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Abstract

In this paper we will prove saturation estimates for the adaptive hp-finite element
method for linear, second order partial differential equations. More specifically we will
consider a sequence of nested finite element discretizations where we allow for both, local
mesh refinement and locally increasing the polynomial order. We will prove that the
energy norm of the error on the finer level can be estimated by the sum of a contraction
of the old error and data oscillations. We will derive estimates of the contraction factor
which are explicit with respect to the local mesh width and the local polynomial de-
gree. In order to cover p-refinement of finite element spaces new polynomial projection
operators will be introduced and new polynomial inverse estimates will be derived.
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1 Introduction

In this paper, we will consider the discretization of linear, second order elliptic partial differ-
ential equations by finite elements. Nowadays, adaptive techniques based on a posteriori error
estimation have been established to set up a sequence of finite element approximations which
should converge towards the exact solution. The advantage compared to uniform mesh refine-
ment is that the finite element spaces are enriched from level to level in a problem oriented
way.

A posteriori error estimation and adaptivity are well established methodologies for the
numerical solution of partial differential equations by finite elements (cf. [2], [3], [22], [1], [4],
[19], [10], [14], [21], [7]).
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Some types of error estimators as, e.g., hierarchical error estimators (see, e.g., [5], [8], [6])
require explicitly or implicitly the saturation assumption which states that the error on the
refined mesh and/or with higher polynomial degree is strictly smaller than the error on the
previous mesh/polynomial degree. In the pioneering paper [11] the saturation assumption is
proved for the P;-finite element method for the Poisson problem in two spatial dimensions
under the assumption that the data oscillations are small. In [14] the convergence of adaptive
finite element methods (AFEM) for general (nonsymmetric) second order linear elliptic partial
differential equations is proved, where the term “adaptivity” is understood in the sense of
adaptive mesh refinement and the polynomial degree stays fixed. The theory in [14] also
generalizes the proof of the saturation property to quite general 2nd order elliptic problems
and estimate the error on the refined mesh by the error of the coarser mesh plus a data
oscillation term.

In this paper, we will focus on adaptive hp-refinement, i.e., the finite element space is
enriched by increasing locally the polynomial degree of the ansatz functions while we allow
also for conventional local h-refinement, where the elements of the finite element mesh are
geometrically subdivided. We will show (and quantify) that, for residual a posteriori error
estimation, the saturation property, i.e., the error contraction from level to level behaves like

(1 — #) provided the data oscillations are sufficiently well resolved. Hence, p-refinement

should be combined with h-refinement in order to guarantee that the numerical solution
converges towards the exact solution.

The paper is organised as follows. In Section 2 we will introduce the elliptic boundary
value problem and formulate appropriate assumptions to ensure the well-posedness of this
problem.

The hp-finite element method will be defined in Section 3 and standard assumptions on
mesh refinement, shape regularity, and the polynomial degree distribution will be introduced.

In Section 4 we will recall the definition of the residual a posteriori error estimator for
hp-finite elements and its reliability estimate.

In Section 5 we will introduce some polynomial projection operator which maps global
polynomials on triangle patches to piecewise polynomials of lower degree. This allows to lo-
calize projected residuals by multiplying the resulting piecewise polynomials with appropriate
bubble functions. We will investigate the stability constant of the projection operator while
its explicit dependence on the polynomial degree for p-refinement will be analysed numerically
in Appendix A.

The saturation estimate will be proved in Section 6.

In Appendix B we will derive polynomial inverse estimates containing those bubble func-
tions as weights which have been used in Section 6 to prove the saturation property.

Remark 1.1 The theory in [14] indicates how an adaptive finite element procedure should
be defined such that the sequence of finite element solutions converges. Note that the rate of
convergence for adaptive finite elements is investigated in, e.g., [7], [21], [20].

Besides the estimates derived for the saturation property, the convergence theory requires
a reduction of the data oscillations which, for h-refinement, is (essentially) related to the fact
that the local mesh width shrinks by a fized factor for the marked elements. For p-refinement,
the analogue condition is that the hp-weight of the data oscillations term also shrinks by a
factor smaller than one. Due to the non-robust p-dependence of polynomial inverse estimates
this cannot be expected in a straightforward way. In order not to overload this paper we decided
to leave the convergence of an adaptive hp-finite element method to a forthcoming paper.



2 Setting

Let © C R? be a bounded Lipschitz domain. Consider the Dirichlet problem for given f €
L? () :
—div(AVu) + (b,Vu) +cu= f in Q,
u=0 on Jf2

with variational formulation: Find u € Hg () such that

(2.1)

a(u,v) = /Q (AVu,Vv) + ((b, Vu) + cu) v = /va =: F(v) Vv € Hy (). (2.2)

Assumption 2.1 The coefficients in (2.2) satisfy A € C%' (QRLY), b e CO (Q,RY),
ce L>(Q), and

A A
0 <a:=inf inf < U’U>§sup sup (Av,v) =< o0
z€Q veR\ {0} <Ua U> z€Q ycR4\{0} <'Ua ’U>
1
<1 — =di .
0< ;gg (c (x) 5 d1vb(:n)>
We set coo 1= ||¢]| oo () a0 bog 1= max{||b||Loo(Q7Rd) || div b||LOO(Q)}. The energy norm is

denoted b
Y o 1/2
HUHPDE =a (va) )

where Assumption 2.1 implies that ||-||ppg is @ norm and Friedrichs inequality implies

2 2 o 2
[0llppg = /Q (AVv, V) > HVUHLZ(Q) = P HUHHI(Q) ’ (2.3)
where cp denotes the Friedrichs constant. In fact, the norms ||-[|ppg and [|-[| g1 (g, are equivalent
since also
boo

HUH%DE < Ca||v||§{1(9) with C, = 5 + max {cx, A} - (2.4)

For a subdomain w C ) we set
||UH123DE’W = a, (v,v) = / ((AVv, V) + (b, Vo) v + cv?) .

Remark 2.2 The constants in the estimates below possibly depend (continuously) on «, 3, Coo,
and bs and might tend to infinity with increasing 3, be, Coo, 0~ +. We suppress the dependence
in the notation.

Note that these conditions ensure that problem (2.2) is well posed and the coercivity

estimate holds trivially
2
a(v,v) = [[v][ppg Vv € Hy (Q).

Assumption 2.1 implies the continuity of a (-, -), i.e.,
a(u,v) < Cs |vllppg lvllppe Vo € Hy () (2.5)

with CS =1+ CF%".



3 Conforming hp-Finite Elements

Let Q C R? be a polygonal domain and let 7 := {K;:1<i< N} denote a conforming
simplicial finite element mesh. With each element K € 7 we associate of polynomial degree
px € N>i which are collected into the polynomial degree vector p = (px)yer. Then, we
define the conforming hp-finite element space for the mesh 7" with local polynomials of degree
Pk by

SR ={ueHy(Q)|VKET u|lgy€cP,}. (3.1)

Here PP, denote the space of bivariate polynomials of maximal total degree p. For a subset
w C Q, we write P, (w) to indicate explicitly that we consider u € P, (w) as a polynomial on
w. Formally we define P_; := {0}. We set

pr=max{px: K €T}.

By convention the triangles K € 7 are open sets. The boundaries of the triangles K € 7
consist of one-dimensional edges which are collected in the set £. Furthermore, let &g =
{E €& | ECQ}. The union Sg := |J F forms the inner skeleton of the mesh 7. For each

Ee&q
E € £ we fix one unit vector ng which is perpendicular to E. If E C 0f), the orientation

is chosen such that ng points to the exterior of 2. The &-piecewise constant vector field

n is given by n|; := ng. Finally we define the jump of some piecewise smooth function
g€ J] H'(K) across E € &, by
KeT

9] () := li{‘?)(g(x+enE) —g(x —eng)) Vo e E.
This defines the jump function [g]|; := [g]; for all E € &, almost everywhere.
Let NVJ denote the set of inner vertices of 7. For z € N3, we denote by bl € SL the
canonical continuous, piecewise affine basis function. The wvolume star for the node z is
given by w, := suppb! and its measure is denoted by |w.|. For z € N}, we set £, =

{E cE:FECBGan u(;z} and 7, := {K € T : K C w,}. Let Vi denote the set of inner vertices
of K and let wg := U Ws.

2€VK
We denote by V7 the trianglewise gradient and by divs the trianglewise divergence op-

erator. Let hr denote the 7-piecewise constant function with values hr|, := diam K for all
K € 7. Similarly we define hg : S — R as the £-piecewise constant function he|, := diam E
for all £ € £&,. The maximal mesh width in 7 is defined by

RT max = max {diam K : K € T}.

If 7 is clear from the context we write h short for Az max. The shape regularity of 7 is
described by the constant

diam K
diam By

T ::max{ :KET}, (3.2)

where By is the maximal inscribed ball in K. Since 7 contains finitely many simplices the
constant pr is always bounded but becomes large if the simplices are degenerate, e.g., are
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flat or needle-shaped. The constants in the following estimates depend on the mesh via the
constant p7 — they are bounded for any fixed pr but, possibly, become large for large pr.

