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Abstract

We develop a stability and convergence theory for the Ultra Weak Variational For-
mulation (UWVF) of a highly indefinite Helmholtz problem in R?, d € {1,2,3}. The
theory covers conforming as well as nonconforming generalized finite element methods.
In contrast to conventional Galerkin methods where a minimal resolution condition is
necessary to guarantee the unique solvability, it is proved that the UWVF admits a
unique solution under much weaker conditions. As an application we present the error
analysis for the hp-version of the finite element method explicitly in terms of the mesh
width h, polynomial degree p and wave number k. It is shown that the optimal conver-
gence order estimate is obtained under the conditions that kh/,/p is sufficiently small
and the polynomial degree p is at least O(logk).

AMS Subject Classifications: 35J05, 65N12, 65N30
Key words: Helmholtz equation at high wavenumber, stability, convergence, discontinuous
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1 Introduction

In this paper we analyze the Discontinuous Galerkin method (DG) applied to the following
model Helmholtz problem:

—Au—FKu=f in (1.1)
ou
n

+iku=g¢g on 0. (1.2)

Here, ) is a bounded Lipschitz domain in R? d € {2,3}, and k is the real and positive
wavenumber bounded away from zero, i.e., k > kg > 0. n is the outer normal vector to 0f2
and i = v/—1 denotes the imaginary unit. We assume that the right-hand side f € L%(Q)
and g € L*(99). By H*® (Q) we denote the usual Sobolev space with norm [l g (qy» [1]. The
seminorm which contains only the derivatives of order s is denoted by |-

Ho(Q)"
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The weak formulation for (1.1) is given by: Find w € V := H'(Q2) such that
a(u,v) = F(v) Vv e H'(), (1.3)

where

a(u,v) = /Q (VuVo — k*uv) +ik:/a uv, (1.4)

Q

Fv) ::/wa/mg@. (1.5)

Existence and uniqueness for the continuous problem have been proved in [22] for bounded
Lipschitz domains.

Problems in high-frequency scattering of acoustic or electro-magnetic waves are highly in-
definite — and the design of discretization methods that behave robustly with respect to the
amount of indefiniteness is of great importance. For our model problem, the highly indefinite
case arises for high wavenumbers &, and the solution w is highly oscillatory. It is well known for
such problems that low order finite elements suffer from the pollution effect, which mandates
very fine meshes, [20]. For example, for a P;-finite element space, the number of degrees of
freedom N should be at least N > k¢, where d is the spatial dimension. The conditions on
the mesh size are less stringent for higher order FEM. A particular example is the analysis
of [25,26], where it has been shown in the context of high order methods that linking the
polynomial degree p logarithmically to the wavenumber can lead to a stable method with
few degrees of freedom per wavelength. While, in particular, existence of discrete solutions is
given in those circumstance, it is worth noting that a minimal resolution condition is required
to ensure their existence.

This observation motivates the use of stabilized variational formulations which always
guarantee the discrete stability of the method (existence and uniqueness of the discrete so-
lution). Prominent examples of these types of methods are those incorporating least squares
ideas, [2,17,18,27], and Discontinuous Galerkin Methods, [12-14]. The Ultra Weak Vari-
ational Formulation (UWVF) of Cessenat and Després [6,7,9] belongs to the second class
and permits using non-standard, discontinuous local discretization spaces such as plane waves
(see [16,19]).

The goal of this paper is to develop a theory for the UWVF that derives the convergence
behavior of abstract conforming and non-conforming generalized finite element spaces from
certain local approximation properties and local inverse estimates, which may be easy to
check, possibly even at run-time.

This paper is structured as follows: In Section 2, we recall the UWVF for the Helmholtz
problem (1.1). Section 3 is devoted to discrete stability and convergence. Particularly, the
unified theory presented in Section 3 covers two popular choices of approximation spaces,
namely, spaces consisting of piecewise plane waves and conforming as well as non-conforming
hp-finite element spaces on affine simplicial meshes. Nevertheless, we also derive an abstract
approximation criterion for general finite element spaces that implies existence and uniqueness
of the discrete solution. Based on these results, we obtain quasi-optimal convergence in the
DG-norm for general finite element spaces.

In Section 4 we apply the results of Section 3 to the Ap-version of the FEM. We obtain
a convergence theory that is explicit in the wavenumber £k as well as the discretization pa-
rameters; the mesh width h and the polynomial degree p. These results may be viewed as an



extension of the results [25,26] for classical H'-conforming discretizations to the DG-setting.
In these papers, a scale resolution condition of the form

? < and p > clogk (1.6)
(for suitable ¢;, co) is sufficient to guarantee quasi-optimality. For the hp-version of the DG-
FEM on regular meshes, or, more generally, meshes that permit sufficiently rich H!-conforming
subspaces of the non-conforming DG-space, the same condition yields quasi-optimality. In the
general case, the slightly stronger condition (4.17) is a sufficient condition for quasi-optimality.
In particular, we show, for the first time for a DG-method, that quasi-optimality can be
obtained for a fixed number of degrees of freedom per wavelength.

2 The Ultra Weak Variational Formulation

2.1 Meshes and Spaces

To formulate the UWVF we first introduce some notation. Let Q C R?, d € {2, 3}, denote a
polygonal (d = 2) or polyhedral (d = 3) Lipschitz domain. The UWVF is based on a partition
T of Q into non-overlapping curvilinear polygonal /polyhedral subdomains (“finite elements”)
K with possibly hanging nodes. The local and global mesh width is denoted by

hi :=diam K and h:=maxhg. (2.1)
KeT

In the case d = 3, the boundary of K can be split into faces and for d = 2 into edges. For
ease of notation we use the terminology “faces” in both cases. For K € T, we denote the set
of faces by £ (K). The subset of interior faces, i.e., the set of faces of K which are not lying
on 09, is denoted by £ (K). For instance the number #€ (K) = d + 1 if K is a simplex. As a
convention we consider the finite elements K € T always as open sets and the faces e € £ (K)
as relatively open sets.

The interior skeleton &% and the boundary skeleton G5 are given by

UU =UJ Ue

KeTectT(K KeTecl(K)

eCON
Note that &%, 6?— are the union of the relative interior of the faces and, consequently, for any
point x € &%, there exist exactly two elements in 7 (denoted by K, K; ) with x € K NK, .
Also define V7 and A+ as elementwise applications of the operators V and A, respectively.
The one-sided restrictions of some T-piecewise smooth function v for # € &% are denoted by

vt (2) = lim v (y) and o~ (z):= lim v(y).
yGK yeK,
y—T y—T

We use the same notation for vector-valued functions.
We define the averages and jumps for 7 -piecewise smooth scalar-valued functions v and
vector-valued functions og on G4 by

(0f +05),

N | —

the averages: {v} := (v+ +ov7), {og} =

the jumps: vy :=vnt +ovn", [os]y:=cdint+o5.n"

3



where n (), n~ (x) denote the (outer) normal vectors of elements K, K .
Based on the partition 7 we can introduce broken Sobolev spaces in the standard way: For
s> 1, we set
H, (Q):=L*(Q)n [[H (K) (2.2)
KeT

In particular, the case kK = 0 corresponds to discontinuous functions.

2.2 Discrete Formulation

We approximate the solution of (1.3) from an abstract finite-dimensional space S C HZ (),
i.e., only the following two conditions are imposed:

ScrL’(Q) and Sc |[ H*(K) (2.3)
KeT
are imposed.

We employ the formulation of the UWVF as derived in [3-6,16,19]. We assume that 2 is a
bounded polygonal /polyhedral Lipschitz domain and that 7 is a shape-regular triangulation
with possibly hanging nodes.

