Intrinsic Finite Element Methods for the
Computation of Fluxes for Poisson’s Equation.
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Abstract

In this paper we consider an intrinsic approach for the direct compu-
tation of the fluxes for problems in potential theory. We develop a general
method for the derivation of intrinsic conforming and non-conforming fi-
nite element spaces and appropriate lifting operators for the evaluation
of the right-hand side from abstract theoretical principles related to the
second Strang Lemma. The convergence of this intrinsic finite element
method is proved.
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1 Introduction

In this paper our goal is to develop a general method for the derivation of intrin-
sic conforming and non-conforming finite elements from theoretical principles
for the discretization of elliptic partial differential equations. More precisely,
we employ the stability and convergence theory for non-conforming finite ele-
ments based on the second Strang lemma and derive from these principles weak
compatibility conditions for non-conforming finite elements. In other words, we
show that local polynomial finite element spaces for elliptic problems in diver-
gence form must satisfy those compatibility conditions in order to estimate the
perturbation in the second Strang lemma in a consistent way.

As a simple model problem for the introduction of our method, we consider
Poisson’s equation but emphasize that this method is applicable also for much
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more general (systems of) elliptic equations. We consider the intrinsic formu-
lation of Poisson’s equation, i.e., the minimization of the energy functional in
the space of admissible energies which will be defined below. The goal is to
construct piecewise polynomial finite element spaces for the direct approxima-
tion of the physical quantity of interest, i.e., the flux, the electrostatic field,
the velocity field, etc. depending on the underlying application. To take into
account essential boundary conditions we have to construct a lifting operator as
the left inverse of the elementwise gradient operator, that is, an operator defined
element by element — whose realization turns out to be quite simple.

There is a vast literature on various conforming and non-conforming, primal,
dual, mixed formulations of elliptic differential equations and conforming as well
as non-conforming discretization. Since our main focus is the development of
a concept for deriving conforming and non-conforming intrinsic finite elements
from theoretical principles and not the presentation of a specific new finite
element space we omit an extensive list of references on the analysis of specific
families of finite elements spaces but refer to the classical monographs [4], [16],
and [3], and the references therein.

Intrinsic formulations of the Lamé equations modelling linear three-dimen-
sional elasticity have been first derived in [5]. An intrinsic finite element space
has been developed in [6] and [7] by modifying the lowest order Nédélec finite
elements (cf. [13], [14]) such that the compatibility conditions which arise from
the intrinsic formulation are satisfied.

The approach we propose allows us to recover the non-conforming Crouzeix-
Raviart element [9], the Fortin-Soulie element [10], the Crouzeix-Falk element
[8], and the Gauss-Legendre elements [2], [18] as well as the standard conforming
hp-finite elements.

The paper is organized as follows.

In Section 2 we introduce our model problem and the relevant function
spaces for the intrinsic formulation of the continuous problem as an energy
minimization problem.

In Section 3 we derive weak continuity conditions for the characterization of
the admissible energy space. Based on these conditions we derive conforming
intrinsic polynomial finite element spaces and show that they are (necessarily)
the gradients of the well-known Lagrange hp-finite element spaces.

In Section 4 we infer from the proof of the second Strang lemma appropriate
compatibility conditions at the interfaces between elements of the mesh so that
the non-conforming perturbation of the original bilinear form can be estimated
in a consistent way. We derive all types of piecewise polynomial finite element
that satisfy this condition and also derive a local basis for these spaces.

Finally, in Section 5 we summarize the main results and give some conclu-
sions.



2 Model Problem

We consider the model problem of finding, for a given electric charge density
p € L?(Q), an electrostatic field e in a bounded domain Q C R?, d = 2,3, which
satisfies

—div (ce) =p in Q, (1)

where € denotes the electrostatic permeability. In the electrostatic case, one

may further write e = V¢, where ¢ is the electrostatic potential, known up

to a constant. We consider that the potential ¢ is constant on each connected

component of the boundary I' := 9f). Classically, this amounts to saying that

(1) is complemented with a perfect conductor boundary condition, namely®,

e X njgq = 0, where n is the unit outward normal vector field to 92
Throughout the paper we assume that

Q c R? is a bounded Lipschitz domain with connected boundary T'. (2)

As a consequence of this assumption, ¢|pq is constant. Since ¢ is known up to
a constant, we may choose an electrostatic potential such that ¢jsqn = 0.
Hence, the variational formulation of (1) restricted to the domain 2 is based on
the space

E(Q) := VH} (%),

where H! (Q) is the usual Sobolev space which contains L? () functions with
weak first derivatives in L? () and H} (2) € H! () is the subspace containing
only those functions in H! (£2) with zero traces at the boundary T'.

Remark 1 If 9N consists of disjoint connected components I'y, 0 < k < ¢, i.e.,

q
o0 = U [y, with T, N Ty = 0 for k # k', then the space E () is given by
k=0

E(Q):{V’U|’U€H1(Q),’U|F0:0 and, for all 1 <k <gq, v|Fk:ck}

for arbitrary constants ¢ € R, 1 < k < q. To reduce technicalities in this paper,
we will only consider domains that satisfy (2).

Given a scalar field v, we define its (weak) vector curl by: curly := (—dyv, d1v) .
Likewise, given a vector field e, we define its (weak) scalar curl by: curle =
O2e1 — O1es. Finally, we let a-b denote the Euclidean scalar product for vectors
a,b € R

We recall a well-known result below. The proof can be found in [12].

Proposition 2 Let Q C R? satisfy (2). The operator V : Hi (Q) — E (Q) is an
isomorphism and thus its inverse operator A : E (Q) — Hj (Q) is continuous.

