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Für meine Eltern Sabine und Balthasar



A B S T R A C T

This thesis studies maximal operators associated with convex bodies in Rd and the
dependence of their Lp operator norms on the dimension. For a centrally symmetric
convex body B � Rd, the associated Hardy–Littlewood maximal operator is defined
by

MdBf(x) = sup
t>0

1

jBj

Z
B

jf(x+ ty)j dy,

where f : Rd ! C is a function, and we consider the best constants Cp(d,B) in the
inequalities

kMdBfkLp(Rd) 6 Cp(d,B)kfkLp(Rd).

In the 1980s, E. Stein and his collaborators asked whether these estimate could be
chosen independently of the dimension.

The thesis is motivated by the classical Hardy–Littlewood maximal theorem, which
yields exponential growth of Cp(d,B) in the dimension via covering arguments, and
by the subsequent development of dimension-free estimates in harmonic analysis.
Such results reveal deep connections between harmonic analysis, probability theory,
and the geometry of convex bodies as described by the Banach–Mazur distance.

We review several main regimes. For convex bodies with small Banach–Mazur
distance to Euclidean balls, Stein and Strömberg obtained weak-type bounds with
linear growth in the dimension and dimension-free Lp estimates for p > 1, using
semigroup methods and the spherical maximal operator. For general convex bodies,
Calderón–Zygmund techniques yield at most linear growth, while Bourgain proved
dimension-free L2 bounds, later extended to a larger range of p by Bourgain and
Carbery. In contrast, Aldaz showed that the weak-type (1, 1) norm for cubes grows
with the dimension.

The thesis provides a detailed overview of these results and their role in the study
of maximal operators in high-dimensional settings.
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1 I N T R O D U C T I O N

The maximal function was introduced in [Hardy and Littlewood, 1930], where the
authors motivated the problem with the following remark:

The problem is most easily grasped when stated in the language of cricket, or
any other game in which a player compiles a series of scores of which an average
is recorded.

Think of a cricket player who obtains a series of scores a1 , a2 , : : : , an during a
season. After j games, her running average is

A j =
a1 + a 2 + : : : + a j

j
.

The �nal average A n measures the player's performance over the entire season.
However, it does not distinguish between a player whose performance was steady
throughout the season and a player who performed exceptionally well over a shorter
period before declining afterwards.

To detect such behavior, one may consider all running averages

A1 , A2 , : : : , An .

The largest among them measures the best average performance achieved during
the season.

More generally, �x a game j 0 and consider the average score during the period
consisting of the k games before and k games after j0 , given by

1
2k + 1

kX

l=-k

a j 0+l , j0 - 1 6 k 6 n - j 0 .

The best average performance around the game j0 is then given by

max
j 0 -16k6n-j 0

1
2k + 1

kX

l=-k

a j 0+l .

Passing from the discrete to the continuous setting leads to the classical Hardy–
Littlewood maximal operator. In one dimension, it is de�ned as

M 1 f(x) = sup
t>0

1
2t

Zt

-t
jf(x + y)j dy,

where f : R ! C is a locally integrable function. In higher dimensions, intervals
are replaced by centrally symmetric convex bodies B � R d , leading to the maximal
operator

M d
B f(x) := sup

t>0

1
jBj

Z

B
jf(x + ty)j dy, f 2 L 1

loc(R d ).

For p 2 (1, 1], we denote by C p (d, B) > 0 the best constant such that for every
f 2 L p (R d )

kM d
B fk L p (R d ) 6 C p (d, B)kfk L p (R d ) .

1



introduction 2

In particular, M d
B f is bounded on L p (R d ) if and only if C p (d, B) < 1.

For p = 1, we see that C p (d, B) = 1, and M d
B f is indeed bounded on L p (R d ),

since averages do not exceed suprema.
For p = 1, the operator is not bounded on L 1 (R d ). Nevertheless, Hardy and

Littlewood proved a weak-type (1, 1) bound with combinatorial methods. An argu-
ment based on the Vitali covering Lemma by [Wiener, 1939] showed that that

kM d
B fk L (1,1) (R d ) 6 3 d kfk L 1 (R d ) ,

where k � kL (1,1) (R d ) denotes the (1, 1) Lorentz quasi-norm. By interpolation, it
follows that C p (d, B) < 1 for all p > 1, but the resulting estimates grow exponen-
tially with d. The central question of this thesis is how the constant Cp (d, B) depends
on the dimension d, and in particular whether it can be bounded independently of d. In
other words, we ask to what extent C p (d, B) re�ects the geometry of the underly-
ing space, or if it is an in�nite-dimensional phenomenon in a certain sense, which
has implications for in�nite-dimensional settings like differentiation theorems on
Hilbert spaces, see for example [Tišer, 1988].

The study of such dimension-free estimates for maximal operators has become an
important topic in modern harmonic analysis, starting with the work of E. M. Stein
and J. Bourgain in the 1980s. Their research has revealed deep connections between
harmonic analysis, probability theory and convex geometry.

A �rst reason why the geometry of the averaging sets plays an important role
comes from the Banach–Mazur distance which measures how close two centrally
symmetric convex bodies are up to linear transformations. If two bodies B 1 , B2
are close in this metric, then their associated maximal operators satisfy comparable
bounds Cp (d, B1 ) ' C p (d, B2 ). This leads to a natural division between convex
bodies that are close to Euclidean balls (with respect to the Banach–Mazur distance),
and general convex bodies.

For bodies close to Euclidean balls, Stein and Strömberg proved in 1982 the weak-
type estimate

kM d
B fk L (1,1) (R d ) . dkfk L 1 (R d ) ,

where the implicit constant is of course independent of the dimension. Their argu-
ment is based on comparison with the maximal operator associated with the heat
semigroup, which admits dimension-free L p bounds thanks to the semigroup max-
imal theorem.

In [Stein, 1982], Stein used estimates for the spherical maximal operator to prove
that the maximal operator associated with Euclidean balls actually satis�es dimension-
free Lp (R d )-bounds for every p 2 (1, 1].

The argument relies on the concentration of measure: as the dimension increases,
most of the volume of the unit ball B d

2 becomes concentrated near its boundary,
which allows to compare averages over balls to averages over spheres. However,
this method is limited to Euclidean balls, and the case of general centrally symmet-
ric convex bodies requires a different approach.

Indeed, for general convex bodies, a modi�cation of the Vitali selection algorithm
in which one allows for some overlap in the subcollection allows to improve the
exponential bound to

kM d
B fk L ( 1,1)(R d ) . d log dkfk L 1 (R d ) . (1)
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For the strong-type (p, p) estimates, one can use the Calderón–Zygmund method
of rotations to obtain linear growth in the dimension:

Cp (d, B) . d
p

p - 1
.

A major improvement was obtained in 1986 by Bourgain, who proved that maxi-
mal operators associated with arbitrary convex bodies are bounded on L2 indepen-
dently of the dimension. By interpolation, this gives dimension-free bounds for
all p > 2. The proof relies on placing the body in isotropic position, which gives
strong dimension-independent bounds on its Fourier transform. Further, Bourgain
developed a rather general criterion for the L 2 -boundedness of maximal operators
associated with averaging kernels. Roughly speaking, the problem is reduced to
obtaining suitable estimates for the Fourier transform of the kernel and its deriva-
tive on dyadic frequency scales. This result was later extended by Bourgain, and
independently A. Carbery, to the range p 2 (3=2, 1].

Perhaps surprisingly, J. Aldaz proved in 2011 that the weak-type (1, 1) norm of
the maximal operator associated with cubes is not bounded independently of the
dimension and in fact grows with d. The proof uses probabilistic ideas based on
interpreting the coordinates of a cube as independent random variables, which then
allows to use the central limit theorem.

The thesis is organized into three main parts. In the �rst part, we give an in-
troduction to convex geometry and maximal operators. In the second part, we
discuss improved estimates for maximal operators associated with Euclidean balls
and convex bodies close to them in the sense of Banach–Mazur distance. Finally,
the third part establishes bounds on maximal operators associated with arbitrary
convex bodies.



2 N OTAT I O N

Let us brie�y review some notation and results used throughout the thesis. Most
of the notation is fairly standard. In general, d denotes the dimension. We denote
the Lebesgue volume as well as the standard Euclidean norm by j � j. We denote the
Euclidean unit ball by B d

2 � R d , and the cube Bd
1 = [-1, 1] d � R d . B(x, r) denotes

the closed ball with center x and radius r > 0 in some norm that is speci�ed.
We write bxc, dxe for the �oor and ceiling of the real number x, which are integers

verifying x - 1 < bxc 6 x 6 dxe < x + 1.
We denote by (X, �) a sigma-�nite measure space. We denote by L 0 (X, �) the set

of complex-valued measurable functions f : X ! C. We denote by L 0 (X, �) the quo-
tient space of complex-valued measurable functions, where we identify functions
that are equal �-almost everywhere.

Given 0 < p < 1, we denote the L p quasi norm of f by

kfk p =
� Z

X
jf(x)j p d�(x)

� 1=p

.

We denote by 1E the indicator function of the measurable set E � X, de�ned by

1E (x) :=

�
1 x 2 E

0 x =2 E.

Further, we denote the weak Lorentz space L(1,1) (R d ) endowed with quasi-norm

kfk (1,1) = sup
�>0

�
�
�
� fx 2 R d : jf(x)j > �g

�
�
� .

For sake of simplicity, we sometimes refer to it as a norm.
Let (Y, �) be another �-�nite measure space, and suppose that D � L 0 (X, �) is a

linear subspace. Consider the (not necessarily linear) operator T : D ! L 0 (Y, �). For
1 6 p, q 6 1, we say that T is of strong-type (p, q) if there exists a constant C > 0
such that

kTfkq 6 Ckfk p

for all f 2 D \ L p . We denote the best such constant C by kTkp!q . If T is linear,
this is equivalent to saying that T is continuous or bounded. An operator T : D !
L0 (Y, �) is of weak-type (1, 1) if there exists a constant C > 0 such that

kTfk(1,1) 6 Ckfk 1 .

We denote the best such constant C by kTk1!(1,1) .

4
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The following table provides an overview of the abbreviations used throughout
the thesis.

Notation Meaning

(X, �) �-�nite measure space X endowed with mea-
sure �

L0 (X, �) space of equivalence class of measurable func-
tions on (X, �)

Lp (X, �) space of equivalence class of Lp -integrable
functions

Rd d-dimensional Euclidean space

j � j Lebesgue measure

h�, �i Euclidean scalar product

j � j Euclidean norm

B(x, r) closed ball with center x and radius r > 0

Bd
2 Euclidean unit ball in dimension d

Bd
p unit ball with respect to the ` p -norm in dimen-

sion d

Bd
1 unit ball with respect to the ` 1 -norm

GL(d) general linear group in dimension d

SL(d) special linear group in dimension d

O(d) orthogonal group in dimension d

L(R d ) linear operators R d ! R d

x| transpose of a vector x

Int(A) interior of a set A

supp(f) support of a function f

1A indicator function of a set A

kfk p Lp norm of a function f

M d
Eu Euclidean maximal operator in d dimensions

M d
B maximal operator associated with a convex

body B in d dimensions

dBM Banach–Mazur distance

C(Rd ) continuous functions

Cc (R d ) compactly supported continuous functions

C1 (R d ) smooth functions

S(Rd ) Schwartz space

S0(R d ) tempered distributions
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2.0.1 Fourier Analysis

Let us recall some basic properties of the Fourier transform on R d . The Fourier
transform of f 2 L 1 (R d ) is the function

F(f)(�) =
Z

f(x) e -2�ix�� dx, � 2 R d .

We denote the Fourier transform by either F or b�. Since jbf(�)j 6 kfk 1 for every
� 2 R d , the Fourier transforms de�nes a bounded linear operator F : L 1 (R d ) �!
L1 (R d ). Since scaling plays an important role throughout the thesis, we introduce
the dilations

Dil 1
t f(x) := t -d f(t -1 x), Dil 1

t f(x) := f(t -1 x), t > 0.

The choice of the prefactor guarantees that kDil1t fk 1 = kfk 1 .
We have

\Dil 1
t f(�) = Dil 1

t -1
bf(�) = bf(t�).

We denote the space of tempered distributions by S 0(R d ) and the Schwartz space
by S(Rd ).

De�nition 2.0.1. Given m 2 S 0(R d ), we de�ne the Fourier multiplier operator as

Op(m)f := F -1 (m bf), f 2 S(R d ).

This linear operator maps Schwartz functions to tempered distributions.

Recall the Fourier inversion: If f 2 L 1 (R d ) is such that also bf 2 L 1 (R d ), then

f(x) =
Z

Rd

bf(�)e 2�ix�� d� for a.e. x

Let us further recall the well-known theorem:

Theorem 2.0.2 (Plancherel Theorem). If f 2 L 1 (R d ) \ L 2 (R d ), then F(f) 2 L 2 (R d )
and

Z

Rd

bf(�) bg(�) d� =
Z

Rd
f(x) g(x) dx for all f, g 2 L 1 \ L 2 .

Thus, the Fourier transform extends uniquely to a unitary operator

F : L2 (R d ) �! L 2 (R d )

satisfying the inversion formula

f(x) = F(Ff)(-x) for all f 2 L 2 (R d ).

2.0.2 Probability Theory

Let us also recall some basics from probability theory which will be useful in Chap-
ter 13. A probability space (
, B, P) consists of a set 
, a �-algebra B of subsets of 

and a probability measure P on (
, B). We call a function f that is B-measurable a
random variable and if f is P-integrable, the expectation of f is denoted by

E [f ] :=
Z



f(!) d P (! ) .
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Random variables (f i ) i2I on (
, B, P) are independent if for any �nite subset J � I,
we have for all nonnegative Borel functions (h j ) j2J on the range space

E

2

4
Y

j2J

h j � f j

3

5 =
Y

j2J

E
�
h j � f j

�
.

2.0.3 Conditional Expectation and Martingales

Let (X, F, �) be a �-�nite measure space. If G � F is a sub-�-algebra, for every
f 2 L 1 (X, F, �) there exists a unique G-measurable function g on X such that

E [1A f ] = E [1A g] for all A � G.

The function g is called the conditional expectation of f relative to G and denoted
g = E( f j G).

The conditional expectation operator E( � j G) is linear and positive, i.e., if f > 0,
E( f j G) > 0. It is a contraction on L p (X), that is,

kE( f j G)k p 6 kfk p

for all 1 6 p 6 1. A �ltration is an increasing sequence (F i ) i2I of sub-�-algebras of
F indexed by a subset I � Z. A martingale on (X, F, �) consists of a �ltration (F i ) i2I
and of a sequence (fi ) i2I of integrable functions on X such that for all k, l 2 I such
that k 6 l, one has

f k = E [ f l j Fk ] .

Note that each f k , k 2 I, is F k -measurable.
For more details, we refer to [Le Gall, 2022, Chapter 11].
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3 I N T R O D U C T I O N TO C O N V E X
B O D I E S

In this thesis, centrally symmetric convex bodies play a fundamental role. In two
or three dimensions, some natural examples may come to mind, like squares, balls,
ellipsoids, octahedra and cubes, as one can see in Figure 3.1.

We now give the general de�nition in arbitrary dimension d.

De�nition 3.0.1. A convex body B � R d is a convex compact set with non-empty
interior. B is said to be centrally symmetric if -B = B.

3.1 convex bodies and norms

There is a natural correspondence between centrally symmetric convex bodies and
norms on R d .

From Convex Bodies to Norms

Every centrally symmetric convex body B � R d determines a norm via its Minkowski
functional, de�ned by

kxkB = inf f r > 0 : r -1 x 2 Bg.

This functional de�nes a norm. We denote by rB the set B dilated by radius r > 0.
Indeed,

1. It is clear that kxkB = 0 if and only if x = 0.

2. For any a, b > 0, by convexity of B we have aB + bB � (a + b)B. For x, y 2
Rd , there exists some " > 0 such that x 2 (kxk B + ")B, and analogously,
y 2 (kyk B + ")B. By what we said above, x + y 2 (kxk B + kyk B + 2")B, which
implies that

kx + yk B 6 kxk B + kyk B + 2".

Since " was chosen arbitrarily, k�k B satis�es the triangle inequality.

Figure 3.1: Examples of Convex Bodies in 2 and 3 dimensions: A disc, square, ball, ellipse,
octahedron and cube.

9



3.1 convex bodies and norms 10

3. For � 2 R n f0g, we have k�xk B = inf f r > 0 : �x 2 rBg. Since B = -B, we have
�x 2 B () x 2 j�j -1 B, so that

k�xk B = inf f r > 0 : �x 2 rBg = inf f r > 0 : x 2 rj�j -1 Bg = j�jkxk B ,

which shows homogeneity of k�k B .

From Norms to Convex Bodies

Given any norm jjj � jjj on R d , consider B := fx 2 R d : jjj x jjj 6 1g. For x, y 2 B and
0 6 t 6 1, we see

jjj tx + (1 - t)y jjj 6 t jjj x jjj +(1 - t) jjj y jjj 6 1,

which shows that B is convex. By homogeneity of the norm, B is centrally symmet-
ric, so that 0 2 B. Moreover, since all norms on R d are equivalent, there exists c > 0
such that

jjj x jjj 6 cjxj for all x 2 R d .

Consequently,

fx : jxj < 1=cg � B,

which shows that 0 belongs to the interior of B.
Note that by the triangle inequality, we have

j jjj x jjj - jjj y jjj j 6 jjj x - y jjj 6 jx - yj,

which shows that jjj � jjj is continuous, so that B is closed. By norm equivalence, there
exists C > 0 such that

Cjxj 6 jjj x jjj ,

and therefore

B � fx : jxj 6 1=Cg.

Thus B is bounded and hence compact.
This shows that B is a centrally symmetric convex body containing 0 in its interior.

Remark 3.1.1. The above maps are inverses of each other: The unit ball of the
Minkowski functional associated with a centrally symmetric convex body B is pre-
cisely B, while the Minkowski functional of the closed unit ball of a norm coincides
with the norm.

Remark 3.1.2. Note that we could also consider the open unit ball fx : jjj x jjj < 1g, which
is then associated to an open centrally symmetric bounded body B. However, for
our purposes, this distinction will not be of importance, since the boundary of such
a set has Lebesgue measure zero, so that we stay within the framework of convex
bodies that are by de�nition compact.

Literature

In this Section, we followed mainly the exposition from [Matousek, 2002, Chapter
13.4] and [Ball, 1997, Lecture 3].



4 M A X I M A L O P E R ATO R S

In the following, we present two classes of maximal operators. In Section 4.0.1,
we discuss the Euclidean Hardy–Littlewood maximal operator, and in Section 4.0.2,
Hardy–Littlewood maximal operators over general convex bodies.

4.0.1 The Euclidean Hardy�Littlewood Maximal Operator

j � j denotes the Lebesgue measure. Bd2 denotes the Euclidean unit ball, and B d
2 (x, r)

denotes a Euclidean ball with center x and radius r > 0.
Let us de�ne the Euclidean Hardy–Littlewood maximal operator.

