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Abstract. We construct a braided monoidal functor J4 from Bobtcheva and
Piergallini’s category 4HB of connected relative 4-dimensional 2-handlebodies
(up to 2-deformations) to an arbitrary unimodular ribbon category C, which
is not required to be semisimple. The main example of target category is
provided by H-mod, the category of left modules over a unimodular ribbon
Hopf algebra H. The source category 4HB is generated, as a braided monoidal
category, by a pre-modular Hopf algebra object, and this is sent by the Kerler–
Lyubashenko functor J4 to the end

∫
X∈C X ⊗X∗ in C, which is given by the

adjoint representation in the case of H-mod. When C is factorizable, we show
that the construction only depends on the boundary and signature of relative
handlebodies, and thus projects to a functor Jσ3 defined on Kerler’s category
3Cobσ of connected framed relative 3-dimensional cobordisms. When H∗ is
not semisimple and H is not factorizable, our functor J4 has the potential of
detecting diffeomorphisms that are not 2-deformations.

1. Introduction

After the failure of the smooth h-cobordism theorem in dimension 4, one of the
main goals of 4-manifold topology became the detection of exotic smooth structures.
Two smooth manifolds are said to be exotic if they are homeomorphic but not
diffeomorphic. Many examples of exotic pairs have been constructed already, see
for instance [Fr82, AR14] and references therein. The simplest of them are given by
Mazur manifolds [HMP19], which are contractible 4-manifolds obtained from the
4-ball D4 by attaching a single 1-handle and a single 2-handle. Mazur manifolds
are particularly simple instances of 4-dimensional 2-handlebodies, which are all
the 4-manifolds obtained from the 4-ball D4 by attaching a finite number of 1-
handles and 2-handles. There is another natural equivalence relation on the class
of 4-dimensional 2-handlebodies, known as 2-equivalence. It is generated by 2-
deformations, which are those handle moves that never step outside of the class
of 4-dimensional 2-handlebodies. In other words, when considering 4-dimension-
al 2-handlebodies up to 2-equivalence, creation and removal of canceling pairs of
handles of index 2/3 and 3/4 is forbidden. Whether 2-deformations form a proper
subclass of diffeomorphisms is still an open question, due to the lack of sensitive
and computable invariants of 4-dimensional 2-handlebodies up to 2-deformations.
This paper delivers new families of such invariants.

1.1. Main results. We construct linear representations of a certain topological
category whose morphisms are 2-deformation classes of 4-dimensional 2-handlebod-
ies. More precisely, we define a braided monoidal functor J4 with source the cate-
gory 4HB of connected relative 4-dimensional 2-handlebodies defined by Bobtcheva
and Piergallini [BP11], and recalled in Section 3.1, and with target a unimodular
ribbon category C. Ribbon categories were introduced by Turaev in [Tu94], and
have been successfully used for the construction of link and 3-manifold invariants.
A ribbon category is unimodular if it is finite and the projective cover of its tensor
unit is self-dual, see Section 5.1. Our main result can then be stated as follows.
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Theorem 1.1. If C is a unimodular ribbon category, then there exists a braided
monoidal functor

J4 : 4HB→ C

sending the generating pre-modular Hopf algebra object of 4HB (the solid torus) to
the end

E =

∫
X∈C

X ⊗X∗ ∈ C.

The technology used for our construction was developed over a period of twenty
years by Majid [Ma91], Lyubashenko [Ly94], Crane and Yetter [CY94], Kerler
[Ke01], Habiro [Ha05], Asaeda [As11], and Bobtcheva and Piergallini [BP11]. Let
us explain what is new in our approach.

The first attempts at constructing a topological invariant of 4-dimensional man-
ifolds using the algebraic input of a ribbon category were made by Turaev using
the notion of shadows, based on Matveev’s spines [Tu94]. Unfortunately, the re-
sulting state sum invariant reduces to the Turaev–Viro invariant of the 3-dimen-
sional boundary. Note that Turaev–Viro invariants, originally defined for quantum
sl2 in [TV92], and later generalized by Barrett and Westbury to arbitrary spher-
ical fusion categories [BW93], are known to be determined by the corresponding
Witten–Reshetikhin–Turaev (WRT) invariants whenever the underlying spherical
fusion category is also a modular category [BD93, Tu94]. For closed 4-manifolds,
similar invariants due to Broda [Br93] and to Crane and Yetter [CY93] were proven
to boil down to homological invariants like the signature and the Euler characteris-
tic [Ro93, CKY93]. It should be noted that all these constructions require the use
of semisimple categories.

One still can expect non-semisimple ribbon categories to provide combinato-
rial relatives of Donaldson–Floer invariants, an idea notably promoted by Crane
and Frenkel in [CF94]. The first work in this direction, due to Bobtcheva and
Messia, was an elaborate extension of the Hennings–Kauffman–Radford (HKR)
non-semisimple invariants of closed 3-manifolds to 4-dimensional 2-handlebodies
(up to 2-deformations) [BM02]. The construction relies on the presentation of 4-
dimensional 2-handlebodies in terms of Kirby tangles, with dotted and undotted
components corresponding to 1-handles and 2-handles respectively. Hennings’ eval-
uation based on the integral of a ribbon Hopf algebra is generalized by assigning
special central elements to the two types of components. Unfortunately, no inter-
esting candidates for these central elements were found, except for the known ones
reproducing WRT and HKR invariants, and hence all the examples discussed by
Bobtcheva and Messia essentially reduce to invariants of the 3-dimensional bound-
ary, together with the signature.

Our next result provides a conceptual explanation for this phenomenon. In-
deed, all the constructions mentioned above were tested on factorizable ribbon
categories, which are finite ribbon categories whose braiding satisfies the non-
degeneracy condition recalled in Section 5.1. However, in the factorizable case,
the functor J4 : 4HB → C of Theorem 1.1 factors through a boundary functor
∂ : 4HB → 3Cobσ with target the category of connected framed relative 3-dimen-
sional cobordisms of Section 3.2. More precisely, the boundary functor ∂ sends ev-
ery 4-dimensional 2-handlebody W to the framed relative 3-dimensional cobordism
determined by its boundary ∂W and by its signature σ(W ). Furthermore, under
additional assumptions on the ribbon structure of C, the construction is indepen-
dent of the signature too, in the sense that it factors through a forgetful functor
FC : 3Cobσ → 3Cob with target the category of connected relative 3-dimensional
cobordisms without framings. Thus we have the following result.
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Theorem 1.2. If C is a factorizable ribbon category, then J4 : 4HB → C factors
through a unique braided monoidal functor

Jσ3 : 3Cobσ → C,

meaning there exists a unique commutative diagram of the form

4HB 3Cobσ

C

J4

∂

Jσ3

Furthermore, if there exists an integral λ : E → satisfying λ ◦ v+ = λ ◦ v− = id
for the ribbon and inverse ribbon elements v+, v− : → E of Section 7.1, then
Jσ3 : 3Cobσ → C factors through a unique braided monoidal functor

J3 : 3Cob→ C,

meaning there exists a unique commutative diagram of the form

4HB 3Cobσ

C

3Cob

J4

∂

Jσ3

FC

J3

We say two 4-dimensional 2-handlebodies are 2-exotic if they are diffeomorphic
but not 2-equivalent. As we mentioned earlier, whether 2-exotic pairs exist is
still an open question, but the answer is widely believed to be positive. Let us
highlight the fact that any 2-deformation invariant of 4-dimensional 2-handlebod-
ies that is multiplicative under boundary connected sum (like J4), and that assigns
an invertible scalar to S2 × D2, is unable to detect 2-exotic phenomena. This is
due to the following instability of 2-exotic behaviors: any two diffeomorphic 4-di-
mensional 2-handlebodies become 2-equivalent after a finite number of boundary
connected sums with S2 ×D2, see for instance [Qu95, Lecture 2]. As we will see,
already for the small quantum group uqsl2 at a root of unity q = e

2πi
r of order r ≡ 0

mod 4, our construction has the potential of detecting 2-exotic pairs, since in this
case J4(S2 ×D2) = 0.

In order to show this, we provide an explicit algorithm for the computation of the
Kerler–Lyubashenko functor J4 when C = H-mod for a unimodular ribbon Hopf
algebra H, see Section 8.1. This allows us to show that J4(S2 ×D2) is invertible if
and only if H is cosemisimple (in the sense that H∗ is semisimple), and similarly
that J4(S1 × D3) is invertible if and only if H is semisimple, see Corollary 8.2.
Then, in Section 9, we discuss a family of unimodular ribbon Hopf algebras that
are neither semisimple nor cosemisimple, with many being also non-factorizable.
Further computations are provided by Corollary 9.3.

In the non-cosemisimple and non-factorizable case, our construction may also
shed light on a deep open problem in combinatorial group theory, the Andrews–
Curtis conjecture, which admits an equivalent topological formulation: is every
contractible connected 4-dimensional 2-handlebody 2-equivalent to the 4-ball? The
functor J4 could be tested on potential counterexamples to the conjecture, like the
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family of Akbulut–Kirby 4-balls {∆m | m ∈ N} depicted in [AK85, Figure 28] for
m = 0, and in [Go91, Figure 36] for general m, see also [BP11, Figure 6.1.10] for
m = 3. These 4-manifolds were all shown to be diffeomorphic to D4, first for m = 0
in [Go91], and later for general m in [Ak09], but it is still unknown whether they
are also 2-equivalent to D4 or not.

1.2. Overview of the construction. As suggested by our previous discussion,
this paper focuses on three closely related categories, and it is convenient to describe
each of them in three different ways. The first incarnation is topological:

· 4HB is the category of connected relative 4-dimensional 2-handlebodies
up to 2-deformation, which was introduced by Bobtcheva and Piergallini
in [BP11], see Sections 2.1 and 3.1.
· 3Cobσ is the category of connected framed relative 3-dimensional cobor-

disms up to diffeomorphism, which was first studied by Kerler in [Ke01],
see Sections 2.2 and 3.2.
· 3Cob is the category of connected relative 3-dimensional cobordisms up

to diffeomorphism, which was first considered by Kerler in [Ke96], see
Section 3.2.

The reason for considering 3Cobσ, alongside 3Cob, is a recurring phenomenon in
quantum topology, as many of the relevant algebraic structures giving rise to quan-
tum constructions actually produce functors which require framings on 3-dimen-
sional cobordisms. We also stress the fact that, although 4HB is referred to as the
category of relative handlebody cobordisms in [BP11], it is not actually a relative
cobordism category, in the sense that composition in 4HB is not the composition
of relative cobordisms, see Section 3.1 for more details.

As it often happens in this context, these topological categories are conveniently
described in diagrammatic terms. This leads us to consider three diagrammatic
categories which are equivalent to the previous topological ones:

· KTan is the category of Kirby tangles, as considered by Bobtcheva and
Piergallini in [BP11], see Section 4.1.
· TTanσ is the category of signed top tangles in handlebodies, which is

introduced here for the first time, see Section 4.2.
· TTan is the category of top tangles in handlebodies, which is a general-

ization of the category defined by Habiro in [Ha05], see Section 4.2.
All these topological and diagrammatic categories admit explicit algebraic pre-

sentations. This is the result of a deep work initiated by Crane and Yetter [CY94],
developed by Kerler [Ke01], Habiro [Ha05], and Asaeda [As11], and fully com-
pleted by Bobtcheva and Piergallini [BP11]. In particular, this means we can con-
sider three algebraically presented categories which are also equivalent to the above
ones:

· 4Alg the free braided monoidal category generated by a pre-modular Hopf
algebra, see Section 6.1.
· 3Algσ the free braided monoidal category generated by a modular Hopf

algebra, see Section 6.2.
· 3Alg the free braided monoidal category generated by an anomaly-free

modular Hopf algebra, see Section 6.2.
All these definitions are due to Bobtcheva and Piergallini, although we introduce
small changes to their terminology.
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Summing up everything, all these different categories are related by the following
diagram of functors, where horizontal arrows denote projections, and vertical arrows
denote equivalences:

4Alg 3Algσ 3Alg

KTan TTanσ TTan

4HB 3Cobσ 3Cob

Qσ Q

K

∼=

Tσ

∼=

T
∼=

E FT

D

∼=

χσ

∼=
χ

∼=

∂ FC

The missing definitions can be found in Sections 3.3, 4.3, and 6.3.
The Kerler–Lyubashenko functor J4 : 4HB → C appearing in Theorem 1.1 is

based on the explicit algebraic presentation of 4HB obtained by Bobtcheva and
Piergallini. The strategy is essentially to prove that the end

E =

∫
X∈C

X ⊗X∗

of a unimodular ribbon category C supports the structure of a pre-modular Hopf
algebra in C, and can therefore be chosen as the image of the generating object of
4Alg. Furthermore, increasingly strong additional assumptions on C ensure that
J4 : 4HB→ C factors through successive quotients, as proved in Section 7.3.

We end this introduction by restating Bobtcheva and Piergallini’s deep result
in terms of braided monoidal functors of the form V : 3Cobσ → C for a braided
monoidal category C, which we refer to as C-valued braided Topological Field The-
ories (TFTs). Let us highlight a couple of key differences with respect to Atiyah’s
well-known axioms:

(i) The monoidal structure on 3Cobσ is induced by boundary connected sum,
instead of disjoint union.

