DIMENSION—FREE ESTIMATES FOR
MAXIMAL OPERATORS ASSOCIATED
wITH VARIOUS CoNVEX BODIES

ANNA STOLL-BICKEL

Py
.................. S Bl
1 ’ 281 - e
-
| o 1 b p
1 I I \
e e e - i \, 4
| ! 1 H / \
1 1 1 1 N / \
i 1 1 4 . PO L O \
| 1 N @420 O
et N [ - \
[} L Y 1‘ ---------- N\ [Vie S
| 1 | €z ==» [ )
i 1 - s e ST 4 [
[l S D e Ry, [~ -
| 1 = W s D
| 1 % 9 i
. S se e e o == o5 1
| & [ 4 ‘ 2
| 1
i 1
1 1 \
e e \ ~< -
LR e R e e L i
v

Supervisor: Dr. Gian Maria Dall'Ara, Istituto Nazionale di Alta
Matematica "F. Severi" and Scuola Normale Superiore, Pisa, Italy

Co-Supervisor: Prof. Dr. Benjamin Schlein, University of Zurich

June 2026



Anna Stoll-Bickel: Dimension—Free Estimates for Maximal Operators Associated with
Various Convex Bodies, University of Zurich, © June 2026.

E-MAIL:
lulu.stollbickel@gmail.com

Declaration on the Use of Generative Al: GPT-5.5 from OpenAl was employed as an
auxiliary tool to improve the clarity of the text and for formatting purposes. The
pictures were generated with GPT-5.5, as well as Sonnet 4 from Anthropic PBC. The
author retains full responsibility for all mathematical content.


mailto:lulu.stollbickel@gmail.com

Fur meine Eltern Sabine und Balthasar



ABSTRACT

This thesis studies maximal operators associated with convex bodies in R9 and the
dependence of their LP operator norms on the dimension. For a centrally symmetric
convex body B RY, the associated Hardy-Littlewood maximal operator is defined
by

Z

MZf(x) = sup Tty dy,

1
>0 JB]
where f: RY ¥ C is a function, and we consider the best constants Cp(d,B) in the
inequalities

kMgkap(Rd) 6 Cp(dv B)kkap(Rd)'

In the 1980s, E. Stein and his collaborators asked whether these estimate could be
chosen independently of the dimension.

The thesis is motivated by the classical Hardy-Littlewood maximal theorem, which
yields exponential growth of Cp(d, B) in the dimension via covering arguments, and
by the subsequent development of dimension-free estimates in harmonic analysis.
Such results reveal deep connections between harmonic analysis, probability theory,
and the geometry of convex bodies as described by the Banach—-Mazur distance.

We review several main regimes. For convex bodies with small Banach-Mazur
distance to Euclidean balls, Stein and Stromberg obtained weak-type bounds with
linear growth in the dimension and dimension-free LP estimates for p > 1, using
semigroup methods and the spherical maximal operator. For general convex bodies,
Calderén-Zygmund techniques yield at most linear growth, while Bourgain proved
dimension-free L2 bounds, later extended to a larger range of p by Bourgain and
Carbery. In contrast, Aldaz showed that the weak-type (1, 1) norm for cubes grows
with the dimension.

The thesis provides a detailed overview of these results and their role in the study
of maximal operators in high-dimensional settings.
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INTRODUCTION

The maximal function was introduced in [Hardy and Littlewood, 1930], where the
authors motivated the problem with the following remark:

The problem is most easily grasped when stated in the language of cricket, or
any other game in which a player compiles a series of scores of which an average
is recorded.

Think of a cricket player who obtains a series of scores aq,a»,:::,an during a
season. After j games, her running average is

ajtas+tiiita;]
J

The nal average A, measures the player's performance over the entire season.
However, it does not distinguish between a player whose performance was steady
throughout the season and a player who performed exceptionally well over a shorter
period before declining afterwards.

To detect such behavior, one may consider all running averages

Aj=

A1, As i AR,

The largest among them measures the best average performance achieved during
the season.

More generally, x a game j ¢ and consider the average score during the period
consisting of the k games before and k games after g, given by

aj0+|, j0-16k6n-j 0-

The best average performance around the game j, is then given by

1 X
max
j 0-16k6n-j 0 2k+1 =k

Qo+ -

Passing from the discrete to the continuous setting leads to the classical Hardy—
Littlewood maximal operator. In one dimension, it is de ned as

1 4
M) =sup = f(x+y)jdy,
>0 2t -t
where f : R ! C is a locally integrable function. In higher dimensions, intervals
are replaced by centrally symmetric convex bodies B R 9, leading to the maximal
operator
1 z
M (x) := sup = Jfx+ty)idy,  f2L L (RY).
0 JB] B
For p 2 (1, 1], we denote by C (d,B) > 0 the best constant such that for every
f2LPRY)

koBikap(Rd) 6 Cp(d,B)kfk Lp(Rd)'



In particular, M &f is bounded on L P(R®) if and only if C ,(d, B) < 1.

For p = 1, we see that C p(d,B) = 1, and M 4f is indeed bounded on L P(RY),
since averages do not exceed suprema.

For p = 1, the operator is not bounded on L 1(R9). Nevertheless, Hardy and
Littlewood proved a weak-type (1, 1) bound with combinatorial methods. An argu-
ment based on the Vitali covering Lemma by [Wiener, 1939] showed that that

kMK wy gay 639Kk 1gay,

where k k| @1 RY) denotes the (1,1) Lorentz quasi-norm. By interpolation, it
follows that C  (d, B) < 1 for all p > 1, but the resulting estimates grow exponen-
tially with d. The central question of this thesis is how the constant G, (d, B) depends

on the dimension d, and in particular whether it can be bounded independently of d.

other words, we ask to what extent C , (d, B) re ects the geometry of the underly-
ing space, or if it is an in nite-dimensional phenomenon in a certain sense, which
has implications for in nite-dimensional settings like differentiation theorems on
Hilbert spaces, see for example [TiSer, 1988].

The study of such dimension-free estimates for maximal operators has become an
important topic in modern harmonic analysis, starting with the work of E. M. Stein
and J. Bourgain in the 1980s. Their research has revealed deep connections between
harmonic analysis, probability theory and convex geometry.

A rst reason why the geometry of the averaging sets plays an important role
comes from the Banach—Mazur distance which measures how close two centrally
symmetric convex bodies are up to linear transformations. If two bodies B 1, B,
are close in this metric, then their associated maximal operators satisfy comparable
bounds Cy(d,B1) ' C p(d,Bp). This leads to a natural division between convex
bodies that are close to Euclidean balls (with respect to the Banach—Mazur distance),
and general convex bodies.

For bodies close to Euclidean balls, Stein and Strémberg proved in 1982 the weak-
type estimate

kMK wy gay - kK | 1gay,

where the implicit constant is of course independent of the dimension. Their argu-

ment is based on comparison with the maximal operator associated with the heat
semigroup, which admits dimension-free L P bounds thanks to the semigroup max-
imal theorem.

In [Stein, 1982], Stein used estimates for the spherical maximal operator to prove
that the maximal operator associated with Euclidean balls actually satis es dimension-
free LP (R9)-bounds for every p 2 (1, 1].

The argument relies on the concentration of measure: as the dimension increases,
most of the volume of the unit ball B g becomes concentrated near its boundary,
which allows to compare averages over balls to averages over spheres. However,
this method is limited to Euclidean balls, and the case of general centrally symmet-
ric convex bodies requires a different approach.

Indeed, for general convex bodies, a modi cation of the Vitali selection algorithm
in which one allows for some overlap in the subcollection allows to improve the
exponential bound to

kME K (1 g o) - dlogdkfk 1za)- )

In



For the strong-type (p, p) estimates, one can use the Calderon-Zygmund method
of rotations to obtain linear growth in the dimension:

p
p-1-

Cp(d,B) . d

A major improvement was obtained in 1986 by Bourgain, who proved that maxi-
mal operators associated with arbitrary convex bodies are bounded on L2 indepen-
dently of the dimension. By interpolation, this gives dimension-free bounds for
all p > 2. The proof relies on placing the body in isotropic position, which gives
strong dimension-independent bounds on its Fourier transform. Further, Bourgain
developed a rather general criterion for the L 2-boundedness of maximal operators
associated with averaging kernels. Roughly speaking, the problem is reduced to
obtaining suitable estimates for the Fourier transform of the kernel and its deriva-
tive on dyadic frequency scales. This result was later extended by Bourgain, and
independently A. Carbery, to the range p 2 (3=2, 1].

Perhaps surprisingly, J. Aldaz proved in 2011 that the weak-type (1, 1) norm of
the maximal operator associated with cubes is not bounded independently of the
dimension and in fact grows with d. The proof uses probabilistic ideas based on
interpreting the coordinates of a cube as independent random variables, which then
allows to use the central limit theorem.

The thesis is organized into three main parts. In the rst part, we give an in-
troduction to convex geometry and maximal operators. In the second part, we
discuss improved estimates for maximal operators associated with Euclidean balls
and convex bodies close to them in the sense of Banach—Mazur distance. Finally,
the third part establishes bounds on maximal operators associated with arbitrary

convex bodies.



NOTATION

Let us brie y review some notation and results used throughout the thesis. Most
of the notation is fairly standard. In general, d denotes the dimension. We denote
the Lebesgue volume as well as the standard Euclidean norm by j j. We denote the
Euclidean unitballby B9 R 9, and the cube Bf =[-1,1] ¢ R 9. B(x,r) denotes
the closed ball with center x and radius r > 0 in some norm that is speci ed.

We write bxc, dxe for the oor and ceiling of the real number x, which are integers
verifying x -1 < bxc 6 x 6 dxe <x+ 1.

We denote by (X, ) a sigma- nite measure space. We denote by L 9(X, ) the set
of complex-valued measurable functions f: X | C. We denote by L 9(X, ) the quo-
tient space of complex-valued measurable functions, where we identify functions
that are equal -almost everywhere.

Given 0 < p < 1, we denote the L P quasi norm of f by

z 1%p
kikp = jfx)iP d(x)
X

We denote by 1 the indicator function of the measurable set E X, de ned by

1 X2E

le():= 0 X 2E

Further, we denote the weak Lorentz space LY (R9) endowed with quasi-norm
kfk,1) = suop fx2RY : ifxX)j> g
>|

For sake of simplicity, we sometimes refer to it as a norm.

Let (Y, ) be another - nite measure space, and suppose thatD L 9(X, )is a
linear subspace. Consider the (not necessarily linear) operator T : D! L °(Y, ). For
16p, q6 1, we say that T is of strong-type (p, q) if there exists a constant C > 0
such that

KTfkq 6 Ckfk p

forall f 2 D\L P. We denote the best such constant C by kTkiq . If T is linear,
this is equivalent to saying that T is continuous or bounded. An operator T : D !
LO(Y, ) is of weak-type (1, 1) if there exists a constant C > 0 such that

KTfk1) 6 Ckfk 1.

We denote the best such constant C by kTk;(; 1



The following table provides an overview of the abbreviations used throughout

the thesis.

Notation Meaning

X,) - nite measure space X endowed with mea-
sure

LO(X, ) space of equivalence class of measurable func-
tions on (X, )

LP(X, ) space of equivalence class of LP-integrable
functions

Rd d-dimensional Euclidean space

i Lebesgue measure

h,i Euclidean scalar product

i Euclidean norm

B(x,r) closed ball with center x and radius r >0

BY Euclidean unit ball in dimension d

Bg unit ball with respect to the * P-norm in dimen-
sion d

B¢ unit ball with respect to the * 1 -norm

GL(d) general linear group in dimension d

SL(d) special linear group in dimension d

O(d) orthogonal group in dimension d

L(RY) linear operators R4 I R @

x| transpose of a vector x

Int(A) interior of a set A

supp(f) support of a function f

1a indicator function of a set A

kfk p LP norm of a function f

M %u Euclidean maximal operator in d dimensions

M4 maximal operator associated with a convex
body B in d dimensions

dem Banach—Mazur distance

C(RY) continuous functions

C:(RY) compactly supported continuous functions

ct (RY) smooth functions

S(RY) Schwartz space

SYRY)

tempered distributions




2.0.1 Fourier Analysis

Let us recall some basic properties of the Fourier transform on R 9. The Fourier
transform of f 2 L 1(RY) is the function
Z
FA()=  f(x)e2™ dx, 2R 9.

We denote the Fourier transform by either F or h Since R)j 6 kfk 1 for every
2 R 9, the Fourier transforms de nes a bounded linear operator F : L 1(R9) !
L1 (RY). Since scaling plays an important role throughout the thesis, we introduce

the dilations

Dil ! f(x) :=t ¥ f(t " x), Dil{ f(x):=ftt 1 x), t>0.

The choice of the prefactor guarantees that kDiIt1 fk, = kfk 1.
We have

biitt()=pi L, R)= he).

We denote the space of tempered distributions by SqRY) and the Schwartz space
by S(RY).

De nition 2.0.1. Givenm 2 S YRY), we de ne the Fourier multiplier operator as
opmf:=F 1 mP, f2SR ).
This linear operator maps Schwartz functions to tempered distributions.

Recall the Fourier inversion: If f 2 L 1(RY) is such that also b2 L L(RY), then
z
= Ry 2* d for a.e. x
R

Let us further recall the well-known theorem:

Theorem 2.0.2 (Plancherel Theorem). If f 2 LY(R9)\L 2(RY), then F(f) 2 L 2(RY)
and
Z Z

Rdf{) b()d = y f(x) g()dx  forallf,g2L *\L 2.
Thus, the Fourier transform extends uniquely to a unitary operator
F:L2RY 1L 2RY
satisfying the inversion formula

f(x) = F(FA(-x)  forallf2L  2(RY).

2.0.2 Probability Theory

Let us also recall some basics from probability theory which will be useful in Chap-
ter 13. A probability space (, B, P) consists of a set , a -algebra B of subsets of
and a probability measure P on (, B). We call a function f that is B-measurable a
random variable and if f is P-integrable, the expectation of f is denoted by
z
E[f]:= fOdP ().



Random variables (f;)i» on (, B, P) are independent if for any nite subset J |,
we have for all nonnegative Borel functions (h j);2; on the range space
2 3
Y Y
E 4 hj f i 5= E hj f i
j23 j23

2.0.3 Conditional Expectation and Martingales

Let (X,F, ) be a - nite measure space. If G F is a sub- -algebra, for every
f2 L1(X,F, ) there exists a unique G-measurable function g on X such that

E[1Af]=E [1a 4] forall A G.

The function g is called the conditional expectation of f relative to G and denoted
g =E(f] G).

The conditional expectation operator E( j G) is linear and positive, i.e., if f > 0,
E(fj G) > 0. Itis a contraction on L P (X), that is,

KE(fj G)kp 6 kfk

forall16 p6 1. A Itration is an increasing sequence (F )iz; of sub- -algebras of
F indexed by a subset | Z. A martingale on (X, F, ) consists of a Itration (F )iy
and of a sequence (f)jp; of integrable functions on X such that for all k, | 2 | such

that k 6 |, one has

fx =E [f) jF«].

Note that each fi, k 2 1, is F -measurable.
For more details, we refer to [Le Gall, 2022, Chapter 11].



Part |

CONVEX BODIES AND MAXIMAL OPERATORS



INTRODUCTION TO CONVEX
BODIES

In this thesis, centrally symmetric convex bodies play a fundamental role. In two
or three dimensions, some natural examples may come to mind, like squares, balls,
ellipsoids, octahedra and cubes, as one can see in Figure 3.1.

We now give the general de nition in arbitrary dimension d.

De nition 3.0.1. A convex body B R 9 is a convex compact set with non-empty
interior. B is said to be centrally symmetric if -B = B.

3.1 convex bodies and norms

There is a natural correspondence between centrally symmetric convex bodies and
norms on RY.

From Convex Bodies to Norms

Every centrally symmetric convex body B R 9 determines a norm via its Minkowski
functional, de ned by

kxkg =inffr>0:r ! x 2 Bg.

This functional de nes a norm. We denote by rB the set B dilated by radius r > 0.
Indeed,

1. ltis clear that kxkg = 0 if and only if x = 0.

2. For any a,b > 0, by convexity of B we have aB+bB (a+b)B. For x,y 2
RY, there exists some " > 0 such that x 2 (kxkg +")B, and analogously,
y 2 (kyk g +")B. By what we said above, x+y 2 (kxk g +kyk g +2")B, which
implies that

kx+yk g 6 kxk g +kyk g +2".

Since " was chosen arbitrarily, k kg satis es the triangle inequality.

Figure 3.1: Examples of Convex Bodies in 2 and 3 dimensions: A disc, square, ball, ellipse,
octahedron and cube.
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3. For 2 Rnf0g, we have kxk g =inffr>0: x 2rBg. Since B = -B, we have
X2B () x2jj -1 B, so that

kxkg =inffr>0: x2rBg=inffr>0: x2rjj 1 Bg=jjkxkg,

which shows homogeneity of kk g.

From Norms to Convex Bodies

which shows that B is convex. By homogeneity of the norm, B is centrally symmet-
ric, so that 0 2 B. Moreover, since all norms on R 9 are equivalent, there exists ¢ > 0
such that

iiXii6 cjxj forallx2R 9.
Consequently,
fx: jxj <1l=cg B,

which shows that 0 belongs to the interior of B.
Note that by the triangle inequality, we have

§ B0 - Y0 § 61X~ Vi6 iX- Vi

which shows that jj jj is continuous, so that B is closed. By norm equivalence, there
exists C > 0 such that

and therefore
B fx: jxj6 1=Cqg.

Thus B is bounded and hence compact.
This shows that B is a centrally symmetric convex body containing O in its interior.

Remark 3.1.1. The above maps are inverses of each other. The unit ball of the
Minkowski functional associated with a centrally symmetric convex body B is pre-
cisely B, while the Minkowski functional of the closed unit ball of a norm coincides
with the norm.

is then associated to an open centrally symmetric bounded body B. However, for
our purposes, this distinction will not be of importance, since the boundary of such

a set has Lebesgue measure zero, so that we stay within the framework of convex
bodies that are by de nition compact.

Literature

In this Section, we followed mainly the exposition from [Matousek, 2002, Chapter
13.4] and [Ball, 1997, Lecture 3].



MAXIMAL OPERATORS

In the following, we present two classes of maximal operators. In Section 4.0.1,
we discuss the Euclidean Hardy—Littlewood maximal operator, and in Section 4.0.2,
Hardy—Littlewood maximal operators over general convex bodies.

4.0.1 The Euclidean Hardy Littlewood Maximal Operator

j j denotes the Lebesgue measure. g denotes the Euclidean unit ball, and Bg(x, r
denotes a Euclidean ball with center x and radius r > 0.
Let us de ne the Euclidean Hardy—Littlewood maximal operator.

De nition 4.0.1. The Euclidean Hardy—Littlewood maximal operator is de ned on f 2
LE.(RY) as
z

ME,f(x) = sup ffy)idy,  x2R °.

r>0 ng (x, 1)j BY(x.1

M ‘éu takes values in [0, 1]. This maximal operator averages over Euclidean balls of
radius r > 0 and then maximizes the different averages. We can write

Y4
1

A f(X): P a——
' jBI (X, Nj B xn

jf(y)idy,
so that MY f(x) = sup ..o Arf(x).

4.0.2 Hardy Littlewood Maximal Operators Over General Convex Bodies

More generally, we can consider the Hardy-Littlewood maximal operator over an
arbitrary convex body.

De nition 4.0.2. Let B R 9 be a centrally symmetric convex body. The Hardy—
Littlewood maximal operator over B is de ned as
Z
d gy — 1 - d
MBf(x) =sup — jf(x+ry)jdy, x2R ".
r>0 ]B] B
Let k kg denote the Minkowski functional associated with B. Since B is its unit ball,
the balls of the metric induced by k k g are precisely

B(x,r)=fy2R d. ky-xk g 6 rg=x+rB.

Thus,
Z

M 4 £(x) = sup

0 1BOGD] By f(y)idy

4.1 properties of maximal operators

In the following, B denotes a centrally symmetric convex body according to De ni-
tion 3.0.1 and Mg denotes the maximal operator associated to B R 9, as de ned
in 4.0.2. Let us try to understand maximal operators in more detail.