De�nition 4.0.1. The Euclidean Hardy–Littlewood maximal operator is de�ned on f 2
L1

loc(R d ) as

M d
Euf(x) = sup

r>0

1
jBd

2 (x, r)j

Z

B d
2 (x,r)

jf(y)j dy, x 2 R d .

M d
Eu takes values in [0, 1]. This maximal operator averages over Euclidean balls of

radius r > 0 and then maximizes the different averages. We can write

A r f(x) =
1

jBd
2 (x, r)j

Z

B d
2 (x,r)

jf(y)j dy,

so that M d
Euf(x) = sup r>0 A r f(x).

4.0.2 Hardy�Littlewood Maximal Operators Over General Convex Bodies

More generally, we can consider the Hardy–Littlewood maximal operator over an
arbitrary convex body.

De�nition 4.0.2. Let B � R d be a centrally symmetric convex body. The Hardy–
Littlewood maximal operator over B is de�ned as

M d
B f(x) = sup

r>0

1
jBj

Z

B
jf(x + ry)j dy, x 2 R d .

Let k � kB denote the Minkowski functional associated with B. Since B is its unit ball,
the balls of the metric induced by k � k B are precisely

B(x, r) = fy 2 R d : ky - xk B 6 rg = x + rB.

Thus,

M d
B f(x) = sup

r>0

1
jB(x, r)j

Z

B(x,r)
jf(y)j dy.

4.1 properties of maximal operators

In the following, B denotes a centrally symmetric convex body according to De�ni-
tion 3.0.1 and M d

B denotes the maximal operator associated to B � R d , as de�ned
in 4.0.2. Let us try to understand maximal operators in more detail.

11
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Lemma 4.1.1. The maximal operator associated to B � R d is dilation invariant, that
is, for any R > 0,

Dil 1
R M d

B (Dil 1
R-1 f)(x) = M d

B f(x), f 2 L 1
loc(R d ).

Proof. This follows from the easy change of variables

M d
B (Dil 1

R-1 f)(x) = sup
r>0

1
jB(x, r)j

Z

B(x,r)
jf(Ry)j dy

= sup
r>0

R-d 1
jB(x, r)j

Z

B(x,Rr)
jf(y)j dy

= sup
r>0

1
jB(x, Rr)j

Z

B(x,Rr)
jf(y)j dy (1)

Since Rr > 0 ranges over all nonnegative radii as r > 0 varies, we have

(1) = sup
�>0

1
jB(x, �)j

Z

B(x,�)
jf(y)j dy = M d

B f(Rx) = Dil 1
R-1

�
M d

B f
�

(x),

which concludes the claim.

In the following, (X, �) and (Y, �) denote sigma-additive measure spaces. L 0 (X, �)
denotes the set of equivalence classes of complex-valued measurable functions f :
X ! C modulo �-almost everywhere equivalence. Let us de�ne the notion of
sublinear operators.

De�nition 4.1.2. An operator T : D ! L 0 (Y, �), where D � L 0 (X, �) is a linear
subspace, is said to be sublinear if

kT(�f)k Y 6 j�jjT fj, jT(f + g)j 6 jTfj + jTgj,

for all f, g 2 D and � 2 C.

From this de�nition, it is clear that the maximal operator M d
B is sublinear.

Proposition 4.1.3. The maximal function M d
B f is lower-semicontinuous for every

f 2 L 1
loc(R d ).

Remark 4.1.4. This implies that the maximal function M d
B f is measurable.

Proof. Let f 2 L1
loc(R d ) and assume f > 0. Fix x 2 R d and let (x n )n be a sequence

in R d such that xn ! x. Let t < M d
B f(x). Fix " > 0. By de�nition of supremum,

there exists some r > 0 such that

t - " < A r f(x). (2)

We claim that

A r f(x n ) ! A r f(x) (3)

Indeed,

A r f(x n ) - A r f(x) =
1

jB(0, r)j

Z
f(y)

�
1B(x n ,r) (y) - 1 B(x,r) (y)

�
dy.

We have

1B(x n ,r) (y) ! 1 B(x,r) (y) for a.e. y 2 R d ,



4.2 the hardy�l itt lewood maximal theorem 13

as n ! 1, and since x n ! x, there exists some R > 0 such that x n 2 B(x, R) for
every n > 1. Then B(x n , r) � B(x, R) + B(0, r), which is a bounded set. Therefore,

j1B(x n ,r) (y) - 1 B(x,r) (y)j 6 21 B(x,R)+B(0,r) (y),

and by multiplying with jf(y)j, we obtain

jf(y)jj1 B(x n ,r) (y) - 1 B(x,r) (y)j 6 2jf(y)j1 B(x,R)+B(0,r) (y),

which is integrable since B(x, R) + B(0, r) is a bounded set. By dominated conver-
gence, we see that (3) holds. Then,

lim inf
n!1

M d
B f(x n ) > lim

n!1
A r f(x n ) = A r f(x).

By (2), we have

lim inf
n!1

M d
B f(x n ) > A r f(x) > t - ".

Since " > 0 was chosen arbitrarily, we have

t 6 lim inf
n!1

M d
B f(x n ).

Since this holds for any t < M d
B f(x), we obtain

M d
B f(x) 6 lim inf

n!1
M d

B f(x n ),

which proves that M d
B f is lower semi-continuous.

Further, we observe

Lemma 4.1.5. The operator Md
B is of strong-type (1, 1).

Indeed, for any f 2 L 1 (R d ), we have the trivial bound

M d
B f(x) = sup

r>0

1
jB(x, r)j

Z

B(x,r)
jf(y)j dy 6 kfk 1 , for any x 2 R d .

In other words, averages do not exceed suprema.

4.2 the hardy�l itt lewood maximal theorem

The following example shows that the maximal operator is not of strong-type (1, 1).

Example 4.2.1. Consider f = 1[0,1] . Then

M 1
Euf(x) =

8
>>>>>><

>>>>>>:

1, x 2 (0, 1),

1
2(1 - x)

, x 6 0.

1
2x

, x > 1.

Thus, M 1
Euf is not L 1 -integrable.

We have however a slightly weaker property, originally proven in [Hardy and
Littlewood, 1930].

Theorem 4.2.2 (Hardy–Littlewood Maximal Theorem). The maximal operator M d
B

associated to the body B � R d is of weak-type (1, 1) and has norm

kM d
B k1!(1,1) 6 2 d .
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Remark 4.2.3. Classically, one obtains by applying the Vitali covering lemma the
constant 3d , see[Wiener, 1939]. The improvement to 2d is due to [Tao, 2010, Exercise
42].

Recall that we denote by B(x, r) the closed ball with center x and radius r with
respect to the norm associated to B.

Proof. We can assume that f > 0. We want to show

jfx 2 R d : M d
B f(x) > �gj 6

2d

�
kfk 1 , � > 0. (4)

By Proposition 4.1.3, Md
B f is lower semi-continuous. Hence, the upper-level sets

E� = fx 2 R d : M d
B f(x) > �g,

with � > 0, are open.
By regularity of the Lebesgue measure, it is enough to show (4) for compact

subsets K � E � . Fix such a compact subset K. For every x 2 K, by de�nition of E � ,
there exists a dilation r x > 0 such that

1
jB(x, r x )j

Z

B(x,r x )
f(y) dy > �.

Equivalently,

jB(x, r x )j <
1
�

Z

B(x,r x )
f(y) dy. (5)

Let " > 0. The family fB(x, "r x ) : x 2 Kg covers K, and by compactness, there exists
a �nite subcollection (B(x i , "r i ))N

i=1 that still covers K. Consider the rescaled family
(B(x i , r i ))N

i=1 . By the Vitali selection lemma, there exists a �nite disjoint subfamily
(B(x i , r i ))M

i=1 . We claim that

K �
M[

i=1

B(x i , (2 + ")r i ). (6)

Indeed, if x 2 K, there exists some j = 1, : : : , N such that x 2 B(x j , "r j ). If j 6 M,
then (6) holds. Else, there exists some B(xi , r i ) that has nonempty intersection with
B(x j , "r j ) such that r j 6 r i . Then

jxi - x j j 6 r i + r j 6 2r i .

Further, the triangle inequality yields

jx - x j j 6 jx - x i j + jx i - x j j 6 2r i + "r j 6 (2 + ")r i ,

which shows that x 2 B(x i , (2 + ")r i ). Therefore,

jKj 6
MX

j=1

�
�B(x j , (2 + ")r j )

�
� = (2 + ") d

MX

j=1

�
�B(x j , r j )

�
� .

Using (5), we have

jB(x i , r i )j 6
1
�

Z

B(x i ,r i )
f(y) dy,
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so that

jKj 6
(2 + ") d

�

MX

i=1

Z

B(x i ,r i )
f(y) dy 6

(2 + ") d

�

Z

Rd
f(y) dy,

where we used that the sets fB(xi , r i )gi6M are pairwise disjoint. Since " > 0 was
chosen arbitrarily, this shows that for any � > 0

jfx 2 R d M d
B f(x) > �gj 6

2d

�
kfk 1

and completes the proof.

Remark 4.2.4. The proof of Theorem 4.2.2 can also be obtained by the classical Vitali
covering Lemma. Then, instead of working with the rescaled collection fB(x, "r x ) :
x 2 Kg, one selects a �nite subcollection of disjoint balls such that

K �
M[

i=1

B(x i , 3ri )

holds. This leads to the slightly worse bound kM d
B k1!(1,1) 6 3 d .

The sublinear M d
B is of weak-type (1, 1) and of strong-type (1, 1), so it satis�es

the conditions of the Marcinkiewicz interpolation theorem A.2.3. In the next Section,
we prove a special case of the Marcinkiewicz theorem and apply it to M d

B .

4.3 a special case of the marcinkiewicz interpo-
lation theorem

The following Proposition is merely a special case of the Marcinkiewicz interpo-
lation theorem. The assumptions are stronger than those required in the general
theorem, but they arise more than once in this thesis. For this reason, we state
the result separately. Importantly, its proof is less technical than the proof of the
general Marcinkiewicz interpolation theorem and instead admits a relatively direct
argument, which is why we think it is worth to present.

In the following, we denote by (X, �) a sigma-additive measure space.

Proposition 4.3.1. Let

T : L1 (X, �) + L 1 (X, �) ! L 1 (X, �) + L 1 (X, �)

be a sublinear operator. Assume that T satis�es the following estimates:

1. T is of weak-type (1, 1), that is, there exists some C1 > 0 such that for any
f 2 L 1

loc(X) and any � > 0

jfx 2 X : Tf(x) > �gj 6
C1

�
kfk 1 ,

2. and assume that T is of strong-type (1, 1), that is, there exists a constant
C2 > 0 such that for any f 2 L 1 (X), we have

kTfk1 6 C 2kfk 1 .
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Then we have the inequality

kTfkp 6 2
�

p
p - 1

� 1=p

C1=p
1 C1-1=p

2 kfk p . (7)

Remark 4.3.2. Applied to the sublinear maximal operator M d
B , we obtain by interpo-

lating

kM d
B k1!(1,1) 6 2 d and kM d

B k1!1 = 1

kM d
B kp!p 6 2 d=p+1

�
p

p - 1

� 1=p

, p > 1. (8)

Proof. Let 1 < p < 1. Let f 2 L p (R d ) and assume f > 0. We write f = g � + h � ,
where

g� = f1 ff(x)>�=(2C 2 )g, and h � = f1 ff(x)6�=(2C 2 )g.

Now by assumption (2), we have

kTh� k1 6 C 2kh � k1 6 C 2
�

2C2
=

�
2

,

so that

jfx 2 X : jTh� (x)j > �=2gj = 0,

Using the sublinearity of T, we then obtain

jfx : jT f(x)j > �gj 6 jfx : jTg � (x)j > �=2gj + jfx : jTh � (x)j > �=2gj

= jfx : jTg� (x)j > �=2gj. (9)

Let us bound (9). Using assumption (1), we can write

jfx : jTg� (x)j > �=2gj 6
C1

�=2
kg� k1 =

2C1

�

Z

fx: jf(x)j>�=(2C 2 )g
jf(x)j d�(x). (10)

Using the layer cake formula, we have

kTfkp
p = p

Z1

0
� p-1 jfx : jT f(x)j > �gj d� 6 p

Z1

0
� p-1 fx : jTg� (x)j > �=2gj d�.

By (10), we see

p
Z1

0
� p-1 fx : jTg� (x)j > �=2gj d� 6 p(2C 1 )

Z1

0
� p-2

Z

fx: jf(x)j>�=(2C 2 )g
jf(x)j d�(x) d�.

By Fubini

Z1

0
� p-2

Z

fx: jf(x)j>�=(2C 2 )g
jf(x)j d�(x) d� =

Z

X
jf(x)j

 Z2C 2 jf(x)j

0
� p-2 d�

!

d�(x)

=
(2C2 )p-1

p - 1

Z

X
jf(x)j p d�(x).

Putting everything together, we obtain

kTfkp 6 2
�

p
p - 1

� 1=p

C1=p
1 C1-1=p

2 kfk p .
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4.3.1 Comparison of Estimate With Hardy Bound

Consider the Hardy operator A, de�ned by

Af(x) =
1
x

Zx

0
f(t) dt, x > 0,

for f 2 L 1
loc([0, 1)). With the help of A, we can see that Proposition 4.3.1 applied

to the one-dimensional Euclidean Hardy–Littlewood maximal operator M 1
Eu is not

necessarily sharp. However, it nicely captures the divergence for p ! 1 + , which is
in line with the fact that M 1

Eu is not of strong-type (1, 1).
The one-dimensional Hardy–Littlewood maximal operator is de�ned by

M 1
Euf(x) = sup

r>0

1
2r

Z

[x-r,x+r]
jf(t)j dt.

Corollary 4.3.2.1. For p > 1, we have

2-1=p
�

p
p - 1

�
6 kM 1

Eukp!p 6 2 1=p+1
�

p
p - 1

� 1=p

.

Proof. Let f 2 L1
loc([0, 1)), extended by 0 to (-1, 0). For x > 0, we have

M 1
Euf(x) >

1
2x

Zx+x

x-x
jf(t)j dt =

1
2x

Z2x

0
jf(t)j dt = A(jfj)(2x). (11)

Then

kM 1
Eufk p > 2 -1=p kAfk p .

One can show that

kAkp!p =
p

p - 1
, (12)

which implies for (11)

kM 1
Eukp!p >

p
21=p (p - 1)

.

Using the endpoint estimates in one dimension, namely kM 1
Euk1!(1,1) 6 2 from

Theorem 4.2.2, as well as kM1
Euk1!1 = 1, we obtain by (7)

kM 1
Eufk p!p 6 2 1=p+1

�
p

p - 1

� 1=p

.

This shows the claim.

Literature

Proposition 4.3.1 can be found in [Stein, 1970, Chapter IV, Theorem 6, Lemma 2].
The bound (12) can be found in [Hardy, 1920]. The proof of estimate (7) can be
found in [Grafakos, 2014, Chapter 1, Theorem 1.3.2].
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4.4 M d
Eu versus maximal operators over convex

bodies

In this Section, we compare the Euclidean Hardy–Littlewood maximal operator
with maximal operators associated to general convex bodies.

The following Proposition shows that the operator norms C p (d, B) are invariant
under linear transformations. This implies that a linear transformation of the body
B does not change the operator norm of the associated maximal operator.

Proposition 4.4.1. Let B � R d be a centrally symmetric convex body. For any
invertible linear map T 2 GL(d) and every p > 1, we have

kM T(B) kp!p = kM B kp!p . (13)

Secondly, we have equality in the weak-type (1, 1) norm, namely

kM T(B) k1!(1,1) = kM B k1!(1,1) . (14)

Proof. Let f 2 Lp (R d ). We claim that

M T(B) f = M B (f � T) � T -1 .

Indeed, for x 2 R d , a change of variables yields

M B (f � T)(T -1 x) = sup
r>0

1
jBj

Z

B
jf(x + rTy)j dy

= sup
r>0

1
jBj

Z

T(B)
jf(x + ry)j

dy
j det T j

= sup
r>0

1
jT(B)j

Z

T(B)
jf(x + ry)j dy

= M T(B) f(x).

Hence, for any p > 1,

kM T(B) fk p = kM B (f � T) � T -1 kp

= kM B (f � T)k p j det T j1=p

6 kM B kp!p kf � Tk p j det T j1=p

= kM B kp!p kfk p .

Thus,

kM T(B) kp!p 6 kM B kp!p .

Applying the same argument with T -1 yields equality.
For the weak-type bound, for any � > 0 we have

fx 2 R d : M T(B) f(x) > �g = T
�
fx 2 R d : M B (f � T)(x) > �g

�
,

so

� jfM T(B) f > �gj = �j det T j jfM B (f � T) > �gj.

Taking the supremum over � > 0 gives

kM T(B) fk 1,1 6 j det T j kM B k1!(1,1) kf � Tk 1 = kM B k1!(1,1) kfk 1 ,

and again applying the same argument to T -1 yields equality.
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Figure 4.1: An ellipsoid in 3 dimensions.

In this thesis, we study L p (R d )-bounds for maximal operators, with a particular
focus on the dependence of dimension. Under this point of view, we discover �rst
fundamental differences between the Hardy–Littlewood maximal operator associ-
ated with Euclidean balls and maximal operators associated with general convex
B.

4.5 maximal operators over ell ipsoids

The maximal operator M d
Eu over Euclidean balls and maximal operators over ellip-

soids satisfy the same Lp operator bounds. Let us �rst give the de�nition of an
ellipsoid.

De�nition 4.5.1. An ellipsoid E � R d is the (translated) image of Bd
2 under an

invertible map.

Lemma 4.5.2. Every centered ellipsoid in R d is of the form

E =

�

x 2 R d :
x2

1

a2
1

+ : : : +
x2

d

a2
d

6 1

�

, (15)

up to orthogonal transformations and translations.

In a way, this Lemma shows that ellipsoids can be seen as the simplest kinds of
convex bodies, since we can bring any ellipsoid into the form (15).

Proof. Let

E = L(B d
2 ) = fy : y = L(x), jxj 6 1g,

where L 2 GL(d). It suf�ces to consider ellipsoids centered at the origin. For y 2 E,
we have jL-1 yj2 6 1. De�ne A := (L -1 )| L-1 . Then A is symmetric and positive def-
inite. By the spectral theorem, there exists a diagonal matrix D = diag(� 1 , : : : , � d )
with positive entries, and an orthogonal matrix Q such that A = Q | DQ. Setting
Qy = u, we obtain

jL-1 yj2 = y | Ay = (Qy) | D(Qy) = u | Du =
dX

i=1

� i u2
i .
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Hence,

Q(E) =

�

u 2 R d :
dX

i=1

� i u2
i 6 1

�

.

If we de�ne a i = � -1=2
i , we obtain

Q(E) =

�

u 2 R d :
dX

i=1

u2
i

a2
i

6 1

�

,

which proves the claim.

Remark 4.5.3. The form (15) describes a centered ellipsoid with semiaxes a1 , : : : , ad .
Since E = Q| T(Bd

2 ) with Q orthogonal and T = diag(a 1 , : : : , ad ), we have

jEj = jQ | T(Bd
2 )j = j det(Q | T)jjBd

2 j =

�
�
�
�
�
�

dY

j=1

a j

�
�
�
�
�
�
jBd

2 j.