(ii) The braiding on 3Cobσ is induced by permutation of 1-handles, and there-
fore is not symmetric.

We say a C-valued braided TFT is anomaly-free if it factors through the forgetful
functor FC : 3Cobσ → 3Cob.

Theorem 1.3 (Bobtcheva–Piergallini). If C is a braided monoidal category, then
C-valued braided TFTs are classified by modular Hopf algebras in C, and anomaly-
free braided TFTs are classified by anomaly-free modular Hopf algebras.

This statement is a further step towards the algebraization of 3-dimensional
TFTs, after the complete classification of 2-dimensional TFTs in terms of commu-
tative Frobenius algebras.

Acknowledgments. The authors would like to express their gratitude to Maria
Stamatova for bringing to our attention the work of Bobtcheva and Piergallini,
without which the paper would not have been written.
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2. Topological preliminaries

In this section we recall some basic facts about handle decompositions and sig-
nature defects for the convenience of the reader.

Conventions. All manifolds considered in this paper are compact, smooth, and
oriented, that is, orientable and equipped with a fixed orientation, and all diffeo-
morphisms are orientation-preserving. The interval [0, 1] will be denoted I, the
unit n-disc will be denoted Dn, and the unit n-sphere will be denoted Sn. All cor-
ners that appear as a result of taking products between manifolds with boundary
and of gluing manifolds along submanifolds of their boundaries can be smoothed
canonically, up to diffeomorphism, and we will tacitly do so without comment. Fur-
thermore, we fix throughout the paper an algebraically closed field k, and the term
linear will always stand for k-linear, unless stated otherwise.

2.1. Relative handlebodies and deformations. Let n and k 6 n be natural
numbers. Recall that an n-dimensional k-handle is defined as a copy D(k,n) of the
n-manifold Dk × Dn−k. Its core is the k-submanifold Dk × {0}, while its cocore
is the (n − k)-submanifold {0} × Dn−k. It is often useful to think about D(k,n)

as the n-dimensional thickening of a k-cell. Indeed, the boundary ∂D(k,n) can
be decomposed into the attaching tube A(k,n) := (∂Dk) × Dn−k and the belt tube
B(k,n) := Dk × (∂Dn−k). These provide tubular neighborhoods, inside ∂D(k,n),
for the attaching sphere (∂Dk) × {0} and the belt sphere {0} × (∂Dn−k). An n-
dimensional k-handle D(k,n) can be attached to the boundary of an n-dimensional
manifold X using an embedding φ : A(k,n) ↪→ ∂X. See [GS99, Figure 4.1] for an
example of the attachment of a copy of D(1,2).

If Y is an (n − 1)-manifold, a relative n-dimensional k-handlebody built on Y ,
sometimes simply called a relative handlebody, is an n-manifold X equipped with a
filtration of n-manifolds

Y × I = X−1 ⊆ X0 ⊆ . . . ⊆ Xk−1 ⊆ Xk = X

such that, if the incoming boundary of Xi is defined to be

∂−X
i := Y × {0}

and the outgoing boundary of Xi is defined to be

∂+X
i := (∂Xi) r

(
(Y × {0}) ∪ ((∂Y )× I̊)

)
for every −1 6 i 6 k, then Xi is obtained from Xi−1 by attaching a finite number
of n-dimensional i-handles to ∂+X

i−1, see for instance [BP11, Definition 1.2.2] for
a precise definition. Similarly, a dual relative n-dimensional k-handlebody built on
Y is an n-manifold X equipped with a filtration of n-manifolds

Y × I = X−1 ⊆ X0 ⊆ . . . ⊆ Xk−1 ⊆ Xk = X

such that, if the outgoing boundary of Xi is defined to be

∂+X
i := Y × {1}

and the incoming boundary of Xi is defined to be

∂−X
i := (∂Xi) r

(
(Y × {1}) ∪ ((∂Y )× I̊)

)
for every −1 6 i 6 k, then Xi is obtained from Xi−1 by attaching a finite number
of n-dimensional i-handles to ∂−Xi−1. Most of the time, we will abusively denote
relative handlebodies and dual relative handlebodies simply by their underlying
manifold, without mention to the accompanying filtration.
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Now let ` 6 n be a natural number. An `-deformation of a relative n-dimensional
k-handlebody X is a finite sequence of moves of the following type:

(i) addition/deletion of an (i− 1)-handle together with a canceling i-handle
for 1 6 i 6 `;

(ii) isotopy of the attaching map of an i-handle inside ∂+X
i−1 for 0 6 i 6 `;

(iii) handle slide of an i-handle over another i-handle for 0 6 i 6 `.
Two relative n-dimensional k-handlebodies built on the same (n − 1)-dimensional
manifold are said to be `-equivalent if they are related by an `-deformation. In
particular, if two relative n-dimensional k-handlebodies are k-equivalent, it means
they can be deformed into one another without ever stepping outside of the class of
relative n-dimensional k-handlebodies. Two relative n-dimensional (n− 1)-handle-
bodies are diffeomorphic if and only if they are (n− 1)-equivalent, see for instance
[BP11, Section 1.2]. It remains an open question to understand whether every pair
of diffeomorphic relative n-dimensional (n−1)-handlebodies are also (n−2)-equiv-
alent. Up to 1-deformation, every connected relative handlebody with connected
incoming boundary can be assumed to have no additional 0-handle, see for instance
[BP11, Proposition 1.2.4].

2.2. Relative cobordisms and signature defects. If Z is a closed (n − 1)-
manifold, an n-manifold with Z-parametrized boundary, sometimes simply called a
manifold with parametrized boundary, is a pair (Y, ϕ), where Y is an n-manifold and
ϕ : Z → ∂Y is a diffeomorphism. A relative cobordism between n-manifolds with
Z-parametrized boundary (Y, ϕ) and (Y ′, ϕ′) is an (n + 1)-manifold with (Y, Y ′)-
parametrized boundary (X,ψ), where

(Y, Y ′) := (−Y ) ∪(ϕ×{0}) (Z × I) ∪(ϕ′×{1}) Y
′,

where −Y denotes Y with the opposite orientation. Most of the time, we will
abusively denote manifolds with parametrized boundary and relative cobordisms
by their underlying manifold, without explicitly specifying boundary identifications.
Notice that the notion of relative cobordism between manifolds with Z-parame-
trized boundary recovers the standard notion of cobordism when Z = ∅.

If n = 4k + 2, then a Lagrangian subspace L ⊂ H2k+1(Y ;R) for the (2k + 1)th
homology of an n-manifold Y is a maximal isotropic subspace with respect to the
transverse intersection pairing tY : H2k+1(Y ;R) × H2k+1(Y ;R) → R, which is an
antisymmetric bilinear form on H2k+1(Y ;R), and which is non-degenerate if and
only if ∂Y = ∅. Every relative cobordism (X,ψ) between n-manifolds with Z-
parametrized boundary (Y, ϕ) and (Y ′, ϕ′) can be used to push forward to the
(2k + 1)th homology of Y ′ any Lagrangian subspace L ⊂ H2k+1(Y ;R), by setting

X∗(L) := {y′ ∈ H2k+1(Y ′;R) | i∗(ψ∗(y′)) ∈ i∗(ψ∗(L))},
where i : ∂X ↪→ X denotes inclusion, and similarly to pull back to the (2k + 1)th
homology of Y any Lagrangian subspace L′ ⊂ H2k+1(Y ′;R), by setting

X∗(L′) := {y ∈ H2k+1(Y ;R) | i∗(ψ∗(y)) ∈ i∗(ψ∗(L′))}.
If L,L′,L′′ ∈ H2k+1(Y ;R) are Lagrangian subspaces, then their Maslov index

µ(L,L′,L′′) ∈ Z
is an integer which is defined in [Tu94, Section IV.3.5] (see [DR17, Appendix C.3]
for the version that is needed here whenever ∂Y 6= ∅), and which is completely
antisymmetric in all its entries.

If n = 4k, then the signature σ(W ) ∈ Z of an n-manifold W is the signature
of the transverse intersection pairing tW : H2k(W ;R) × H2k(W ;R) → R, which
is a symmetric bilinear form on H2k(W ;R). The famous non-additivity theorem
of Wall [Wa69] states that whenever W = W− ∪M0 W+ for some n-dimensional



8 A. BELIAKOVA AND M. DE RENZI

submanifoldsW− andW+ and some (n−1)-dimensional submanifoldM0 satisfying
∂W− = (−M−)∪ΣM0 and ∂W+ = (−M0)∪ΣM+, where M− and M+ are (n− 1)-
dimensional submanifolds and Σ is an (n − 2)-dimensional submanifold satisfying
∂W = (−M−) ∪M+ and (−M−) ∩M+ = ∂M− = ∂M0 = ∂M+ = Σ, then

σ(W ) = σ(W−) + σ(W+) + µ(L−,L0,L+),

where

iΣ0∗ : H2k−1(Σ)→ H2k−1(M0), iΣ±∗ : H2k−1(Σ)→ H2k−1(M±)

are induced by inclusion and L0 := ker(iΣ0∗), L± := ker(iΣ±∗).

3. Relative handlebody and cobordism categories

In this section, we recall the definition of the three topological categories we
will focus on: Bobtcheva and Piergallini’s category 4HB of connected relative 4-di-
mensional 2-handlebodies, and Kerler’s categories 3Cobσ and 3Cob of connected
(framed) relative 3-dimensional cobordisms.

3.1. Relative 4-dimensional 2-handlebody category. For every m ∈ N, we
specify a standard connected relative 3-dimensional 1-handlebody Hm ⊂ R3 built
on the square I2 and featuring preciselym 1-handles, which we represent graphically
through the projection to R× {0} × R as

and we denote by Σm,1 the surface ∂+Hm. Similarly, we denote by H∗m ⊂ R3

the standard connected dual relative handlebody obtained from Hm by reflection
with respect the plane R2 × { 1

2}, which we also represent graphically through the
projection to R× {0} × R as

and we denote by Σ∗m,1 the surface ∂−H∗m.
The category 4HB of connected relative 4-dimensional 2-handlebodies, first in-

troduced in [BP11] under the notation Chb3+1
1 , is defined as follows:

· Objects of 4HB are natural numbers m ∈ N.
· Morphisms of 4HB from m to m′ are 2-deformation classes of connected

relative 4-dimensional 2-handlebodies W built on the 3-manifold

X(Hm, Hm′) := H∗m ∪(I2×{0}) I
3 ∪(I2×{1}) Hm′
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obtained from the standard connected relative handlebodies introduced
earlier, which we represent schematically as

The −1st manifold in the filtration of W is represented schematically as

As observed earlier, morphisms of 4HB are diffeomorphic if and only if
they are 3-equivalent, but whether the same holds for 2-equivalence or
not is still an open question.
· The identity idm ∈ 4HB(m,m) of an object m ∈ 4HB is the 2-deforma-

tion class of the relative handlebody Hm × I, which can be built on the
3-manifold X(Hm, Hm) by attaching 2-handles like

· The composition

W ′ ◦W ∈ 4HB(m,m′′)

of morphisms W ∈ 4HB(m,m′), W ′ ∈ 4HB(m′,m′′) is given by

W ∪Hm′ W
′.

The category 4HB can be given the structure of a monoidal category:
· The tensor product

m⊗m′ ∈ 4HB

of objects m,m′ ∈ 4HB is given by the sum m+m′.
· The tensor product

W ⊗W ′ ∈ 4HB(m⊗m′,m′′ ⊗m′′′)
of morphisms W ∈ 4HB(m,m′′), W ′ ∈ 4HB(m′,m′′′) is given by

W \W ′,

where W \W ′ is obtained by gluing horizontally W to W ′, identifying the
right side of W with the left side of W ′ as prescribed by the identity map,
and then by shrinking the result in order to get a relative handlebody
built on X(Hm+m′ , Hm′′+m′′′).
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We stress the fact that, although 4HB is called the category of relative handle-
body cobordisms in [BP11] and in [Bo20], it is not a relative cobordism category. In-
deed, despite the fact that every relative handlebody naturally admits the structure
of a relative cobordism, the composition of relative 4-dimensional 2-handlebodies
in 4HB is not the composition of the corresponding relative cobordisms structures.
Furthermore, relative 4-dimensional 2-handlebodies in 4HB are considered only up
to 2-deformation, which is expected to determine a different equivalence relation
than the one determined by diffeomorphism.

3.2. Framed relative 3-dimensional cobordism category. For each standard
connected surface Σm,1 introduced earlier, we specify a standard Lagrangian sub-
space Lm ⊂ H1(Σm,1;R) defined as the subspace generated by {β1, . . . , βm, ∂},
where βi denotes the homology class of the belt sphere of the ith 1-handle of Σm,1
for every integer 1 6 i 6 m, and ∂ denotes the homology class of the boundary of
Σm,1, as represented here below

The category 3Cobσ of connected framed relative 3-dimensional cobordisms, first
considered in [Ke01] under the notation Cob, is defined as follows:

· Objects of 3Cobσ are natural numbers m ∈ N.
· Morphisms of 3Cobσ from m to m′ are pairs (M,n), where M is the

diffeomorphism class of a connected relative 3-dimensional cobordism M
from Σm,1 to Σm′,1 for the standard connected surfaces introduced earlier,
and n ∈ Z is an integer, called the signature defect.
· The identity idm ∈ 3Cobσ(m,m) of an object m ∈ 3Cobσ is the pair

(Σm,1 × I, 0).