We denote by (-, -) the L? inner product on €, i.e., (u,v) = [, uvdV. Let S be the discrete
space as in (2.3). Let « € L™ (6_%—>, B e L™ (6_%—>, and § € L™ (6_173—> be some positive and
bounded functions on the mesh skeletons. (It will turn out that these functions can be chosen
to be piecewise constant on a certain partition of the skeleton (cf. Remark 2.2).) Then, the

UWVFEF can be written in the form:
Find ug € S such that, for all v € S,

1 —
ar(ug,v) — k*(ug,v) = (f,v) — . 5Egvfrv -ndS + /3<1 —§)gudS =: Fr(v)  (24)
&8 &8

where az(-,-) is the DG-bilinear form on S x S defined by

ar(u,v) = (Vyu, Vyv) — /61 [ul 5 - {V7v}dS — /61 {Vru} - [v]ndS

/e,g

1 S 1 -
- —/ BIVruln[Vrv]ndS — —/ o0Vru-nVyvu-ndS
lk 6% lk 6?—

ouVyv-ndS — / OVyu - nvdS

B
GT

—i—ik/z afu] N[P]ndS + ik:/ (1 — d)uvds. (2.5)

B
T T

Note that a7 (-, -) can be extended to a sesquilinear form on H%HE (Q) x HS‘{VQJFE (Q) for any

€ > 0. So far, the functions «, 3, d are arbitrary, positive L> functions. Our analysis will
rely on certain properties of o that depend on some trace inverse estimates for the space S.
We therefore introduce:



Definition 2.1 (inverse trace inequality). For each element K, the constant Ciace(S, K) is
the smallest constant such that

||V ('U|K) ||L2(8K) S Ctrace(S, K)||VU||L2(K) VU - S (26)

Remark 2.2. The analysis of the continuity and coercivity will lead to the condition

a(x) > i

— S K) Vze &L 2.7
2 5k e {5 oy G (550 7 (2.7)

2
max Ctrace

For the special case that S is a conforming/nonconforming hp-finite element space, the es-
timate of the approximation property of S with respect to the || - ||pe and || - ||pg+ norms,
(cf. Section 4.2 ahead) leads to the choices

2

P kh kh

alr)=a max ——, =b—, 6= 0—, 2.8

(=) Ke{Ki K;} khx B p p (28)

where the parameter a is selected fived but sufficiently large below; the parameters b, 0 are
selected to be of size O(1).

Remark 2.3. It is easy to see that x — « () can be chosen piecewise constant with respect
to a sub-partition £ of the set of all faces. More precisely, we define a subdivision of the set
of inner edges by

&t = {a?ma;('meKeT VK’GT\{K}}7

where 0K :== |J e. Foranye' € EF, the mazimum in (2.7) over x € €' can be chosen always
ecé(K)

as one fized element K so that the value of « is constant along €'. Hence, without loss of

generality we may assume in the following that a is chosen as an & -piecewise constant function.

Note that the assumption “« is positive” then implies the existence of some X € 0K N€) such

that .
agp = inf a(z)=a(X). (2.9)

0K

In the rest of this section we will show that the discretization given by the sesquilinear
form a7 is consistent as well as adjoint consistent. The latter property will prove particularly
useful for error estimates.

Lemma 2.4 (consistency). Let the exvact solution u of (1.2) be in H**%¢(Q) for some ¢ > 0.
Then u satisfies the consistency condition

ar(u,v) — k*(u,v) = Fr(v) Yv e S,
where the right-hand side Fr is given in (2.4).

Proof. It is enough to prove that u satisfies the equation (2.4). From the H3/?*-regularity of
u it follows that u and Vu have well-defined traces on 0K for each K € T and

[uly =0, [Vu]ly =0, {Vu}=Vu on &%



We multiply both sides of equation (1.1) by a test function v € S, integrate elementwise
and take the sum over all elements and finally apply integration by parts. We get

Kg;(/m((—VuJa)@—i-/KVu.Vﬁ) —/kauz_;:/gfﬂ (2.10)

Using the definition of the jumps on the inner faces and inserting the boundary condition
from equation (1.2), one gets

—Z/aK(Vu-n)vdS:—/G

OVu -nvdS — / (1 —9)gvdS

KeT 7 &7
+/ 1k(1 — 0)uvdS — Vu - [v]ndS.
&8 o7
The boundary condition (1.2) gives us
=— / OVu - nodS — / (1 —6)gudS +/ 1k(1 — 0)uvdS — Vu - [v]ndS
o8 o &8 o7

1 S 1 - -
+ — 0gVrv-ndS — — oVu-nVyv-ndS — / ouVrv - ndS.
ik 675_ ik 6173_ 676—

Inserting this result into equation (2.10) leads to

1 —
5?gv7—v-nds+/ (1 —=9)gvdS, YveS
i

B
67'

ar(u,v) — K2(u,0) = (f,0) — /

B
T
D

In Lemma 2.7 below we will consider the consistency with respect to the following adjoint
problem.

Definition 2.5 (adjoint solution operator N}). The adjoint Helmholtz problem is given by:
Forw € L?(Q) find ¢ € H'(Q) such that a (v,¢) = (v, w) Yo € H (). (2.11)

The solution operator N} : L* (Q) — H' (Q) is characterized by the condition
a (v, Nj(w)) = (v,w). (2.12)

Problem (2.11) has H?® (Q)-regularity for some s > 1 if for any given right-hand side
w € L? () the solution ¢ of (2.11) is in H® (Q) and satisfies

9]

for some positive constant Cyes that is independent of w and ¢.

Ho(Q) S Chreg Hw||L2(Q)

Remark 2.6. The adjoint problem (2.11) is a well-posed problem, for which even k-explicit
reqularity is available. For example, if Q convex (or smooth and star-shaped), then ¢ € H?(S2)
and

k[0l 2@ + VOl L2 < Cr{f)l|lwl| 2o,
V20| 2(0) < Co(Q)(L + k)||wl| 120y,



with C1(§2), C2(2) > 0 independent of k > ko > 0 (ko is arbitrary but fized), [22, Prop. 8.1.4]
for d =2 and [8] for d = 3. For general Lipschitz domains, it was shown in [10, Thm. 2.4]
that

k0]l 2y + IVl 2(0) < Ca(Q)k2|[wl]| 2(0)
for a constant C5(QY) independent of k > ko. If the Lipschitz domain §2 is polygonal/polyhedral,
then classical elliptic reqularity theory shows ¢ € H3/?>T¢(Q) for some € > 0, which depends on
the geometry of €2.

Lemma 2.7 (adjoint consistency). Let the adjoint Helmholtz problem be H®'** (Q)-regular
for some € > 0. Then for any w € L*(Q), the solution ¢ := N} of the adjoint problem (2.11)

satisfies

ar(v,¢) — kK*(v,¢) = (v, w) Yo € Hgv/v2+e (Q). (2.13)

Proof. From the H?/?*¢ (Q)-regularity of ¢ it follows that ¢ and V¢ have well-defined traces
on 0K for each K € T and

[8lxn =0, [Vely =0, {Vé}=Ve on &%

The rest of the proof is just a repetition of the arguments in the proof of Lemma 2.4 by taking

into account the zero Robin boundary conditions for the adjoint problem. O
We will use the mesh-dependent norms || - ||pg, || - | pe+ on Hpw ™ (2) for € > 0:

lWlbe =IVrollzag + /C_IIIBI/Q[[VTU]]NIIZ(@) + kHO‘1/2[[U]]N”iz(G§)

FRTO VT nlly gy I =)0l gy + K0l

B
&7

Jolfbes =l + ™ T o} o)

3 Discrete Stability and Convergence Analysis

This section is devoted to the analysis of the discrete problem for the finite dimensional space

S.

