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Convolutional Codes

Definition
A convolutional code C of rate k/n is a free F[z]-submodule

of F[z]" of rank k.
There exists G(z) € F[z]**" of full row rank such that

C={veF[z]"| v(z) = u(z)G(z) for some u € F[z]"}.

G(z) is called generator matrix of the code and is unique up to
left multiplication with a unimodular matrix U(z) € Glx(F[z]).
The degree ¢ of C is defined as the maximal degree of the

k x k-minors of G(z). One calls C an (n, k, ¢) convolutional
code.
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Distances of Convolutional Codes
Definition
The free distance of a convolutional code C is defined as
dfree(C) := min{wt(v(z)) | v € C and v # 0}.
For j € Ny, the j-th column distance of C is defined as

df(C) := min {i wi(vt) | v(z) € C and vy # 0} .

t=0
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Distances of Convolutional Codes
Definition
The free distance of a convolutional code C is defined as
Afree(C) := min{wi(v(z)) | v € C and v # 0}.

For j € Ny, the j-th column distance of C is defined as

df(C) := min {i wi(vt) | v(z) € C and vy # 0} .

t=0
Theorem (RS 1999, GRS 2006)
() dee(C) < (n=K) ([7] +1) +0+1
(i) dE(C) < (n— k)i + 1) + 1
RS 1999: J. Rosenthal and R. Smarandache. Maximum distance separable
convolutional codes. Appl. Algebra Engrg. Comm. Comput., 10(1):15-32, 1999.

GRS 2006: H. Gluesing-Luerssen, J. Rosenthal, and R. Smarandache. Strongly MDS
convolutional codes. IEEE Trans. Inform. Theory, 52(2):584—-598, 2006.
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MDS and MDP Convolutional Codes
Definition

A convolutional code C of rate k/n and degree ¢ is called
(i) maximum distance separable (MDS) if

cheo(C) = (0= k) | | +1) + 541,
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MDS and MDP Convolutional Codes

Definition
A convolutional code C of rate k/n and degree ¢ is called
(i) maximum distance separable (MDS) if

)
dfree(C) = (N — k) qu + 1) +0+1,
(i) of maximum distance profile (MDP) if

dF(C) = (n—K)(j+1)+1 forj=0,.. L= M*LnikJ
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MDS and MDP Convolutional Codes

Definition
A convolutional code C of rate k/n and degree ¢ is called
(i) maximum distance separable (MDS) if

)
dfree(C) = (N — k) qu + 1) +0+1,
(i) of maximum distance profile (MDP) if

dF(C) = (n—K)(j+1)+1 forj=0,.. L= M*MKJ

Lemma (GRS 2006)

LetC be an (n, k, ) convolutional code with generator matrix
G(z) and Go full rank. If d7(C) = (n— k)(j + 1) + 1 for some
jef{1,...,L}, thend?(C) = (n—k)(i+1)+1 foralli <j.
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Criteria for MDS convolutional codes - Preliminaries

Theorem (GRS 2006)

For an (n, k, §) convolutional code C with G(z) = "' , Giz' the
following statements are equivalent:
| AT e BN
OFC)=(-RG+D+1 o o
(ii) All fullsize minors of Gf := 1| e RRUFDXAGH)

0 Go
that are non trivially zero is nonzero.
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Criteria for MDS convolutional codes - Preliminaries

Theorem (GRS 2006)

For an (n, k, §) convolutional code C with G(z) = "' , Giz' the
following statements are equivalent:

| AT e BN

OFC)=(-RG+D+1 o o

(ii) All fullsize minors of Gj‘? = P e FkG+1)xn(j+1)

0 Go
that are non trivially zero is nonzero.

Lemma

Let A e Fg° with r < s be such that all its fullsize minors are
nonzero. Then, each vector which is a linear combination of the
r rows of A has at least s — r + 1 nonzero entries.
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Criteria for MDS convolutional codes -
Let u(z) € F&[z] with deg(u) = ¢ and v(z) =

(ovg --- Vu+z)
Go
0
G=1|
0
Go
G =
0
We use that if G =

wt(v(z

|dea
u(z)G(z). Then,

(Up uy -+ Up)G, where
G, 0 -~ 0
for £>u
0
0 Go G,
Gy G, 0
: : for /<upu
G - G.¢ - G,
[G1 ---gm] then
Zwt U Uy -~ Up)Gj).
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Reverse Code

Definition

Let C be an (n, k, §) convolutional code with generator matrix
G(z), which has entries gjj(z). Set g;(z) := z"igji(z=") where v
is the i-th row degree of G(z). Then, the code C with generator
matrix G(z), which has g;(z) as entries, is called the reverse

code to C. We call the j-th column distance of C the j-th
reverse column distance of C.