11
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Lemma 4.1.1. The maximal operator associated to B R ¢ is dilation invariant, that
is, forany R > 0,

DIAMEDil L, ) =M 2f(x), 2L E(RY).

Proof. This follows from the easy change of variables
z

M4 DilL, Hx) =sup - :
5 (DllRs D) RTINS B(xg)

1
=sup RY - -
r>0p JB(X,I%l B(x,Rr)
1

if(y)idy 1)

ff(Ry)jdy

if(y)idy

=Sup —/————
>0 JB(X- Rl’)j B(x,Rr)

Since Rr > 0 ranges over all nonnegative radii as r > 0 varies, we have
z

(1) =sup

S if)jdy=M 94fRx)=Dil L, MEf (x),
TR TR Jf(y)idy g f(RX) R1 gf (X)

which concludes the claim. O

In the following, (X, ) and (Y, ) denote sigma-additive measure spaces. L 9(X, )
denotes the set of equivalence classes of complex-valued measurable functions f :
X 1 C modulo -almost everywhere equivalence. Let us de ne the notion of
sublinear operators.

De nition 4.1.2. Anoperator T : D! L O(Y,), where D L 9(X, ) is a linear
subspace, is said to be sublinear if

KT(fk v 6]jiTfi,  jT(f+g)j6]Tfi+Tgj
forallf,g2Dand 2C.

From this de nition, it is clear that the maximal operator M 4 is sublinear.

Proposition 4.1.3. The maximal function M gf is lower-semicontinuous for every
f2LL (RY).

loc

Remark 4.1.4. This implies that the maximal function M3 is measurable.

Proof. Letf2 Lﬁ)c(Rd) and assume f> 0. Fixx 2 R 9 and let (x,)n be a sequence

in RY such that x, ! x. Lett<M 8f(x). Fix" > 0. By de nition of supremum,
there exists some r > 0 such that

t-"<A f(x). (2)
We claim that
Acf(xn) A (f(X) 3

Indeed,
Z

Arf(xn)-A (f(x) = fY) lexan -1 Bxn (V) dy.

1
jB(0, 1)
We have

ooy M1 gy () forae. y2RY,



asn!1, and since x j !X, there exists some R > 0 such that x , 2 B(x,R) for
everyn> 1. Then B(x ,,r) B(x,R)+B(0,r), which is a bounded set. Therefore,

1By -1 By i621 gury+Bony  (¥):
and by multiplying with jf(y)j, we obtain
KOIIL Bx vy W) -1 Bxry VI 62fWI1 xRyt V)

which is integrable since B(x,R) + B(0,r) is a bounded set. By dominated conver-
gence, we see that (3) holds. Then,

liminf M df(x ) > lim Arf(xn) = A (x).
By (2), we have
liminf M df(xn)>A f(x)>t-".
Since " > 0 was chosen arbitrarily, we have
. d
t6 |II’rT11!:{nf Mpf(xn).
Since this holds for any t <M céf(x), we obtain

M4 f(x) 6 liminf M df(xn),

which proves that M df is lower semi-continuous. O

Further, we observe
Lemma 4.1.5. The operator Mg is of strong-type (1, 1).

Indeed, forany f2 L 1 (R9), we have the trivial bound
z

M (x) = sup ify)jdy 6 kfk 1,  foranyx2R9Y.

>0 jB(er)j B(x,r)

In other words, averages do not exceed suprema.

4.2 the hardy littlewood maximal theorem

The following example shows that the maximal operator is not of strong-type (1, 1).
Example 4.2.1. Consider f = I 1;. Then

%1 2(0,1)
: x2(0,1),

1
M éuf(x) = 2

2(1-x)
.5

Thus, ML fis not L -integrable.
We have however a slightly weaker property, originally proven in [Hardy and
Littlewood, 1930].

Theorem 4.2.2 (Hardy—Littlewood Maximal Theorem). The maximal operator M g
associated to the body B R ¢ is of weak-type (1, 1) and has norm

X 6 0.

—~

, x> 1.

Rl

kM3kyayy 62°.

13



4.2 the hardy littlewood maximal theorem | 14

Remark 4.2.3. Classically, one obtains by applying the Vitali covering lemma the
constant 3, see[Wiener, 1939]. The improvement to 2 is due to [Tao, 2010, Exercise
42].

Recall that we denote by B(x, ) the closed ball with center x and radius r with
respect to the norm associated to B.

Proof. We can assume that f > 0. We want to show
2d
iix2R9:M3f(x)> gj6 “—kfkyq, > 0. (4)
By Proposition 4.1.3, Mgf is lower semi-continuous. Hence, the upper-level sets

E =x2R 9: M3f(x)> g,

with >0, are open.

By regularity of the Lebesgue measure, it is enough to show (4) for compact
subsets K E . Fix such a compact subset K. For every x 2 K, by de nition of E
there exists a dilation rx > 0 such that

Y4
1

BT Br x) v)dy

Equivalently,
1 z
B, rx)j < - f(y) dy. ®)

B(X,r x)

Let" > 0. The family fB(x,"r x) : x 2 Kg covers K, and by compactness, there exists
a nite subcollection (B(x i,"ri))i’\‘=1 that still covers K. Consider the rescaled family
(B(xi,ri ))i'\il . By the Vitali selection lemma, there exists a nite disjoint subfamily
(B(xi,ri))M, . We claim that

M
K B(xi, (2+")r ;). (6)
i=1

Indeed, if x 2 K, there exists some j = 1,:::,N such that x 2 B(x j,"rj). If j 6 M,
then (6) holds. Else, there exists some B(x, rj) that has nonempty intersection with
B(xj,"rj) suchthatrj 6r;. Then

Xi-Xjj6ri+r;62r;.
Further, the triangle inequality yields
X=X G0 X=X jj+]Xj-Xjj62ri+"r; 62+") i,
which shows that x 2 B(x i, (2 +")r ;). Therefore,
pd p
iKj 6 B(xj,2+")r ) =(@2+") @ B(Xj,rj) -
=1 =1

Using (5), we have
1 z
Bxj,ri)i6 — f(y) dy,

B(X i.ri)
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so that

@+ X * @+

Kj 6 f(y) dy,
Rd

f(y)dy 6

=1 B(i.ri)

where we used that the sets fB(X;,ri)gem are pairwise disjoint. Since " > 0 was
chosen arbitrarily, this shows that forany >0

d
fix2RIMIf(x) > gj 6 Z—kfkl

and completes the proof. O

Remark 4.2.4. The proof of Theorem 4.2.2 can also be obtained by the classical Vitali
covering Lemma. Then, instead of working with the rescaled collection fB(x,"r ) :
X 2 Kg, one selects a nite subcollection of disjoint balls such that

M
K B(xi, 3ri)
i=1
holds. This leads to the slightly worse bound kM &kyyq)  639.

The sublinear M g is of weak-type (1, 1) and of strong-type (1, 1), so it satis es
the conditions of the Marcinkiewicz interpolation theorem A.2.3. In the next Section,
we prove a special case of the Marcinkiewicz theorem and apply it to M g.

4.3 a special case of the marcinkiewicz interpo-
lation theorem

The following Proposition is merely a special case of the Marcinkiewicz interpo-
lation theorem. The assumptions are stronger than those required in the general
theorem, but they arise more than once in this thesis. For this reason, we state
the result separately. Importantly, its proof is less technical than the proof of the
general Marcinkiewicz interpolation theorem and instead admits a relatively direct
argument, which is why we think it is worth to present.

In the following, we denote by (X, ) a sigma-additive measure space.

Proposition 4.3.1. Let
TiU)+L P !IL T ) +L T (X))
be a sublinear operator. Assume that T satis es the following estimates:

1. T is of weak-type (1, 1), that is, there exists some G > 0 such that for any
f2LL (X)andany >0

loc

X2 X: TiX) > g6 hkfky,

2. and assume that T is of strong-type (1, 1), that is, there exists a constant
C, >0 such that forany f2 L 1 (X), we have

KTfki 6 Cokfky .



4.3 a special case of the marcinkiewicz interpolation theorem | 16

Then we have the inequality

1=p
1= 1-1=
Ci P ey kikp. ©)

KThp 62 pl

Remark 4.3.2. Applied to the sublinear maximal operator M ¢, we obtain by interpo-
lating

kMEkya1y 629 and kMBkin =1

kM8kpp 6297+ . p>1 8)

p-1

Proof. Let1<p<1. Letf2L P(RY)and assumef>0. Wewritef=g +h ,
where

9 =flgws=pcc ,g and h =flgue=ec g

Now by assumption (2), we have

kTh k kh k _—= =
1 6C, 1 GCZZCZ 5

so that
ix2X:jTh (X)j> =2gj=0,
Using the sublinearity of T, we then obtain
X Ti)j > @i 6jfx 1 jTg  (x)j > =2gj+jfx:jTh (x)j> =2gj
=jfx:jTg (x)j> =2gj. 9)
Let us bound (9). Using assumption (1), we can write

VA
. . . C 2C N
x:jTg (x)j> =2gj 6 f;kg k= =2 o jff(id (x).  (10)
- fx: jf(x)j> =(2C 2)9
Using the layer cake formula, we have
Z Z
KTfkB = p ; PLjfx : jT(X)j > gjd 6p , L fx:jTg (X)j> =2gjd.

By (10), we see

Z, Z, Z
p P fx:jTg (x)j> =2gjd 6 p(2C 1) p-2 fOjd (x)d .
0 0 fx: jf(x)i> =(2C 2)9
By Fubini
|
Z; z VA Zoc,jf)] '
p-2 N fOjd (x)d = Jf(x)j P2 d  d(x
0 x: jf(x)j> =(2C 2)g X 0
Z
(Cy)Pt — o
=22 jfx)jP d(x).
b-1 XJ( )i " d(x)

Putting everything together, we obtain

1=p B _
KTfkp 62 pf’l CEP I ki,




4.3 a special case of the marcinkiewicz interpolation theorem |
O

4.3.1 Comparison of Estimate With Hardy Bound

Consider the Hardy operator A, de ned by

Z
Af(x) = %of(t)dt, x>0,

forf2L &)c([o, 1)). With the help of A, we can see that Proposition 4.3.1 applied

to the one-dimensional Euclidean Hardy-Littlewood maximal operator M % is not

necessarily sharp. However, it nicely captures the divergence forp!1 *, which is
in line with the fact that M %u is not of strong-type (1, 1).
The one-dimensional Hardy-Littlewood maximal operator is de ned by
z
1 _ 1 .
M g,f(X) = sup o jf(®)j dt.
>0 [X-r,x+r]
Corollary 4.3.2.1. For p > 1, we have
1=p
= p = p
2= o1 6 kM t kpp 62171 o1
Proof. Letf2 Lllcc([o, 1)), extended by O to (-1, 0). For x > 0, we have
1 ZX+X 1 ZZX
M éuf(x) > — fpjdt= — jf©j dt = A(jf))(2x). (11)
2X  yx 2X ¢
Then
kM g fkp >271P KAfk .
One can show that
_ b

p-1"
which implies for (11)

Y

1

Using the endpoint estimates in one dimension, namely kM %uklg(m) 6 2 from
Theorem 4.2.2, as well as kl\/%ukm =1, we obtain by (7)

p P
p-1

kML, fkpp 6217P*1

This shows the claim. O

Literature

Proposition 4.3.1 can be found in [Stein, 1970, Chapter IV, Theorem 6, Lemma 2].

The bound (12) can be found in [Hardy, 1920]. The proof of estimate (7) can be
found in [Grafakos, 2014, Chapter 1, Theorem 1.3.2].
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4.4 MY, versus maximal operators over convex

bodies

In this Section, we compare the Euclidean Hardy—-Littlewood maximal operator

with maximal operators associated to general convex bodies.

The following Proposition shows that the operator norms C ,(d, B) are invariant
under linear transformations. This implies that a linear transformation of the body

B does not change the operator norm of the associated maximal operator.

Proposition 4.4.1. Let B R 9 be a centrally symmetric convex body. For any

invertible linear map T 2 GL(d) and every p > 1, we have
kM@ kpp = kM gkpip

Secondly, we have equality in the weak-type (1, 1) norm, namely
kKM 1@y K,y = kM Ky )

Proof. Letf2 LP(RY). We claim that
Mrg f=Mg T) T .

Indeed, for x 2 R 9, a change of variables yields
1 Z
Mg(f T)T * x)=sup B jfx+rTy)jdy

r>0

1 . . dy
=sup — f(x + - -
>0 JBj T® ot 1) jdetT]j

=suUp ——- if(x +ry)jd
r>op iTB) T@) fiec-+ vy ly
=M T(B) f(X)
Hence, forany p > 1,

kM@ fkp =kM g(f T) T * kp
=kM g(f T)k pjdetTjP
6 kM gkpp kf TkpjdetTiH=P
=kM gkppp  kfkp.

Thus,

Applying the same argument with T -1 yields equality.
For the weak-type bound, for any > 0 we have

fx2RY: Mre fX)>g=T fx2RY : Mg(f T)(X)>g ,
o)
M 1@ f> gj= jdetTjjtM g(f T)> gj.
Taking the supremum over > 0 gives
kMg fk11 6jdetTikM gkyyq 1y Kf Tk =kM gk gy kfky,

and again applying the same argument to T-1 yields equality.

(13)

(14)

18
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Figure 4.1: An ellipsoid in 3 dimensions.

In this thesis, we study L P (R9)-bounds for maximal operators, with a particular
focus on the dependence of dimension. Under this point of view, we discover rst
fundamental differences between the Hardy—Littlewood maximal operator associ-
ated with Euclidean balls and maximal operators associated with general convex
B.

4.5 maximal operators over ellipsoids

The maximal operator M ‘E’u over Euclidean balls and maximal operators over ellip-
soids satisfy the same P operator bounds. Let us rst give the de nition of an
ellipsoid.

De nition 4.5.1. An ellipsoid E R 9 is the (translated) image of Bg under an

invertible map.

Lemma 4.5.2. Every centered ellipsoid in R¢ is of the form
2 2
X X
E= x2R%: L +:+ 461, (15)
aj ay

up to orthogonal transformations and translations.

In a way, this Lemma shows that ellipsoids can be seen as the simplest kinds of
convex bodies, since we can bring any ellipsoid into the form (15).

Proof. Let
E=L(BY)=fy:y=L(x)jx 6 1g,

where L 2 GL(d). It suf ces to consider ellipsoids centered at the origin. Fory 2 E,
we havejL! yj261. DeneA:=(L 1)/ L1 . ThenAissymmetric and positive def-
inite. By the spectral theorem, there exists a diagonal matrix D = diag( 1,:::, 4)
with positive entries, and an orthogonal matrix Q such that A = Q | DQ. Setting
Qy = u, we obtain

xd
jiLY yi2=ylAy=(Qy) 'D@Qy)=u 'Du= juZ.
i=1
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Hence,

xd
QE)= u2R¢Y: iu?61
i=1

-1=2

Ifwedenea ;= , We obtain

X2
QE)= u2rR%: -Le61
=1 A

which proves the claim. O

Remark 4.5.3. The form (15) describes a centered ellipsoid with semiaxesq,:::,a4.
Since E = QI T(BJ) with Q orthogonal and T = diag(a 1,:::,aq4), we have

v
Ej=iQ! T8 =jdet@ ! T)jiBdj=  a jBYj.
=1

4.6 maximal operators over general convex bod-
ies

As we have seen in Section 4.5, if there exists some linear transformation T sending a
convex body to an ellipsoid E, the weak-type and strong-type norm of the maximal
operator M ¢ and M ¢, are the same.

However, bodies like the cube or the cross-polytope are not af ne transformations
of Bg. One way to see this is as follows. Afne transformations preserve strict
convexity. Thus, there cannot exist a linear transformation from the strictly convex
Bg to the cube or the cross-polytope, both of which are not strictly convex. More
generally,

Lemma 4.6.1. Let 1 < p < 1. There cannot exist a linear transformation from B §
to the *P unit ball, denoted B §, if p 6= 2.

Proof. Indeed, if there existed an invertible T such that T(B}) =B §, then
kxkz 61 () kKTxk p 61,

and by homogeneity kxk = KTxkp for all x 2 R d. Since k k satis es the parallelo-
gram identity and T is surjective, also k kp, must satisfy the parallelogram identity,
which is wrong for p 6= 2. O

4.7 the banach mazur distance

For a general convex body that is not the image of an ellipsoid, we can measure
how "close" it is to being an ellipsoid. This can be achieved by the Banach—Mazur
distance.

De nition 4.7.1. LetK 1, K» R 9 be two centrally symmetric convex bodies.
Consider all linear transformations A 2 GL(d) and all possible dilations r > 0
such that the inclusions hold

AK1) K2 rAK 1). (16)



Figure 4.2: Example in two dimensions: The best constant for the cube (orange) such that it
is c%wtalnepd in the circle 82 (green) and the dilated circle rB (violet) is given by
2. This is actually the best constant, as shown by John's Theorem.

The Banach—Mazur distancegy; between K; and K, is the smallest dilation of all
A(K 1) such that (16) holds. Equivalently,

dem(K1,Ko) =inffr>0:9A 2 GL(d) such that A(K 1) K o rAK 1)g.

The de nition of d gy can be extended to bodies that are not centrally symmetric.
However, here we are interested in centrally symmetric bodies.

Remark 4.7.2. For an ellipsoid K RY, we have dgw(K,BS) =1

4.8 john's theorem

The Banach—Mazur distance is not arbitrarily large. Consider the following exam-
ple.

Example 4.8.1. Consider the Euclidean ball § and the cube Bf =[-1,1] 9. Then we
have

dem(BY,BY) 6 pa'

see also Figure 4.2. Indeed, if x 2 B}, then kxkgg 6 kxk gg 6 1, s0 that BS B { .

On the other hand,

, 9 .
kkag: Xijc 6 1=d forall x2B 7,
i=1 i=1
p_
so that B§ dBg.

This example is a particular instance of John's Theorem.

Theorem 4.8.2 (John's Theorem). Let K R 9 be a centrally symmetric convex body.
Then there exists a unique ellipsoid E R 9 of maximal volume inside of K such
that

E K pHE.

For the proof, we need the following Lemma.

21



Lemma 4.8.3. Let A, Ay 2 GL(d) symmetric and positive de nite. The mapping
A, 7! det(A ;)9 is strictly concave, that is, for every 2 (0, 1), we have

det((1- )A 1+ A 5)>det(A 1) det(A,) , (17)
and equality holds if and only if A 1 = A, or 2f0, 1g.
Corollary 4.8.3.1. Inequality (17) is equivalent to
det(A; +A )Y > det(A 1) +det(A ). (18)
The proof is in Lemma B.0.2.

Proof of Lemma 4.8.3. Recall that
Z _ d=2
g hAxXi - )
Rd det(A) 1=2

Then we have by Hdolder for 2 (0, 1)

d=2 z .
= e—h( (1-)A  1=2+A L)XXi dx
det((1- )A 1=2+ A ;)2 R
Z 4
6 e—hA 1X,Xi dx e—hA 2X,Xi dx
Rd Rd
d=2

det(A 1) 7 det(A,)z’
which gives
det((1- )A 1+ A ) >det(A )Y det(A,) .

Equality holds in the Hoélder inequality for p 6= 1 if and only if there is some
¢ 2 R such that

ghA 1xXi = cg-hA 2xxi forall x2R Y,
see also [Rudin, 1986, Theorem 3.5]. Taking logarithms, this is equivalent to
h(Ar-A 5)x,xi=-log(c) forall x2R 9. (19)
Evaluating at x = 0 gives ¢ = 1, so that (19) gives
h(A;-A J)x,xi=0  forall x2R 9.

Since A; - A 5 is symmetric and its quadratic form vanishes everywhere, we have
A1 -A 5 =0, that is, we have equality A 1 = A 5. O

22

Proof of John's Theorem 4.8.2. First, let us prove the existence of an ellipsoid of max-

imal volume inside of K. As we have seen in Lemma 4.5.2, any ellipsoid E can be
written as E = T(Bg) +X g, Wwhere T 2 GL(d) is symmetric positive de nite and
Xo 2 RY9 is the center of E. Let us consider the set

E=f(T,xo) 2RY4*D=2 R d: TBI)+xo Kg.

