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Abstract

This study aims to observe if the theorem prover Lean positively influences students’
understanding of mathematical proving. To this end, we perform a pilot study concerning
freshmen students at the University of Zurich (UZH). While doing so, we apply certain
teaching methods and gather data from the volunteer students enrolled in the “Founda-
tions of Mathematics” course. After eleven weeks of study covering some exercise questions
implemented with Lean, we measure Lean students’ performances in proving mathemat-
ical statements, compared to other students who are not engaged with Lean. For this
measurement, we interview five Lean and four Non-Lean students and we analyze the
scores of all students in the final exam. Finally, we check significance by performing a
t-test for independent samples and the Mann-Whitney U-test.
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1 Introduction

Automated theorem provers and proof assistants have been around since the 1960s, when
the first formal language AUTOMATH was developed [20]. Since then, many theorem
provers have come forth, such as Agda, Isabelle and Coq. Each of them has its own
strengths and weaknesses. For example, Agda has no proof automation and Isabelle has
no dependent types in its underlying structure, meaning that predicate logic can only be
done in a challenging way [27]. While automated theorem provers are more vulnerable to
mistakes, proof assistants are robust, but usually very difficult to use.

To take advantage of both systems, Lean was introduced in 2013 by Leonardo de
Moura at Microsoft Research Redmond, and is one of the programming languages that
acts as a bridge between proof assistant and automated theorem prover [2]. It differs from
Cog, for instance, Lean uses a more mathematician-friendly syntax and is supported by a
large community of mathematicians [8], while Cog is still used more in computer sciences
circles [10H12]. Still, both are based on adaptations of the calculus of constructions.

Even though Lean is based on such a high level of abstract mathematics, it has gained
much popularity in teaching undergraduate students in recent years, and even studies
about the effects of teaching mathematics with Lean are coming up [1,31]. While trends
show that teaching with Lean could have positive learning effects, it remains a challenge
to integrate teaching Lean into current university curricula.

This paper aims to provide further evidence of the positive effects of teaching with
Lean concerning freshman students’ performance in the “Foundations of Mathematics”
course taught at the Institute of Mathematics of the University of Zurich. To this end, we
learn Lean ourselves by implementing seven Lean exercise sheets based on the content of
the course and we organise eleven sessions over one semester in which volunteer students
are taught the foundations of mathematics with Lean.
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To be able to carry out such a study, we first consider certain teaching methods like
writing appealing goals for the students [24], trying to turn extrinsic motivation into
intrinsic motivation [17], varying a lot between frontal teaching and experimented learning
[33], choosing an appropriate difficulty level [32], differentiating teaching for different skill
levels [34], embracing digital teaching resources [28] and creating a learn-efficient class
climate [7].

Secondly, we consider the data gathering. More explicitly, we follow the structure
of Thoma and Iannone by conducting interviews with Lean and Non-Lean students to
compare their proof writing and by checking whether Lean students perform better in the
final exam [31]. To measure the significance of the results, we perform two statistical tests,
the t-test for independent samples and the Mann-Whitney U-test [15]. We additionally
use a questionnaire with open and closed questions to better understand the motivation
and contentment of the Lean students. It is important to mention that the names of the
students considered are all anonymised using Romansh language starting with L for Lean
students and N for Non-Lean students. The gender of the names does not represent the
gender of the actual students.

The structure of this study is as follows. Section [2] provides the necessary background
on the Lean interface and tactics, essential for interacting with Lean. Section [3| discusses
the teaching methods used in meetings with volunteer students and explains the data
collection process. The results, supported by sample student solutions and statistical
tests, are presented in Section [4] Specifically, we evaluate students’ proof structure, exam
scores, and progress. Finally, Section [5 discusses our experiences in learning and teaching
(with) Lean.

2 Preliminaries

In this section, we briefly introduce interacting with Lean through its interface, focusing on
the use of tactics. For an extended version, and importantly, to understand the connection
between tactics and type theory, we refer the reader to [4]. Let us first present the interface
of Lean as a first step to use it.

2.1 Lean Interface

Several digital platforms, including online options, are available for programming with
Lean. For this study, Lean was downloaded and installed for Visual Studio Code (VS-
Code), [39]. Once this setup is completed, a Lean project could be initiated, which, when
opened in VS-Code, appears as follows:

(b) Lean interface at line 16.

Figure 1: The Lean interface in VS-Code with the helpful infoview on the right side.



Proof writing is done on the left side of the interface. At the top, in both figures,
packages were imported to enable tactics mode and other features, which was discussed
in more detail in [4]. Below, still in both figures of Figure [} an example of a short proof
is shown. Note how a proposition is structured and the way the subsequent proof is
constructed.