1For d = 3, a x b is the usual vector product and in two dimensions we use a x b : =
a2b1 — a1ba.



Let d =2 and L? (Q) := L*(Q) x L? (). It holds

E(Q){eELQ(Q) e-curlv =0 Yoec H' (Q)} (3)

|
Q
- {e e L2(Q) |curle = 0in H1(Q) ande x n =0 in H~/2 (F)}.
In order to ensure existence and uniqueness of the variational formulation

and convergence estimates for the finite element discretization we impose the
following assumptions on the electrostatic permeability.

Assumption 3 The electrostatic permeability € in (1) satisfies € € L™ () and

0 < Emin :=essinfe (z) < esssupe () =: epax < 00. (4)
reQ €N

There exists a partition P := (Qj)jzl of Q into J (possibly curved) polygons
such that, for all r € N, it holds

< 00.
WT’OC(Q]‘)

HEHPWnoo(Q) = 1%?2% H5|szj

The variational problem reads: Find e € E (Q) such that

/Qse-é:/ﬂpAé Ve cE(Q). (5)

Equivalently the solution e can be characterized as the minimizer on E () of
the functional

J:EQ) >R j(e ::%/Q€é~é—/gp/\é.

In most physical applications the quantity e, or the flux ce, is the physical
quantity of interest rather than the potential © = Ae and our goal is to derive
conforming and non-conforming finite element spaces for the direct approxi-
mation of e in (5) from conditions which arise from the abstract convergence
theory.

3 Conforming Intrinsic Finite Element Spaces

In this paper we restrict our studies to two-dimensional, bounded, polygonal
domains  C R? and simplicial triangulations. As a convention we assume that
a triangle is a closed set and the edges are also closed sets. The interior of a

triangle 7 is denoted by 7 and we write E for the relative interior of an edge F.
The finite element method is based on triangulations, or meshes, 7 of {2 which
are regular in the sense of [4]: a) For each T, the triangles form a partition of

Q, i.e., Q = Ure7T, b) for each T, the intersection of the interiors of any two
non-identical triangles is either empty, a common vertex, or a common edge,



and c) the family of meshes is shape-regular, i.e., the minimal and maximal
angles of the triangles are uniformly bounded away from 0 and 7. In a mesh T,
the set of all interior edges is denoted by £ and the set of edges lying on 0f2 is
Esqa- The set of interior vertices is V and the set of vertices lying on 9% is Vaq.
Finally, we denote by h the meshsize of a mesh 7T, namely h := max,c7 h,,
where h, is the diameter of 7.

For p € Ny let P, denote the space of polynomials of degree < p, i.e.,
consisting of the functions Y77 > 0" a; ot a} for some real coefficients a; ;.
For w C Q, we write P, (w) for polynomials of degree < p defined on w. Given
T, we define the finite element spaces

p,m _ m+1 .
S;rm.{Zf’rfl;lpm(Q)|V7—€’T.U|$—€IEDP}7 } fOI‘m:*LOa
Se™ = 87T < S

SP = SEO N HE (Q),

and
Ef = {eESgl1| Qe~curlv:0 VvGHl(Q)}. (6)

From (3) we conclude that EY- C E (2) is a piecewise polynomial finite element
space which gives rise to the conforming Galerkin discretization of (5) by these
intrinsic finite elements: Find e7 € EY- such that

/ cer ey = / pAer Ver € EI7)— (7)
Q Q

In the rest of Section 3, we will derive a local basis for Eg— and a realization
of the lifting operator A. We define for later purpose the piecewise curl and
the piecewise gradient operators by

(curlre) (x) :=0qe1 (x) — Or€2 (%)

Vx € Q\ ( E) .
Vru(x) = (O1u(x),0ou (x))" bLng

3.1 Local Characterization of Conforming Intrinsic Finite
Elements

In this section, we will develop a local characterization of conforming intrin-
sic finite elements. This approach generalizes that of [6], where such finite
element approximations were considered for the first time (for the system of
two-dimensional linearized elasticity).

For an edge E € EUEyq let ng denote a unit vector which is orthogonal to F.
The orientation for the inner edges is arbitrary but fixed while the orientation
for the boundary edges is such that ng points toward the exterior of 2. Let
tr denote an oriented unit vector along E, which obeys the convention that
det [tE,l’lE] =1.



For the inner edges E € £, we define the pointwise tangential jumps [e - tg| :

E—RforxeE by

le-tg]g (%) :;i\r‘r%(e(x—i—enE)-tE —e(x—eng) tg).

Lemma 4 Let the boundary of Q0 be connected. The space E’;- can be charac-
terized by local conditions according to

| {e €St cwlre=0
and forall E€ €& [e-tgly,=0 (8)
and for all E € yq e-tg|p =0}.

Proof. We denote the right-hand side in (8) by EX- and prove E}- = Eb-. Let
e € E%.. Consider the curl-condition (6) with test-fields v.
Part a: For 7 € T, let v € D (1) := {u € C* (1) | suppu CC 7}. Then,

/(curle)v = /e~ curlv =0.

Since 7 € T and v € D (7) are arbitrary, we conclude that curlye = 0 holds.
Part b: For £ € &, let 71,72 € T be such that £ = 71 N 7. We set

Wg =71 UTy. We choose v € D (on). Then

/e-curlv —|—/ e- curlv =0.