3.1 Continuity and Coercivity

Proposition 3.1. Define by (u,v) := ar(u,v) + k*(u,v). For any 0 < § < 5 and o satisfying
(2.7), there exist constants ceoer, Ce > 0 independent of h, k, a, B, §, and Cirace (S, K) such
that

a) the sesquilinear form br (-,-) is coercive

’bT(U7U)| > CcoerHU”%G Yv e S.

b) For any € > 0, the sesquilinear form by (-,-) satisfies the following continuity estimates

br (v, ws)| < Cellvllpgr |wllpgr — Vo,w € HY2(Q), (3.1)
(b7 (v, ws)| < Cellollpet lwsllpe Yo € HYF(Q), Vuws €5, (3-2)
|b7*(’w5,1})| < OC||U||Dg+||w5||DG Yv € Hgv/v2+€ (Q) ., Ywg € S. (33)



Proof. a) The definition of br(.,.) leads to

br(v,v) = [[Vrolle) — 2Re </61 [v]w - {V_Tv}dS> — 2Re </6

R G N Y P L L L R P

+ ka2 Pl 2oz + 1L = 8)/2013 65 + K210l

ovVru - ndS)

B
7

By using Young’s inequality for some positive function s € L (6_%—) we get for the second

term in the representation of by (-, -)

S
< by 20 Tl o

1.1 )
7l 72V 0l gy

2 Re /G Dlx - {Tropds

We choose s := 4a/5. By using (2.7) we get

4
< Shlla[oll?

2R A{Vrv}ds
" Jez (o] - V7o) 12(8%)
5, 1
+ ) EHWV(UM) 72(0nor)-
KeT
For the second summand, we get with a2 as in (2.9)

5 ]' 5 CQraCe (57 K)
S Dm0l i < 3 o e gz,
KeT KeT oK

Let X € 3C.)K N be defined as in Remark 2.3. Since K € {K7¥, Ky}, the condition on a (cf.
(2.6)) implies

4

. 4
am? = o (X) > max  CF...(S,K')>—C2 (S K). 3.4
0K ( ) - 3k7 K’E{K;,K;(} trace( ) - 3/{7 t ( ) ( )
Hence,
5 1 15
Z EHWV(U’K) 172 qnox) < EHVTUH%Q(Q)'

KeT
All in all we have derived

ak, 15
SV 1/2 2 19 2
e T U R L2

2 Re /6 Dy (Tro}ds

The third term in by (-, ) can be estimated in a similar fashion for any ¢ > 0 by

Ay 0 1/2, 112 Ly 9
2Re/6?(5vV7v-ndS Stkl_(sll(l—é) vHLQ(Ggﬁ_%H(S VTv'nHy(eg)'




By choosing t = 3/2 as well as 0 < 6 < % we obtain
1
|b7(v,0)] = —= ([Re(br (v, v))| + [Im(br (v, v))])

1 1 k
> = (55197l + Sl Dl ey

k 1/2,.112 1 1/2 2
+ 00 = )20l o + 51672V 7v nlf

R B I ol 2 oz + Rl e
2 CcoerHUH%G-

b) Using Young’s inequality we get

br(v )| < (V7o V)| +| [ [oly - (Frw}as
ST
+ |/ {Vrov}- [@]ndS|+ |/ doVyw - ndS|
6L &8
1 -
+ | / 5v7’v : n@dS\ + E| / (BHVTU]]N[[VTUJ]]N) dS‘
G &L
1 -
+ —| / (6V7v-nVzw-n)dS| + | / (kafv]n[w]n) dS|
k 678— G%—

+ k| (1 — &)vwdS| + k*| (v, w)|.

B
&7

For 0 < § < 1/2 and for any v, w € Hol** () we finally obtain
b7 (v, w)| < Cel|v]| p+[[wl| pe+-

Estimates in weaker norms are possible if one of these two functions is purely a finite element

function, e.g., w € S. A careful inspection of equation (3.5) shows that the only term which

requires the DG*-norm instead of DG-norm for w in the continuity estimate is [z [v]n -
T

{V7w}dS. Using Young’s inequality we get

< 3 {1l s@none 19 (@l 2 |

KeT

| [y {Trubds

We apply the trace inequality in (2.6) and also (2.7) to obtain

- 1 1
vy - {V7wltdS| < — ||a2|v Cirace (S, K) ||[V7w]|| ;2
‘/Giu I - (V) _KZT{@ 1], g, Comes (52 ) V7 HL(K)}

34 [3k
<% E {lot
KeT
kil 1
< F et

o 1970l

IV 7wl 20 -

12(e%)



Hence, we finally obtain(3.2). The estimate (3.3) can be shown using the same techniques or
derived from (3.2) by observing that for v, w € HSV/V2+€(Q) we have

bT,k<U7 U)) = bT,—k(wa U)

where we have added the subscript k& (or —k) to emphasize how the parameter k enters the
definition. m

As a corollary of (3.3) we have the following continuity assertion, which is particularly
suitable for adjoint problems:

Corollary 3.2. For any € > 0, it holds

lar (v,u) — k* (v,u) | < Celullpar||vlipe Yu € HSV/VQ+6 (Q) WYvedbs. (3.6)

3.2 Quasi-Optimality

We start with a definition: We say that a pair (u,ug) € H%%E(Q) x S of functions satisfies
the Galerkin orthogonality if

ar(u —ugs,v) =0  YveSs. (3.7)

Our starting point for the analysis of the UVWF is a quasi-optimality result which is proved
under the assumption that the above Galerkin orthogonality is valid. The existence and
uniqueness of a solution ug of the discrete problem (2.4) is then shown in a second step based
on the quasi-optimality result.

Proposition 3.3. There exists a constant C>0 depending solely on the constants C., Ceoer
of Proposition 3.1 such that the following is true: Any pair (u,ug) € HSV/VQJFE(Q) x S meeting
the orthogonality condition (3.7) satisfies

s kl(u —ug,w
HU—USHDGSo(lnf||U—v||DG++ sup I S S)’) ‘
ves 0£ws€S HwS”LQ(Q)

Proof. We start with a triangle inequality
HU_USHDG S ||U—U||DG—|‘ HU_USHDG Yv € S (38)

and employ the coercivity of br(-, )

lv = usllbe < —Ibr(v — us,v — us)|

coer

1

< . lbr(v —u,v — ug)| + |br(u — ug,v — ug)|
1 2?2

= lbr(v —u,v — ug)| + |(u — ug, v — ug)|, (3.9)
coer coer

where in the last inequality we employed the orthogonality condition (3.7). The continuity of
br(-,-) expressed in (3.1) together with (3.9) implies

C. 2k2
|lv —ul pg+|lv — usl|pa +

coer coer

lv = us|[pe < (v —us, v — ug)].

10



We combine this result with (3.8) and obtain

C

2k U — Uug,Ws
lv —u||pg+ + — sup u

|lu —us||pe < |lu —v||pa +
Ccoer Ceoer 0#wg€S HwSHLQ(Q)

]

El(u—us,ws)| i

Next, we will use the adjoint problem to gauge the contribution sup,, g wsll 2
L2(Q)

Proposition 3.3.