The centers X are contained in the compact set K, and since K is bounded, the
transformations T have operator norms that are uniformly bounded. Hence, (T, X ¢)
lie in a bounded subset of R4@*)=2 R d|
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Consider a sequence (T, ,Xn)nan' EsuchthatT , 'Tandx 5 !X . Lety?2 Bg.
Since Ty +xn 2 K for every n 2 N, we have

Thy+Xn ! Ty+Xx o

as n! 1. Since K is closed, we have Ty+x ¢ 2 K. More generally, T(Bg) +xo K,
which shows that E is closed. The volume of the ellipsoid T (B g) +X g is given by
jdetTjjB‘Z’j and clearly depends continuously on (T,xg) 2 E.

Therefore, it attains a maximum on the compact set E. In other words, there exists
an ellipsoid of maximal volume contained in K.

Let us now turn to uniqueness. Assume that there exist two ellipsoids K 1 and K,
of maximal volume contained in K. There exists T 2 GL(d) andy ¢ 2 R9 such that

T(®E)+Yo=Ku,

so by applying the linear transformation x 7! T 1 (x-y ) on both K; and K, we
may assume that the maximal ellipsoid K ; is BY, whereas the transformed T1 (K -
Yo) is another maximal ellipsoid, that we denote by A(B g) +X g, with A 2 GL(d)
symmetric and positive de nite.

Since both B} and A(BY) +x o are of maximal volume, we have

jBYJ =JAB §) +x o] = jdetAjB 5,
and since A is positive de nite, we see that det A = 1. Since K is convex, we see that

Xo +A(B $) .\ %: i, (A+1d)B §

2 2 270 2

The ellipsoid $xo + 2(A+1d)B ¢ has volume det (1=2(A+1d) ) jBSj. By Lemma 2
and since detA =1, we have

1=d
det % + % > %det(A) 1=d 4 %det(ld) 1= = 1=0+1=2=1. (20)

Since % has already maximal volume, (20) must actually be an equality. Since (2)
is strictly concave, this implies A = Id.

Hence, we have By K and since we assumed the unit ball B 9 and the ellipsoid
A(BY) +x o to be different, there exists x 6= 0 such that Id(B}) +x = B 4 +x K.
Since K is convey, it contains the convex hull

C :=conv(BY,BJ +x).

This convex hull strictly contains B ‘2’.
Further, the support function associated to C,

he (x) = supfx c:c2Cg, x2R Y,

is strictly larger than 1 in an open neighborhood U S 91 . By selecting some di-
rections in U and enlarging the unit ball in these directions, one obtains an ellipsoid
Eu CwithjE yj>jB$j, which contradicts the maximality of jB $j. This shows that
the ellipsoid of maximal volume contained in K is unique.

Applying an af ne transformation, we may assume that the maximal ellipsoid is
BY. o o_
We now show the second inclusion, K dBg.

Assume by contradiction that there exists some point x g 2 K such that

MM=R>pa



By rotation invariance of B 9, we can assume that %, = Re;. Since K is convex and
centrally symmetric, we also have -x o 2 K, and therefore

conv(Re 1,B3) K.

We now construct a candidate ellipsoid that admits this symmetric "extension" in
the two directions e ;. Consider

2 2 4L aes 2
_ d. X1 X5 +1li+X g
E= x2R%: 5+ =2 —5—961

We will choose parameters a > 1 and b < 1 such that
1. E conv(Re 1,BY) K, and
2. jEj > jBYj, thereby contradicting the maximality of jB 4j.
Since K is symmetric with respect to the origin and the axis spanned by e 1, both
conv(Re 1,By) and E

are invariant under rotations xing the e i-axis. Hence, it suf ces to compare their
two-dimensional sections in the plane spanned by e ; and a vector orthogonal to it.
This way, we reduced the problem to two dimensions. We now perform a linear
normalization by scaling the e 1-axis by the factor b=a. Under this transformation,
the ellipsoid E becomes the Euclidean ball of radius b, while the unit ball becomes
an ellipsoid, see Figure 4.3.

Figure 4.3: Left: The convex hull of E (violet) and B ‘2‘ (orange) with the point x ¢ = Re; 2 K.

Right: Same picture after squeezing the e;-coordinate by a factor b=a. Now the
ellipse E has become a disc of radius b, and the ball has become an ellipse.

We can see from simple geometric observations on the picture on the left that

1 t
R "RI+t?2’

that is, t2 = R2=(R2 - 1). The picture on the right gives

b _ ot
Rb=a " (Rb:a)z +1 2’

24
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so that t?(R? -a 2) = b 2R2. Substituting t 2 = R?=(R? - 1), we obtain

(R2 -a 2) - szz,

R2-1
so that
a® =R?(1-b ?)+b 2.
Substituting b2 = 1-", where " > 0, gives
a?=R2"+(1-")="(R 2-1)+1.
The volume of E is ab%! jBYj. Expanding for small " > 0,
JEF = (ab ** jB3)? = (1 +"(R 2-1)-") ** B3
=(1+"(R?-1)) (1-(d-1)"+o() )jB§f
=(@1+"(R 2-d)+o(")iB 3§
Since R > P d, we have R? -d > 0, and thus for suf ciently small " > 0,
EF > B3,

This contradicts the maximality of B §. Therefore, K P dBY, which completes the
proof.
O

Remark 4.8.4. Of course, after applying another af ne transformation, we can also
see that for a centrally symmetric K R ¢
d P g
BY K dBg. (21)

Remark 4.8.5. A more general version of John's Theorem says that if B is not nec-
essarily centrally symmetric, then the unique ellipsoid E B of maximal volume
satisesE B dE.

4.9 comparison of M% and M¢  via banach mazur
distance

We can compare the maximal operators associated to convex bodies with the Banach—
Mazur distance.

Proposition 4.9.1. LetK;,K» R 9 be centrally symmetric convex bodies. Then

dem (K1, K2) @ kM ﬂlkli(l,l) 6 kM %2k1!(1,1) 6 d gm (K1, Kz)?kM ﬁlkl!(m) ,
and for p > 1 we have

dam(K1, K2)® kMY Kpp 6 kM & Kpip  6d gu(Ky, K2) kM & kpip

Example 4.9.2. By Proposition 4.4.1 and John's Theorem 4.8.2, we have for the maxi-
mal operator associated to the cube B

d%2 kM@ ko 6kM & kop 6d%2KkME kpip
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Even if one were to show dimension-free estimates for either M &, or M gl , this

bound is super-exponential, and much worse than the exponential bound 2 ¢ one
obtains from Theorem 4.2.2.

Proof of Proposition 4.9.1. By assumption, there exists some transformation T 2 GL(d)
such that

Ko T(K 1) K 2(0,dgm(Kz,K2)).

We abbreviate C = d gy (K1, Ky). For r > 0, we have

Z Z
1 . . K2 (0, C)j 1 . .
- . f(x +ry)jdy 6 - - - f(x +ry)jd
IT(K)i T(Kl)j( y)idy IT(K)i JK2%0,C)J K(0,C) Jfoct ry)idy
1
d . .
— f(x +r d
JKz(O,C)JZKZ(o,C) o ry)idy
1 . .
=cd jf(x +y)j dy

K2(0,rC) «k,(o,rc)

Taking the supremum over all radii r > 0, we obtain M $.(Kl)f(x) 6 C IME f(x).
Thus, for > 0 we obtain

ix2RY: MY ) > giBjx2R 9 MY f(x)> =C Ygj
so that
kM ?’(K ykuay 6C KM & K111y
For p > 1, we obtain
kM ykop 6 COkME, kprp

The other inequalities are analogous. By Proposition 4.4.1, we know that the LP
operator-norm of a maximal operator M ﬂl is invariant under linear transformations
of the body, so that

d — M d
KMT ) kpp = kM i, Kpip

This concludes the proof. O

4.10 dimension-free equivalence between maxi-
mal operators

If two bodies are suf ciently close in terms of their Banach—Mazur distance, then
the norms of their respective associated maximal operators are comparable. In par-
ticular, they are comparable with constants that are independent of the dimension.

Proposition 4.10.1. Let K;, K» R 9 be centrally symmetric convex bodies. Sup-
pose there exist absolute constants G, C, > 0 such that

dem(K1,Kp) 6 (1+C 1=d)°2. (22)

Then the weak-type (1, 1) as well as the strong-type (p, p) operator norms of M ﬂl
and M ﬂz are comparable up to constants depending only on C; and C,.



Proof. This follows from Proposition 4.9.1. Indeed, let C = (1+C 1=d)®2. We have
K, T(K 1) CK 5. Since M$(Kl)f(x) 6C 9M ﬂzf(x), we obtain for the weak-type
(1,1) norm

kM $(K okuay 6C KM & K1)
= 14Cy=d)% | kMY K
= 1=d) K, K11
6eC1C2kM g ki)
and analogously for p > 1
The other inequalities are analogous. O

We can determine the critical regime of exponents p for which the ~ P-balls Bg
satisfy a Banach—Mazur distance to 32’ of the form (22).

Example 4.10.2. Let
d d L 1=
Bp =x2R %: ( jxj°)" 619
=1

denote the “P—unit ball, and assume p > 2. One can compute (for example, with
Holder) that

dgw(Bg,BS) 6d 17Z1P (23)
We now choose p = p(d) such that
1=2-1=p(d) = C 5 log, (1 +C=d),

where C1, C; > 0 are constants satisfying 0 < C,log,(1+C1=d) < 1=2. Then
p(d) > 2. Substituting this choice of p(d) into the Banach—Mazur estimate (23)
yields

dem(BS, By ) 6d F2IP@ = g C2loa (€ 1=t = (1 4+ C =q)C2,

In particular, B g(d) lies in the regime (22), so that the operator norms of M gu and

M B, have comparable LP-bounds, up to constants that are independent of the
P
dimension. For a two-dimensional example, see Figure 4.4.

4.11 distinguishing convex bodies

Proposition 4.9.1 and Proposition 4.10.1 identify two regimes, depending on the
Banach—Mazur distance to the Euclidean ball, which we will keep in mind during
the whole thesis.

LetK R 9 be a centrally symmetric convex body.

1. If there exist constants C;, C, > 0 such that
dgm(BS,K) 6 (1+C 1=d)°?, (24)

then the weak-type (1,1) and the strong-type (p, p) norms of M %u and Mﬂ
are equivalent up to absolute constants, independently of the dimension.

27
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Figure 4.4: Different " P-balls in 2 dimensions, with different values of p: p = 2 (grey), p =4
(violet) and p = 20 (green). For C1 = 0.15 and C, = 2, one can compute p(2)
2.9. The red dashed line denotes the B, ball. By Proposition 4.10.1, Mg, and

M 25,,(2) admit the same LP operator norms up to absolute constants.

2. If condition (24) does not hold, then Proposition 4.9.1 shows that the weak-
type (1, 1) and strong-type (p, p) bounds of M gu and M ‘}i remain comparable,
but only up to constants that may depend on the dimension.

In what follows, we therefore distinguish between convex bodies satisfying condi-
tion (24), such as Euclidean balls, ellipsoids or certain Bg balls (see Example 4.10.2),
and more general convex bodies outside this regime, such as cubes.

Literature

Details on the Banach—Mazur distance dgy and the proof of John's Theorem 4.8.2
can be found in [Artstein-Avidan et al., 2015, Chapter 2, Section 2.1].



Part Il

THE EUCLIDEAN HARDY LITTLEWOOD MAXIMAL
OPERATOR



5 WEAK-TYPE BOUNDS FOR Mgu

Throughout this part, we consider centrally symmetric convex bodies B R 9 satis-
fying (24), i.e. there exist absolute constants G, C, > 0 such that

dem(BS,B) 6 (1+C 1=d)°2.

For such bodies, the associated maximal operator has the same B -operator norm
as the Euclidean Hardy—-Littlewood maximal operator M gu, up to constants inde-
pendent of the dimension. Therefore, throughout this part we write M gu, with
the understanding that all results remain valid for the maximal operator associated
with any body B satisfying (24).

In Theorem 4.2.2, we proved the weak-type (1, 1) estimate kM 8Ky 11y 629,

The central result of this Chapter, due to Stein and Strémberg [Stein and Strom-
berg, 1983], shows that this exponential dependence on the dimension can be sig-
ni cantly improved to a bound that grows only linearly in d.

The proof is based on comparing averages over Euclidean balls with the heat
semigroup. Using the Hopf Ergodic Theorem, we obtain a dimension-free weak-
type (1, 1) estimate for the maximal operator associated to the heat kernel, as shown
in Section 5.2. This estimate is then transferred to M%u, giving the improved weak-
type (1, 1) bounds.

Let us state the Theorem.

Theorem 5.0.1. [Stein and Strdmberg, 1983, Theorem 3] There exists some absolute
constant C > 0, independent of the dimension d, such that

kME,kyay) 6 Cd.

In other words, for every f2 L 1(RY),

iix2R9: MY, f(x)> gj6 C 9kfkl, > 0.

5.1 the heat semigroup

We now introduce the heat semigroup. We shall see that it forms a positive linear
contraction semigroup, which then allows to apply the Hopf Ergodic Theorem.

De nition 5.1.1. Fort> 0, let G g denote the Gaussian heat kernel on RY, de ned
by

1 i 2=
Gy (x) = @0 = e "= x2RY.

The associated heat semigroup @-)t>0 is de ned by
HYf) =f G (%), t> 0.

More details about the heat semigroup and its properties can be found in [Stein,
1970, Chapter Il, Section 1].
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Lemma 5.1.2. We have the pointwise bound

SupjHy f(x)i 6 M &,f(x).
t>0

Proof. Assuming that f > 0, we have

HY f(x) = dsf(y) dy = f(y) dy ds.
Rd 0 0 fy2R 9:G(x-y)>sg

Since the kernel G}j (y) is radially decreasing in y, the setfy 2 R 9 : G}, (x-y) >sg
is a Euclidean ball centered at x. Thus
Z
HYf(x) 6 M & f(x) ify2R 9 : G (x-y)>sgjds
z,°
=M &0 Gy(dy

=M ¢,f(x).

Lemma 5.1.2 implies for any >0

jfx : supHYf()j > gi B jfx M E,f(x) > gj.
t>0

However, we do not have dimension-free estimates on the weak-type (1, 1) bound on
the maximal operator M gu. Instead, we can use the Hopf Ergodic Theorem, which
will give us a dimension-free weak-type (1,1) bound for sup ., jHE,f(x)j. Note
that we could also use the maximal theorem for semigroups using the martingale
maximal theorem, see Chapter 6.

5.2 the hopf ergodic theorem

Let (X, ) be a sigma- nite measure space.
De nition 5.2.1. A family of linear operators (T ')
TULE ) +L T )L Y ) +L T x).
is called a positive contraction semigroup if, for every t > 0,
1. kT fk1 6 kfk 1,
2. kTtftky 6 kfk 1,
3. T'f>0iff>0, and
4. TH(1) =1,
and the semigroup property T S = T!TS holds for all t, s > 0.

Example 5.2.2. The heat semigroup (@)t>0 is a positive contraction semigroup.

Further, the family (H Ej)t>0 is strongly continuous, that is, for every 1 6 p < 1,
we have

kHYf-fk p !0, t!o.

This follows from the fact that the heat kernel (G Ej)t>0 is an approximate identity.
Hence, we can apply the Hopf Ergodic Theorem to the heat semigroup.
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Theorem 5.2.3 (Hopf Ergodic Theorem). Let (T!)-g be a linear positive contraction
semigroup that is strongly continuous. Set

15
Mtf(x)=sup = THf(x)dt, f2L L(RY).
s>0 S 0
Then, for every >0,
d. 1
x2RY: M1f(x) > 6 —kfk;. (1)

Proof. Let us assume f > 0. We divide the proof into several steps.

step 1 First assume that (X, ) is a nite measure space. Consider the discrete
operator

disc 1 % n
M $%(x) = sup N T" f(x), X2 X.
N>1 n=0
We rst establish the (stronger) discrete bound
‘ Z
jfix2X: M 95%(x) > gj 6 _ fd (x). 2)
™M ?_ISCf>g
The bound (2) is equivalent to
Z
. (fx)- )d (x) > 0.
fx:M  9i5Cf(x)- >0g
By assumption (4), T(1) = 1. By linearity, foralln>1, T "(f-)=T "f-, we
obtain M 95¢f- =M 9iS¢(f- ). Hence, it is enough to prove (2) for =0, that s,
Z
06  fd(x).
M %’.'scf>0

We denote the partial sums

kL
Sf:=0, Sif= T, k>1,
n=0

and denote the partial suprema

An f(x) = gg&)& S f(x).

Since Ay f(x) is increasing in N, we have

. [
M ISCf(x) >0g =  sup&f(x)>0 = fAN f(x) > Og.
k>1 N>1

Since further f > 0, monotone convergence gives

y4 4

1fA >0 fd ! 1 disc fd.
X N >09 X M §5¢>0g

Therefore, it suf ces to prove
z

< 1ta  ts0g fd >0
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for all N. Observe that
ANT(X) 6 A Ne1 f(X). ©))

Further, we have for 1 6 k 6 N

bt
Sf= T'f=f+TS 1 f6f+TA yf.
n=0

Then
|

An+ f=max 0, sup Sf 6max(0,f+TA y)6Ff+TA \f, 4)
16k6N+1

where we used Ay f > 0, the positivity of T (assumption (3)), and the assumption
f>0.
Using (3) and (4), we obtain

4 Z y4
Anfd = Anfd 6 An+1 fd
X AN >0 ZANf>0
6 f+TA N 5)
A >0

Note that by assumption (1) and the fact that A y f > 0, we have
z Z
TAyfd 6 Anfd. (6)
Ay f>0 X
Inserting (6) into (5), we obtain
Z A VA
Anfd 6 f+ Anfd,
X Ay >0 X
which shows after subtracting
z
fd (x) > 0.
A f(x)>0

This proves (2).

step 2 Let us now assume that the space (X, ) is sigma- nite. Then there exists
an increasing sequence (& )non  Of measurable sets such that i % X and (E ) <
1. Letf2 L 1(X, ) be nonnegative, and x > 0. For each n, de ne the truncated
fn :=flg,. Since (En) < 1, we may apply Step 1 to f ,, obtaining for every
m2N

Z
X2En : Amfan(X)>g 6 frn(x)d (x),
X2E n:Amfn(X)>g
where
® ]
Amf = T(f .
m fn (X) 1@?(% (fn)X)

By monotonicity, we have f , " f pointwise and in L 1. By positivity of the semi-
group,

KT f, -Tifk, 10



asn!1foreveryj>0. Fixm2N. Foreach06j6 m-1, we may choose a
subsequence f,; so that

Tfo )T 1(x)

for almost every x 2 X. By a diagonal argument, we obtain a subsequence, still
denoted (f, ), such that

T, (0! T 1(x)

for alImost every x 2 X and every 0 6 j 6 m - 1. Consequently,
Anfn(!TA mif(x)

for almost every x 2 X. By Fatou, we obtain

(fA mf> g)6|in;1li|1f1f (fA mfh > Q),

and
Z Z
fd 6liminf fn d.
fAmf>g nil fAmfn>g
Since

Z

(fA mfn>0)6 fn d,
fAmfn>g

for every n, passing to the limit inferior gives
Z

(fA mf>0g)6 fd.
fAmf>g

Finally, A m f(x) "M $°f(x) as m ! 1, so by monotone convergence,
Z

fx2X: MICHx)> g 6 , fd,
M discf> g

which completes Step 2.

step 3 Now that the discrete case (2) is established, we prove the continuous

case (1).
Let us set
14
fr(X) = h TH(x) dit. (7)

We have by the Minkowski integral inequality

Z, 1 Z,

THf-fdt 6 KT'f-fk 4 dt.
0

Lx

=

kin-fk 1= =
0

For every " > 0 there exists > 0 such that for
O<t< 3 KT ‘'f-fk o <"

Hence, if 0 <h < , then for every t 2 [0,h] kKT tf-fk 1 <", and hence
1% Zy

kf, -tk 1 6 N KTHf-fk 1 dt< 1

= edt=
0 h o
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So indeed,
kfp -fk 110 ®)
ash!o0.
Fix k 2N and seth | =2 . We set
Z
— R L
fx -—fhk = H . T fdt.