Remark
Let G(z) =3I, Giz' and G(z) = 3", GiZ'. Ifk | §, one has

that Gi = G,,_; fori =0, ..., p.
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Criteria for MDS convolutional codes with k | 0 - Idea

Go -+ Gy % 0 0
G = 0 E : * R for ¢>p—1
0 -~ 0 =«
Go - G1 G - G, 0
G =
Go : :
0 Go - Gu
for¢ < p—1.

ALPR 2023: Z. Abreu, J. Lieb, R. Pinto, J. Rosenthal. Criteria for the construction of
MDS convolutional codes with good column distances, arXiv:2305.04647.
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Criteria for MDS codes with k | § - Results
Theorem (ALPR 2023)

Letk|<5andG( )=t Giz' with = £. If > 3, let
n> 3k — 5= 2k, except fork 2,0 = 6 where we assume n > 5
and let all non trivially zero full-size minors of the following

matrices be nonzero, where 0 < ¢ < min (u — 1, Metl) kel )

Go - Gy G, - G G -~ G,
: ) T and | : :
0 Go 0 G, Go - Gy
If u < 2, let additionally all non trivially zero full-size minors of
Go - Gy
.1 | be nonzero and assume for n = 1 that
0 Go
n>2k —1 andforu =2 thatn> 3k — 2.
Then, C is an MDS convolutional code.
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Criteria for MDS convolutional codes with k 1 0 - Idea

630 63#4,1 *
g=|° -
Gy *
0 0 *
Gy -+ G4 G
G= f
Go :
0 Go

fort < p—1.
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Criteria for MDS codes with k t § - Results

Theorem (ALPR 2023)

Letk {6 and letC be an (n, k, ) convolutional code with
minimal generator matrix G(z) of degree p = [£] and with
generic row degrees. Denote by é‘# the matrix consisting of the
(first) t = 6 + k — ku nonzero rows of G,,. If all not trivially zero
full-size minors of the matrices

Go -+ Gy G - Gy
: and | : : for 0 </<pu—1
0 Go Go -+ Gu-1-¢
Gy
and G“__ for 0<i<pu—1stn>k(u—i+1)andG,

Gi
are nonzero and n > B, then C is MDS.
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Good column distances

Remark

Ifk | 0, codes fulfilling our conditions are not only MDS but also
reach the upper bound for the j-th column distance and the j-th
reverse column distance until j = y — 1.

Remark

If k 1 6, codes fulfilling our conditions reach the upper bound for
the j-th column distance until j = . — 1. Moreover, L = y — 1 if
andonly ifn> 6+ k = ku + t. In this case, C is also MDP.
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Optimizing conditions for given n, k, ¢ (for k | )
Let S be the value of the generalized Singleton bound and set

-3 -foi] e [4] e 2]

n—K k n—k
If non-trivially zero full-size minors of G¢ and G¢ are nonzero,
then wt(u(z)G(z)) > S+ R for all u(z) € F[z]¥ with deg(u) > E.
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Optimizing conditions for given n, k, ¢ (for k | )

Let S be the value of the generalized Singleton bound and set
S-2 ) o0—1 w w

W [S22] S [0) e [W]on p W]

If non-trivially zero full-size minors of G¢ and G¢ are nonzero,
then wt(u(z)G(z)) > S+ R for all u(z) € F[z]¥ with deg(u) > E.

G,u T G,u—F—H G;L—F

If R > F -k —1, we consider
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Optimizing conditions for given n, k, ¢ (for k | )

Let S be the value of the generalized Singleton bound and set
S-2 ) o0—1 w w

W [S22] S [0) e [W]on p W]

If non-trivially zero full-size minors of G¢ and G¢ are nonzero,
then wt(u(z)G(z)) > S+ R for all u(z) € F[z]¥ with deg(u) > E.

G,u t G,u—F—H G;L—F
If R> F -k — 1, we consider ' : :
Gu G[L—1
Gu

Go -+ Gg_q Ge
andif R—F -k+1>E k-1, ' : ;
Go G;
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Optimizing conditions for given n, k, ¢ (for k | )

If ¢ =deg(u) < F < pu—1,we write wi(v(z)) = S+ A.
If A> k, we consider

GO T G€—1 GZ Gf—H co G;A

|
|
Go |
|

GO G1 to G,ufl G/L—Z—H T G,u
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Optimizing conditions for given n, k, ¢ (for k | )

If ¢ =deg(u) < F < pu—1,we write wi(v(z)) = S+ A.