Concerning the polynomial degree distribution we assume throughout the paper that the
polynomial degrees of neighbouring elements are comparable!:

ok +1) <prw+1<prpr+1) VKK eTwithKNK £0.  (3.3)

The finite element solution is defined by:
Find u¥ € S%  such that a (v}, v) = F (v) Yo € S%. (3.4)
In view of an adaptive solution process we generate a sequence Sy, := S%‘Z, ¢ € Ny, of

finite element spaces, where we require that all meshes 7, are conforming and the constants
pe corresponding to the shape regularity of the mesh 7, and the polynomial degree vector py
are uniformly bounded from above by some positive constant p. We also assume that 7, is
a refinement of 7, in the sense that for any K € 7, there is a subset sons (K) C 7,1 such that

E- |
K'esons(K)

To reduce technicalities we make the following assumption concerning the concrete refine-
ment method (cf. Figure 1). As usual for conforming h-refinement, there exists two types
of refinements. Some triangles are marked for refinement while this marking induces some
additional refinement of neighbouring triangles in order to avoid hanging nodes.

Assumption 3.1

a. A triangle K, which is marked for refinement, is regularly refined by connecting the
midpoint of the edges as well as the midpoint of the longest side with the opposite vertex
in K (cf. Fig. 1, Pic 1) so that the set sons (K) contains six new triangles.

b. To eliminate hanging nodes neighbouring triangles are refined by inserting a line L from
one hanging node to the opposite vertex and connecting the vertices of K with the mid-
point of L (c¢f. Fig. 1, Pic 2). If there is a further hanging node then this node is
connected also with the midpoint of L (cf. Fig. 1, Pic 8). If K contains three hang-
img nodes or the shape reqularity of the new triangles exceeds some threshold it will be
reqularly refined.

c. For any triangle K € Ty, one of the following conditions are satisfied (cf. Fig. 2):

. K will be p-refined, i.e., K € Tyy1 and the polynomial degree is raised by 1.

i K will be h-refined, i.e., there exists a set of sons o (K) C Tpyq with K = U K’
K'esons(K)
and at least one vertex of each K' lies in the interior of K. The polynomial degree
pr defines the polynomial degree on K' € sons (K) as follows

% if K s reqularly refined,
3K € T, K' N K is a full edge ofl?
prr =19 px+1 if | K isp— refined ;
P = PK
| P otherwise.

"'We use here the same constant p as for the shape regularity to simplify the notation.
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Figure 1: Refinement patterns of a triangle which satisfies the interior node property. Second
row, from left to right: Pic. 1: Regular refinement. Pic. 2,3: Refinement patterns for the
elimination of hanging nodes. Third row: If two triangles K7, K5 share an edge F and they

will be both h-refined, then the common edge F must get an interior point zg.
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Figure 2: Definition of the polynomial degrees. From left to right: Picl: regular refinement.
Pic 2: K is h-refined, K is p-refined and pz > pg. Pic 3: K is h-refined, K is p-refined and

pg < pk. Pic 4: p-refinement.



Assumption 3.1 implies the interior node property (cf. [14, Sec. 3.4]).

Definition 3.2 (interior node property) Any K € 7, which will be regularly h-refined and
the three adjacent triangles T' € T, as well as their common sides contain a node of the finer
mesh Ty in their interior and the resulting triangulation Ty, has no hanging nodes.

Remark 3.3 Let K, Ky € T, denote two triangles which share an edge E and let p,, := pk,, ,
m = 1,2. The condition u € Hg () in the definition of S¥* in (3.1) implies that for any
u € Sy the one-dimensional polynomial degree of u along E satisfies

deg (u|p) < pg = min{p1, p2}.

Notation 3.4 To reduce the number of indices we write u, short for u%f, be short for b,
div, short for divy,, pe short for pr,, N for the inner triangle vertices for the mesh T, etc.
The star w, corresponds always to the triangulation T, while we suppress this additional index
i the notation of w.,.

Definition 3.5 The saturation estimate for a sequence of finite element solutions (ug), is an
estimate of the form

g1 — “HPDE < kg |lue — uHPDE

for some ky < 1 such that HFL@ =0.
(=1

It was proved in [11] that the saturation estimate holds for the case of a bounded, two-
dimensional domain €2 with coefficients

A=I b=0 and c=0, (3.5)

where I is the 2 x 2 unit matrix and the analysis was restricted to IP; finite elements with
h-refinement. It was proved that it is necessary and sufficient for the saturation estimate that
the data oscillations (which will be introduced in (6.5)) are controlled. Here, we generalize
this result to the setting described in Section 2 and also derive p-explicit estimates for the
contraction factor xy.

4 Residual A Posteriori Error Estimation

The Galerkin error is denoted by e, := u — uy. In the following, we will investigate under
which condition the saturation estimate of the form

H€€+1HPDE < Ky ||€é||PDEa (4.1)

hold for some k; € |0, 1] depending only on the polynomial degree p and the shape-regularity
of the mesh but not on the mesh width.

For the proof of the saturation estimate, we will use tools from residual a posteriori error
estimation which we briefly recall: To obtain an a posteriori error estimate we obtain by
Galerkin’s orthogonality for every v € S,

leellpos = a (e e —v) = /

Q

res (ug) (e, — v) + / Res (uy) (e, — v), (4.2)

Gq
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where the volume residual res : S, — L*(2) is given by
res (v) := f + div, (AVv) — (b, Vv) — cv
and the edge residual Res : S; — L? (Sq) is given by
Res (v) :== — (An, [Vv]) a.e. in Gg.

By choosing v € Sy as the Clément interpolation of e, and using a trace inequality for the last
term in (4.2), results in the classical residual a posteriori error estimation. In [15], [16] the
local and global residual a posteriori error estimator is defined by

2
hE
—— Res (v
\/%K (v)

L2(E)

hye 2
—TIes (v
o (v)

_|_
L2(K)  ECOKNQ

Yoe S, VKeT, (4.3)

e (0) = |

The global error estimator is given by

e (v) = | Y 1k (v).

Due to the finite overlap of the stars w,, the error estimator (4.3) is equivalent to

2
h ’ | b
™ (v) = Z n? (v) with 72 (v) := ' — res (v) + Z — Res (v) (4.4)
2eN} p- L*(w:)  Ee€. p= L2(E)
and
p, :=min{pg : K Cw,} and h, :=max{hg: K Cw.}. (4.5)

Theorem 4.1 (Melenk, Wohlmuth) Let Q@ C R? be a bounded Lipschitz domain. Let
a(-,-) in (2.2) satisfy Assumption 2.1 and let f € L?(Q). The solution of (2.2) is denoted by
u and its Galerkin approximation by u, (see (3.4)). There exists a constant Cye independent of
the local mesh width and the local polynomial degree but, possibly, depending on the constants
in Assumption 2.1 such that

|u — WHPDE < Crane (ug) < Cremim (ug) .

The proof of this theorem is a slight modification of [16, Theorem 3.6] and we include it
here for completeness.

Proof. The error u — u, can be estimated by using (4.2) and by setting w = e, — Ie, with
the hp-Clément interpolation operator I as in [16, Section 2.1]:

Jedfog = [ wres(we)+ | wRes (ur) < ot () el
Q Sa
for all v € Sy. Clearly we have

ne (v) < 0 (v) < Cyne (v),

where Cy depends only on the constant p, in (3.2) and (3.3). m
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5 Projection of Polynomials onto Piecewise Polynomi-
als

The proof of the saturation estimate is based on estimates of some projection of the volume
residual to the space of piecewise polynomials locally on stars w,. In this section, we will
derive stability estimates for this projection.

We start with a result of a weighed L? projection of global polynomials of maximal total
degree p to piecewise polynomials of lower degree. The setting is as follows.

Let z € R? and let 7, := {K; : 1 <i < q} denote a triangle patch around z, i.e., 7, is a
set of (open) triangles which

e are pairwise disjoint,
e share z as a common vertex.

e For all 1 <i < ¢, the triangles K,;_; and K; share one common edge’.

q q
Let® w, := int (UK) and let & := w, N U@Ki denote the inner mesh skeleton. We
i=1 i=1
denote by P, (7,) the space of piecewise polynomials, i.e.,

Py (T.) = {f:w\G > R|VI<i<gq [l €Pp(K)}. (5.1)

Next, we will introduce weighted scalar products and associated norms. The weights are
defined triangle- and edge-wise and depend whether the triangle will be hA-refined of p-refined.

Definition 5.1

a. p-refinement.

If K will be p-refined, then, the cubic weight function @g) and quadratic edge bubble
®p are given, on the reference element K := conv ((8), ((1]), ((1))) and on the reference
interval E := (0,1), by

@g) (x1,22) = (1 — 21 —22) 1122 and Pz () =2(1 —2x), (5.2)

while on K and E we set
o =0 oAyt and Dpi=dz0AL, (5.3)
where A : K — K and Ag: E = E are affine pullbacks*.

b. h-refinement.

The edge bubble ®g for h-refinement is the same as for p-refinement.

bl. Let K be regularly refined (cf. Figure 3). Then, @g)K 18 the piecewnse linear
function on the submesh sons (K') which has value 1 at v and value O at all other
vertices of the refined mesh. Let E denote the edge as indicated in Figure 3 which
splits K into the triangles K; and Ky. Then @g) is the product of the barycentric
coordinates for the two endpoints of E with respect to the two triangles Ky and K.