· The composition

(M ′, n′) ◦ (M,n) ∈ 3Cobσ(m,m′′)

of morphisms (M,n) ∈ 3Cobσ(m,m′), (M ′, n′) ∈ 3Cobσ(m′,m′′) is given
by

(M ∪Σm′,1 M
′, n+ n′ − µ(M∗(Lm),Lm′ , (M

′)∗(Lm′′))).

The category 3Cobσ can be given the structure of a monoidal category:
· The tensor product

m⊗m′ ∈ 3Cobσ

of objects m,m′ ∈ 3Cobσ is given by the sum m+m′.
· The tensor product

(M,n)⊗ (M ′, n′) ∈ 3Cobσ(m⊗m′,m′′ ⊗m′′′)
of morphisms (M,n) ∈ 3Cobσ(m,m′′), (M ′, n′) ∈ 3Cobσ(m′,m′′′) is given
by

(M \M ′, n+ n′),

where M \M ′ is obtained by gluing horizontally M to M ′, identifying the
right side of M with the left side of M ′ as prescribed by the identity map,
and then by shrinking the result in order to get a cobordism from Σm+m′,1

to Σm′′+m′′′,1.
Finally, the category 3Cob of connected relative 3-dimensional cobordisms, first

appearing in [Ke96] under the notation Cob3(1)conn, and in [Ke01] under the nota-
tion Cob0, is simply obtained from 3Cobσ by forgetting signature defects.
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3.3. Boundary and forgetful functors. There is a boundary functor

∂ : 4HB→ 3Cobσ

that is given by the identity on objects, and that sends every relative 4-dimensional
2-handlebody W in 4HB(m,m′) to the pair (∂W, σ(W )) in 3Cobσ(m,m′), where
∂W is the relative 3-dimensional cobordism determined by the boundary of W ,
and σ(W ) is the signature of W . Remark that 2-deformations are diffeomorphisms
of a special kind, so clearly 2-equivalent relative handlebodies have diffeomorphic
boundaries. The boundary functor ∂ is essentially surjective and full, which means
it gives a projection from 4HB to 3Cobσ, see [BP11, Section 5.1].

We also have a forgetful functor

FC : 3Cobσ → 3Cob

that is given by the identity on objects, and that sends every pair (M,n) in
3Cobσ(m,m′) to the relative 3-dimensional cobordism M . The forgetful functor
FC is clearly essentially surjective and full, which means it gives a projection from
3Cobσ to 3Cob.

4. Kirby and signed top tangle categories

The aim of this section is to give a diagrammatic description of the three topo-
logical categories of Section 3 by first defining the categories of Kirby tangles KTan
and of (signed) top tangles in handlebodies TTanσ and TTan, then defining functors
between them, and finally showing that the following diagram commutes:

KTan TTanσ TTan

4HB 3Cobσ 3Cob

E FT

D

∼=

χσ

∼=

χ

∼=

∂ FC

4.1. Kirby tangles. First, we recall the definition of the category of Kirby tangles
KTan considered in [BP11, Section 2]. For all m,m′ ∈ N, a Kirby (m,m′)-tangle
T , sometimes simply called a Kirby tangle, is a framed unoriented tangle in I3

whose set of boundary points is composed of 2m points uniformly distributed on
the bottom line I × { 1

2} × {0} ⊂ I3 and 2m′ points uniformly distributed on the
top line I × { 1

2} × {1} ⊂ I
3, and whose components are of two types:

· Dotted unknots with framing 0;
· Undotted components transversal to Seifert discs of dotted unknots, and

satisfying the condition that, for all 0 6 i 6 m and 0 6 i′ 6 m′, there ex-
ists an undotted component joining the (2i)th and the (2i−1)th incoming
boundary points, and another one joining the (2i′)th and the (2i′ − 1)th
outgoing ones.

Kirby tangles should be understood as describing 4-dimensional 2-handlebodies.
Dotted unknots represent 1-handles, whose attaching tubes, provided by disjoint
pairs of 3-balls, are thought to be squeezed onto the corresponding Seifert discs,
while undotted knots represent attaching spheres of 2-handles. A 2-deformation of
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a Kirby tangle T is a finite sequence of isotopies and moves of the following type:

! (D1)

! (D2)

Pictures (D1) and (D2) represent operations performed inside a solid torus S1×D2

embedded into I3, and they leave Kirby tangles unchanged in the complement.
The category KTan of Kirby tangles is defined as follows:
· Objects of KTan are natural numbers m ∈ N.
· Morphisms of KTan from m to m′ are 2-deformation classes of Kirby

(m,m′)-tangles T .
· The identity idm ∈ KTan(m,m) of an object m ∈ KTan is given by1

idm :=

· The composition

T ′ ◦ T ∈ KTan(m,m′′)

of morphisms T ∈ KTan(m,m′), T ′ ∈ KTan(m′,m′′) is given by vertical
gluing.

The category KTan can be given the structure of a braided monoidal category:
· The tensor product

m⊗m′ ∈ KTan

of objects m,m′ ∈ KTan is given by the sum m+m′.
· The tensor product

T ⊗ T ′ ∈ KTan(m⊗m′,m′′ ⊗m′′′)
of morphisms T ∈ KTan(m,m′′), T ′ ∈ KTan(m′,m′′′) is given by

T tT ′,
where T tT ′ is obtained by gluing horizontally the two copies of I3, iden-
tifying the right side of the left one with the left side of the right one as
prescribed by the identity map, and then by shrinking the result into I3.

1We could generalize the definition of Kirby tangles by allowing through strands, like in [Ke01,
Section 3.1], and by adding boundary moves to the set of relations, like in [Ke01, Equation (9)]. In
this case, the identity of an object m ∈ KTan could be equivalently represented by the standard
identity tangle with 2m strands.
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· The braiding cm,m′ ∈ KTan(m ⊗ m′,m′ ⊗ m) of objects m,m′ ∈ Rλ is
given by

cm,m′ :=

Note that, up to 2-deformation, we can always pre-compose any Kirby (m,m′)-tan-
gle T with idm and post-compose it with idm′ .

4.2. Signed top tangles in handlebodies. In this section, we define a category
TTanσ, which we call the category of signed top tangles in handlebodies. This
category is related to the category of bottom tangles in handlebodies defined by
Habiro in [Ha05, Section 14.4], which can be realized as a subquotient of TTanσ.
The change in terminology is a consequence of a change in conventions. Indeed
Habiro, like Kerler [Ke01] and Asaeda [As11], reads morphisms from top to bottom,
while we read them from bottom to top, like Bobtcheva and Piergallini [BP11]. This
will exchange the role of bottom tangles and top tangles. For all m,m′ ∈ N, a top
(m,m′)-tangle T , sometimes simply called a top tangle, is an unoriented framed
tangle inside the standard connected dual relative 3-dimensional 1-handlebody H∗m
introduced in Section 3. Its set of boundary points is composed of 2m′ points
uniformly distributed on the top line I × { 1

2} × {1} ⊂ H
∗
m. For every 0 6 j 6 m, a

component of T joins the (2j)th and the (2j − 1)th boundary points. If T is a top
tangle and n ∈ Z is an integer, then a signed Kirby move is a modification of the
pair (T, n) of the following type: , n

!
 , n− 1

 (K-1)

 , n

!
 , n+ 1

 (K+1)
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!
 , n

 (K2)

 , n

!
 , n

 (K3)

Pictures (K-1) and (K+1) represent operations performed inside a ball D3 embed-
ded into H∗m, while pictures (K2) and (K3) represent operations performed inside
a solid torus S1 × D2 embedded into H∗m. All these operations leave top tangles
unchanged in the complement.

The category TTanσ of signed top tangles in handlebodies is the category defined
as follows:

· Objects of TTanσ are natural numbers m ∈ N.
· Morphisms of TTanσ from m ∈ N to m′ ∈ N are pairs (T, n), where T is

a top (m,m′)-tangle and n ∈ Z is an integer called the signature defect,
modulo isotopies and signed Kirby moves.
· The identity idm ∈ TTanσ(m,m) of an object m ∈ TTanσ is given by

idm :=

 , 0

 .

· The composition

(T ′, n′) ◦ (T, n) ∈ TTanσ(m,m′′)

of morphisms T ∈ TTanσ(m,m′), T ′ ∈ TTanσ(m′,m′′) is given by

(T ◦ T, n+ n′),

where T ◦ T is obtained by considering an open tubular neighborhood
N(T̃ ) in H∗m of the subtangle T̃ of T composed of all arc components, by
gluing vertically its complement H∗m rN(T̃ ) to H∗m′ , identifying the top
base of H∗mrN(T ) with the bottom base of H∗m′ as prescribed by the top
tangle T̃ , and then by shrinking the result into H∗m.

The category TTanσ can be given the structure of a braided monoidal category:
· The tensor product

m⊗m′ ∈ TTanσ

of objects m,m′ ∈ TTanσ is given by the sum m+m′.
· The tensor product

(T, n)⊗ (T, n′) ∈ TTanσ(m⊗m′,m′′ ⊗m′′′)
of morphisms (T, n) ∈ TTanσ(m,m′′), (T ′, n′) ∈ TTanσ(m′,m′′′) is given
by

(T tT ′, n+ n′),

where T tT ′ is obtained by gluing horizontally H∗m to H∗m′ , identifying
the right side of H∗m with the left side of H∗m′ as prescribed by the identity
map, and then by shrinking the result into H∗m+m′ .
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· The braiding cm,m′ ∈ TTanσ(m ⊗m′,m′ ⊗m) of objects m,m′ ∈ Rλ is
given by

cm,m′ :=



, 0


Finally, the category TTan of top tangles in handlebodies is simply obtained from

TTanσ by forgetting signature defects.

4.3. Handle and surgery presentation functors. We consider the eraser func-
tor

E : KTan→ TTanσ

given by the identity on objects, and sending every Kirby tangle T in KTan(m,m′)
to the pair (Hm(T ), 0) in TTanσ(m,m′), where the top tangle Hm(T ) is obtained
by erasing dots (an operation which corresponds to 1/2-handle trading) and by
replacing the bottom copy of idm as shown

 

Proposition 4.1. The eraser functor E : KTan→ TTanσ is essentially surjective
and full.

Proof. The fact that the eraser functor E is well-defined follows immediately from
the fact that 2-deformations of Kirby tangles (D1)-(D2) project to signed Kirby
moves of top tangles (K2)-(K3). The fact that E is essentially surjective is obvious.
The fact that it is also full follows from the fact that if T is a Kirby tangle in
KTan(m,m′), then any signed top tangle of the form (Hm(T ), n) with n 6 0 can be
obtained from (Hm(T ⊗ O⊗n− ), 0) by a sequence of −n signed Kirby moves (K-1),
and similarly any signed top tangle of the form (Hm(T ), n) with n > 0 can be
obtained from (Hm(T ⊗ O⊗n+ ), 0) by a sequence of n signed Kirby moves (K+1),
where

O− := O+ := �

We also have a forgetful functor

FT : TTanσ → TTan

given by the identity on objects, and sending every pair (T, n) in TTanσ(m,m′) to
the top tangle T .
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Next, there is a handle decomposition functor

D : KTan→ 4HB

given by the identity on objects, and sending every Kirby tangle T in KTan(m,m′)
to the relative handlebody in 4HB(m,m′) obtained by attaching 1-handles along
dotted unknots (or rather by removing complementary 2-handles whose belt spheres
are determined by dotted unknots, which is the same) and attaching 2-handles along
undotted components. The functorD is an equivalence, see [BP11, Proposition 2.3].

We consider now the signed surgery presentation functor

χσ : TTanσ → 3Cobσ

given by the identity on objects, and sending every pair (T, n) in TTanσ(m,m′) to
the pair (C(T ), σ(TrT̃ )+n) in 3Cobσ(m,m′), where C(T ) is the relative cobordism
obtained from Hm by carving out an open tubular neighborhood N(T̃ ) in Hm of
the subtangle T̃ of T composed of all arc components, and by performing 2-surgery
along the subtangle T r T̃ composed of all circle components, and where σ(T r T̃ )

is the signature of the linking matrix of (T r T̃ ) ⊂ Hm ⊂ R3.

Proposition 4.2. The signed surgery presentation functor χσ : TTanσ → 3Cobσ

is an equivalence.

Proof. The fact that χσ is essentially surjective is obvious. Furthermore, every
relative cobordism can be obtained from

C




by index 2 surgery along a framed link. This shows χσ is full. Finally, two pairs
(T, n) and (T ′, n′) in TTanσ determine diffeomorphic cobordisms under χσ if and
only if they are related by a finite sequence of signed Kirby moves (K-1)-(K3), as
follows from [Ro97, Theorem 1]. This shows χσ is faithful. �

In particular, we also have a surgery presentation functor

χ : TTan→ 3Cob

given by the identity on objects, and sending every top tangle T in TTan(m,m′)
to the relative cobordism C(T ) in 3Cob(m,m′). The proof of Proposition 4.2 im-
mediately implies the following result.

