9.5.2]. |
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Remarks 12.5 A) The hypothesis that R is a homomorphic image of a regular ring is not
at all restrictive for most applications. It is satisfied for example whenever R is “essentially
of finite” over a field (or over Z). Let us recall, that a ring R is essentially of finite type over
a ring Ry if R is a ring of fractions of a finitely generated Ry-algebra.

B) The hypothesis that R is a homomorphic image of a regular ring can be replaced by
the weaker condition, that R is a so-called tolerable ring, that is a ring which is universally
catenary and whose formal fibres are all Cohen-Macaulay rings (cf [B-S, 9.6.7]). Let us recall
here that a noetherian ring R is called a Cohen-Macaulay ring if all its localizations Ry, with
p € Spec(R) are local Cohen-Macaulay rings. A local noetherian ring (R, m) is said to be a
Cohen-Macaulay ring if its depth is maximal, that is depthyz(R) = dim(R).

In particular, all homomorphic images of Cohen-Macaulay rings are tolerable. Moreover all
regular rings are Cohen-Macaulay rings. So, in 12.4 one can replace the condition “regular”
by the weaker condition “Cohen-Macaulay”. °

Exercises 12.6 A) Let k£ be an algebraically closed field, let 7 € N and let V' C k" be an
irreducible affine variety. Let U & V' be a non-empty open subset and let Z = V\U. Prove
that O(U) is a finitely generated O(V')-module if and only if Z is of “codimension > 2 in
V?”, that is if and only if height(Iy/(Z)) > 2.

B) Let (R, m) be a local domain which is a homomorphic image of local (noetherian) Cohen-
Macaulay ring. Show that the R-modules H' (R) are finitely generated for all i < dim(R) if
and only if “R is Cohen-Macaulay on its punctured spectrum”, that is if and only if R, is
Cohen-Macaulay ring for all p € Spec(R)\{m}. )

Fourth Lecture: Connectivity in Algebraic Varieties

13 Analytically Irreducible Rings

Definition 13.1 A local noetherian domain (12, m) is said to be analytically irreducible if
its completion (R, mR) with respect to the m-adic topology is an integral domain. °

Theorem 13.2 (Vanishing Theorem of Hartshorne-Lichtenbaum) Let (R, m) be an analyt-
ically irreducible domain and let a C m be an ideal of R such that dim(R/a) > 0. Then
cdq(R) < dim(R).

Proof. [B-S, 8.2.10]. |
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Theorem 13.3 (Non-Vanishing Theorem of Grothendieck) Let (R, m) be a local noetherian
ring and let M be a finitely generated R-module. Then Hilm(M)(M) £ 0.

Proof. [B-S, 6.1.4]. |

Proposition 13.4 Assume that (R,m) is a local analytically irreducible domain and let
a,b Cm be two ideals such that dim(R/a),dim(R/b) > 0 = dim(R/(a + b)). Then

ara(anb) > dim(R) — 1.
Proof.  Let d := dim(R). We have to show that ara(a Nb) > d — 1. The Mayer-Vietoris
sequence gives an exact sequence
Higy (R) — Heyo(R) — HY(R) & H{(R).

By 13.2 we have HY(R) = H}(R) = 0. As dim(R/(a+ b)) = 0 we have v/a + b = m, hence

HY o(R) = HY(R) = Hy(R) #0 (cf 3.1 C) a) and 13.3).
It follows H'(R) # 0, hence cdgnp(R) > d — 1, thus ara(anb) > d — 1 (cf 6.5). u

14 Affine Algebraic Cones

Reminders 14.1 Let k be an algebraically closed field and let » € N. An affine (algebraic)
cone (with vertex O € Erti ) is an affine variety V' C k"1 such that 0 € V and such that for
each p € V\{0} the straight line joining p and 0 is contained in V. As an exercise one can
prove that for an affine variety V' C k"*! the following are equivalent:

(i) V is an affine cone;
(i) V =V(a), where a C k[zg,---,z,] is a graded ideal;
(iii) I(V) C k[zo, - -+ ,x,] is a graded ideal;

(iv) V. =V(f1, -+, fi) with homogeneous polynomials f; € k[zg, - ,z,].