2We use here the convention K, := K,. Clearly ¢ > 3 holds.
3For a subset w C R?, we denote by int (w) the open interior of w.
4Note that the scalings compared to the scalings in [23, p.83] differ by fixed constants of order 1.
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M M,
B K2
K WE
%K,
Ki
A M. B

Figure 3: Ilustration for the notation of a regulary h-refined triangle K. The edge FF = AM4
splits K into the two triangles K; and K5.The subtriangle K| has vertices A, M¢, xx while
the vertices of K} are A, xx, Mp.

b2. If K is non-regqularly h-refined (cf. Figure 1, Pic. 2,3), then the weight function for

3)
K

K is the piecewnse linear bubble function @g) which interpolates @3 at the vertices

of the submesh sons (K).

The weight function for a triangle K is

@ﬁ?’ if K will be p-refined,
Dp = Q)g) if K will be non-reqularly h-refined, (5.4)

@%?K + @g) if K will be regularly h-refined.
For z € ./\/}12, the function ®, : w, — R is given by
.| =Pk VK € w, (5.5)

and extended by zero to €.
These weight functions induce bilinear forms (-,-), and (-,-), via

(u, ) g ::/ Pruv  and (u,v), = Z (u,v)K:/ o uv
K KCUJZ Wz

1/2

and a corresponding norm ||-||, := (-, -);

Next we define a projection I}, : P, (K) — P, (K) by

/K Qg (M v)w = /K Prow  Yw e P, (K), (5.6)

where the definition of @ is as in (5.4), i.e., depends on how K will be refined.
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Definition 5.2 For a triangle patch T, let p, be as in (4.5). The star-wise polynomial
projection II, is applied to polynomials v € P, _1 (w,) and given by

ey if K is p-refined,
(ILv) | == @g)v if K is non-regqularly h-refined,

@%)KU + @KH’[’{IU if K is reqularly h-refined,

Theorem 5.3 Letp > 1. For all u € P, (w,), the condition

> / ODuw =0 vVweP,(T.). (5.7)
K

KeT.
implies u = 0.
For a proof we refer to [13, Theorem 1.1]. A consequence of Theorem 5.3 is the following

corollary. To reduce technicalities we make an assumption on the minimal local polynomial
degree.

Assumption 5.4 For all ¢ and z € N}} it holds: If all K C w, will be p-refined then p, > 2
otherwise p, > 1.

Corollary 5.5 Let Assumption 5.4 be valid. The projection 11, is injective.
Proof. If all triangles in w, are p-refined, then the injectivity follows from Theorem 5.3.
If, at least, one triangle is h-refined we distinguish between two cases:
1)

a. K is non-regularly h-refined. Then, the positivity of @, implies (IL.v)|, =0 = v =
0.
b. K is regularly h-refined. We use the notation as introduced in Figure 3. Note that
1 -
(sz)‘KiuKé = (CID%,)K (v + 1T IU)))

K|UK},

bl. If the degree of v satisfies deg v = p, — 2, it holds H’;é_lv = v|; Then, HZU|K{UK§ =

2 @%)Kv The positivity of @g)K on K] U K, together with the analytic
KUKy ’

continuation principle, i.e., v| KIUK, = 0 = v =0, imply the injectivity of II, for

this case.

b2. If degv = p, — 1, it holds v + H’;{lv # 0. The positivity of @%?K again implies
(HZU)|K;uK§ #0.m

Corollary 5.6 Let Assumption 5.4 be valid. For all z € N3, the estimates

(v, HZU)LZ(wZ)

i - 5.8

vePpr (w0} |jvl| N .
B 1/2

CHCI)Z 1/2HZUHL2(wz) < (U7HZU)L/2(WZ) = HUH'Z = HUHL%MZ)' <59)

hold. The constant 0 < ¢, < 1 only depends, possibly, on the polynomial degree p and the
shape regularity of the mesh.

11



Proof. For the proof of (5.8), we distinguish between the following cases.
a) If all triangles in w, are p-refined, estimate (5.8) for some constant ¢, > 0 follows from

the injectivity of II, via the compactness argument in [13, Theorem 6.4] and the equivalence
of norms on the finite dimensional space P, _; (w.).

|2

b) At least one triangle in w, is h-refined. Let K C w,.
bl) K is non-regularly h-refined. Then, the positivity of @g) implies (v, I1,v) () =
>0forallvelP, ;(K)\{0}.

L2(K)
b2) K is regularly h-refined. We use the notation as introduced in Figure 3. Then,

1/2
K U

_ 1) 2—1
(Uaan)L2(K)_(U7®K,KU>L2(K) ( O 1T ) L2(K)

- (U’(I)%)KU)L e T v, @Il )

H\/ KKU +H\/_sz 1v

L2(K)

2 o |
> o v
L2(K) H K L2(K)

L2(K)

Again, the positivity of (I).(I?K on Kj U Kj implies (v, IL.v) o) > 0 for all v € Py, 1 (K) \ {0}

For the estimate (5.9) we again consider the different refinement options separately. It is

easy to check that pointwise on K, we have &, < 1 so that <I>§( < Py

a) K is p-refined, i.e., g := @g). Estimate

(v, IL0) 2oy = / DIl o < H\/ UH (5.10a)

holds since H’;*l is a projection. On the other hand,

1 \2 —1/2 2
(U,HZU)LQ(K):/K@K (I )? = H@K/ o[, 0 (5.11a)
b) K is non-regularly h-refined. Then,
2
(0, L) 12 ) = HM@KU e (5.10D)
From (5.10b) we get
1/2 —1/2 2
(0, TL) L2y = H@ CI)KU)LZ(K - H@K ol 0 (5.11b)
c) K is regularly h-refined. Then,
1 . 2
(0, IL0) 2y = H\/@%?KU + H\/ DI a0 H\/ KKU 2 U 2
L2(K)
(5.10c)

<o

LK)
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For the first estimate in (5.9) we use the pointwise estimate on K
(Mv)? = (@0 + @Knﬁ—lv)z
o (o )
<2 (@%?K + <I>K> (@%?Kﬁ + P (Hf‘;{lv)2>
< 4 (Ofgo? + @i (1))

to get

/ oy (ILv)* <4 (H\/<I>§$?Kv
K

The second estimate in (5.9) follows by summing the inequality (5.11c) over all K C w,
while the third one is a consequence of [[v]|, < |[v[[12(,., since 0 < @, < 1.

The first estimate in (5.9) also follows by summation over all k' C w, the inequalities
(5.11). m

2

+ H\/@Kng’g*v
)

2
‘LQ(K)

=4 (0, 1Lv) oy - (5.11c)
L2(K

The derivation of a sharp positive lower bound for ¢, seems to rather involved. Instead we
have performed numerical experiments (cf. Appendix A) to support the following conjecture.

Conjecture 5.7 The constant ¢, is bounded from below by a constant cq > 0 which only de-
pends on the shape reqularity of the mesh but neither on the mesh width nor on the polynomial
degree p.

For z € N}, we introduce the subspaces for K € 7; (recall Notation 3.4)
Sti1xi = {u € Spyq | suppu C K} and  Spyq. :={u € Sp41 | suppu C w,}. (5.12)

Theorem 5.8 Let Assumption 3.1 and 5.4 be satisfied. For z € N}, E € €., and w € Sy,
let Jp (w) = (Ang, [Vw|g). Set p :=p, (c¢f. (4.5)). For any v € Pp_q(w,), there exists a
Yr+1,2 € Ser1,, such that

Z/‘]Ebi: Z/JESOZ-I—LM (513&)
E E

EeE, EeE,

co ool <| [ 0 (81 = oeer)| (5.13b)
z hz

1912 (0 = es1,2) | ooy + a2 | (8 = ees1) o, < Cile (5.13¢)

The constant co > 0 only depends on «, 3, by, Coo, and the shape-reqularity of the mesh while
CY is a number.

Proof. We make the ansatz
P41,z = bi - ¢£+1,27

for some 1)pyq ., with ¢g+17Z|K € Spr1.x for all K C w,. Hence ¢g+17Z|K vanishes on all edges
and condition (5.13a) trivially is satisfied.
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Statement (5.13b) is trivial for v = 0 and we consider here v € P,,_; (w,) \ {0} . Let

Iv
¢Z+1,z = h’z—z
o]l

and observe that 111, € Set1.. Hence, by Corollary 5.6 we obtain

)(v, HZU)LZ(wz)
/ v (bi - 90€+17Z) = h, HUH > Cqh, HUHz .
Finally, we consider estimate (5.13c) and get
1/2 s
H(I)Z v o) (5<9) &(U,HZU)L/Z(WZ) (5.9)

1212 (82 = es12) || 12,y = P < Ch..  (5.14)

o] ¢ vl

v (&)
o]l
We distinguish again three cases.
Case a. Let K C w, be a triangle which will be p-refined. Hence, ®x = @g) (cf.
Definition 5.1).
We apply Lemma B.3 to obtain

For the H!'-seminorm we get

HV (b2 — @re12) HLZ(wZ) = h. (5.15)

L2(°~’2) '

2 2 2
®Y21Ir <o |lpl2y

2
2 /p
||V(HzU)HL2(K) < C LK) Oh_g

o . (5.16a)

L2(K)

The last inequality in (5.16a) is trivial for px > p since (II,v)|, = v, while, for px = p, we
employ (5.10a) and (5.11a).