Proposition 4.3. The surgery presentation functor χ : TTan→ 3Cob is an equiv-
alence.

5. Algebraic preliminaries

In this section we summarize the terminology needed in order to understand the
target of the braided monoidal functor of Theorem 1.1.

5.1. Unimodular and factorizable ribbon categories. Following [EGNO15,
Definition 1.8.5], a finite category is a linear category C over k which is equivalent
to the category A-mod of finite dimensional left A-modules for a finite dimensional
algebra A over k. An equivalent and more explicit characterization is provided
by [EGNO15, Definition 1.8.6]. A finite category C has enough projectives, which
means every object X ∈ C admits a projective cover PX ∈ C equipped with a
projection morphism εX : PX → X.
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A ribbon category is a braided rigid monoidal category C equipped with a ribbon
structure. The monoidal structure, which we always assume to be strict by invoking
[ML71, Theorem XI.3.1], is given by a tensor product ⊗ : C × C → C and a
tensor unit ∈ C. Rigidity of C ensures the existence of two-sided duals, and
this allows us to fix dinatural families of left and right evaluation and coevaluation
morphisms

←
evX : X∗ ⊗ X → ,

←−
coevX : → X ⊗ X∗, →evX : X ⊗ X∗ → , and

−→
coevX : → X∗ ⊗ X for every X ∈ C. The braided structure is given by a
natural family of braiding isomorphisms cX,Y : X ⊗ Y → Y ⊗X for all X,Y ∈ C.
Finally, the ribbon structure is given by a natural family of twist isomorphisms
ϑX : X → X for every X ∈ C. These data must satisfy several axioms, which can
be found in [EGNO15, Sections 2.1, 2.10, 8.1, 8.10]. A ribbon category is always
pivotal, meaning it admits a natural family of pivotal isomorphisms ϕX : X → X∗∗

for every X ∈ C, see [EGNO15, Proposition 8.10.6]. Since every pivotal category
is equivalent to a strict one, as proved in [NS05, Theorem 2.2], we will always
implicitly assume that ϕX = idX for every X ∈ C.

A rigid category C is unimodular if it is finite and P ∗ ∼= P , compare with
[EGNO15, Definition 6.5.7].

An object X ∈ C of a braided monoidal category is said to be transparent if it
belongs to the Müger center M(C) of C, which means its double braiding satisfies
cY,X ◦ cX,Y = idX⊗Y for every object Y ∈ C. A unimodular ribbon category
C is factorizable if all its transparent objects are trivial, meaning that they are
isomorphic to direct sums of copies of the tensor unit . A factorizable ribbon
category C is sometimes also called a modular category. The definition given above
is equivalent to several others, as proved in [Sh16, Theorem 1.1]. In Section 7.1 we
will give yet another equivalent modularity condition.

5.2. Unimodular and factorizable ribbon Hopf algebras. A relevant family
of examples of unimodular ribbon categories is provided by categories of represen-
tations of unimodular ribbon Hopf algebras. Indeed, let H be a Hopf algebra over
a field k, with unit η : k → H, product µ : H ⊗ H → H, counit ε : H → k,
coproduct ∆ : H → H ⊗H, and antipode S : H → H. For all elements x, y ∈ H,
we use the following short notations: for the product, µ(x⊗ y) = xy, for the unit,
η(1) = 1, and for the coproduct, ∆(x) = x(1) ⊗ x(2) (hiding a sum). Recall that,
if H is finite-dimensional, then the antipode S is invertible, as proved in [Ra12,
Theorem 7.1.14].

A ribbon structure on H is given by an R-matrix R = R′i ⊗R′′i ∈ H ⊗H (which
hides a sum) and a ribbon element v+ ∈ H, see [Ka95, Definitions VIII.2.2. &
XIV.6.1]. We denote with u ∈ H the Drinfeld element and with M ∈ H ⊗H the
M-matrix associated with the R-matrix R, which are defined by u = S(R′′i )R′i and
by M = R′′jR

′
i ⊗R′jR′′i respectively (with sums hidden in both notations). We also

denote with v− ∈ H the inverse of the ribbon element and with g ∈ H the unique
pivotal element compatible with v+, meaning it satisfies g = uv−.

A left integral λ ∈ H∗ of H is a linear form on H satisfying λ(x(2))x(1) = λ(x)1
for every x ∈ H, and a left cointegral Λ ∈ H of H is an element of H satisfying
xΛ = ε(x)Λ for every x ∈ H, see [Ra12, Definition 10.1.1 & 10.1.2]. Recall that,
if H is finite-dimensional, then a left integral and a left cointegral exist, they are
unique up to scalar, and we can lock together their normalizations by requiring

λ(Λ) = 1,

as follows from [Ra12, Theorem 10.2.2]. Now, recall that a finite-dimensional Hopf
algebra H is unimodular if S(Λ) = Λ, compare with [Ra12, Definition 10.2.3]. If H
is unimodular, [Ra12, Theorem 10.5.4.(e)] implies that the left integral λ satisfies

λ(xy) = λ(yS2(x))
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for all x, y ∈ H, see also [EGNO15, Theorem 7.18.12]. If a ribbon Hopf algebra H is
unimodular then, as a consequence of [He96, Proposition 4.1], H is also unibalanced,
which means that λ(x(1))x(2) = λ(x)g2 for every x ∈ H. Furthermore, the category
H-mod of finite-dimensional leftH-modules is a unimodular ribbon category thanks
to [Lo97, Lemma 2.5].

The Drinfeld map D : H∗ → H of a ribbon Hopf algebra H is the linear map
determined by D(ϕ) := (ϕ⊗ idH)(M) for every ϕ ∈ H∗, where M is the M-matrix
of H. By definition, H is factorizable if D is a linear isomorphism. This happens
if and only if H-mod is factorizable, as explained in [FGR17, Remark 7.7].

5.3. Braided Hopf algebras. As we recalled, a Hopf algebra is determined by an
object and by several structure morphisms in Vectk. Here, we recall a well-known
extension of this definition to an arbitrary braided monoidal category C.

Definition 5.1. A braided Hopf algebra in C is an object H ∈ C, together with
(i) a product µ ∈ C(H ⊗H,H) and a unit η ∈ C( ,H), represented as

(ii) a coproduct ∆ ∈ C(H,H⊗H) and a counit ε ∈ C(H, ), represented as

(iii) an antipode and an inverse antipode S, S−1 ∈ C(H,H), represented as

satisfying the following axioms:
(i) µ and η provide an algebra structure

(ii) ∆ and ε provide a coalgebra structure

(iii) algebra and coalgebra structures are compatible

(iv) S is the convolution-inverse of the identity and it is invertible
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The antipode S of a braided Hopf algebra is automatically a bialgebra anti-
morphism, meaning it satisfies

For a proof of this well-known fact, see for instance [Ke01, Lemma 1]. Most of
the time, we will abusively denote braided Hopf algebras in C simply by their
underlying objects, without explicit mention to their structure morphisms.

6. Pre-modular and modular Hopf algebras

The goal of this section is to recall the algebraic presentation of the topolog-
ical and diagrammatic categories of Sections 3-4. This is done by defining three
categories 4Alg, 3Algσ, and 3Alg freely generated by modular and (anomaly-free)
pre-modular Hopf algebras, and by extending the commutative diagram we had
before as follows:

4Alg 3Algσ 3Alg

KTan TTanσ TTan

4HB 3Cobσ 3Cob

Qσ Q

K

∼=
Tσ

∼=

T

∼=

E FT

D

∼=

χσ

∼=

χ

∼=

∂ FC

Our presentation is based on [Ke01, Section 4] and [BP11, Sections 4.7 & 5.5],
see also [Bo20, Sections 2.1 & 2.4].

6.1. Pre-modular Hopf algebras. Let C be a braided monoidal category.

Definition 6.1. A BP-ribbon structure on a braided Hopf algebra H in C is given
by a ribbon and an inverse ribbon element v+, v− ∈ C( ,H), represented as

together with their induced copairings w+, w− ∈ C( ,H ⊗H), defined as

satisfying the following axioms:
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(i) v+ is central, invertible, normalized, and antipode-invariant

(ii) w+ is a Hopf copairing

(iii) v+ is compatible with the coproduct and w+ with the braiding

The inverse ribbon element v− of a BP-ribbon Hopf algebra automatically sat-
isfies

Moreover, the negative copairing w− automatically satisfies

which means

Indeed, this follows directly from [Ke01, Lemmas 3 & 4]. Note that the compati-
bility axioms (iii) were first considered in [BP11, Equations (r8) & (r9)]. They can
be reformulated as



KERLER–LYUBASHENKO FUNCTORS ON 4-DIMENSIONAL 2-HANDLEBODIES 21

see [BP11, Equations (p10) & (p13)]. We point out that there are also other possible
equivalent forms that the axioms (iii) of Definition 6.1 can take. A convenient one
uses the adjoint morphism α ∈ C(H ⊗H,H), which is defined as

Then [BP11, Proposition 4.4.5] implies the equations

are equivalent to the axioms (iii) of Definition 6.1. Remark that BP-ribbon Hopf
algebras are simply called ribbon Hopf algebras in [BP11]. However, when C =
Vectk with the standard symmetric braiding (given by transposition), a ribbon
Hopf algebra in the standard sense is not a BP-ribbon Hopf algebra. Indeed, the
copairing is not a Hopf copairing in general. This is why we change terminology
here.

Definition 6.2. A braided Hopf algebra H ∈ C is BP-unimodular if it admits an
integral λ ∈ C(H, ) and a cointegral Λ ∈ C( ,H), represented as

satisfying the following axioms:
(i) λ is a left coinvariant form which is antipode-invariant

(ii) Λ is a left invariant element which is antipode-invariant

(iii) λ and Λ are normalized
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The integral λ and the cointegral Λ of a BP-unimodular Hopf algebra are auto-
matically two-sided, meaning they satisfy

This is a direct consequence of their antipode-invariance. Remark that BP-unimod-
ular Hopf algebras are simply called unimodular Hopf algebras in [BP11]. However,
when C = Vectk, a unimodular Hopf algebra in the standard sense is not a BP-uni-
modular Hopf algebra. Indeed, left integrals are not antipode-invariant in general.
This is why we change terminology here.

Definition 6.3. A pre-modular Hopf algebra in C is a BP-unimodular BP-ribbon
Hopf algebra in C.

We denote byH4 a pre-modular Hopf algebra, and by 4Alg the braided monoidal
category freely generated byH4. This category was first introduced in [BP11] under
the name Hr.

6.2. Modular Hopf algebras.

Definition 6.4. A pre-modular Hopf algebra H in C is modular if the copairing
w+ is non-degenerate, which means

The copairing w+ of a modular Hopf algebra automatically satisfies also

A direct consequence of the non-degeneracy of w+ is

This condition is called twist non-degeneracy in [DGGPR19].
We denote by Hσ

3 a modular Hopf algebra, and by 3Algσ the braided monoidal
category freely generated by Hσ

3 . This category was first introduced in [BP11]
under the name H̄r.

Definition 6.5. A modular Hopf algebra H in C is anomaly-free if the ribbon
element v+ is normalized by

The inverse ribbon element v− of an anomaly-free modular Hopf algebra auto-
matically satisfies
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We denote byH3 an anomaly-free modular Hopf algebra, and by 3Alg the braided
monoidal category freely generated by H3. This category was first introduced in
[BP11] under the name ¯̄Hr.

6.3. Quotient and algebraic presentation functors. We consider the quotient
functor

Qσ : 4Alg→ 3Algσ,

which is the braided modular functor sending the generating object H4 of 4Alg
to the generating object Hσ

3 of 3Algσ, and structure morphisms to structure mor-
phisms. In other words, the functor Qσ essentially adds the modularity relation to
the set of axioms satisfied by the pre-modular Hopf algebra object H4.

We also consider the quotient functor

Q : 3Algσ → 3Alg,

which is the braided modular functor sending the generating object Hσ
3 of 3Algσ to

the generating objectH3 of 3Alg, and structure morphisms to structure morphisms.
Again, the functor Q essentially adds the anomaly-free relation to the set of axioms
satisfied by the modular Hopf algebra Hσ

3 .
Next, we consider the Kirby tangle presentation functor

K : 4Alg→ KTan,

which is the braided modular functor sending the generating object H4 of 4Alg to
the object 1 ∈ KTan, and structure morphisms to

µ 7→ η 7→

∆ 7→ ε 7→

S 7→ S−1 7→
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v+ 7→ v− 7→

w+ 7→ w− 7→

λ 7→ Λ 7→

The functor K is an equivalence, see [BP11, Theorem 4.7.5].
Next, we consider the signed top tangle presentation functor

Tσ : 3Algσ → TTanσ,

which is the braided modular functor sending the generating object Hσ
3 of 3Algσ

to the object 1 ∈ TTanσ, and structure morphisms to

µ 7→

 , 0

 η 7→

 , 0



∆ 7→

 , 0

 ε 7→

 , 0



S 7→

 , 0

 S−1 7→

 , 0



v+ 7→

 , 0

 v− 7→

 , 0



w+ 7→

 , 0

 w− 7→

 , 0





KERLER–LYUBASHENKO FUNCTORS ON 4-DIMENSIONAL 2-HANDLEBODIES 25

λ 7→

 , 0

 Λ 7→

 , 0


The functor Tσ is an equivalence, see [BP11, Theorem 5.5.4].