On the right side, Lean’s operations are displayed in the so-called infoview, where the
state of the proof is shown. In Figure [I} depending on the line selected on the left, the
infoview on the right displays a corresponding proof state. This feature is very helpful
in comparison to doing proofs by hand, where hypotheses and pending conclusions must
constantly be checked. If a mistake is made or a tactic not allowed is attempted, an error
message appears in the infoview, as illustrated in Figure [2| below.

¥ Solution%201.lean:17:8

¥ Tactic state

P QR : Prop

hp : P

hpg : P > Q
Q

¥ Expected type

: Prop

¥ Messages (1)

type mismatch
hp

has type
P : Prop

but is expected to have type
Q : Prop

Figure 2: Error-message when trying to exact hP from the example above.

The error message not only indicates that a mistake has been made but also specifies
the type of mistake, which, depending on one’s experience, can help with direct correction.
Imagine if a piece of paper could offer such feedback! In certain situations, the infoview
can also display proposed theorems to aid in solving a proof, a feature discussed further
when Lean’s tactics are examined.

Lean’s automation helps the proof process by providing progress feedback, identifying
mistakes, and even suggesting relevant theorems from Mathlib’s extensive collection [14].
Additional assistance is available when using Lean in VS-Code. With the development of
AT tools like ChatGPT, a code-suggestion Al called GitHub Copilot has been created and
can be used directly in VS-Code. This package requires installation and login, which is
available for free with a UZH account.

: P> (P->0Q) » Q:=
hp

hpg

Figure 3: A suggestion for the next step generated by GitHub Copilot.

During the meetings with students, the copilot was intentionally disabled, as it sim-
plified some exercises too much. However, it was still very useful for developing solutions
to the exercise sheets. It should be noted that GitHub Copilot does not always provide



helpful code suggestions and occasionally proposes lines that result in error messages.
Nevertheless, it can assist when one is stuck at a certain point in a proof, even if only by
sparking an idea through a line of code that may not work initially.

2.2 Tactics

When proving statements in Lean, one can use so-callethctics, which are similar to
instructions for proofs [2]. In this section, only the tactics that positively impacted Lean
students, as discussed in Sectiop] 4, are presented. In the examples shown here, we often
just show a small part of the whole proof; the complete proofs can be found on GitHub |3].

All tactics taught to participants throughout the semester, along with their logical
foundations in natural deduction rules and by the PAT interpretation , can be found in [4]
and the references therein. More specically, some of the tactics presented there are
directly related to derivation rules from the calculus of constructions used to build a term
(the proof) corresponding to the given type (the proposition). For these tactics, we always
present the natural deduction rule the tactic corresponds to, the proof using the tactics,
and the proof in term-style. Term-style proofs are another way to prove statements in
Lean, and they are closely related to the calculus of constructions. One can even use both
methods combined to build a proof. Apart from tactics and derivation rules, Lean also has
access to countless theorems and de nitions implemented in a huge library called Mathlib
[23]. We have summarized the most important addition, subtraction, multiplication, and
division theorems in a \cheat sheet" that can be found on [3]. We note that, although
we prepared such documentation in|[4], we did not consider this high-level logic in our
studies with students. Therefore, we prefer not to present it here.

intro tactic

One of the rst things to do in a proof is to introduce the variables and hypotheses that
are available. This can be done when there is an implication type in the goal In Lean, the
intro or intros tactics are used for introducing these variables or hypotheses.

What we are doing here is introducingP and from P we want to derive Q. This then
gives the proof that P implies Q, seen below the line.

(a) intro used in VS-Code. (b) Lean infoview after using intro .
Figure 4. Using the intro tactic to prove that P ) P holds for any proposition.

We see in the Figure[4 above, on the left, that the original goal is to prove that
8P : Prop; P! P. Here, P : Prop means that P is of type Prop (propositions). In the
right picture, we see the remaining goal { P) and the two hypotheses we now have. They
are P : Prop, i.e. we now have an arbitrary proposition andh : P. The second means that
we have a proofh for P independent of what proposition P is exactly.

exact tactic

To complete the proof in Figure[4, the hypothesish : P needs to be used. This can be
accomplished with the exact tactic, which applies a proposition or proof to satisfy the
given goal.



(a) exact used in VS-Code. (b) Lean infoview after using exact
Figure 5: Using the exact tactic concludes the proof that P ) P holds for any proposition.

When we try to prove this without tactics, we do it as follows.
example : P! P :=funp:P=p

Here we introduce a functionfun from P to P called p. When we are not in Lean's
tactic mode, this already nishes the proof.

apply tactic

Unfortunately it is not always straightforward to prove a statement. For example, Consider
a case with two implications in the statement to prove, suchasP ) (P) Q)) Q. In
this situation, simply using the intro tactic to introduce P and P ) Q and then applying
exact will not work, as exact requires the hypothesis and goal to be identical. When
the hypothesis contains an implication and the goal aligns with the conclusion of that
implication, the apply tactic is suitable.