For i = 1,2, denote by n’ = (nzl, né)T the exterior normal for 7;. Trianglewise
partial integration yields (by taking into account v = 0 on dwg)

0= / (—e1ng + eany) v + / (—e1n3 + eani) v + / (curlre) v
oty OTo

wWE
= / (—eind +eanj) v+ / (—ein3 +eani) v+ / (curly e)wv.
E E wE
We already proved curlre = 0. Note that (—n%, n%)T = — (—n%, n%)T is tan-

gential to E so that

Oz/E[e~tE]Ev.

Since v € D (on) is arbitrary, we conclude [e - tg], = 0.
Part c: Let F € Eyq and 7 € T such that & C 07. Let

Dg (1) :={v|, :v € D(R?) and v = 0 in some neighborhood of Q\7}.

Repeating the argument as in b) by taking into account that v € Dg (1) in
general does not vanish on E leads to e -ty = 0 in this case.



Thus, we have proved Ef- C ]:32-

Part d: To prove the opposite inclusion we consider e € EI’)F Then, for all
v e H(Q) it holds

(H(Q))’ <curle,v>H1(Q) = /Qe. curlvy = Z e- curly
TeT VT

- Z /T (curlre)v + Z /67 (—e1ng +eani)v

TET TET

— Z / (curlye)v + (—1)7% Z le-telgv

reT 7 Eee’E

+ 0y /E(e~tE)v

Eec€sq
=0.

Above, o € {0,1}, depending on the orientation of t.

Hence, ]:32— C Eg— and the assertion follows. m
Next we define triangle-, edge-, and vertex-oriented local subspaces of Eg-:
For any 7 € T, we define

B? :={e € E. | suppe C 7} . 9)
For any FE € &, we set
Te:={reT:ECor} wg = UT, (10)
T€TE

and define BY, implicitly by the direct sum decomposition

B, & (@B’;) :={ec EY | suppe Cwg}. (11)

T€TE
For any V €V, we set
Ev={E€&:VEedEy, Ty={reT:Vert, w=Jrn (12
TETY

Then BY, is implicitly defined by the condition

B@@(@B%)@(@Bﬁ) :={e € EY | suppe Cwy}. (13)

Ecéty TETY

Proposition 5 Let the boundary of € be connected. The space E’7)- can be
decomposed as the direct sum

o-(gn):(@n)<(om)
vVey Ecé& TET

The proof is a direct consequence of Proposition 8 which will be proved in
Section 3.3.



3.2 Integration
We start with a lemma on integration of curl-free polynomials. Let
P’ :={ecP, xP,:curle =0} (15)

and, for 7 € T, we write PY (1) := {e|_:e e P%

curl P 41} to indicate the domain of
the functions explicitly.

Lemma 6 For any 7 € T and any e € P?_ (1), it holds

0#{ueH (1) | Vu=e} CPpyi (7). (16)

Proof. Let 7 € T and e € P? (7). In [12, 1] it is proved that there exists
u € H* (1), unique up to a constant, such that Vu = e and, hence, the left-hand
side in (16) is proved. Let m, be the center of mass for 7. Then Poincaré’s
theorem yields that the path integral

U (x) := / e with ~x denoting the straight path m x (17)

x

defines some U such that VU = e. Since e € P? | (7), there are coefficients
a, € R? such that

e(x) = Z a, (x —m;)"
lul<p

with the usual multiindex notation p € N3, |u| := p1 + pa, W := wl wh?. To
evaluate the integral in (17) we employ the affine pullback yx : [0,1] — m;X,
Xx :=m; 4+t (x — m,) and obtain

U(x)/o €0 (t) - Xl (1) di

= Y mm) [ e moya

lul<p
1
= 3 (@ - m) e o) [ el
lul<p 0
(x —m,)"
= a, (x—m;)———€Piy.
|P§P ' Il +1 .

Since the functions in the set {...} in (16) differ only by a constant we have
proved the second inclusion in (16). m
Lemma 6 motivates the definition of the local lifting \¢ : P?

curl (T) - ]P)p-l-l (T)
forteT,ecP? (1), and c € R by

X (e):=U+c with U asin (17). (18)
Note that the space in (16) satisfies
{ue H' (1) | Vu=e} ={)\(e) : c € R}.



Corollary 7 Let the boundary of Q be connected. A : Eg— — ngol’o s an
isomorphism with inverse V : S%)—J“OI’O — E’7’-.

Proof. From Lemma 6 we conclude that
+1,—1
AEYL C S
holds. Since Eg— C E, the mapping properties of the lifting A imply
AEY. C Hj ().
Hence
AEL C SPFRTE A HG () = S5
On the other hand, we have Sg—fol’o C Hi () and hence VS%?—TOLO c E.
Furthermore, it is clear that
+1,0 —1
VSEy T s
Hence,
+1,0 ~1 _
VST C ST NE=EL
from which we finally conclude that
+1,0
STy C AEL

holds. m

3.3 A Local Basis for Conforming Intrinsic Finite Ele-
ments

Corollary 7 shows that a basis for the spaces B},, Bl,, B can easily be con-
structed by using the standard basis functions for hp-finite element spaces (cf.
[16]). We recall briefly their definition. Let

. AT
v :{(l’%:(i,j)eNg with i + j Sp}

denote the equispaced unisolvent set of nodal points on the unit triangle 7 with
vertices (O,O)T, (l,O)T, (0, 1)T. For a triangle 7 € T with vertices A", B”,
C7, let x; : 7 — 7 denote the affine mapping x, (X) := A”™ + (B™ — A7)y +
(C™ — A7) &5. Then, the set of interior nodal points are given by

NP = {XT (N) |Ne/\7p,re7'} \OQ. (19)

The Lagrange basis for S%’J?O can be indexed by the nodal points N € N? and
is characterized by

1 N=N,

0 N#N. (20)

bl €SRY and VN'e NP b;N(N'){

Recall that the triangles in 7 are by convention closed sets and the edges in £
are closed.