Similarly, we consider the top tangle presentation functor

T : 3Alg→ TTan,

which is the braided modular functor sending the generating object H3 of 3Alg
to the object 1 ∈ TTan, and structure morphisms to those prescribed by Tσ,
up to forgetting signature defects. The functor T is an equivalence, see [BP11,
Theorem 5.5.4].

7. Kerler–Lyubashenko functors

In this section we prove our main results. We start by recalling ends and trans-
mutations, before constructing the Kerler–Lyubashenko functor of Theorem 1.1.

7.1. End. Every finite rigid monoidal category C admits an end

E :=

∫
X∈C

X ⊗X∗ ∈ C,

that is defined as the universal dinatural transformation with target

(_⊗_∗) : C ×Cop → C

(X,Y ) 7→ X ⊗ Y ∗,
see [ML71, Sections IX.4-IX.6] for the terminology. In particular, such an end is
given by an object E ∈ C together with a dinatural family of structure morphisms
jX : E → X ⊗ X∗ for every X ∈ C, meaning (f ⊗ idX∗) ◦ jX = (idX ⊗ f∗) ◦ jY
for every f : X → Y . The end E is unique up to isomorphism. Furthermore, if
C is a ribbon category, the universal property of the end uniquely determines the
following morphisms:

:= :=

:= :=

:= :=
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:= :=

:= :=

As we will show in Proposition 7.3, these morphisms give E the structure of a
BP-ribbon Hopf algebra.

If C is a unimodular ribbon category, then the end E also admits an integral
λ : E → and a cointegral Λ : → E, which are unique up to scalar [KL01,
Propositions 4.2.4 & 4.2.7]. Furthermore, we can always choose a pair satisfying
λ ◦ Λ = id , whose existence is ensured by [KL01, Proposition 4.2.5].

Proposition 7.1. A unimodular ribbon category C is modular if and only if the
copairing w+ : → E ⊗E of the end E is non-degenerate, in the sense that the
morphism DE∗,E : E∗ →E defined by

DE∗,E :=

is invertible.

A proof of Proposition 7.1 can be found in Appendix A.

7.2. Transmutation. Let us fix a unimodular ribbon Hopf algebra H, and let
H-mod denote the unimodular ribbon category of finite-dimensional left H-mod-
ules. We denote by ad ∈ H-mod the adjoint representation of H, which is given by
the vector space H equipped with the adjoint left H-action

h . x := h(1)xS(h(2))

for all h ∈ H and x ∈ ad. We have

ad =

∫
V ∈H-mod

V ⊗ V ∗

with structure morphisms given by
jV : ad → V ⊗ V ∗

x 7→
∑
i∈IV

(x · vi)⊗ fi

for every object V ∈ H-mod, where {vi ∈ V | i ∈ IV } and {fi ∈ V ∗ | i ∈ IV }
are dual bases, see [BD20, Proposition A.2] for a proof. The fact that the adjoint
representation ad can be given the structure of a Hopf algebra in H-mod dates
back to the work of Majid [Ma91], who called the result the transmutation of H,
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denoted HHHHHHHHHHHHHHHHH. Structure morphisms of HHHHHHHHHHHHHHHHH are given, for all x, y ∈ HHHHHHHHHHHHHHHHH, by
µµµµµµµµµµµµµµµµµ(x⊗ y) = xy, ηηηηηηηηηηηηηηηηη(1) = 1,

∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆(x) = x(1)S(R′′i )⊗ (R′i . x(2)), εεεεεεεεεεεεεεεεε(x) = ε(x),

SSSSSSSSSSSSSSSSS(x) = R′′i S(R′i . x), S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1
S−1(x) = S−1(R′i . x)R′′i ,

v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+(1) = v+, v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−(1) = v−,

w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+(1) = S(R′′jR
′
i)⊗R′jR′′i , w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−(1) = R′′i S

2(R′j)⊗R′′jR′i,
λλλλλλλλλλλλλλλλλ(x) = λ(x), ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ(1) = Λ.

7.3. Proofs of Theorems 1.1 and 1.2. Let us restate Theorem 1.1.

Theorem 7.2. If C is a unimodular ribbon category, then there exists a unique
braided monoidal functor

J4 : 4Alg→ C

defined by the assignment J4(H4) = E and sending structure morphisms to structure
morphisms.

The functor J4 : 4Alg → C is called the Kerler–Lyubashenko functor associ-
ated with C. It should be noted that our abusive notation does not distinguish
between the functor of Theorem 7.2 and the one of Theorem 1.1, but the two are
obviously related by the equivalence functor D ◦ K : 4HB → 4Alg. In order to
prove Theorem 7.2, we only need to check that the end of a unimodular ribbon
category admits the structure of a BP-ribbon Hopf algebra, since we already know
it is BP-unimodular.

Proposition 7.3. If C is a unimodular ribbon category, then the end E is a BP-
ribbon Hopf algebra in C.

Proof. The claim essentially follows from [BP11, Theorem 5.5.4]. Indeed, the struc-
ture morphisms for E are uniquely determined by the same diagrams which yield
a ribbon Hopf algebra structure for the generating object of TTanσ. Remark that
the proof that this defines a Hopf algebra structure with a Hopf copairing dates
back to [Ly95, Sections 2-3]. We point out that Lyubashenko actually proves the
result for the coend

L =

∫ X∈C
X ⊗X∗ ∈ C,

but since he reads morphisms from top to bottom, the same diagrams and graph-
ical proofs also establish our version of the claim. For instance, the fact that the
copairing w+ : →E ⊗E is a Hopf copairing is witnessed by the equality

=
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Compare this with [Ly95, Figure 27]. Almost all of the remaining relations have
been checked in [Ke01, Section 5.2] using a graphical calculus that essentially cor-
responds to the one we considered for KTan. With respect to the ribbon Hopf
algebra structure morphisms we introduced earlier, this amounts to checking that

= =

= =

Remark that the first equality uses the dinaturality of the family of structure mor-
phisms

{jX : E → X ⊗X∗ | X ∈ C}.
What neither Lyubashenko nor Kerler proved, of course, is that the axioms (iii) of
Definition 6.3 hold, since they appeared for the first time in the complete algebraic
presentation of 4HB found by Bobtcheva and Piergallini in [BP11]. An explicit
proof of these identities in our setting amounts to the following: first, we need to
check that an isotopy gives

=
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This requires using again the dinaturality of the family of structure morphisms of
E. Next, we need to show that another isotopy gives

=

Both claims are easy to verify, and left to the reader. �

Proof of Theorem 7.2. Thanks to Proposition 7.3, the end E is a BP-ribbon Hopf
algebra in C. Furthermore, E is a BP-unimodular Hopf algebra in C thanks to
[KL01, Propositions 4.2.4 & 4.2.7]. This means that the functor

J4 : 4Alg→ C

is well-defined. �

Under stricter assumptions on the unimodular ribbon category C, the Kerler–
Lyubashenko functor J4 factors through 3Algσ, and possibly even 3Alg.

Theorem 7.4. If C is a factorizable ribbon category, then there exists a unique
braided monoidal functor

Jσ3 : 3Algσ → C

making the following into a commutative diagram:

4Alg 3Algσ

C

J4

Qσ

Jσ3
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Furthermore, if the specified integral λ : E → satisfies λ ◦ v+ = id , then there
exists a unique braided monoidal functor

J3 : 3Alg→ C

making the following into a commutative diagram:

4Alg 3Algσ

C

3Alg

J4

Qσ

Jσ3

Q

J3

This is a restatement of Theorem 1.2 in Section 1.1, and we are again adopting
an abusive notation. The proof of Theorem 7.4 follows directly from the following
statement, which is essentially a dual version of [Ke96, Theorem 5].

Proposition 7.5. If C is a factorizable ribbon category, then there exist an integral
λ : E → and a cointegral Λ : →E making the endE into a modular Hopf algebra
in C.

Proof. Thanks to Proposition 7.1, the copairing w+ : → E ⊗ E of the end E

is non-degenerate. Notice that this implies, in particular, that w+ : → E ⊗E

satisfies [Ke01, Equation (24)], meaning that

(idE ⊗ f) ◦ w+ = (idE ⊗ g) ◦ w+ ⇒ f = g

for all endomorphisms f, g : E → E. Then [Ke01, Lemma 6] implies that the
morphism (idE⊗λ)◦w+ is a cointegral ofE. But thanks to [KL01, Proposition 4.2.4],
integrals and cointegrals of E are unique up to scalar. Then the claim follows by
choosing the normalization

(λ⊗ λ) ◦ w+ = id , λ ◦ Λ = id .

�

8. Computational algorithm for H-mod

In this section, we present an algorithm for the computation of the functor2

J4 : KTan → H-mod associated with a unimodular ribbon Hopf algebra H, and
of the functor Jσ3 : TTanσ → H-mod associated with a factorizable ribbon Hopf
algebra H. The algorithm is based on the Hennings–Kauffman–Radford one, which
has been presented in several slightly different flavors throughout the literature: see
[He96, Sections 3 & 5] for the original construction, [KR94, Section 2] for the first
redefinition that avoids the use of orientations, [Ke96, Section 3.3] for a reformula-
tion based on unoriented top tangles, [Vi03, Section 4.8] for a generalized version
involving normalizable Kirby elements, [Ha05, Sections 7.3 & 12] for a translation
in terms of oriented bottom tangles, and [BM02, Section 6.1] for the first 4-dimen-
sional analogue. We will follow more closely the unoriented algorithms, which are
based on singular diagrams of framed tangles. These are obtained from regular di-
agrams by discarding framings, and forgetting the difference between overcrossings
and undercrossings. On the set of singular diagrams, we consider the equivalence
relation generated by all singular versions of the usual local moves corresponding

2We stress once more that our abusive notation, which overlaps with the one introduced in
Theorems 1.1, 1.2, 7.2, and 7.4, is justified by the existence of the equivalence functors recalled in
Sections 4.3 and 6.3.
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to ambient isotopies of framed tangles, except for the first Reidemeister move. In
particular, two equivalent singular diagrams represent homotopic tangles, but not
all homotopies are allowed.

8.1. 4-Dimensional case. Let us start by considering a unimodular ribbon Hopf
algebra H, and let us compute the intertwiner J4(T ) : ad⊗m → ad⊗m

′
associated

with a Kirby tangle T ∈ KTan(m,m′). We consider a vector

x1 ⊗ . . .⊗ xm ∈ ad⊗m

and a regular diagram of T . First of all, we insert a bead labeled by xi on the
ith incoming strand, just above the (2i− 1)th incoming boundary point, for every
integer 1 6 i 6 m, as shown:

Next, we pass to the singular version of T , while also inserting beads labeled by
components of the R-matrix as shown:

7→ 7→

Then, we remove dotted components, while also inserting beads labeled by the
cointegral as shown:

7→

When k = 0, removing a dotted component costs a multiplicative factor of ε(Λ)
in front of T . Next, we need to collect all beads sitting on the same strand in one
place, which has to be next to the leftmost endpoint, for components which are not
closed. As we slide beads past maxima, minima, and crossings, we change their
labels according to the rule

= =

= =

Next, we pass from our singular diagram to an equivalent one whose singular cross-
ings all belong to singular versions of twist morphisms, and we replace them with
beads labeled by pivotal elements according to the rule

= =

This is indeed possible, because we started from a Kirby tangle. Finally, we collect
all remaining beads, changing their labels along the way as before, and we multiply
everything together according to the rule

=
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In the end, we are left with a planar tangle B(T ) carrying at most a single bead on
each of its components.

Lemma 8.1. The intertwiner J4(T ) : ad⊗m → ad⊗m
′
satisfies

J4(T )(x1 ⊗ . . .⊗ xm) =

(
m∏
i=1

λ(yixi)

) k∏
j=1

λ(zj)

x′1 ⊗ . . .⊗ x′m′

for every x1 ⊗ . . .⊗ xm ∈ ad⊗m, where

B(T ) =

Proof. If

J4(T )(x1 ⊗ . . .⊗ xm) =

(
m∏
i=1

λ(yixi)

) k∏
j=1

λ(zj)

x′1 ⊗ . . .⊗ x′m′

and

J4(T ′)(x′1 ⊗ . . .⊗ x′m′) =

m′∏
i=1

λ(y′ix
′
i)

 k′∏
j=1

λ(z′j)

x′′1 ⊗ . . .⊗ x′′m′′ ,

then clearly

J4(T ′ ◦ T )(x1 ⊗ . . .⊗ xm) = J4(T ′)(J4(T )(x1 ⊗ . . .⊗ xm)).

Furthermore, we have

Then, [Ra12, Theorem 10.2.2.(c)] implies

λ(S−1(Λ(1))xi)Λ(2) = λ(xiS(Λ(1)))Λ(2) = xi.