Further, we de ne the discrete operator Q = TMk. The family

Q)0 =(T"))mg =(T"K") 5o

satis es the same properties as (T')>o , SO the discrete Hopf theorem (2) applies.

We have for some r >0

|
Z, ' Zy 1 %

k k

Quif)=TMe = “Thrdt = = TN wrfgr= TUfdu,

hk 0 hk 0 hk hyr

so that
V4 Z

1 K1 1'\}(1 1 h i (r+1) 1 Nh
N kfe=g R Tifdu= ——  TYfdu.
N, N o Dk hyr Nhk o

Hence, the discrete maximal operator associated to Q is

Mgi‘:fk = sup Ann ,f,
N>1

where

By (2), we have

jix: MEH () > gj=  x:supAnn , f(x)> 6 }kfkkl. (9)
N>1

Fixt> 0. For N = b2Xtc, we have N 2K !task!1.

Lemma 5.2.4. For almost every x 2 RY, the mapping
1 Z
r7tA (f(x) = - TYf(x) du
0
is continuous on (0, 1).

Proof. By Fubini and by assumption (1), we have

zZ Zg
jTUf(x)j du dx 6 Rkfk {
d o

for every R > 0. Hence, for almost every x 2 R 9, the function u 7! T Yf(x) belongs
to L ((0, 1)).
Fix suchan x, and letr, !'r> 0. Then

y4 Z

1 1 n T Zr
F

TYf(x) du + % TUf(x)du - TYf(x) du
0 0
(10)

A fX)-A (f(x) =

n
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Since ry ! r, the sequence (r ) is eventually contained in a compact interval
[0, R]. Therefore

z Zq

T'n
sup  jTUf(x)jdu6  jTUf(x)jdu<1,
n2N O 0

and the rst term of (10) tends to 0. For the second term of (10), observe that

lor, WL o (W), and TN o5 1-1 g )WL) 62T (X)L o Ry (U)

for a.e. u, which implies by dominated convergence
Z Z

n T
TUf(x) du - TUf(x) du ! 0
0
asn!1l. Therefore, A | fX)!A (f(X). O

By Lemma 5.2.4, we see that for almost every x 2 R9,
An 2k T TA - f(x)

as k! 1. We claim that for almost every x 2 R d

MESH () "M 1f(x), as k!l (11)
Indeed, we have Ay, ,« f(x) 6 M gskcfk (x), so passing to the limit k ! 1, we obtain
i disc
Aif(x) 6 Img!llnf Mg, fr (X).

Taking the supremum over t > 0, we have

M7f(x) 6 liminf M &5t (x).

On the other hand, we clearly have M gskcfk(x) 6 M tf(x), which shows (11). There-
fore, for >0,

jifx: M1f(x) > gj= Iikqu jfx Mgs‘k‘:fk(x) > gj 6 limsup }kfkkl = }kfkl,
! ki1

where we rst used (9) and then kf  -fk ; 10 as k! 1, established in (8).
This proves Theorem 5.2.3. O

5.3 proof of theorem 5.0.1

By Theorem 5.2.3, the maximal operator associated with the heat semigroup,

15
M f(x) =sup = OJ(G? f(x); dt,

s>0

satis es a dimension-free weak-type (1, 1) estimate. Our goal is therefore to com-
pare the Hardy-Littlewood maximal operator with M .
It suf ces by scaling invariance to show that there exists some C 4 > 0 such that
for some sy > 0, we have
Z

1 1 S0
J-Blesg(X)GCdg . GY (x) dt.
2
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Since x 7! G? (x) is radially decreasing, it is actually enough to show
Z
1 1 o 1 -
'7(1' 6 C d — ﬁ e_l_(4t) dt (12)
B3] So o (4t) &

We now estimate the integral on the right-hand side. For simplicity, we compute
Zs, 4 4

0 0 So

and choose g later.

1. For the integral over (0, 1), the change of variables u = (4t) 1

yields
4 ) a2 4 d=2 g
— =~ ¥4 gt= ud=22 gt dqy= --1
(13)
2. For the integral over (sg, 1),
Z d=2  Zi=(as o)
-d=2 1 gl = 4822 gU gy
so (41) d=2 4

0

The integrand f(u) :=u 9722 Y isincreasing for u 2 [0, d=2 - 2]. We choose
1 _d

. 1
yriale thatis, so = 7. (14)

Since d=4 6 d=2- 2 for all d > 8, this choice of s ¢ is ne. In Subsection 5.3.1
below, we explain the meaning of the choice sqg = 1=d. Then

Z1=(as o) Zy-y d=2-2
ud22 U dué w22 gu gy 9 9 ed=t |

0 0 4 4
so that

d=2 Z1=(as o)

ud=2-2 el du6 (4) -d=2 dd=2-l e—d=4
4 9
By Stirling's formula ' , we have
(4) -d=2 dd:2—l e—d:4 - 0( -d=2 (d:z_ 1)) (15)

Hence, the difference of (13) and (15) yields
Zs
Gl(dt>c 9?2 (d=2-1),
0

where ¢ > 0 is an absolute constant.

1 Indeed, Stirling shows
(d:2 _ 1) (2 ) 1=2 (d:2 _ 1) d=2-3=2 e—(d=2-l)
Then one can compute that

(4) -d=2 dd=2-1 e—d=4 -0
dn 4=2 (g=2-1) d=23=2 g(d=21)




5.0.1

With s = 1=d, we obtain

“1md 1 1=(4t) d=2  d
Since
_ d d - d
indil - d=2 o =2 9 d=2 a
B3] (d=2+1) 5 3 1 5 1,
we conclude using (16)

di-1 2 d=2 Z1=d 1 1=(4t) |
BSjt .d < % d=2-1).d d e dt
J ZJ ( ) 0 (4 t) d=2

Thus (12) holds with C 4 . d, and hence there exists an absolute constant C > 0
such that

MY f(x) 6 CAM f(x).

Applying Theorem 5.2.3, we obtain
- d. pqd Ca d. _ .~ Cd
x2R% i Mg, f(X)> gj6jx2R My f(x) > =(Cd)gj6 —Kkfkq.

This proves Theorem 5.0.1.

5.3.1 A Comment on the Choice 1=d

The choice (14) g = 1=d in the proof of Theorem 5.0.1 is not arbitrary and can be
interpreted in terms of Brownian motion.

Let By = (B El) ,:::,Bﬁd) ) be a d-dimensional Brownian motion, where B E') are
independent one-dimensional Brownian motions. We endow B with its natural
Itration

Fi = (B s:s61), t>0.

The transition density of B ; is the heat kernel G{’ (X). Therefore, the integral
Z

1 o
o G{ (x)

PO

can be interpreted as the average density of the Brownian motion at the boundary
of the unit ball over the time interval [0,s ¢].

We show that the choice sp = 1=d is naturally related to the expected time at
which the Brownian motion rst exits the unit ball B J.

To make this precise, recall that a random variable : ! [0, 1] is a stopping
time with respect to (F ¢ )0 if

f6tg2F ¢ forall t> 0.
Consider the rst exit time from the unit ball,
1 :=infft>0: jB {j=1g.
By continuity of Brownian paths, this is equivalent to

1 =infft>0:jB {j>1g,
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which shows that ; is a stopping time with respectto F ;.

Observe that the process (jBj? -dt) o is a martingale. Indeed, since Bt(i) are
independent one-dimensional Brownian motions, we have

[
jBi 2 - dt = @®"y2-t
i=1

and each process ((E{i) )2-1) 10 is a martingale.
Applying the Optional Stopping Theorem [Revuz and Yor, 1998, Theorem 3.1] to
the bounded stopping time 1 *n, we obtain

EjB ,m j?-d( 17n) =0.
Since jB ~, j 6 1 almost surely, it follows that

1
A =
E[ 17n]6 q

By monotone convergence,

. 1
= A —
B[ 1]= lm E[ .7n]6 .
In particular, this shows that 1 2 L1(). We now compute the exact value of E[  1].
Since ;1 < 1 almost surely and B ,j = 1 almost surely, dominated convergence
yields

lim E[jB ,m ?1=E[B ,j*]=1.

On the other hand, E[jB |, j?1 =dE[ 17n]. Passing to the limit then gives

€l 4] 3

Thus, the expected time required for a d-dimensional Brownian motion to hit the
boundary of the unit ball is exactly 1=d. This matches precisely the time scale sg
appearing in the proof of Theorem 5.0.1.

Remark 5.3.1. More details can be found in [Revuz and Yor, 1998, Chapter 1 and 2].
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MAXIMAL OPERATORS
ASSOCIATED WITH A SEMIGROUP

In this Chapter, we present the maximal theorem for semigroups which is needed
for improved strong-type (p, p) bounds of M %u. This will be used in Chapter 7.
More precisely, we consider maximal operators associated with positive contraction
semigroups. Let us recall the de nition and de ne the associated maximal operator.

De nition 6.0.1. Let (X, ) be a - nite measure space. A family of linear operators
T=(Tt)e0 ,

TR )L ) e o) +L T x),
is called a positive contraction semigroup if, for every t > 0,
1. kT fk1 6 kfk 1,
2. kTttky 6 kfk 1,
3. T'f>0iff>0, and
4. TH(1) =1,

and the semigroup property T %S = T!TS holds for all t, s > 0.
The maximal operator associated to T is de ned as

Mf(x) =sup jT¢ f(x)].
=0
Remark 6.0.2. Note the difference to the maximal operator we considered for the
Hopf Ergodic Theorem 5.2.3. There, we considered suprema over time averages.

In Section 6.1, we present the Martingale Maximal Theorem. In Section 6.2, we
show how to pass from martingales to semigroups by a suitable measure space
isomorphism via Rota's Theorem. In Section 6.3, we prove the maximal theorem
for semigroups via the martingale maximal theorem, and nally in Section 6.4, we
prove Rota's Theorem.

6.1 the martingale maximal theorem

We denote by (X, B, ) a - nite measure space endowed with -algebra B.

De nition 6.1.1. LetF =(F ,)n»1 be a ltrationon X. Forf2 L 1(X,B, ), itis easy
to verify that

E(fiFn) N

de nes a martingale. The martingale maximal operator associated to the Itration F is
de ned by

Mg f(x) = sup JE(fjFn)(X)].

n>1
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Theorem 6.1.2 (Martingale Maximal Theorem). The martingale maximal operator
M g satis es the weak-type (1, 1) estimate

x2X: M fxX)> g)6 }kfkl, for every >0, (1)

andforevery1<p61

1=p

P Ktk p . @)

kM g fkp 6 2

It is enough to prove the following nite version.
Theorem 6.1.3. Let f2 L1(X,B, ), and consider the nite martingale
E(fjF;), i=1,:::0,n,
adapted to the ltration (F ;){L; . We de ne its associated maximal operator

MEf() = sup JE(fjFi)X).
16i6n

Then

1. Forevery >0,
. n 1
x2X: Mgf(x)>g 6 —kfkq,

2. Foranyl<p61l

1=p
kfkp .

p
KMRfkp 62 7

In the following, we write f ; := E(fj F ;). 6.1.3 implies Theorem 6.1.2. Indeed,
the sequence supgg, fi(X) increases to Mg (x) as n'! 1, and we can conclude
by monotone convergence.

Proof of Theorem 6.1.3. Since the conditional expectation is linear and positive, it suf-
ces to prove the theorem for jfj, and we may assume that f > 0. Let us decompose

n
E:=fx2X: MZf(x)>g= fx2X:fix)>,f | (xX)6 , foralll<ig.
i=1
We denote  =fx:fij(x)> ,f (X) 6 , foralll<ig. Then
Z 0 A
fd = fd.
E iz1 Ei

Now since E; is measurable with respect to F;, we have

Z Z Z
fd = E(fjFi)d = fid.
Ej Ej Ej
Hence,
Z x £ X
fd = fid > (E )= (B).
E

i=1 Ei i=1



42

This proves (1). Further, note that M { is of strong-type (1, 1). Indeed,

kMRfky 6 sup KE(fjFi)k; 6kfk 1 . (3)
16i6n

We can interpolate the sublinear operator M £ between the endpoints p = 1 and
p = 1 and obtain by Marcinkiewicz 4.3.1 for every p > 1

1=p
P kfkp

n
kMEfkp 62 =

which proves (2). O

Lemma 6.1.4. The preceding theorem remains valid when (F)n>1 IS @ decreasing
Itration F 41 Fnandfy, =E(f]jFn) Inthis case, (fy) is called a reverse
martingale.

Proof. Indeed, x N 2 N and consider the nite sequence where we change indices
O =fnivr i=1,:::,N.

Then (g;) is a martingale with respect to the increasing Itration
G =FnNi+1 i=1,:::,N.

Applying Theorem 6.1.3 to (g ;) yields

1=p
kfk p,

sup jfii = sup jgii 62 =
16i6N Lp 16i6N Lp p-

as well as the corresponding weak-type (1,1) estimate. Since the constants are
independent of N, we obtain the same maximal inequalities for reverse martingales
by letting N ! 1. O

6.2 rota's theorem

In this Section, we discuss how to pass from martingales to semigroups.

Martingales are indexed by a discrete parameter n 2 N, whereas semigroups are
parametrized by a continuous time variable t > 0. We must therefore discretize our
semigroup by restricting it to a discrete time scale.

In the following, (X,B, ) denotes a - nite measure space endowed with -
algebraB. Let Q : LY(X)+L I (X)L 1(X)+L 1 (X) be a linear positive operator
such that

kQfk1 6 kfk 1,  kQfk1 6kfk 1, 4)

such that further Q(1) = 1 and Q is self-adjoint on L 2(X). Note that by interpolation,
(4) implies that Q is a contraction on L P (X) for all p 2 [1, 1].

Rota's Theorem allows to switch from the operator Q and the measure space
(X, ) towards a martingale. It gives a representation of the even iterates of a pos-
itive self-adjoint operator in terms of conditional expectations, up to a measure
space isomorphism.

Theorem 6.2.1 (Rota's Theorem). Let (X, B, ) be a - nite measure space and let Q
be a positive contraction satisfying Q(1) = 1 and self-adjoint on L 2(X).



Then there exist a - nite measure space (, , ), a decreasing sequence of -
sub-algebras

F n+1 Fn ::0 F 1 F 0
and an additional -sub-algebra ho , such that the following holds:

1. The measure spaces (X,B, ) and (,, ho, ) are isomorphic.

2. If
P(X,B, )L P(, By),  p>1
denotes the induced isometric isomorphism, then for every n > 0,

an: EEn )

Enf=EFjF »), Bf=E®Fj Bo).

The proof of Rota's Theorem is given in Section 6.4.
In the following, we denote the conditional expectation with respect to bo by B
and the conditional expectation with respectto F , by E,, that is,

Enf=E(fjF n), and Bf:=E(fj By).

6.3 the maximal theorem for semigroups

From Rota's Theorem 6.2.1 and the Martingale Maximal Theorem 6.1.2, we can now
deduce the Maximal Theorem for Semigroups.

Theorem 6.3.1 (Maximal Theorem for Semigroups). Let T = (T!)so be a positive
contraction semigroup according to De nition 6.0.1 such that T t is self-adjoint on
L2(X, B, ). Then the maximal operator M t associated to T satis es for every p > 1

1=p
kfkp .

M fkp = ksup iTtfikp 6 2 pf’l

Secondly, it satis es for every >0

X2 X : sup [T I > 66 “kik i) -
>0

Let us state a corollary, which will be useful in Chapter 12. We de ne the Poisson
semigroup (Pg)po by its Fourier transform as

FPENHO) = R R),
where th denotes the Poisson kernel
Ry()=e 20
Then we have
Corollary 6.3.1.1. The Poisson maximal function

MEf(x)=sup f K L(x)
t>0
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admits dimension-free bounds in L P for all p > 1.

This also follows from Theorem 9.0.1, since the Poisson maximal function is point-
wise majorized by M g f(x).

2 k+1

Proof of Theorem 6.3.1. Let p > 1 and x k 2 N. Set Q = TI* . ThenQis a
nonnegative positive linear operator that is a contraction on L 1(X) and on L1 (X)
and self-adjoint on L?(X). Let g 2 LP(X, ) be nonnegative. We can apply Rota's
Theorem (6.2.1) and obtain for every n > 1,

Q™ g= BE.T ,

where we dene g=:f2LP(,). Since is @ measure space isomorphism, we
have

kSUp an gkLp(X,) = kSUp E(E n f)k LP(,)

n>0 n>0
Since the conditional expectation Bis nonnegative, we have

sup B(E )6 B(sup Enf),

n>0 n>0

and taking LP () norms, we obtain

ksup BE nfkp sy 6kE(sup Enflkip)
n>0

n>0
Since B is a contraction on LP, we further obtain

kE(SUp Enf)kLp(’) 6kSUp Enkap(’)
n>0

n>0

By the Martingale Maximal Theorem 6.1.2 applied to the reverse martingale E , f
associated to the decreasing lItration F , , we obtain

kSUp Enkap(') 6Apkfk|_p(')

n>0

Finally, since  is an isometric isomorphism, we have kfk | p( ) = kgkip(x,) -
Putting all together, we see that for every k > 0

—o k
ksup T"2 "gkip(x,) = ksgg Q*" gkirx,) 6Apkgkio(x,)
n

n>0

where Ap is independent of k. Observe that the sequence

sup T2 “ g(x)

>0 k2N

is increasing in k, and in fact converges pointwise to

sup T g(x),
t2D

where D denote the dyadic rationals

[ k
D= fn=2" : n 2 Ng.
k2N
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By Lemma 5.2.4, the mapping t 7! T 'f(x) is continuous for almost every x. Since D
is dense in (0, 1), it follows that for almost every x 2 X

sup Ttg(x) = sup T'g(x).
12D 0

Letting k ! 1, we obtain for p > 1 by monotone convergence and (2)

1=p
kgkp(x,)

p
ksup Tt gk 62
t>0 o) p-1

Similarly by (1), for g 2 L 1(X, ) nonnegative, we obtain for every >0

fix2X: sup Ttg(x) > gj6 }kgkLl(x’) :
0

which concludes the proof. O

6.4 proof of rota's theorem

Recall that (X, B, ) is a - nite measure space and that the operator Q is honnega-
tive, linear, a contraction on L P (X) for all p 2 [1, 1] and self-adjointon L 2(X).
We construct a measure space associated with the operator Q.

To motivate the construction, imagine a particle moving in some probability space
X. Attime t = 0, it may be located at some point x g 2 X. Now the position x ; 2 X
of the particle at time t = 1 will be chosen according to some xed probability
distribution depending on x ;. After reaching x 1, the particle forgets it was ever at
X0, and jumps at time t = 2 to a point X o 2 X. The probability distribution for
Xo depends only on x;, not on Xg. This process continues, and at time t = n+1,
the particle jumps from x , to Xp+1 , Without remembering where it was at times
t=0,1,:::,n-1. The resulting process is called a homogeneous Markov chain. For
more details, see [Revuz and Yor, 1998, Chapter 3].

In our case, we do not necessarily have a probability space at hand, however in
the same spirit, we can construct a measure space (, , ). A point!2 should
describe the whole trajectory of a particle moving around in X, so we de ne

=X N =X X 0 X i,
Let us construct the -algebra . First, recall the de nition
De nition 6.4.1. A cylinder is a set of the form
C(Ap,A1,:ii,AN)=Ap A1 i A v X X iz,
where A; 2 B.

We denote by the -algebra generated by cylinders C(A o,A1,:::,AN).

Next, we de ne the measure . Consider the cylinder S = C(A o,A1,:::,AN).
Starting with the function 1 5, on X, we apply the operator Q and multiply with
1a,, toensure that at time N-1, we are contained in the set A n.; . This gives
1any, Qay) Again, apply Q and multiply with 1 o, , , and so on, until we
nally obtain the function

1a, Qla, QU T ay, Qay) -
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Now we de ne
Z

(S) = . 1a,) Q1 a; QU (M ay, QMay)) NE)MX). ©)
is well-de ned. Indeed, although the sets
C(Ao,Al,:::,AN ,X) = C(A O,Al,:::,AN)

describe the same cylinder, is well-de ned thanks to the assumption Q(1 x)=1x.
Clearly, is nonnegative by the positivity of Q. Moreover, if two cylinders S 1 and
S, are disjoint, then at the rst coordinate at which they differ, their respective
indicator functions are disjoint. By linearity of Q, we see that (S 1 +S,)= (S 1)+
(S »2), and therefore is nitely additive.