(a) Before we useapply. (b) Lean infoview before using apply.

(c) apply used in VS-Code. (d) Lean infoview after using apply.
Figure 6: Using the apply tactic to deal with hypotheses including implications.

The right-hand side of the hypothesishP Q is Q, which is the same as the goal. This
allows us to use theapply tactic to shift the goal to the left-hand side of the hypothesis,
P. The apply tactic operates on this principle: given an implication, such asP ) Q as a
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hypothesis, with hP Q, as the proof of the implication, it su ces to show the left-hand side
P to validate the right-hand side Q. Thus, we can change the goal from the right-hand
side to the left-hand side. We note that, alternatively, one can forget theapply tactic and
useexact hPQ hP instead.

Proving this statement without tactics would look like this.

example : P! (P! Q)! Q :=

funp: P =>
funf: P | Q =>
fp

One may have already noticed that the structure of the proof changes when we con-
struct it without tactics. Tactics can only be used inside a by-done environment. In this
case, we see thaapply was not used explicitly.

rw tactic

We are somewhat more fortunate when we have if-and-only-if statements as hypotheses,
as this allows us to decide which side to use. When an if-and-only-if statement appears as
a hypothesis, or in Mathlib, we can apply the rw (rewrite) tactic to adjust the statement
accordingly. Therw at tactic can even be used to modify a speci ¢ hypothesis. If multiple
rewrites are required, we can useepeat rw .

(a) Before we userw. (b) Lean infoview before using rw.
(c) rw used in the goal. (d) Lean infoview after using rw in the
goal.
(e) rw used in the hypothesis. (f) Lean infoview after using rw in the
hypothesis.

Figure 7: Using therw tactic to change betweenP and R.



In Figure 7, we illustrate the di erence between using therw tactic in the goal versus
in a hypothesis. For the rst case, a left arrow () is required, as we want to rewrite R
to P, not vice versa. In this speci ¢ example, changing the hypothesis is not ideal, as the
label hP Q may lose its meaning afterP is rewritten as R. Alternatively, we could assign
a more general label to the hypothesis, avoiding direct references tB or R.

constructor tactic

If-and-only-if statements frequently appear that we would like to prove. On paper, this

is typically done by proving each implication separately. In Lean, the same approach
applies. The constructor tactic is used here to split an if-and-only-if goal into two

subgoals, requiring both implications to be proved.

(a) Before we useconstructor. (b) Lean infoview before using con-
structor .
(c) constructor used in VS-Code. (d) Lean infoview after using construc-
tor.

Figure 8: The constructor tactic splits a goal into two subgoals for both implications.

The constructor tactic can also be used when we have 4 in the goal.

(a) Before we use constructor. (b) Lean infoview before using constructor.



(c) constructor used in VS-Code. (d) Lean infoview after using constructor.
Figure 9: The constructor tactic splits a goal into two subgoals for both sides of the® operator.

After we split the proof into two subgoals, we can simply use exachP and exact hQ
to nish the proof. When we are not in the tactics mode, we use the same expression as
in the sequent calculus:

example : P! Q! (P~ Q) =

fun p =>
fun g =>
And.intro p g

With the constructor tactic, a major advantage of tactics becomes clear. While the
A -introduction rule works only for conjunction terms, the constructor tactic can also split
if-and-only-if statements. Lean automatically recognizes which case is being handled.

cases' tactic

Disjunction (_) and conjunction (*) terms can also appear as hypotheses. Consider how
they di er when the statements are split. Whenever there is a” or a _ in one of the
hypotheses instead of in the goal, we can use theases' tactic. For a logical \and",
this produces a single proof term with two hypotheses, whereas for a logical \or", the
statement must be proven twice: once with the left-hand side of the hypothesis and once
with the right-hand side.



(a) Before we usecases. (b) Lean infoview before using cases.

(c) cases' used in VS-Code. (d) Lean infoview after using cases.
Figure 10: cases' applied on a hypothesis with \or" gives us two subgoals to prove.

Using the " -elimination rule, we can derive both P and Q. When applying the cases'
tactic on a conjunction hypothesis, Lean performs both derivations, resulting in two sepa-
rate hypotheses. The elimination rule for disjunction is somewhat more complex. Assume
that we have a statementR and a proof of P _ Q. To show that P _ Q implies R, we need
to prove both that P implies R and that Q implies R. Each must imply R, as we want
the exibility to use either P or Q to derive R. Consequently, when we encounteP _ Q
in a hypothesis, we must establish two statementsP ) Rand Q) R.

Lean can determine from the context which of the two deduction rules should be
applied. Of course, we could usexact hP Q directly; however, this example demonstrates
the impact of the cases'tactic on a logical or-statement. Note that we can assign individual
names to the two newly created hypotheses.