B) Let V C k™! b an irreducible affine cone. Then O(V) 2 k[x, -+ ,z,]/I(V) is a domain
(cf 8.1 C) ). As the ideal I(V) C k[, - ,x,] is graded, the ring k[zo, - - ,x,.]/I1(V) carries
a natural grading, given by

(Klzo, -+ 2] JI(V))n = (Ko, -+ s 2] + L(V)) [ I(V) = Ko, -+ 2p]n/T(V s

(prove this as an exercise). Correspondingly, the domain O(V') carries a natural grading
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a) O(V> - ®"ZOO(V>"’ with O(V)" = k[xoa e axr]n/[(v)na (vn € NO)
In particular
b)  OV) =klzolv, -,z |v] with z;]ye O(V); for i =0,--- 7.

C) Keep the notations of part B). Let Iy, ({0}) € O(V') be the vanishing ideal of 0 in O(V).
It is easy to check that

a) Iy({0}) = ®n=00(V)n =: O(V),.

We now consider the local ring of V' at its vertex:

OV,Q = O(V)[V({Q}) = O(V)o(v)+ and the ideal mMQ = IV({Q})O(V)IV({Q})
Then:

b)  (Oyp,myy) is a local noetherian domain.

¢)  dim(Oyy) = dim(O(V)) := dim(V). .

Reminders and Exercises 14.2 A) Let k be a field and let R = @,en, Ro be a noetherian
homogeneous k-algebra. So, we have Ry = k and R = k[fy, -, f,] with finitely many
elements fo,-- -, f. € Ry. Consider the irrelevant ideal Ry := ®,-0R, of R. As R/R, =k,
we see that R, is a maximal ideal of R. Moreover, any graded ideal of R is contained in R, .
So R, is the graded (or homogeneous) maximal ideal of R.

B) Keep the previous notations. We consider the local ring (Rg,, Ry Rg, ). As Ry C Ris a
maximal ideal it follows easily, that for each n € N, the natural homomorphism

n n n x n
en: R/(Ry)" — Rp, [(RyRr,)", (x4 (Ry)" T (RyRg,)")
is an isomorphism of rings. So, we get an isomorphism of rings

a) e:=lime,: (R Ry)" = R/(Ry)" — lim Rg, /(R Rg,)" = (Rg,, R Re, )"

n n

36



between the R -adic completion of the homogeneous k-algebra R and the R, Rg, -adic com-
pletion of the local ring R, .

C) Next, consider the direct product of k-vector spaces Il,en, R, =: R. On R we may
introduce a binary operation

: R X é - é; (xn>n€N : (yn>n€N = ( Z xiyj)neN'
i+j=n
Then, it is not hard to verify:

W

a) R furnished with its standard addition and the previous multiplication “-” is a commu-
tative local ring with unit element 15 = (1,0,0, - - - ) and maximal ideal I~ R,, =: R.

Moreover, it is immediate to see

b)  The inclusion map R = @yen, Ry s ILen, Ry = Ris a homomorphism of rings and
R.R=R,.

Finally, we can say

¢) Ris a domain if and only if R is.

D) As R is homogeneous, we have
a) (Ry)" = R>p = ®m>n Ry, for alln € N.

In particular for each n € N and each ¥ € R/(R,)" there is a unique element v (%) €
Ry @ --- @ R, such that v™ () + (R,)" = Z. We write v™(z) = Y1 I/Z(n)( ) with
l/Z-(n) () € R;. Keep in mind that

(R, Ry)" =lim(R/(R:)") = {(@"™ )new € Mpen(R/(Ry)") [20T) B2 2| vn € N}

= (@™ )nen € Wuen(R/(R)™) | "0 @) = (™) for all n € N and all i < n}.

