COMPUTABLE ESTIMATES OF THE MODELING ERROR
RELATED TO KIRCHHOFF-LOVE PLATE MODEL

SERGEY REPIN AND STEFAN SAUTER

ABSTRACT. The Kirchhoff-Love plate model is a widely used in the
analysis of thin elastic plates. It is well known that Kirchhoff-Love so-
lutions can be viewed as certain limits of displacements and stresses for
elastic plates where the thickness tends to zero. In this paper, we con-
sider the problem from a different point of view and derive computable
upper bounds of the difference between the exact three-dimensional so-
lution and a solution computed by using the Kirchhoff-Love hypothe-
ses. This estimate is valid for any value of the thickness parameter.
In combination with a posteriori error estimates for approximation er-
rors, this estimate allows the direct measurement of both, approxima-
tion and modeling errors, encompassed in a numerical solution of the
Kirchhoff-Love model. We prove that the upper bound possess neces-
sary asymptotic properties and, therefore, does not deteriorate as the
thickness tends to zero.
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1. INTRODUCTION

In many practically important cases, an approximation of the solution
u(@ of a d-dimensional problem (we call it Problem P(® and assume that
u? belongs to a Banach space V) is found by solving some simplified problem
pld—k) (where k is a positive integer number). A solution of this problem we
denote by u(*%) . An approximation of u(¢~*%) is usually obtained by pro-
jecting P(4=F) onto a finite dimensional space and solving the corresponding

discrete problem Pﬁd_k), where 7 is a small parameter related to the respec-

tive mesh 7;. Thus, instead of u(¥) we compute MG (see Fig. 1).

The general purpose of ugd_k) is to present a reliable information on u(®.

It should be outlined that the functions u(d), w4k and u&d_k) belong to
different spaces, so that to compare these functions we need a dimension
reconstruction operator R : V{4=%) — V that forms d-dimensional images of
(d —k)-dimensional solutions. One can construct such an operator by differ-
ent methods, but obviously it must satisfy two conditions: computational

simplicity and boundedness. Additionally, we assume that R satisfies the

Key words and phrases. Kirchhoff-Love plate model; dimension reduction models; mod-
eling error.
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FI1GURE 1. Dimension reduction and reconstruction

Lipshitz condition
(1.1) |Rwy — Rwslly < Cgllwi — wallyw—ry  Ywi,wg € V@R,

where Cgr > 0 does not depend on wy and ws.
Usually, the modeling error &,,0q4 := Hu(d) - Ru(d_k)HV is assumed to be

much smaller than the approximation error &£y, := ||u(d_k) — u&d_k) Iy (a—%) -

However, in reliable computations this assumption must be verified.
In practice, we are interested to know how large is the difference between

u@ and the function Rul™™", By (1.1), we find that

lu? = Ral®Ply < lu? = Ru®* ||y + | Ru™" — Rug™*||y

(1.2) < lu? = Ru?* ||y + Cr [[u®F — 4P|y
Hence
(1.3) Ju — Rl < Emod + Cr Eapp-

This additive splitting into a modelling error term and an error term related
to the numerical discretization gives insights how these two parts of the
overall error are balanced.

Historically, the subject of error estimation in dimension reduction mod-
els was mainly focused on a priori asymptotic error estimates that evaluate
the difference between original and reduced models in terms of small (geo-
metric) parameters. In this context, models in the elasticity theory have
been studied by different authors (see e.g., [1, 5, 6, 19] and the references
therein). Among these models, the Kirchhoff-Love (KL) plate model (orig-
inally based on the heuristic “direct normal” hypothesis [8]) is one of the
most known. KL solutions can be viewed as certain limits of 3D solutions
of elastic plate-type bodies if the thickness parameter h tends to zero.