The Kolmogorov extension theorem now implies that extends to a countably
additive measure on (, ), where () = (X). By a slight abuse of notation, we
continue to call the measure on .

Next, let us de ne the -sub-algebra

Po=fAg X X 1111 A (2Bg
Then : (, bo,)!(X,B, ), given by
(X0,X1,::) =Xo

is by construction an isomorphism of measure spaces. This proves (1). Let us further
de ne the following -sub-algebras. We set F ¢ = , and de ne

F1=fX S:S2 g,
and

F,=fX X S:S2 g,
and for general n 2 N, we set

Fn=f>fX :'{'ZX }S:SZ g.

n times

Clearly, we have the inclusions
Fne1 Fn 0 F 1 Fo=.
In order to prove (2), we make two claims.

1. Ifafunctiong: 'R dependsonlyonx ,thatis, there exists some h: X!
R such that g ((Xg,X1,:::,%n,::3) =h(X ), then

B(g) ((Xo, X1, %,::3) = Q™ h(Xo).

2. Ifafunctiong: ! R dependsonlyonx g, thatis, there exists some h: X!
R such that g ((Xg,X1,:::,%n,::2) = h(X g), then

En (@) (X0, X1,:::,%n,::1)) = QM h(xn).

These two claims imply (2). Indeed, consider some function f : X ! R. Then
f : IR, given by

foo((Xg, X1, i %n,::0) =f(X @)
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depends only on xg. Hence, by (2),

En(f ) ((Xvaly:::rxn!:::)) =an(xn)-
Now since Q" f(x ) only depends on x , , we have by (1),

BEN(F ) ((Xo.xt,:0 %, :12)) = QM(Q" (X 0) = Q 2" f(x o).
This proves (2).

Let us now prove (1) and (2). It is enough to prove the claims on cylinders, since
they generate the -algebra .

1. Assume that g : ! R depends only on x . Since Q'h(xg) is clearly bo-
measurable, it suf ces to show that for every S 2 bo
z z

Sth(Xo)d (X0, x1,::2)) = S@J((Xo,Xl,iii))d (X0, x1,::3)).  (6)

LetS=Ag X ::: i, withA o 2 B. The left-hand side of (6) equals
z Z
. Q"h(xo)d = . 1a,()Q™h(x)d (x).

Letg =1 A, where A 2 B. Then the right-hand side of (6) equals
z z
. 1a(Xn)d = 1a,(X0)Ix(X1) Ix(Xp1 )Ia(Xn)d ((Xo,X1,::2).

By de nition of , the right-hand side equals
z

1a,(X0)Ix(X1) Ix(Xna1 )la(Xn)d ((Xo,X1,::3))
Z

N 1a,()Q( xQ(xQ( QL AKX (X)
Z
. 1a,(¥)Q" 1 () d (x),

where we used Q(1 x) = 1 x. Therefore, the two sides (6) coincide on indicator
functions. By linearity of the integral, this holds for simple functions, and by
monotone convergence, we can show it for general nonnegative functions,
and lastly for general functions g : ! R by decomposing them into their
positive and negative part.

2. Assume that g : ! R only depends on x g, thatis, g is ho—measurable. We
need to show that for every S 2 F ,, we have

Z y4
S91((Xo,X1,111))d ((X0,X1,::2)) = SQ”h(Xn)d (X0, x1,::9). (V)

Again, we show (7) forg =1 A, where A 2 B. Setting
S=X:1: XA n At AN XIi2F g,

the left-hand side of (7) equals
Z Z
Sgd = 1a(x0)Ix(X1)  1x(Xna1 )la,(Xn)Lla,; (Xnsaa )iiila(xn)d.
(8)
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Using again Q(1 x) =1 x, we see by de nition of that the right-hand side of
(8) equals
z
y 1aQ(1xQ(1x ( 1xQ(1a,Q1a,, Q@AM
z
= XlAQn 1A, Q(1A,,, Q@ay)d

Since Q is self-adjoint, we have

Z
9Q" (1A, Q(A,., Q@ay))d
X z
= XQ”@JlAnQ(lAn+l Qlay)d. 9)
On the other hand, the right-hand side of (7) equals
4 A
SQn 1ao(Xp)d = N Q1xQlx (1xQ"1a1a,QA,, QU Q1 ay)
Z
. Q" Q"1a1A,Q(LA,,, QU QL Aay) ) d

Z

y Q"1a1a,Q(1A,,, QU Q1 Aa,) Nd (10

where we used again Q(1 x) = 1 x and self-adjointness of Q.

We see that (9) and (10) are equal, which shows (2), and we can again conclude
by standard density arguments.

This concludes the proof of Rota's Theorem.

Literature

The proof of Lemma 6.1.3 can be found in [Stein, 1970, Chapter IV, Section 1, Lemma
1]. Details on the Kolmogorov extension theorem can be found in [Revuz and
Yor, 1998, Chapter 3, Theorem 3.2] or in [Doob, 1963]. Rota's Theorem 6.2.1 was
originally published in [Rota, 1962]. We followed the proof presented in [Stein,
1970, Chapter 1V, Section 4].
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STRONG-TYPE BOUNDS FOR M%u

Instead of interpolating the weak-type (1, 1) estimate
kME k 1, @y 6Cd,

with the strong-type (1, 1) bound, we directly estimate strong-type (p, p) bounds
for M gu. In this section, we again use the heat semigroup to obtain an improved
strong-type estimate for M &, .

Let us state the main theorem.

Theorem 7.0.1 (Stein and Stromberg, 1983, Theorem 4). Let 1 < p < 1. There exists
a constant C > 0, independent of the dimension d, such that for every f2 L P(RY),

p—
kM &,fkp 6C " d —2—kikp.

Remark 7.0.2. The factor p=(p - 1) on the right-hand side divergesasp!1 *, which
is consistent with the fact that the maximal operator fails to be of strong-type (1, 1).

For the proof, we need the following proposition. Recall from Section 5.1 that H fj
denotes the heat semigroup with kernel G %, and we de ne the associated maximal
operator

M f(x) = sup jHY f(x)j.
0

Proposition 7.0.3. The heat semigroup maximal operator satis es

1=p

: kfkp

kM ik 6 2

with a constant independent of the dimension.

This follows from the Martingale Maximal Theorem from Chapter 6.

7.1 proof of theorem 7.0.1

As in the proof of Theorem 5.0.1, we want to determine a constant C4 > 0 and a
time tg > 0 such that

jBldj(lB‘z‘ A(x)6C 4(Gy NHX).
2

It suf ces to show

1 1 -
- 6Cy e o) 1
jBY]j ‘ (4t )92 @)

One can compute, for example by taking logarithms, that the right hand side of
(1) is maximized at t g = 1=(2d), that is,

d=2
1 e.1:(4t 0) 6 1 -d=2 _

d
(@t )52 e=#2° T 2e @

49
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On the other hand, recall that by Stirling we have

o4 dm p_ d %2
1=j8dj = (d=2+1) d oo . (3)

Comparing (2) and (3), we see that for Cq = cpa, where ¢ > 0 is some absolute
constant, we have
-1=(4t o)

Cyq

Lo, L+
B Y@t o)

so that (1) holds. This concludes the proof.

7.2 literature

Theorem 7.0.3 is also mentioned in [Stein, 1982, Theorem 11] and proven in [Stein,
1970, Chapter 3, Section 3].



THE SPHERICAL MAXIMAL
OPERATOR

In the following, we rst introduce the spherical maximal operator M SS’ and then
state the main theorem regarding the bounds on M g for dimension d > 3 and
p >d=(d-1).

De nition 8.0.1. Letf: R 9 I C be a continuous function with compact support.

The spherical maximal function is de ned as
Z
M f(x) = sup jf(x+r)jd (),
gd-1

r>0

where S%1 s the unit circle in R 9 and the normalized surface measure on
1
We denote the averages on the sphere with radius r > 0 by
Z
Arf(x) = fx+ryd ().
Sd-l

We denote by [: the normalized surface measure on the sphere x + rsdl =
s*1 (x,r), de ned by
Z z
g d x(O= o gx+rhd ().

sd-1l (x,n)
Then
Z
Arf(x) = fd x(O)=f1 rx -
sdl (x,r)

8.1 stein's spherical maximal theorem

Let us state the theorem, rst proven by E. Stein [Stein, 1976].

Theorem 8.1.1 (Stein's Spherical Maximal Theorem). For dimension d > 3 and
p> d%, there exists a constant C = C(p, d) > 0 such that

kM2fk, 6 C(p,d)kfk ,,  forallf2L P(RY) 1)

In De nition 8.0.1, we saw that M g is only well-de ned for continuous and com-
pactly supported functions. In fact, Theorem 8.1.1 follows from the a priori inequal-
ity (1) for continuous and compactly supported functions.

Proposition 8.1.2. Letd > 3 and d=(d-1) < p < 2. Assume that the a priori
inequality

k sup jAtfikp 6 C(p,d)kfk p,  f2Cc(RY) 2)
0<t61

holds.

Let f 2 LP(RY). Then for almost every x 2 R 9, the average (Af)(x) is well-
de ned for every t 2 (0,1] and for almost every x, the mapping t 7! A {f(X) is
continuous.

51



52

Remark 8.1.3. Since for almost every x, the mapping t 7! A; f(x) is measurable and
in particular continuous, we see that

sup  JALf(X)j= sup jAf(X)j,
t2(0,11\Q 0<t61

so that the uncountable supremum is well-de ned and measurable.

Proof. Let f be a continuous function with compact support. First, let us show that
the estimate

k sup jAtfikp 6 C(p,d)kfk p, (3)
0<t61

implies the bound

t>0

Consider the modi ed operators v sf(X) =sup ou6s  JALF(X)), SO that

MEf(x) = sup M f(x),
k2N

where f 2 C(RY).
We have the scaling identity

ArDill: 9)®)=A gg(sx), rs>0, g2Cc(R?). 4)

Indeed,
Z

Ar (Dil 21 9)(x) = so1 g(sx-srd (1) = (A sr 9)(SX).

Thus, the LP -boundedness of M ; implies the LP-boundedness of Ms, uniformly
in s > 0. By monotone convergence, we can then conclude that Mg is bounded.
Thus, we want to prove the inequality

kM 1fkp . kfk p,

forp>d=(d-1).

Let us now assume that (2) holds. We want to extend the result from continuous
compactly supported functions to general f 2 L P(RY). Foragivenf2 L P, we rst
ask whether A f(x) is well-de ned for a given (x,t), that is, whether f restricted
to S%1 (x,t) is measurable with respect to the measure xt . If this is the case, we
de ne A {f(x) as the value of the corresponding integral.

In order to extend the estimate (2) to f 2 L P, we need the following Lemma.

Lemma8.1.4. LetE R 9 be a set of Lebesgue measure zero. Then for almost every
x2RY,

xt (E\S T (x,))=0
for all t > 0. Equivalently, for almost every X,
Ailg(x)=0 forallt>0.

Proof of Lemma 8.1.4. It is enough to prove the Lemma for a Borel measurable set E
of measure zero.
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LetO R 9 be open and consider f = 1 5. Then f is Borel measurable and
z

(AtH(x) = fly)d xt(y)
St (x1)

is well-de ned for all (x,t) 2R 9 (0, 1).
There exists f, 2 Cc(RY) with f , % f, so by monotone convergence,

Mifa ! Mf(x).
Using (2),
kM 110kp 6 C(p,d)jOj 1P

Now let E be Borel measurable with JEj = 0. There exists a nonincreasing se-
quence of open sets (4 )non E such that jO j ! jEj = 0. By monotonicity,

M1le®) 6 M1lo, (%)
for every n 2 N, and hence
kM 11Ekp =0.

Thus, f\/lllE(x) = 0 for almost every x, that is, A {1g(X) = 0 for a.e. X, which
completes the lemma. O

With the help of Lemma 8.1.4, we can prove the extension. Letf: RY | C be a
bounded and Borel measurable function with compact support. Then there exists
a sequence (f,)non  Of continuous functions with common compact support such
that kf-f nkp 62" and for almost every x, f , (x) I f(x) as n! 1.

Applying (2) to the difference (f  -f ;) 2 Cc(RY), we obtain

kM 1(fi -f |)kp 6 C(p, d)kf « - jkp,

so that kM 1 (f - j)kp 'O ask, j! 1.
For almost every x, we see that A f (X) is Cauchy uniformly int, 0 <t 6 1, so
that for almost every x the limit

lim A (9

exists uniformly int, 0 <t 6 1.
The mappings t 7! f , (x +ty) are continuous and uniformly bounded by the
common compact support of f , . Therefore,

t7VA (fn (X)

is continuous for every n 2 N.
Since the limit lim i1 jA¢ f (X)j exists for almost every x, uniformly in t, we see
together with the continuity in t that

i
t7! rI]l!rln Aifrn (X)

is continuous for almost every x.
Since f, (x) ! f(x) for almost every X, the set where convergence fails has mea-
sure zero. Now Lemma 8.1.4 implies that for almost every x, f , (y) ! f(y) for
xt -almost every y.



Therefore, dominated convergence gives
z z
Atfn(X) = fan(y)d xt(y)! fiy)d xt(y) =A tf(x)
Sdl(x,1) Sdl o (x,1)
for alImost every x, uniformly int, as n! 1.
Finally, a general f 2 L P (RY) can be approximated by f, := f1 fiieng lpnn] d» SO
that

0= lim fn(0+1001 gorg ().

First, we apply Lemma 8.1.4 to E = ff = 1g, which has measure zero since
f2LP(RY). By (2), for every n,m 2 N,

kM 1 (f -f m)Kp 6 C(p,d)kf n -f mkp,
so there exists a subsequence (f, Jkon  Such that for almost every x,
Jim- Acfn, (9
exists uniformly in t. Againt 7! A fn, (X) is continuous, hence the limit
-
t7! lLler Aifn, (X)
is continuous for almost every x.
Since fy, (x) ! f(x) a.e., Lemma 8.1.4 implies that for almost every x, f () !
f(y) for  xt -almost every y. Using dominated convergence again, we obtain
Atfn, ) TA ¢f(x)
for almost every x, uniformly in t 2 (0, 1], which implies
Mifn, ()1 M1f(x)
for almost every x. By Fatou, we nally obtain

kM 1fkp 6 lim inf kM 1fn, kp 6 C(p, d)kfk p.

This concludes the proof. O

8.2 overview of proof

The spherical maximal operator M g trivially satis es a strong-type (1, 1) bound.
We want to show claim (1) for p > d=(d - 1), where d > 3. Now in three or more
dimensions, we have d=(d - 1) < 2, so that it is enough to establish the estimate for

p2 91 ,2

As already established in (3), it suf ces to prove boundedness of
kM 1fkp . kfk p,

where we recall M 1f=sup gi; AL,
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For our purposes, it is actually easier to prove the boundedness of M 5, which we
can write as the supremum over different scales of dyadic radii, that is,

M,f = sup sup JAL . (5)
k>0 2k <rg2 -kl

For a xed k > 0, the natural spatial scale of SUp ,« . 1 JArfiis 2%  and
the natural frequency scale is thus 2.

We therefore look for an appropriate decomposition of f, and introduce a family
of smooth Fourier multipliers (P ,«)k2z such that

X X X
f= P2j f= P2j+k f+ P2j+k f (6)
j2z j60 i>0

in the L? sense, see also Section 8.3. _
We assume that B,; projects to frequencies supported in the annulus f : 2 o<
jj 62 1*1 g, and abbreviate the low-frequency projections by

P2j+k f = P 62 kf.
j60

Then Pg, «f projects onto frequencies jj . 2 K which matches the spatial scale
r 2% in(5) of M ¢f which we were looking for.

Together with the high-frequency projections P 5.« and using (6), we obtain by
the triangle inequality

X
M ,f 6 sup sup  jArPg«fi+  sup  sup APy fi. )
k>0 2k <rg2 K+l i>1 k>0 2k <rp2 -k+1

The two terms on the right-hand side of (7) are proven separately.

First, we reduce the problem to a bound on dyadic radii 1 <r 6 2. More precisely,
we show in Sngtion 8.4 that it is enough to show that the local low-frequency projec-
tions Pgy f = 60 Pai f are pointwise bounded by the Hardy—Littlewood maximal

; d ¢
function M E f:

sup jA[Pg1 f)j. M & f(x). (8)
1<r62

In Section 8.7, we then show that for j > 1 we have

sup jA[P,f(x)j.2 1M, f(x). (9)
1<r62

Taking L9-norms for any 1 < g < 2, we obtain

k sup jArPyfikg .2 TkME fkq . 2 Tkikq. (10)
1<r62

Summing over j > 1, we see that the right-hand side of (10) fails to converge.
In order to obtain a converging series, we establish in Section 8.8 the bound

(d-2

> Kfk. (11)

k sup jArPyfiky . (2 1)
1<r62

This follows from bounding the supremum of a smooth function f by the product
of its L2 average and derivative, namely

szupjf(t)j6jlj 2 Kk 2y +il PR K 2
t21
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as well as the decay ofl§) forjj! 1.

The two bounds (10) and (11) then allow interpolation, so that the factor 2 | be-
comes summable in j.

More precisely, for p 2 (d=(d - 1), 2) we obtain

k sup jArPyfikp . a jkfkp,
1<r62

p
where ;g <1.
Together with (8), this yields

X
kMofkp . kM S fkp +  ajkfkp . kfk p,
1

for every p 2 (d=(d - 1), 2), which proves the claim.

8.3 a family of smooth fourier projections

Let us introduce the family of smooth Fourier multipliers.

De nition 8.3.1. Let (P ,)koz be a family of smooth Fourier projections. We set
Pyf=F1 Dil}, P.

Here, the Fourier multiplier is a Schwartz function with support on the annulus
f2R 9:1=26jj6 2g.

Example 8.3.2. For example, we can choose

1

W=ee S iex

1p=2.2) (X)-

Then Dil}, ©has supportin [2 1,21 1. The family (Dil 3 § kz has bounded
pointwise overlap, and setting

_ Dilz %)
Lng 1
iz Dil3 §)

Dil 3 () =

we obtain

DilJ« ()=1 forall 2R 9.
k2z

Corollary 8.3.2.1. By Plancherel's theorem, the operators P,k give the desired Littlewood—
Paley decomposition

X
f = P2k f
k2z

in the L2 sense.

8.4 bounds on low-frequency projections

Let us rsb bound the low-frequency projections. Fix k > 0, and recall that we set
P62 kf = J60 P2j+k f
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Proposition 8.4.1. If
iArPs1 0] M (), (12)
uniformly inr 2 (1, 2], then forevery p > 1

ksup sup JAr Pgo kfikp . kfk . (13)
k>0 2k <rg2 &+

Recall the notation
Dil f(x) = f(x=s), Dil 1f(x)=s 9 f(x=s).
Recall that F(Dil$ () =Dil I, R)=s 9Rs).
Proof. We have for any k >0
Dil 5. Pe1 Diljx f =Pgy«f. (14)
Indeed,

F Dily« Pg Dilyf ()=Dil 3 F Pg Dilscf ()
=2% E pg Dily f (2% )

=27 (=2 M)Dil g, R2* )
j60
X ik
= (=22 TOR)=F  Pef ()
60

The scaling identity (4)
A (Dil g1 9)(X) = A rs g(sX),

applied to (14) gives
Ar Pgif (X)=A Dilly Pg DilJf (X)=A 5, Per Dilscf (2¢).