So, we have a bijective map
b) i (R, Ry)" = R=Tl,50R,, given by (T),en — (4" (@), cn,.-

It is not too hard to calculate that 1) is a homomorphism of rings. So, we get isomorphisms
of rings (cf B) a)):
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¢) ¥:(R R = R=Tl,50Ry; $oe: (Ry, RyRp, )" — I,50Ry. .

Lemma 14.3 Let k be an algebraically closed field, let r € N and let V. C k™ be an
irreducible affine cone. Then, the local ring Ovyy of V' at its vertex 0 is an analytically
irreducible noetherian local domain with dim(Oy,) = dim(V).

Proof. By 14.1 C) we already know that Oy is a local noetherian domain of dimension
dim(V) and with maximal ideal myy. We set R := O(V) = &,,500(V),,. According to 14.1
B) we know that R is a noetherian homogeneous k-algebra and a domain. Now, on use of
14.2 D) ¢) we get Oyg = (Rr,)" = (Rr,, R+Rr,)" = I,50R,. So, by 14.2 C) ¢) we see
that 6;0 is a domain. |

Lemma 14.4 Let k be an algebraically closed field, let r € N and let V. C k™ be an
wrreducible affine cone. Let Z C 'V be another affine cone and let Z1, Zy C Z be two closed
subsets such that Z, U Zy = Z,Z1 N Zy = {0} and Z1, Z> £ {0}. Then Iy({0}) C O(V) is
not a minimal prime of Iy (Z;) fori=1,2.

Proof. Assume to the contrary, that Iy, ({0}) is a minimal prime of I}/ (Z;) for i = 1 or for
i = 2. Without loss of generality, we may assume that Iy, ({0}) is a minimal prime of Iy (Z;).

We find some f € O(V)\I/({0}) which is contained in the intersection of all (the finitely
many) minimal primes of Iy (Z;) different from Iy,({0}). According to 8.1 C) b) there is a
polynomial f € k[xg,- -, z,] with f = f[y. We consider the open set

U=V\V(f)={peV|i@p #0}.

Clearly, 0 € U. Next, let ¢ € Z;\{0}. Then I ({0}) # Iv({q}) 2 Iv(Z:) shows that the
maximal ideal Iy ({0}) € O(V) must contain a minimal prime p # Iy/({0}) of Iy(Z;). In
particular we get f € p C Iy ({q}), hence f(q) = 0, thus ¢ ¢ U. This first shows that
Now, let L C k™! be the straight line through 0 and ¢. As Z is a cone we have L C Z.

Moreover, L = (LN Zy) U (L N Zy), where L N Z; C L is closed. As ¢ € Z;\{0} it follows
from Z; N Z, = {0}, that ¢ ¢ Z,. Therefore L N Z, & L and so L N Z, is finite, (cf 8.5 A).

Moreover U N L is an open neighborhood of 0 in L. In particular, there is a point p €
(LNU)\{0}. As U N Z; = {0} it follows p ¢ Z;, hence LNZy & L. So L N Z; is a finite
set, too. So, the infinite set L is the union of the two finite sets L N Z;, and L N Z,, a
contradiction. ]
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Proposition 14.5 Let k be an algebraically closed field, let r € N, let V. C k™! be an
irreducible affine cone of dimension d + 1. Let s < d and let fi,---, fs € klxg,---,z,] be
homogeneous polynomials.

Then [V OV (f1,---, fs)]\{0} is connected.

Proof.  Clearly Z := VN V(fi,---,fs) = VUIV)+ (fi,---, fs)) is an affine cone with
I(Z)=+\IV)+ (fi, -, fs). Writing e | for the restriction map k[zo, -+ ,z,] - O(V) we
get Iv(Z) = [ (I(Z)) = /(fil, -+, fs]). In particular we have ara(ly(Z)) < s. Assume
that Z\{0} is disconnected. Then, Z\{0} is the disjoint union of two non-empty relatively
closed subsets. We thus may write Z = Z;UZ, with closed sets Z, Z, C V with Z;, Z, £ {0}
and Zl N ZQ = {Q}

It follows I\/(Z) = ]V(Zl U ZQ) = I\/(Zl) N Iv(Zg) and \/Iv(Zl)+]V(ZQ) = I\/({Q})
Moreover 14.4 implies that Iy, ({0}) is not a minimal prime of I}/ (Z;) for i = 1,2.