Proposition 8 Let the boundary of 2 be connected. Let B?, BY,, BY, be defined
by (9), (11), (13). A basis

for the space B is given by {Vb;_LN | N € 7 ﬂ./\/erl} forallT €T,
for the space BY, is given by {Vb;+1,N |NeFE ﬂ/\fp+1} for all E € &,
for the space BY, is given by {Vb;_l,v} for all Ve V.

Proof. Corollary 7 implies that (Vb[+17N)N€Np+1 is a basis of EY-. The as-
sertion follows simply by sorting these basis functions, according as to whether
they are associated with a single triangle, with two triangles with a side in
common, and with triangles with a vertex in common. m

Remark 9 Proposition 8 shows that (7) is equivalent to the standard Galerkin
finite element formulation of (1): Find ur € S%)—TOI’O such that

/ eVur - Vo = / PUT Yur € S?TJ’O
Q Q

via e = Vur. However, the derivation via the intrinsic variational formula-
tion has the advantage of providing insights on how to design non-conforming
intrinsic finite element.

4 Non-Conforming Intrinsic Finite Elements

4.1 (Implicit) Definition of Non-Conforming Intrinsic Fi-
nite Elements

In this section, we will define non-conforming intrinsic finite element spaces to
approximate the solution of (5). As a minimal requirement we assume that the
non-conforming finite element space E%nc satisfies

El . CL*(Q) and Ef ¢E(Q) and dimE} < oo (21)

We further require that EY-  is a piecewise polynomial, trianglewise curl-free
finite element space and that the conforming space Eg— is a subspace of Eg— e

EL CEL | C {e e st curlre = 0} . (22)

For the definition of a variational formulation we have to extend the lifting
operator A to an operator A which satisfies

A (Ef; +E (Q)) S L2 (Q) (23)

Ap L st (24)

10



as well as the consistency condition
Are = Ae Ve e E (). (25)

The complete definitions of E’;-ﬁnc and A7 will be based on the convergence
theory for non-conforming finite elements according to the second Strang lemma
(cf. [4, Th. 4.2.2]): this lemma will specify how to define them and obtain in
the end an optimal order of convergence (see Theorem 14 hereafter).

In the same spirit as in Section 3, we first define the operator A7 elementwise
by the local lifting operators AS as in (18):

(A7e)]s == XS (e|;) VreT VecEl . (26)

Note that the coefficients (c,), ., are at our disposal.
From (26) we conclude that V7 is a left-inverse to A, i.e.,

Ve c EL  :VrAre=e. (27)

A compatibility assumption on E% ne concerning the jumps of functions
across edges is formulated next. For an edge F with endpoints A”, BF the
affine mapping xg : [~1,1] — E is given by xg (&) = AF + 5%1 (BE — AF).
The space of univariate polynomials of degree < p along the edge E is given by

P, (E):= {qo Xg' | ¢ is a polynomial of degree < p on [~1, 1]}. (28)

On the one hand, given e € E”., one has [Are], = 0 for all E € &, and
Are =0 on 992. On the other hand, for elements of the non-conforming finite
element space Eg—’n .» werequire that these conditions are weakly enforced. Given
& € Ef- , keeping in mind that, along every edge F, the jump [A7€]j is a
polynomial of degree < (p + 1), we conclude that the chosen edge compatibility
condition reads:

/[ATé]Eq:() VgeP,(E), VE€& and
(29)

/EATéqO VqGPp(E), VE € Egq.

E

Remark 10 One could choose a priori the degree of the polynomials ¢ between
0 and p+ 1. Indeed, a degree equal to p + 1 defines conforming finite elements,
because (29) then implies [A7€]|, = 0 across all interior edges F, and Aré =0
on 09, and Lemma 4 leads to € € E%. On the other hand, a degree strictly
lower than p+1 in the implicit definition (29) of E%)—,nc leads to a non-conforming
finite element space, such that EX- is a strict subset of Ef- | . The degree p of
the polynomials ¢, which is chosen here, yields an optimal order of convergence
(see Theorem 14), whereas a degree strictly lower than p yields a sub-optimal
order of convergence.

11



For any inner edge F € T, we may choose ¢ = 1 in the left condition of (29)
to obtain [, [A7€], = 0. Let hg denote the length of E. The combination of a
Poincaré inequality with a trace inequality then yields

H[ATé]EHLz(E) <Chg ”[tE ’ VTATé]EHLZ(E) (30)
(27) - = -
= Chp ||[te - & gll 25y < CPELZ 18] 12 o) -

In a similar fashion we obtain for all boundary edges E € Esq and all e € EL ne
the estimate 1
[AT€l L2y < Chg” €]l L) - (31)

These considerations are summarized in the following definition.

Definition 11 Let the boundary of 2 be connected. The non-conforming in-
trinsic finite element space Eg—’nc s gwen by

EYL = {e € S’;l_l |curlre=0 and (29)is satisﬁed}.

This definition directly implies that condition (22), i.e., Ef- C Ef ne holds.
In Section 4.2 we will prove the following direct sum decomposition

@ span {VTU;EH} p even,

Eb =Ero{ £ 32
Tme 7 @ span {V7U7,,} podd (32)
TET

with functions U}, and U], defined in respectively (42) and (47). As a con-
sequence, one deduces the following definition of the extended lifting operator.