In this paper, we present computable estimates of &,,,q associated with
the KL plate model. The paper is organized as follows. In Sect.2, we
outline some basic facts related to KL model of thin plates. In Sect. 3 we
discuss estimates of the deviation from exact solutions for linear elasticity
problems. Theorem 3.3 presents a new estimate, which provides guaranteed
and fully computable upper bounds of modeling errors adapted to thin (plate
type) elastic bodies. We emphasize that the estimate presented in Theorem
3.3 does not involve 3D constants (as the constant in the Korn’s inequaliy
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associated with mixed boundary conditions) and instead contains only 2D
constant in the Friedrichs inequality (on the middle surface), which is easy to
estimate from above. This estimate is used in Sect. 4, where we consider the
case of isotropic elasticity. We present error estimates for solutions obtained
with the help of KL model (Theorems 4.1 and 5.1) and show that they are
asymptotically equivalent to the modeling error.

2. STATEMENT OF THE PROBLEM

We consider a bounded three-dimensional elastic body occupying the do-

main
h h
Q.= {($1,:E2) Cw, T3¢ } 35 [},
where w is a bounded open domain in the x1, xo—plane with Lipschitz contin-
uous boundary dw and h is a positive constant (see Fig. 2). We assume that
h is small with respect to the size of w. This requirement can be formalized
as follows: there exists a point O € w such that
h < inf |O'O|.
O'€dw

We define the middle surface by
So:={z €Q|xz3=0}.

Let x := (21,29, z3) denotes the 3D coordinate vector and X := (z1, x2)
stands for the vector associated with the plane part.
We define the lower and upper faces of the plate as follows:

59:={XE]R3|X=<>A<,—S>, ?(Ew},
N . h ~
S@::{XER |x:<x,+;), XEw},
and the lateral surface
P::{x€R3 | x = (%,23), X € 0w, :B3€<—;,—>}.

Henceforth, S := S5 U Sg, ||.|lg and ||. || denote L%norms of a function
(vector-function) associated with € and S, respectively.
On I', we impose the Dirichlet boundary condition

(2.1) u(x)=0

for the displacement vector u = (u1,uz,us) (here and later, on vectors and
tensors are denoted by bold letters). It is worth noting, that we consider
homogeneous Dirichlet boundary conditions only for the sake of simplicity.
Our analysis is applicable to nonhomogeneous Dirichlet and mixed boundary
conditions.

On the upper and lower faces, we impose the Neumann type boundary
conditions

(2.2) oc-ng= 0 onSg and oc-ng=F onSg,
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FIcURE 2. Plate type elastic body.

where F = (0,0, F). By ng(X) and no(X) we denote the unit normal
vectors. The body is subject to the action of a volume and surface loads f =

(O, 0, f(i)) and I, respectively. We assume that fand F belong to L2 (w).

The exact solution of the 3D elasticity problem in question is presented by
the displacement vector u and the stress tensor o (x) = (07 (x))? j—1 that
satisfy the equilibrium equation

(2.3) Dive +f=0 in €,
where the strain and stress fields are coupled linearly via Hooke’s law
(2.4) o =Le(u) in Q

with the tensor I = (L;j;) of elastic constants. The strain tensor e (u) is
given by the relation (within the framework of small strains theory)

1
(2.5) e(u) = 3 (Vu+ (Vu)T).
In the important case of isotropic media
vE
2.6 =2 A(tre) I = tre) I
26) o =2ue+A(re)l ="+ G A g (1)L
and
1+v v
(2.7) =% % % (tro) I,

where A and p are the Lamé constants, £/ and v are the Young modulus
and the Poisson coefficient respectively, tr(-) stands for the first invariant
of a tensor and I is the unit tensor. In general, L. must be subject to the
conditions

(2.8) Alel? <Le:e < clel?, VeeM33

sym»
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where Mg’;ﬂ% is the space of symmetric real valued 3 x 3 tensors with square
summable coefficients.

Also, we assume that the coefficients of the elasticity tensor are bounded
and possess natural symmetry, i.e.,

(2.9) Lijkm = Ljikm = Lgmij, 4,5, k,m=1,...,d,
(2.10) Lijem € L™°(92).

A function u € Vg := {w € H'(,R3) | w =0 on T} is a generalized
solution of (2.1)—(2.4) if it satisfies the variational relation

. - . TR
(2.11) /L e(u):e(w) dx = / fws (x) dx—i—/ng (x,g) dx
Q Q w
for all w € V. The corresponding stress tensor o = Le(u) belongs to the
space
5= L7 (Q,M33).