Now, consider the analytically irreducible local noetherian domain R := Oy of dimension
d +1 (Cf 143) and the ideals a := ]V(ZI)OV,Q and b := I\/(ZQ)OVQ.

It follows aNb = I, (Z)Oyp and hence ara(a Nb) < ara(ly(Z)) < s. Moreover by 14.4
Iy ({0}) is not a minimal prime of Iy, (Z;) for i = 1,2. Therefore dim(R/a), dim(R/b) > 0 =
dim(R/(a +b)). In addition \/Iv(Z;) + Iv(Zs) = I, ({0}.

By 13.4 it follows s > ara(aNb) > d+ 1 — 1 = d, a contradiction. [ |

Proposition 14.6 Let k be an algebraically closed field, let r € N and let V,W C k™! be
two irreducible affine cones such that dim(V') + dim(W) > r + 2. Then, the set V. N W\{0}
18 connected.

Proof.  Consider the diagonal embedding ¢ : £™™' — k™! x k™1 (¢ +— (c,¢)) and the
diagonal A = Im(d). Writing O(k" ™! x k') = k[zg, -+ , 2, Y0, - , yr], we have

A=V(zo—yo,T1 — Y1, , Tr — Yr).
Moreover, the diagonal embedding ¢ yields an isomorphism of algebraic varieties
VAW — (VxW)NA

and hence a homeomorphism. Observe that 6(0) = (0,0). It thus suffices to show that
[(V x W) N AN{(0,0)} is connected. But V- x W C k™! x k™1 = k?"*2 {5 an irreducible
affine variety with dim(V x W) = dim(V') + dim(W). Clearly V' x W is also a cone with
vertex (0,0). By 14.5 and as r + 1 < dim(V x W) — 1, it follows that

[(V xW)nAN(0,0)} = [(V x W) NV (zo = yo, 21 =y, -+, 2 — ) \{(0, 0)}

is connected. n
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15 Projective Varieties

Reminder 15.1 A) Let k be an algebraically closed field and let 7 € N. We define the
projective r-space P as the space of all lines L C k" through 0. For ¢ = (¢, - ,¢.) €
Er\{0}, we write

m(c)=(co::¢)=ke C k"t

for the line running through 0 and c. We thus may write

Pr={(co:-:c)|(co, o ) € KTN{0}}

and get a surjective map
7 kTN = P (e (coier:ric)),

the natural projection.

Observe in particular that
a) (co:--:i¢)=(bg:--:b) <= IN€k\{0}: Ac=0.

B) A projective (algebraic) variety V C P} is a set of the form V := 7(V\{0}) with V C &'+
an affine cone. In this situation we also write

V =P(V)

and call V' the projectivization of V. Observe that in this case V is uniquely determined by
V and has the form V = 7= (V) U {0}. We call V the affine cone over V and denote it by
cone(V'). Thus:

cone(V) := 7 (V) U {0}.

C) Keeping the above notations we thus have two bijections which are inverse to each other:

VC gt V = affine P(e) VCPpr V = projective
- cone ~—cone) =k variety ’

In view of this the following statements seem not very surprising for a projective variety
V CP;

a) dim(cone(V)) = dim(V) + 1;
b) cone(V) irreducible <=V irreducible ;

c) cone(V)\{0} connected <=V connected .
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Moreover:
d) The assignments P(e) and cone(e) commute with finite unions and intersections.
Theorem 15.2 (Connectedness Theorem of Bertini-Grothendieck) Let k be an algebraically

closed field, let r € N and let V' C P} be an irreducible projective variety of dimension d > 1.
Let s < d and let fi,--- , fs € klxg, - -, z,] be homogeneous polynomials.

Then VAPV (f1,---, fs)) is connected.
Proof. Clear from 14.5 and 15.1 C). |

Theorem 15.3 (Connectedness Theorem of Fulton-Hansen and Faltings) Let k be an alge-
braically closed field, let r € N and let V., W C P}, be two irreducible projective varieties such
that dim(V') + dim(W) > r. Then V NW is connected.