If A > k, we consider

Go -+ Gt | G | G - Gy
S : :
Go | : :
| Go G - Gu
If even A > 2k, we can consider the splitting

Go - G| G -~ Gu

Go G - Gu_r—1

14/23



Optimizing conditions for given n, k, ¢ (for k | )

If ¢ =deg(u) < F < pu—1,we write wi(v(z)) = S+ A.
If A> k, we consider

Go -+ Gt | G | G - Gy
S : : G,
Go | : E : -
| Go G - Gu Guis1 - G,
If even A > 2k, we can consider the splitting
Go -+ G Ger1v oo Guod G
Go Gy - GN;M G;;—e .- G,

We can split the middle matrix x = min (M —(-2, {%J) times.

It X = i~ £~ 2, delete y = min (i — £ — 1, | A2 BTN )

matrices.
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Optimizing conditions for given n, k, ¢ (for k | )

If ¢ =deg(u) < F < pu—1,we write wi(v(z)) = S+ A.
If A> k, we consider

Go -+ Gt | G | G - Gy
S : : G,
Go | : : : .
| Go G - Gu Guis1 - G,
If even A > 2k, we can consider the splitting
Go -+ G Ger1v oo Guod G
éo G - Gy Gyt - G,

We can split the middle matrix x = min (M —(-2, {%J) times.

It X = i~ £~ 2, delete y = min (i — £ — 1, | A2 BTN )

matrices.
The case ¢ = F = E — 1 has to be considered separately.
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Example

Letk=2,n=11,6=6,i.e.u=3,S=43and E=2, F = 1.
Then, R=4> Fk -1+ Ek —1,i.e. from ¢ > E we obtain

G
(% &) (g) @)=
0 GO ) GO ) GS )
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Example

Letk=2,n=11,6=6,i.e.u=3,S=43and E=2, F = 1.

Then, R=4> Fk -1+ Ek —1,i.e. from ¢ > E we obtain
Go

Go Gy ) <Gz>
) G b ) G .
( 0 GO (G;) GS 8

For¢=1=F = E — 1, we start with Gy, (G‘ G GS), Gs. As

Go G1 GZ
_ Go Gy Gz Gy 0
A =7 > 2k, we change to ( 0 Go) J (G1> ’ (Gz G3) and

since A— 2k =4 > Fk — 1, we can obtain the splitting

Go G1 GQ GZ G
0 GO ) G1 ) GS ) 3.
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Example

Letk=2,n=11,6=6,i.e.u=3,S=43and E=2, F = 1.

Then, R=4> Fk -1+ Ek —1,i.e. from ¢ > E we obtain
Go

Go Gy ) <Gz>
) G b ) G .
( 0 GO (G;) GS 8

For¢=1=F = E — 1, we start with Gy, (G‘ G GS), Gs. As

Go G1 GZ
_ Go Gy Gz Gy 0
A =7 > 2k, we change to ( 0 Go) J (G1> ’ (Gz G3) and

since A— 2k =4 > Fk — 1, we can obtain the splitting

Go G1 GQ GZ G
0 GO ) G1 ) GS ) 3.

Clearly, x = 0 and as also y = 0 in sum the non trivially zero
full-size minors of the following matrices have to be nonzero:

Go
G Gy Gi Go G3.
<0 GO 9 (G;)a GS ) G1 7[ 0 Y1 2 3]
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Construction of MDS convolutional codes

Definition

Let r,n,m € N and consider a Toeplitz matrix
Ay - A

A € FYHIPEIM of the form A = .| with
0 Ao

A e Fg*Mfori € {0,...,r}. Ais called reverse superregular
Toeplitz matrix if all non trivially zero minors (of any size) of
A - A
the matices A and Aoy = .. i | are nonzero.
0 A

Remark

Our conditions for k | § are fulfilled if G, is a reverse
superregular Toeplitz matrix and with slight adaption this can be
also used for the case that k t . However, using this for the

construction of MDS codes leads to very large field sizes. -



Construction of MDS convolutional codes

Theorem (ALPR 2023)

Let n, k,§ € N such that they fulfill our conditions and let . be a
primitive element of a finite field F = F v with

N> p- 24001 Then G(z) = YOI, Giz' with

a?"
Gi = :
C¥2m+k71
2"
Gu = :
azun+t—1

i+1)n—1 -
ag(/ n

2(i+1.)n+k72

2(u+1)n—1

(p+1)n+t—2
Oé2 .