Case b. Let K C w, be a triangle which is non-regularly h-refined. Hence, ®; = @g).
We introduce the function® di : K — R by

dg =dpo A7} with dg (x) == dist (x aff) ,

where Ak is as in (5.3). Since both, @g) and di are piecewise linear bubble functions with
maximal value O (1) in the interior it is easy to verify that the pointwise estimates hold

cdig < Y < Cdy
(1) a.c (517)
c|Vdxll < Vel | < €Vl

with fixed constants 0 < ¢, C' = O (1). Estimates (5.17) imply the pointwise estimate

1
5 IV wer)[” < 5 [Vol]* + [ Ve v? < C* (dic [ Vol]* + o* | Vi) -

®The function dj differs from the function ®f in [16, (27)] only by a scaling constant which is of order 1.
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Hence, we may use [16, (23) with § = 1 and (22) with @ = 0 and § = 1] to obtain

1 9 C 12, 2 2 2 p 1/2 2
51V (00 = 5 1 000l < o (2015 + ol ) < L 3]
©(5.16b)

Case c. Let K C w, be a triangle which is regularly h-refined. We employ the notation
as explained in Definition 5.1(b1); illustrated in Figure 3. It holds

V((ILo)l ) = V (@50 + @il ')
=V (o (v + 10 M) ) + v (@11 M)
For the first term and the piecewise linear bubble @%)K we can argue as in Case b to obtain

2

v @(1) sz*l 2 < CYQp_2 @(1) szfl 5 18
xr (v+IE ) 2y = 7 2 wx (v + 15 0) ) (5.18a)
while we employ Lemma B.4 for
9 X 2
Hv( @y 1v>’ . % (Y, (112 1y) (5.18h)
L2 (K L2(K)

Thus,

2 2
pz—1 (2) pz—1
19 (0 g <2 (|7 (20 0+ m )7, + 7 (o “)!m)
(5.18) 2
< 2(C2+C2 p—2 H\/Cbg)K(erH%lv H\/CDQ (121
hi, ’ L2(K)
~ N p2 2
§4<C2+C’2>—2 H\/@&?KU +H\/<I>§)KH§;;1U H\/CID(Z (TIh: 1)
i Tk 7
2
_ a2\ P /&) H,/ p:—1,
4(0 +C > h2 <H (I)K,K'U + H L2(K)>
"y (e ¢?) \/<I>T Ve
( * h2 KKU +H KUHLz(K)

<38 ((32 + O2>

LZ(K)>

(5.16¢)

L2(K
The combination of (5.16) with (5.15) leads to

HVSOZ—H,ZHLZ(WZ) < Cop
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6 The Saturation Property
Note that the Pythagoras theorem

2 2 2
HGZHPDE = ||eé+1||PDE + ||ue — WHHPDE

only holds for symmetric bilinear forms, i.e., b = 0 in (2.2). For non-symmetric bilinear
forms one can prove a quasi-orthogonality and we follow here [14, Proof of Lemma 2.1.]. One
ingredient in the proof is an Aubin-Nitsche argument (see, e.g., [9]) which we recall here. For
0 < s <1, we say that the adjoint problem

For given g € L*(2) find ¢, € Hy () such that a(v,1,) == / gu Vv € H} (Q)
Q

is H'** (Q)-regular if, for any right-hand side g € L? (Q2), the solution 1, is in H'**(Q2) and
there exists a constant C, independent of g € L? () such that

[Pl prrs () < Csll9ll L2y -

We introduce the adjoint approximation property for a subspace S C Hj () by

7(S):= sup inf 11y — UHPDE
geL2(Q)\{0} V€S HgHL2(Q)

In our context, we obtain, e.g., from [9] the estimate
H€£+1||L2(Q) < Csn (Se1) [lec1llppg -

If the adjoint problem is H'** (Q)-regular, standard approximation results for finite elements
lead to

14l 1o
< CaCapproxhz sup w S Ca CYapproxCYs hzv

N gerz@nfoy 19l 2@

19y — vl
n(S) <C, sup inf 79 TTHY®Y)
geL2(Q)\{0} VESe ||g||L2(Q)

where Cypprox only depends on the shape regularity of the mesh. Hence,
HWHHL?(Q) < Cauathpys HWHHPDE with  Caual 1= CsCaClapproxCs. (6.1)

Lemma 6.1 Let Assumption 2.1 be satisfied and let the adjoint problem be HY** (Q) reqular
for some 0 < s < 1. Then, there exists some Cy, > 0 depending only on «, 3, by, Coo, and the
shape reqularity of the mesh such that, for any finite element mesh 7,1 with maximal mesh
width heyy < C7%, the quasi-orthogonality

1

—_— 2
1= Cuhjy 62)

2 2 2 .
leerillpor < A lleellppe — luers — wllppe — with  AZ, =

holds.
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The proof is adapted from [14, Lem. 4.1] and included here for completeness.
Proof. We set ¢, := uyy1 — uy. It is easy to conclude from Galerkin’s orthogonality that

2 2 2
HWHPDE = ||€é+1||PDE + ||€€HPDE + a (e, €ey1)

holds. Then, integration by parts yields

a (e er1) = a(eo1, ) +/ ((b, Ver) ee1 — (b, Ver1) er)
Q

= /Q (2 (b, Veg) + (divb) ey) epi1.

Hence,
leer1llfpe = lleellfor — leellpne — / (2 (b, Ver) + (divb) &) ery1. (6.3)

The integral can be estimated by Young’s inequality and estimate (6.1)

. 3bso)’
[ @b, Ve + (divh)er) ers < 8 lleriZam + P leglZ g
23 02 ¢
< Slevst o + =T e

92 ¢
2 F 2
< 5C§ualh§il lecrillppg + ﬁ leellppE -

Inserting this into (6.3) leads to

9% c
s 2 2 oo “F 2
(1= 83t et < e — (1= 22 ) e

We choose ¢ such that both parenthesis have the same value and obtain

2
2 el 2 : [ cr
lect1]lppr < 1_ szil — lleellppr with € == 3Cauaibeo 2

Let the mesh width hy; of 7oy, satisfy hj,; < C;!. Then the assertion holds with A2 .1 asin
(6.2). m

The proof of the saturation estimate requires conditions on the data oscillations. First,
we will introduce some edge bubble for triangles with a common edge. For E € &g, let
Ky, K5 € 7; denote the triangles which share E as the common edge.

Case a) Both, K, K, will be p-refined.

In this case, let gog’& € Syi1 be the quadratic edge bubble, i.e., the product of the
barycentric coordinates in K;, K for the endpoints of E.

Case b) Both K7, Ky will be h-refined

Let i € E denote the interior vertex on the edge E (cf. Figure 1) and let K € {K7, K>}
be an adjacent triangle with inner vertex zy. Let K’ := conv{zpg,zx, A} and K" =
conv{zg, B,xx} with A, B denoting the endpoints of E. Then, the piecewise affine edge
bubble gpgz Kk, Testricted to K, has value 1 at xr and vanishes at all other vertices of triangles

in sons (K). Assumption 3.1 ensures that go%i K, € Sey1-
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Case c) K will be p-refined and K, will be h-refined. Let p,, := pk,,, m = 1,2 and define

pe = min{p;,p2}. Let K’ € sons(K5) be the triangle which contains E as an edge. Then,

goﬁ?f K )Kl (resp. wﬁf K K/) is the product of the barycentric coordinates in K (resp. K') for

the endpoints of £ and zero outside K; U K'.
Case d) K; will be h-refined and K5 will be p-refined. Then go%? Kk, 18 defined as in Case
¢ by interchanging the roles of K7 and Ks.

We define
Y, K, in Case a,

¢K, x, n Caseb,

YE = (2)

6.4
¢, n Case c, (6.4)

Yx k, nCased.