Proposition 3.4. Assume that the adjoint Helmholtz problem is H3/**(Q) regular for some
e > 0. Let the coefficients in the definition of ar (-,-) satisfy 0 < § < % and (2.7). Then the
following is true: For any pair (u,ug) € Hg\{vﬂs(Q) x S that satisfies (3.7) we have

kl(u —ug, wg)r2 _
sp Ml us ws) @] (14 3C.) 74(S) (1nf||u—v||Dg+ + ||u—u5||DG),
0£wg€S ||UJS ||L2(Q) veS

where the adjoint approximation property is defined by

K| N*f —
nk(S) = sup inf H kf wSHDG+ .
feL2(Q)\{o} ¥s€s I fll 2

(3.10)

Proof. The solution of the adjoint problem (2.12) with right-hand side wg € S C L?() is de-
noted by ¢. Our regularity assumption imply ¢ € H3/2¢(Q) for some € > 0 (cf. Remark 2.6).
The adjoint consistency of the method stated in Lemma 2.7 then provides

(U—US,UJS) = GT(U—US,¢) - ]{52(U—US,¢)-

Using the definition of the sesquilinear form a7 and the Galerkin orthogonality, we get for
any v € S

|(u —ug,ws)| < lag(u—v,¢ —Ys)| + |ar(v — us, ¢ — g)|
+ E*|(u — ug, ¢ — s)|
< (Cellu —v||pa+ + Cc [Jv — us|| p¢

+llu = uslpe) I = ¥sll pe+
< (2Cc[lu = vl pe+ + (1 + Co)[lu = usllpa) | = ¢slpa+-

Since v, g € S are arbitrary, the statement follows. m

The combination of the previous results leads to the following wavenumber-explicit error
estimate (still under the assumption of existence of a discrete solution).

Theorem 3.5 (quasi-optimal convergence). Assume that the adjoint Helmholtz problem is
H3/2(Q) regular for some ¢ > 0. Let the coefficients in the definition of ar (-,-) satisfy
0 <6 <5 and (2.7). If the condition

CCOer
) < Ta oy

holds, then for any pair (u,ug) € HSV/VQ+€(Q) x S that satisfies (3.7) we have

lu = usllpe < Cinf flu = v]pe-, (3.11)

where C' depends solely on C. and ceoer-

11



Proof. By combining the results of Propositions 3.3 and 3.4, we get the following:

C. 4C, _ 2(1+C,
||U_US||DG S (1+ + 77k(S)> inf ||U—U||Dg+ +(—)ﬁk(S)|lu—Us||DG
Ccoer Ccoer ves coer
The condition %nk(s ) < 1/2 allows us to absorb the error term on the right-hand side
in the left-hand side. O

3.3 Discrete Stability

The preceding section provides an error analysis under the assumption of existence of the
discrete solution ug € S of (2.4). Extra conditions have to be imposed for existence as the
following Example 3.6 shows. That is, the UWVF of the Helmholtz problem is not necessarily
stable for an arbitrary discrete space S that only satisfies the minimal condition (2.3).

Example 3.6. Let Q := conv{(0,0)", (1,0)", (0,1)"} and let the mesh T consists of the
single element {Q}. A (one-dimensional) space S that satisfies condition (2.3) is defined by
the span of the squared cubic bubble function, S = span{(27A\1\2A3)?}, where \; = &, Ao =
o, Ag=1—-& —& and 0< & <1,0< & < 1—&. In this case, equation (3.15) reduces to

(sz, va) — k:Q(wS, Us) =0 Yvg € S. (312)

As S is a one-dimensional space we get the following 1 x 1 system (A — k*B)w = 0, where
A= [-Vb - Vb =51125, B = [ b = 0.0843 and by = (27TA\1X2)3). Obviously, the value

of k = \/% 18 a critical wavenumber where the system matrix becomes singular.

In this section, we will study conditions under which the UWVF admits a unique solution
in the discrete space S. One possible condition (3.13) is formulated in Theorem 3.7 and it is
shown that this condition is always satisfied for plane waves methods as well as for conforming
and non-conforming hp-finite element spaces on affine simplicial meshes (cf. Remark 3.8).
Thus, Theorem 3.7 presents a unified stability theory for these types of methods and shows
that a unique numerical solution always exists for these important choices of spaces. This
is in contrast to conventional Galerkin methods applied to (1.3), where a minimal resolution
condition on the finite element space, e.g., on the mesh width, has to be imposed in order to
guarantee unique solvability of the discrete equations.

Alternatively, similarly to the classical Galerkin discretization, a condition on the adjoint
approximation property on the abstract space can be employed to prove existence, uniqueness,
and quasi-optimality of the discretization. This is proved in Theorem 3.9.

Theorem 3.7. Let the discrete space S satisfy (2.3). Let > 0,0 < § < %, and choose «

such that (2.7) is satisfied. Then, the UWVF problem (2.4) has a unique solution ug € S if

k —_—
with  Cg := sup inf | (z, Vws) — vs|pe+

CS <
2(1+C) wseSNH2(2)\{0} V€S [wslr2@)

(3.13)

Furthermore, let the exact solution of (1.3) satisfy u € H3?%<(Q), and let the adjoint
Helmholtz problem be H3/**<(Q) regular for some ¢ > 0. Assume the adjoint approvimation
condition

Ccoer
nk(S) < m

12



Then, the quasi-optimal error estimate

lu — us||pe < Cinf ||u — v||pg+
vES

holds, where C' is independent of the choice of k, h, and the space S.

Proof. If the discrete solution ug € S of (2.4) exists, then the consistency statement Lemma 2.4
implies the orthogonality condition (3.7) so that the quasi-optimality assertion follows from
Theorem 3.5. It therefore remains to assert existence of ug € S. By dimension arguments,
existence of a solution ug € S of (2.4) follows, if we can verify the following uniqueness
assertion:

Vws € S\ {0} Fws €S st |ar(ws,vs) — k*(wg,vs)| > 0. (3.14)

We prove (3.14) indirectly, by showing the equivalent implication:
For any wg € S it holds:

(Vus € S ar(ws,vs) — k*(ws,vs) = 0) = wg = 0. (3.15)

Our assumption in (3.15) implies for any wg € S

Im (ar(ws, vs) — k*(ws,vs)) =0 and Re (ar(ws,vs) — k*(ws,vs)) = 0. (3.16)

First we choose vg = wg in (3.16). From the equation for the imaginary part we obtain

(1) [V7ws]y =0 on &%,
(2) Vrws-n=0 on &%,
(8) [wsly =0 on &%,
(4) wg=0 on G%

and this implies wg € HZ(2) NS (in particular that Vyws = Vwg holds).
Hence, the real part of equation (3.16) gives us

IVwsllz2 () — & lwsl|z2q) = 0- (3.17)
Define v§ () = (x, Vwg). From the real part of equation (3.16) it follows
0 = Re (ar(ws,vy) — k*(ws, v5)) + Re (ar(ws, vs — v5) — k*(ws, vs — v5))
> Re (ar(ws, vg) — k*(ws, v5)) — |ar(ws, v§ — vs)| — |k*(ws, v — vs)|.