Without using the tactics mode, it is essential to distinguish between conjunctions and
disjunctions in the proof. For disjunction, the proof proceeds as follows:

example : (P _ Q! (Q _ P) =
fun h: P _ Q =>
Or.elim h
(fun p : P => Or.inr p)
(fun g : Q => Or.inl q)

A signi cant advantage of the tactic mode is to show current goal. This feature is
especially helpful in cases where two independent proofs are required, as illustrated in the
example above.



(a) Before we usecases. (b) Lean infoview before using cases.

(c) cases' used in VS-Code. (d) Lean infoview after using cases.

Figure 11: cases' applied on a hypothesis with \and" gives us two hypotheses to prove one
goal.

Notice that, in this case, the goal remains unchanged when using the cases' tactic.
Keep in mind that : P and P ) False are logically equivalent; this can be veri ed using a
truth table for the bachelor level students. In Lean, : P is dened asP ) False and can
be used accordingly. To complete the proof, wepply hnP, which changes the goal toP,
and then useexact hP.

We can do the same without tactics. Notice that here we do not useapply again:

example : (P ~: P) ! False :=
funh:P ~: P =
And.right h (And.left h)
While it is convenient that the rules are named And.right and And.left, it should be noted

that, unlike when using tactics, we do not see the two hypothese$P and hnP in this
case.

symm tactic

Lean is very precise when checking proofs. For example, if the hypothesis Is: x = 3, we

cannot prove the goal™ 3 = x using exacth. One needs to switch the hypothesis or the
goal. The symm tactic lets us interchange the left- and right-hand side of an equality in
any goal or hypothesis.
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(a) Before we usesymm. (b) Lean infoview before symm.

(c) symm used in VS-Code. (d) Lean infoview after using symm.
Figure 12: Without symm, the proof cannot be concluded.

We could also change the equality in the hypothesid, then the new hypothesis would
be h : 3 = x. Exactly like the goal.

induction' tactic

Natural induction is built into Lean's capabilities. Using the induction' tactic, proofs
by induction can be initiated over a variable, with options available to perform proofs by
strong induction as well.

(a) A proof using natural induction. (b) Lean infoview after using induction' .
Figure 13: Natural induction in Lean.
Even though this is a trivial statement, we use quite speci ¢ theorems to prove it. We

elaborate on that in Chapter 5.2.
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The proof by the strong induction method was used to solve a question from one of the ex-
ercise sheets. Interested readers can have a look at that proof in Level 3, Exercise 3.2 in [3].

ring _nf tactic

As long as our goal contains expressions with only ring arithmetic, we can use theng _nf
tactic to prove the statement.

--Prove that (x+y)"2 = x"2 + 2xy + y"2.

example: 8x y : R, (X+ty)"2 = x"2 + 2*x*y + y*2 := by
intros x y

ring_nf

done

3 Methods

In this section, we consider the teaching methods and data gathering process. The teaching

methods were used to prepare the weekly sessions we held with ve volunteer rst-year
mathematics students.

3.1 Teaching Methods

At the start of each meeting, we showed students the session goals to help them focus
on key topics. This approach has been shown to improve student achievement [19]. The
goals were structured according to Mager's method [24], including both content and the
skills students should develop. Figure 14 provides an example from one of the meetings.

Figure 14: The goals from our 4-th meeting.

We distinguish between extrinsic and intrinsic motivation. Extrinsic motivation comes
from societal goals and expectations, while intrinsic motivation arises from personal inter-
ests and curiosity. Deci and Ryan argued in [17] that these two types are not opposites;
extrinsic motivation can become intrinsic through a four-stage process: external regula-
tion, introjected regulation, identi ed regulation, and integrated regulation. This process
describes how external motivation becomes internalized, leading to self-determination and
intrinsic motivation. With the questionnaire in Section 3.2, we aim to assess the motiva-
tion of Lean students to determine if higher motivation leads to better learning outcomes.

The meetings followed the sandwich method [33], which alternates between direct
instruction and hands-on activities and allows students to work independently for a sig-
ni cant portion of the lesson. On the other hand, when selecting exercises to discuss, we
considered an appropriate di culty level. If the content is too di cult, students become
overwhelmed and frustrated,; if it is too easy, they get bored [29]. We aimed to reach the
“zone of proximal development' [32], where the di culty is just beyond students' current
knowledge but still attainable. This concept in uenced the restructuring of the meetings
in the nal weeks of the semester, as explained in Section 5.3.

Heterogeneity is a common topic in teaching [34], as classrooms often include a wide
range of skill levels. While individual attention for each student is ideal, it is often unfea-
sible in large classes. However, with our small group, we were able to tailor instruction to
each student's needs. For instance, one of the Lean student, Ladina, had more advanced
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knowledge compared to the others, and even us. The extra one-on-one meetings with her
enabled us to provide di erentiated teaching [21], allowing us to increase the di culty
level speci cally for her.