The existence and uniqueness of u follow from the Korn’s inequality which

allows us to establish the coercivity of the energy norm

| e(w) |2= /La(w) - e(w) dx
Q

on the space V. By || . ||« we denote the energy norm associated with L1,
i.e.,

| 2= /L—lf . Tdx.
Q

In the classical theory of Kirchhoff-Love plates, the above-described 3D
model is replaced by a simplified one, in which displacements and stresses are
found in accordance with the Kirchhoff-Love hypothesis. The first hypoth-
esis states that the unit normal to the middle surface remains unstretched
during the deformation of the plate. It means that the displacement vector
is sought in the form

(2.12) ul (X) = —I3@71; us (X) = —173@72; us (X) =w (5\() 5

where w is a scalar-valued function that represents deflections of Sp.
Another (static) hypothesis is that the components o;3, i = 1,2,3, are

negligibly small compared to 011, 012, and 023 so that they are set to zero.

Thus, only the plane part of the stress tensor is considered. For the case of
isotropic media, it is defined by the relations

E R N 2 N .
(2.13) g11 = —1 _1732 (w’ll + VLU,QQ) = — 1'Liwi (w,ll -+ ijgg) 5
E N N 2 - N
(2.14) o2 =7 _“"32 (V11 + W 2) = _1’195?; (V@11 + W a2)
Exg __ ~
(2.15) o129 = — 3 W1o = —2px3W 12.

1+v
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In order to deduce the equation for w, we use (2.11) and accordingly de-
fine the test functions w in the form w = (—z3p ;; —230 5; @ (X)), where
$ € H*(w) is an arbitrary function vanishing on dw together with its first
derivatives. In view of the static hypothesis, the left-hand side of (2.11)
contains only plane components and can be rewritten as follows:

/{; o11(u)ern(v)dx =

Ex?
3~ ~ ~ ~ ~ ~ N~ ~
= | T p@un +rdpe)pndx = [ D(@i1 +ri22)edx,
AV Jw

3
where D := 125’131/2) = 6(’1]111). Analogously,

/ o92(u)e9e(V)dx =/ D(vi 11 + v 22)P 99dX
Q w
and i i
2/ o1a(u)era(v)dx = 2(1 — 1/)/ D 199 19dX.
Q w

Hence, we arrive at the following problem.
Find @ € Vyo(w) := {7 € H*(w) | 7 =7, = 0 on Ow} such that

/ D((@,ll + VW 22)P 11 + (VW11 + VW 22)P 99 + 2(1 — V)@,12977,12) dx
Jw

(2.16) =/§<,?:d§< V3 € Voo(w),

where §(X) = hf + F.
If w is sufficiently regular, then (2.16) implies the classical plate equation
(see, e.g.,[7])

W 1111 + 2W 1122 + W 2222 =

I’

Ol

a weak form of which is
/Dﬁ@ﬁ@di: /fg?:di B € Voo ().

This simplified 2D model is often used for numerical analysis of plate-type
elastic bodies (see, e.g., [2]).

Finally, we note that in general @w depends on h (so that it would be right
to denote it by @"). To exclude this dependence, we scale the external forces

and set f= hQﬁ) and F = h3FA’0. In this case,

=8 2800 gy

so that w satisfies the equation

(2.17) W 1111 + 2W 1122 + W 2222 = Go

and does not depend on h.
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3. ERRORS OF SIMPLIFIED MODELS IN LINEAR ELASTICITY

Let v € Vj denote an approximation of the exact solution u of (2.11)
obtained by some suitable reconstruction of a plate model. In this section,
we present different estimates of the modeling error generated by v. For the
sake of convenience, we hereafter use an additional notation, namely

T’Z'(T) = div {Tij}?zl =Til,1 + Ti2,2 + Ti3,3, 7= 1, 2, 3.
3.1. Prager-Synge estimate. Prager-Synge estimate [11] is the first math-
ematical tool that can be used to derive computable estimates of modeling

errors generated by dimension reduction models in linear elasticity. In the
context of our problem, it yields the following result

Theorem 3.1. For any v € Vp,
B lew=v)l+lle—-7l.<Mlv,7):=|7—Lev) [,

where T is an arbitrary tensor valued function in the set
Qy = {T eX | ri(r)=ra(r) =0, r3(7) + K2 fy =0,
Ti3=To3=00n9, 733 = hSﬁo on Sg, 733 =0, on S@}.