4.6 maximal operators over general convex bod-
ies

As we have seen in Section 4.5, if there exists some linear transformation T sending a
convex body to an ellipsoid E, the weak-type and strong-type norm of the maximal
operator M d

E and M d
T(E) are the same.

However, bodies like the cube or the cross-polytope are not af�ne transformations
of Bd

2 . One way to see this is as follows. Af�ne transformations preserve strict
convexity. Thus, there cannot exist a linear transformation from the strictly convex
Bd

2 to the cube or the cross-polytope, both of which are not strictly convex. More
generally,

Lemma 4.6.1. Let 1 < p < 1. There cannot exist a linear transformation from B d
2

to the `p unit ball, denoted B d
p , if p 6= 2.

Proof. Indeed, if there existed an invertible T such that T(Bd
2 ) = B d

p , then

kxk2 6 1 () kTxk p 6 1,

and by homogeneity kxk 2 = kTxkp for all x 2 R d . Since k�k2 satis�es the parallelo-
gram identity and T is surjective, also k�k p must satisfy the parallelogram identity,
which is wrong for p 6= 2.

4.7 the banach�mazur distance

For a general convex body that is not the image of an ellipsoid, we can measure
how "close" it is to being an ellipsoid. This can be achieved by the Banach–Mazur
distance.

De�nition 4.7.1. Let K 1 , K2 � R d be two centrally symmetric convex bodies.
Consider all linear transformations A 2 GL(d) and all possible dilations r > 0

such that the inclusions hold

A(K 1 ) � K 2 � rA(K 1 ). (16)
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Figure 4.2: Example in two dimensions: The best constant for the cube (orange) such that it
is contained in the circle B2

2 (green) and the dilated circle rB 2
2 (violet) is given by

r =
p

d =
p

2. This is actually the best constant, as shown by John's Theorem.

The Banach–Mazur distance dBM between K1 and K2 is the smallest dilation of all
A(K 1 ) such that (16) holds. Equivalently,

dBM(K1 , K2 ) = inf f r > 0 : 9A 2 GL(d) such that A(K 1 ) � K 2 � rA(K 1 )g.

The de�nition of d BM can be extended to bodies that are not centrally symmetric.
However, here we are interested in centrally symmetric bodies.

Remark 4.7.2. For an ellipsoid K � R d , we have dBM(K, Bd
2 ) = 1.

4.8 john's theorem

The Banach–Mazur distance is not arbitrarily large. Consider the following exam-
ple.

Example 4.8.1. Consider the Euclidean ball Bd2 and the cube Bd
1 = [-1, 1] d . Then we

have

dBM(Bd
2 , Bd

1 ) 6
p

d,

see also Figure 4.2. Indeed, if x 2 Bd
2 , then kxkB d

1
6 kxk B d

2
6 1, so that Bd

2 � B d
1 .

On the other hand,

kxk2
B d

2
=

dX

i=1

jxi j2 6
dX

i=1

1 = d for all x 2 B d
1 ,

so that Bd
1 �

p
dBd

2 .

This example is a particular instance of John's Theorem.

Theorem 4.8.2 (John's Theorem). Let K � R d be a centrally symmetric convex body.
Then there exists a unique ellipsoid E � R d of maximal volume inside of K such
that

E � K �
p

dE.

For the proof, we need the following Lemma.
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Lemma 4.8.3. Let A1 , A2 2 GL(d) symmetric and positive de�nite. The mapping
A1 7! det(A 1 )1=d is strictly concave, that is, for every � 2 (0, 1), we have

det((1 - �)A 1 + �A 2 ) > det(A 1 )1-� det(A 2 )� , (17)

and equality holds if and only if A 1 = A 2 or � 2 f0, 1g.

Corollary 4.8.3.1. Inequality (17) is equivalent to

det(A 1 + A 2 )1=d > det(A 1 )1=d + det(A 2 )1=d . (18)

The proof is in Lemma B.0.2.

Proof of Lemma 4.8.3. Recall that

Z

Rd
e-hAx,xi dx =

� d=2

det(A) 1=2
.

Then we have by Hölder for � 2 (0, 1)

� d=2

det ((1 - �)A 1=2 + �A 2 )1=2
=

Z

Rd
e-h( ( 1-�)A 1=2+�A 2 ) x,xi dx

6
� Z

Rd
e-hA 1x,xi dx

� 1-� � Z

Rd
e-hA 2x,xi dx

� �

=
� d=2

det(A 1 )
1-�

2 det(A 2 )
�
2

,

which gives

det((1 - �)A 1 + �A 2 ) > det(A 1 )1-� det(A 2 )� .

Equality holds in the Hölder inequality for p 6= 1 if and only if there is some
c 2 R such that

e-hA 1x,xi = ce -hA 2x,xi for all x 2 R d ,

see also [Rudin, 1986, Theorem 3.5]. Taking logarithms, this is equivalent to

h(A1 - A 2 )x, xi = - log(c) for all x 2 R d . (19)

Evaluating at x = 0 gives c = 1, so that (19) gives

h(A1 - A 2 )x, xi = 0 for all x 2 R d .

Since A1 - A 2 is symmetric and its quadratic form vanishes everywhere, we have
A1 - A 2 = 0, that is, we have equality A 1 = A 2 .

Proof of John's Theorem 4.8.2. First, let us prove the existence of an ellipsoid of max-
imal volume inside of K. As we have seen in Lemma 4.5.2, any ellipsoid E can be
written as E = T(B d

2 ) + x 0 , where T 2 GL(d) is symmetric positive de�nite and
x0 2 R d is the center of E. Let us consider the set

E = f(T, x0 ) 2 R d(d+1)=2 � R d : T(Bd
2 ) + x 0 � Kg.

The centers x0 are contained in the compact set K, and since K is bounded, the
transformations T have operator norms that are uniformly bounded. Hence, (T, x 0 )
lie in a bounded subset of R d(d+1)=2 � R d .



4.8 john's theorem 23

Consider a sequence (Tn , xn )n2N � E such that T n ! T and x n ! x 0 . Let y 2 B d
2 .

Since Tn y + x n 2 K for every n 2 N, we have

Tn y + x n ! Ty + x 0

as n ! 1. Since K is closed, we have Ty + x 0 2 K. More generally, T(B d
2 ) + x 0 � K,

which shows that E is closed. The volume of the ellipsoid T(B d
2 ) + x 0 is given by

j det T jjBd
2 j and clearly depends continuously on (T, x 0 ) 2 E.

Therefore, it attains a maximum on the compact set E. In other words, there exists
an ellipsoid of maximal volume contained in K.

Let us now turn to uniqueness. Assume that there exist two ellipsoids K 1 and K2
of maximal volume contained in K. There exists T 2 GL(d) and y 0 2 R d such that

T(Bd
2 ) + y 0 = K 1 ,

so by applying the linear transformation x 7! T -1 (x - y 0 ) on both K 1 and K, we
may assume that the maximal ellipsoid K 1 is Bd

2 , whereas the transformed T-1 (K2 -
y0 ) is another maximal ellipsoid, that we denote by A(B d

2 ) + x 0 , with A 2 GL(d)
symmetric and positive de�nite.

Since both Bd
2 and A(B d

2 ) + x 0 are of maximal volume, we have

jBd
2 j = jA(B d

2 ) + x 0 j = j det AjjB d
2 j,

and since A is positive de�nite, we see that det A = 1. Since K is convex, we see that

x0 + A(B d
2 )

2
+

Bd
2
2

=
1
2

x0 +
(A + Id)B d

2
2

� K.

The ellipsoid 1
2 x0 + 1

2 (A + Id)B d
2 has volume det (1=2(A + Id) ) jBd

2 j. By Lemma 2
and since det A = 1, we have

det
�

A
2

+
Id
2

� 1=d

>
1
2

det(A) 1=d +
1
2

det(Id) 1=d = 1=2 + 1=2 = 1. (20)

Since Bd
2 has already maximal volume, (20) must actually be an equality. Since (2)

is strictly concave, this implies A = Id.
Hence, we have Bd

2 � K and since we assumed the unit ball B d
2 and the ellipsoid

A(B d
2 ) + x 0 to be different, there exists x 6= 0 such that Id(Bd

2 ) + x = B d
2 + x � K.

Since K is convex, it contains the convex hull

C := conv(B d
2 , Bd

2 + x).

This convex hull strictly contains B d
2 .

Further, the support function associated to C,

hC (x) = supfx � c : c 2 Cg, x 2 R d ,

is strictly larger than 1 in an open neighborhood U � S d-1 . By selecting some di-
rections in U and enlarging the unit ball in these directions, one obtains an ellipsoid
EU � C with jE U j > jB d

2 j, which contradicts the maximality of jB d
2 j. This shows that

the ellipsoid of maximal volume contained in K is unique.
Applying an af�ne transformation, we may assume that the maximal ellipsoid is

Bd
2 .
We now show the second inclusion, K �

p
dBd

2 .
Assume by contradiction that there exists some point x 0 2 K such that

jx0 j = R >
p

d.
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By rotation invariance of B d
2 , we can assume that x0 = Re1 . Since K is convex and

centrally symmetric, we also have -x 0 2 K, and therefore

conv(�Re 1 , Bd
2 ) � K.

We now construct a candidate ellipsoid that admits this symmetric "extension" in
the two directions �e 1 . Consider

E =

�

x 2 R d :
x2

1
a2 +

x2
2 + : : : + x 2

d
b2 6 1

�

.

We will choose parameters a > 1 and b < 1 such that

1. E � conv(�Re 1 , Bd
2 ) � K, and

2. jEj > jBd
2 j, thereby contradicting the maximality of jB d

2 j.

Since K is symmetric with respect to the origin and the axis spanned by e 1 , both

conv(�Re 1 , Bd
2 ) and E

are invariant under rotations �xing the e 1 -axis. Hence, it suf�ces to compare their
two-dimensional sections in the plane spanned by e 1 and a vector orthogonal to it.
This way, we reduced the problem to two dimensions. We now perform a linear
normalization by scaling the e 1 -axis by the factor b=a. Under this transformation,
the ellipsoid E becomes the Euclidean ball of radius b, while the unit ball becomes
an ellipsoid, see Figure 4.3.

Figure 4.3: Left: The convex hull of E (violet) and B d
2 (orange) with the point x 0 = Re1 2 K.

Right: Same picture after squeezing the e1 -coordinate by a factor b=a. Now the
ellipse E has become a disc of radius b, and the ball has become an ellipse.

We can see from simple geometric observations on the picture on the left that

1
R

=
t

p
R2 + t 2

,

that is, t 2 = R2=(R2 - 1). The picture on the right gives

b
Rb=a

=
t

p
(Rb=a)2 + t 2

,
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so that t2 (R2 - a 2 ) = b 2R2 . Substituting t 2 = R2=(R2 - 1), we obtain

R2

R2 - 1
(R2 - a 2 ) = R2b2 ,

so that

a2 = R2 (1 - b 2 ) + b 2 .

Substituting b 2 = 1 - ", where " > 0, gives

a2 = R2" + (1 - ") = "(R 2 - 1) + 1.

The volume of E is ab d-1 jBd
2 j. Expanding for small " > 0,

jEj2 = (ab d-1 jBd
2 j)2 = (1 + "(R 2 - 1))(1 - ") d-1 jBd

2 j2

= (1 + "(R 2 - 1)) (1 - (d - 1)" + o(") ) jBd
2 j2

= (1 + "(R 2 - d) + o("))jB d
2 j2 .

Since R >
p

d, we have R2 - d > 0, and thus for suf�ciently small " > 0,

jEj2 > jB d
2 j2 .

This contradicts the maximality of B d
2 . Therefore, K �

p
dBd

2 , which completes the
proof.

Remark 4.8.4. Of course, after applying another af�ne transformation, we can also
see that for a centrally symmetric K � R d

Bd
2 � K �

p
dBd

2 . (21)

Remark 4.8.5. A more general version of John's Theorem says that if B is not nec-
essarily centrally symmetric, then the unique ellipsoid E � B of maximal volume
satis�es E � B � dE.

4.9 comparison of M d
K and M d

Eu via banach�mazur
distance

We can compare the maximal operators associated to convex bodies with the Banach–
Mazur distance.

Proposition 4.9.1. Let K1 , K2 � R d be centrally symmetric convex bodies. Then

dBM(K1 , K2 )-d kM d
K 1

k1!(1,1) 6 kM d
K 2

k1!(1,1) 6 d BM(K1 , K2 )d kM d
K 1

k1!(1,1) ,

and for p > 1 we have

dBM(K1 , K2 )-d kM d
K 1

kp!p 6 kM d
K 2

kp!p 6 d BM(K1 , K2 )d kM d
K 1

kp!p

Example 4.9.2. By Proposition 4.4.1 and John's Theorem 4.8.2, we have for the maxi-
mal operator associated to the cube Bd

1

d-d=2 kM d
Eukp!p 6 kM d

B 1
kp!p 6 d d=2 kM d

Eukp!p .
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Even if one were to show dimension-free estimates for either M d
Eu or M d

B 1
, this

bound is super-exponential, and much worse than the exponential bound 2 d one
obtains from Theorem 4.2.2.

Proof of Proposition 4.9.1. By assumption, there exists some transformation T 2 GL(d)
such that

K2 � T(K 1 ) � K 2 (0, dBM(K1 , K2 )).

We abbreviate C = d BM(K1 , K2 ). For r > 0, we have

1
jT(K1 )j

Z

T(K 1 )
jf(x + ry)j dy 6

jK2 (0, C)j
jT(K1 )j

1
jK2 (0, C)j

Z

K 2 (0,C)
jf(x + ry)j dy

6 C d 1
jK2 (0, C)j

Z

K 2 (0,C)
jf(x + ry)j dy

= C d 1
K2 (0, rC)

Z

K 2 (0,rC)
jf(x + y)j dy

Taking the supremum over all radii r > 0, we obtain M d
T(K 1 ) f(x) 6 C d M d

K 2
f(x).

Thus, for � > 0 we obtain

jfx 2 R d : M d
T(K 1 ) f(x) > �gj 6 jfx 2 R d : M d

K 2
f(x) > �=C d gj,

so that

kM d
T(K 1 ) k1!(1,1) 6 C d kM d

K 2
k1!(1,1) .

For p > 1, we obtain

kM d
T(K 1 ) kp!p 6 C d kM d

K 2
kp!p .

The other inequalities are analogous. By Proposition 4.4.1, we know that the L p

operator-norm of a maximal operator M d
K 1

is invariant under linear transformations
of the body, so that

kM d
T(K 1 ) kp!p = kM d

K 1
kp!p .

This concludes the proof.

4.10 dimension-free equivalence between maxi-
mal operators

If two bodies are suf�ciently close in terms of their Banach–Mazur distance, then
the norms of their respective associated maximal operators are comparable. In par-
ticular, they are comparable with constants that are independent of the dimension.

Proposition 4.10.1. Let K1 , K2 � R d be centrally symmetric convex bodies. Sup-
pose there exist absolute constants C1 , C2 > 0 such that

dBM(K1 , K2 ) 6 (1 + C 1=d)C 2 . (22)

Then the weak-type (1, 1) as well as the strong-type (p, p) operator norms of M d
K 1

and M d
K 2

are comparable up to constants depending only on C 1 and C2 .
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Proof. This follows from Proposition 4.9.1. Indeed, let C = (1 + C 1=d)C 2 . We have
K2 � T(K 1 ) � CK 2 . Since Md

T(K 1 ) f(x) 6 C d M d
K 2

f(x), we obtain for the weak-type
(1, 1) norm

kM d
T(K 2 ) k1!(1,1) 6 C d kM d

K 1
k1!(1,1)

=
�

1 + C1=d)C 2
� d

kM d
K 1

k1!(1,1)

6 e C 1C 2 kM d
K 1

k1!(1,1) ,

and analogously for p > 1

kM d
T(K 1 ) kp!p 6 e C 1C 2 kM d

K 2
kp!p .

The other inequalities are analogous.

We can determine the critical regime of exponents p for which the ` p -balls Bd
p

satisfy a Banach–Mazur distance to Bd
2 of the form (22).

Example 4.10.2. Let

Bd
p = fx 2 R d : (

dX

j=1

jxj j
p )1=p 6 1g

denote the `p –unit ball, and assume p > 2. One can compute (for example, with
Hölder) that

dBM(Bd
2 , Bd

p ) 6 d 1=2-1=p . (23)

We now choose p = p(d) such that

1=2 - 1=p(d) = C 2 logd (1 + C 1=d),

where C1 , C2 > 0 are constants satisfying 0 < C 2 logd (1 + C 1=d) < 1=2. Then
p(d) > 2. Substituting this choice of p(d) into the Banach–Mazur estimate (23)
yields

dBM(Bd
2 , Bd

p(d) ) 6 d 1=2-1=p(d) = d C 2 logd (1+C 1=d) = (1 + C 1=d)C 2 .

In particular, B d
p(d) lies in the regime (22), so that the operator norms of M d

Eu and
M B d

p(d)
have comparable Lp -bounds, up to constants that are independent of the

dimension. For a two-dimensional example, see Figure 4.4.

4.11 distinguishing convex bodies

Proposition 4.9.1 and Proposition 4.10.1 identify two regimes, depending on the
Banach–Mazur distance to the Euclidean ball, which we will keep in mind during
the whole thesis.

Let K � R d be a centrally symmetric convex body.

1. If there exist constants C1 , C2 > 0 such that

dBM(Bd
2 , K) 6 (1 + C 1=d)C 2 , (24)

then the weak-type (1, 1) and the strong-type (p, p) norms of M d
Eu and M d

K
are equivalent up to absolute constants, independently of the dimension.
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Figure 4.4: Different ` p -balls in 2 dimensions, with different values of p: p = 2 (grey), p = 4
(violet) and p = 20 (green). For C 1 = 0.15 and C2 = 2, one can compute p(2) '
2.9. The red dashed line denotes the B2

p(d) ball. By Proposition 4.10.1, M2
Eu and

M 2
B p(2)

admit the same Lp operator norms up to absolute constants.

2. If condition (24) does not hold, then Proposition 4.9.1 shows that the weak-
type (1, 1) and strong-type (p, p) bounds of M d

Eu and M d
K remain comparable,

but only up to constants that may depend on the dimension.

In what follows, we therefore distinguish between convex bodies satisfying condi-
tion (24), such as Euclidean balls, ellipsoids or certain Bd

p balls (see Example 4.10.2),
and more general convex bodies outside this regime, such as cubes.

Literature

Details on the Banach–Mazur distance dBM and the proof of John's Theorem 4.8.2
can be found in [Artstein-Avidan et al., 2015, Chapter 2, Section 2.1].
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Throughout this part, we consider centrally symmetric convex bodies B � R d satis-
fying (24), i.e. there exist absolute constants C1 , C2 > 0 such that

dBM(Bd
2 , B) 6 (1 + C 1=d)C 2 .