By using 2Re(wsVwg) = V(|wg|?) for the first term, and continuity of a7, and applying
Cauchy-Schwarz inequality we get (see also [22], [12])
0>(2 = d)|[Vws| L2 + dk*|[ws|[120) — 2Ccllws]| pellvs — vsllpe-

— 2k?||ws || L2y 1o — vsllz2@)
>(2 — d)[|[Vws|| 720 + dE* |wsl72) — 2C.Csllwslpallws||z2@)
— 2Csk||lws]|72q)- (3.18)
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By using the definition of DG-norm and taking into account that wg € HZ(Q) N S it follows
lws|[pe = [[wslla, where ws|l3, = [Vws|72q) + F*lwsl72 () For d =1, we get

0> Jlwsll3; — 2C.Cs|lws|lullwsllr2) — 2Csklws |72 q)

2C.Cs 205
> (1 255 2 g,

If Cs < ﬁ then it follows wg =0 in Q. For d = 2,3 we add (3.17) to the equation

(3.18) and then we do the same argument as in 1d. ]

Remark 3.8. For general finite-dimensional spaces S, condition (3.13) could be interpreted
as a condition on the scale resolution. However, the condition (3.13) is always satisfied in the
following two important cases:

o Typically in the UWVF, the discrete space S consists of systems of (discontinuous) plane
waves. In that setting, condition (3.13) is not imposed since it is trivially satisfied as
then SN HZ(Q) = {0} (this equality follows from the unique continuation principle for
elliptic PDEs—see, e.q., the discussion in [10, Sec. 6.3] for details).

e DG-methods based on classical piecewise polynomials on affine triangulations (consisting
of simplices) satisfy (3.13) automatically as {(x,Vywg) € S.

For new generalized finite element spaces, it might be complicated to verify condition
(3.13). In the following theorem, we present a different criterion which also implies discrete
stability.

Theorem 3.9. Let the exact solution of (1.3) satisfy u € H*?%<(Q) and let the adjoint
Helmholtz problem be H3/>T¢(Q) regular for some ¢ > 0. Assume that the coefficients in the
definition of ar (-,+) satisfy 0 < § < % and (2.7). If the condition

c
S < coer
S <t ey
holds then the UWVF problem (2.4) has a unique solution us € S and satisfies the quasi-
optimality property (3.11).

Proof. The proof follows the lines in [21, Thm. 3.9]. We merely have to show existence of ug.
Since the (2.4) corresponds to a linear system of equations, it suffices to show uniqueness.
Therefore, let ug € S be in the kernel of the discrete operator, i.e., ar(ug,v) — k* (us,v) = 0
for all v € S. Then the pair (0,ug) € H*?*¢(Q) x S satisfies the orthogonality condition (3.7).
Hence, Theorem 3.5 implies ||0 — ug||pe < C'infyes ||0 — v||pgs = 0, which shows ug = 0.
Again, the quasi-optimality follows as a combination of Theorem 3.5 and Lemma 2.4. [

4 Application to hp-Finite Elements

Theorem 3.5 provides a quasi-optimal error estimate for abstract approximation spaces S that
satisfy the conditions (2.3) and (3.13). The concrete choice of the space S enters the analysis
via a) the constant Cipace (S, K), b) the estimate of the approximation error inf,cg ||u—v|| pg+,
c) the adjoint approximation property 7y (S), and d) the constant Cs in (3.13) — however,
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as explained in Remark 3.8 the condition on Cy is “automatically” satisfied for the hp-finite
element spaces considered in this section. Further, we derive explicit estimates for these
quantities in the context of hp-finite element space which are explicit with respect to the
polynomial degree p and the mesh size h.

4.1 Preliminaries

The simplicial finite element mesh 7 consists of elements K which are the images of the
reference element K, i.e., the reference triangle (in 2D) or the reference tetrahedron (in 3D),
under the element map Fl : K — K. The mesh width is denoted by h := maxge7 diam K
(cf. (2.1)).

We use the symbol V" to denote derivatives of order n; more precisely, for a function
uw: Q= R,QCRY we set

V)= Y Diptu()

a€Ng: |a|=n

We will need some conditions on the element maps Fj of the triangulations in order to
capture the approximation properties of the hp-FEM spaces. The following assumption will
make this more precise. We emphasize that, in contrast to the case of conforming subspaces,
we do not require in the present context of DG-methods a “compatibility” condition for
element maps of neighboring elements.

Assumption 4.1. (simplicial finite element mesh). FEach element map Fx can be written
as Fx = Rk o Bk, where Bi is an affine map (containing the scaling by hx) and Ry is
analytic. Let K = Bk (K). The maps Rk and By satisfy for shape regularity constants
Caiines Chetric; ¥ > 0 independent of h:

||B}(”Loo([?) S CaﬂinehKv ”(B}()_IHLoo([?) S Oafﬁneh}_(l

H(R/K)_l”LOO(I?) < CVmetric; ”vnRKHLoo(f() < Ometric')/nn! Vn € No.

Remark 4.2. If the mapping Ry in Assumption 4.1 are affine we say that T is an affine
triangulation.

The constants C' in the estimates below may depend on the shape regularity constants in a
continuous way and, possibly, increase with increasing values of Camine, Cmetric, and 7.

For meshes T satisfying Assumption 4.1 we define the following nonconforming space of
piecewise polynomials by

SPO = {u e L*(Q)] VK €T : ulgoFx €P,}, (4.1)

where P, denotes the space of polynomials of degree p. The mesh size function hy is defined
by hr|k := diam K for all K € 7. The estimate of Ciace (S, K) in these cases is a local trace
estimate for multivariate polynomials:

Lemma 4.3. Let T satisfy Assumption 4.1. Then there exists ¢y, > 0 independent of K € T
and p such that for the hp-finite element space SPO(T) we have (cf. (2.6))




Furthermore, for
4
a> gCian (42)

which is independent of K, p, and k, the choice of a given in (2.8) implies the condition (2.7).

Proof. We merely prove the inverse estimate. On the reference element K , we have with
the multiplicative trace inequality and a standard polynomial inverse estimate (see, e.g., [29,
Thm. 4.76], where the case d = 2 is covered) for any v € P,

The assumptions on the element maps Fx are such that the same h-dependence as in classical
scaling argument are obtained, i.e., for v € SP(T) we get for each K € T

H'U||L2(3K) S Cph71/2||UHL2(K)' (43)

For the actual estimate of interest, we let v € SPO(T), fix K, and set ¥ := v|x o Fx. We note
Vv = (V1) o Fi o (Fj)~! with, by the assumptions on the properties of Bx and Ry,

I(FK) iy < Chi's (Fi) o) < Chic (4.4)

Applying the estimate (4.3) to the components of Vv o F and observing (4.4), one can show
the desired result. O

The trace inequality of Lemma 4.3 shows that the constant a in (2.8) can be selected such
that (2.7) is satisfied. This observation implies the following result:

Theorem 4.4. Let a, 3, and § be chosen according to (2.8) with a sufficiently large. Let
S = SPO(T) be the hp-finite element space based on a mesh T that satisfies Assumption 4.1.

o If Cs satisfies condition (3.13) then the UWVF has a unique solution in S.

o IfT is an affine triangulation of Q0 and satisfies Assumption 4.1, then the UWVF has
a unique solution in S.

4.2 Convergence Analysis

In this section we will show that the solution u of the model boundary value problem (1.1),
(1.2) can be approximated from the finite element space SP°(T) provided that kh/,/p is small
enough and p > clog k (with ¢ sufficiently large independent of h, k, p). Under more stringent
conditions on the mesh, we will show that this condition can be relaxed to the condition that
kh/p be small enough and p > clogk.

The proof of this approximation property is based on the following decomposition lemma,
which is a generalization of [25, Theorem 4.10], where the special case s = 0 is covered:

Theorem 4.5 (Decomposition Lemma). Let Q € RY, d € {2,3} be a bounded Lipschitz
domain. Assume additionally that ) has an analytic boundary. Assume furthermore that the
solution operator (f, g) — w := Sk(f, g) for the Helmholtz boundary value problem (1.1), (1.2)
satisfies

[ullse < Caank” (I1fl2@) + 19l 200 (4.5)
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for some Cga, and 9 > 0 independent of k. Fix s € Ny. Then there exist constants C,
A > 0 independent of k > ko such that for every f € H*(Q) and g € H**Y/2(0Q) the solution
u = Sk(f,q) of the Helmholtz problem (1.3) can be written as u = ugs+2 + uy, where, for all
n € Ny

Jwalle < CE” (£ @) + gl meo0)) (4.6)
IV |20y < CA'E max{n, K} (|| fll 220 + 9]l /2 (00)) (4.7)
wpsse|l o) + K lugssz || 12) < C ([1flms@) + 19l merir200)) - (4.8)

Proof. The proof follows the lines of [25, Theorem 4.10]. The key modifications are collected
in the Appendix. n

Remark 4.6. For the present model problem (1.1), (1.2) the assumption (4.5) holds with
¥ = 5/2 by [10, Thm. 2.4]. For star-shaped domains, ¥ = 0 is possible as shown in [22,
Prop. 8.1.4] for d =2 and subsequently for d = 3 in [8].