Taking the supremum over r 2 (2 kK ,2k*1 ] we obtain

sup  JAr Pguf (X)j=  sup iAsk, Pe1 Dil 3 f (2¢%)j
2-k <162 -k+1 2-k <162 -k+1
= sup jAr Pgr Dil f (2%x);.
1<r62

By a change of variables and assumption (12), we obtain uniformly inr 2 (1, 2]
jAr Pe1 Dil2c f (20j. M &, Dil2cf (20 =M £,f(x),

where we used the dilation invariance of the maximal operator, see Lemma 4.1.1.
Hence,

sup  JAr Pgokf (¥j.M Zf(x),

2K <rg2  k+l

uniformly in k > 0. Taking norms on both sides, we obtain together with the
Hardy—Littlewood Theorem 4.2.2

ksup sup JAr Pgykf jkp . kfk p, forevery p>1.
k>0 2k <rg2 K+l
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which is what we wanted. O

8.5 bounds on high-frequency projections

It remains to show that the L P-norm of the high-frequency projections

X
sup sup A Py j
1 k>0 2k <rg2 -kl

is bounded in LP for every p 2 (d=(d - 1), 2).
Proposition 8.5.1. Fixj> 1. If
AP, (X)) . 2 TM Y, f(x), (15)

uniformly for r 2 (1, 2], and if

(d-2

> kfk (16)

k sup jArPyfiky . (2 1)
1<r62

then for every p 2 (d=(d - 1), 2), we can bound the high-frequency projections
X

ksup sup JArPojx fikp . kfk .
b1 k0 2% <rg2 kil
8.5.1 LY Bounds on High-Frequency Projections
Fix j > 1 and k > 0. Observe that
Pinc T=Dil i (Py Dil 3 f),
which implies together with the scaling identity (4)
Ay (Poisk )(X) = A 5k, (Py; Dil ;kf)(z Kx). 7
By assumption (15), we have uniformly for 2 Kr 2 (1, 2]
Ak, (P Dil 3 f)(2%%) . 2 IME, Dil3f (2%x) = 2T M &, f(x),

where we used again the dilation invariance of M ‘éu from Lemma 4.1.1.
Together with (17), we obtain

sup  jA[ Py f(¥)j. 2 IM Y f(x),

2k <rg2 -kl

uniformly in k > 0.
Integrating in L 9, with 1 < g < 2, we obtain by the Hardy—Littlewood Theo-
rem4.2.2

ksup  sup  jArPyu fikq - 2 TkM & fkq . 2 Tkikq (18)
k>0 2k <rg2 K+l

forevery 1 <q<2.
This is not enough to conclude however, since we need to sum over all j > 1. We
therefore interpolate, with second endpoint 2.
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8.5.2 L2 Bounds on High-Frequency Projections
Fix j> 1 and k > 0. We use again (17)

sup  jAr Py f(X)j = sup jA, (P, Dil 5 (2% x)j.
2K <rp2  k+l 1<r62

By assumption (16), taking L2-norms gives

k  sup JAr Py fikp =2%9=2 Kk sup A, (P, Dil 3« ik 2

2k <rg2  k+l 1<r62
kd= L @2 .
.2 =2 21 kDl i fk o
- (d-2)
=271 "7 kik,.

We next want to take the supremum over k > 0. A rst attempt may be to
bound the supremum with a square function, however this fails: Even though the
operators P,.« are supported at frequencies jj 2 "k the operators A, slightly
enlarge this support, so that with varying 2 ¥, the different A , P+« may not have
essentially disjoint frequency supports.

a fattening projection To overcome this "overcovering” problem, let us take
a second, slightly fattened smooth projection P, such that

P2j+k ﬁ2j+k f=P 2jtk f

and such that the multipliers ( Py« )joz have supports with bounded overlap.
Now we obtain by bounding the supremum over k > 0 with a square function

O 1 l=2

X X

, . . @2)

ksup  sup  JAr(Poik Pk fjkp .21 T2 @ kP, fk3A
k>0 2k <rg2 K+l k>0

Since the multipliers P« have bounded overlap, Plancherel gives

kP, fk3 . kfk 3,
k>0
which shows
(d-2)

ksup  sup  jA(Pyu fikp .2 7 T2 kfky. (19)
k>0 2k <rg2 K+l

8.5.3 Interpolation

We have now two estimates at our disposal, (18) and (19). Marcinkiewicz interpola-
tion gives
d-2,

ksup  sup  jA/Py fikp . 2 1)* T kiky,
k>0 2k <rg2 -kl

where




Recall that we have restricted ourselves to the range p 2 (d=(d-1),2). One can
see that the interpolation exponent # - %(1 - #) is negative if and only if

d-2

#<
2

This holds if we set the rst endpoint of the interpolation between q and 2 very
close to 1. Then

1 1+#

p 2

2
so# —-1.
p

The inequality % -1< 92 holds if and only if p > d=(d - 1).
Therefore, for all p 2 (d=(d - 1), 2), there exists a g > 1 suf ciently close to 1 such
that

ksup  sup  jArPu fikp .2 T kikp,
k>0 2k <62 kel

where " ="(p,d) > 0.
Summing over j > 1, we obtain

X
j>1 k>0 2-k <r62 -k+1

Together with the low-frequency bound (13), we obtain

60

X
kM »fk , 6 ksup sup  jArPgkfikp+  ksup  sup  jA[ Py fikp . kfk p,

k>0 2k <rg2 ki 1 k0 2k <62 kil

which concludes the proof of Theorem 8.1.1.

8.6 local bounds on low frequencies

P
Recall the notation Pey = j59 Py

Proposition 8.6.1. The projections Pg; admit the bound

sup jArPer f(X)i . pd M E,f(%).
16r62

Proof. The multiplier Idm is well-de ned since the different dilations Dil %j have

bounded overlap, and smooth since each is smooth.
Since each Di%j is supported in the interval [2 1 | 2*1 ] we have

supp(f1) BJ(0,2) R °.
Thus, there exists some ' 2 S(R 9) such that

P61f:| f.



Now by Tonelli
Z
Ar P61 f(X) = PGl f(X - r!) d (')
d-1
z
T g g KON
Zz
= '(x-rt-y)d(!) f(y) dy.
Rd gd-1
Setting
z
K = 'x-Mmd@® =" r
gd-1

we obtain A;Psy f = K f. Then K is again Schwartz, since it is a convolution of
the compactly supported distribution  ; with the Schwartz function '. Decompos-
ing RY into dyadic annulli, we obtain

z z

) iKr (x-y)iif(y)idy . ) ffy)idy . M g,f(x),

BY(x.1 BS(x1
and fork > 1,
z z
o iKe (x-y)iif(y)idy . (2 %) @D jfy)idy .2 * ME,f(x).
fy:2 k1 <jxyj62 kg BY(x,2 %)
Summing over all k > 0 gives
z X
Ky (x - y)iif(y)idy - 2 Mg f(¥). M g f(x).
Rd

k>0

Since the bounds are uniform in r 2 (1, 2], we can conclude.

8.7 local bounds on high frequencies: L9 esti-
mates

Proposition 8.7.1. Letj > 1. We can bound the high frequency projections point-
wise by

sup jA[ P, f(x)j. 2 TMY,f(x). (20)
1<r62

Proof. Fixj> 1. We consider r 2 (1, 2]. We can write

Pyf=" f, (21)
where ' j(x) = Dil 5; '(x), with'2S(R  9). Then

APuf=( 1) =K, f (22)

where we set K, ="' ; . Since'2 S(R dy, for any M > 0 we have
Z Z
iKir (0j = 292 T(x-r))d(). M 29 @+2ljx-r1 M d .
Sd-1 gd-1
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Let us denote

)= inf jx-rlj=dist(x,rs 91 ),
128 d1

where rS%1 =fy 2R 9 :jyj = rg. Since the sphere 81 is centered, simplies to
(x) = jixj-r j. We want to bound the decaying tails of ' ;. We can decompose the
sphere

[ .
1 = " flas 41 X <2ljx-rje2 Klg.

k>0

Now if (x) >2 K11  thesetsfl2 Sdl : X <2ijx-rlj62 k1 gareempty.
Hence, we can write
X Z
iKir (0j .2 1 _ @+ 2ljx-nn M od(
k>log ?)E(X))Jrj flos  d1 :2ki gjx-rlj<2 kilj g
.2 M 25 41 K gix-nj<2 K g,
k>log ,((x))+i
(23)

Thesetfl2S 41 : i 6jx-rlj<2 k11 gisan annulus of thickness O(2! )
on the sphere rs%! | By Lemma 8.7.2 and Corollary 8.7.2.1 below, its measure is

flas 41 . 2K gix-rj<2 KU g @k )dl

SO we can write (23) as

) X ood1
iKir (x)j.2 1 kM ki
| klog, ()1
.2 (2—k )M—(d—l)
k>log ,( (x))+
2@+ 2l (x)) M@
=2l@+2ljjxj-r jy™Men (24)

Let us now prove the Lemma 8.7.2.

Lemma 8.7.2. For every e 2 §'1 and t> 0, we have the bound
128 &1 :jl-gj.t 41
Proof. By rotational invariance, we can assume e = ¢ =(1,0,:::,0). Then
(=fl2s %1 :jx-e4j.tg

is a spherical cap around the north pole. For t small enough,  lies in the upper
hemisphere, parametrized by

(u) =( IO1-u2,u), u2B9t (0,1) R 41 .

In these coordinates,

1
d = p———du.
1-u?
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Sinceu.ton ¢, the density is uniformly bounded, and we have
z

( n)- du.t 91 .
juj.t

Corollary 8.7.2.1. Forx 6=0and r 2 (1, 2], we have
128 &1 = jx-pj.2 K (@2 K)ol

Proof. Indeed, for x 6= 0 and e = x=jxj 2 81 , we can write
X-r'=jxje-r=(jxj-rne+r(e-"),

so that

e-1j6  jixji-r j+jx-rj.2 |
where we used that i 2 S 41 : jx-rlj . 2 ¥ gis nonempty unless (x) =
jixi-r j6 2K*11 | Sincer2(1,2], we obtainje-1j.2 ki | and therefore

flas 1 :ix-rj.2 K g fizs 1 ix-ej.2 M g
Consequently,

flas 91 cix-rlj.2 K og.@Ek H)dl

Let us return to our estimate on K, f. Recall by (24) that
iKir .2 1@ +2] jjxj-r jMeD

Hence,
Z

APy 00) =K o f00). 2@+ 2 fpyir pTEDfy)idy.
We decompose the integral as in (23). For k 2 N, let us denote
Ex =fy2R 9: 2 6 jix-yj-r j<2K11 g.

Then
Z

AP f(x)j. 2 ) o @+2hjx-yjer pMEDiy)idy
fy2R d:2ijjx-yj-r  j6lg
. (25)
X )
+2] @+20jix-yj-r PMED iy dy. (26)
k>0 Ek

1. Consider the rstterm (25). If M > d -1, the integrand can be bounded by 2,
and we see

fy2RY: 2jix-yj-r j61g B(x,r+2 7).

Sincer2(1,2] and j > 1, we have B(x,r+2 7 ) B(x,3). Hence,
z
(25) . ) if(y)idy, (27)

B(x,3



and

| if(y)idy 6 jB(x,3)iM 2.f(x).3 IME f(x).

B(x,3

2. For the second term (26), we have for k >0

7 Z
_ (@ +2) jix-yj-r PMED - fy)idy 6 (2 *)MED _ Jfidy.
K k
(28)
Forj>1, we have
Ex B(x,r+2 K1y B(x,2 K2,
Therefore
Z
_ifidy @ K7 )IMET). (29)
k

Putting together the two bounds, we obtain for M >d-1

) X )
AP, 2 IME f)+2T @K )M k2 ydid fx) . 4 2 M f(x),
k>0

uniformly inr 2 [1, 2]. This is what we wanted. O

8.8 local bounds on high frequencies: L? esti-
mates

Next, we establish an L2 bound on the averages SUPyge2  JAr Poifl, where j > 1.
Recall from (22) that

APyf=Kj, f2CtRY).

Proposition 8.8.1. We have the L2 bound

sup JAPyfi . (2 1) @D kik,.
1662 P

We prove this by making use of the following Lemma, which says that if a func-
tion f and its derivative are small on average, then f cannot get too large at a single
point.

Lemma 8.8.2. Let| R be an interval. Let F : | ! R be a smooth function. Then
for each | such that | 6 jlj, we have

z 1=2 z 1=2
sup jF(t)j 61 172 jF@®)j? dt +1172 )2 dt
t2l [ |
Remark 8.8.3. This is essentially a one-dimensional Sobolev embedding.

Proof. For every t 2 |, there exists 1o | such thatl =jl j. For everys 2 lg, we
have by the fundamental theorem of calculus and the triangle inequality

z,
JFOi6jF(s)+  jFAwjdu.

S
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Applying Cauchy-Schwarz on the second term yields

z 1=2
F(Dj 6 jF(s)i+1 172 jFqu)j 2 du
|

Averaging over all s 2 1 o, we obtain

1 4 z 1=2
JF()j 6 T jF(u)jdu+1 172 jFu)j 2 du
lo |

Applying again Cauchy-Schwarz, now in the rst term, we obtain

z 1=2 z 1=2
jFj61 2 IjF(u)jZdu +] 172 IjFO(u)jzdu

and taking the supremum over t 2 I, the Lemma is established. O

Consider the mapping
Z

9N =A Pyf)= €™ Hr)(=2 HR)d.

Since r 7! lfr) is smooth and is compactly supported, so by differentiation under
the integral sign, we see that r 7! A  P,; f(x) is smooth. Applying Lemma 8.8.2 to g,
we obtain
Z, M= Z, =2
sup jg(nj61 *7? jg(u)j® du + 172 jg ()i % du
1<r62 1 1

Forl=27 <1 sincej> 1, we obtain

Z, ) z, )
sup jg(Nj62 7%  jou)jidu  +277 jewiZdu
1<r62 1 1
and taking L 2-norms gives

22 s 1=2
sup jArP,fi .22 KA, P, fk?2, dr
16r62 LE 1 X
Z, q 2 =
+27172 — APy fdr . (30)
1 dr L?

Let us bound the two integrands of the right-hand side of (30). For this, we need
the following theorem:

Theorem 8.8.4. The Fourier transform of the spherical measure in the regime jj !
1 can be bounded by

). g @+jj) @V (31)
The derivative can be bounded by
ir /)i @+jj) @D (32)

The proof is omitted and can be found in [Stein and Murphy, 1993, Chapter VIII,
Section 3].
We can now bound the two terms on the right-hand side of (30).
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1. The integrand kA, P,; fkfg : By Plancherel and the fact that P,; projects to
frequenciesjj 21, we obtain

KA P,ifky =kc B fko 6 sup jlr)jk B fkoy.
jj2 i

Since r 2 (1,2], we have jrj 2 I. Thus, by (31), jgr)j . 2 J@D=2 Since
further k B,; fk, 6 k fk, we obtain

KA Pyyfky . 2 1012 ik,
2. For the derivative, we have
d d
dT‘CrO_ dTl(r)_ r tgr).
Together with (32), we have
d Coa iy (d-)=2
gr &) 8iid+ir)

Againusingr2 (1,2]andjj 2 1, we have

sup icr() 2 jori(d-1)=2 o %
jjz 1 dr
Therefore
; d j 5-j(d-1)=2
APy f 6 sup ——¢cr() kldzjsz 2121 Kfk 5. (33)
ar Lz jj2 0 d

Remark 8.8.5. This last bound is actually what we would expect from the uncertainty
principle: Since B;f projects to frequencies jj 2 I P,; f should not vary too much
at spatial scale jxj 27 . If we restrict the admissible radii r to an interval of size
21 we therefore expect that the average A, P,; f should not vary too much: Indeed,
the bound (33) says that the derivative of our operator with respect to the radius r
is invariant under shifts of order O(2 7 ).

Now we can go back to inequality (30) and obtain
. . (d- . .. (d-
sup jAP,fi . 27220 B 4292 dod B ki,
16162 2
2 10272 iy, (34)

which is what we wanted.

literature

We mainly followed the proof as presented by T. Tao in [Tao, 2011]. Lemma 8.1.4
and 8.8.2 can be found in [Stein and Murphy, 1993, Chapter XI, Section 3].



9 DIMENSION-FREE STRONG-TYPE
BOUNDS ON M ¢,

In [Stein, 1982], E. Stein announced the impressive result that the classical Hardy—
Littlewood maximal function admits dimension-free L P-bounds for all p > 1. The
proof relies on Theorem 8.1.1, and in the following, we follow the exposition from [Stein
and Stromberg, 1983].

Theorem 9.0.1 (Stein and Stromberg, 1983, Theorem A). The Euclidean Hardy—
Littlewood maximal operator M 2 admits dimension-free bounds for all p > 1.
In other words, for any p > 1, there exists C , > 0, independent of the dimension n,
such that forallf2 L P(R")

kM2, fkpp 6 C pkfkp .

Remark 9.0.2. In this proof, we de ne the spherical maximal function as
Z

L, Tocrmid ) ®

M gf(x) =sup ;
>0 - d-1
where ! 41 = (S %1 ) denotes the surface measure of the sphere in R¢.

The proof of Theorem 9.0.1 is carried out in the following Sections. As a rst step,
we introduce the weighted maximal operator.

9.1 the weighted maximal operator

In the proof, we will work with the so-called weighted maximal operator M~ ™ | |n
this Section, we introduce this operator and give some interpretation to its behavior
as m > 0 varies.

De nition 9.1.1. The weighted maximal function is given for m > 0 by

R

I - 11 m

MAM fix) = sup o8 Jf(x _y)_leJ dy
r>0 fiyiorg V1™ Y

i 1 ,m+d
The denominator equals 75— .

Remark 9.1.2. For m = 0, we see that M0 is simply the maximal operator over
Euclidean balls M g,..

It is useful to think of the weights and the normalization in the denominator of
the operator M @™ as a probability measure , with supportin B(0,r) R ¢ and
with density

jyi™ dy
d m,r (y) = Ri
fizjérg ]Z]m dz

Then

z

MM fx)=sup  jf(x-yid  mr ().
r>0 fjyjérg
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In polar coordinates, we can write y = #, with 2 [0,rjand#2S 91 . Then we

canwrite d m, (y) as a product of a radial probability measure and the normalized
surface measure on the sphere m; = my 0 where 0=1 ;jl_l and where

m,r IS a probability measure on [0, r] with density

m+d i
d m.,r () = rm+d m+d-1 d.

By Riesz's Theorem, the space of -additive measures on a compact set K is canon-
ically isometric to the dual of C(K), denoted (C(K)) . Then, the weak- topology is
just the weak topology. In our case, the probability measures n, 2 C([0,r]) and
myr 2 C(B(0,r)) . Forevery'2 C([O,r]),
Zr
0'()d mr () 1'(r) asm!1. )

Therefore, m converges weakly to the Dirac measure  in C([0,r]) . In other
words, as m ! 1, the mass of m,r concentrates at the boundary =r.
For any ' 2 C( B(O0,r)), polar coordinates give
Z Z Z

'Wd  me () = (#d e (Od 9.
sdl 0

B(O."

By (2), dominated convergence gives

z Z z
(#Hd me () d AW )d A
sd-1 0 gd-1
asm!1l.
A change of variables then gives
Z Z

. 1 .
(d A= ; wd o),
sd1 ‘d1 rsdl
where | denotes the normalized surface measure on the sphere r§"1 =fy2R 9 :
yi=rg.
Therefore, as m ! 1, the product measure mr converges weakly to the nor-
malized surface measure  in C(B(0,r)) as m! 1. Thus, the measures mr

become increasingly concentrated near the boundary of B(0,r), and in the limit all
their mass is distributed uniformly on the sphere rS 91 .

Heuristically, we can therefore interpret the weighted maximal operator M 4™ as
interpolating between the Hardy—Littlewood maximal operator in the regime m =0,
and the spherical maximal operator in the limit m ! 1.

We are now ready to prove Theorem 9.0.1. First, let us bound the weighted
maximal operator introduced in Section 9.1.

9.2 bounds on the weighted maximal operator

Proposition 9.2.1 (Stein and Stromberg, 1983, Proposition 2). For every dimension
d > 1 and m > 0, we have the pointwise majorization

MEM f(x) 6 M 2f(x),

where M % denotes the spherical maximal operator as de ned in 1.



Proof. In polar coordinates, we can write
z z Z
ifx-y)iyi ™ dy = ifx-y 9 ™4 ddy 9
sdl 0
ZI’
6! g1 M3f(x) ™Il ¢
0

jyier

I,m+d

=1 d
L a1 MET) ——.