For such bodies, the associated maximal operator has the same Lp -operator norm
as the Euclidean Hardy–Littlewood maximal operator M d

Eu, up to constants inde-
pendent of the dimension. Therefore, throughout this part we write M d

Eu, with
the understanding that all results remain valid for the maximal operator associated
with any body B satisfying (24).

In Theorem 4.2.2, we proved the weak-type (1, 1) estimate kM d
B k1!(1,1) 6 2 d .

The central result of this Chapter, due to Stein and Strömberg [Stein and Ström-
berg, 1983], shows that this exponential dependence on the dimension can be sig-
ni�cantly improved to a bound that grows only linearly in d.

The proof is based on comparing averages over Euclidean balls with the heat
semigroup. Using the Hopf Ergodic Theorem, we obtain a dimension-free weak-
type (1, 1) estimate for the maximal operator associated to the heat kernel, as shown
in Section 5.2. This estimate is then transferred to Md

Eu, giving the improved weak-
type (1, 1) bounds.

Let us state the Theorem.

Theorem 5.0.1. [Stein and Strömberg, 1983, Theorem 3] There exists some absolute
constant C > 0, independent of the dimension d, such that

kM d
Euk1!(1,1) 6 Cd.

In other words, for every f 2 L 1 (R d ),

jfx 2 R d : M d
Euf(x) > �gj 6 C

d
�

kfk 1 , � > 0.

5.1 the heat semigroup

We now introduce the heat semigroup. We shall see that it forms a positive linear
contraction semigroup, which then allows to apply the Hopf Ergodic Theorem.

De�nition 5.1.1. For t > 0, let G t
d denote the Gaussian heat kernel on Rd , de�ned

by

Gt
d (x) =

1
(4�t) d=2

e-jxj 2=4t , x 2 R d .

The associated heat semigroup (Htd )t>0 is de�ned by

Ht
d f(x) = f � G t

d (x), t > 0.

More details about the heat semigroup and its properties can be found in [Stein,
1970, Chapter II, Section 1].

30
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Lemma 5.1.2. We have the pointwise bound

sup
t>0

jHt
d f(x)j 6 M d

Euf(x).

Proof. Assuming that f > 0, we have

Ht
d f(x) =

Z

Rd

ZG t
d (x-y)

0
dsf(y) dy =

Z1

0

Z

fy2R d : G t
d (x-y)>sg

f(y) dy ds.

Since the kernel Gt
d (y) is radially decreasing in y, the set fy 2 R d : Gt

d (x - y) > sg
is a Euclidean ball centered at x. Thus

Ht
d f(x) 6 M d

Euf(x)
� Z1

0
jfy 2 R d : Gt

d (x - y) > sgj ds
�

= M d
Euf(x)

Z1

0
Gt

d (y) dy

= M d
Euf(x).

Lemma 5.1.2 implies for any � > 0

jfx : sup
t>0

jHt
d f(x)j > �gj 6 jfx : M d

Euf(x) > �gj.

However, we do not have dimension-free estimates on the weak-type (1, 1) bound on
the maximal operator M d

Eu. Instead, we can use the Hopf Ergodic Theorem, which
will give us a dimension-free weak-type (1, 1) bound for sup t>0 jHt

d f(x)j. Note
that we could also use the maximal theorem for semigroups using the martingale
maximal theorem, see Chapter 6.

5.2 the hopf ergodic theorem

Let (X, �) be a sigma-�nite measure space.

De�nition 5.2.1. A family of linear operators (T t )t>0

Tt : L1 (X, �) + L 1 (X, �) �! L 1 (X, �) + L 1 (X, �).

is called a positive contraction semigroup if, for every t > 0,

1. kTt fk 1 6 kfk 1 ,

2. kTt fk 1 6 kfk 1 ,

3. Tt f > 0 if f > 0, and

4. Tt (1) = 1,

and the semigroup property T t+s = T t Ts holds for all t, s > 0.

Example 5.2.2. The heat semigroup (Htd )t>0 is a positive contraction semigroup.

Further, the family (H t
d )t>0 is strongly continuous, that is, for every 1 6 p < 1,

we have

kHt
d f - fk p ! 0, t ! 0.

This follows from the fact that the heat kernel (G t
d )t>0 is an approximate identity.

Hence, we can apply the Hopf Ergodic Theorem to the heat semigroup.
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Theorem 5.2.3 (Hopf Ergodic Theorem). Let (T t )t>0 be a linear positive contraction
semigroup that is strongly continuous. Set

M T f(x) = sup
s>0

1
s

Zs

0
Tt f(x) dt, f 2 L 1 (R d ).

Then, for every � > 0,

�
�
�



x 2 R d : M T f(x) > �
� �

�
� 6

1
�

kfk 1 . (1)

Proof. Let us assume f > 0. We divide the proof into several steps.

step 1 First assume that (X, �) is a �nite measure space. Consider the discrete
operator

M disc
T f(x) = sup

N>1

1
N

N-1X

n=0

Tn f(x), x 2 X.

We �rst establish the (stronger) discrete bound

�jfx 2 X : M disc
T f(x) > �gj 6

Z

fM disc
T f>�g

f d�(x). (2)

The bound (2) is equivalent to
Z

fx:M disc
T f(x)-�>0g

(f(x) - �) d�(x) > 0.

By assumption (4), T(1) = 1. By linearity, for all n > 1, T n (f - �) = T n f - �, we
obtain M disc

T f - � = M disc
T (f - �). Hence, it is enough to prove (2) for � = 0, that is,

0 6
Z

M disc
T f>0

f d�(x).

We denote the partial sums

S0 f := 0, Sk f =
k-1X

n=0

Tn f, k > 1,

and denote the partial suprema

AN f(x) = max
06k6N

Sk f(x).

Since AN f(x) is increasing in N, we have

fM disc
T f(x) > 0g =

�

sup
k>1

Sk f(x) > 0

�

=
[

N>1

fA N f(x) > 0g.

Since further f > 0, monotone convergence gives
Z

X
1fA N f>0g f d� !

Z

X
1fM disc

T f>0g f d�.

Therefore, it suf�ces to prove
Z

X
1fA N f>0g f d� > 0
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for all N. Observe that

AN f(x) 6 A N+1 f(x). (3)

Further, we have for 1 6 k 6 N

Sk f =
k-1X

n=0

Tn f = f + TS k-1 f 6 f + TA N f.

Then

AN+1 f = max

 

0, sup
16k6N+1

Sk f

!

6 max(0, f + TA N f) 6 f + TA N f, (4)

where we used A N f > 0, the positivity of T (assumption (3)), and the assumption
f > 0.

Using (3) and (4), we obtain
Z

X
AN f d� =

Z

A N f>0
AN f d� 6

Z

A N f>0
AN+1 f d�

6
Z

A N f>0
f + TA N f d�. (5)

Note that by assumption (1) and the fact that A N f > 0, we have
Z

A N f>0
TAN f d� 6

Z

X
AN f d�. (6)

Inserting (6) into (5), we obtain
Z

X
AN f d� 6

Z

A N f>0
f +

Z

X
AN f d�,

which shows after subtracting
Z

A N f(x)>0
f d�(x) > 0.

This proves (2).

step 2 Let us now assume that the space (X, �) is sigma-�nite. Then there exists
an increasing sequence (En )n2N of measurable sets such that En % X and �(E n ) <
1. Let f 2 L 1 (X, �) be nonnegative, and �x � > 0. For each n, de�ne the truncated
f n := f1 En . Since �(E n ) < 1, we may apply Step 1 to f n , obtaining for every
m 2 N

��
�
fx 2 En : Am f n (x) > �g

�
6

Z

fx2E n : A m f n (x)>�g
f n (x) d�(x),

where

Am f n (x) = max
16k6m

k-1X

j=0

Tj (f n )(x).

By monotonicity, we have f n " f pointwise and in L 1 . By positivity of the semi-
group,

kTj f n - T j fk 1 �! 0
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as n ! 1 for every j > 0. Fix m 2 N. For each 0 6 j 6 m - 1, we may choose a
subsequence fn (j) so that

Tj f n (j) (x) ! T j f(x)

for almost every x 2 X. By a diagonal argument, we obtain a subsequence, still
denoted (f n ), such that

Tj f n (x) ! T j f(x)

for almost every x 2 X and every 0 6 j 6 m - 1. Consequently,

Am f n (x) ! A m f(x)

for almost every x 2 X. By Fatou, we obtain

�(fA m f > �g) 6 lim inf
n!1

�(fA m f n > �g),

and
Z

fA m f>�g
f d� 6 lim inf

n!1

Z

fA m f n >�g
f n d�.

Since

� �(fA m f n > �g) 6
Z

fA m f n >�g
f n d�,

for every n, passing to the limit inferior gives

� �(fA m f > �g) 6
Z

fA m f>�g
f d�.

Finally, A m f(x) " M disc
T f(x) as m ! 1, so by monotone convergence,

�
�
fx 2 X : M disc

T f(x) > �g
�

6
Z

fM disc
T f>�g

f d�,

which completes Step 2.

step 3 Now that the discrete case (2) is established, we prove the continuous
case (1).

Let us set

f h (x) =
1
h

Zh

0
Tt f(x) dt. (7)

We have by the Minkowski integral inequality

kf h - fk 1 =












1
h

Zh

0
Tt f - f dt












L 1
x

6
1
h

Zh

0
kTt f - fk 1 dt.

For every " > 0 there exists � > 0 such that for

0 < t < � =) kT t f - fk 1 < ".

Hence, if 0 < h < �, then for every t 2 [0, h] kT t f - fk 1 < ", and hence

kf h - fk 1 6
1
h

Zh

0
kTt f - fk 1 dt <

1
h

Zh

0
" dt = ".
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So indeed,

kf h - fk 1 ! 0 (8)

as h ! 0.
Fix k 2 N and set h k = 2 -k . We set

f k := f h k =
1

hk

Zh k

0
Tt f dt.

Further, we de�ne the discrete operator Q k = T h k . The family

(Q r
k )r>0 = ((T h k )r )r>0 = (T h k r )r>0

satis�es the same properties as (Tr )r>0 , so the discrete Hopf theorem (2) applies.
We have for some r > 0

Qr
k (f k ) = T h k r

 
1

hk

Zh k

0
Tt

d f dt

!

=
1

hk

Zh k

0
Tt+h k r f dt =

1
hk

Zh k (r+1)

h k r
Tu f du,

so that

1
N

N-1X

r=0

Qr
k f k =

1
N

N-1X

r=0

1
hk

Zh k (r+1)

h k r
Tu f du =

1
Nh k

ZNh k

0
Tu f du.

Hence, the discrete maximal operator associated to Qk is

M disc
Q k

f k = sup
N>1

ANh k f,

where

A r f =
1
r

Zr

0
Tu f du.

By (2), we have

jfx : M disc
Q k

f k (x) > �gj =

�
�
�
�
�

�

x : sup
N>1

ANh k f(x) > �

� �
�
�
�
�

6
1
�

kf k k1 . (9)

Fix t > 0. For N k = b2k tc, we have N k 2-k ! t as k ! 1.

Lemma 5.2.4. For almost every x 2 Rd , the mapping

r 7! A r f(x) =
1
r

Zr

0
Tu f(x) du

is continuous on (0, 1).

Proof. By Fubini and by assumption (1), we have

Z

Rd

ZR

0
jTu f(x)j du dx 6 Rkfk 1

for every R > 0. Hence, for almost every x 2 R d , the function u 7! T u f(x) belongs
to L1

loc((0, 1)).
Fix such an x, and let rn ! r > 0. Then

A r n f(x) - A r f(x) =
�

1
rn

-
1
r

� Zr n

0
Tu f(x) du +

1
r

� Zr n

0
Tu f(x) du -

Zr

0
Tu f(x) du

�
.

(10)
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Since rn ! r, the sequence (r n ) is eventually contained in a compact interval
[0, R]. Therefore

sup
n2N

Zr n

0
jTu f(x)j du 6

ZR

0
jTu f(x)j du < 1,

and the �rst term of (10) tends to 0. For the second term of (10), observe that

1[0,r n ] (u) ! 1 [0,r] (u), and
�
�Tu f(x)(1 [0,r n ] - 1 [0,r] )(u)

�
� 6 2jT u f(x)j 1 [0,R] (u)

for a.e. u, which implies by dominated convergence

Zr n

0
Tu f(x) du -

Zr

0
Tu f(x) du �! 0

as n ! 1. Therefore, A r n f(x) ! A r f(x).

By Lemma 5.2.4, we see that for almost every x 2 Rd ,

AN k 2-k f(x) ! A t f(x)

as k ! 1. We claim that for almost every x 2 R d ,

M disc
Q k

f k (x) " M T f(x), as k ! 1. (11)

Indeed, we have AN k 2-k f(x) 6 M disc
Q k

f k (x), so passing to the limit k ! 1, we obtain

A t f(x) 6 lim inf
k!1

M disc
Q k

f k (x).

Taking the supremum over t > 0, we have

M T f(x) 6 lim inf
k!1

M disc
Q k

f k (x).

On the other hand, we clearly have M disc
Q k

f k (x) 6 M T f(x), which shows (11). There-
fore, for � > 0,

jfx : M T f(x) > �gj = lim
k!1

jfx : M disc
Q k

f k (x) > �gj 6 lim sup
k!1

1
�

kf k k1 =
1
�

kfk 1 ,

where we �rst used (9) and then kf k - fk 1 ! 0 as k ! 1, established in (8).
This proves Theorem 5.2.3.

5.3 proof of theorem 5.0.1

By Theorem 5.2.3, the maximal operator associated with the heat semigroup,

M H f(x) = sup
s>0

1
s

Zs

0
j(Gd

t � f)(x)j dt,

satis�es a dimension-free weak-type (1, 1) estimate. Our goal is therefore to com-
pare the Hardy–Littlewood maximal operator with M H .

It suf�ces by scaling invariance to show that there exists some C d > 0 such that
for some s0 > 0, we have

1
jBd

2 j
1B d

2
(x) 6 C d

1
s0

Zs0

0
Gd

t (x) dt.
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Since x 7! Gd
t (x) is radially decreasing, it is actually enough to show

1
jBd

2 j
6 C d

1
s0

Zs0

0

1
(4�t) d=2

e-1=(4t) dt. (12)

We now estimate the integral on the right-hand side. For simplicity, we compute

Zs0

0
=

Z1

0
-

Z1

s0

,

and choose s0 later.

1. For the integral over (0, 1), the change of variables u = (4t) -1 yields

Z1

0

1
(4�t) d=2

e-1=(4t) dt =
� -d=2

4

Z1

0
ud=2-2 e-u du =

� -d=2

4
�
�

d
2

- 1
�

.

(13)

2. For the integral over (s0 , 1),

� -d=2
Z1

s0

1
(4t) d=2

e-1=(4t) dt =
� -d=2

4

Z1=(4s 0 )

0
ud=2-2 e-u du.

The integrand f(u) := u d=2-2 e-u is increasing for u 2 [0, d=2 - 2]. We choose

1
4s0

=
d
4

, that is, s0 =
1
d

. (14)

Since d=4 6 d=2 - 2 for all d > 8, this choice of s 0 is �ne. In Subsection 5.3.1
below, we explain the meaning of the choice s0 = 1=d. Then

Z1=(4s 0 )

0
ud=2-2 e-u du 6

Zd=4

0
ud=2-2 e-u du 6

d
4

�
d
4

� d=2-2

e-d=4 ,

so that

� -d=2

4

Z1=(4s 0 )

0
ud=2-2 e-u du 6 (4�) -d=2 dd=2-1 e-d=4 .

By Stirling's formula 1 , we have

(4�) -d=2 dd=2-1 e-d=4 = o(� -d=2 � (d=2 - 1)) (15)

Hence, the difference of (13) and (15) yields

Zs0

0
Gd

t (1) dt > c � -d=2 � (d=2 - 1 ) ,

where c > 0 is an absolute constant.

1 Indeed, Stirling shows

� (d=2 - 1) � (2�) 1=2 (d=2 - 1) d=2-3=2 e-(d=2-1) .

Then one can compute that

lim
d!1

(4�) -d=2 d d=2-1 e-d=4

� -d=2 (d=2 - 1) d=2-3=2 e-(d=2-1)
= 0.
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With s 0 = 1=d, we obtain

d
Z1=d

0

1
(4�t) d=2

e-1=(4t) dt > cd � -d=2 �
�

d
2

- 1
�

. (16)

Since

jBd
2 j-1 = � -d=2 � (d=2 + 1) =

d
2

�
d
2

- 1
�

� -d=2 �
�

d
2

- 1
�

,

we conclude using (16)

jBd
2 j-1 . d 2 � -d=2 � (d=2 - 1 ) . d

 

d
Z1=d

0

1
(4�t) d=2

e-1=(4t) dt

!

.

Thus (12) holds with C d . d, and hence there exists an absolute constant C > 0
such that

M d
Euf(x) 6 Cd M H f(x).

Applying Theorem 5.2.3, we obtain

jfx 2 R d : M d
Euf(x) > �gj 6 jfx 2 R d : M H f(x) > �=(Cd)gj 6

Cd
�

kfk 1 .

This proves Theorem 5.0.1.

5.3.1 A Comment on the Choice 1=d

The choice (14) s0 = 1=d in the proof of Theorem 5.0.1 is not arbitrary and can be
interpreted in terms of Brownian motion.

Let Bt = (B (1)
t , : : : , B(d)

t ) be a d-dimensional Brownian motion, where B (i)
t are

independent one-dimensional Brownian motions. We endow B with its natural
�ltration

Ft = �(B s : s 6 t), t > 0.

The transition density of B t is the heat kernel Gd
t (x). Therefore, the integral

1
s0

Zs0

0
Gd

t (x)
�
�
jxj=1 dt

can be interpreted as the average density of the Brownian motion at the boundary
of the unit ball over the time interval [0, s 0 ].

We show that the choice s0 = 1=d is naturally related to the expected time at
which the Brownian motion �rst exits the unit ball B d

2 .

To make this precise, recall that a random variable � : 
 ! [0, 1] is a stopping
time with respect to (F t )t>0 if

f� 6 tg 2 F t for all t > 0.

Consider the �rst exit time from the unit ball,

� 1 := inf f t > 0 : jB t j = 1g.

By continuity of Brownian paths, this is equivalent to

� 1 = inf f t > 0 : jB t j > 1g,
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which shows that � 1 is a stopping time with respect to F t .

Observe that the process (jBt j2 - dt) t>0 is a martingale. Indeed, since B(i)
t are

independent one-dimensional Brownian motions, we have

jBt j2 - dt =
dX

i=1

�
(B(i)

t )2 - t
�
,

and each process ((B(i)
t )2 - t) t>0 is a martingale.

Applying the Optional Stopping Theorem [Revuz and Yor, 1998, Theorem 3.1] to
the bounded stopping time � 1 ^ n, we obtain

E
�
jB� 1^n j2 - d(� 1 ^ n)

�
= 0.

Since jB� 1^n j 6 1 almost surely, it follows that

E[� 1 ^ n] 6
1
d

.

By monotone convergence,

E[� 1 ] = lim
n!1

E[� 1 ^ n] 6
1
d

.