MDS convolutional code.

fori=0,...,u—1 and

is the generator matrix of an
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Construction Examples

Example

If k=96 =1,i.e. pn=1and narbitrary, one obtains E = F = 0.
Hence, it is enough if all full-size minors, i.e. all entries, of Gy
and Gy are nonzero. This means Gy = Gy = (1 --- 1) defines
an MDS convolutional code over any field.
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Construction Examples

Example

If k=96 =1,i.e. pn=1and narbitrary, one obtains E = F = 0.
Hence, it is enough if all full-size minors, i.e. all entries, of Gy
and Gy are nonzero. This means Gy = Gy = (1 --- 1) defines
an MDS convolutional code over any field.

Example

If k =1,0 =2and narbitrary, E = F =1, i.e. all non trivially

zero full-size minors of (Gy Gy G») (GO 61) and (Gg G1>
"\0 Gy 0 G

have to be nonzero. Hence, an (n, 1,2) MDS convolutional

code existsforg>n+1,e9.Go=Go=(1 --- 1) and

Gy = (1 a ---a" ') where « is a primitive element of Fq. For

n = 2 this field size is smaller than in previous constructions, for

n > 3 itis equal to the best previous construction.
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Construction Examples

Example

Fork=1,n=§=3,i.e. u =38 and S = 12, the best existing
constructions require g > 10. Our criterion requires that the
non trivially zero full-size minors of the following matrices are

nonzero:
GS, Gi, (gz) [Go G1 G2 Gg).
1

Using this, we found an (3, 1,3) MDS convolutional code over
F7 defined by the generator matrix G(z) = 33, G;z/, with
Gop=(442),Gi=(143),Go=(462)and G3 =(121),
which additionally has optimal j-th column distance for j < 2
and optimal reverse column distance for j < 1.
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Construction Examples

Example

Fork=2,6=4, n=5,i.e.p=2and S = 14, we get the
conditions that all non trivially zero full-size minors of the
matrices (Gy Gi Gz), G§ and G have to be nonzero. We found
the following solution over [F3;:

G—53014111G—17424147
0=\ 3 23 21 12 5 )" 71— 7 24 12 20 22

14 0 12 19 1
a”dGF(zs 129 1 22)
In previous constructions smallest possible field size is 31 as
well. However, our code has the additional advantage that for
j € {0, 1}, the j-th column distance and the j-th reverse column
distance are optimal.
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Example

Letk=2,n=3andé =3,i.e.u=2and t = 1. We get the
conditions that all non trivially zero full-size minors of G¢, G;
and G» have to be nonzero. The following example over F3
fulfills these conditions:

1 0 2 11 1 11 1
G°:<2 1 2)7 G1:<1 0 2)’ 62:(0 0 o>‘
The smallest possible field in previous constructions with these
parameters is F1g. This means we manage to improve the field

size a lot and additionally, our code has optimal j-th column
distance for j € {0,1}.
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Example
Letk=2,n=6andd =3,i.e. u=2and t = 1. We need that

, . G ~
all full-size minors of Gy, '), Gy and G, are nonzero. An

(Go
example fulfilling these conditions over F7 is

2 2 0 4 6 4 455
GO:(G 3 4)’61_<1 4025 2)’
1 1 1
GZ:(O oo>'

The smallest possible field in previous constructions with these
parameters is Fyg.

o = 01,
o = 01O,
o = O

22/23



Conclusion

¢ We presented new (sufficient) criteria for the construction
of MDS convolutional codes, considering certain minors of
the sliding generator matrix of the code

23/23



Conclusion

¢ We presented new (sufficient) criteria for the construction
of MDS convolutional codes, considering certain minors of
the sliding generator matrix of the code

e We presented a general construction for MDS

convolutional codes with good column distances (over
large finite fields)
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Conclusion

¢ We presented new (sufficient) criteria for the construction
of MDS convolutional codes, considering certain minors of
the sliding generator matrix of the code

e We presented a general construction for MDS
convolutional codes with good column distances (over
large finite fields)

¢ We presented some construction examples for MDS

convolutional codes over fields of smaller size than in
previous constructions with the same code parameters
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