The need to adapt our teaching to the rise of digital media is clear, yet change has
been slow, and e ective tools for integrating digital technologies into classrooms are still
lacking [28]. Although digital technology has been present for nearly 40 years, research
on its e ective use in education takes time. Some methods are emerging, emphasizing the
importance of digital teaching. Schools must adapt as the world evolves rapidly. Research
highlights the need for media-aware teaching, which fosters critical thinking and the ability
to manage information ow [22], while others caution that digital media should enhance,
not replace, good teaching [18].

In our case, we combined both methods mentioned above, teaching digital skills by
integrating digital resources without losing the core content. We are not alone in this
approach. The term STEM (Science, Technology, Engineering, and Mathematics) has
gained prominence in recent years. Both [22] and [18] emphasize the importance of in-
tegrating multiple subjects, and Lean e ectively combines technology and mathematics.
Additionally, Lean enables students to develop information literacy, critical thinking, cre-
ative digital work, and interdisciplinary STEM skills, which is not something to be taken
for granted.

We maintained an informal, relationship of equals during sessions, which helped build
a strong connection with the students and encouraged their participation in interviews.
However, it's important that a good atmosphere does not compromise learning, as stu-
dents are still learners, not peers [7]. To maintain this balance, we arranged the classroom
so that students sat in a half-circle, fostering closeness without reducing formality. A
supportive class climate not only enhances learning but also boosts self-con dence, moti-
vation, positive attitudes toward lessons and school, as well as social behavior and interest
development [25]. This, in turn, promotes intrinsic motivation.

3.2 Data Gatheting

The main goal of this study is to observe the e ect of both teaching Lean and teaching
with Lean on students' proving skills. To achieve this, we need to nd a way to measure
the quality of proofs and design appropriate interviews and questionnaires for both Lean
and Non-Lean students.

Proof Structure

Thoma and lannone outline various criteria for assessing the quality of a proof [31], and
we use these to evaluate the students' performance. The grading tables are available in
the Interviews and Questionnaire section, with the results presented in Section 4.2.

De nitions and their use  : Check whether students understand the given de ni-
tions and can correctly apply them in their proofs.

Mathematical symbols and their use . Check whether students correctly under-
stand and apply mathematical symbols, which are essential for constructing a valid
proof.

Logical statements and their links . Check whether students understand how to
deal with implications or equivalences, and whether they correctly handle quanti ers.

High level ideas : Check whether students grasp the key idea required for a proof
and can nd links between di erent mathematical theories, such as set theory and
rst-order logic.

Modular structure of the proof : Check the ability of students to break a proof
into di erent sub-proofs and to combine them correctly at the end, ensuring the
overall structure is solid.

Use of examples : Check whether students can use examples e ectively to nd
patterns that might help them complete the proof.
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Interviews and Questionnaire

We interviewed both groups, Lean and Non-Lean students, through a quantitative test. To
gain further insights into the time spent with Lean, we also prepared a separate question-
naire exclusively for Lean students. In this section, we present and justify the questions
selected for the interview, discuss the main focuses of each question, and outline the grad-
ing tables used to assess the interviews based on the grading criteria explained above.
Finally, we present the questionnaire. The results of the interviews and the evaluation of
the questionnaire can be found in Section 4.

The four interview questions are the following.

1. Prove the following deMorgan law without a truth table:
cp_9=0C:P" (¢

With this question we aim to check if Lean students developed additional skills to
deal with propositional logic proofs and the way that Non-Lean students approach
these kinds of proofs.

2. Using all axioms of addition and multiplication of natural numbers, prove:
8a;b;c2 N; a (b+c)=a b+a c

In this question, we want to measure the understanding of proof by induction and
the de nition of the successor function. We also evaluate their ability to handle
propositional equalities correctly in the base case.

3. Recall that:

a b modn, (9c;d;r2N;a=cn+randb=dn+r), (92 Z;a b=k n):
Show that congruence modn with n = 3 is an equivalence relation.
With this question we aim to observe if students can apply the proof of an equivalence
relation in the context of modulo. We also evaluate their understanding of the
de nition of modulo.
4.4 J 6 ; gudJ
20 A 2 A7

S
I, does it follow that ,; A 21 A ? What about

For this last question, we want to know more about students' understanding of
set-theoretic proofs and the de nitions of some more complex set structures.

The idea of the interview is to cover as many topics from the lecture as possible. We
see that there is a question about propositional logic, one about natural numbers and
natural induction, one about the de nition of an equivalence relation, and one on sets,
speci cally on indexed sets and operations on sets. Table 1 demonstrates how often a
topic is covered in either the Thoma and lannone paper [31], the interviews we conducted,
the exercise sheets of the course 'Foundations of Mathematics', and the nal exam of that
course. One can see that there is a high overlap between the topics chosen.