Therefore

J4(idm)(x1 ⊗ . . .⊗ xm) = x1 ⊗ . . .⊗ xm,
This means that the algorithm indeed defines a functor with source KTan. Then,
it is sufficient to check that

J4(µ) = µµµµµµµµµµµµµµµµµ, J4(η) = ηηηηηηηηηηηηηηηηη,

J4(∆) = ∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆, J4(ε) = εεεεεεεεεεεεεεεεε,

J4(S) = SSSSSSSSSSSSSSSSS, J4(S−1) = S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1
S−1,

J4(v+) = v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+, J4(v−) = v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−,

J4(w+) = w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+, J4(w−) = w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−,

J4(λ) = λλλλλλλλλλλλλλλλλ, J4(Λ) = ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ.
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For instance, for the coproduct we need to check that

= =

where the second equality uses the identity

R′j ⊗R′i ⊗R′′jR′′i = (R′k)(1) ⊗ (R′k)(2) ⊗R′′k .
The rest is left to the reader. �

The algorithm makes it clear that, when C = H-mod for a unimodular ribbon
Hopf algebra H, the invariant determined by the restriction of J4 to the endomor-
phism set 4HB(0, 0) is a special instance of Bobtcheva and Messia’s invariant from
[BM02, Section 6.1], corresponding to the case z = 1 and w = Λ. In particular,
[BM02, Corollary 2.15] immediately gives us the following result.

Corollary 8.2. For a unimodular ribbon Hopf algebra H, the Kerler–Lyubashenko
functor J4 : 4HB→ H-mod satisfies

J4(S2 ×D2) = λ(1), J4(S1 ×D3) = ε(Λ).

In particular, J4(S2 ×D2) 6= 0 if and only if H is cosemisimple (in the sense that
H∗ is semisimple), and J4(S1 ×D3) 6= 0 if and only if H is semisimple.

Proof. The first claim follows immediately from the remark that the endomorphisms
S2×D2 and S1×D3 in 4HB(0, 0) are represented by an undotted and by a dotted
unknot with framing 0, respectively. Then, the second claim follows immediately
from [Ra12, Corollary 10.3.3.(b)]. �

8.2. 3-Dimensional case. Let us suppose now that H is factorizable, and let us
compute the intertwiner Jσ3 (T, n) : ad⊗m → ad⊗m

′
associated with a signed top

tangle (T, n) ∈ TTanσ(m,m′). Let us start by considering a vector

x1 ⊗ . . .⊗ xm ∈ ad⊗m

and a regular diagram of T . First of all, if the number of strands of T running
along the ith 1-handle of Hm is ki, we insert beads labeled by components of the
(ki − 1)th iterated coproduct (xi)(1) ⊗ . . .⊗ (xi)(ki) for every integer 1 6 i 6 m, as
shown:

When ki = 0, we add a multiplicative factor of ε(xki) in front of T . Next, we pass
to the singular version of T , while also inserting beads labeled by components of
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the R-matrix like in the case of Kirby tangles. Then, we attach a complementary
2-handle canceling each 1-handle of Hm, as shown:

7→

The rest of the algorithm is completely analogous to the case of Kirby tangles. In
the end, we are left with a planar tangle B(T ) carrying at most a single bead on
each of its components.

Lemma 8.3. The intertwiner Jσ3 (T, n) : ad⊗m → ad⊗m
′
satisfies

Jσ3 (T, n)(x1 ⊗ . . .⊗ xm) = λ(v+)−n

 k∏
j=1

λ(zj)

x′1 ⊗ . . .⊗ x′m′

for every x1 ⊗ . . .⊗ xm ∈ ad⊗m, where

B(T ) =

Proof. First of all, we start by introducing an operation on top tangles, called the
handle move, defined as follows:

!

Remark that, if T ′ is obtained from T by a sequence of handle moves, then

(T ′, n) = (T, n)

for every n ∈ Z. This means we can suppose ki = 1 for all integers 1 6 i 6 m.
Therefore, we can rewrite B(T ) as

B(T ) =

Now, if

Jσ3 (T, n)(x1 ⊗ . . .⊗ xm)

= λ(v+)−n

(
m∏
i=1

λ(yixi)

) k∏
j=1

λ(zj)

x′1 ⊗ . . .⊗ x′m′
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and

Jσ3 (T ′, n′)(x′1 ⊗ . . .⊗ x′m′)

= λ(v+)−n
′

m′∏
i=1

λ(y′ix
′
i)

 k′∏
j=1

λ(z′j)

x′′1 ⊗ . . .⊗ x′′m′′ ,

then clearly

Jσ3 ((T ′, n′) ◦ (T, n))(x1 ⊗ . . .⊗ xm)

= Jσ3 (T ′, n′)(Jσ3 (T, n)(x1 ⊗ . . .⊗ xm)).

Furthermore, we clearly have

Jσ3 (idm)(x1 ⊗ . . .⊗ xm) = x1 ⊗ . . .⊗ xm.
Remark that handle moves do not affect computations, since

and we can use again [Ra12, Theorem 10.2.2.(c)], like in the proof of Lemma 8.1.
This means that the algorithm indeed defines a functor with source TTanσ. Then,
it is sufficient to check that

Jσ3 (µ) = µµµµµµµµµµµµµµµµµ, Jσ3 (η) = ηηηηηηηηηηηηηηηηη,

Jσ3 (∆) = ∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆∆, Jσ3 (ε) = εεεεεεεεεεεεεεεεε,

Jσ3 (S) = SSSSSSSSSSSSSSSSS, Jσ3 (S−1) = S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1S−1
S−1,

Jσ3 (v+) = v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+v+, Jσ3 (v−) = v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−v−,

Jσ3 (w+) = w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+w+, Jσ3 (w−) = w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−w−,

Jσ3 (λ) = λλλλλλλλλλλλλλλλλ, Jσ3 (Λ) = ΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛΛ.

For instance, for the antipode we need to check that

= =

where the second equality uses the identity

R′j ⊗R′i ⊗R′′jR′′i = (R′k)(1) ⊗ (R′k)(2) ⊗R′′k .
The rest is left to the reader. �

The algorithm makes it clear that, when C = H-mod for a factorizable ribbon
Hopf algebra H, the invariant determined by the restriction of Jσ3 to the endo-
morphism set 3Cobσ(0, 0) is a special instance of the Hennings invariant of [He96,
Proposition 5.2], corresponding to the case z = 1.
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9. Explicit formulas for small quantum groups

In this section, we provide concrete examples of unimodular ribbon categories,
and exhibit explicit formulas required for computations.

9.1. General Lie algebras. Let g be a simple complex Lie algebra of rank n, let
h be a Cartan subalgebra of g, and let {α1, . . . , αn} ⊂ Φ+ denote the sets of simple
and positive roots respectively. Let 〈_,_〉 denote the rescaled Killing form on h∗

satisfying 〈αi, αi〉 = 2 for every short simple root αi, and let

aij =
2〈αi, αj〉
〈αi, αi〉

denote the ijth entry of the corresponding Cartan matrix for all 1 6 i, j 6 n. For
every α ∈ Φ+ we set

dα :=
〈α, α〉

2
,

and for every integer 1 6 i 6 n we use the short notation di := dαi . For instance,
when g = sln+1, then di = 1 for all 1 6 i 6 n. We denote with {ω1, . . . , ωn} ⊂ h∗

the set of fundamental dominant weights, which are determined by the condition
〈αi, ωj〉 = diδij for all integers 1 6 i, j 6 n. We denote with ΛR the root lattice,
which is the subgroup of h∗ generated by simple roots, and we denote with ΛW
the weight lattice, which is the subgroup of h∗ generated by fundamental dominant
weights. If q is a formal parameter, then for every α ∈ Φ+ we set qα := qdα , for all
k > ` ∈ N we define

{k}α := qkα − q−kα , [k]α :=
{k}α
{1}α

, [k]α! := [k]α[k − 1]α · · · [1]α,[
k
`

]
α

:=
[k]α!

[`]α![k − `]α!
,

and for every integer 1 6 i 6 n we introduce the short notation

qi := qαi , {k}i := {k}αi , [k]i := [k]αi , [k]i! := [k]αi !,

[
k
`

]
i

:=

[
k
`

]
αi

.

Let Uqg denote the quantum group of g, which is the C(q)-algebra with generators

{Ki,K
−1
i , Ei, Fi | 1 6 i 6 n}

and relations

KiK
−1
i = K−1

i Ki = 1, [Ki,Kj ] = 0,

KiEjK
−1
i = q

aij
i Ej , KiFjK

−1
i = q

−aij
i Fj ,

[Ei, Fj ] = δij
Ki −K−1

i

qi − q−1
i

for all integers 1 6 i, j 6 n and
1−aij∑
k=0

(−1)k
[
1− aij
k

]
i

Eki EjE
1−aij−k
i = 0,

1−aij∑
k=0

(−1)k
[
1− aij
k

]
i

F ki FjF
1−aij−k
i = 0

for all integers 1 6 i, j 6 n with i 6= j. This algebra was first introduced by Drinfeld
[Dr85, Section 4] and Jimbo [Ji85, Section 1], see also Lusztig [Lu90, Section 1] and
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De Concini–Kac [DK90, Section 1]. We can make Uqg into a Hopf algebra by setting

∆(Ki) = Ki ⊗Ki, ε(Ki) = 1, S(Ki) = K−1
i ,

∆(Ei) = Ei ⊗Ki + 1⊗ Ei, ε(Ei) = 0, S(Ei) = −EiK−1
i ,

∆(Fi) = Fi ⊗ 1 +K−1
i ⊗ Fi, ε(Fi) = 0, S(Fi) = −KiFi

for all integers 1 6 i 6 n. Remark that both Lusztig and De Concini–Kac use a
different coproduct and antipode, while we follow the conventions of [CP95, Sec-
tion 9.1] and [EGNO15, Section 5.7]. For every µ = m1α1 + . . . + mnαn ∈ ΛR we
set

Kµ :=

n∏
i=1

Kmi
i ∈ Uqg,

and, furthermore, we fix the choice of a reduced expression for the longest element
of the Weyl groupW of g associated with h, which determines an ordering of the set
of positive roots Φ+ = {β1, . . . , βN} allowing us to introduce, for every βk ∈ Φ+,
root vectors

Eβk , Fβk ∈ Uqg,
see [DGP18, Appendix] for more details.

Let us fix now an integer r > 2 max{d1, . . . , dn}, and let us specialize

q = e
2πi
r .

First of all, we consider the bilinear pairing

ΛR × ΛW → C×

(µ, ν) 7→ q〈µ,ν〉.

Remark that

Λ⊥R := {ν ∈ ΛW | q〈µ,ν〉 = 1∀µ ∈ ΛR} =

〈
r

gcd(r, di)
ωi

∣∣∣∣ 1 6 i 6 n

〉
.

Next, let us set
rα :=

r

gcd(r, 2dα)
for every α ∈ Φ+. Then, the small quantum group uqg is the C-algebra defined by
Lusztig in [Lu90, Section 8.2], and obtained from Uqg by adding relations

Kµ = 1, Erαα = F rαα = 0

for every µ ∈ ΛR ∩ Λ⊥R and every α ∈ Φ+. Clearly uqg inherits from Uqg the
structure of a Hopf algebra. A Poincaré–Birkhoff–Witt basis of uqg is given by{(

N∏
k=1

F ckβk

)
Kµ

(
N∏
k=1

Ebkβk

) ∣∣∣∣∣ µ ∈ ΛR/(ΛR ∩ Λ⊥R),
0 6 bk, ck < rβk

}
,

as follows from [Lu90, Theorem 8.3]. If we consider D ∈ uqg⊗ uqg given by

D :=
1∣∣ΛR/(ΛR ∩ Λ⊥R)

∣∣ ∑
µ,µ′∈ΛR/(ΛR∩Λ⊥R)

q−〈µ,µ
′〉Kµ ⊗Kµ′

and Θ ∈ uqg⊗ uqg given by

Θ :=

rβ1−1∑
b1=0

· · ·
rβN−1∑
bN=0

(
N∏
k=1

{1}bkβk
[bk]βk !

q
bk(bk−1)

2

)(
N∏
k=1

Ebkβk

)
⊗

(
N∏
k=1

F bkβk

)
then R := DΘ ∈ uqg ⊗ uqg is an R-matrix for uqg, see [Lu93, Chapter 4] and
[Ly94, Section A.2]. Remark that Lyubashenko obtains the R-matrix ΘD, because
he uses Lusztig’s coproduct defined by ∆̃(x) := D−1∆(x)D, compare with [Ly94,
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Proposition A.1.3]. Then, it can be shown that DΘ is an R-matrix for ∆ if and
only if ΘD is an R-matrix for ∆̃. A pivotal element g ∈ uqg is given by g = K2ρ

where

ρ :=
1

2

N∑
k=1

βk.