4.2.1 Convergence analysis for general non-conforming hp-finite elements

In this section we consider general non-conforming hp-finite elements. We stress that no
conditions are imposed on the element maps Fx that relate element maps of neighboring
elements to each other. Hence, the conforming subspace SN H'(2) C S may be small. As we
will discuss in more detail in Section 5 below, better results can be expected if the conforming
subspace SN H'(w) C S is sufficiently rich.

We start with a lemma that takes the role of the standard scaling argument:

Lemma 4.7. Let T be a shape-reqular mesh in the sense of Assumption 4.1. Fiz s € Ng.
Then for each K € T and every sufficiently smooth v the following relations between v and
V:=v|g o Fx are true:
oll 2y ~ B2 10 2 ),
190l1200) ~ B[ V8] gz
195420l 1z, < O

Hs+2(K)>
where C" and the implied constants depend solely on the constants appearing in Assumption 4.1.

Proof. We will only consider the case of the (s + 2)nd derivatives. We note the form Fx =
Ry o Bg, where By is affine. This implies the estimates

1F 5Nl ooy < Chre, Y IDFrllpez) < CHE,

a€NZ:|a|=s+2

where the constants depend only on s and the shape regularity constants appearing in As-
sumption 4.1. The chain rule then implies the estimates for ||V*T27| L2(R):

Proof. We will only consider the case of the (s + 2)nd derivatives. We note the form Fx =
Ry o Ak, where A is affine. This implies the estimates

||FI,<HL<><>(I?) < Chg, Z ||DaFK||L°<>(f() < Oh?27

a€NZ:|a|=s+2
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where the constants depend only on the constants appearing in Assumption 4.1. The chain
rule then implies the estimates for V23] 15 z).- O

For shape-regular triangulations with possibly hanging nodes we have the following result:

Theorem 4.8. Let Q C RY, d € {2,3} be a bounded Lipschitz domain with analytic boundary.
Fiz s € Ny. Let a, 3, 6 be chosen according to (2.8). Fiz C > 0 and assume p > s+ 1 as
well as kh/p < C. Then the erist constants C, o > 0 independent of h, p, and p such that,
for every f € H*(Q) and g € H**1/2(0Q), there holds

B\ kh ho\? kh\”
. _ < p— —_— ,19 ’
wpib= oo <0 ((5) G+ {(755) +4 () ). oo

where Cy4 := || f| He+1/2(p0) and ¥ > 0 is given by (4.5) (note also Remark 4.6).

me@) + |lg]

Proof. We employ the splitting u = wugs+2 + uy of Theorem 4.5 with ugs+2 € H*T?(Q) and
the analytic part u4.

Following [26, Thm. 5.5], we approximate ugs+2 and v 4 separately in the ensuing steps 1
and 2.

1. step: From, e.g., [26, Lemma B.3], we know that for every s’ > d/2 and every p > s’ — 1
there exists a bounded linear operator , : H¥ (K) — P, such that

lw = mpull ey < Cp~ | HY (R for 0<t<¢, (4.10)
w — || g < C’p_(s/_l/2_t) Ul o for 0<t<s —1/2. 4.11
P @ H¥ (K)

Here, the constant C' > 0 depends only on ¢, s’. By K we denote the reference element and by
€ one of its edges (in 2D) or faces (in 3D). We apply this approximation result with s’ = s+2.
The elementwise application of the operator 7, to uys+2 (pulled back to the reference element
K) defines an approximation wysr2 € SP°(T). By a scaling argument and summation over
all elements, the bound (4.10) with s’ = s 4+ 2 implies that wys+2 satisfies

k (k||uHs+2 — wH5+2||L2(Q) + HVT(ust — stJ“?)HLQ(Q)) <

() ) Yo

In order to estimate the terms of the DG-norm associated with the skeleton, we employ the
choice of the parameters o, 3, § given in (2.8), viz.,

4 p? n kh kh
= - max —— Vr € 6+ and =0(—), 0=0(—
3 ke{Kt K.} khg T b ( 4 ) ( D

H3(2) + 9] HS+1/2(BQ)) .

a(x) ). (4.12)

Recall the definition of i as in Remark 2.3 and estimate (3.4). On the inner skeleton &%
we get

) k
Klla™ P {Vr(upmess — wper) Yoo, < D i (V7 (wrzes = wizes2)}Faganon).
KeT 0K

Let X denote the minimizer as in (3.4). Then, with the definition (4.12) we get

4 2 4 p?
max P >_p

min __ X) = = ]
o1 = o (X) 3 koe{n iy} khio — 3 khg

(4.13)
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so that
kll a2 { Vo (upsre — st+2)}||%z(61T)

3k2hk
< Z 5 IV ((ugs+z — wHS+2)|K)||%2(Qﬁ8K)'
KeT 4p

Thus, we get by scaling (4.10), (4.11) to the mesh 7T

L1 ) k’2h hK 2s5+1 )
k?”O[ {VT<UH5+2 — wH5+2)}||L2(6§—) S C Z S\ Z ||uH5+2||HS+2(K)

wer P p ecET(K)
< C? (1_7) stz || Fpareg) < Cg (5) <||f| e + M9l ?{s+1/2(ag)> :
The following estimates can be obtained by similar arguments:
h 8+1
8T 7o = oo o) < OF (5) (1l + Moo

h s+1

/{33/2||a1/2[[uHs+2 — wHSH]]NHL?(G%_) < C/{J\/]_) (;) (||f|
h s+1

wiopy () (A

A s+3/2
208 = ) lgegy < 08 (2) (1

Hs(Q) T ||9||Hs+1/2(ag)) ;

k1/2||61/2V7(uHs+2 - st+2) : n’

w2 + [lg| Hs+1/2(aQ)) 3

Hs(Q) T gl Hs+1/2(am) :

In total, we get the following approximation property for the H*"2-part:

W\ [ kh  (kR\**  [EkR\?
Ellugs+2 — wgsiz|| per < C (Z_?) (% + (g) + (?) (Lf s ) + Ngll grssr/2(00) -
Using the assumption kh/p < C, this can be simplified to
h\?® kh
bl — wieslloa- < € (2 2 (1o + o).