Definition 12 Let the boundary of Q) be connected. For a function e € Eg- ne
with 5 o
e—e 4 { Y Eee aEVTU;TvH zfp is even, (33)
YorerarVrUyy  if pis odd
or some e € and real coefficients ag resp. ., the extended lifting operator
f E- and real coefficient . o, the extended lifting operat
A7 is given by

— YpeearUL,, if p is even,
ATe - Ael " { ZTETQTU;—+1 pr s odd.

Proposition 13 Let the boundary of Q be connected. For any e € EY ne With
simply connected support we := suppe, it holds

supp Are C we.

Proof. We split e = e; + e according to (33) with e; € E. Since the sum, in
(32), is direct we conclude? that suppe; C we for i = 1,2. From Proposition 2

2Here, we also used the property that for a polynomial ¢ € P, (w), w C Q with positive
area measure, it holds either ¢|, = 0 or supp ¢ = w. In our application we choose ¢ = e1 +e2
and apply the argument trianglewise.

12



we obtain Are; = Ae; € Hi (). Since e1|g\.,, = 0 Poincaré’s theorem implies
that Ae1|wi = ¢4, i.e., is constant on each disjoint connected component w; of
Q\we. Since we is simply connected, each component w; has an intersection
w; NON with positive length. The property Ae; € Hy (Q) implies that Aeyl, =
0. This proves supp Are; C we.

For even p, the definition of Ay for the non-conforming part ez (in par-
ticular Ay (VTU;EH) = Uzﬂ_l) implies that supp V7-UI‘)E+1 = supp U;EH so that
supp A7es C we. The proof for odd p is by an analogous argument. m

Equipped with EF ne and A7, the non-conforming Galerkin discretization of

(5) reads: Find e7 € Ef- | such that

/ cer-e= / pAre Ve e Eg’,nc' (34)
Q Q

We say that the exact solution e € L?(Q2) x L?(Q) is piecewise smooth over
a partition P = (Qj);.lzl of Q into J (possibly curved) polygons, if there exists
some positive integer s such that

€|, € HS(Q]'> X HS(Qj) forj=1,2,...,J.

We write e € PH*(Q2) x PH*(Q)) and refer for further properties and general-
izations to non-integer values of s, e.g., to [15, Sec. 4.1.9].

For the approximation results, the finite element meshes T are assumed to
be compatible with the partition P in the following sense: for all 7 € T, there
exists a single index j such that N Q; #0.

Theorem 14 Let the boundary of Q be connected. Let the electrostatic perme-
ability e satisfy Assumption 3 and let p € L? (). As an additional assumption
on the regularity of the exact solution, we require that the exact solution of (5)
satisfies e € PH® (Q2) x PH*® (Q) for some positive integer s. Assume that the
non-conforming finite element space E’;-ﬁnc and the extended lifting operator A
are defined on a compatible mesh T, as in Definitions 11 and 12. Then, the
non-conforming Galerkin discretization (34) has a unique solution which satis-
fies

le — eT||L2(Q) <Ch" He“pm(ﬂ) :

withr := min{p + 1, s}. The constant C' only depends on emin, Emax, ||€HPWT,DO(Q),
p, and the shape regularity of the mesh.

Proof. The second Strang lemma applied to the non-conforming Galerkin dis-
cretization (34) implies the existence of a unique solution which satisfies the
error estimate

Emax | . _ 1 Le (€)
o= erlhn < (1452 i o=l +— _swp 2L,
€min / 8€EL. €min eE4 | \{0} ||e||L2(Q)

Lo (€) ::/Ee-é—/pATé.
Q Q

13

where



The approximation properties of Eg- e are inherited from the approximation
properties of EZ- in the first infimum because of the inclusion Ef- C ET ne iDL
(22). For the second term we obtain

Lo (8) = /Qs(VAe)éf /Q pATé. (35)

Note that p € L?(Q) implies that div (¢Vu) € L?(Q) and, in turn, that the
jump [ee - ng|p equals zero and the restriction (ge-ng)|; is well defined. We
may apply trianglewise integration by parts to (35) to obtain

£o(®)= [ (ce- VrAzs - phrd)

:72/ e-ng) [A1€|p Z / e-np)Are.

Ec& Eesn

Let gg € P, (E) denote the best approximation of ce - ng|, with respect to
the L? (E) norm. Then, the combination of (29) with standard approximation
properties and a trace inequality leads to

e )t ()

ou
< En— —qE I[AT€]gl .-
% Inp L2 (E) B
ou -
+ €o— — 4B [ATEl L2
E€€sq L2(E)
r—1/2 -
C (Z B35 el oy ATl s
Eecg

r—1/2 ~
+ Z hi / ||e|HT(TE)|ATe|L2(E)>’
Ec&sqn

where C' depends only on p, |l (,,), and the shape regularity of the mesh,
and 7g is one triangle of wg. The estimates (30) - (31) along with the shape
regularity of the mesh lead to the consistency estimate

[Le(8)] <C (Z W llell e ooy 18] L2y + D W llellr oy |é||L2(wE)>

Ee& E€&aq
< Ch" lell pyr(q) 1€l 120 -
which completes the proof. m

Remark 15 If one chooses in (29) a degree p’ < p for the test-polynomials g,
then the order of convergence behaves like A" [|e[| ;7. q), with 7’ := min {p’ + 1, s},
because the best approximation gz now belongs to P, (E).
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4.2 A Local Basis for Non-Conforming Intrinsic Finite El-
ements

Like in Proposition 5, we construct the space Eg’,nc by defining basis func-
tions whose supports are given by a single triangle 7 € T, edge-oriented basis
functions whose supports are given by wg, for E € £, and vertex-oriented basis
functions whose supports are given by wy, V' € V. The corresponding spaces are
denoted by B? ., By, |, BY, . and defined as follows. The triangle supported

subspaces are given by

B? = {e € EL . |suppe C 7‘} VreT. (36)

T,nC

The definitions of Tg, wg, Ev, Tv, wy are given in (10) and (12). The edge-
and vertex-oriented subspaces are given implicitly by the following direct sum
decompositions

BgmgsG}B?m::{eEE%m|mmpeCwE}VEEéL (37)

T€ETE
BY,.® P B, ® @Bl ={ecE), [swpecw ) eV, (38)
Ec&y TETy

In Theorem 21, we will prove that E’%nc can be decomposed into a direct sum
of these local subspaces.