For g € L?(Q), we define averages g, € P,._1 (w,) (with p, as in (4.5)) as the L? (w,)-
orthogonal projection onto P, 1 (w,).
The data oscillations are defined by

h.

osc (v) 1= Z osc2 (v) with osc, (v) := ' E@éﬁz (res (v) —res, (v))

zeN} L2(wy)

5
q)osc,z = p_gq)z +p§q)5,z +1 and (I)é',z = Z PE-
Cr Ecég,

and res, (v) is a shorthand for (res (v))..
Theorem 6.2 Let Assumptions 2.1, 3.1, and 5.4 be satisfied. We assume that the adjoint
problem is H'* (Q) regular for some 0 < s < 1. Further we assume that the mazimal mesh
width of Tyy1 satisfies hory < C° with Cy as in Lemma 6.1. Let ¢, be as in (5.13b) and Cya

as in (4.1).
There exists a constant Cy > 0 depending on o, 3, b, Coo, and p but independent of by, pe,
u, and f such that for any 0 < u <1 and any C3 > C5C.q the condition

7
osc (ug) < - ledlens (66)
3

implies the error reduction

2
. Cr

lecrillppe < ke lledlppg  with ke := A§+1 - (7/2) (1 —p?)
C3pg

Remark 6.3 The condition on Cs implies that , > 0. From the definition of A , =
with heyr < (2C) 7Y as in (6.2) it follows that the condition

2/s 1/s
c 1
hoor < H =0, | == with Cyi= | ————
ev1 < H (pe) 4 (p?/Q) 4 <C* (20301"61)2)

D S
1-C,hj_,
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implies

2 2
& 1 c
A? — | ———= < 1-— Ey with Ep = = — T
o ( C3 Cyrelpg)/2 > 2 C3 Crelp2/2

and, for 0 < pu < 1/\/5, it holds

2
Cr 1

ke <4|1—| ——= <——u2)<1.
( CS Cyrelpg)/2 ) 2

Proof of Theorem 6.2. Since uy.; —uy € Spy1, the quasi-orthogonality (cf. Lemma 6.1)
implies

2 2 2
A?+1 ||€é||PDE > ’|€€+1HPDE + [Juers — WHPDE (6.7)

with A7, as in (6.2). Hence it is sufficient to prove a lower bound for |us — |3 in terms
of ||e¢||?pg and data oscillations. The residual a posteriori error estimate can be recast in the
form of stars (cf. (4.4)): By a triangle inequality we obtain

2

h. 2
ledoe <262 3 {[2res. | 4 3 /% Resug 63)
2EN} z L2(wy) EcE, [2(E)
h 2
+ ‘ — (res, (ug) — res (Ug))‘ .
pZ L2(wz)

Hence, it is sufficient to bound the jumps and projected volume residuals from above by
|41 — we||ppg and to control the last term by the oscillation condition (6.6).

We start with the jump term and employ the same arguments as in [14, Proof of Lemma
3.1, Step 2]. Since uy is continuous, [Vuy|, is parallel to ng, ie., [V, = jeng and jg =
[gn—”é]E € P,,—1 with pg := min {p;,p2} (cf. Remark 3.3). The continuity of the coefficient
matrix A implies

JE = <AIIE, [VUg]E> = <AIIE, IIE> jE = CLEjE, (69)
where a < ag () < 5 (cf. Assumption 2.1). Consequently

IVeE Tl 720 I/OéE (Jeer) JE Sﬁ/ (Jevr) Je
E E

[16, Lem. 2.4] a2

2
. . o
VFEIslag = [ abitor 2 a? [ ter 2 e sl >c(—) AT
E E pE BPE
(6.10)

Thus
2
H\/ hESDEJEHLz(E) < phg /E (An, [Vu]p) (jeer) -

Next we extend jg to wg. For K C wg, let Ag, Ag be chosen such that (cf. (5.3)) AK‘@:O =
Ag holds. Let Z (z) := (x1,0)T for & = (21, 25) € R?. We define j% : wy — R trianglewise by

Jelx = jpoAxoZ oA (6.11)
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Note that j}; is a polynomial of degree py —1 on both triangles which share £ as the common
edge. The construction of ¢g along the definition of the polynomial degrees on the refined
mesh (cf. Assumption 3.1) imply ¢gj}, € Ser1. By using partial integration and the fact that
ugy1 is the Galerkin solution we get for any £ C w,

% H\/ hE(PEJEH;(E) < hE/E (An, [Vu] ) (jeyr) (6.12a)
= hE/ (AVuy, V (jrer)) +dive (AVou) (Jrer) (6.12Db)

resz<uz><quoE>—%<res<uz>——resz<uf>><quog>}.
(6.12¢)

= hg {a (W — wet1, JppE) + /

E

From Lemma B.5 and Corollary B.6 we conclude by an affine pullback to the reference element
that

(6.9)

- . ) Cs
H V SOEJEHLz(wE) S 05 H hESOE]E L2(B) S E H\/ hEQOEJE’ 2(E (6.13&)
leeisllepe < Cope \/ h 22 Jp ; (6.13b)
E L2(E)

where C5, (g only depend on «, (3, by, Coo and the shape regularity of the mesh. The combi-
nation of (6.12) with (6.13) and (6.10) leads to
E

H’ | — Res (uy)
PE
LZ(WE)}

with C7 depending only on «, 3, by, oo, and p. A summation of the squared inequality (6.14)
over all £ € £, yields

D

EeE,

(6.14)

h
p—Ego}E/Q res, (uy)

3/2
< Copy {HW — U1l ppRw, '
L2(E) L2(wp)

12 (res (ug) — res, (ug))

h
+' 2
PE

2

hg
PE

+ (6.15)
Lz(WZ)

< Csp? {HW = U1 H123DE7WZ + (I)}S/z res; (uy)
L2(E) :

2
‘ L2(wz)} '

Hence, we are left with the estimate of the volume residual.
Partial integration and the fact that u, solves the Galerkin equations leads to

Z/JEbl / <AVUZ,Vb1>+d1Vg (AV,up) bl = / res (ug) b

Ecég, Wz

:Lﬁﬂw@ﬁmemﬂ%WMQ (6.16)

Res (uy)

h.

Y2 (res Up) — res, (uy
T2} (res (ug) — ves. ()
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We choose ¢p1 . as in Theorem 5.8 such that (5.13) holds and obtain as in (6.12c)

E/JEWHZ— Z/ (An, [Vl z) pe1,. = z/ (AVuy, Vpy ) + dive (AVug) ppp

Ee€&, Eeeg, KCw.

= a (U — Upy1, Pri1z) + / res; (Ur) Poi1,z + / (ves (ur) — res; (ur)) etz
(6.17)

The combination of (6.16) and (6.17) with (5.13a) allows to eliminate the jump residuals
and we obtain

/ res, (uy) (bi — <pg+17z) =q (uz — U1, P12 — bi) + / (res (ug) — res, (uy)) (Wﬂ,z — bi) )

- (6.18)
Recall the definition of ¢4 ., as in the proof of Theorem 5.8

IIv
z
[oll,

and we apply this definition for v = res, (u,). From this and (5.13b) we obtain a bound of the
averaged volume residual on stars

bi — Y41, =0, with v, :=h

Cr H<I>1/2h res, (g HL2 < Cs ||ue — o1 |lppg w |[Per1z — biHPDE’wZ (6.19)

+ || h @Y (ves (ug) — res, (ug) HLz(w ht (H‘I’QI/Q (es1,: —b2) HL2(wz)) :

Hence, from (5.13) we conclude

Cr H<I>1/2h res,

C
(g HL%) < C’gc—:pz |we — weallppg.., +2C1 thcp;ﬂ (res (ug) — res, (W))HLQ(wz) .

(6.20a)
Note that"
h, s
H<I>1/2h res, (uy HL2 = 16_ @5/3 res, (uyg) for s € {0,1}. (6.20b)
(w2 pl=s || p. L2(w2)

6For s = 1 this follows from Corollary B.7. For s = 0, we conclude from [23, Prop. 3.37, Cor. 3.40, Prop.
>

3.46] that
/63y, <
H K L2(K) p?

holds and from [16, (22) with & = 0 and § = 1]

l

||UHL2(K Vo eP,(K), p=>1

@g)v

c
Z_HUHL?(K) Vwel,(K), p=1
K p

for some constant ¢ > 0 which is independent of p and hg. Finally, for <I>(I;)K + (13(1?) we employ
@g) < @%K + @g) pointwise
to obtain
c
‘ D+ oPy | > ‘ > = W2y Vo EP(K), p>1.
K
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The first and second term in the right-hand side in (6.8) can be estimated by means of (6.14)
and (6.20)

5 2
lecllppe < 2C2.C ) (% lue — west ppe.w. + ‘ Eq}igg,z (res (ug) — res; (ur)) )
zeN} g Pz L2 (w.)
(6.21)
where, again, Cy only depends on «, 3, by, ¢, and p.
Taking into account the finite overlap of the supports w, we end up with
5
lelne < (CoCi? (2 e~ el + o5 () ) (6:22)

where Cy only depends on «, 3, by, Coo, and p.
Choose C3 > CyCq. The assumption that the data oscillations are small, i.e., osc (uy) <
-C’f—s, implies for any 0 < < 1

C2

) 2
Z ||uwe — WHHPDE,wZ > O2ﬂ5 (1 - H2) lec|/ppE -
ZEJ\/'Zl 3pZ

The combination with (6.7) finally leads to

2
2 2 2 C 2
H€€+1HPDE < A?+1 HGZHPDE - HW+1 - WHPDE < A?+1 - (ﬁ) (1 - “2) ||€é||PDE
3y

and this is the assertion. m

Corollary 6.4 Let the assumptions of Theorem 6.2 be satisfied. Condition (6.6) follows from

the computable condition
h
\/ —Z Res (w)
PE

for sufficiently small 0 < fi < fig, where iy depends on o, 3, beo, Coo, 1, C'3, and p.

2 1/2

(6.23)

.~ Cr
osc (ug) < o Z

M
Clﬂpé Ec&q L2(E)

Proof. Observe that (6.12c) and (6.17) remain true if u,y is replaced by u. Hence, we
may also replace ug1 by u in (6.14) and (6.20). By doing so, the combination of (6.14) and
(6.20) yields after summing the squared norms over all z € A} the estimate

2 1/2
2.

he p5/2
< Cho é; lee||ppg + osc (ue) |
Ec&q L2(E)

— Res (u
PE ( Z)

™

where Cg only depends «, 3, b, €, and p. The condition (6.23) implies (since 0 < ¢, < 1

(cf. Cor. 5.6))
\/%Res (up)

For sufficiently small 0 < i < fig, this implies (6.6). m

2 1/2

1 e N I
OSC(W)SMC—NE,—/Q Z < It llecllppg + 1rosc (ue) .