Formulas appearing in Section 5.2 allow us to express the ribbon element and its
inverse v+, v− ∈ uqg in terms of the R-matrix R and the pivotal element g. Next,
thanks to [Ly94, Proposition A.5.1], every non-zero left integral λ of uqg is given
by

λ

(
Kµ

(
N∏
k=1

F ckβk

)(
N∏
k=1

Ebkβk

))
= ξδµ,−2ρ

N∏
k=1

δbk,rβk−1

N∏
k=1

δck,rβk−1

for some ξ ∈ C×. Remark that our formula agrees with Lyubashenko’s one, despite
the use of different coproducts. Indeed, Lusztig’s coproduct can be written as
∆̃ := (ψ ⊗ ψ) ◦ ∆opψ for the involutive Q-algebra isomorphism ψ : uqg → uqg

defined by ψ(q) = q−1 and by ψ(Ei) = Ei, ψ(Fi) = Fi, ψ(Ki) = K−1
i . Then, ϕ is

a left integral for ∆̃ if and only if ϕ ◦ ψ is a right integral for ∆, and ϕ is a right
integral for ∆ if and only if ϕ(K4ρ_) is a left integral for ∆. The last equivalence
follows from [Ly94, Proposition A.5.2], which tells us that uqg is unimodular, and
that every non-zero two-sided cointegral Λ of uqg satisfying λ(Λ) = 1 is given by

Λ := ξ−1
∑

µ∈ΛR/(ΛR∩Λ⊥R)

Kµ

(
N∏
k=1

F
rβk−1

βk

)(
N∏
k=1

E
rβk−1

βk

)

for some ξ ∈ C×. Furthermore, thanks to [Ly94, Corollary A.3.3], uqg is factorizable
if and only if

{K2µ ∈ uqg | µ ∈ ΛR} = {Kµ ∈ uqg | µ ∈ ΛR} .

9.2. Case g = sl2. When g = sl2, computations are easier and more explicit. In
particular, as explained in [Ly94, Section B.1], the ribbon Hopf algebra uqsl2 is
factorizable if r 6≡ 0 mod 4, it is twist non-degenerate but not factorizable if r ≡ 4
mod 8, and it is twist degenerate if r ≡ 0 mod 8. Indeed, if we set

r′ :=
r

gcd(r, 2)
=

{
r
2 if r ≡ 0 mod 2,

r if r ≡ 1 mod 2,

r′′ :=
r

gcd(r, 4)
=


r
4 if r ≡ 0 mod 4,
r
2 if r ≡ 2 mod 4,

r if r ≡ 1 mod 2,

then the small quantum group uqsl2 has generators {K,K−1, E, F} and relations

KK−1 = K−1K = 1, KEK−1 = q2E, KFK−1 = q−2F,

[E,F ] =
K −K−1

q − q−1
Kr′ = 1, Er

′
= F r

′
= 0.

The PBW basis of uqsl2 is{
EaF bKc | 0 6 a, b, c 6 r′ − 1

}
.
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The R-matrix R ∈ uqsl2 ⊗ uqsl2 and its inverse R−1 are given by

R =
1

r′

r′−1∑
a,b,c=0

{1}a

[a]!
q
a(a−1)

2 −2bcKbEa ⊗KcF a,

R−1 =
1

r′

r′−1∑
a,b,c=0

{−1}a

[a]!
q−

a(a−1)
2 +2bcEaKb ⊗ F aKc.

Our preferred non-zero left integral λ of uqg is given by

λ
(
EaF bKc

)
=

√
r′′[r′ − 1]!

{1}r′−1
δa,r′−1δb,r′−1δc,r′−1,

and our preferred non-zero two-sided cointegral Λ of uqg satisfying λ(Λ) = 1 is
given by

Λ :=
{1}r′−1

√
r′′[r′ − 1]!

r′−1∑
a=0

Er
′−1F r

′−1Ka.

Now Lemma B.1 in Appendix B immediately implies the following.

Lemma 9.1. The positive stabilization coefficient λ(v+) ∈ k is given by

λ(v+) =


i
r−1
2 q

r+3
2 if r ≡ 1 mod 2,(

2
r′

)
i
r′−1

2 q
r′+3

2 if r ≡ 2 mod 4,

−q r
′′+3
2 if r ≡ 4 mod 8,

0 if r ≡ 0 mod 8.

Proof. If r ≡ 1 mod 2 Equation (B.1) gives

λ(v+) = i
r−1
2 q−

(r+2)(r−1)
2 + r+1

2 (2r−1)2 = i
r−1
2 q1+ r+1

2 = i
r−1
2 q

r+3
2 .

If r ≡ 2 mod 4 then r′ ≡ 1 mod 2, and furthermore

qr
′

= −1.

Then Equation (B.3) gives

λ(v+) =

(
2

r′

)
i
r′−1

2 q−
(r′+2)(r′−1)

2 +
(r′+1)2

2 (2r′−1)2

=

(
2

r′

)
i
r′−1

2 q−
r′−1

2 (r′+2)+ r′+1
2 (r′+1)

= (−1)−
r′−1

2 + r′+1
2

(
2

r′

)
i
r′−1

2 q−(r′−1)+ r′+1
2

=

(
2

r′

)
i
r′−1

2 q1+ r′+1
2

=

(
2

r′

)
i
r′−1

2 q
r′+3

2 .

If r ≡ 4 mod 8 then r′ ≡ 2 mod 4 and r′′ ≡ 1 mod 2, and furthermore

qr
′′

= i.
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Then Equation (B.5) gives

λ(v+) = (−1)r
′−1i

r′′−1
2 q−

(r′+2)(r′−1)
2 +

(r′′+1)3

2 (2r′−1)2

= −i
r′′−1

2 q−(r′′+1)(2r′′−1)+
(r′′+1)3

2

= −i
r′′−1

2 q−(2r′′2+r′′−1)+ r′′+1
2 (r′′2+2r′′+1)

= −i
r′′−1

2 −(2r′′+1)+ r′′+1
2 (r′′+2)q1+ r′′+1

2

= −i
r′′−1

2 + r′′2−r′′
2 q

r′′+3
2

= −i
r′′2−1

2 q
r′′+3

2

= −q
r′′+3

2 .

Finally, if r ≡ 0 mod 8, then Equation (B.7) gives

λ(v+) = 0. �

Furthermore, Lemma B.2 in Appendix B immediately implies the following.

Lemma 9.2. The Hopf link coefficient (λ⊗ λ)(M) ∈ k is given by

(λ⊗ λ)(M) = (−1)r
′−1

Proof. If r ≡ 1 mod 2 or r ≡ 2 mod 4 Equation (B.9) gives

(λ⊗ λ)(M) =

(√
r′[r′ − 1]!

{1}r′−1

)2
1

r′

(
{1}r′−1

[r′ − 1]!

)2

q(r′−1)(r′−2)−2(r′−1)2

= q−r
′(r′−1) = 1.

If r ≡ 0 mod 4 Equation (B.11) gives

(λ⊗ λ)(M) =

(√
r′′[r′ − 1]!

{1}r′−1

)2
1

r′′

(
{1}r′−1

[r′ − 1]!

)2

q(r′−1)(r′−2)−2(r′−1)2

= q−r
′(r′−1) = −1. �

In particular, our computations yield the following result.

Corollary 9.3. The Kerler–Lyubashenko functor J4 : 4HB→ uqsl-mod satisfies

J4(CP 2 r D̊4) =


i
r−1
2 q

r+3
2 if r ≡ 1 mod 2,(

2
r′

)
i
r′−1

2 q
r′+3

2 if r ≡ 2 mod 4,

−q r
′′+3
2 if r ≡ 4 mod 8,

0 if r ≡ 0 mod 8,

J4((S2 × S2) r D̊4) = (−1)r
′−1,

where we recall that q = e
2πi
r , that r′ = r

gcd(r,2) and r′′ = r
gcd(r,4) , and that

(
2
r′

)
denotes the Jacobi symbol of 2 modulo r′.

Proof. The claim follows immediately from the remark that the endomorphisms
CP 2 r D̊4 and (S2×S2)r D̊4 in 4HB(0, 0) are represented by an undotted unknot
with framing 1 and by an undotted Hopf link with framing 0, respectively. �
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Appendix A. Modularity

In this appendix, we prove Proposition 7.1, which states that a unimodular
ribbon category C is modular if and only if the copairing w+ : → E ⊗E of the
end E is non-degenerate. In order to prove the claim, it is convenient to recall the
definition of the coend

L :=

∫ X∈C
X∗ ⊗X ∈ C,

which is the universal dinatural transformation with source

(_∗ ⊗_) : Cop ×C → C

(X,Y ) 7→ X∗ ⊗ Y.
In particular, such a coend is given by an object L ∈ C together with a dinatural
family of structure morphisms iX : X∗ ⊗X →L for every X ∈ C.

Proof of Proposition 7.1. The strategy is to resort to [FGR17, Proposition 4.11],
which states that C is modular if and only if the Drinfeld map DL,E : L → E of
[FGR17, Equation (4.16)] is invertible. Just like in [FGR17, Lemma 4.12], it is easy
to show that the object E∗ ∈ C equipped with the dinatural family of structure
morphisms

kX :=

is a coend

E∗ ∼=
∫ X∈C

X∗ ⊗X.

The universal property of the coend L yields a unique isomorphism ϕ : L → E∗

making the following diagram

L

X∗ ⊗X

E∗
ϕ

iX kX

into a commutative one. Then we have

jY ◦DL,E ◦ iX = =

= jY ◦DE∗,E ◦ kX
= jY ◦DE∗,E ◦ ϕ ◦ iX

for all X,Y ∈ C, which implies

DL,E = DE∗,E ◦ ϕ
because of the universal property of E and L. This proves that DL,E is invertible
if and only if DE∗,E is. �
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Appendix B. Ribbon element and monodromy matrix

In this section we give explicit formulas for the ribbon element v+ ∈ uqsl2 and
for the monodromy matrix M ∈ uqsl2 ⊗ uqsl2, as well as their inverses.

Lemma B.1. The ribbon element v+ ∈ uqsl2 and its inverse v− are given by

v+ =
i
r−1
2

√
r

r−1∑
a,b=0

{−1}a

[a]!
q−

(a+3)a
2 + r+1

2 (b+1)2F aEaK−a+b (B.1)

v− =
i−

r−1
2

√
r

r−1∑
a,b=0

{1}a

[a]!
q

(a+3)a
2 − r+1

2 (b−1)2F aEaKa+b (B.2)

if r ≡ 1 mod 2, by

v+ =

(
2

r′

)
i
r′−1

2

√
r′

r′−1∑
a,b=0

{−1}a

[a]!
q−

(a+3)a
2 +

(r′+1)2

2 (b+1)2F aEaK−a+b (B.3)

v− =

(
2

r′

)
i−

r′−1
2

√
r′

r′−1∑
a,b=0

{1}a

[a]!
q

(a+3)a
2 − (r′+1)2

2 (b−1)2F aEaKa+b (B.4)

if r ≡ 2 mod 4, where
(

2
r′

)
is the Jacobi symbol of 2 modulo r′, by

v+ =
i
r′′−1

2

√
r′′

r′−1∑
a=0

r′′−1∑
b=0

{−1}a

[a]!
q−

(a+3)a
2 +

(r′′+1)3

2 (2b+1)2F aEaK−a+2b (B.5)

v− =
i−

r′′−1
2

√
r′′

r′−1∑
a=0

r′′−1∑
b=0

{1}a

[a]!
q

(a+3)a
2 − (r′′+1)3

2 (2b−1)2F aEaKa+2b (B.6)

if r ≡ 4 mod 8, and by

v+ =
1− i√
2
√
r′′

r′−1∑
a=0

r(k)−1∑
b=0

2k−2−1∑
m=0

{−1}a

[a]!

q−
(a+3)a

2 +2(r(k)ψ(r(k))+(r(k)+1)k+1)(2k−2b+m)2F aEaK−a+2k−1b+2m−1 (B.7)

v− =
1 + i√
2
√
r′′

r′−1∑
a=0

r(k)−1∑
b=0

2k−2−1∑
m=0

{1}a

[a]!

q
(a+3)a

2 −2(r(k)ψ(r(k))+(r(k)+1)k+1)(2k−2b+m)2F aEaKa+2k−1b+2m+1 (B.8)

if r ≡ 0 mod 8, where r = 2kr(k) for some integers k > 3 and r(k) ≡ 1 mod 2,
and where ψ(r(k)) ∈ N satisfies r(k)ψ(r(k)) ≡ 1 mod 2k−1.

Proof. These formulas can be obtained by computing the Drinfeld element

u =
1

r′

r′−1∑
a,b,c=0

{1}a

[a]!
q
a(a−1)

2 −2bcS(KcF a)KbEa

=
1

r′

r′−1∑
a,b,c=0

(−1)a
{1}a

[a]!
q−

(a+3)a
2 −2bcF aKa+b−cEa

=
1

r′

r′−1∑
a,b,c=0

(−1)a
{1}a

[a]!
q−

(a+3)a
2 −2bc+2a(a+b−c)F aEaKa+b−c
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and its inverse

u−1 =
1

r′

r′−1∑
a,b,c=0

{1}a

[a]!
q
a(a−1)

2 −2bcKcF aS2(KbEa)

=
1

r′

r′−1∑
a,b,c=0

{1}a

[a]!
q

(a+3)a
2 −2bcKcF aKbEa

=
1

r′

r′−1∑
a,b,c=0

{1}a

[a]!
q

(a+3)a
2 −2bc+2abF aEaKb+c.

For what concerns u, if we set d = a+ b− c and n = −a+ c, which means b = n+d
and c = n+ a, we obtain

u =
1

r′

r′−1∑
a,d,n=0

{−1}a

[a]!
q−

(a+3)a
2 −2(n2+(a+d)n)F aEaKd

=
1

r′

r′−1∑
a,d=0

r′−1∑
n=0

e−2πi
2n2+2(a+d)n

r

 {−1}a

[a]!
q−

(a+3)a
2 F aEaKd.