4.2.1 Triangle Supported Basis Functions

In this section, let 7 € T denote any fixed triangle in the mesh. The Lagrange
basis of P, (1) with respect to N N7 is denoted by byns N € NP N7, and is
characterized by

1 if N=N,

Np €EPp(1) and VN e NP7 byvyp(N/)Z{ 0 if N #£ N

We denote the (discontinuous in general) extension by zero of b}  to Q\7 again
by b} . From Lemma 6 and Conditions (22), (29), we deduce

B? .= { el € VP, (1) |suppe C 7 and

VE C dr, Vg € P, (E) : / dAre=0}.  (30)
E

According to (39), it is clear that B2 € B2 . In the next step, we use the

T,nc*

compatibility conditions in (39) for the explicit characterization of BZ .

Lemma 16 Let the boundary of Q2 be connected. For T € T, the non-conforming

finite element space BY | is given by

» _ ) B? if p is even,
mne 1 BP + span {VTU;H} if p is odd,

where U, is defined in (42).

(40)

15



Figure 1: Representation of Uy,y1 for p = 3 (left) and p = 5 (right)

Proof. Pick some e € B? ., let u := Aye and denote the restrictions to
7 by e; and u,. For E € £ U Eyq, let xg be as in (28) the affine pullback
to [-1,1]. Let L, : [-1,1] — R denote the Legendre polynomials of degree
p with the normalization convention that L, (1) = 1. In turn, this implies
Ly (1) = (=1)". We lift them to the edge E via LY := L, o x3'. It is well

known that Lf ‘.1 satisfies the orthogonality condition

(Lf-i-l’ Q)LZ(E) =0 Vq S ]P)p(E)
The compatibility condition in (39) therefore implies, for all E C J7, that
Ur|lp = CE - Lfﬂ for some cp € R. (41)

The relation u, € Ppyq (7) implies that u-|s- is continuous so that u, is con-
tinuous at every vertex of 7. We distinguish two cases.

Let p be even. In this case we have L,11(1) = —L,11(—1) so that the
continuity at the vertices of 7 implies cg = 0. Thus u,|, = 0 and we have
proved (40) for even p.

Let p be odd. Now we have Ly;1(1) = Ly41(—1) so that cg = ¢, for all
E C 07 and some fixed ¢,. For any N € NP1 N 97, we denote by Exy C 07 a
fixed, but arbitrary, edge such that N € Ex. We define the function (cf. Figure
1))

;+1 = Z Lfﬂ (N) b;-i-l,N (42)
NeNPtINoT

whose gradient V7U ., satisfies the compatibility condition across the edges.
This leads to the assertion for odd p.

]
Remark 17 The space B? . satisfies the compatibility conditions (29). A basis

of B . for even p is given by {VTbZ+1,N N e NPtIn 70-}, while a basis for

T,nc
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odd p is given by {va;,QLN N e NP N ?} U{VUL )

4.2.2 Edge-oriented Basis Functions

Lemma 18 Let the boundary of 2 be connected. For E € &£, the non-conforming
finite element space B%,nc as defined in (37) is explicitly given by
B — BY, + span {V;U%, | } z:fp zs even, (43)

£nc B, if p is odd,

where UL, | is defined in (47).

Proof. Given e € B%,. it follows from (11) that suppe C wg, without being
restricted to a single triangle (otherwise, e € B? for some 7g). Then it follows
from the implicit Definitions (36) and (37) that e € BY, .. Hence, B}, C B, .
For £ € £, the space B, | was defined implicitly by (37). Since any e €
B, .. can be expressed locally on 7 € T by e|, = Vv, for some v, € Py (7)

(cf. Lemma 6)) we have
By, C @ span {V7by 1 | N e NPT},

T€TE

where we recall that by, ., are the Lagrange basis functions on 7 and vanish
on Q\7. Since the functions by, for the inner nodes N € NN 7 belong to

the space B2, we obtain from (37)

T,nc?

B%’,nc C @ Spall {va‘IJ;f,erl | N e Np-i—l N 87’} .
TETE
For e € BpE,nc’ let v := Aye and u, := u|_, 7 € Tg. By arguing as in

the case of triangle-supported basis functions, we derive from the compatibility
conditions (29)

[U]E = cELerl and VE' C dwg U|E/ = CE’L;EJ/A- (44)

Again, the relation u, € Py (7) implies the continuity of w, at the vertices
of 7.

Let p be even. The continuity of u, along 07 and the endpoint properties
of L, imply that u, (A¥) = u, (BF) for 7 € Tg, where A¥ B¥ denote
the endpoints of E (cf. Figure 2). Hence, [u], (A¥) = [u], (B¥). Since
LE, (AF) = —LF, | (B¥) we conclude from the first condition in (44) that
cg = 0 holds so that u is continuous across F/. Recall that the edges are closed
and define .

b on wg
bE =g PN s ’ 45
p+LN { 0 on Nwg, (45)

17



AE

T
BE

Figure 2: Edge E € £ with endpoints A®, B¥ and two neighboring triangles
T1, T2,

where b;:rl, N are as in (20). The space R%',nc is given implicitly by the decom-
position
B%,nc = B%‘ & R%‘,nc‘ (46)

Note that then
R} . C span {Vbe-‘rl,N | N e NPT N owg}.