Dy Eecéq

L*(E)
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Corollary 6.5 Assume that the sequence of meshes and polynomial distributions are chosen
such that the oscillation condition (6.6) holds on every level £. Let Conjecture 5.7 be satisfied.
Then, the contraction of the error on level { is given by

«- T (1)

k=1 Dy,
for a constant 0 < C' < 1 which is independent of the polynomial degrees, i.e.,

||€é||PDE <G HeOHPDE‘

Recall that py denotes the mazximal polynomial degree at level k which is monotonously in-
creasing. Define the sequence (n;),oy recursively by ng = 0 and, for i = 1,2,..., by the
condition

Pr =1 forni1 +1<k <n,

i.e., the maximal polynomial degree stays fix for §; := n; — n;_1 consecutive levels.

¢
1. If, for some ko > 0, it holds ny = oo for all k = ko, then ¢¢ < (1 — Cpl;o5/2> — 0 as

! — 0.
2. 1f, 2;021 P;;s/Q = +00, then limy .., (, = 0.

Proof. The first statement is trivial. For the second statement we employ for s > 0 and

<1
- C
G < exp Zlog (1——3) .
k=1 Pk

log(l—¢) < —¢

Note that, for 0 < e < 1,

so that
|
G<exp|-C» —|.

From this, the second statement follows. For the third one we use

. 4
élglolo Ce < exp (—C; z_3> .

Hence, for 6; > ci*~! we have limy_,oc (; = 0. ®

A Lower Bound for the Constant c,. Numerical Exper-
iments

In this appendix we will investigate the dependence of the stability constant ¢, of the polyno-
mial projection operator II, (cf. (5.8)) on the polynomial degree p. We consider mainly two
cases: pure p-refinement and h-refinement.
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A.1 p-Refinement

First, we will rewrite the definition of ¢, as an algebraic eigenvalue problem which we will
solve numerically. We have performed numerical experiments for the two-dimensional setting
on stars as described in this paper but also considered the one-dimensional case where w,
consists of the two intervals which have z as a common endpoint.

A.1.1 Equivalent Formulation

The goal is to investigate the dependence of the constant

(v, Hg“)m(wz)

Cr 1= in Al
vePy(w.)\{0} Hq);/% ? (&1)

L2(wz)

on the polynomial degree p numerically. Let d denote the spatial dimension. Let w, consists
of ¢ > d simplices K;, 1 <1 <gq.

By employing a global affine map we can pull back the star w. to a reference configuration,
where K; = K is the unit simplex, on the expense that ¢, in (A.1) depends additionally on
the shape regularity of K. Let y; : K — K; denote affine bijection with the special choice

x1 = id. Then,
q
[0y = 2 [ B
e 2_1: &| /&
where v; = voy; and ®5 denotes the product of barycentric coordinates. Let (Pn)n@p denote
a basis of P, (w,) for a suitable index set ¢,. We write
P
v = Z v Py (A.2)
n=0
and obtain )
1/2 _
|2 UHLz(wz) =vIM®y,
where

K; —~ g
(MEP)) = ‘ A| /\(I)K (PnOXi) (PmOXi)a n,m € Lp and M(p) = ZMEP)
n,m ’K K i1
For the special case that 5}( is the polynomial bubble function we can choose an orthogonal

basis for P, (IA( ) (cf. [18], [12]) so that Mﬁp ) is a diagonal matrix.

In order to invest (A.1) we introduce a matrix representation of IT?v with v as in (A.2) via
the ansatz

—1
|k, = E Wi, i P 0 X;

melp

The coeflicients w; = (Wi )me,, are determined via

_ Kl
i

71 —_~
Wi = (M&p*”) Wiv with (W) O PooXiPn for me i, 1,n €,
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Hence,
(v,IPv). = vBv with B := ijwg (Mﬁfj;l))_l W,
i=1
so that the constant ¢, has the algebraic representation
) viBv
S S vion
~1/2

Hence, ¢, is the smallest eigenvalue of (M(p))fl/ ‘B (M(p))

A.1.2 The One-Dimensional Case

In this case we have I = [—1,1] and P, are the Jacobi polynomials P which are defined
as follows

N 2)n —n,n+a+pf+11-x
Péﬂ)(:v):<n)' 2F1< a+15 - )>

where (-), is Pochhammer’s symbol and 2 F} is the terminating Gauss hypergeometric function
—n,b — (=)i(0)x
F 2| = E .
. ( ¢ ’Z) — (c)ik! :

We consider K; = K and K, = [1,1+ 6] for some 6 > 0. Note that Mgp) in this case is given
by

: +1)
MY — diag |5— " ‘n €.
i iag RS n e,
The mapping x» is defined by
. 11—z 14z
X2 (%) = 5 + 5 (1+490).

To observe the behaviour of ¢, with respect to p and §, we consider three different cases:
0=056=1,6 =2, 0 =4. The following observations can be obtained from Figure 4:

e ¢, converges to a positive constant with respect to p,
e ¢, is properly bounded from below,

e . is decreasing as 0 goes to zero.

A.1.3 The Two-Dimensional Case

Now we consider Jacobi bivariate polynomials as our basis functions on the reference triangle,
which are defined as follows:

2
Pt (y) = (1 —2)" Py (1 — 20) PV (1 - ) ,
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Figure 4: Performance of ¢, versus p for the one-dimensional case.

which is a polynomial of degree n in x and y.

We study different triangulations. Again we assume that K7 is the unit simplex and the
common point of all triangles in the patch is (0,0). The meshes consist of the following nodes
and are illustrated in Figure 5:

V1 = {(Oa O)a (1’ 0)> (0> 1)a (_1> 1)a (_L O)a (0> _1)> (1> _1)}>
Vg = {(07 0)7 (17 O)v (Ov 1)7 (_17 1)7 <_27 0)7 <_27 _1)7 <_17 _3)7 (07 _3)7 (17 _1)}
vs = {(0,0),(1,0),(0,1),(—1,1),(=3,0), (=4, —2), (=3, -3),(—1,—4), (0, —4

—_
—~
—_
I
[\
~
——

V4 = {(0’ O)a (la 0)> (0> 1)a (_1> _1)}>
vs = {(0,0),(1,0),(0,1),(—0.1,—0.2)},
ve = {(0,0),(1,0),(0,1),(—4,3),(—4,0), (—4,—-4),(0,—4), (1,-0.1)}.

Figure 6 shows the behaviour of ¢, with respect to p in each case and we summarize the
main observations.

a. In the first three cases, i.e., the number of triangles (at least six) is varying while
the shape regularity constant is always moderately bounded, the lower bound of ¢,
is approximately 1. It also shows that the constant c, is robust with respect to the
elongation of the triangles which is in analogy to the one-dimensional observation (&
increases).
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Mesh number # 1 Mesh number # 2 Mesh number # 3

Mesh number # 4 Mesh number # 5 Mesh number # 6

Figure 5: Illustration of the geometric configuations described in (A.3).

b. If we consider the minimal number (three) elements, again, with moderate shape regular
constant, we still get a proper lower bound. Recall that the dimension of the image space
P,—1(7;) (in (5.1)) increases with the number of triangles so that we expect that the
constant ¢, becomes larger with increasing number of triangles.

¢. On the other hand, if we consider the minimal configuration with only three triangles and
large shape regularity constant (the area of the triangles is highly varying) as described
by v5, then the constant ¢, becomes smaller as expected.

d. Configuration vg supports the statement that, if the space P,_; (7.) is large enough, then
a few tiny elements can be still harmless. We can see that these numerical examples
confirm our hypothesis that ¢, depends on the shape regularity of our meshes but does
not depend on p.

A.2 h-Refinement

In this section we study the similar problem as in previous section but with A-refinement
instead of p-refinement. In other word, we apply one level of regular h-refinement on each
mesh and observe the behaviour of the constant ¢, with respect to p on the refined mesh. To
be able to make a comparison between the results, we take the same patches as in previous
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Figure 6: Performance of ¢, versus p for the two-dimensional cases.

section. From the definition of ®, for this case we have

" >k Jx Uq)g,)KU + [ v (@%?K + <I>§?> p}(_l v
cr= in

V-1 (K) ZKsz fK v (‘I)g,)l( + (I)g)) v

Y

where @g)K and @g) are piecewise linear and quadratic functions defined as in (5.4). Figure 7
shows the behaviour of ¢, for the same patches with respect to p. It supports our hypothesis
and shows the similar behaviour as in p-version. Also here we observe that ¢, does not depend
on p, but it only depends on the shape regularity of the mesh.

B Polynomial Inverse Estimates

We start with a one-dimensional estimate.

Lemma B.1 Fora <b, let .4 (z) = =a)b-2) Jenote the one-dimensional bubble function.