It is easy to see that for 7 = o the upper bound coincides with the true
error. To obtain a sharp upper bound of the error we need 7 € @y to be a
good approximation of o. On the other hand, the functions in the set @
of admissible stresses must exactly satisfy the three differential equations
appearing in the definition of this set. This is numerically a complicated
task. In the following, we will modify the majorant so that the auxiliary
stress 7 can be chosen from an essentially larger space.

3.2. Functional type a posteriori estimate for linear elasticity prob-
lem. Define the sets

S = {r €3 | Divr € LQ(Q,R3)}
and
Y= {T €Y | 7-ng € L*(S5,R?), T-mg € LQ(S@,R3)}.
Theorem 3.2. For any T € ¥piy N X4, the following estimate holds:
| Tetu=v)ll< Ma(v,7) =] 7 —Le(v) [« +
+Cﬂ<||7“1(7')||?z + [Ir2(m)lle + I73(7) + B foll, +

2

R\ |2 R\ |?
=3 (e G e G-H)
Pran 2 w 2 w

~ h ~ hy o \ /2
(3:2) Hlrss® = DI2 + Iras(®,2) = Flla)
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where

2 2 2
VIVIG + VI, + IvIE,

Cqo:= sup
vEVo(Q) I e(v) e

This estimate is a particular form of the general a posteriori estimate for
linear elasticity problem (see [12, 13, 14]). Obviously, it is valid for a much
wider set of stress tensors 7.

It is easy to show that an upper bound of Cq can be expressed through-
out the Friedrichs’ constant Cp,, for w and the constant Ckq in the Korn’s
inequality for 2. However, the computation (or sharp estimates) of the
constant C'xq for 3D elasticity problem with mixed boundary conditions is
far from trivial, especially for complicated domains. The estimate derived
below presents a certain compromise between M; and Ms. It depends only
on Cp, (instead of constants associated with three-dimensional problems)
and reduces the number of terms in the majorant by imposing suitable con-
ditions on 7. In our subsequent analysis, we show that the latter conditions
can indeed be satisfied.

3.3. Error bound for plate type elastic bodies. Now, our goal is to
derive estimates that do not contain Ckq and are valid for a much wider
set of stresses than the set Q.

Theorem 3.3. Assume that
(3.3) r3(t) +h2fo =0 ae.inQ

and

(3.4) 733 <55> ﬁ) = 1’F, 713 <§, E) = T3 <§:\, E) =0, T3 (55, —E) =0

fori=1,23. Then,
le(u—v)[P< Ms(v,7):=(1+5) | Le(v) =7 || +

(3.5) 28002 (fr ()3 + lra(P)IR),
8

where 8> 0 and C,, is a constant in the Friedrichs inequality related to the
plain domain w.

Proof. We rewrite (2.11) in the form
/Le(u—v) re(w)dx = /(f+DiVT) -wdx + /T ce(w)dx +
(3.6) +/ (r 1) -wd§<+/ (r-ng — F) -wd:?c—/]L e(u) : e(w) dx
Se Se Q
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which holds for any w € Vg. In view of (3.3) the integrals related to upper
and lower faces vanish. Using (3.2), we find that

: h/2
/(f + Divr) - wdx = / (I1(x3) + I2(x3))dzs,
Q —h/2

where

L(ws) = /(rk(r)(i, g (%, 23)d%, k=12

To estimate this integral, we first assume that w is a smooth function (the
result for functions in Vg then follows by density arguments).
Consider wg(X,z3) as a function of X. For any z3 € (—%, +%), we have