In particular, this shows that � 1 2 L1 (
). We now compute the exact value of E[� 1 ].
Since �1 < 1 almost surely and jB � 1 j = 1 almost surely, dominated convergence
yields

lim
n!1

E[jB � 1^n j2 ] = E[jB � 1 j2 ] = 1.

On the other hand, E[jB � 1^n j2 ] = d E[� 1 ^ n]. Passing to the limit then gives

E[� 1 ] =
1
d

.

Thus, the expected time required for a d-dimensional Brownian motion to hit the
boundary of the unit ball is exactly 1=d. This matches precisely the time scale s0
appearing in the proof of Theorem 5.0.1.

Remark 5.3.1. More details can be found in [Revuz and Yor, 1998, Chapter 1 and 2].
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In this Chapter, we present the maximal theorem for semigroups which is needed
for improved strong-type (p, p) bounds of M d

Eu. This will be used in Chapter 7.
More precisely, we consider maximal operators associated with positive contraction
semigroups. Let us recall the de�nition and de�ne the associated maximal operator.

De�nition 6.0.1. Let (X, �) be a �-�nite measure space. A family of linear operators
T = (Tt )t>0 ,

Tt : L1 (X, �) + L 1 (X, �) �! L 1 (X, �) + L 1 (X, �),

is called a positive contraction semigroup if, for every t > 0,

1. kTt fk 1 6 kfk 1 ,

2. kTt fk 1 6 kfk 1 ,

3. Tt f > 0 if f > 0, and

4. Tt (1) = 1,

and the semigroup property T t+s = T t Ts holds for all t, s > 0.
The maximal operator associated to T is de�ned as

M T f(x) = sup
t>0

jTt � f(x)j.

Remark 6.0.2. Note the difference to the maximal operator we considered for the
Hopf Ergodic Theorem 5.2.3. There, we considered suprema over time averages.

In Section 6.1, we present the Martingale Maximal Theorem. In Section 6.2, we
show how to pass from martingales to semigroups by a suitable measure space
isomorphism via Rota's Theorem. In Section 6.3, we prove the maximal theorem
for semigroups via the martingale maximal theorem, and �nally in Section 6.4, we
prove Rota's Theorem.

6.1 the martingale maximal theorem

We denote by (X, B, �) a �-�nite measure space endowed with �-algebra B.

De�nition 6.1.1. Let F = (F n )n>1 be a �ltration on X. For f 2 L 1 (X, B, �), it is easy
to verify that

�
E( f j F n )

�
n2N

de�nes a martingale. The martingale maximal operator associated to the �ltration F is
de�ned by

M F f(x) = sup
n>1

jE( f j F n )(x) j .

40
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Theorem 6.1.2 (Martingale Maximal Theorem). The martingale maximal operator
M F satis�es the weak-type (1, 1) estimate

�(fx 2 X : M F f(x) > �g) 6
1
�

kfk 1 , for every � > 0, (1)

and for every 1 < p 6 1

kM F fk p 6 2
�

p
p - 1

� 1=p

kfk p . (2)

It is enough to prove the following �nite version.

Theorem 6.1.3. Let f 2 L 1 (X, B, �), and consider the �nite martingale

E( f j F i ), i = 1, : : : , n,

adapted to the �ltration (F i )n
i=1 . We de�ne its associated maximal operator

M n
F f(x) = sup

16i6n
jE( f j F i )(x)j.

Then

1. For every � > 0,

�
�
fx 2 X : M n

F f(x) > �g
�

6
1
�

kfk 1 ,

2. For any 1 < p 6 1

kM n
F fk p 6 2

�
p

p - 1

� 1=p

kfk p .

In the following, we write f i := E( f j F i ). 6.1.3 implies Theorem 6.1.2. Indeed,
the sequence sup16i6n f i (x) increases to M F (x) as n ! 1, and we can conclude
by monotone convergence.

Proof of Theorem 6.1.3. Since the conditional expectation is linear and positive, it suf-
�ces to prove the theorem for jfj, and we may assume that f > 0. Let us decompose

E := fx 2 X : M n
F f(x) > �g =

n[

i=1

fx 2 X : f i (x) > �, f l (x) 6 �, for all l < ig.

We denote Ei = fx : f i (x) > �, f l (x) 6 �, for all l < ig. Then

Z

E
f d� =

nX

i=1

Z

E i

f d�.

Now since Ei is measurable with respect to F i , we have
Z

E i

f d� =
Z

E i

E( f j F i ) d� =
Z

E i

f i d�.

Hence,

Z

E
f d� =

nX

i=1

Z

E i

f i d� >
nX

i=1

��(E i ) = ��(E).
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This proves (1). Further, note that M n
F is of strong-type (1, 1). Indeed,

kM n
F fk 1 6 sup

16i6n
kE( f j F i )k1 6 kfk 1 . (3)

We can interpolate the sublinear operator M n
F between the endpoints p = 1 and

p = 1 and obtain by Marcinkiewicz 4.3.1 for every p > 1

kM n
F fk p 6 2

�
p

p - 1

� 1=p

kfk p ,

which proves (2).

Lemma 6.1.4. The preceding theorem remains valid when (F n )n>1 is a decreasing
�ltration F n+1 � F n and f n = E(f j F n ). In this case, (fn ) is called a reverse
martingale.

Proof. Indeed, �x N 2 N and consider the �nite sequence where we change indices

gi = f N-i+1 , i = 1, : : : , N.

Then (gi ) is a martingale with respect to the increasing �ltration

Gi = F N-i+1 , i = 1, : : : , N.

Applying Theorem 6.1.3 to (g i ) yields











sup
16i6N

jf i j












L p

=












sup
16i6N

jgi j












L p

6 2
�

p
p - 1

� 1=p

kfk L p ,

as well as the corresponding weak-type (1, 1) estimate. Since the constants are
independent of N, we obtain the same maximal inequalities for reverse martingales
by letting N ! 1.

6.2 rota's theorem

In this Section, we discuss how to pass from martingales to semigroups.
Martingales are indexed by a discrete parameter n 2 N, whereas semigroups are

parametrized by a continuous time variable t > 0. We must therefore discretize our
semigroup by restricting it to a discrete time scale.

In the following, (X, B, �) denotes a �-�nite measure space endowed with �-
algebra B. Let Q : L1 (X) + L 1 (X) �! L 1 (X) + L 1 (X) be a linear positive operator
such that

kQfk 1 6 kfk 1 , kQfk 1 6 kfk 1 , (4)

such that further Q(1) = 1 and Q is self-adjoint on L 2 (X). Note that by interpolation,
(4) implies that Q is a contraction on L p (X) for all p 2 [1, 1].

Rota's Theorem allows to switch from the operator Q and the measure space
(X, �) towards a martingale. It gives a representation of the even iterates of a pos-
itive self–adjoint operator in terms of conditional expectations, up to a measure
space isomorphism.

Theorem 6.2.1 (Rota's Theorem). Let (X, B, �) be a �-�nite measure space and let Q
be a positive contraction satisfying Q(1) = 1 and self-adjoint on L 2 (X).
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Then there exist a �-�nite measure space (
, �, �), a decreasing sequence of �-
sub-algebras

: : : � F n+1 � F n � : : : � F 1 � F 0 � �,

and an additional �-sub-algebra bF0 � �, such that the following holds:

1. The measure spaces (X, B, �) and (
, bF0 , �) are isomorphic.

2. If

� � : Lp (X, B, �) ! L p (
, bF0 , �), p > 1

denotes the induced isometric isomorphism, then for every n > 0,

Q2n = � � � bE � E n � � � ,

where

En f = E(f j F n ), bEf = E(f j bF0 ).

The proof of Rota's Theorem is given in Section 6.4.
In the following, we denote the conditional expectation with respect to bF0 by bE,

and the conditional expectation with respect to F n by E n , that is,

En f := E( f jF n ), and bEf := E( f j bF0 ).

6.3 the maximal theorem for semigroups

From Rota's Theorem 6.2.1 and the Martingale Maximal Theorem 6.1.2, we can now
deduce the Maximal Theorem for Semigroups.

Theorem 6.3.1 (Maximal Theorem for Semigroups). Let T = (T t )t>0 be a positive
contraction semigroup according to De�nition 6.0.1 such that T t is self-adjoint on
L2 (X, B, �). Then the maximal operator M T associated to T satis�es for every p > 1

kM T fk p = ksup
t>0

jTt fjk p 6 2
�

p
p - 1

� 1=p

kfk p .

Secondly, it satis�es for every � > 0

jfx 2 X : sup
t>0

jTt f(x)j > �gj 6
1
�

kfk L 1 (X,�) .

Let us state a corollary, which will be useful in Chapter 12. We de�ne the Poisson
semigroup (P t

d )t>0 by its Fourier transform as

F(Pt
d f)(�) = cKt

d (�) bf(�),

where Kt
d denotes the Poisson kernel

cKt
d (�) = e -2�tj�j .

Then we have

Corollary 6.3.1.1. The Poisson maximal function

M d
P f(x) = sup

t>0

�
� f � K t

d (x)
�
�



6.3 the maximal theorem for semigroups 44

admits dimension-free bounds in L p for all p > 1.

This also follows from Theorem 9.0.1, since the Poisson maximal function is point-
wise majorized by M d

Euf(x).

Proof of Theorem 6.3.1. Let p > 1 and �x k 2 N. Set Q = T1=2 k+1
. Then Q is a

nonnegative positive linear operator that is a contraction on L 1 (X) and on L 1 (X)
and self-adjoint on L 2 (X). Let g 2 L p (X, �) be nonnegative. We can apply Rota's
Theorem (6.2.1) and obtain for every n > 1,

Q2n g = � �

�
bE(E n f)

�
,

where we de�ne � � g =: f 2 L p (
, �). Since � � is a measure space isomorphism, we
have

ksup
n>0

Q2n gkL p (X,�) = ksup
n>0

bE(E n f)k L p (
,�) .

Since the conditional expectation bE is nonnegative, we have

sup
n>0

bE(E n f) 6 bE(sup
n>0

En f),

and taking L p (
) norms, we obtain

ksup
n>0

bE(E n f)k L p (
,�) 6 k bE(sup
n>0

En f)k L p (
,�) .

Since bE is a contraction on L p , we further obtain

kbE(sup
n>0

En f)k L p (
,�) 6 ksup
n>0

En fk L p (
,�) .

By the Martingale Maximal Theorem 6.1.2 applied to the reverse martingale E n f
associated to the decreasing �ltration F n , we obtain

ksup
n>0

En fk L p (
,�) 6 A p kfk L p (
,�) .

Finally, since � � is an isometric isomorphism, we have kfk L p (
,�) = kgk L p (X,�) .
Putting all together, we see that for every k > 0

ksup
n>0

Tn=2 k
gkL p (X,�) = ksup

n>0
Q2n gkL p (X,�) 6 A p kgkL p (X,�) ,

where A p is independent of k. Observe that the sequence

�
sup
n>0

Tn=2 k
g(x)

�

k2N

is increasing in k, and in fact converges pointwise to

sup
t2D

Tt g(x),

where D denote the dyadic rationals

D =
[

k2N

fn=2k : n 2 Ng.
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By Lemma 5.2.4, the mapping t 7! T t f(x) is continuous for almost every x. Since D
is dense in (0, 1), it follows that for almost every x 2 X

sup
t2D

Tt g(x) = sup
t>0

Tt g(x).

Letting k ! 1, we obtain for p > 1 by monotone convergence and (2)

ksup
t>0

Tt gkL p (X,�) 6 2
�

p
p - 1

� 1=p

kgkL p (X,�) .

Similarly by (1), for g 2 L 1 (X, �) nonnegative, we obtain for every � > 0

jfx 2 X : sup
t>0

Tt g(x) > �gj 6
1
�

kgkL 1 (X,�) ,

which concludes the proof.

6.4 proof of rota's theorem

Recall that (X, B, �) is a �-�nite measure space and that the operator Q is nonnega-
tive, linear, a contraction on L p (X) for all p 2 [1, 1] and self-adjoint on L 2 (X).

We construct a measure space associated with the operator Q.

To motivate the construction, imagine a particle moving in some probability space
X. At time t = 0, it may be located at some point x 0 2 X. Now the position x 1 2 X
of the particle at time t = 1 will be chosen according to some �xed probability
distribution depending on x 1 . After reaching x 1 , the particle forgets it was ever at
x0 , and jumps at time t = 2 to a point x 2 2 X. The probability distribution for
x2 depends only on x 1 , not on x0 . This process continues, and at time t = n + 1,
the particle jumps from x n to xn+1 , without remembering where it was at times
t = 0, 1, : : : , n - 1. The resulting process is called a homogeneous Markov chain. For
more details, see [Revuz and Yor, 1998, Chapter 3].

In our case, we do not necessarily have a probability space at hand, however in
the same spirit, we can construct a measure space (
, �, �). A point ! 2 
 should
describe the whole trajectory of a particle moving around in X, so we de�ne


 = X N = X � X � : : : � X � : : : ,

Let us construct the �-algebra �. First, recall the de�nition

De�nition 6.4.1. A cylinder is a set of the form

C(A 0 , A1 , : : : , AN ) = A 0 � A 1 � : : : � A N � X � X � : : : ,

where A i 2 B.

We denote by � the �-algebra generated by cylinders C(A 0 , A1 , : : : , AN ).
Next, we de�ne the measure �. Consider the cylinder S = C(A 0 , A1 , : : : , AN ).

Starting with the function 1 A N on X, we apply the operator Q and multiply with
1A N-1 to ensure that at time N - 1, we are contained in the set A N-1 . This gives
1A N-1 � Q(1 A N ). Again, apply Q and multiply with 1 A N-2 , and so on, until we
�nally obtain the function

1A 0 � Q(1 A 1 � Q(� � � (1 A N-1 � Q(1 A N )) � � � )).
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Now we de�ne

�(S) :=
Z

X
1A 0 (x) � Q(1 A 1 � Q(� � � (1 A N-1 � Q(1 A N )) � � � ))(x) d�(x). (5)

� is well-de�ned. Indeed, although the sets

C(A 0 , A1 , : : : , AN , X) = C(A 0 , A1 , : : : , AN )

describe the same cylinder, � is well–de�ned thanks to the assumption Q(1 X ) = 1 X .
Clearly, � is nonnegative by the positivity of Q. Moreover, if two cylinders S 1 and
S2 are disjoint, then at the �rst coordinate at which they differ, their respective
indicator functions are disjoint. By linearity of Q, we see that �(S 1 + S2 ) = �(S 1 ) +
�(S 2 ), and therefore � is �nitely additive.

The Kolmogorov extension theorem now implies that � extends to a countably
additive measure on (
, �), where �(
) = �(X). By a slight abuse of notation, we
continue to call � the measure on �.

Next, let us de�ne the �-sub-algebra

bF0 = fA 0 � X � X � : : : : A 0 2 Bg � �.

Then � : (
, bF0 , �) �! (X, B, �), given by

�(x 0 , x1 , : : :) = x 0

is by construction an isomorphism of measure spaces. This proves (1). Let us further
de�ne the following �-sub-algebras. We set F 0 = �, and de�ne

F1 = fX � S : S 2 �g,

and

F2 = fX � X � S : S 2 �g,

and for general n 2 N, we set

Fn = fX � X � : : : � X| {z }
n times

�S : S 2 �g.

Clearly, we have the inclusions

Fn+1 � F n � : : : � F 1 � F 0 = �.

In order to prove (2), we make two claims.

1. If a function g : 
 ! R depends only on x n , that is, there exists some h : X !
R such that g ((x0 , x1 , : : : , xn , : : :)) = h(x n ), then

bE(g) ((x0 , x1 , : : : , xn , : : :)) = Q n h(x 0 ).

2. If a function g : 
 ! R depends only on x 0 , that is, there exists some h : X !
R such that g ((x0 , x1 , : : : , xn , : : :)) = h(x 0 ), then

En (g) ((x0 , x1 , : : : , xn , : : :)) = Q n h(x n ).

These two claims imply (2). Indeed, consider some function f : X ! R. Then
f � � : 
 ! R, given by

f � � ((x0 , x1 , : : : , xn , : : :)) = f(x 0 )
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depends only on x 0 . Hence, by (2),

En (f � �) ((x0 , x1 , : : : , xn , : : :)) = Q n f(x n ).

Now since Q n f(x n ) only depends on x n , we have by (1),

bE(E n (f � �)) ((x0 , x1 , : : : , xn , : : :)) = Q n (Qn f)(x 0 ) = Q 2n f(x 0 ).

This proves (2).
Let us now prove (1) and (2). It is enough to prove the claims on cylinders, since

they generate the �-algebra �.

1. Assume that g : 
 ! R depends only on x n . Since Qn h(x 0 ) is clearly bF0 -
measurable, it suf�ces to show that for every S 2 bF0

Z

S
Qn h(x 0 ) d� ((x0 , x1 , : : :)) =

Z

S
g ((x0 , x1 , : : :)) d� ((x0 , x1 , : : :)) . (6)

Let S = A 0 � X � : : : � : : :, with A 0 2 B. The left-hand side of (6) equals
Z

S
Qn h(x 0 ) d� =

Z

X
1A 0 (x)Q n h(x) d�(x).

Let g = 1 A , where A 2 B. Then the right-hand side of (6) equals
Z

S
1A (xn ) d� =

Z



1A 0 (x0 )1X (x1 ) � � � 1 X (xn-1 )1A (xn ) d� ((x0 , x1 , : : :)) .

By de�nition of �, the right-hand side equals
Z



1A 0 (x0 )1X (x1 ) � � � 1 X (xn-1 )1A (xn ) d� ((x0 , x1 , : : :))

=
Z

X
1A 0 (x)Q(1 X Q(1 X Q(� � � Q(1 A ))))(x) d�(x)

=
Z

X
1A 0 (x)Q n 1A (x) d�(x),

where we used Q(1 X ) = 1 X . Therefore, the two sides (6) coincide on indicator
functions. By linearity of the integral, this holds for simple functions, and by
monotone convergence, we can show it for general nonnegative functions,
and lastly for general functions g : 
 ! R by decomposing them into their
positive and negative part.

2. Assume that g : 
 ! R only depends on x 0 , that is, g is bF0 -measurable. We
need to show that for every S 2 F n , we have

Z

S
g ((x0 , x1 , : : :)) d� ((x0 , x1 , : : :)) =

Z

S
Qn h(x n ) d� ((x0 , x1 , : : :)) . (7)

Again, we show (7) for g = 1 A , where A 2 B. Setting

S = X � : : : � X � A n � A n+1 � : : : A N � X : : : 2 F n ,

the left-hand side of (7) equals
Z

S
g d� =

Z



1A (x0 )1X (x1 ) � � � 1 X (xn-1 )1A n (xn )1A n+1 (xn+1 ) : : : 1A N (xN ) d�.