(b—a)?
Then,
pt1ly .10
o, 40) C H@ ‘ Vo e P, ([a,b]) .
H( [ 7b]v) L2([ab) b—a [a,b}v £2([ab]) CAS p ([CL ])

Proof. We first prove the result for (a,b) = (0,1). Observe that HCID’[OJ] =1so

that Leibniz rule gives us

| @oav)’

Leo([0,1])

£2([0,1]) = Hq)/[o’l]vHLz([O,ll) + H(I)[O’W/HF([O,I]) < [oll 2o, + H(I)[OJ}U/HL%[O,I])’
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Figure 7: Behaviour of ¢, versus p with one level of h-refinement

For the first term, we apply [16, Lemma 2.4 with & = 0 and 8 = 1] and for the second
term [16, Lemma 2.4 with 6 = 1] to obtain

| @oa0)

<Cp+1”@ﬁ]

(B.1)

£2([0,1]) r2([o,1])

The result then follows via a scaling argument. m

Corollary B.2 Let a < b and Py, be as in Lemma B.1. Let Wi,, € W ([a,b]) be a
function with the properties

Cha
} ab]| < Cii®pay  pointwise and H\Il“b]HLoo(ab]) < o
Then
H (\If[a,b]v)/ S C (011 + 012 p i 1 H(I)[la/i] Yv € ]Pp ([CL, b]) .
L2([a,b]) L2([a,b])
Proof. Leibniz’ rule gives us
/ 012
[t 2y Iy + 10 iy < 52 Pl + o [
pt1] 1/
<C(Cy+C H@ |
(Ot Cr)y—, @8 L2 (ot

where the last inequality follows as (B.1). m

The two-dimensional version is formulated next. The estimates are similar to those in [23,
Sec. 3.6] but differ by powers of the weight functions in the right-hand side and also by the
choice of the weight function in Lemma B.4. The proofs follow the lines of the proofs in [23,
Prop. 3.46] and also employs tools from [17, Appendix D].
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Lemma B.3 Let K denote a triangle and let ®x be the cubic bubble function as defined in
(5.3). Then, it holds for all v € P, (K)

+1
IV @x)ll 2y < OF = || 237

L2(K)
Proof. Let K = K be the two-dimensional reference triangle. Note that

(I)f( ($1, 5132) = (I)[O,l—xl] (1’2) (1 - 5131) cI)[O,l] (xl)

with @[, as in Lemma B.1. First, we consider the derivative with respect to x2 and obtain
9 1 1—z1 9
H62 (‘I’R“)Hm(k) :/ (/ (32 ( 7 (r1,22) 0 (531,932))) dfﬂz) dxy
0 0

— /01 0%, (1) (1 —21)° (/01 (5’%2 (Ppo,1-2y) (2) v (931,:,:2)))2 d:c2> dz.

We then get

(1— 1) /0 o (a% (Bo1ey (22) v (a1, :cz)))de2

/112

= (1—1)° H (®10,1—20) (71, )

Lem. B.1

< C+ ) o, )

[0,1—x4]

L2(0,1—z1)
2

L2(01-21)

Since ®F) ) (21) Pjo,1-a) (¥2) < P (21, 22) we end up with

Hag K’U HL2 < C p + 1 / / @[071_1-1] ($2) ’U2 ($1, $2) d$2d$1

2
<C@p+1)° Hcp;(/%

12(R)

Since K , ¥, and the integral are invariant under permutations of the coordinates, the same
estimate holds for the other partial derivatives. m

Lemma B.4 Let K be reqularly h-refined and let <I> ) be as explained in Definition 5.1 and
llustrated in Figure 3. Then, it holds for all v € P, (K)

v (2iv)]

Proof. Via an affine transformation it suffices to prove the result for the reference element
K, = K and K, = conv{(g), ), (_01)} The common edge is £ = {0} x (0,1). Let K =
K7 U Ks. The edge bubble @g) (cf. (5.4)) is given by

p+1

L2(K -

L2(K

O (21, m3) = w2 (1 — 71| — 22) .
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We first consider the derivative with respect to zo. Let

Ty (1 — |21| — 29)
1—|a))®

D01 12y (72) =

i.e., ®p1-|z is the one-dimensional bubble function for [0,1 — |z;|] and satisfies @g) =
(1 — |zy|)? ®0,1-|ay- Hence,

I (o)

2

1 1—|a1] )
:/ (1 - ‘3‘31|)4/0 (02 (P(0,1—ja ) (2) v (21, 72)))” dadiry

L*(K) -1

Lem. B.1 5 1 ) 1—|a1] )
ot / (1—\931\)/ o1 oy (22) 02 (1, 2) daadary
— 0

1

—C(p+ 1)2/ 22, (B.2)
K

Next, we will estimate the derivative with respect to ;. We split the triangle into the two
regions

Dy = {(2) eEK:xy< %} and D, := conv {(}g)’ ((1])7 (—1]/22)} .
In addition, we will need
Dy = cone { (0), (72). (). ()}

On D; we obtain

2 1/2 1—xs 1— _ 2
H@l (@g%)’ < x5 (1 — 932)2/ (81 (Mv (l‘l,Ig))) dxidzy

L2(D1) 0 b1 1— 29

Lem. B.2 1/2 1—-z2
< Cp+ 1)2/ / T 2 @g) (w1, 2) v* (21, 29) da1dg
0 za—1 )

2
<C(p+17° |/ ol , (B.3)
L?(Dy)
since 23/ (1 — z3) < 1 on Dy.
On D,, we observe that
1 2 V|12 @] @5
=[P (q>< )H <H 0@ ‘ Hcp B . B.4
2) PO N ooy S NPOEK ooy T IFE 0 Loy (B4)

Let d : D3 — R be defined by d (21, 22) = csdist ((x1, 72)" , dD3) where the scaling c3 is chosen
such that d interpolates @g) at the vertices of the two triangles K,, N D3, m = 1,2. Note that

d< @g) <1 pointwise in D3 and @g) < 2d pointwise in Ds.

Since H(?lfbg) H - < C we obtain for the first term in (B.4) as in (5.16b)
L= (K
2 2
1002, < Ol < Clollsipy < C o+ D[]y < C o+ 1) | 2820
L*(D2) L2(D3)
(B.5a)
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K
a=1/2

Figure 8: Reference triangle K which is split into K 1 and IA(Q. The shaded regions illustrate
the integration domains in the splitting of the integral in (B.8).

For the second term in (B.4) we get, again, as in (5.16b)

) [16, (23) with § = 1] 5
|#00w],, <2Mdhlpmy < CorD||Va|, <O@+) H\/(I)%)v .
(B.5b)
The combination of (B.4) and (B.5) yields
) 2
o (@@20)[, <+ |yoR (B.6)
L2(Dy) L2(Ds)

The combination of (B.2), (B.3), and (B.6) yields the assertion. m
The following lemma is illustrated in Figure 8.

Lemma B.5 Let K be the reference triangle split into IA(l = conv ((8), (g), ((1))) and IA(Q =

conv ((g), (é), ((1))) for some a € ]0,1[. Let o' denote the continuous, piecewise linear function

which has value 1 at ({) and vanishes at OK\E, with By = [0,1] x {0}. Then, for any
polynomial v € P, which is constant with respect to xo it holds

H\/solénv < C H\/so%“
R L2(E1

nglv)up <cw+n) e

Proof. We prove this lemma only for a = 1/2 to reduce technicalities. The arguments
apply verbatim for the general case. The function @i and its partial derivatives are given by

lin 214 (21,22) € K, lin 0 (z1,22) € Ky,
9 = > a ) = >
SOE <x1 :CQ) { 2 (1 — 1 — .’,UQ) (5(31,.’,5'2) c Kg, 2()0E («Tl «T2) —2 (.131,1‘2) € KQ,

L2 (El

2 (l’l,$2) 6[?1,

algolliCn (':Clva) = { ) («Tl .132) c K2

Since v € PP, is constant with respect to x5 we write, with a slight abuse of notation, v (z1, x2) =

v (z1). Hence,
: 2 1 1—x1
H\/ SOIEHU = / v? (1) (/ SO%H (71, 72) d$2) dz;.
0 0

32




The result of the inner integration is

1—a1 9 ( 1221, 1—21 _ d )
r (5131) = / (plén (xl, 5132) dSL’Q = lox T10%g + f 23[:1 - .Tg) T2
0 2f, l—xl—xg)dxg

i (2-3m) 2 <1/2,
Tl U=z) x> 1/2
Since 7 < ¢! (-, 0) pointwise on [0, 1], the first assertion follows.

Next, we investigate the derivative with respect to xs. It holds

0 ($1 ZL’Q) € [?1
a hnv _,Ua hn_,U>< 9 L
(SOE ) 2P E { _9 (.flfl,l'Q) e K2‘

Thus,

/1?(5’2(90%“71))2:/ (vDyin) <4/v <4/

[16, Lemma 2.4 with o« =0 and 8 = 1]

1
< 4(p+1)° / @[0,1}v2§40(p+1)2/ o,
0 0
(B.7)

For the derivative with respect to x1, we get

T1,19) = 01 (O (21, 29) v (21)) = (210 (21)) in [:<17
CI( 15 2) a( ( ) ) ( )) 2{ (1—I1—$2)’Ul(x1)_v($1) in K.