the estimate
[wi (- 23)[lw < Cul|Vwg (-, 3) ||,

which follows from 2D Friedrichs’ inequality. For this reason,

h/‘2 h/.Q ‘ 1/2

/ I (z3)dxs < C, / 7 (-, 3)ll,, / (w,il + w,%’g) dx dxs
—h/2 —h/2 w

h/2 V2 7wy 1/2
<o [ Intal de [ [ (ks + k) asa
—}1/2 _}1/2 w
and

h/2

/ (I1(z3) + I2(x3))dxs <
—h/2

h/2

1/2 [ .
< Cu (I + el [ [ [ why+wds sl + udy) diday

—h/2 w

Since

/(wiz + w3 )dR = /((wl,z + ws1)? — 2wy pwo )dX =
w w

= /((wl,Q + wa1)? — 2wy 1wa0)dX < /((w1,2 +wa1)? + wil + wgg)di

w w

1/2



10 S. Repin and S. Sauter

we find that

(3.7)
h/.2

[ (e + aan)dos < VB (Ira(lfs + lra(r)13)
—h/2
Finally, we note that
(3-8) /(T —Le(v)) : e(w)dx <[| 7 — Le(v) [[«[| e(w) || -
Q
By (3.6) and (3.7), and (3.8) we conclude that

/I[.,s(u —v):e(w)dx <
Q
\/*Cw 2 2\1/2
(3.9) < {ITe(v) =7 [, +v2== (Ir(D)le + llr2(T)llg) " ) I e(w) lla -
Now, we use density of smooth functions in Vg and obtain the same in-

equality for w € V.
Set w =v —u € Vg. We obtain

(3:10) | eu=v) [ Le(v) = 7 | V32 (Ina(r)l + [ra(r)l3)

and (3.4) follows by Young’s inequality. O
Remark 3.4. It is easy to see that there exists T such that
Ms(v,7) =] e(u=v) |, s=1,2,3.

Indeed, let T = o := Le(u). In this case, the equilibrium equations and the
boundary conditions on Sg ¢ are satisfied. Since

I Le(v) = 7 [l.=]| Le(v) — Le(u) [l.=[| e(u = v) || .

we see that all the estimates show the value of the modeling error provided
that T is properly selected.

In the next section, we will use the majorant M3 in order to evaluate the
accuracy of KL model.

4. ERROR BOUND FOR KL MODEL

Let W = w (x1,x2) be a solution of the Kirchhoff-Love problem (for the
sake of simplicity we consider the case where the plate is under the action
of only volume forces and F= 0). To measure the corresponding modeling
error we need to reconstruct 3D displacements and stresses. For this pur-
pose, we define reconstruction operators Ry, (for displacements) and R, (for
stresses).
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4.1. Reconstruction of 3D displacements. In the simplest case, the
first two components of the reconstructed displacement vector are first order
polynomials with respect to x3 and the third one does not depend on 3 (cf.
(2.12)). Henceforth, we call it (110)- reconstruction and write

(4.1) v .= R\l,lo(@) = (—x3W 1, —x3W 2, W)".
Then, the corresponding strain tensor has the form

—wi1 —wWi2 O
(4.2) E(VHO) =3 —Wi12 —Wp322 0

0 0 0

with only plane nonzero components.
In a more advanced (112)-reconstruction (see [1, 9, 3, 4, 18]), we set

—~ T
(43) V2= RY2@) = (—aiy, i, @+ 23W(@))

where W (X) € H} (w) is a specially selected function. (112)-reconstruction
generates the strain tensor

—W1 W12
(44) E(V112) =x3 —U/} 12 —1/5/’2\2 544
swsWy fasWy  2W

It is easy to see that tre(vl?) = z3(2W — AwD).

4.2. Reconstruction of 3D stresses. In our analysis, we use two recon-
structions of 3D stresses based on w. The first one reconstructs stresses in
accordance with 3D elasticity relations, i.e.,

RY(v) = Le(v) = 2ue(v) +

1o, tre(v)L
Here, instead of 719 := RL(v!19(%)) (which may not provide a sufficiently
good approximation of o), we consider the stress tensor generated by (112)
model:

R R s
—T3W11 —x3W12 5T3W)1

112 . pL o112/~ _ Iy _ 27

T T = Re(vN(W) =20 | —x3Wiy —x3Way sx3Wo |+
ISt s s

[

2uv = o~
——ux3(2W — Aw)L.
+1 — 2y$3( w)
Another possible reconstruction of the stress tensor uses the KL relations
(2.13)—(2.15) for the components T4 s,k = 1,2, while the components 7;3

i =1,2,3 are not zero (as in the classical KL theory) and are defined with
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the help of correction functions 6,74q, and 1. This improved reconstruction
has the form

—2ux3 (w 11 + —Aw) —qugfu\ 12 «9($3)(/]\1
Thr = —2ux3W 12 —2uxs (w 22 + —Aw) 0(x3)q2
0(x3)q1 0(x3)q2 Y(z3)h? fo

We choose 6(x3), q1, g2, and ¥ (x3) in such a way that (3.3) and (3.4) are
satisfied. For this purpose, we require that 6 and 1) are continuous functions
vanishing at x3 = :I:%. Besides, we assume that

qeQ; = {?1(:?() € H(w,div) | divg+cfo=0, foraee w} ,

where ¢ is a constant, which we define in (4.6) . Now (3.3) leads to

(4.5) h*) +h? =ch, fora.e. x3 € [—ﬁ, E] ,
272
where
h/2 -1

(4.6) c=h? / Oz

—h/2
From (4.5), the form of 1 follows:

z3

c ' 1
(4.7) W (x3) = 73 / Odzs — x5 — 5 h.
—h/2

Now, it is easy to see that on upper and lower faces we have
T n | Lh=0.
2
Since

r3(Tih) + h? f0—7311+7322+7333—9(Q11+QQ2) + (W% + 1) fo=0

we also see that the conditions of Theorem 3.3 are satisfied.

4.3. Error estimate. We apply (3.5) and find that

| e(u—vi2) |P<
(48) <(11p) k|2 + D

25 —52-2C5 (In (TG + lr2(TdD)2) |

where K := 712 — U1
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4.3.1. The quantity || & ||>. We have
2uv

1-2
ki3 = priWi —0q1, Koz = pr3Wa — 0Gs,

K11 = R22 = V:ng(ﬂ)\, W), Ki2 = 0,

13

(@, W) — ph? fo,

—~  2uv e 9 2ux3(l—v)
=4 2W — Aw) —ph*fo = ————
Kay = dpzs W+ a3 (2W — Aw) — ¥h”fo 15
where
= = U L
p(w, W) :2W_1—1/ w.
Since
C 2px3(l+v) = 92
= 220D 6 ) 2y
we find that
2 1 v 2
— P — d
Welle = [ (G~ gy (e ) dx
Q
1 f — ~ = ~
= 5 [ 2 (1l — 00 + iV — 0P
Q
L T B
+m/x3p (w, W)dx
Q
"1 2uxs(l—v) . = 92 2
= (22T @, W —
+ [ 5 (P55 et@. ) - v
Q
v 2urs(l+v) , . = 5\
— —ph d
,/2M<1+u>< D) o, W)~ whfy )
Q
1 f = ~ = ~
= E/QOWC%WJ—9ql|2+|MfE§W2—'9Q2|2) dx
Q
2p(1—v) 59 . =
+/ {5, %sP (w, W)dx
Q
' = ~ 1
4. —2 0, W)ph? fo + —————2h* fldx.
(4.9) z3p(w, W)y f0+2ﬂ(1+1/)¢ fodx
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Define the following quantities

h/2 h/2

(4.10) 1 = / 230(x3)drs, 1= / 62 (3)dx3,
—h/2 —h/2
h/2 h/2

(4.11) L3 = / x3(xs)dxs, 14 = / V2 (z3)dxs.
—h/2 —h/2

Then
hd ~— =~ = 12~ .
1eiz = [ (ISP = 20+ Wa) + 22 )+
- 2
pl—v)h® 5 - — et ET L [ 2
4.12 —_— W) -2 W)h ——— | dX.

w

Henceforth, we assume that Aw possesses square summable generalized
derivatives (this assumption holds true, e.g., for domains with smooth bound-
aries or for convex polygonal domains). Also, we now choose the simplest
quadratic form of the function 6, namely

(4.13) O(s) = % <:c3 _ g) (:63 + g) .