(8)
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Using again Q(1 X ) = 1 X , we see by de�nition of � that the right-hand side of
(8) equals

Z

X
1A Q(1 X Q(1 X � � � (� � � 1 X Q(1 A n Q(1 A n+1 � � � Q(1 A N )))))) d�

=
Z

X
1A Qn (1A n Q(1 A n+1 � � � Q(1 A N ))) d�

Since Q is self-adjoint, we have
Z

X
gQn (1A n Q(1 A n+1 � � � Q(1 A N ))) d�

=
Z

X
Qn g1A n Q(1 A n+1 � � � Q(1 A N )) d�. (9)

On the other hand, the right-hand side of (7) equals
Z

S
Qn 1A (xn ) d� =

Z

X
Q(1 X Q(1 X � � � (1 X Qn 1A 1A n Q(1 A n+1 Q(� � � Q(1 A N ) � � � ))))) d�

=
Z

X
Qn �

Qn 1A 1A n Q(1 A n+1 Q(� � � Q(1 A N ) � � � ))
�

d�

=
Z

X
Qn 1A 1A n Q(1 A n+1 Q(� � � Q(1 A N ) � � � )) d� (10)

where we used again Q(1 X ) = 1 X and self-adjointness of Q.

We see that (9) and (10) are equal, which shows (2), and we can again conclude
by standard density arguments.

This concludes the proof of Rota's Theorem.

Literature

The proof of Lemma 6.1.3 can be found in [Stein, 1970, Chapter IV, Section 1, Lemma
1]. Details on the Kolmogorov extension theorem can be found in [Revuz and
Yor, 1998, Chapter 3, Theorem 3.2] or in [Doob, 1963]. Rota's Theorem 6.2.1 was
originally published in [Rota, 1962]. We followed the proof presented in [Stein,
1970, Chapter IV, Section 4].
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E u

Instead of interpolating the weak-type (1, 1) estimate

kM d
EukL 1 !L (1,1) 6 Cd,

with the strong-type (1, 1) bound, we directly estimate strong-type (p, p) bounds
for M d

Eu. In this section, we again use the heat semigroup to obtain an improved
strong-type estimate for M d

Eu.
Let us state the main theorem.

Theorem 7.0.1 (Stein and Strömberg, 1983, Theorem 4). Let 1 < p < 1. There exists
a constant C > 0, independent of the dimension d, such that for every f 2 L p (R d ),

kM d
Eufk p 6 C

p
d

p
p - 1

kfk p .

Remark 7.0.2. The factor p=(p - 1) on the right-hand side diverges as p ! 1 + , which
is consistent with the fact that the maximal operator fails to be of strong-type (1, 1).

For the proof, we need the following proposition. Recall from Section 5.1 that H t
d

denotes the heat semigroup with kernel G t
d , and we de�ne the associated maximal

operator

M H f(x) = sup
t>0

jHt
d f(x)j.

Proposition 7.0.3. The heat semigroup maximal operator satis�es

kM H fk p 6 2
�

p
p - 1

� 1=p

kfk p ,

with a constant independent of the dimension.

This follows from the Martingale Maximal Theorem from Chapter 6.

7.1 proof of theorem 7.0.1

As in the proof of Theorem 5.0.1, we want to determine a constant C d > 0 and a
time t 0 > 0 such that

1
jBd

2 j
(1B d

2
� f)(x) 6 C d (Gt 0

d � f)(x).

It suf�ces to show

1
jBd

2 j
6 C d

1
(4�t 0 )d=2

e-1=(4t 0 ) . (1)

One can compute, for example by taking logarithms, that the right hand side of
(1) is maximized at t 0 = 1=(2d), that is,

1
(4�t 0 )d=2

e-1=(4t 0 ) 6
1

(2�=d) d=2
e-d=2 =

�
d

2�e

� d=2

(2)

49
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On the other hand, recall that by Stirling we have

1=jBd
2 j = � -d=2 � (d=2 + 1) �

p
�d

�
d

2�e

� d=2

. (3)

Comparing (2) and (3), we see that for Cd = c
p

d, where c > 0 is some absolute
constant, we have

1
jBd

2 j
6 C d

1
(4�t 0 )d=2

e-1=(4t 0 )

so that (1) holds. This concludes the proof.

7.2 literature

Theorem 7.0.3 is also mentioned in [Stein, 1982, Theorem 11] and proven in [Stein,
1970, Chapter 3, Section 3].
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In the following, we �rst introduce the spherical maximal operator M d
S and then

state the main theorem regarding the bounds on M d
S for dimension d > 3 and

p > d=(d - 1).

De�nition 8.0.1. Let f : R d ! C be a continuous function with compact support.
The spherical maximal function is de�ned as

M d
S f(x) = sup

r>0

Z

Sd-1
jf(x + r!)j d�(!),

where Sd-1 is the unit circle in R d and � the normalized surface measure on
Sd-1 .
We denote the averages on the sphere with radius r > 0 by

A r f(x) =
Z

Sd-1
f(x + r!) d�(!).

We denote by � r,t the normalized surface measure on the sphere x + rSd-1 =
Sd-1 (x, r), de�ned by

Z

Sd-1 (x,r)
g(!) d� r,x (!) =

Z

Sd-1
g(x + r!) d�(!).

Then

A r f(x) =
Z

Sd-1 (x,r)
f(!) d� r,x (!) = f � � r,x .

8.1 stein's spherical maximal theorem

Let us state the theorem, �rst proven by E. Stein [Stein, 1976].

Theorem 8.1.1 (Stein's Spherical Maximal Theorem). For dimension d > 3 and
p > d

d-1 , there exists a constant C = C(p, d) > 0 such that

kM d
S fk p 6 C(p, d) kfk p , for all f 2 L p (R d ) (1)

In De�nition 8.0.1, we saw that M d
S is only well-de�ned for continuous and com-

pactly supported functions. In fact, Theorem 8.1.1 follows from the a priori inequal-
ity (1) for continuous and compactly supported functions.

Proposition 8.1.2. Let d > 3 and d=(d - 1) < p < 2. Assume that the a priori
inequality

k sup
0<t61

jA t fjk p 6 C(p, d) kfk p , f 2 Cc (R d ) (2)

holds.
Let f 2 L p (R d ). Then for almost every x 2 R d , the average (At f)(x) is well-

de�ned for every t 2 (0, 1] and for almost every x, the mapping t 7! A t f(x) is
continuous.

51
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Remark 8.1.3. Since for almost every x, the mapping t 7! At f(x) is measurable and
in particular continuous, we see that

sup
t2(0,1]\Q

jA t f(x)j = sup
0<t61

jA t f(x)j,

so that the uncountable supremum is well-de�ned and measurable.

Proof. Let f be a continuous function with compact support. First, let us show that
the estimate

k sup
0<t61

jA t fjk p 6 C(p, d) kfk p , (3)

implies the bound

ksup
t>0

jA t fjk p 6 C(p, d) kfk p .

Consider the modi�ed operators fM s f(x) = sup 0<t6s jA t f(x)j, so that

M d
S f(x) = sup

k2N

fM k f(x),

where f 2 C c (R d ).
We have the scaling identity

A r (Dil 1
s-1 g)(x) = A sr g(sx), r, s > 0, g 2 C c (R d ). (4)

Indeed,

A r (Dil 1
s-1 g)(x) =

Z

Sd-1
g(sx - sr!) d�(!) = (A sr g)(sx).

Thus, the Lp -boundedness of fM 1 implies the L p -boundedness of fM s , uniformly
in s > 0. By monotone convergence, we can then conclude that M d

S is bounded.
Thus, we want to prove the inequality

kfM 1 fk p . kfk p ,

for p > d=(d - 1).
Let us now assume that (2) holds. We want to extend the result from continuous

compactly supported functions to general f 2 L p (R d ). For a given f 2 L p , we �rst
ask whether A t f(x) is well-de�ned for a given (x, t), that is, whether f restricted
to Sd-1 (x, t) is measurable with respect to the measure � x,t . If this is the case, we
de�ne A t f(x) as the value of the corresponding integral.

In order to extend the estimate (2) to f 2 L p , we need the following Lemma.

Lemma 8.1.4. Let E � R d be a set of Lebesgue measure zero. Then for almost every
x 2 R d ,

� x,t (E \ S d-1 (x, t)) = 0

for all t > 0. Equivalently, for almost every x,

A t 1E (x) = 0 for all t > 0.

Proof of Lemma 8.1.4. It is enough to prove the Lemma for a Borel measurable set E
of measure zero.
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Let O � R d be open and consider f = 1 O . Then f is Borel measurable and

(A t f)(x) =
Z

Sd-1 (x,t)
f(y) d� x,t (y)

is well-de�ned for all (x, t) 2 R d � (0, 1).
There exists fn 2 Cc (R d ) with f n % f, so by monotone convergence,

fM 1 f n (x) ! fM 1 f(x).

Using (2),

kfM 11O kp 6 C(p, d)jOj 1=p .

Now let E be Borel measurable with jEj = 0. There exists a nonincreasing se-
quence of open sets (On )n2N � E such that jO n j ! jEj = 0. By monotonicity,

fM 11E (x) 6 fM 11O n (x)

for every n 2 N, and hence

kfM 11Ekp = 0.

Thus, fM 11E (x) = 0 for almost every x, that is, A t 1E (x) = 0 for a.e. x, which
completes the lemma.

With the help of Lemma 8.1.4, we can prove the extension. Let f : R d ! C be a
bounded and Borel measurable function with compact support. Then there exists
a sequence (fn )n2N of continuous functions with common compact support such
that kf - f n kp 6 2 -n and for almost every x, f n (x) ! f(x) as n ! 1.

Applying (2) to the difference (f k - f j ) 2 Cc (R d ), we obtain

kfM 1 (f k - f j )kp 6 C(p, d)kf k - f j kp ,

so that kfM 1 (f k - f j )kp ! 0 as k, j ! 1.
For almost every x, we see that At f k (x) is Cauchy uniformly in t, 0 < t 6 1, so

that for almost every x the limit

lim
n!1

A t f n (x)

exists uniformly in t, 0 < t 6 1.
The mappings t 7! f n (x + ty) are continuous and uniformly bounded by the

common compact support of f n . Therefore,

t 7! A t f n (x)

is continuous for every n 2 N.
Since the limit lim n!1 jA t f n (x)j exists for almost every x, uniformly in t, we see

together with the continuity in t that

t 7! lim
n!1

A t f n (x)

is continuous for almost every x.
Since fn (x) ! f(x) for almost every x, the set where convergence fails has mea-

sure zero. Now Lemma 8.1.4 implies that for almost every x, f n (y) ! f(y) for
� x,t -almost every y.



8.2 overview of proof 54

Therefore, dominated convergence gives

A t f n (x) =
Z

Sd-1 (x,t)
f n (y) d� x,t (y) !

Z

Sd-1 (x,t)
f(y) d� x,t (y) = A t f(x)

for almost every x, uniformly in t, as n ! 1.
Finally, a general f 2 L p (R d ) can be approximated by f n := f1 fjfj6ng 1[-n,n] d , so

that

f(x) = lim
n!1

f n (x) + f(x)1 ff=1g (x).

First, we apply Lemma 8.1.4 to E = ff = 1g, which has measure zero since
f 2 L p (R d ). By (2), for every n, m 2 N,

kfM 1 (f n - f m )kp 6 C(p, d)kf n - f m kp ,

so there exists a subsequence (fn k )k2N such that for almost every x,

lim
k!1

A t f n k (x)

exists uniformly in t. Again t 7! A t f n k (x) is continuous, hence the limit

t 7! lim
k!1

A t f n k (x)

is continuous for almost every x.
Since fn k (x) ! f(x) a.e., Lemma 8.1.4 implies that for almost every x, f n k (y) !

f(y) for � x,t -almost every y. Using dominated convergence again, we obtain

A t f n k (x) ! A t f(x)

for almost every x, uniformly in t 2 (0, 1], which implies

fM 1 f n k (x) ! fM 1 f(x)

for almost every x. By Fatou, we �nally obtain

kfM 1 fk p 6 lim inf
k!1

kfM 1 f n k kp 6 C(p, d)kfk p .

This concludes the proof.

8.2 overview of proof

The spherical maximal operator M d
S trivially satis�es a strong-type (1, 1) bound.

We want to show claim (1) for p > d=(d - 1), where d > 3. Now in three or more
dimensions, we have d=(d - 1) < 2, so that it is enough to establish the estimate for

p 2
�

d
d - 1

, 2
�

.

As already established in (3), it suf�ces to prove boundedness of

kfM 1 fk p . kfk p ,

where we recall fM 1 f = sup 0<t61 jA t fj.
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For our purposes, it is actually easier to prove the boundedness of fM 2 , which we
can write as the supremum over different scales of dyadic radii, that is,

fM 2 f = sup
k>0

sup
2-k <r62 -k+1

jA r fj. (5)

For a �xed k > 0, the natural spatial scale of sup 2-k <r62 -k+1 jA r fj is � 2 -k , and

the natural frequency scale is thus � 2 k .
We therefore look for an appropriate decomposition of f, and introduce a family

of smooth Fourier multipliers (P 2k )k2Z such that

f =
X

j2Z

P2 j f =
X

j60

P2 j+k f +
X

j>0

P2 j+k f (6)

in the L2 sense, see also Section 8.3.
We assume that P2 j projects to frequencies supported in the annulus f� : 2 j-1 <

j�j 6 2 j+1 g, and abbreviate the low-frequency projections by

X

j60

P2 j+k f = P 62 k f.

Then P62 k f projects onto frequencies j�j . 2 k , which matches the spatial scale
r � 2 -k in (5) of M d

S f which we were looking for.
Together with the high-frequency projections P 2 j+k and using (6), we obtain by

the triangle inequality

fM 2 f 6 sup
k>0

sup
2-k <r62 -k+1

jA r P62 k fj +
X

j>1

sup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fj. (7)

The two terms on the right-hand side of (7) are proven separately.
First, we reduce the problem to a bound on dyadic radii 1 < r 6 2. More precisely,

we show in Section 8.4 that it is enough to show that the local low-frequency projec-
tions P61 f =

P
j60 P2 j f are pointwise bounded by the Hardy–Littlewood maximal

function M d
Euf:

sup
1<r62

jA r P61 f(x)j . M d
Euf(x). (8)

In Section 8.7, we then show that for j > 1 we have

sup
1<r62

jA r P2 j f(x)j . 2 j M d
Euf(x). (9)

Taking Lq -norms for any 1 < q < 2, we obtain

k sup
1<r62

jA r P2 j fjk q . 2 j kM d
Eufk q . 2 j kfk q . (10)

Summing over j > 1, we see that the right-hand side of (10) fails to converge.
In order to obtain a converging series, we establish in Section 8.8 the bound

k sup
1<r62

jA r P2 j fjk 2 . (2 j )- (d-2)
2 kfk 2 . (11)

This follows from bounding the supremum of a smooth function f by the product
of its L2 average and derivative, namely

sup
t2I

jf(t)j 6 jIj -1=2 kfk L 2 (I) + jIj 1=2 kf 0kL 2 (I) ,
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as well as the decay of b�(�) for j�j ! 1.
The two bounds (10) and (11) then allow interpolation, so that the factor 2 j be-

comes summable in j.
More precisely, for p 2 (d=(d - 1), 2) we obtain

k sup
1<r62

jA r P2 j fjk p . a j kfk p ,

where
P

j>1 a j < 1.
Together with (8), this yields

kfM 2 fk p . kM d
Eufk p +

X

j>1

a j kfk p . kfk p ,

for every p 2 (d=(d - 1), 2), which proves the claim.

8.3 a family of smooth fourier projections

Let us introduce the family of smooth Fourier multipliers.

De�nition 8.3.1. Let (P 2k )k2Z be a family of smooth Fourier projections. We set

P2k f = F -1
�

Dil 1
2k  bf

�
.

Here, the Fourier multiplier  is a Schwartz function with support on the annulus

f� 2 R d : 1=2 6 j�j 6 2g.

Example 8.3.2. For example, we can choose

e (x) = exp
�

-1
(x - 1=2)(2 - x)

�
1[1=2,2) (x).

Then Dil 1
2k

e has support in [2 k-1 , 2k+1 ]. The family (Dil 1
2k

e ) k2Z has bounded
pointwise overlap, and setting

Dil 1
2k  (�) =

Dil 1
2k

e (�)
P

j2Z Dil 1
2 j

e (�)
,

we obtain
X

k2Z

Dil 1
2k  (�) = 1 for all � 2 R d .

Corollary 8.3.2.1. By Plancherel's theorem, the operators P2k give the desired Littlewood–
Paley decomposition

f =
X

k2Z

P2k f

in the L2 sense.

8.4 bounds on low-frequency projections

Let us �rst bound the low-frequency projections. Fix k > 0, and recall that we set
P62 k f =

P
j60 P2 j+k f.
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Proposition 8.4.1. If

jA r P61 f(x)j . M d
Euf(x), (12)

uniformly in r 2 (1, 2], then for every p > 1

ksup
k>0

sup
2-k <r62 -k+1

jA r P62 k fjk p . kfk p . (13)

Recall the notation

Dil 1
s f(x) = f(x=s), Dil 1

s f(x) = s -d f(x=s).

Recall that F(Dil 1
s f)(�) = Dil 1

s-1
bf(�) = s d bf(s�).

Proof. We have for any k > 0

Dil 1
2-k

�
P61 Dil 1

2k f
�

= P62 k f. (14)

Indeed,

F
�
Dil 1

2-k

�
P61 Dil 1

2k f
��

(�) = Dil 1
2k F

�
P61 Dil 1

2k f
�

(�)

= 2 -kd F
�
P61 Dil 1

2k f
�

(2-k �)

= 2 -kd
X

j60

 (�=2 j+k ) Dil 1
2-k

bf(2 -k �)

=
X

j60

 (�=2 j+k )bf(�) = F
�

P62 k f
�

(�).

The scaling identity (4)

A r (Dil s-1 g)(x) = A rs g(sx),

applied to (14) gives

A r

�
P62 k f

�
(x) = A r

�
Dil 1

2-k

�
P61 Dil 1

2k f
��

(x) = A 2k r

�
P61 Dil 1

2k f
�

(2k x).

Taking the supremum over r 2 (2 -k , 2-k+1 ], we obtain

sup
2-k <r62 -k+1

jA r

�
P62 k f

�
(x)j = sup

2-k <r62 -k+1
jA2k r

�
P61 Dil 1

2k f
�

(2k x)j

= sup
1<r62

jA r
�
P61 Dil 1

2k f
�

(2k x)j.

By a change of variables and assumption (12), we obtain uniformly in r 2 (1, 2]

jA r
�
P61 Dil 1

2k f
�

(2k x)j . M d
Eu

�
Dil 1

2k f
�

(2k x) = M d
Euf(x),

where we used the dilation invariance of the maximal operator, see Lemma 4.1.1.
Hence,

sup
2-k <r62 -k+1

jA r

�
P62 k f

�
(x)j . M d

Euf(x),

uniformly in k > 0. Taking norms on both sides, we obtain together with the
Hardy–Littlewood Theorem 4.2.2

ksup
k>0

sup
2-k <r62 -k+1

jA r

�
P62 k f

�
jkp . kfk p , for every p > 1.
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which is what we wanted.

8.5 bounds on high-frequency projections

It remains to show that the L p -norm of the high-frequency projections

X

j>1

sup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fj

is bounded in L p for every p 2 (d=(d - 1), 2).