Pick e € RY, . and set u := Aye. The continuity property [u], = 0 which we

already derived implies that cg: = ¢ for all B/ C dwg. This leads to u = chJrl
with

U= Y LN (N x and b, v asin (45), (47)

NeNPHINOwp

where, again, for N € NPT N dwp we assign some edge Exy C dwg such that
N € Ey. Hence R%',nc = span {VTUI‘)EH} and the assertion follows for even p.
Let p be odd. We have

B%‘,nc = BpE & ]ipE,nc7 (48)

Pick e € RY, . and set u := Are. For any edge E’ C dwp N I7, the restriction
of u, to E' must be a multiple of a Legendre polynomial. The continuity of
u, along O7 implies in particular the continuity at C, (cf. Figure 2). Hence,

— T T 1
Urlgwpnor = Cr Upia owpnoy L0 some ¢ and UZ,, as defined in (42), and
U =u— g crUpia
T€TE

vanishes at wp. Since the jump of @ across E vanishes in A” and BF the first
condition in (44) implies that @ is continuous in wg and vanishes on dwp. From
this we conclude that @ € BY,. The characterization of R%,n . as a direct sum
in (48) shows that u = 0 and thus R}, .= {0}. =

18



Remark 19 The space B%,nc satisfies the compatibility conditions (29). A

basis of B, . for odd p is given by {VTbZ+1,N : N e NPHL ﬂE} while for

even p we may choose {VTbZH,N : N e NPT E} u{VsUE,}.

4.2.3 Vertex-oriented Basis Functions

In this section we will find an explicit representation of the vertex-oriented
subspace BY, _ defined by (37).

Lemma 20 Let the boundary of Q2 be connected. It holds

» | {0} ifpis even,
me‘”{B@ if p is odd. (49)

Proof. In a first step, we will prove that the subspace RZ+1,V’ which is implic-
itly defined by

R, ve PBL.e PBL.= {e' € Ef . [suppe’ C wv} , (50
Ecty TETy

satisfies
R, CBY. (51)

In the second step, we will show that for even p the inclusion
Bl c (DBL..o DBl (52)
Ecéty TeTv

holds so that the first case in (49) follows. In the case of odd p we first note
that BY, = span {VbZ—H’V}. We will prove that, for all V€ V (cf. (43)),

Vb;77—+1,v ¢ @ B%,nc D @ B:‘l.i,nc' (53)

Ecty TeTv

From (38) and (51), we conclude that R;QLV =Bl

1st Step. Choose any
ec {e’ € B |suppe’ C wv} (54)
and set u := Are.
Let p be odd. For 7 € Ty, the edge E7 is given by the condition E7 C

OTNOwy (cf. Figure 3). Since Lf;l has even degree the values at the endpoints
AT, B" of E7 equal one. We set u, := u|_ and define

U:=1u— Z ur (AT)Up -

TETY
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145

A7 Er BT

Figure 3: A vertex V € V, neighboring triangle 7 € Ty, and neighboring edge
EcTy.

Hence, &2 = 0 on dwy. Any edge E¥ € &y has V as one endpoint; denote the
other one by A¥. We employ the condition [i], = cELfJr1 at the point A¥ to
obtain ¢g = 0. Hence 4 is continuous and vanishes on dwy . Consequently, @ is
a conforming function, i.e.,

v(u— > (4 ) eBL o @BLe DB

TeTv Eec&y TETY
p p
c :BVEB 6{9 IsELnCEB 6}9 Is?nc'
Ecty TETV

Hence, (50) implies R;;LV C BY.

Let p be even. We number the edges in &y counter-clockwise & =
{E1,...,Ey} (see Figure 4) for some ¢ and, to simplify the notation, we set
Ey := Fq and Egy1 := Ey. The triangle which has F;_; and F; as edges and V'
as a vertex is denoted by 7;. Each edge F; has V' as an endpoint; denote by A;
the other one. We further set E{"* := 91; N dwy . We define recursively ug := u

and, for k=1,2,...,q,

(ue—1)r, (Ak) g,

1
Uﬁfl (Ak) rr

U = Uk—1 —

Note that ug = 0 on dwy \ ES"t. By arguing as for the case of odd p we deduce

. . . EQUt
that ug is continuous on wy \E1. Since ug|pow = c1L,}, for some ¢ € R, the
1

out
property uq (44) = 0 and Lfil (Aq) # 0 implies ¢; = 0. Hence, uql,,, = 0.
Arguing as in the case of odd p finally yields that u, is continuous on wy and
the assertion follows as in the case of odd p.
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Figure 4: Vertex V € V and outgoing edges — numbered counterclockwise. The
triangles 7; € Ty, contain F;_1, F; as edges and V as a vertex.

This finishes the proof of (51).

