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Preliminaries

Preliminaries

Fq: finite field with g elements.
Fy: Fo\{0}.
q = p°, p = char Fq and p is odd.
r > 2: an even integer.
nN = q" — 1, where n, N are positive integers.
1
ged (‘Lj, N) =2
2< b<n—1: an integer.
n € Fgr: a primitive (¢" — 1)-th root of 1, or equivalently a primitive element of Fgr.

Tr : Fgr — Fq: the trace map defined as x — x + x4+ --- + x4
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w(x) or wy(x): the Hamming weight of x € F}.
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Preliminaries

> The b-symbol Hamming weight w,(x) of x = (xo, ..., xn—1) € Fy is defined as the
Hamming weight of m5(x), where
TI'b(X) = ((X07 cee 7Xb—1)7 (X17 s 7Xb)7 Ty (XN—la -+ oy Xbt- N—2(mod N))) (1)

is in (F5)". When b = 1, wi(x) is exactly the Hamming weight of x.

> For any x,y € FY, we have my(x +y) = 75(x) + 75(y), and the b-symbol distance
(b-distance for short) dp(x,y) between x and y is defined as dp(x,y) = wp(x —y).

> Let A" denote the number of codewords with b-symbol Hamming weight i in a
code C of length n. The b-symbol Hamming weight enumerator of C is defined by

14+ AP T + AP T 4 AP T
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Motivation & Open Problem

Motivation

» Ding et al. established a Singleton-type bound for b-symbol codes.

» Let g >2and b< dy(C) < n. If Cis an (n,M,ds(C))q b-symbol code, then we
have M < g"~%(C)+b,

> An (n, M, dy(C))q b-symbol code C with M = g"~%()*® is called a maximum
distance separable (MDS for short) b-symbol code.

» For a € Fyr, let c(a) € Fy be the codeword defined as

c(a) = (Tr(an‘)‘”), ar(a™™), ... (™), ..., ‘Z‘r(an("_l)'N)) ,

where 0 <j < n-—1.
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Motivation & Open Problem

Definition
Let 2 < b < r be an integer. It follows from [13, Corollary 4.1] that the set
{1,17”, N ,n(b’l)’v} is linearly independent over F,. Let P(b) be the subset of
cardinality (¢° — 1)/(q — 1) in F}, defined as
b—1

P(b) = U {n(j—l)N _|_X17’/N 4+ +Xb_j17(b71)N DXt X € ]Fq}

Jj=1

U {n(b—l)N} .

Definition
For2 < b<r, let

u(b) = |{x € P(b) : x is a square in Fy }|.
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Motivation & Open Problem

Example

Here are some numerical examples about p(b) which computed by Magma.
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Motivation & Open Problem

Open Problem

Determine the invariant p(b) when 2 < b < r or give good lower and upper bounds to
1(b).
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The Main Results

Theorem

Let a € Fy,. Assume that 2 < b < r. Then we determine w;(c(a)) explicitly as follows:
» Ifp=1 mod 4 and a is a square in Fg-, then

_ q" -1 r 4 +(g-1)q"?
wp(c(a)) = N(qg - 1)g—t (q - f)

L 2u(b)(g — 1)q"?
Ngb ’

> Ifp=1 mod 4 and a is a non-square in Fy, then

wi(c(a)) = L(c,,_ w)

N(q —1)q*! q

2u(b)(q —1)g"?
Ngb ’

Ferruh Ozbudak



The Main Results

Theorem (Continue...)

» If p=3 mod 4 and a is a square in Fy-, then

-1

q +(-1)""?*(g—1)q"?

we(c(a)) = W(QI—

L 2ub)(=1)(q = 1)g 2

Ngb

» If p=3 mod 4 and a is a non-square in Iy, then

q

qr _ (71)er/2(q _ l)qr/Z

b_q .
ws(c(a)) = W(q -

_2p(b)(=1)""*(g — 1)q""*

Ngb

q

)

)
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The Main Results

Remark

The Hamming weight distribution of the above cyclic codes has been considered in [9],
and C is a wto-weight code under the Hamming metric. In this paper we consider
b-symbol weight distribution of such codes. Using the map 75 in (1), the problem
becomes Hamming weight distribution of some 2-weight cyclic codes over the alphabet
Fgx---Fq = Fé’, which is not a field. We remark that two-weight irreducible cyclic
codes over finite fields were characterized in [12], and it would be interesting to obtain
such a characterization over the alphabet ]Fg. We think that this would be related to
Open Problem above.
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The Main Results

Theorem
Let a€ Fy. Forr < b < n we have

wp(c(a)) = n.
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The Main Results

Corollary

For2 < b < r—1, the b-symbol Hamming weight enumerator of C is

-1
AT) =1+ 2 (1" + 1),
where
b_q r qd+(q=1)g"/? 2u(b)(g—1)q"/?
/\/(qqfl)q"*1 (q o q + NgP
u =
q-1 r_ @D a0 2 L 2ub)(=)T 2 (g-1)q"/?
Nia—Dqr 1 \9 q NgP
and
qP—1 ( r_ q’*(qfl)q’/z) _ 2u(b)(g—1)q"/?
Ng—Dap—T \9 q Ng®
up =
q®—1 r_ a = (=1"/%(q=1)q"/?\ _ 2u(b)(~1)*/*(q—1)q"/?
N—DapT \9 q NgP

Forr < b < n—1, the b-symbol Hamming weight enumerator of C is

AT)=1+(q -1)T".

Moreover, C is an MDS b-symbol code when b = r.

ifp=1
ifp=3
ifp=1
ifp=3

mod 4,

mod 4,

mod 4,

mod 4.
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Lastly. ..

Thank you!
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