Proposition 8.5.1. Fix j > 1. If

jA r P2 j f(x)j . 2 j M d
Euf(x), (15)

uniformly for r 2 (1, 2], and if

k sup
1<r62

jA r P2 j fjk 2 . (2 j )- (d-2)
2 kfk 2 , (16)

then for every p 2 (d=(d - 1), 2), we can bound the high-frequency projections

X

j>1

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j-k fjk p . kfk p .

8.5.1 Lq Bounds on High-Frequency Projections

Fix j > 1 and k > 0. Observe that

P2 j+k f = Dil 1
2-k (P2 j Dil 1

2k f),

which implies together with the scaling identity (4)

A r (P2 j+k f)(x) = A 2k r (P2 j Dil 1
2k f)(2 k x). (17)

By assumption (15), we have uniformly for 2 k r 2 (1, 2]

A2k r (P2 j Dil 1
2k f)(2 k x) . 2 j M d

Eu
�
Dil 1

2k f
�

(2k x) = 2 j M d
Euf(x),

where we used again the dilation invariance of M d
Eu from Lemma 4.1.1.

Together with (17), we obtain

sup
2-k <r62 -k+1

jA r P2 j+k f(x)j . 2 j M d
Euf(x),

uniformly in k > 0.
Integrating in L q , with 1 < q < 2, we obtain by the Hardy–Littlewood Theo-

rem 4.2.2

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk q . 2 j kM d
Eufk q . 2 j kfk q (18)

for every 1 < q < 2.
This is not enough to conclude however, since we need to sum over all j > 1. We

therefore interpolate, with second endpoint 2.
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8.5.2 L2 Bounds on High-Frequency Projections

Fix j > 1 and k > 0. We use again (17)

sup
2-k <r62 -k+1

jA r P2 j+k f(x)j = sup
1<r62

jA r (P2 j Dil 1
2k f)(2 k x)j.

By assumption (16), taking L2 -norms gives

k sup
2-k <r62 -k+1

jA r P2 j+k fjk 2 = 2 -kd=2 k sup
1<r62

jA r (P2 j Dil 1
2k f)jk 2

. 2 -kd=2 2-j (d-2)
2 kDil 1

2k fk 2

= 2 -j (d-2)
2 kfk 2 .

We next want to take the supremum over k > 0. A �rst attempt may be to
bound the supremum with a square function, however this fails: Even though the
operators P2 j+k are supported at frequencies j�j � 2 j+k , the operators Ar slightly
enlarge this support, so that with varying 2 k , the different A r P2 j+k may not have
essentially disjoint frequency supports.

a fattening projection To overcome this "overcovering" problem, let us take
a second, slightly fattened smooth projection eP2 j+k such that

P2 j+k eP2 j+k f = P 2 j+k f

and such that the multipliers ( eP2 j+k ) j2Z have supports with bounded overlap.
Now we obtain by bounding the supremum over k > 0 with a square function

ksup
k>0

sup
2-k <r62 -k+1

jA r (P2 j+k eP2 j+k f)jk 2 . 2 -j (d-2)
2

0

@
X

k>0

keP2 j+k fk 2
2

1

A

1=2

.

Since the multipliers eP2 j+k have bounded overlap, Plancherel gives

X

k>0

keP2 j+k fk 2
2 . kfk 2

2 ,

which shows

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk 2 . 2 -j (d-2)
2 kfk 2 . (19)

8.5.3 Interpolation

We have now two estimates at our disposal, (18) and (19). Marcinkiewicz interpola-
tion gives

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk p . (2 j )#- (d-2)
2 (1-#) kfk p ,

where

1
p

=
#
q

+
1 - #

2
.
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Recall that we have restricted ourselves to the range p 2 (d=(d - 1), 2). One can

see that the interpolation exponent # - (d-2)
2 (1 - #) is negative if and only if

# <
d - 2

2
.

This holds if we set the �rst endpoint of the interpolation between q and 2 very
close to 1. Then

1
p

�
1 + #

2
, so # �

2
p

- 1.

The inequality 2
p - 1 < d-2

2 holds if and only if p > d=(d - 1).
Therefore, for all p 2 (d=(d - 1), 2), there exists a q > 1 suf�ciently close to 1 such

that

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk p . 2 -j" kfk p ,

where " = "(p, d) > 0.
Summing over j > 1, we obtain

X

j>1

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk p . kfk p .

Together with the low-frequency bound (13), we obtain

kfM 2 fk p 6 ksup
k>0

sup
2-k <r62 -k+1

jA r P62 k fjk p +
X

j>1

ksup
k>0

sup
2-k <r62 -k+1

jA r P2 j+k fjk p . kfk p ,

which concludes the proof of Theorem 8.1.1.

8.6 local bounds on low frequencies

Recall the notation P61 :=
P

j60 P2 j .

Proposition 8.6.1. The projections P61 admit the bound

sup
16r62

jA r P61 f(x)j . p,d M d
Euf(x).

Proof. The multiplier dP61 is well-de�ned since the different dilations Dil 1
2 j  have

bounded overlap, and smooth since each  is smooth.
Since each Dil12 j  is supported in the interval [2 j-1 , 2j+1 ], we have

supp( dP61 ) � Bd
2 (0, 2) � R d .

Thus, there exists some ' 2 S(R d ) such that

P61 f = ' � f.
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Now by Tonelli

A r P61 f(x) =
Z

Sd-1
P61 f(x - r!) d�(!)

=
Z

Sd-1

Z

Rd
'(x - r! - y)f(y) dy d�(!)

=
Z

Rd

� Z

Sd-1
'(x - r! - y) d�(!)

�
f(y) dy.

Setting

Kr =
Z

Sd-1
'(x - r!) d�(!) = ' � � r ,

we obtain A r P61 f = K r � f. Then K r is again Schwartz, since it is a convolution of
the compactly supported distribution � r with the Schwartz function '. Decompos-
ing R d into dyadic annulli, we obtain

Z

B d
2 (x,1)

jKr (x - y)jjf(y)j dy .
Z

B d
2 (x,1)

jf(y)j dy . M d
Euf(x),

and for k > 1,
Z

fy: 2 k-1 <jx-yj62 k g
jKr (x - y)jjf(y)j dy . (2 k )-(d+1)

Z

B d
2 (x,2 k )

jf(y)j dy . 2 -k M d
Euf(x).

Summing over all k > 0 gives
Z

Rd
jKr (x - y)jjf(y)j dy .

X

k>0

2-k M d
Euf(x) . M d

Euf(x).

Since the bounds are uniform in r 2 (1, 2], we can conclude.

8.7 local bounds on high frequencies: L q esti-
mates

Proposition 8.7.1. Let j > 1. We can bound the high frequency projections point-
wise by

sup
1<r62

jA r P2 j f(x)j . 2 j M d
Euf(x). (20)

Proof. Fix j > 1. We consider r 2 (1, 2]. We can write

P2 j f = ' j � f, (21)

where ' j (x) = Dil 1
2-j '(x), with ' 2 S(R d ). Then

A r P2 j f = (' j � � r ) � f = K j,r � f, (22)

where we set Kj,r = ' j � � r . Since ' 2 S(R d ), for any M > 0 we have

jKj,r (x)j =
Z

Sd-1
2jd '(2 j (x - r!)) d�(!) . M

Z

Sd-1
2jd (1 + 2 j jx - r! j)-M d�(!).
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Let us denote

�(x) = inf
!2S d-1

jx - r!j = dist(x, rS d-1 ),

where rSd-1 = fy 2 R d : jyj = rg. Since the sphere Sd-1 is centered, � simpli�es to
�(x) = jjxj - r j. We want to bound the decaying tails of ' j . We can decompose the
sphere

Sd-1 =
[

k>0

f! 2 S d-1 : 2k < 2 j jx - r!j 6 2 k+1 g.

Now if �(x) > 2 k+1-j , the sets f! 2 S d-1 : 2k < 2 j jx - r!j 6 2 k+1 g are empty.
Hence, we can write

jKj,r (x)j . 2 jd
X

k>log 2 (�(x))+j

Z

f!2S d-1 : 2k-j 6jx-r!j<2 k+1-j g
(1 + 2 j jx - r! j)-M d�(!)

. 2 jd
X

k>log 2 (�(x))+j

2-kM �f! 2 S d-1 : 2k-j 6 jx - r!j < 2 k+1-j g.

(23)

The set f! 2 S d-1 : 2k-j 6 jx - r!j < 2 k+1-j g is an annulus of thickness O(2-j )
on the sphere rSd-1 . By Lemma 8.7.2 and Corollary 8.7.2.1 below, its measure is

�f! 2 S d-1 : 2k-j 6 jx - r!j < 2 k+1-j g . (2 k-j )d-1 ,

so we can write (23) as

jKj,r (x)j . 2 jd
X

k>log 2 (�(x))+j

2-kM
�

2k-j
� d-1

. 2 j
X

k>log 2 (�(x))+j

(2-k )M-(d-1)

. 2 j (1 + 2 j �(x)) -M-(d-1)

= 2 j (1 + 2 j jjxj - r j)-M-(d-1) . (24)

Let us now prove the Lemma 8.7.2.

Lemma 8.7.2. For every e 2 Sd-1 and t > 0, we have the bound

�



! 2 S d-1 : j! - ej . t
�

. t d-1 .

Proof. By rotational invariance, we can assume e = e1 = (1, 0, : : : , 0). Then

� t = f! 2 S d-1 : jx - e 1 j . tg

is a spherical cap around the north pole. For t small enough, � t lies in the upper
hemisphere, parametrized by

�(u) = (
p

1 - u 2 , u), u 2 B d-1
2 (0, 1) � R d-1 .

In these coordinates,

d� =
1

p
1 - u 2

du.
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Since u . t on � t , the density is uniformly bounded, and we have

�(� N ) .
Z

juj.t
du . t d-1 .

Corollary 8.7.2.1. For x 6= 0 and r 2 (1, 2], we have

�



! 2 S d-1 : jx - r!j . 2 k-j
�

. (2 k-j )d-1 .

Proof. Indeed, for x 6= 0 and e = x=jxj 2 Sd-1 , we can write

x - r! = jxje - r! = (jxj - r)e + r(e - !),

so that

rje - !j 6 jjxj - r j + jx - r!j . 2 k-j ,

where we used that f! 2 S d-1 : jx - r!j . 2 k-j g is nonempty unless �(x) =
jjxj - r j 6 2 k+1-j . Since r 2 (1, 2], we obtain je - !j . 2 k-j , and therefore

f! 2 S d-1 : jx - r!j . 2 k-j g � f! 2 S d-1 : jx - ej . 2 k-j g.

Consequently,

�f! 2 S d-1 : jx - r!j . 2 k-j g . (2 k-j )d-1 .

Let us return to our estimate on K j,r � f. Recall by (24) that

jKj,r (x)j . 2 j (1 + 2 j jjxj - r j)-M-(d-1) .

Hence,

jA r P2 j f(x)j = jK j,r � f(x)j .
Z

Rd
2j (1 + 2 j jjx - yj - r j)-M-(d-1) jf(y)j dy.

We decompose the integral as in (23). For k 2 N, let us denote

Ek = fy 2 R d : 2k-j 6 jjx - yj - r j < 2 k+1-j g.

Then

jA r P2 j f(x)j . 2 j
Z

fy2R d : 2 j j jx-yj-r j61g
(1 + 2 j jjx - yj - r j)-M-(d-1) jf(y)j dy

(25)

+ 2 j
X

k>0

Z

Ek

(1 + 2 j jjx - yj - r j)-M-(d-1) jf(y)j dy. (26)

1. Consider the �rst term (25). If M > d - 1, the integrand can be bounded by 2,
and we see

fy 2 R d : 2j jjx - yj - r j 6 1g � B(x, r + 2 -j ).

Since r 2 (1, 2] and j > 1, we have B(x, r + 2 -j ) � B(x, 3). Hence,

(25) .
Z

B(x,3)
jf(y)j dy, (27)
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and
Z

B(x,3)
jf(y)j dy 6 jB(x, 3)jM d

Euf(x) . 3 d M d
Euf(x).

2. For the second term (26), we have for k > 0
Z

Ek

(1 + 2 j jjx - yj - r j)-M-(d-1) jf(y)j dy 6 (2 k )-M-(d-1)
Z

Ek

jf(y)j dy.

(28)

For j > 1, we have

Ek � B(x, r + 2 k+1-j ) � B(x, 2 k+2 ).

Therefore
Z

Ek

jf(y)j dy . (2 k+2 )d M d
Euf(x). (29)

Putting together the two bounds, we obtain for M > d - 1

jA r P2 j f(x)j . 2 j M d
Euf(x) + 2 j

X

k>0

(2-k )M+(d-1) (2k+2 )d M d
Euf(x) . d 2j M d

Euf(x),

uniformly in r 2 [1, 2]. This is what we wanted.

8.8 local bounds on high frequencies: L 2 esti-
mates

Next, we establish an L2 bound on the averages sup16r62 jA r P2 j fj, where j > 1.
Recall from (22) that

A r P2 j f = K j,r � f 2 C 1 (R d ).

Proposition 8.8.1. We have the L2 bound











sup
16r62

jA r P2 j fj












2

. (2 j )-(d-2)=2 kfk 2 .

We prove this by making use of the following Lemma, which says that if a func-
tion f and its derivative are small on average, then f cannot get too large at a single
point.

Lemma 8.8.2. Let I � R be an interval. Let F : I ! R be a smooth function. Then
for each l such that l 6 jIj, we have

sup
t2I

jF(t)j 6 l -1=2
� Z

I
jF(t)j2 dt

� 1=2

+ l 1=2
� Z

I
jF0(t)j 2 dt

� 1=2

.

Remark 8.8.3. This is essentially a one-dimensional Sobolev embedding.

Proof. For every t 2 I, there exists I0 � I such that l = jI 0 j. For every s 2 I 0 , we
have by the fundamental theorem of calculus and the triangle inequality

jF(t)j 6 jF(s)j +
Zt

s
jF0(u)j du.
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Applying Cauchy-Schwarz on the second term yields

jF(t)j 6 jF(s)j + l 1=2
� Z

I
jF0(u)j 2 du

� 1=2

.

Averaging over all s 2 I 0 , we obtain

jF(t)j 6
1
l

Z

I 0

jF(u)j du + l 1=2
� Z

I
jF0(u)j 2 du

� 1=2

.

Applying again Cauchy-Schwarz, now in the �rst term, we obtain

jF(t)j 6 l -1=2
� Z

I
jF(u)j2 du

� 1=2

+ l 1=2
� Z

I
jF0(u)j 2 du

� 1=2

,

and taking the supremum over t 2 I, the Lemma is established.

Consider the mapping

g(r) := A r P2 j f(x) =
Z

e2�ix�� b�(r�) (�=2 j )bf(�) d�.

Since r 7! b�(r�) is smooth and  is compactly supported, so by differentiation under
the integral sign, we see that r 7! A r P2 j f(x) is smooth. Applying Lemma 8.8.2 to g,
we obtain

sup
1<r62

jg(r)j 6 l -1=2

 Z2

1
jg(u)j 2 du

! 1=2

+ l 1=2

 Z2

1
jg0(u)j 2 du

! 1=2

.

For l = 2 -j < 1 since j > 1, we obtain

sup
1<r62

jg(r)j 6 2 j=2

 Z2

1
jg(u)j 2 du

! 1=2

+ 2 -j=2

 Z2

1
jg0(u)j 2 du

! 1=2

,

and taking L 2 -norms gives












sup
16r62

jA r P2 j fj












L 2
x

. 2 j=2

 Z2

1
kA r P2 j fk 2

L 2
x

dr

! 1=2

+ 2 -j=2

 Z2

1










d
dr

A r P2 j f










2

L 2
x

dr

! 1=2

. (30)

Let us bound the two integrands of the right-hand side of (30). For this, we need
the following theorem:

Theorem 8.8.4. The Fourier transform of the spherical measure in the regime j�j !
1 can be bounded by

jb�(�)j . d (1 + j�j) -(d-1)=2 . (31)

The derivative can be bounded by

jr b�(�)j . (1 + j�j) -(d-1)=2 (32)

The proof is omitted and can be found in [Stein and Murphy, 1993, Chapter VIII,
Section 3].

We can now bound the two terms on the right-hand side of (30).
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1. The integrand kA r P2 j fk 2
L 2

x
: By Plancherel and the fact that P2 j projects to

frequencies j�j � 2 j , we obtain

kA r P2 j fk 2 = k c� r dP2 j fk 2 6 sup
j�j�2 j

jb�(r�)jk dP2 j fk 2 .

Since r 2 (1, 2], we have jr�j � 2 j . Thus, by (31), jb�(r�)j . 2 -j(d-1)=2 . Since
further k dP2 j fk 2 6 k bfk 2 , we obtain

kA r P2 j fk 2 . 2 -j(d-1)=2 kfk 2 .

2. For the derivative, we have

d
dr

c� r (�) =
d
dr

b�(r�) = � � r b�(r�).

Together with (32), we have
�
�
�
�

d
dr

c� r (�)

�
�
�
� 6 j�j(1 + jr�j) -(d-1)=2 .

Again using r 2 (1, 2] and j�j � 2 j , we have

sup
j�j�2 j

�
�
�
�

d
dr

c� r (�)

�
�
�
� . 2 j 2-j(d-1)=2 = 2 -j (d-2)

2 .

Therefore









d
dr

A r P2 j f










L 2
x

6 sup
j�j� 2 j

�
�
�
�

d
dr

c� r (�)

�
�
�
� k dP2 j fk 2 . 2 j 2-j(d-1)=2 kfk 2 . (33)

Remark 8.8.5. This last bound is actually what we would expect from the uncertainty
principle: Since P2 j f projects to frequencies j�j � 2 j , P2 j f should not vary too much
at spatial scale jxj � 2 -j . If we restrict the admissible radii r to an interval of size
2-j , we therefore expect that the average Ar P2 j f should not vary too much: Indeed,
the bound (33) says that the derivative of our operator with respect to the radius r
is invariant under shifts of order O(2 -j ).

Now we can go back to inequality (30) and obtain











sup
16r62

jA r P2 j fj












2

.
�

2j=2 2-j (d-1)
2 + 2 -j=2 2j 2-j (d-1)

2

�
kfk 2

. 2 -j(d-2)=2 kfk 2 , (34)

which is what we wanted.

l i terature

We mainly followed the proof as presented by T. Tao in [Tao, 2011]. Lemma 8.1.4
and 8.8.2 can be found in [Stein and Murphy, 1993, Chapter XI, Section 3].
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B O U N D S O N M d

E u

In [Stein, 1982], E. Stein announced the impressive result that the classical Hardy–
Littlewood maximal function admits dimension-free L p -bounds for all p > 1. The
proof relies on Theorem 8.1.1, and in the following, we follow the exposition from [Stein
and Strömberg, 1983].

Theorem 9.0.1 (Stein and Strömberg, 1983, Theorem A). The Euclidean Hardy–
Littlewood maximal operator M n

Eu admits dimension-free bounds for all p > 1.
In other words, for any p > 1, there exists C p > 0, independent of the dimension n,
such that for all f 2 L p (R n )

kM n
Eufk p 6 C p kfk p .