The function ¢ is on K 1 and on IA(Q, an affine function with respect to xs. We split the integral
into

1 1—x 1/2 1-2x 1/2 1—x; 1 1—z
0 0 0 0 0 1-2x1 1/2 J0

and obtain for the summands

1/2 1/2
W1:4/0 (1= 221) (210 (21)))* day _/0 (2210 (21)))* day

Cor. B.2 2

< [ (@0 v@)) dn L ey

hn

YEv

L2([0,1])
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For W5 and W3 we use the fact that the Simpson rule is exact for quadratic polynomials and
(B.7) to obtain

12 pl-m
Wy = 4/ / (1= 21 — )V (21) — v (21))” dwaday
0o Ji-2m

2

2

2 1/2 )
- §/ x 20 (1) —v(xy) | +4 ?UI (1) —v(x) | +0*(z1) | doy

0 N Vv -~ & J
=(z1v(x1)) —2v(z ‘/r
(z1v(21))" —20(21) (1061305,

o [1/2 o
< —/ X1 (4 ((z1v (1)) + 2707 (931)) dxy

3 Jo

4 1 . A 2 Cor. B.2 . 2
< —/ ((golE (:Ul,O)v(xl))> doy 4902 0ny < C o+ 1) |1/l

3.Jo 12([o,1))

Finally, for W3 we obtain

1 1—z1
Wy = 4/ / (1 — 21 — )V (21) — v (21))” dwaday
1/2Jo

2
2

:4/1/121‘6331 (L—a)v (@) —v(m) | +4 (1‘2331)@'(:51)—0(:61)1 + 02 (21) | day

(1= o) S ~-
3 ((A=z1)v(@1) —v(e1))

52 s
< 1_12 1/2 3((2(1—21) v (21)))° + 360 (21) day < zll /0 (((p%n (@1)v <x1))/)2 R

2

Cor. B.2 2 i
< Clp+1)7 ||\ epv
L2([0,1])

Corollary B.6 Let K be the reference triangle and let g (1, 2) = z1 (1 — x1 — x2) denote

the quadratic edge bubble on K for the edge Ey = [0,1] x{0}. Then, for any polynomial v € PP,
which is constant with respect to xo it holds

Izl s ) < CIIVEEU 13y
IV (a0l a(y < € 0+ 1) ly5E0llg2gey
The proof follows by a simple repetition of the arguments of the proof of Lemma B.5.

Lemma B.7 Let K be a triangle and E one of its edges. Then, for any of the functions g
(6.4) and corresponding version Pk as in (5.4) it holds

Vv e P, (D).

§0(p+1)Hq>}g%

L*(D) L*(D)
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The proof requires two preparatory lemmata and follows the ideas in [17, Appendix D].

Lemma B.8 Let I = [a,b] for some a < b and let w : I — R be a weight function which
satisfies

w 1is positive in |a,b[,

w(z) < Apg (x) + By (2) + Doy (),

where @y (r) = =2, 0o = 1 — @y, and Pap) = Pay as in (B.1). Then, it holds

le/%“m(l) <C(p+1) H\/w@[mb]vHLz(I) YoeP,(I),

where C' is independent of p,v,w, a, b.

34, B, D > 0 with { (Py)

Proof. By employing an affine transform it is sufficient to prove the assertion for the unit
interval I = [0, 1].
a) w(x) = Ppqy (r) = 2 (1 — ). We may apply standard inverse estimates to obtain

[16, with a =1, 8 =

2
< Cp+1) |2l 2y = C 0+ ) [[Vepyy|

b) For w () = ¢ (x) = & we observe that w (z) < 2®(g ) (2) holds for all 0 <z < 1/2 so

L?([%JD) |

The result now follows from & 0/ o1 S W 1/2 pointwise in [0,1] and v/2w > 1 pointwise on [%, 1}.

) [16, Lem. 2.4]
by < 2o gy o 07 (Il + iy

c) The w (z) = ¢, () follows from Case b by symmetry.
d) Let w be a general weight function which satisfies the assumptions of the lemma. Hence,
from Part a,b,c we conclude that

20 gy = ANV B IV i+ ooy < € 0+ P o,

holds. m
The following lemma is a weighted version of [17, Lem. D3].

Jo

Lemma B.9 Let d € (0,1), a,b be given such that —1 4 ad < 1+ bd and define the trapezoid
D :=D(a,b,d) = {(z1,22) ER* |22 € (0,d) and —1+awy <z <1+bzs}.

Let w € Py (D) be a polynomial such that for any 0 < x9 < d, w(-,x2) has property

P[71+a:1:2,1+b:1:2] .
On D we define the weight function

Db (1, 22) :=min{|z; — (=1 + az2)|,|z1 — (1 + bxy)|}

which measures the distance of the point (x1,xs) from the lateral edges of D. Then, there
exists a constant C = C (a,b,d) such that for all p € N and all polynomials v € P, (D) it

holds
le/QUHLQ(D) <C(p+1) H\/w<1>a7b7deL2(D)
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Proof. Note that

Ci3P1tams,14b22] (1) < Papa (71, 72) < Cra®Pl-11ams,14b20] (T1)

for positive constants C3, C4 which only depends on a, b, d. Hence, the one-dimensional case
(Lemma B.8) implies

1+-bxo 9 1+-bx2
/ wl/? (21, x2) v? (x1,m9)dxy < C (p+1) / w(x1,2) Pap.a (21, 1'2)1)2 (1, T2) dxy.

14+axs —14axs
Integrating this estimate over x5 € (0, d) completes the proof. m
Proof of Lemma B.7. By using an affine pullback we may restrict to the case that K is

the equi-sided triangle conv <(8), ((1]), %(\}5)) and £ = (0,1) x {0}.

It turns out that the proofs for the different cases in (6.4) for g and in (5.4) for ®x uses
the same arguments and we work them out exemplarily for the case of the quadratic edge

bubble
(x x)_(x _ﬂ) (1_93 _ﬂ)
YE (T1, T2 1 \/§ 1 \/§

and for ¢y = @g) being the cubic bubble on K.
First, we will cover K with 4 trapezoids and one triangle: Let v = (cos%,sin %)T =
271/2(1,1)7. Then,

o [ 0<2;<1)2 . N
1. Tl .—{(01)—|—87).(OSSSLl(jl))}WIthL1<$1) =1

2. Ty : mirror image of T; with respect to the angle bisector at (0,0)7 .

5

(1—21).

&

3. Tj : counter-clockwise rotations of T} by ?jfabout the barycenter of K.
4. Ty : mirror image of T3 with respect to the angle bisector at (1,0)".
5. Ts :={(z1,22)" € K | 29 > 1/2}.

Case T;: We introduce

) 0<1z,<1/2 R (i
X'(ossng(iﬂl))ﬁTI by (@ s) = () o0

The bubble function g restricted to the line (%1) + sv results in

Yoy () == pr o x (1,9) = (L (31) = 9) (@gl +§> v( oA ) .

Note that the function ;, satisfies the assumptions of Lemma B.8 and ¢ := vo x is a
polynomial of maximal degree p. Hence,

1/2 Ll(il)
/ SOE’U2 = / (/ @Dj;l (S) v%ds dxq
T 0 0

5 1/2 Ly (1) )
<C{p+1) / / Vi, (8) Ppo,zy(20)) (8) 07ds | dy.
0 0
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Composing P, 1,(z,) (s) with x ! yields the function
1_'_\/5.1’2 (1-1’1-%)
V3 (I—zp429)°

Note that the distance function ® (z1, z5) = dist ((z1,72)", 0K) is piecewise linear on K. It
is easy to verify that d (1, 22) < C®} (1, 72) pointwise on T} for some C' = O (1) so that

d (.’L‘l, .’,Ug) =

/ opv: < C' (p + 1)2/ P,
Th

T
Since ¢ E<I>}< < Cd Kk pointwise on K we have proved the assertion for 7.

Case T3: The proof for the trapezoid T3 follows by symmetry.

Case T5,: Next, we will consider the trapezoid T, and first note that by interchanging the
x1, ro-variables the case becomes equivalent to the estimate

/ ppv? < C' (p+ 1)2/ o2 weP,(Th),
Th

T

where ¢ is the qudratic edge bubble for the edge E = (8), (%?2) with explicit form

o5 (21,3) = %agg (1 P %) |

This time, the bubble function ¢, restricted to the line (‘”1) + sv, is given by

0
~ 3 1 A~
Vo () 1= op ox (B1,8) = f3+ $(L8) =) v( 8 i ;Ulgngl/(Qael) ) '

The function ¢);, satisfies the assumptions of Lemma B.8 so that

1/2 Ll(il) 5
/ Ypv° = / (/ Yz, (s)@2ds> dxy
T 0 0

5 1/2 Ll(i‘l)~ i )
<Co+1P [ ([ 09 Yoo (o) s ) di
0

0

Now we can argue as for the Case of T} to obtain

/ ppv? <C'(p+ 1)2/ ppPxv’.
T

T

Since ¢ E(I)}( < Cd k pointwise on K the assertion follows for T5.

Case Tj: The proof for the trapezoid T, again follows by symmetry from the case T5.

Case T5: On T5 we have the pointwise estimate pp < chﬁi’ and the estimate for Tj is
trivial. m
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