2. step: For the approximation of the analytic part u 4, we construct an element w4 € SP°(T)
as follows. For each K € T, let the constant Cx by defined by

IV 4]l 72
2 . (&)
Ck = Z (2A max {n, k})*

n€eNg

Then, we have

V™ ualr2x) < (2Amax {n, k})"Cx  Vn € Ny,

1 2
> k<0 (55) # (10 + Dol (4.1

KeT
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For ¢ € {0, 1,2} we get the following estimate (see [26, Proof of Theorem 5.5]) for suitable

o> 0: ) )
_ hie \"F khe \P*

It is convenient to define the abbreviations:

ho\? kh\*
E(o) = k| —
(0) (h_|_0-> T (0']?) ’
M =k (| fllze@ + gl mrzon) -

By summing over all elements, it follows as in [26] by suitably adjusting the constant o

1 kh
kHuA—wAHH SC(}—Q—F?) E(O’)M (4.16)

In order to treat the terms associated with the skeleton &% U 6?— we use the multiplicative
trace inequality

loliZ2ar) < € (ol lolimao + Aol )

to obtain
B k
Bllo™ 2 {V r(ua —wa)Hzaer) < D = Vo ((wa = wa)l )2 anon-
KeT Ok

By using the estimate (4.13) we obtain

klla™ 2 {Vr(ua — wA)}Hiz(GIT)

3k2h[( 2
< Z 5 IV ((ua — wA)lK)HL?(QmaK)

KeT 4p
3 [ k2hy _
< 3 3 (55) (19 = )l 19 (0 = )y + 2 19 = w0 )
KeT

By using the estimates in equation (4.15) we get

2
. 30K hic \'7' Lk (khi )’
o™ (¥ r(wa = wa)Hse) < D2 75 {hK<hK+a) *5( ) i

o
KeT p

Finally equation (4.14) gives us after suitably adjusting the constant o

_ 1
kl/Z”a 1/2{V7-(U,A — wv‘o}HL?(G%,) < C]?E(U)M
By the similar arguments we obtain the following estimates
1
K28 (wa = w)lwlla(ez) < O BO)M,

K0! [ua — walnll 2 (sz) < CE(0)M,

1
k1/2|’51/2v7'(u44 - w.A) : n||L2(6§_) < CWE(O')M7
kh 1/2
F21(1 = 6)" (ua - wa)llz2(eg) < o p) E(o)M
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The approximation property for the analytic part u 4 with respect to the DG™ norm is then

1 kh  VEkh

where, in the last estimate we used the assumption kh/p < C. The combination of the
estimates of steps 1 and 2 leads to the assertion. O

The approximation result Theorem 4.8 permits us to estimate the adjoint approximation
property n(S) of (3.10):

Corollary 4.9. Let Q C RY, d € {2,3}, be a bounded Lipschitz domain with analytic boundary.
Let o, B, & be chosen according to (2.8). Fix C > 0 and assume kh/p < C. Then there erist
constants C, o > 0 such that nx(S) defined in (3.10) satisfies

sy o2 o)+ ()]

Proof. We apply Theorem 4.8 with s = 0 and g = 0. Given f € L?(Q) let v = N;f = Nif.

Hence, the regularity estimates of Theorem 4.5 (with g = 0) are applicable. The assumption

kh/p < C allows us to estimate (kh/p)* < Ckh/\/p. O
Finally, the convergence estimate for hp-FEM can be stated in the following theorem:

Theorem 4.10 (Convergence Estimate). Let Q C RY, d € {2,3}, be a bounded Lipschitz
domain with analytic boundary. Fiz s € Ny. Let o, 3, § be chosen according to (2.8) with
a sufficiently large. Moreover, let 0 < § < % Then, there exist constants ¢y, c3, C > 0
independent of k, h and p such that under the assumptions

kh
— < ¢ together with p > cylog(k) aswellas p>s+1 (4.17)

VD

there holds for f € H*(Q) and g € H**Y/2(00) the a priori estimate

B2 e (k) e (2o

In particular, under the additional assumption that b and 0 satisfy b, 0 > ¢y > 0, there holds

lu — ug||pe < C we(@) + 9l r1r200)) -

h P
[V7r(u—us)| 2 + \/;H[[VT(U - uS)]]NIILz(@;) + ﬁll[[u — uS]]NIILz(gg) < Cllu — usl|pe-

Proof. By taking the constant a in (2.8) sufficiently large, we can ensure by Lemma 4.3 the
condition (2.7). Hence the assertion is a combination of Theorems 3.9, 4.8, and Corollary 4.9.
O
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5 Conclusions

In this paper, we have formulated the ultra-weak variational formulation for abstract finite
dimensional test and trial spaces (conforming and non-conforming ones). The concrete choice
of the space S enters the stability and convergence analysis via the following four quantities.

(a) Trace constant Ciaee (S, K). Due to the formulation as a discontinuous Galerkin method,
which contains integral jump terms across element faces, it is quite natural that local
trace estimates for the space S are required for the error analysis.

(b) Approximation property inf,cgs [[u—v||pg+. In order to derive quantitative error estimates
it is obvious that approximation results of S for functions with higher Sobolev regularity
are required. The trace estimate (cf. (a)) allows us to “transfer” the local approximation
results for the elements K € 7T to the skeleton norm.

(c) Adjoint approximation property 7 (S). The decomposition lemma (Lemma 4.5) provides
the regularity for the split solution so that, e.g., for hp-finite elements, interpolation
operators can be constructed for the derivation of quantitative error estimates that are
explicit in k, h, and p.

(d) The constant Cg of (3.13). This condition ensures unique solvability of the discrete system
(2.4) (see Theorem 3.7). For the important cases of hp-finite elements on affine, simplicial
triangulations or plane wave approximation spaces, the condition (3.13) is automatically
satisfied. If the adjoint approximation property can be controlled, then Theorem 3.9
provides an alternative way of ensuring unique solvability for (2.4).

As an application of our abstract theory we have derived sharp stability and convergence
estimates for non-conforming hAp-finite element spaces. The a priori estimate in Theorem 4.10
is optimal in h (note that f € H*(Q) with ¢ € H**Y2(9Q) implies u € H**%(Q) by the
assumed smoothness of 9€2) but suboptimal in p by half an order. This suboptimality is also
present in the scale resolution condition (4.17). This is typical of p-explicit DG methods.
While this suboptimality is sharp in the general case, [15], it can be removed (in both the
scale resolution condition (4.17) as well as the a priori estimate of Corollary 4.9) by assuming
that the approximation space either is conforming, i.e., S C H'(Q), or contains an H'-
conforming subspace that is sufficiently rich. The essential point in the argument is that in
the conforming case the approximants wgs+2 and wy in Theorem 4.8 can be chosen to be
in H'(Q) (see, e.g., [26, Proof of Thm. 5.5]). As a consequence the following skeleton terms
vanish

k’3/2||041/2[[’LLHs+2 — wHS+2]]N||L2(G%—) =

3/2( ,1/2
kY I / [ua — wA]]N“LQ(@%_) =

We do not work out these arguments here but refer to [28] for the details. This result can
be generalized to non-conforming subspaces S which are “close to a conforming subspace” in
the sense that there exists a conforming subspace S’ C S N H' (Q) which is sufficiently rich,
i.e., allows for a conforming interpolant of the solution and has comparable mesh width. Such
a situation arises, e.g., if a conforming hp-finite element mesh is further refined locally in a
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non-conforming way (allowing for hanging nodes) without affecting the global mesh width h.
Also here, we refer for the details to [28].

We have restricted the convergence analysis for Ap-finite element spaces in Section 4 to
Lipschitz domains with analytic boundaries in order not to further increase the technicalities
in this paper. In [25], the case of polygonal domains for the standard variational formulation
of the Helmholtz equation with conforming hp-finite element spaces has been considered and
regularity estimates in weighted Sobolev spaces have been derived. We expect that the gener-
alization of our theory for the UWVF for non-conforming finite element spaces to polygonal
domains is possible along those lines.

A Details for the proof of Theorem 4.5

We start with an extension of [25, Lemma 4.6] for the modified Helmholtz equation.