It is worth noting that this choice leads to the form of 77 suggested by
Morgenstern in [9].
In this case, the constant ¢ in (4.6) is equal to —12,

4x4 hd h3 B3
_ 3y _ I
(0 % (z3), 11 510”2 201, 13 50’ “ = 210

r1 and ry can be explicitly defined as follows:

ri(TiL) = Ti11 + Ti22 + Ti3s3 = —2ux3 <w,111 + :AwJ) — 2ux3w 122 + T3qG1
2 ~ o
=3 <——M A'LUJ + Q1> ,
1—v
m im m m 2/1' NI ~
ro(Tir) = Tol1 + Tose + Togs = X3 15 VAU),Q + g2

and we have

3
(4.14) /7’2 (T?}:) dx = T— / q

By (4.8), (4.12)—(4.14) we arrive at the following result.
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Theorem 4.1. Let 6, 1(x3), and c be defined in accordance with (4.13),
(4.6), and (4.7), respectively. Then, for any W € H} (Q) and q € Q.7 (W)
we have

| e(u—v12) 2P< My(@,W,q) := (1+ B) (M (W, ) +
(4.15) +Mo(@, ) + #Mg( ),

M (W, q) = 2/(160|VW| — (Wagi +Wads) + —Iql2> dx,

o~

_ _ 3 ,\ . 472
A4ﬂﬁﬁwqt=:/‘<ﬁg——ZXLp%ﬁLWQ-—QQp@@LVV£ﬁ3+—iglﬁl—>dﬁ,

6(1 —2v) 2u(1+v)
w
B A B P P T SRTA Y
Mu@.0) 1= [ (1@ - 72 B+ - o A ) a,
w

and i, for k=1,2,3,4 are defined by (4.11) and (4.10).

Corollary 4.2. Let w € II, where I is a rectangle with sides a and b. Then

1 ab
C,<Ch= 7T—T+b2

Thus, My (@,W,ﬁ) contains only known functions and constants. If w is

known, then the majorant is directly computable. By selecting q and /V[7, we
can minimize the value of the majorant. For this purpose, we can represent q
and W as series (using some trial functions) and minimize the majorant by
a direct minimization method. The number obtained presents a guaranteed
upper bound of the modeling error encompassed in w. From Theorem 4.1 it
follows that the sharpest error bound is given by the estimate

leuv2) < inf {(Ml(W @)+ M, 7)) /+M1/2(A,A)}_
W € H}(w)
g€ Q)

5. ASYMPTOTIC BEHAVIOR OF THE ERROR MAJORANT
First, we use Holder inequality and find that

h/2 h/2

h 1/2 B3 1/2
|/,1| = / I%@(Ig)dwg S <%> 1/2 |/,3| = / Ig@b(l‘g)dl‘g S (E) /,411/2.

—h/2 —h/2
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Now, we represent the estimate in a simpler form by noting that

5

—~ o~ . —~ - h
/ (0 (184 W 2d2))az| < | [V o]l < (—

1/2 1/2
VW w w =
5) AIVLIEL <

w

2 2 =2
< wwoll WP + QWIIqIIw

and

1/2 _
2l [ pfax <2 (8) " A Plold i < 2L 40 =2 e

In view of these relations,
MW, Q) < muhP|VW |2 + masea 4112,
Mo (@, W) < marh®||p(@, W)|I2 + maatah®|| foll2,

where the coefficients m;; depend on material parameters and positive num-
bers A and «. They are defined by the relations
1+
mi1 = %7 mi2 = _77
wy
_ s+ _1 1 (1—2)
M= ey 0 MR Ty <2(1 ) T xi—w))

and we have derived the following form of the error bound.
Theorem 5.1. Let the conditions of Theorem 4.1 be satisfied. Then
le—v") |* < M5 (@,W,4) =

= (14 8) (muh®| VW2 + mon ki |o(@, W) |2 +

SM(@,8).

where the coefficients m depend only on elasticity coefficients and arbitrary
positive numbers v and .