2nd Step: To prove (52) we again distinguish between even and odd values
of p.
Let p be even. Then, by using UI‘,EJrl as in (47), we define a function

1
wy = b;+1,V T3 Z Uﬁrl (V) Uﬁrl (55)
EcEy

which is continuous in wy and vanishes at V' and at all inner nodes NPt N 70',
T € Ty. Two consecutive terms in the sum in (55) define the function

E;_1 E; 1 i i
(Up VUit + U (V) UL

Eout
out
which is a multiple of the Legendre polynomial Lfil . From (55) we conclude
that this function has values 0 at both endpoints of EP"* so that w; = 0 on
&uv.
Next, the function

Wy = W1 — Z Z w1 (N) bZJ—Jrl,N (56)

ECEV Nearting
vanishes at all nodal points NPT N (on) and the jumps across E € &y have to

vanish due to the compatibility condition. Since w; as well as the basis functions
in the sum (56) vanish along dwg, we conclude that wy vanishes also on dwpg
and thus wy = 0 in Q. Hence, we have established (52), or, more precisely, that

T P
Vbliiv € P BY L.
Ecéy
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Let p be odd. We will prove (53) by contradiction and assume that

vb;z’-i-l,v € @ B%,nc & @ B‘lpi,nc'
Ee&y TETY
We then infer from Remark 17 and Remark 19 that

bps1,v = Z anbyy1y + Z arlUpis (57)
NeNP+I\Y TET

=g Une

for some real coefficients ay and «,. Since bz;_H ~ and v, are continuous in €2,
the function v,. must also be continuous. By contradiction it is easy to prove
that

chQ)n @ span {UPTH} = span{Up41} with Upqq = Z Upi1s
TeT TeT

so that vne € span{U,41}. Since v, (V) = 0 and bZ+1,v (V) = 1, we obtain

from (57) that v, (V) = 1. The restriction of Up41 to any edge E € £U Eaq
is a Legendre polynomial of even degree, which implies vy (V') = 1, for every
V' € VU Vsq. But the functions b;:rly and v, vanish on 9€2. This contradicts
vne (V') =1 for the boundary points V' € Voo, m

4.2.4 Properties of the Non-Conforming Intrinsic Basis functions
Theorem 21 Let the boundary of Q0 be connected. A basis of Eg’,nc s given by
(Vb n N eNPTVIU U {VrUZ.} if pis even, (58)
EeT
and by
{(Vrolon: NeNP YU | {VrUgL ) ifp s odd. (59)
TET

Remark 22 At first glance, it seems that B}, ¢ E%nc for even p. Actually,
this subspace of E¥ has already been taken into account; see (52).

Proof. By construction, the space EL- of the functions found in (58) as in

,nc

(59) is a subspace of EX. . So, it remains to prove Ef. ~C EL. .

Let p be odd. The 7arguments in the following are 7very similar to those in
the proof of Lemma 20 for odd p. Let u := Aje. Pick some 7 € T having at
least one edge on 9. Condition (29) implies that for all edges E C 9T NOSY, the
restrictionu| is a multiple of the Legendre polynomial LEH. The continuity
of u|_ on 7 implies that there exists a function @ := cUy ., with Vi € B?  for

some ¢ such that u1 := u —u sautisf'iesuﬂ(%ma(2 = (. Since u; vanishes at the
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endpoints of all such edges F € Epq, the function u; is also continuous across
the other edges £ C 91 N . Let

iy = Z up (N) bZ+1,N + Z Z uy (N) bz;r+1,N

NeNP+1INT ECornQ NENP+1O%
-
+ Z ur (V) b1y
VeornQ
and note that @, € B | . In particular Lemma 20 implies that bZ+1,v €EL .
Note that wy := u; — wy vanishes on 7. Iterating this construction for the

remaining triangles finally results in a function that vanishes on 2. Thus we

have found a linear representation of v by functions in E’,’r,nc.
Let p be even. Again the arguments are very similar to those in the proof
of Lemma 20 for even p. We omit the details here. m

Proposition 23 Let the boundary of €2 be connected. The lowest order non-
conforming intrinsic finite elements are given by

E} . =span{V;U{ : E€ &},

where the functions UF are the standard non-conforming Crouzeiz-Raviart basis

functions (cf. [9]).

Proof. Choosing p = 0 and taking into account that N! =V we conclude from
(58) that a basis for ES- | is given by U {VsUF}.

EeT
To show the connection to the Crouzeix-Raviart basis functions, we consider

an edge F € &£ with neighboring triangles 71 and 75. From (47), we deduce
that UlE is affine on each of the triangles 71, 7o with value 1 at the endpoints
of E and value —1 at the vertices of 71, 7 that are opposite to E. Hence, UlE
coincides with the standard Crouzeix-Raviart basis functions; see again [9]. m

5 Conclusions

In this article we developed a general method for constructing of finite element
spaces from intrinsic conforming and non-conforming conditions. As a model
problem we have considered the Poisson equation, but this approach is by no
means limited to this model problem. Using theoretical conditions in the spirit
of the second Strang lemma, we have derived conforming and non-conforming
finite element spaces of arbitrary order for the fluxes. For these spaces, we also
derived sets of local basis functions.

It turns out that the lowest order non-conforming space is spanned by the
trianglewise gradients of the standard non-conforming Crouzeix-Raviart basis
functions. In general, all polynomial non-conforming spaces are spanned by the
gradients of standard hp-finite element basis functions enriched by some edge
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oriented non-conforming basis functions for even polynomial degree and by some
triangle-supported non-conforming basis functions for odd polynomial degree.
As a by-product, this methodology allowed us to recover the well-known non-
conforming Crouzeix-Raviart element [9] (cf. Proposition 23). By using a
similar but more technical reasoning (cf. [17]), it can be shown that our intrinsic
derivation of non-conforming finite elements also allows to recover the second
order non-conforming Fortin-Soulie element [10, 11], the third order
Crouzeix-Falk element [8], and the family of Gauss-Legendre elements
2], [18].
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