Propositional Basic Proofs Mathematical Relations and Cardinality Natural Order
Logic Set Theory Induction Functions Numbers | Relations

Thoma and 2 1 2 1

lannone

Interview 1 1 1 1 1

Exercise

Sheets 2 2 1 3 2 1 2 1

Exam 1 2 1 2 1 1

Table 1: Overview of the topics asked about in various examinations.

Question 1 is speci cally designed to give the Lean students an advantage, while Ques-
tion 4 is better suited for students who did not learn Lean. This is because Non-Lean

14



students have not been taught how to prove propositional logic without truth tables, and

we did not spend much time on exercises like Question 4 with the Lean students.

In

these four questions, in addition to the focuses mentioned above, we evaluate their proof
writing based on the characteristics explained in Section 3.2. The following tables show
the grading criteria used to assess the students' exercises.

Question 1 Question 2
0 Points 1 Point 2 Points 0 Points 1 Point 2 Points
- Understands the . Understands the
Needs help with the needed de nitions, i.e. Uses them in a D geeq; help with tl';1e needed de nitions, i.e. Uses them in a
D de nitions, even when e nitions, even when ;
) ' \or"Aand", but maybe con dent way. given some axioms, but maybe con dent way.
given. does not know them all. ) does not know them all.
Ms | Struggles with writing | Has a cLean way of No neglection ms | Struggles with writing | Has a cLean way of No neglection
mathematics. writing mathematics. detected. mathematics. writing mathematics. detected.
. . i i i Captures the meaning of Applies all logical
Makes confusions with Capture"s the meaning of Applies _aII logical Does not capture the p " 9 PP . 9
L the \not" operator the \not" operator, but connectives correctly L meaning of \for all \for all", but connectives correctly
i needed help/made mistakes. | and without help. : needed help/made mistakes.| and without help.
y : Needs to be told to
" Splits the proof in two parts, N N
HL | Does not split the miybe witﬁ a bit help P Sees how to use pL | use induction and pzde:gtands ni) use Sees how to use
proof in two parts. : the \and" in the proof. did not manage to |n- uc '0'_1' maybe mul_succ.
with a bit help.
_ apply mul_succ.
Bad approach of proof, | Basic structure detected, CLean and con dent Bad approach of proof, | Basic structure detected, Clean and con dent
S little to no structure maybe some parts not structure. S little to no structure maybe some parts not structure
visible. . formulated well enough. | visible. formulated well enough. -
Never used an Uses examples
UE Talks about examples. N Never used an Uses examples
example. in a helpful way. UE example. Talks about examples. in a helpful way.
Table 2: Grading for Question 1. Table 3: Grading for Question 2.
Question 3 Question 4
0 Points 1 Point 2 Points 0 Points 1 Point 2 Points
. Understands the X Understands the needed
Nee?'_s help with the needed de nitions, i.e. Uses them in a Neeg; help with the de nitions, i.e. union and Uses them in a
D de nitions, even when D de nitions, even when | . )
iven re, symm, trans, but maybe | con dent way. iven intersection, but maybe con dent way.
9 ) does not know them all. 9 i does not know them all.
Struggles with writing | Has a cLean way of No neglection Struggles with writing | Has a cLean way of No neglection
MS . L . MS . - .
mathematics. writing mathematics. detected. mathematics. writing mathematics. detected.
Struggles with the Captures the meaning Applies all logical Does not capture the | Captures the meaning Follows through
L \if-and-only-ifs'. of \if-and-only-ifs', but connectives correctly L \does-it-follow" of \how-it-follows', but correctly and
needed help/made mistakes. | and without help. correctly. needed help/made mistakes.| without help.
Understands how to prove Sees how to prove . Understands how to Sees how to use the
Does not know how to Does not setx in - N
HLI rove symm and trans symm and trans, maybe symm and trans. HLI union over J prove the subset, maybe de nition of union
p Y "| with a bit help. . with a bit help. and intersection.
Bad approach of proof, | Basic structure detected, ClLean and con dent Bad approach of proof, | Basic structure detected, ClLean and con dent
S little to no structure maybe some parts not structure S little to no structure maybe some parts not structure
visible. formulated well enough. ) visible. formulated well enough. .
Never used an Uses examples Never used an Uses examples
UE Talks about examples. . .
example. P in a helpful way. UE example. Talks about examples. in a helpful way.

Table 4: Grading for Question 3.

Table 5: Grading for Question 4.

These grading tables are used as support for marking the interviews. Note that after
individual grading, we had intense discussions about the scores given. During these discus-
sions, some criteria in the grading tables may have been stretched slightly. For example,
this might occur if a student did not write down a de nition correctly, but it was clear
during the interview that they understood the de nition well enough.

The questionnaire contains questions that provide insight into how Lean impacted the
students who worked with us during the semester. The answers were collected using a
Google form. Students were asked to respond to the following questions.

Did Lean motivate you to spend more time on a proof than usual? That is, would

you spend more time trying to solve an exercise in Lean or in the Natural Number
Game than on paper?