Lemma A.1. Let Q be a bounded Lipschitz domain with a smooth boundary. Let S& be the
solution operator for the boundary value problem

—Au+Eu=0 inQQ, Ou+iku=g on 0.
Then, for every s € Ny there exists C' > 0 independent of k > ko such that

IS (D20 < C [lgllzsrr200) + K19l r200)] S (A1)
IS8 ()| ) + EIS2(9) || z2@) < Ch™2(|g]l 12 (00 (A.2)

Proof. The case s =0 in (A.1) as well as the estimate (A.2) is given in [25, Lemma 4.6]. For
s > 1, we employ induction and the standard shift theorem for the Laplacian: Since u solves

—Au=—k* inQ, Oyu=g—1iku on 09,

we have

Hs+2() < C [l{f2||u||HS(Q) + ||g|
< C [K*u]

|

Hs+1/2(9Q) + k||u| HS“/Q(@Q)}

Hs(Q) T llg] Hs+1/2(90) T kollul HS“(Q)] ’

where we used a trace inequality. Using the induction hypothesis then leads to an estimate
that involves norms of g other than ||g|s+s/29q) and [|gl[z290). These can be removed by
an interpolation inequality (see, e.g., [11, Thm. 1.4.3.3]) and an appropriate use of the Young
inequality. O

The analog of [25, Lemma 4.7] is the following (we use the operator HJ, defined in [25,
(4.1¢)]):

Lemma A.2. Let Q be a bounded Lipschitz domain with a smooth boundary. Fixz q € (0,1)
and s € Ny. Then, the operator HY, can be selected such that the operator Sk,A o HIL satisfies
for some C > 0 independent of k

FP2SE (Haog)l 2w + 21188 (Haag)|
1S5 (H309)]

—~
?>
w

N—

o) < qllg| Hs+1/2(59Q)

mwr2(9) < Cllgll gsr/200)- (A.4)
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Proof. Estimates (A.3) and (A.4) are shown in [25, Lemma 4.7] for the special case s = 0.
For s > 1, these estimates are derived as in [25, Lemma 4.7] by combining Lemma A.1
with [25, Lemma 4.2]. We illustrate the procedure for the second term of the left-hand side
of (A.3i) for the case s > 2: Lemma A.1 yields

1S (o)l < C [ Hoggllma-sr200) + k= Hjagll 2]
<C [(‘Z/k)2||9| Hs+1/2(90) T kS_S/z(Q/k’)SH/QHm H5+1/2(OQ):| )
where we used [25, Lemma 4.2]. Rearranging terms yields the result. O]

We also need properties of the Newton potential N, which generalize [25, Lemma 4.5]:

Lemma A.3. Let Q be a bounded Lipschitz domain. Fixz s € Ny and g € (0,1). Then the
operator Hq of [25, (4.1b)] can be selected such that for 0 < s’ < s+ 2

INe(Hof ) o0y < Cla/B) N1 fll = (A.5)

Proof. Follows from the procedure in [25]; see also [24, Lemma 4.2]. The essential point is
that [26, (3.35)] can be generalized (by using the notation therein) to

Pa,[gG/k-]\\/[ (1 — X/\k) @’

fe _ d/2
10 Uu,H2HL2(Rd) = (2m) 12(Re)

for all @ € N¢ and 8 € Nd. By selecting |a| = s’ and |3] = s’ — 2, we see that |a — | = 2
and this case is considered in [26, (3.35)]. By performing the same estimates as in [26, after
(3.35)], we derive for | — f| = 2 the estimate

[0“Ne(Ha )|l 20y < C HaﬂHQfHLQ(Q)

so that
INk(Hof)| H' (@) = OHHQf”HS'*?(Q)
follows. The combination with [25, Lemma 4.2] leads to the assertion (A.5). O

The next lemma generalizes [25, Lemma 4.15]

Lemma A.4. Let Q be a bounded Lipschitz domain with a smooth boundary. Firx s € Ny.
Assume that the solution operator (f,g) — Sk(f,g) for (1.1), (1.2) satisfies (4.5). Then Sy
admits the following decomposition: u = Sk(f,0) = us + ugs+z + u, where

uallmo) + Elluallzze) < CE| 29,
||Vn+2uA||L2(Q) < CEVam max{k,n}"+2||f||L2(Q) Vn € Ny,

P lugssz| r20) + lumssz|l g2y < C|| f]

H#(%2)

for constants C, v > 0 independent of k and n, and the remainder u = Sk(f, 0) satisfies the
boundary value problem

“ANi—Ku=f inQ,  Ou—iki=0 ondQ
for a right-hand side f € H*(Q) with

||f| H3 () ”.ﬂlL?(Q) < qllfllr2@)-

ms) < 4| f]
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Proof. The proof follows that of [25, Lemma 4.15]. We only need to show the additional
bound |[ugs+2||gar2) < C| fllas(o)- To that end, we have to consider, in the notation of [25,
Lemma 4.15] the terms

~—~
?>
(@)

S—

Ul = Nip(Hof),

For (A.6), we use Lemma A.3 to get

k|| Ne(Haf)| 20y + kI Ni(Ho f))|

msr ) + | Ne(Haf)l
| Ni(Haf)]

ez < O fllas o)
He() < Clq/k)*| ]

This implies in particular with a trace inequality that

Hs+1(Q) T CHU§12| Hs+2(Q) < CHf’

i kugre = Onugge|l /200y < Cklluge] HH ()

so that also for (A.7), we can obtain, with the aid of Lemma A.2, the bounds

15 (o (i kugge — Ouugge)) |l vaqey < Cf]
k2SR (Ho (i kugge — Onugge)) 20y + K218 (Hio (i kugp — Onuge)) @) < dllf]

H3(Q)»

From the above estimates follows the bound for |[ugs+2| gs+2(q). The estimate for f follows
also from the above observations by noting that we have to set f := 2k*ull, and then suitably

adjust ¢ as in the proof [25, Lemma 4.15]. ]
Finally, we formulate the analog of [25, Lemma 4.16]:

Lemma A.5. Assume the hypotheses of Lemma A.4. Fix q € (0,1) and s € No. Then the
solution u = Sk(0,g) can be written as u = uy + ugs+2 + u, where

wall ) + Flluallzze) < CE gl mzea). (A.8)
’lvn+ZUA’|L2(Q) < Ck'~'y" max{n, k}n+2HgHH1/2(89) Vn € Ny, (A.9)
Hs+1/2(aQ), (AlO)

k}s+2||uHs+2HL2(Q) + ||uHs+2\ Hs+2(Q) S C’Hg|

where the constants C, v > 0 are independent of k and n. The remainder u satisfies the
boundary value problem

AU —-Ku=0 inQ, Owu—iku=9 ondQ
for data g € H*+Y/2(0Q) with

191l zrs+17200) < qllglls+1r200)-

Proof. The proof follows [25, Lemma 4.16], and we will only discuss (A.8). To that end, we
have to consider, in the notation of [25, Lemma 4.16], the terms

uge = S (Hpa9), (A.11)
utly = Np(Ho(2K*ul})). (A.12)
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For the term in (A.11), we use Lemma A.2 to get

kS ugpel r2) + lluge || mse@) < Cllgl

k||

Hs+1/2 69)

ms9) < qllgllgerrr2o0)-

For the term in (A.12), we use Lemma A.3 to arrive at

|

Hs+1(Q) T+ k8+2||ug2||L2(Q) + ||ufq]2 Hs+2(Q) < CkQHULQHHS(Q) < Cq||g|

Hs+1/2(0Q)-
As in the proof of [25, Lemma 4.16], we then set g := ikull, — 9,utl, and use the above
estimates to get with the trace inequality
191l srs+1200) < C [klluifell g + luallms2@)] < Callgllmsirzon-
Suitably adjusting the constant ¢ yields the result. O]
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