(5.1) +mia|dll? + mastah®| foll? +

We note. that the Ms(w, W q) suggests as suitable form of the correction

function W. Indeed, it is natural to define W such that the value of M5 be
minimal, what leads to a singularly perturbed variational problem

(5.2) in {h?nvwnw L)o@, >||3,},
WEHO( w)
where m21 — 4001-1) 1+)

mi1 3(1—21/) 1-‘1—’)/~
Remark 5.2. If we set A =1+ 2, then (5.2) has the form

(5.3) in {h?nvwnw B AT >||3,},

WEH0 (w) ( )
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which was used in [3]. Hence, our analysis shows that this singularly per-
turbed problem follows from the functional a posteriori estimate if we define
the correction function W as the function that minimizes the magjorant and
select v and X in a special form. We note that other values of v and X lead
to the same asymptotic rate (with respect to h), so that from the viewpoint of
qualitative analysis the choice of v and X is not important. However, if the
problem is considered in the quantitative context and it is necessary to find
a sharp upper bound of the modeling error related to a concrete plate type
body, then v and X\ should be selected such that the value of the majorant be
minimal.

Let us select g in a special form, namely

. 2u ~ 2u ~
q1 = —Aw 15 qo = _,LL AUJ,Q.
v 1—v

Now q depends on @. To outline this fact we henceforth write q(w). It is

easy to see that (cf. 2.17)

dive (@) = 2—AAw _pbl=v) 2 on
1-— W 1—-v

Since we have set ¢ = —12, the above relation means that
d(@) € Q.
Hence, we note that
@@ = 2 [ 19aras,
apply Theorem 5.1, and obtain
Theorem 5.3. Let the conditions of Theorem 4.1 be satisfied. Then
le(u—v™) ? < M(® W,q(®@)) =

(5.4) = muh® VW2 + manh®||p(@, WIS + WR(@, fo),
where v, and \ are arbitrary positive numbers and
2
P H 2
R = VA
(@, o) = mua gt 1A + ma sl
From (4.4) it follows that

(5.5) I ev2) P> cllle(vH)II = IIH( 0)I2

where H(w) is the 2 x 2 matrix of second derlvatlves of w (which is indepen-
dent of h). In other words, the energy norm of the solution to (112)-model
decreases not faster than h%/2. Our goal is to show that majorant decreases
with a faster rate. Our analysis of asymptotic properties is based upon the
following result (see [1, 3]).
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Lemma 5.4. Let ¢ € H'(w) and W, be a minimizer of the functional

(5.6) _inf RV + W -2},
WeH! (w)
where h is a small positive number. Then

(B.7) R IVWLE + W = ¢lI2 < C (Rl éllow + P*|¢]11)

By this Lemma and trace theorems, we derive (cf. [3])

R VWl + (@, Wa) |l < ChM?|| A,
Therefore,
(5.8)  Me(@, Wy, q(®)) < Ch* (myy +may) |AD|2 + BOR(w, fo)-

Now, we use (5.5) and Young’s inequality and find that

1 =
e I* = 5 1e(v) I —Ms(@, W, 4(@)) >

h3c? N ~ -~
(59) > EANH@E — Ont (mir +mon) |Ba% KR, o)

By combining (5.8) and (5.5) for the first and (5.9) for the second estimate
below we end up with

Mg (@, W,,q(@))

Mg (@, W,,q(@))
< ch.
I e(vii2) |2

fe(w >~

Remark 5.5. Typically, the solution w of KL problem is known only approx-
imately. However, using (1.3) we can estimate the distance to u provided
that the reconstruction operator satisfies (1.1).

It is not difficult to show that RL'0 satisfies this condition.

(5.10) <ch and

R - R
| B0y~ ROl < OV(w) o181 — B e,

which means that (1.1) holds.
Remark 5.6. In [3], generalizations of Lemma 5.4 have been established.

They are related to cases where ¢ has lower regularity. In particular, if
¢ € H*(w), 0< s < 1/2, then we have the estimate

(5.11) W INWAZ + [We = @lIZ < Cls,0)h™[8]lsr

which can be used if AW does not belong to H'(w). It is easy to see that
(5.11) yields convergence of the quotients in (5.10) but with a rate lesser
than 1.
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