Rearranging and taking the supremum over r > 0 on the left-hand side, we can
conclude. O

Proposition 9.2.2 (Stein and Stromberg, 1983, Proposition 3). For d > 3 and d >
p=(p- 1), there is a constant C , 4 > 0, independent of the weight m > 0, such that

kM 3™ fk o 6 C p g kfkp.

Proof. By Proposition 9.2.1, we have the pointwise bound M%™ f(x) 6 M 4f(x). Fur-
ther, by Theorem 8.1.1, we know that ford > 3 and p > d=(d - 1)

kM Zkp 6 C g kfkp,
where f 2 L P(RY). Observing that
p>d=(d-1) ( d>p=(p-1),
the claim holds. O

The next idea is to reduce the n-dimensional maximal function to averages over
lower-dimensional slices. In order to have the same radial behavior as in the am-
bient space, we add weights that assure that the operator still behaves like an n-
dimensional one. For this, we introduce yet another maximal operator.

9.3 the rotated weighted maximal operator

Assume thatn >3 and letd <nbe xed. WewriteR " =RdY R nd

De nition 9.3.1. Let x = (X 1,X2) andy = (y 1,y2) belong to R4 R ™4  For

f2L ﬁ)c(Rn ), we de ne the rotated d-dimensional weighted maximal function by

R
ji(x - ing . in-d
M 109 = sup B ierog O ¥ L OMVATE Ay

— , with 2 O(n),
r>0 fiy 1j6rg 1Y1I" d dy,

where O(n) denotes the orthogonal group.

Remark 9.3.2. This operator only integrates over y 2 RY, which we embed as
(y1,0) 2 R". Since is an orthogonal transformation, the set

fx-(y 1,0):jy1j6rg

is contained in the d-dimensional af ne plane passing through x 2 R " with direc-
tion (R 9 f0g).

Thus, M, f computes averages over translates of d-dimensional balls lying inside
rotated d-dimensional subspaces of R" .
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Remark 9.3.3. The weight jyj™d in 9.3.1 is chosen such that the induced measure
has the same radial density as the Lebesgue measure in R'. Indeed, writing R ¢ 3
y1 = #in polar coordinates on R 9, we obtain

jyo " dy; = " 4 dd#= " odd#

With this construction, we can now compare the n-dimensional maximal function
with averages of f over d-dimensional slices, all while still considering the concen-
tration of measure which occurs in n dimensions.

9.4 bounds on the rotated weighted maximal op-
erator

We now reduce the problem to a d-dimensional maximal function by freezing the
second variable x, 2 R™4 | so that we can view f(x 1,X») as a function of x; 2 R
alone.

Proposition 9.4.1 (Stein and Stromberg, 1983, Proposition 4). For d > 3 and d >
p=(p- 1), there is a constant C , 4 > 0 such that

kM 4fkp 6 C pg kfkp.

Proof. Note that the LP norm is invariant under rotations 2 O(n).
A change of variables gives

Mgf)=M gt ) ™ ),

so their corresponding LP -norms coincide. It is thus enough to show the claim for
=1d.
We have for x = (x 1,x2) 2R 94 R nd

R

iy iraalfX 1 =Y 1. X2)ily ™ dys
M 9f(x 1, %2) = sup R g .
r>0 fiy 1jerg Y1) Y1

Letus x X » 2 R™@ and view f x,(X1) = f(x 1,%2), as a function of x1 only. For
such a xed x », the operator M {,d acts only on the variable x; :

MIEf(x 1, x0) =M 400 £ (xy),

which is the d-dimensional weighted maximal function with weight jy —1j™9 from
De nition 9.1.1. Raising to the p'th power and integrating in both x 1 and x», Tonelli
yields
VA
kM 'tk = kM Emd £, kB dx,. 3)
Rn-d

Applying Proposition 9.2.2 and integrating, we obtain
z

(3)6Ch, o KBk dxs.

P
LP(RY)

The right-hand side is exactly kfk EP(R nys which concludes the proof.
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9.5 estimating M}, by the rotated weighted max-
imal operator

We next show that the Hardy-Littlewood maximal function can be controlled by
averaging maximal functions over rotated lower-dimensional slices.
Let denote the normalized Haar measure on O(n).

Proposition 9.5.1 (Stein and Stromberg, 1983, Proposition 5). For every x 2 R"
Z
M g,f(x) 6 M 4 () d ().

o(n)

Remark 9.5.2. As already observed in Remark 9.3.3, the weights "9 in the def-
inition of M ,f ensure that the points y | 2 R that are evaluated have the same
radial density as the Lebesgue measure in R". Proposition 9.5.1 shows that the
full n-dimensional Hardy-Littlewood maximal operator can be estimated by aver-
aging the corresponding weighted maximal operators over all orientations on the
respective d-dimensional slice.

Proof. For nonnegative and measurable functions f on R", we claim that for y =
(y1.y2)2R¢ R ™

R R R o
g VY oy aige (O 1.0ya™ dyad()
iyierg Y fiy yjerg V2™ dys

(4)

This will imply the Proposition, since

z R R | -
fx-y)idy = oMY 510 ifx- (v 1,0)iiyai™® dyad()
fiy 1j<rg jyljn_d dyl d ()

IBO,Nj fiyj<rg 7

6 M 4f(x)d ().
o(n)
Let us prove equality (4).
It is enough to show (4) for functions of the form f(y) = f o(jyj)f 1(#), where
y = jyj#, with#2 S ™1 | because linear combinations of such product functions are
dense in the set of nonnegative measurable functions.
Using such a product function f, we see that the left-hand side of (4) is

R R na R
fggrg fDAY 5 M df () gen f1(#)d ()
dy nlrnt o, :

fiyjérg
Writing y 1 = jy 1j#1, #1 2 S®1 and using f((y 1,0)) = fo(y1))f1( # 1,0)), we get
for the right-hand side of (4)
Z Z Z

fo() ™ d fa((#1,0))d # 1)d ().
0 oM st

1
nlrnt gq

Indeed, let :(0,1) S &1 1R d9nfog, given by (r,#) = r#. The map is a Borel isomorphism,
so we can identify measurable functions on R 9 nfOg with measurable functions on (0,1) S
Consider the algebra A generated by rectangles A B, where A (0,1) and B S &1 are Borel
sets. The indicator function of rectangles factor as

lag (nH=1 ANl g(®),

and these rectangles generate the product Borel -algebra. Therefore, by the monotone class theo-
rem [Lieb and Loss, 2001, Theorem 1.3], nite linear combinations of product functions 1 A (1)1 g (#)
generate all nonnegative measurable functions.
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It remains to verify that

z z z
1 1
fi#)d n1 #)=

, fi(#)dE# 1)d (). (5)
n-1  snl *d1l1 o) sdt

We can write the right-hand side of (5) as function of f 1:

4 4
1

"'d1 oM sdt

(f )= f1((# 1,0))d (# 1)d ().
Then is a nonnegative linear functional on C(S 91 ). Further, is bounded. In-
deed, for f 2 C(SY1 ), we have
Z Z
IR CIOLIOLY

jMmie -
‘d1 o)
. . . R .
since d () is the normalized Haar measure and  qoa d =! g1 . Since 2
(C(S*1 )) , the Riesz-Markov-Kakutani Theorem 9.6.1 implies that there exists a
unigue nonnegative Borel measure such that
Z

(0= hEHde,

For any 2 O(n), this functional is invariant under rotations by the invariance of
the Haar measure:
1 z z

fi1)= fa( # 1,0)d# 1)d()=(F 1)
P41 om st

Thus, is a measure that is rotation invariant on the sphere S ™! . The Haar The-
orem [Viana and Oliveira, 2016, Theorem 6.3.4] says that such a measure is unique
up to constants.

Therefore, there is some multiplec > 0suchthat =c .1 ,where ,; denotes
the normalized surface measure on the sphere ! . Recall that ,.; is already
the measure against which we are integrating on the left-hand side of (5).

By evaluating both sides on the constant function f ; 1, we can deduce that the
constant is ¢ = 1. Therefore, the two measures agree, so = 1 , and we have
shown that equality (4) holds. O

9.6 completion of the proof

In order to prove Theorem 9.0.1, let us x some p 2 (1,1] and some f2L P(R").
We want to show that the maximal function M £ f admits L P bounds that are inde-
pendent of the dimension n.

Let us distinguish two cases:

1. If n 6 max(3, p=(p - 1)), the classical Hardy-Littlewood proof says that there
exists some constant C(n,p) >0

kM 2,fkp 6 C(n, p)kfk .

Since n 6 3 dimensions are involved, the constant can be chosen uniformly in
n.



9.6 completion of the proof

2. In the case n > max(3, p=(p - 1)), consider the smallest integer d such that
d > max(3, p=(p - 1)). Since d 6 n, we can apply Proposition 9.5.1 to obtain
forany x 2R "

Z
M g,f(x) 6 M 4f()d ().

O(n)

Taking LP norms and applying the Minkowski integral inequality, we get

y z
kM2, fkp 6 o Mafd O 6 kM 4fkp d ().

Q) L oM

By Proposition 9.4.1, we have
z
kMyfkpd ()6 C qkfkp.
o(n)

Since d only depends on p, the constant C, 4 is independent of the ambient
dimension n, which is what we wanted.

This concludes the proof of Theorem 9.0.1.

The Riesz-Markov-Kakutani Theorem

For sake of completeness, let us state the Riesz-Markov-Kakutani Theorem.

Theorem 9.6.1. Let X be a locally compact Hausdorff space and a positive linear
functional on C¢(X). Then there exists a -algebra M on X which contains all Borel
sets in X, and a unigue positive Borel measure on M such that
z
h= f(x)d (x), forallf2C ¢ (X).
X
The measure satis es
1. (K) <1 for any compact K X,
2. isinner and outer regular,

3. M is complete.

A proof can be found in [Rudin, 1986, Theorem 2.14].
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Part Il

HARDY LITTLEWOOD MAXIMAL OPERATORS
ASSOCIATED WITH GENERAL CONVEX BODIES



10 WEAK-TYPE BOUNDS FOR M§

Recall that in this part, we consider centrally symmetric convex bodies B R 9 that
do not satisfy (24), i.e. there do not exist absolute constants G, C, > 0 such that

dem(BS,B) 6 (1+C 1=d)°2.

As discussed in Section 4.2, the Hardy—Littlewood maximal operator associated
with a centrally symmetric convex body M g satis es the weak-type (1, 1) estimate

kMBkpqqy 62°
In [Stein and Stromberg, 1983], a substantial improvement showed that
kMgkyagy -dlogd,

thereby reducing the growth from exponential to only slightly superlinear in the
dimension. In this chapter, we present the main geometric idea underlying this
improvement.

Classically, the proof of the weak-type (1, 1) estimate is based on Vitali's cover-
ing lemma: one orders the balls by decreasing radii, extracts a pairwise disjoint
subcollection, and then shows that the original family is covered by enlarging each
selected ball by a factor of 3.

The requirement of disjointness is however stronger than necessary. Instead, one
can control how often a point is covered by the subcollection, which in turn leds to
better bounds.

Let us state the Theorem.

Theorem 10.0.1. [Stein and Strémberg, 1983, Theorem 1] Let B RY be a centrally
symmetric convex body. Then there exists a constant C > 0, independent of the
dimension and of the convex body B, such that the maximal operator M g satis es

kMgkya1y 6 Cdlogd,

that is,
1
fx2RY9 :M3f(x)> g 6Cdlogd —kfky, >0, 1)

1
wheref2 L ioc

(RY).

RecallthatB R 9 is a centrally symmetric convex body, and that B(x, r) denotes
the closed ball with center x and radius r > 0 with respect to the norm induced by
B. In the following, we will work with particular dilations of such balls.

De nition 10.0.2. Given a ball B(x g,r), we set
B =B(Xg,dr)=fx2R 9 : kx-x gkg 6 drg.
that is, the ball with center x ¢ and radius dr. Similarly, we de ne

B :=B(xg,(d+21)r), B = B(Xg, (d+2)r).
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10.1 a modified vitali covering lemma

The key idea for the proof of Theorem 10.0.1 is the following covering lemma:

Lemma 10.1.1 (Modi ed Vitali). Let fB(x i,r; )d\z'o be a nite collection of balls in
RY with respect to the norm induced by B. We abbreviate B ; := B(X|, ;).

Then there exists a subset fB(x, r; )q\ﬁo , where M < N, such that the following
holds:

1.
) M
B(xj,ri) 6(e~+1) B(xi,ri) ; 2)
i=0 i=0
2. If we order the selected balls in decreasing order of radius and de ne the

increments |; :=Bjn(By[:::[B j1 ), we have

j=0 JB] J

1, 6 C2dlogd, 3)

where the constant C, > 0 is independent of the dimension.

Remark 10.1.2. The rst property shows that the union of the original collection can
be controlled, up to a dimension-free constant, by the selected subcollection.

The second property quanti es the overlap: although the selected bodies are not
disjoint, the number of times a point can be covered by the enlarged bodies Bj is
controlled. In other words, the relative contribution of each increment | ; inside B;
remains uniformly bounded (up to the factor dlog d).

Remark 10.1.3. As already remarked, in contrast to the classical Vitali covering
Lemma, we do allow for intersections between various selected bodies. This is
because in high dimensions, most of the volume of a body is concentrated near
its boundary: Even if two bodies have nearby centers and comparable radii, their
intersection can still be relatively small. We therefore want to concentrate on their
boundary, for which the in ated bodies B provide the necessary control.

Before we prove Lemma 10.1.1, let us show how it implies Theorem 10.0.1.

10.2 reduction to the almost centered maximal
operator

We assume in the following that f is a nonnegative function.
Instead of bounding the maximal operator M 4 | we may also work with the almost

centered maximal operator M 4:

De nition 10.2.1. Let B = B(0,1) R 9 be a centered centrally symmetric body.
The almost centered maximal operator associated6%Bis de ned as
z

1
Mdfx) = su S
5109 Xoid B (X0,1)j B (xq.1)
x2B(x ¢,1)

f(y) dy,

1
where f2 L .

(RY).

Remark 10.2.2. Here, we only require that a translate of B contains X, rather than
that x be the center of B. If x lies near the boundary of such a translate B(x g, 1), the



Figure 10.1: Example in two dimensions: The green ellipse E(x ¢, 1) contains x, and the trans-
lated orange ellipse E(x, 3) contains the blue E(xg, 2).

dilation B (xg, 1) compensates for this "loss of centering™: Indeed, if x 2 B(x g, 1),
then for every y 2 B(x, d - 1), we have

ky-X oks ka-Xk B +kx-x gkg 6(d-1)+l:d

so B(x,d-1) B (xg,r). Thus, the set over which we are averaging, B (xg,r),
contains a uniform neighborhood of x, as in the case of the maximal operator M g.
For an example, see Figure 10.2.

Proposition 10.2.3. Let B =B(0,1) R ¢ be a centrally symmetric convex body, and
let M g be its associated maximal operator. With fv g as de ned above, we have

Mafx)6 M3f(x)6em Sf(x).

This Proposition is shown in the spirit of Proposition 4.9.1 in Section 4.9, where
we compared the pointwise difference of the maximal functions with respect to
their Banach—Mazur distance. In particular, Proposition 10.2.3 shows that we can
work with f\/lg instead of M g, since the equivalence constants are independent of
the dimension.

Proof. The rstinequality Mf(x)6 M gf(x) is obvious, since Mg considers suprema
of averages over a larger set.

For the second inequality, xx 2 R 9, and let B(xg, 1) be a translate of B such that
X2 B(Xp,1). Lety 2B (Xg,1). Then

ky-xk g 6 ky-x gkg +kx-x gkg 6d+1,

which shows that B (xg,1) B(x,d+1)=B (x,1).
Therefore, for x 2 R 9 xed such that x 2 B(x o, 1), we have

Z Z
1 B (x,1)j 1
— = fly)dy 6 - : f(y)d
B (X0,1)] B (x0.1) v)dy B (x0,1)jjB (x,1)] B (x1) v)dy
d+1)¢ 1
- (d+1) f(y) dy

dd B Z(X'l)j B (x1)

1
fe——— fiy)dy 6 eM 4(x).
B Dl 5 (y)dy g f(X)
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10.2 reduction to the almost centered maximal operator | 78

Taking the supremum over x o 2 R9 such that x 2 B(x ¢, 1), we obtain

M3f(x) 6 eM ().

10.2.1 The Uncentered Maximal Operator

One may ask whether we could replace the centered maximal operator M with the
uncentered maximal operator.

De nition 10.2.4. LetB R 9 be a centrally symmetric convex body. The uncentered
maximal operator l\g’u associated to B is de ned by

z

M fx)= sup @———
By XOZRd,r>0; JB(XO’ r)J B(X O,I’)
x2B(x q.1)

jf(y)i dy,

1
where f2 L ioc

(RY).

The following example illustrates the geometric difference between the centered
and uncentered maximal operators.

Example 10.2.5. Consider the one-dimensional centered maximal operator over the
interval [-1, 1]. Then

4

M4 f0) = sup 1 jf(x+y)jdy.
’ >0 20 [
Letf=1 |1 . Then
8
% 1, x2(0,1),
1 _ 1 x<0

Mi1ty Lo ()= E2(1-x) ’ ’

: 2—1)( x> 1.

We observe that the interval which maximizes the averages

1 S L |
2 . Loy ()dy= Silx-r,x+1\[0, 1]

is the smallest interval that reaches [0, 1] and has diameter 2(1 - x) for x < 0, respec-
tively 2x for x > 1.

Figure 10.2: The minimal interval size for the centered maximal operator is r = x (upper
line), and for the uncentered r = x=2 (lower line).



10.0.1

For the uncentered maximal operator M [1_1 1u »One takes the supremum over all

I 3x. If x> 1, the smallest interval containing [0, 1] and x is [0, X], so that

0,1 _ 1
ox~ x

M [1-1,1],u 10,9 (X) = , x> 1.

Thus,
M[l_lyl]’u Lio,13 (X) = 2M [1_1’1] 10,11 %), x> 1.

The same phenomenon occurs in higher dimensions:

Proposition 10.2.6. Let B R 9 be a centrally symmetric convex body. For every
f2LL (RY),

loc
MEFx)6M &, f(x) 62 IMEF(x). (4)

Sketch of proof. The rst inequality is clear. Let us prove the second inequality. Fix
x 2 RY. Let B(xq, ) be a translate of the body B, and assume x 2 B(xg,r). By the
triangle inequality, we have for every y 2 B(x ¢o,r)

ky-xk g 6 ky-x gkg +kx-x gkg 6 2r,

so that B(xg,r) B(x, 2r). Hence,

1 z iB(X, 2r)j 1

—_— if(y)idy 6 - | . Fidy 62 9M Y.
iB(xo, 1] B(xo,r)J(y)J Y2 B0, BOC 20} sgezn Jfty)i dy B f(X)

Taking the supremum over all (X o, ) such that x 2 B(x g, r) gives the upper bound.
O

Remark 10.2.7. The estimate (4) is sharp for cubes. Take f = 1) d andx =(t,:::,1)
witht > 1. The optimal centered cube has side length 2t and the optimal uncentered
cube has side length t, giving

1 1
MB, (0= Goa  MBWfM= .
soMd  f)=29ME f(x).

Corollary 10.2.7.1. This shows that in the search for dimension-free estimates, we
cannot simply replace the maximal operator M g with the uncentered M g,u .

10.3 proof of theorem 10.0.1

With the reduction to the almost centered maximal operator f\/lg 10.2.3, let us show
how Lemma 10.1.1 implies the weak-(1, 1) bound. The proof is analogous to the
proof of the Hardy—Littlewood Theorem 4.2.

Proof of Theorem 10.0.1. Assume that f is nonnegative. For > 0, set
E =fx: f\/lgf(x) > g.