Proof. Easy from 14.6 and 15.1 C). [

Example 15.4 A) We write O(k®) = k[z1, 9, 23], where k is an algebraically closed field.
We consider the two surfaces in k* given by

10/ = V(1 — xox3), V%/' = V(xy + 25 — 293 — 1),
which are indeed both irreducible as their defining polynomials are irreducible. Then

VﬂW:V.Tl—l'gl'g,ilfl—i—xg—ilfgilfg—l)

(
V(zy — xows, 25 — 1)

V(zy — xowsg, 29 + 1) UV (21 — 2023, 29 — 1)
y(.ﬁlfl + 23, T2 + 1)4 U y(l’l — X3,T9 — 12

-~ -~

]L(l):: ]Lg::

So, V. N is the union of the two skew lines LY and ILJ and hence is disconnected. But, on
the other hand

o o

dim(V) + dim(W) =2+2 > 3.

This means that the analogue of 15.3 need not hold in the affine setting. Now, let us write
O(k*) = k[zo, 71, 79, z3] and consider the projective varieties

P(V(zoz1 — 073)) =: V C P} and P(V (zoz1 + 75 — Tow3 — 25)) = W C P}
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whose affine cones are respectively
cone(V) = V(ror; — mox3) C k* and cone(W) = V(zor; + 25 — vow3 — 23) C k*

In particular, these cones are both irreducible (as their defining polynomials are) and of
dimension 4 — 1 = 3. So, V and W are both irreducible and of dimension 2. As dim(V') +
dim(WW') = 4 > 3 we may expect by 15.3 that VN is connected. Indeed it is easy to check
that V(zor, — xow3, Toxy + 25 — Toxs) = V(21 + 23,00 + 20) UV (Y1 — 1, T2 — o) UV (20, 22).
Therefore we have

V N W = P(cone(V)) NP(cone(V))
= P(cone(V) N cone(W))
= P(V (2021 — ToT3, ToT1 + T35 — To3 — T5))
=P(V(xy + 23,22 + 20) UV (27 — 23, 29 — 29) U V (20, 22))
= \]P’(V(xl + 3,0 + xo))J U \]P’(V(xl — X3, Ty — IIJo)J U \]P)(V(.CIZ'(),JZ'Q))J.
Lyi= Lo:= Li=

Now, L,y C P form a pair of skew lines and . C P¥ is a line which intersects L; at
p:=(0:1:0:-1)and Lyat ¢g:=(0:1:0:1).

In particular VNW =L ULy UL is
connected, as predicted by the con-
nectedness theorem 15.3.

B) To get a slightly better insight, we consider the canonical embedding
0o k* = P}, ((er,c0,03) = (Licr ot cy))
and identify &% :=Im(cg) = {(1: ¢1 : ¢2: e3)|c; € k}. So, P} = k30 P(V (xy)), where H C P}
———

H:=
is “the plane at infinite”. Now we have the situation:

L =L° 0 {p}, Ly =L%U{p}, and L C H, thus L N k* = 0.

Moreover . .
V=VULand W =W UL.
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In other words: ILL; is the projective closure of LY, V is the projective closure of V, W is

the projective closure of W and moreover the closures V and W intersect at the line L at
infinity and V' N W becomes connected.

C) We can look at previous the example in yet another way: We have a surface V' C k*

which is irreducible. We have intersected V' with the irreducible (hypersurface-) variety

W = V(.’L’l +Z’§ — T2k, — 1)

and did get a non-connected intersection! This shows that the Bertini-Grothendieck con-
nectedness theorem need not hold in the affine setting.

On the other hand V NP(V (zox + 23 — z9w3 — x3)) = V N W is connected, in accordance
with the Bertini-Grothendieck connectedness theorem 15.2. .

Remark 15.5 For a complete treatment of the theme of this lecture, for sharper results and
further extensions, see Chapter 19 of [B-S].
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