Similarly, for what concerns u−1, if we set d = b+ c and n = −a+ c, which means
b = −n− a+ d and c = n+ a, we obtain

u−1 =
1

r′

r′−1∑
a,d,n=0

{1}a

[a]!
q

(a+3)a
2 +2(n2+(a−d)n)F aEaKd

=
1

r′

r′−1∑
a,d=0

r′−1∑
n=0

e2πi
2n2+2(a−d)n

r

 {1}a
[a]!

q
(a+3)a

2 F aEaKd.

Let us recall the definition of the generalized quadratic Gauss sum

G(a, b, c) :=

c−1∑
n=0

e2πi an
2+bn
c

with a, b, c ∈ N, of the Legendre symbol(
a

p

)
=


0 if a ≡ 0 mod p,

1 if a ≡ b2 mod p for some b 6≡ 0 mod p,

−1 otherwise,

with a ∈ N arbitrary and p ∈ N prime, of the Jacobi symbol(a
n

)
=

(
a

p1

)
· · ·
(
a

pk

)
with n = p1 · · · pk ∈ N arbitrary and p1, . . . , pk ∈ N prime, and let us introduce the
notation

εa :=

{
1 if a ≡ 1 mod 4,

i if a ≡ 3 mod 4,

for every odd a ∈ N. If r ≡ 1 mod 2, then r = r′, which means

u =
1

r

r−1∑
a,d=0

(
r−1∑
n=0

e−2πi
2n2+2(a+d)n

r

)
{−1}a

[a]!
q−

(a+3)a
2 F aEaKd

=
1

r

r−1∑
a,d=0

G(2, 2(a+ d), r)
{−1}a

[a]!
q−

(a+3)a
2 F aEaKd,
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and similarly

u−1 =
1

r

r−1∑
a,d=0

(
r−1∑
n=0

e2πi
2n2+2(a−d)n

r

)
{1}a

[a]!
q

(a+3)a
2 F aEaKd

=
1

r

r−1∑
a,d=0

G(2, 2(a− d), r)
{1}a

[a]!
q

(a+3)a
2 F aEaKd.

We have
G(2, 2(a± d), r) =

(
2

r

)
εr
√
rq−4ψ(2)(a±d)2 ,

where 8ψ(2) ≡ 1 mod r. First of all, since(
2

r

)
=

{
1 if r ≡ 1, 7 mod 8,

−1 if r ≡ 3, 5 mod 8,

we have (
2

r

)
εr = i−

r−1
2 .

Furthermore, since

4ψ(2) ≡ r + 1

2
mod r,

we obtain
G(2, 2(a± d), r) = i−

r−1
2
√
rq−

r+1
2 (a±d)2 .

This implies

u =
i
r−1
2

√
r

r−1∑
a,d=0

{−1}a

[a]!
q−

(a+3)a
2 + r+1

2 (a+d)2F aEaKd,

and similarly

u−1 =
i−

r−1
2

√
r

r−1∑
a,d=0

{1}a

[a]!
q

(a+3)a
2 − r+1

2 (a−d)2F aEaKd.

Equations (B.1) and (B.2) now follow from v+ = uK−1 and v− = u−1K. If r ≡ 0
mod 2, then r = 2r′, which means

u =
1

r′

r′−1∑
a,d=0

r′−1∑
n=0

e−2πi
n2+(a+d)n

r′

 {−1}a

[a]!
q−

(a+3)a
2 F aEaKd

=
1

r′

r′−1∑
a,d=0

G(1, a+ d, r′)
{−1}a

[a]!
q−

(a+3)a
2 F aEaKd,

and similarly

u−1 =
1

r′

r′−1∑
a,d=0

r′−1∑
n=0

e2πi
n2+(a−d)n

r′

 {1}a
[a]!

q
(a+3)a

2 F aEaKd

=
1

r′

r′−1∑
a,d=0

G(1, a− d, r′){1}
a

[a]!
q

(a+3)a
2 F aEaKd.

If r ≡ 2 mod 4, then r′ ≡ 1 mod 2, which means

G(1, a± d, r′) =

(
1

r′

)
εr′
√
r′q−2ψ(1)(a±d)2 ,
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where 4ψ(1) ≡ 1 mod r′. First of all, since(
1

r′

)
= 1,

we have (
1

r′

)
εr′ =

(
2

r′

)
i−

r′−1
2 .

Furthermore, since

2ψ(1) ≡ (r′ + 1)2

2
mod r,

we obtain
G(1, a± d, r′) =

(
2

r′

)
i−

r′−1
2

√
r′q−

(r′+1)2

2 (a±d)2 .

This implies

u =

(
2

r′

)
i
r′−1

2

√
r′

r′−1∑
a,d=0

{−1}a

[a]!
q−

(a+3)a
2 +

(r′+1)2

2 (a+d)2F aEaKd,

and similarly

u−1 =

(
2

r′

)
i−

r′−1
2

√
r′

r′−1∑
a,d=0

{1}a

[a]!
q

(a+3)a
2 − (r′+1)2

2 (a−d)2F aEaKd.

Equations (B.3) and (B.4) now follow from v+ = uK−1 and v− = u−1K. If r ≡ 0
mod 4, set r = 2kr(k) with k > 2 and r(k) ≡ 1 mod 2, so that

u =
1

r′

r′−1∑
a=0

r(k)−1∑
b=0

2k−1−1∑
`=0

G(1, a+ 2k−1b+ `, r′)
{−1}a

[a]!
q−

(a+3)a
2 F aEaK2k−1b+`,

and similarly

u−1 =
1

r′

r′−1∑
a=0

r(k)−1∑
b=0

2k−1−1∑
`=0

G(1, a− 2k−1b− `, r′){1}
a

[a]!
q

(a+3)a
2 F aEaK2k−1b+`.

We have

G(1, a± 2k−1b± `, r′)

= G(2k−1, a± 2k−1b± `, r(k))G(r(k), a± 2k−1b± `, 2k−1)

=

(
2k−1

r(k)

)
εr(k)

√
r(k)q−2kψ(2k−1)(a±2k−1b±`)2G(r(k), a± `, 2k−1),

where 2k+1ψ(2k−1) ≡ 1 mod r(k). If r ≡ 4 mod 8, then k = 2 and r(2) = r′′,
which means

G(r′′, a± `, 2) = G(1, a± `, 2) =

{
0 if ` ≡ ∓a mod 2,

2 if ` ≡ ∓a+ 1 mod 2.

Since

4ψ(2) ≡ (r′′ + 1)3

2
mod r,

we obtain

G(1, a± 2b± `, r′) =

{
0 if ` ≡ ∓a mod 2,

2i−
r′′−1

2

√
r′′q−

(r′′+1)3

2 (a±2b±`)2 if ` ≡ ∓a+ 1 mod 2.
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This implies

u =
i
r′′−1

2

√
r′′

r′−1∑
a=0

r′′−1∑
b=0

{−1}a

[a]!
q−

(a+3)a
2 +

(r′′+1)3

2 (2b+1)2F aEaK−a+2b+1,

and similarly

u−1 =
i−

r′′−1
2

√
r′′

r′−1∑
a=0

r′′−1∑
b=0

{1}a

[a]!
q

(a+3)a
2 − (r′′+1)3

2 (2b+1)2F aEaKa+2b+1.

Equations (B.5) and (B.6) now follow from v+ = uK−1 and v− = u−1K. If r ≡ 0
mod 8, then k > 3, and

G(r(k), a± `, 2k−1)

=

{(
2k−1

r(k)

)
εr(k)

1+i√
2

√
2kq−r

(k)ψ(r(k))
(a±`)2

2 if ` ≡ ∓a mod 2,

0 if ` ≡ ∓a+ 1 mod 2,

where r(k)ψ(r(k)) ≡ 1 mod 2k−1. Since

2kψ(2k−1) ≡ (r(k) + 1)k+1

2
mod r,

we obtain

G(1, a± 2k−1b± `, r′)

=

{
1+i√

2

√
rq−(r(k)ψ(r(k))+(r(k)+1)k+1)

(a±2k−1b±`)2
2 if ` ≡ ∓a mod 2,

0 if ` ≡ ∓a+ 1 mod 2.

This implies

u =
1− i√
2
√
r′′

r′−1∑
a=0

r(k)−1∑
b=0

2k−2−1∑
m=0

{−1}a

[a]!

q−
(a+3)a

2 +2(r(k)ψ(r(k))+(r(k)+1)k+1)(2k−2b+m)2F aEaK−a+2k−1b+2m,

and similarly

u−1 =
1 + i√
2
√
r′′

r′−1∑
a=0

r(k)−1∑
b=0

2k−2−1∑
m=0

{1}a

[a]!

q
(a+3)a

2 −2(r(k)ψ(r(k))+(r(k)+1)k+1)(2k−2b+m)2F aEaKa+2k−1b+2m.

Equations (B.7) and (B.8) now follow from v+ = uK−1 and v− = u−1K. �

Lemma B.2. The M-matrix M ∈ uqsl2 ⊗ uqsl2 and its inverse M−1 are given by

M =
1

r

r−1∑
a,b,c,d=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2b(b+d)−cdKb+cF bEa ⊗Kb+dEbF a, (B.9)

M−1 =
1

r

r−1∑
a,b,c,d=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +2b(b+d)+cdEaF bKb+c ⊗ F aEbKb+d, (B.10)
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if r ≡ 1 mod 2 or r ≡ 2 mod 4, and by

M =
1

r′′

r′−1∑
a,b=0

r′′−1∑
c,d=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2b(b+2d)−4cdKb+2cF bEa ⊗Kb+2dEbF a, (B.11)

M−1 =
1

r′′

r′−1∑
a,b=0

r′′−1∑
c,d=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 +2b(b+2d)+4cdEaF bKb+2c ⊗ F aEbKb+2d, (B.12)

if r ≡ 0 mod 4.

Proof. We have

M =
1

r′2

r′−1∑
a,b,c,d,e,f=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2cd−2efKfF bKcEa ⊗KeEbKdF a

=
1

r′2

r′−1∑
a,b,c,d,e,f=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2cd−2ef+2b(c−d)Kc+fF bEa ⊗Kd+eEbF a

=
1

r′2

r′−1∑
a,b,e,f,g,h=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2(f−g)(e−h)−2ef−2b(f−g−e+h)KgF bEa ⊗KhEbF a

=
1

r′2

r′−1∑
a,b,e,g,h=0

r′−1∑
f=0

e−
2πi
r′ 2 r

′
r f(b+2e−h)

 {1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 +2(b+g)(e−h)+2bgKgF bEa ⊗KhEbF a

=
1

r′

r′−1∑
a,b,e,g=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −2(b+g)(b+e)+2bgKgF bEa ⊗Kb+2eEbF a.

Similarly, we have

M−1 =
1

r′2

r′−1∑
a,b,c,d,e,f=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +2cd+2efEaKcF bKf ⊗ F aKdEbKe

=
1

r′2

r′−1∑
a,b,c,d,e,f=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +2cd+2ef−2b(c−d)EaF bKc+f ⊗ F aEbKd+e

=
1

r′2

r′−1∑
a,b,e,f,g,h=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +2(f−g)(e−h)+2ef+2b(f−g−e+h)EaF bKg ⊗ F aEbKh
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=
1

r′2

r′−1∑
a,b,e,g,h=0

r′−1∑
f=0

e
2πi
r′ 2 r

′
r f(b+2e−h)

 {−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 −2(b+g)(e−h)−2bgEaF bKg ⊗ F aEbKh

=
1

r′

r′−1∑
a,b,e,g=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +2(b+g)(b+e)−2bgEaF bKg ⊗ F aEbKb+2e.

If r ≡ 1 mod 2 or r ≡ 2 mod 4, then r′ ≡ 1 mod 2, so setting g = b + c and
e = r′+1

2 d yields Equations (B.9) and (B.10). On the other hand, if r ≡ 0 mod 4,
then we have

M =
1

r′

r′−1∑
a,b,g=0

r′′−1∑
e=0

{1}a+b

[a]![b]!

(
1 + (−1)b+g

)
q
a(a−1)+b(b−1)

2 −2(b+g)(b+e)+2bgKgF bEa ⊗Kb+2eEbF a

=
2

r′

r′−1∑
a,b=0

r′′−1∑
c,e=0

{1}a+b

[a]![b]!

q
a(a−1)+b(b−1)

2 −4(b+c)(b+e)+2b(b+2c)Kb+2cF bEa ⊗Kb+2eEbF a.

Similarly, we have

M−1 =
1

r′

r′−1∑
a,b,g=0

r′′−1∑
e=0

{−1}a+b

[a]![b]!

(
1 + (−1)b+g

)
q−

a(a−1)+b(b−1)
2 +2(b+g)(b+e)−2bgEaF bKg ⊗ F aEbKb+2e

=
2

r′

r′−1∑
a,b=0

r′′−1∑
c,e=0

{−1}a+b

[a]![b]!

q−
a(a−1)+b(b−1)

2 +4(b+c)(b+e)−2b(b+2c)EaF bKb+2c ⊗ F aEbKb+2e.

Therefore, setting e = d yields Equations (B.11) and (B.12). �
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