By regularity of the Lebesgue measure, it is enough to show the claim (1) for any
compact set K E . For any x 2 K, by de nition of f\/I‘Bi there exist x, 2 RY and
ry >0 where x 2 B(X x, k), and such that

4
1

—_— fly)dy > . 5
JB (XerX)] B (Xx,[x) (Y) y ( )
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10.4 proof of the modified vitali lemma | 80

The collection fB (xx,rx) : X 2 Kg forms an open cover of K. By compactness of K,
there exist nitely many points x ¢,X3,:::,Xn 2 K such that

Bi :=B(Xi,ri), rx, =rj
which cover K. By our modi ed Vitali Lemma 10.1.1, we can choose yet another
subcollection (B{)M; (B i)}, such that by (2)

oo , b

iKj 6 B 6(e“+1) B .

i=0 i=0

Let us order the subcollection B d\ﬁo by decreasing ra§lius, where we set By to be

the largest radius. We de ne the increments | j = B; n i<y Bi, which are pairwise
disjoint and
M M X
Bi = Ij = JIjJ-
i=0 =1 =1

For eachi=0,:::,M we have by (5)
z

1

—_ f d >,

B s, (y) dy

and therefore

o A

I | F R | F !
ij= —B | < —— f d .
i JBiJJ il Bi s (y)dy

Summing over i =0,:::, M, we get

AR T
lii6 = = 1g (i(y) dy.
i=0 =0 15
Using (3), it follows that
¥ Za
jlij6 —Codlogd f(y)dy.
i=0
Thus, for any compact subset K E
X C
jKie(e2+1) jlij6 —dlogdkfk 1,
i2F

where C = C,(e? + 1) is independent of the dimension. This proves the theorem.
O

10.4 proof of the modified vitali lemma

Let us now prove Lemma 10.1.1.



Figure 10.3: Two illustrations of the modi ed Vitali selection (6). Left: If the outermost
blue ball B, is selected, all the balls contained in B; will automatically be also
selected. Right: If the green ball B; has been selected, also the smaller B and
B3 can be selected, since their increments § (red) and |3 (yellow) have small
enough respective proportion to the pink B , and the orange B;.

10.4.1 Selection Algorithm

Let us describe the modi ed selection algorithm: The rstball B ; 2 fBj gj\z‘o shall
be the one with maximal radius. Assume B 1,:::,Bx.1 have already beer*spicked,
where we order the balls by decreasing radius. Set the increments I; =Bj n ij Bi.

We dene Bk = B(y,rk) to be the ball of maximal radius whose center y g
satis es

%l

B, jlsj (Yk) 6 1. (6)

=1

Remark 10.4.1. This condition only depends on previously selected balls B such
that

Yk ZBJ- =(d+1)B;.

In particular, the selection rule does not give any restriction for suf ciently distant
balls.

At the same time, nearby balls are allowed to overlap in a controlled manner. Let
us illustrate this in the next example.

In Example 10.4.1, we saw that in two dimensions, 22 = 4 balls in the vicinity of
a previously selected ball could be added. The same happens in d dimensions.

Proposition 10.4.2. Assume that the balls B1,:::,Bx.1 have already been selected
according to (6). Let By = B(y k, rk) be such that

Yk 2 B; (7
foreachj=1,:::,k-1. Then each previously selected ball contributes at mostd
to the sum

1]
=1 .
B B, (V)

=1

Consequently, condition (6) allows for up to d ¢ balls whose dilations contain y , in
the sense (7).
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10.4 proof of the modified vitali lemma |

Figure 10.4: Example of selecting ve interesecting balls in two dimensions: Assume that the
ball B(0, 1) (dark green) of radius one has already been selected. Consider four
additional balls whose centers all lie within B(0, 3) (light green). The largest of
the four balls, B 1, satis es

jlij . jB(O,1)j_ 1

jBj iB(0,2)j 4

The same estimate holds for each of the remaining three balls. Hence, the total
contribution of all four balls does not exceed 1 and satis es the selection condi-
tion (6).

Proof. Fixj=1,:::,k-1. Sincel; B ; and ij j= dijjj, we obtain

Wil o 1B _ 1
B B dd

Hence, every index j such that y 2 B; contributes at most d ¥ to the sum. Since
the sum is bounded by 1 by condition (6), there can be at most d9 such indices. O

10.4.2 Proof of First Assertion

First, let us prove the rgt assertion (2). We again denote Bj = B(xj, rj). We want to
control the measure of ji\io B;j by a constant multiple of the measure of the selected
balls fB; qﬂo .

Suppose that the ball B = B(y ,r ) was not been selected in the algorithm.
Every previously selected ball Bj has radius rj > r , and since B has not been
selected, we have

ijj
—1g >1. 8
B, B, v ) (8)

riy=r

We want to express (8) for a general pointx 2 B . Thenky -xkg 6r 67r;j.If
further the centery of B is contained in B]- ,we have ky -y jkg <(d+1)r j. By
the triangle inequality, we obtain

kx-y jkg 6kx-y kg+ky -y jkg6rj+(d+1)r,
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which shows that x 2 B T With this, we can reformulate (8). Indeed, if B is a ball
that is not selected, we have the condition
ilji
—1g (xX)>1 for every x2 B
ij jo

rj>r

Hence,
1 6 X L J 1
B (X) JBJ Bj (X)

i
rp>r J

Taking the union over all such balls that have not been chosen, we obtain

0 1
[ jlij X d+2 ¢
B Mg je@ jjA
B . d
not picked (pked) : =0
0 1
6e2@ jjjA=e? B
=0 =0
Then,
[ p Ll p
B + Bj 6e Bj + Bj .
not picked ( pjiitlied) =0 i=0

Choosing as constant C; = e? + 1, (2) is therefore shown.

10.4.3 Proof of Second Assertion

Next, let us prove the second assertion (3): Assume that, for some x 2 R9,
7.15_ (X) > 0. (9)

Then there exists at least one index j = 0,:::, M such that x 2 Bj . Among all such
indices, we can choose one for which the radius r; is minimal.

Lemma 10.4.3. By a translation and dilation, we may assume that this point is the
origin and that the minimal radius equals 1. In other words, we may assume

x=0 and minfrj:XZngzl.

Proof. Let ¥ be a point satisfying (9), and let r o be the smallest radius among all
balls Bj such that x 2 Bj . Applying
X-X 0

TX) = ——

x) ry
we may assume Xp =0 and rg = 1. Since T sends balls to balls andjjTT((E'; j_))jj = JJEL—"J
J J

the weights of the sum remain unchanged. After relabeling the transformed balls
fT(Bj )gfﬁo , we can conclude the proof. O
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By slight abuse of notation, let us call the set fT(Bj )qﬂo again fBj gﬁo , and as-
sume that xo =0 and rj, = 1. Let us now write (9) as

0 1
.I-. x X .I-.
Bili0 0= % ¥ 1)1 0), (10)
j=0 JBjJ ! ggjem:d osjgsM& JBJ'J :

J ]

since the terms for which r; < 1 vanish.

We denote
X i X il
= Nlig©, = Filag ().
06i6M: JB] ) 06i6M: JBJ I
16r j<d r:>d

]

Let us bound these two terms separately.

Bound on Small Radii

Lemma 10.4.4. We have
16 C o(dlogd),

for some absolute constant C; > 0.

Proof. Instead of directly bounding the various terms for which 1 6 r ; <d, let us
xsome 16a6r j<bwhichwill be determined later. Note that for such a choice
of radius,

(da)?jB j 6 (dr ;)!jB j,
so we can bound the denominator
i 1 X

1g (0) 6

—15 —_— jlijlg (0). (11)
d Ijlls
aér j<b JBiJ : 1Bj(da) aér j<b :

Since the increments |; are pairwise disjoint and all those contributing to (11) are
contained in the ball B (0, b) of radius (d + 1)b, we obtain

d

(11) 6 j %(b(d +1)%96e (12)

~ (da

| T

1 .
— B
Bi(da)
The bound (12) suggests to look for a, b satisfying b=a = (1 + 1=d). We can thus
reformulate the rst sum | as follows:

ili] xn X ilij
=1 (0)= —=1g (0),

= - : -
16r j<d ]BJJ : I=1 a,6r j<b | ]BJJ :

where a; = (L1+1=d) " and b; = (1 +1=d)'. We determine the value of m later.
Summing over all such intervals [a |, by ), we obtain together with (12)

X
ilie  e=a)6me?.
=1

We choose m large enough so that the intervals [a;, b ] cover all radii 1 6 r j < d.
Since by = (1 +1=d) ™, we require (1+1=d) ™ > d, or equivalently

logd
log(1+1=d) "
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10.4 proof of the modified vitali lemma |

By Taylor, we have

1 1
log(1 + 1=d) > 47 24
so that
logd 6 logd _ dlogd
log(1+1=d) = 3 1- 5 1- 5q

For d > 1, we have T 1¢ 6 2. Choosing Cqy = 2, we can set m = d2dlogde for all

2d
d > 1. Note that for d > 2, we have 1=(2d) 6 1=4, and we could choose the sharper

Co =4=3 ford > 2. In general, since I 11 llasd!1,theconstantC  tendsto
Tad

1. O

Bound on Large Radii
Let us now bound the second term Il, where the sum ranges over radiir j >d.

Lemma 10.4.5. We have the bound

Xl %]

II'= ?181- (0)6 ?181. k) (13)
j2F°JiJ j:OJJJ

rj>d

where k is the index of the selected ball By = B(y «, rk) with minimal radius among
those satisfying 0 2 B, .

Corollary 10.4.5.1. By the selection condition (6), we have

il

B s, (yk)61.

j=0
Lemma 10.4.5 therefore immediately implies that Il 6 1.

Proof. Let B = B(Yy , rk) be the selected ball of minimal radius among those satis-
fying 0 2B . By Lemma 10.4.3, we may assume g = 1. In particular, ky xkg 6 1.
Now consider any index j contributing to Il, i.e. suchthatr j >dand02 Bj. The
latter implies ky jkg 61 .
By the triangle inequality, we obtain

kyk-y jkB 6kykkB +kyjkB 61+rj 6(d+1)r i
since r; >d > 1. Hence,
Yk 2B(yj.(d+D)r)=B; ,

see also Figure 10.5.

85



10.4 proof of the modified vitali lemma | 86

Figure 10.5: A two-dimensionsal example: The green ellipse E ¢ with smallest radius r =1,
satises 0 2 E, (blue). The larger red ellipse E; satises 0 2 E; (violet) and
Yk 2 Ej (yellow).

Therefore,
1Bj 061 B, (Yk) forall jwithr ; >d.

Finally, we use the selection rule: every ball with radius r j > d > 1 must have
been selected before B, since B¢ has minimal radius among balls containing O at
the normalization scale. Hence all such indices satisfy j < k, and we obtain

6 %151. k)
=0 151

which is exactly (13). O

Putting both estimates from Lemma 10.4.4 and 10.4.5 together, we obtain (3), that
is,

.

Bl 1, 6C,dlogd,

j=0 JBJJ :

where C, > 0 is an absolute constant.



STRONG-TYPE BOUNDS FOR
Mg

In this chapter, we present an argument due to Stein and Strémberg which uses
the Calderén—Zygmund method of rotations to obtain strong-type bounds for M g.
The idea is to reduce averages over a d-dimensional body to averages along one-
dimensional radial directions.

LetB R 9 be a bounded body described in polar coordinates by

B=ft#: O<t< (#), #2S 91 g,

where :S%1 1(0,1)is continuous and bounded. The following holds.

Theorem 11.0.1 (Stein and Stromberg, 1983, Theorem 2). Let 1 < p < 1. There
exists a constant C > 0, independent of the dimension d and of the body B, such
that for every p > 1

P
kMdfk, 6 Cd p_—lkfkp.

The proof is based on the Calderén—Zygmund method of rotations. By decom-
posing averages over B into averages along radial directions # 2 S%1 | the maximal
operator Mg can be controlled by a family of directional maximal operators M g.
These are in turn estimated using the one-dimensional Hardy-Littlewood maximal
theorem. Integrating over all directions then yields the desired L P -bound.

11.1 the directional maximal operator

In the proof, we make use of the following maximal operator.

De nition 11.1.1. For#2 S 91 | the directional maximal function is given by

R 0

jf()é?-t#)jt dt

MYf(x) =s 07 .
#109 :1'2 otdl dt

Example 11.1.2. Letf = ]B% and x = (2,0). For # = (1,0), the ray fx-t# : t > Og
intersects B% precisely for 1 6 t 6 3; see Figure 11.1. Therefore

t dt 8
2 — % —

An important property of the directional maximal operator M g is the following.

Lemma 11.1.3. For any p > 1, we have the bound

P

d

@)

Proof. Fix #2 S1 . For every r> 0,

R Zr ZI’

oifbe- it Ot dt _d T g 47y
'Btd'l " | 0Jf(x t#)jt dt 6 ; oJf(x t#)j dt.
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11.2 proof of theorem 11.0.1 |

Figure 11.1: Example of Mﬁ in two dimensions, appliedto f =1 B2 at the point x = (2,0)

and the lines fx - t#g, with different values of # 2 S 1. We can see that the line
fx - t#_ g does not even intersect @ whereas the boundary case is given by
#=( 3=4,1=2).

Taking the supremum over r > 0 gives
1 =
MAf(x) 6dsup =  jf(x-t#)j dt. 2)
0 I o
Writing x = u#+y, whereu2 Randy 2# 7, and setting
fy (u) = f(u# +y),

the operator on the left-hand side is the one-sided one-dimensional Hardy-Littlewood
maximal operator applied to f y. By Fubini and the Hardy—Littlewood maximal the-
orem (4.2.2), we have

Z
17, .
sup = jf(x-t#)j dt 621*P kakLp(Rd).
0 I o LP(RY) p- 1
Combining this estimate with (2) proves the lemma. O

11.2 proof of theorem 11.0.1

Assume f > 0. Using polar coordinates,

z Z  Zy
f(x-y) dy = fix-t#)t 91 dt d#.
B(O,r) sdl 0

By the de nition of M {,

z z Z
f(x-y)dy6r ¢ M ¢ (x) t41 dt d#.
sd-1 0

B(0,r)

Dividing by jB(0,r)j =r 9jBj and taking the supremum over r > 0 yields

!
L Z Z

MAf(x)6 — M 9 f(x td1 gt d#.
g f(x) B st #f(x) .
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11.2 proof of theorem 11.0.1 |

Taking LP-norms and applying Lemma 11.1.3,

L2 Ze

p-1 jBj se1 o

kmdtk, 6 Cd 1 dt d#tkik p.
Since
2 Zgy |
jBj= t41 dt d#,
sdl 0

the theorem follows.
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12 DIMENSION-FREE BOUNDS

FOR ALL p>2

In [Stein and Stromberg, 1983], it was shown that the Hardy-Littlewood maximal
operator admits dimension-free L P-bounds for all p > 1. For general centrally
symmetric convex bodies, obtaining dimension-free estimates remained open until
Bourgain's breakthrough work [Bourgain, 1986a], which established such bounds
for all p > 2. The proof combines Fourier-analytic techniques in L 2 with the use
of isotropic position, a normalization which allows for good bounds on the Fourier
transform of the body.
Let us state the main result of this chapter.

Theorem 12.0.1 (Bourgain, 1986a).* Let B R 9 be a centrally symmetric convex
body. Then there exists a constant C > 0, independent of the dimension d and of B,
such that for all f 2 L 2(RY),

kM3 fk, 6 Ckfk 5.

Corollary 12.0.1.1. By interpolation with the trivial strong-type (1, 1) bound of
M g, we obtain dimension-free estimates of M g forallp 2[2,1].

Recall the notation

Dill f(x) =t ¥ f(x=t), Dil ¥ f(x) = f(x=t).

12.1 proof strategy

Throughout this chapter, let B R 9 be a centrally symmetric convex body.

In Section 12.3, we show that, after an appropriate linear change of variables,
the body B may be assumed to be in isotropic position. In this case, there exists a
constant L(B) > 0 such that

Z
L(B)? = hx, i?dx
B

forevery 2S 91 | |n Section 12.4, we use the isotropic position to establish useful
Fourier estimates for 1.
By Corollary 6.3.1.1, the Poisson maximal operator

sup f K L) ,
>0

where (KY)»o denote the Poisson kernels, admits dimension-free LP-bounds for
all p > 1. It therefore suf ces to control the maximal operator associated with the
kernel 15 -K 4, that is,

M & f(x) := sug f Dil {1g-K )X .
t>

1 It may be worthwile to mention that the manuscript was received in December 1984 by the American
Journal of Mathematics, but got published only in December 1986, which seems important to maintain the
logical sequence of time, given that a subsequent improvement covering the range p > 3=2 was proven
by Bourgain already in 1985.
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In Section 12.5, we establish a (very general) condition, formulated in terms of
dyadic Fourier estimates for an integrable and differentiable kernel which gives
dimension-free L2-bounds for the associated maximal operator.

Finally, in Section 12.7, we verify this condition for the kernels Dil tl 15 -K 5 us-
ing the Fourier estimates from Section 12.4, thereby concluding the proof of the
theorem.

12.2 the volume of hypersections

As a rst step, we place the convex body B in the so-called isotropic position. This
position endows B with useful analytic and geometric properties: First, the Fourier
transformation of the indicator function 1 g admits good decay properties, and sec-
ondly, foreach 2 S 41 | the (d- 1)-dimensional volume of the hyperplane section
orthogonal to

Volg.s B\fX2R 9:hx,i=0g ,

is uniformly bounded.
First, let us de ne the hypervolume of a section.

De nition 12.2.1. LetB R 9 be a convex body. For each direction 2 S9! and
height u 2 R, de ne

AB)=fx2B:hx, i=ug.
Its (d - 1)-dimensional volume is denoted by
' Bu)=Vol g1 (AP ().

We shall omit the superscript B if it is clear from the context.

B

Example 12.2.2. In three dimensions, ‘(1’0‘0

B with the yz-plane.

) (O) gives the area of the intersection of

In order to better understand ' B, let us state some properties. We consider d > 2.

Proposition 12.2.3. The map
u7!" B)Ed

is concave, even and symmetrically nonincreasing within its support.

Proof. If AB(u), A B(v) 6= ; for some u,v 2 R, then by convexity of B,
ABuw+@-)A Bwv) A B(u+(@-)Vv) 21[0,1].

Applying the Brunn-Minkowski inequality B.0.1 yields
Co(uroy) FEY s D @y e &

which shows that ' (u)1=(@1D s concave on its support. Since B is centrally
symmetric, we have ' (-u) ="' (u), so the function is even, and the support of
' (u) 7@ s a symmetric interval [-U  max, Umax]-

Setting u = -v in (1), we obtain

' -Du) FED s gy 1=E@D forall 2[0,1], u2R.

This shows that*  (u) 1=@1 s symmetrically nonincreasing on its support.
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Corollary 12.2.3.1. The function ' is locally Lipschitz and differentiable almost
everywhere on its support [-U max, Umax]-

Proof. By Proposition 12.2.3, we know that ' 1=@-D s concave on its support

[-U max, Umax]. By Lemma 12.2.4 below, this implies that (' )1=@1 s locally Lip-
schitz.
Consider a compact interval | contained in the support [-U  max, Umax]- Then

@ Y wjeLju-vi @
We have
i D wjieMm forevery u2l.

Let us assume that u > v and u, v 2 |. By the mean value theorem
. , : 2 . 1=(d-1 . 1=(d-1 ;
Pow- o @i=d-n *2 Y ) TED (),

where 2[ 9D (),r D ()] Note that 6 M |, and together with (2), we
obtain

ioWw- @ied-OM T2 Lju-vi.

Hence, ' is locally Lipschitz with constant € = (d-1)M ld'z L;. Moreover, '

is absolutely continuous on every compact interval contained in [-U  max, Umax]- BY
Rademacher's Theorem, ' is almost everywhere differentiable. O
Lemma 12.2.4. Consider a functionu: !R, where R d is some open set. If

u is concave (or convex), then u is locally Lipschitz.
Lemma 12.2.4 also applies for u convex.

Proof. LetB(xg,2r) be some ball. Since u is concave, it is bounded below and
above on B(xg, 2r), say M = sup %2 B(x o.21) u(x) < 1. Letx,y 2 B(x g,2r) such that
X 6=y. Set

;
X-Yj

Z=X+t

(x-y).

Then z 2 B(xg, 2r), and we can write

X-Yj

R e E

By concavity,

u(x) > u(2) +(1- Hu(y),

and rearranging we have

u(y) -u(x) 6 (u(y) - u(2))
6 2M = @jx-yj.

Applying the same argument with the roles of x and y reversed, we have
. . 2M.
Jue-u)i6  ——ix-yi

which shows that u is locally Lipschitz with constant 2M=r. O
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