Why or why not?

meetings with you?
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Did Lean improve your proving skills in general?
Did Lean in uence how well you felt prepared for the nal exam?
How often did you use Lean besides the meetings?
Should students be taught mathematics with Lean in the future?
Open question: Do you plan to continue working with Lean during your studies?

Open question: Would you have done something di erently in the way we held our




The rst few questions could be answered with "No/Never', “Rarely/Hardly', “Some-
times/A bit', or "Yes/Often'. Question 5 o ers the options "No', "No opinion', "That
depends', or “Yes'. All non-open questions include an optional comment section. This
questionnaire helps us to better analyze the students' progress. If a Lean student does
not perform well in the exam and/or the interview, we check how these students answered
the questionnaire. If they answered Question 3 with "Never' or "Rarely," we know that the
issue is not the meetings themselves, but a lack of motivation to work with Lean at home.
The results of this questionnaire can be found in Section 4.5.

4 Results

Based on [31], we rst compare the performance of the students participating in the inter-
views during the rst exercise sheet and the exam to ensure that Lean students were not
already better students before the sessions began. Then, the results from the interviews
are presented and discussed. Finally, we examine some individual students or compare
Lean and Non-Lean students with similar performance, and present the signi cance of the
results using an independentt-test and a Mann-Whitney U-test.

4.1 Exercise Sheets and the Exam

In this section, we present the mean and median scores from the exercise sheets and
the nal exam of the course "Foundations of Mathematics." We do this to compare the
performance between Lean and Non-Lean students. Unlike the results from the interviews,
this data includes the scores from all Non-Lean students in the course.

Sheet 1 | Sheet 2 | Sheet 3 | Sheet 4 | Sheet 5 | Sheet 6 | Exam
Lean
Median 19 16.5 20 20 18.5 17.3 47
Mean 18.7 17.3 19.8 19.9 19.1 17.6 46
Non-Lean
Median 19 18.5 19 18.5 17.5 18 35
Mean 18.2 17.4 18.7 17.7 16.2 17.2 34.9
Total possible 20 20 20 20 20 20.0 60

Table 6: Lean and Non-Lean students exercise sheets and exam performance.

We have access to the anonymized scores of all the students, with Lean students labeled
asL. Since not all students submitted every exercise sheet, we exclude incomplete data
and compute the mean and median for only those students who submitted the exercise
sheets. This way, we consider around thirty- ve Non-Lean and ve Lean students. For
the exam, we use the nal score, not the exam grade, so we do not need to account for the
grading key used. It is evident that while Lean and Non-Lean students performed fairly
equally on the rst exercise sheet, Lean students scored over 10 points higher on average
than Non-Lean students in the exam.

4.2 Interviews

We begin by stating the mean, lowest, and highest scores (points for all six criteria
summed) for each question, without comparing Lean and Non-Lean students.
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Table 7: Mean, lowest and highest score for each exercise of the interview.

Question | Mean Score | Lowest Score | Highest Score
1 4.4 0 9

2 6.4 2 10

3 8.1 4 10

4 7.7 3 12

Keep in mind that, with six criteria, the highest possible score is 12 points per exercise.
We will discuss the results for each question in more detail later. Here are the total scores
from the interviews over all four questions:

Lean

Non-Lean

Laurin Nevia | Ladina | Niculin Lavinia | Nuot | Linard Nicola | Liun Mean
Mean | Mean
De nitions 4 3 8 4 6 2 7 8 4 5.8 4.25 5.1
Mathematical 3 6 7 7 8 4 7 6 5 6 5.75 5.9
Symbols
Logic 4 6 8 5 7 2 6 7 4 5.8 5 54
High Level 4 5 8 4 7 1 4 6 2 5 4 4.6
Idea
Structure of
the Proof 4 7 3 6 4 5 4 4.6
Use of Examples | O 0 1 2 0 2 2 1 12 1 11
Total 19 24 39 25 36 11 30 36 20 288 |24 26.7
Table 8: Total scores in each criterion for all students.
General Mean Laurin Nevia | Ladina | Niculin Lavinia | Nuot | Linard Nicola | Liun Lean Non-Lean Mean
Mean Mean

De nitions 1 075 |2 1 15 05 2 15 1 1.45 |1.06 1.3
Mathematical 075 |15 175 175 2 1 175 |15 125 |15 | 144 15
Symbols
Logic 1 15 2 1.25 175 05 15 175 1 145 |1.25 1.4
:'('1'32 Level 1 125 |2 1 1.75 025 |1 15 05 |125 |1 11
Structure of 1 1 175 | 075 15 05 |1 175 |1 125 |1 11
the Proof
Use of Examples | O 0 0.25 0.5 0.5 0 0.5 0.5 0.25 | 0.3 0.25 0.3
Total Mean 4.75 6 9.75 6.25 9 275 |75 9 5 7.2 6 6.7

Table 9: Mean scores in each criterion for all the students.

In Table 8 we see the total scores for each criterion and the total score for the interview.
We can see that the mean score for Lean students is higher in each criterion. The largest

di erence in averages is for theDe nitions criterion, followed by the Logic criterion. This

may be due to the cLean and precise structure that Lean encourages.
Table 9 shows the mean scores for each criterion across all four exercises. For example,
Nevia scored an average of 1.5 points in the logic criterion over all four exercises. In the
last row, we provide the total average points for each criterion, which is equivalent to
considering the mean score for each question in the interview. Therefore, Tables 8 and 9

do not present di erent results; they simply represent the same data in di erent formats.

From these tables, one can already see that Lean students performed slightly better
than Non-Lean students. We will now look at each question in detail to see if this is the
case for every question.

Question 1

Prove the following deMorgan law without a truth table:

S(p_

Q=0:pP"Ca
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Question 1 | Laurin | Nevia | Ladina | Niculin | Lavinia | Nuot | Linard | Nicola | Liun Averarge | Mean Mean
Lean Non-Lean

D 0 0 2 0 0 0 2 2 1 1 0.5 0.8
MS 0 2 2 2 2 0 1 1 1 1.2 1.25 1.2

L 0 1 2 1 1 0 1 2 1 1 1 1
HLI 0 1 2 0 1 0 1 1 1 1 0.5 0.8

S 0 0 1 0 0 0 1 2 0 0.4 0.5 0.4
UE 0 0 0 1 0 0 1 0 0 0.2 0.25 0.2
Total 0 4 9 4 4 0 7 8 4 4.8 4 4.4

Table 10: Results from Question 1.

While Nicola manages to get eight points, he solves Question 1 using sets, Figure 15.
He is not the only one to try that approach|Linard also uses sets to prove the statement.
Though it is not the same setting, one could argue that, by the PAT interpretation ,
an element of a set corresponds to a proof for a proposition, meaning De Morgan's law
can be proven equivalently using set theory. Ladina is the only one able to solve this
in the intended way. See Figure 15 for Ladina's and Nicola's solutions. It turns out
that solving Question 1 without a truth table is too dicult. Many make the mistake
of trying to use the statement to prove itself, which occurs in a few of the interviews.
Speci cally, two Non-Lean students out of four and one Lean student out of ve make
this mistake. Interestingly, the Lean student is one of the lower performers, while the two
Non-Lean students who make the mistake are average performers. Although Lean helps
with understanding concepts like: P () (P ) False), proving with rst-order logic is
an unfamiliar notation that takes time to master. It seems that more time with Lean is
needed to develop pro ciency in propositional logic proofs.

(a) Nicola's solution. (b) Ladina's solution.

Figure 15: Two solutions for Question 1. Once with sets and once with propositional logic.

Question 2

Using all axioms of addition and multiplication of natural numbers, prove:

8a;b;c2 N; a (b+c)=a b+a c

Question 2 | Laurin | Nevia | Ladina | Niculin | Lavinia | Nuot | Linard | Nicola | Liun Average | Mean Mean
Lean Non-Lean

D 1 0 2 0 2 0 1 2 1 14 0.5 1
MS 1 2 1 1 2 1 2 1 2 1.6 1.25 14

L 1 1 2 1 2 1 2 2 2 1.8 1.25 1.6
HLI 1 1 2 1 2 0 1 2 1 14 1 1.2
S 2 1 2 0 2 0 1 1 2 1.8 0.5 1.2
UE 0 0 0 0 0 0 0 0 0 0 0 0
Total 6 5 9 3 10 2 7 8 8 8 4.5 6.4

Table 11: Results from Question 2.

While most students are able to gure out that a proof by induction is needed, some
struggle with choosing the correct variable to perform induction on. For instance, in the
following gure, Niculin attempts to do induction on all three variables.
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Figure 16: Niculin's solution for Question 2.

We check if they use the propositional equality correctly. As shown in Figures 17 and
18 below, while both Lean and Non-Lean students both use the notion of propositional
equality correctly, Nevia struggles more with the de nition of successor multiplication
than Lavinia does. Having played the Natural Number Game [5] may have given Lavinia

an advantage.

(a) Lavinia's solution. (b) Nevia's solution.

Figure 17: The propositional equality used correctly.

In Figure 18 below, we see two students who incorrectly use propositional equality. It
could be a simple notation mistake, but such errors can lead to di culties in understanding

the logic behind proving a statement.

(a) Nicola's solution. (b) Linard's solution.

Figure 18: The propositional equality used incorrectly.

Question 3
Recall that:
a b modn, (9;d;r2N;a=cn+randb=d n+r), (9% 22Z;a b=k n):

Show that congruence modn with n = 3 is an equivalence relation.
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