Remark 9.0.2. In this proof, we de�ne the spherical maximal function as

M d
S f(x) = sup

r>0

1
! d-1

Z

Sd-1
jf(x + ry)j d�(y), (1)

where ! d-1 = �(S d-1 ) denotes the surface measure of the sphere in Rd .

The proof of Theorem 9.0.1 is carried out in the following Sections. As a �rst step,
we introduce the weighted maximal operator.

9.1 the weighted maximal operator

In the proof, we will work with the so-called weighted maximal operator M d,m . In
this Section, we introduce this operator and give some interpretation to its behavior
as m > 0 varies.

De�nition 9.1.1. The weighted maximal function is given for m > 0 by

M d,m f(x) = sup
r>0

R
fjyj6rg jf(x - y)jjyj m dy

R
fjyj6rg jyjm dy

.

The denominator equals 1
m+d rm+d .

Remark 9.1.2. For m = 0, we see that Md,0 is simply the maximal operator over
Euclidean balls M d

Eu.
It is useful to think of the weights and the normalization in the denominator of

the operator M d,m as a probability measure � m,r with support in B(0, r) � R d and
with density

d� m,r (y) =
jyjm dyR

fjzj6rg jzjm dz
.

Then

M d,m f(x) = sup
r>0

Z

fjyj6rg
jf(x - y)j d� m,r (y).
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In polar coordinates, we can write y = �#, with � 2 [0, r] and # 2 S d-1 . Then we
can write d� m,r (y) as a product of a radial probability measure and the normalized
surface measure on the sphere �m,r = � m,r 
 � 0, where � 0 = ! -1

d-1 � and where
� m,r is a probability measure on [0, r] with density

d� m,r (�) =
m + d
rm+d � m+d-1 d�.

By Riesz's Theorem, the space of �-additive measures on a compact set K is canon-
ically isometric to the dual of C(K), denoted (C(K)) � . Then, the weak-� topology is
just the weak topology. In our case, the probability measures � m,r 2 C([0, r]) � and
� m,r 2 C(B(0, r)) � . For every ' 2 C([0, r]),

Zr

0
'(�) d� m,r (�) �! '(r) as m ! 1. (2)

Therefore, � m,r converges weakly to the Dirac measure � r in C([0, r]) � . In other
words, as m ! 1, the mass of � m,r concentrates at the boundary � = r.

For any ' 2 C( B(0, r)), polar coordinates give

Z

B(0,r)
'(y) d� m,r (y) =

Z

Sd-1

Zr

0
'(�#) d� m,r (�) d� 0(#).

By (2), dominated convergence gives

Z

Sd-1

� Zr

0
'(�#) d� m,r (�)

�
d� 0(#) �!

Z

Sd-1
'(r#) d� 0(#)

as m ! 1.
A change of variables then gives

Z

Sd-1
'(r#) d� 0(#) =

1
! d-1

Z

rS d-1
'(y) d� r (y),

where � r denotes the normalized surface measure on the sphere rSd-1 = fy 2 R d :
jyj = rg.

Therefore, as m ! 1, the product measure � m,r converges weakly to the nor-

malized surface measure � r in
�

C(B(0, r))
� �

as m ! 1. Thus, the measures � m,r

become increasingly concentrated near the boundary of B(0, r), and in the limit all
their mass is distributed uniformly on the sphere rS d-1 .

Heuristically, we can therefore interpret the weighted maximal operator M d,m as
interpolating between the Hardy–Littlewood maximal operator in the regime m = 0,
and the spherical maximal operator in the limit m ! 1.

We are now ready to prove Theorem 9.0.1. First, let us bound the weighted
maximal operator introduced in Section 9.1.

9.2 bounds on the weighted maximal operator

Proposition 9.2.1 (Stein and Strömberg, 1983, Proposition 2). For every dimension
d > 1 and m > 0, we have the pointwise majorization

M d,m f(x) 6 M d
S f(x),

where M d
S denotes the spherical maximal operator as de�ned in 1.
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Proof. In polar coordinates, we can write

Z

jyj6r
jf(x - y)jjyj m dy =

Z

Sd-1

Zr

0
jf(x - �y 0)j� m+d-1 d� d�(y 0)

6 ! d-1 M d
S f(x)

Zr

0
� m+d-1 d�

= ! d-1 M d
S f(x)

rm+d

m + d
.

Rearranging and taking the supremum over r > 0 on the left-hand side, we can
conclude.

Proposition 9.2.2 (Stein and Strömberg, 1983, Proposition 3). For d > 3 and d >
p=(p - 1), there is a constant C p,d > 0, independent of the weight m > 0, such that

kM d,m fk p 6 C p,d kfk p .

Proof. By Proposition 9.2.1, we have the pointwise bound M d,m f(x) 6 M d
S f(x). Fur-

ther, by Theorem 8.1.1, we know that for d > 3 and p > d=(d - 1)

kM d
Skp 6 C p,d kfk p ,

where f 2 L p (R d ). Observing that

p > d=(d - 1) () d > p=(p - 1),

the claim holds.

The next idea is to reduce the n-dimensional maximal function to averages over
lower-dimensional slices. In order to have the same radial behavior as in the am-
bient space, we add weights that assure that the operator still behaves like an n-
dimensional one. For this, we introduce yet another maximal operator.

9.3 the rotated weighted maximal operator

Assume that n > 3 and let d < n be �xed. We write R n = R d � R n-d .

De�nition 9.3.1. Let x = (x 1 , x2 ) and y = (y 1 , y2 ) belong to R d � R n-d . For
f 2 L 1

loc(R n ), we de�ne the rotated d-dimensional weighted maximal function by

M �
d f(x) = sup

r>0

R
fjy 1 j6rg jf(x - �(y 1 , 0))jjy1 jn-d dy 1

R
fjy 1 j6rg jy1 jn-d dy 1

, with � 2 O(n),

where O(n) denotes the orthogonal group.

Remark 9.3.2. This operator only integrates over y1 2 R d , which we embed as
(y 1 , 0) 2 R n . Since � is an orthogonal transformation, the set

fx - �(y 1 , 0) : jy1 j 6 rg

is contained in the d-dimensional af�ne plane passing through x 2 R n with direc-
tion �(R d � f0g).

Thus, M �
d f computes averages over translates of d-dimensional balls lying inside

rotated d-dimensional subspaces of Rn .
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Remark 9.3.3. The weight jy1 jn-d in 9.3.1 is chosen such that the induced measure
has the same radial density as the Lebesgue measure in Rn . Indeed, writing R d 3
y1 = �# in polar coordinates on R d , we obtain

jy1 jn-d dy 1 = � n-d � d-1 d� d# = � n-1 d� d#.

With this construction, we can now compare the n-dimensional maximal function
with averages of f over d-dimensional slices, all while still considering the concen-
tration of measure which occurs in n dimensions.

9.4 bounds on the rotated weighted maximal op-
erator

We now reduce the problem to a d-dimensional maximal function by freezing the
second variable x2 2 R n-d , so that we can view f(x 1 , x2 ) as a function of x 1 2 R d

alone.

Proposition 9.4.1 (Stein and Strömberg, 1983, Proposition 4). For d > 3 and d >
p=(p - 1), there is a constant C p,d > 0 such that

kM �
d fk p 6 C p,d kfk p .

Proof. Note that the Lp norm is invariant under rotations � 2 O(n).
A change of variables gives

M �
d f(x) = M Id

d (f � �)(� -1 x),

so their corresponding L p -norms coincide. It is thus enough to show the claim for
� = Id .

We have for x = (x 1 , x2 ) 2 R d � R n-d

M Id
d f(x 1 , x2 ) = sup

r>0

R
fjy 1 j6rg jf(x 1 - y 1 , x2 )jjy 1 jn-d dy 1

R
fjy 1 j6rg jy1 jn-d dy 1

.

Let us �x x 2 2 R n-d and view f x 2 (x1 ) = f(x 1 , x2 ), as a function of x1 only. For
such a �xed x 2 , the operator M Id

d acts only on the variable x1 :

M Id
d f(x 1 , x2 ) = M d,n-d f x 2 (x1 ),

which is the d-dimensional weighted maximal function with weight jy 1 jn-d from
De�nition 9.1.1. Raising to the p'th power and integrating in both x 1 and x2 , Tonelli
yields

kM Id
d fk p

p =
Z

Rn-d
kM d,n-d f x 2 kp

p dx2 . (3)

Applying Proposition 9.2.2 and integrating, we obtain

(3) 6 C p
p,d

Z

Rn-d
kf x 2 kp

L p (R d )
dx2 .

The right-hand side is exactly kfk p
L p (R n ) , which concludes the proof.
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9.5 estimating M n
Eu by the rotated weighted max-

imal operator

We next show that the Hardy–Littlewood maximal function can be controlled by
averaging maximal functions over rotated lower-dimensional slices.

Let � denote the normalized Haar measure on O(n).

Proposition 9.5.1 (Stein and Strömberg, 1983, Proposition 5). For every x 2 Rn

M n
Euf(x) 6

Z

O(n)
M �

d f(x) d�(�).

Remark 9.5.2. As already observed in Remark 9.3.3, the weights jy1 jn-d in the def-
inition of M �

d f ensure that the points y 1 2 R d that are evaluated have the same
radial density as the Lebesgue measure in Rn . Proposition 9.5.1 shows that the
full n-dimensional Hardy–Littlewood maximal operator can be estimated by aver-
aging the corresponding weighted maximal operators over all orientations on the
respective d-dimensional slice.

Proof. For nonnegative and measurable functions f on Rn , we claim that for y =
(y 1 , y2 ) 2 R d � R n-d

R
fjyj<rg f(y) dy
R

fjyj6rg dy
=

R
O(n)

R
fjy 1 j<rg f(�(y 1 , 0))jy1 jn-d dy 1 d�(�)

R
fjy 1 j<rg jy1 jn-d dy 1

. (4)

This will imply the Proposition, since

1
jB(0, r)j

Z

fjyj<rg
jf(x - y)j dy =

R
O(n)

R
fjy 1 j<rg jf(x - �(y 1 , 0))jjy1 jn-d dy 1 d�(�)

R
fjy 1 j<rg jy1 jn-d dy 1 d�(�)

6
Z

O(n)
M �

d f(x) d�(�).

Let us prove equality (4).
It is enough to show (4) for functions of the form f(y) = f 0 (jyj)f 1 (#), where

y = jyj#, with # 2 S n-1 , because linear combinations of such product functions are
dense in the set of nonnegative measurable functions1.

Using such a product function f, we see that the left-hand side of (4) is
R

fjyj6rg f(y) dy
R

fjyj6rg dy
=

Rr
0 � n-1 d�f 0 (�)

R
Sd-1 f 1 (#) d�(#)

n -1 rn ! n-1
.

Writing y 1 = jy 1 j#1 , #1 2 Sd-1 and using f(�(y 1 , 0)) = f 0 (jy 1 j)f 1 (�(# 1 , 0)), we get
for the right-hand side of (4)

1
n -1 rn ! d-1

Zr

0
f 0 (�)� n-1 d�

Z

O(n)

Z

Sd-1
f 1 (�(# 1 , 0)) d�(# 1 ) d�(�).

1 Indeed, let � : (0, 1) � S d-1 ! R d n f0g, given by �(r, #) = r#. The map � is a Borel isomorphism,
so we can identify measurable functions on R d n f0g with measurable functions on (0, 1) � S d-1 .
Consider the algebra A generated by rectangles A � B, where A � (0, 1) and B � S d-1 are Borel
sets. The indicator function of rectangles factor as

1A�B (r, #) = 1 A (r)1 B (#),

and these rectangles generate the product Borel �-algebra. Therefore, by the monotone class theo-
rem [Lieb and Loss, 2001, Theorem 1.3], �nite linear combinations of product functions 1 A (r)1 B (#)
generate all nonnegative measurable functions.
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It remains to verify that

1
! n-1

Z

Sn-1
f 1 (#) d� n-1 (#) =

1
! d-1

Z

O(n)

Z

Sd-1
f 1 (�(# 1 )) d�(# 1 ) d�(�). (5)

We can write the right-hand side of (5) as function of f 1 :

 (f 1 ) =
1

! d-1

Z

O(n)

Z

Sd-1
f 1 (�(# 1 , 0)) d�(# 1 ) d�(�).

Then  is a nonnegative linear functional on C(S d-1 ). Further,  is bounded. In-
deed, for f 2 C(Sd-1 ), we have

j (f)j 6
1

! d-1

Z

O(n)

Z

Sd-1
jf(�(#, 0))j d�(#) d�(�) 6 kfk 1 ,

since d�(�) is the normalized Haar measure and
R

Sd-1 d� = ! d-1 . Since  2
(C(Sd-1 )) � , the Riesz-Markov-Kakutani Theorem 9.6.1 implies that there exists a
unique nonnegative Borel measure � such that

 (f 1 ) =
Z

Sn-1
f 1 (#) d�(#).

For any � 2 O(n), this functional is invariant under rotations by the invariance of
the Haar measure:

 (f 1 � �) =
1

! d-1

Z

O(n)

Z

Sd-1
f 1 (��(# 1 , 0)) d�(# 1 ) d�(�) =  (f 1 ).

Thus, � is a measure that is rotation invariant on the sphere S n-1 . The Haar The-
orem [Viana and Oliveira, 2016, Theorem 6.3.4] says that such a measure is unique
up to constants.

Therefore, there is some multiple c > 0 such that � = c� n-1 , where � n-1 denotes
the normalized surface measure on the sphere Sn-1 . Recall that � n-1 is already
the measure against which we are integrating on the left-hand side of (5).

By evaluating both sides on the constant function f 1 � 1, we can deduce that the
constant is c = 1. Therefore, the two measures agree, so � = � n-1 , and we have
shown that equality (4) holds.

9.6 completion of the proof

In order to prove Theorem 9.0.1, let us �x some p 2 (1, 1] and some f 2 L p (R n ).
We want to show that the maximal function M n

Euf admits L p bounds that are inde-
pendent of the dimension n.

Let us distinguish two cases:

1. If n 6 max(3, p=(p - 1)), the classical Hardy–Littlewood proof says that there
exists some constant C(n, p) > 0

kM n
Eufk p 6 C(n, p)kfk p .

Since n 6 3 dimensions are involved, the constant can be chosen uniformly in
n.
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2. In the case n > max(3, p=(p - 1)), consider the smallest integer d such that
d > max(3, p=(p - 1)). Since d 6 n, we can apply Proposition 9.5.1 to obtain
for any x 2 R n

M n
Euf(x) 6

Z

O(n)
M �

d f(x) d�(�).

Taking Lp norms and applying the Minkowski integral inequality, we get

kM n
Eufk p 6












Z

O(n)
M �

d f(x) d�(�)












L p
x

6
Z

O(n)
kM �

d fk p d�(�).

By Proposition 9.4.1, we have
Z

O(n)
kM �

d fk p d�(�) 6 C p,d kfk p .

Since d only depends on p, the constant Cp,d is independent of the ambient
dimension n, which is what we wanted.

This concludes the proof of Theorem 9.0.1.

The Riesz-Markov-Kakutani Theorem

For sake of completeness, let us state the Riesz-Markov-Kakutani Theorem.

Theorem 9.6.1. Let X be a locally compact Hausdorff space and  a positive linear
functional on C c (X). Then there exists a �-algebra M on X which contains all Borel
sets in X, and a unique positive Borel measure on M such that

 (f) =
Z

X
f(x) d�(x), for all f 2 C c (X).

The measure � satis�es

1. �(K) < 1 for any compact K � X,

2. � is inner and outer regular,

3. M is complete.

A proof can be found in [Rudin, 1986, Theorem 2.14].
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10 W E A K-T Y P E B O U N D S F O R M d
B

Recall that in this part, we consider centrally symmetric convex bodies B � R d that
do not satisfy (24), i.e. there do not exist absolute constants C1 , C2 > 0 such that

dBM(Bd
2 , B) 6 (1 + C 1=d)C 2 .

As discussed in Section 4.2, the Hardy–Littlewood maximal operator associated
with a centrally symmetric convex body M d

B satis�es the weak-type (1, 1) estimate

kM d
B k1!(1,1) 6 2 d .

In [Stein and Strömberg, 1983], a substantial improvement showed that

kM d
B k1!(1,1) . d log d,

thereby reducing the growth from exponential to only slightly superlinear in the
dimension. In this chapter, we present the main geometric idea underlying this
improvement.

Classically, the proof of the weak-type (1, 1) estimate is based on Vitali's cover-
ing lemma: one orders the balls by decreasing radii, extracts a pairwise disjoint
subcollection, and then shows that the original family is covered by enlarging each
selected ball by a factor of 3.

The requirement of disjointness is however stronger than necessary. Instead, one
can control how often a point is covered by the subcollection, which in turn leds to
better bounds.

Let us state the Theorem.

Theorem 10.0.1. [Stein and Strömberg, 1983, Theorem 1] Let B � R d be a centrally
symmetric convex body. Then there exists a constant C > 0, independent of the
dimension and of the convex body B, such that the maximal operator M d

B satis�es

kM d
B k1!(1,1) 6 Cd log d,

that is,

�
�
� fx 2 R d : M d

B f(x) > �g
�
�
� 6 Cd log d

1
�

kfk 1 , � > 0, (1)

where f 2 L 1
loc(R d ).

Recall that B � R d is a centrally symmetric convex body, and that B(x, r) denotes
the closed ball with center x and radius r > 0 with respect to the norm induced by
B. In the following, we will work with particular dilations of such balls.

De�nition 10.0.2. Given a ball B(x 0 , r), we set

B� := B(x 0 , dr) = fx 2 R d : kx - x 0kB 6 drg.

that is, the ball with center x 0 and radius dr. Similarly, we de�ne

B�� := B(x 0 , (d + 1)r), B ��� := B(x 0 , (d + 2)r).
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10.1 a modified vitali covering lemma

The key idea for the proof of Theorem 10.0.1 is the following covering lemma:

Lemma 10.1.1 (Modi�ed Vitali). Let fB(x i , r i )gN
i=0 be a �nite collection of balls in

Rd with respect to the norm induced by B. We abbreviate B i := B(x i , r i ).
Then there exists a subset fB(xi , r i )gM

i=0 , where M < N, such that the following
holds:

1.
�
�
�
�
�

N[

i=0

B(x i , r i )

�
�
�
�
�

6 (e 2 + 1)

�
�
�
�
�

M[

i=0

B(x i , r i )

�
�
�
�
�
; (2)

2. If we order the selected balls in decreasing order of radius and de�ne the
increments I j := B j n (B1 [ : : : [ B j-1 ), we have

MX

j=0

jI j j
jB�

j j
1B �

j
6 C 2d log d, (3)

where the constant C2 > 0 is independent of the dimension.

Remark 10.1.2. The �rst property shows that the union of the original collection can
be controlled, up to a dimension-free constant, by the selected subcollection.

The second property quanti�es the overlap: although the selected bodies are not
disjoint, the number of times a point can be covered by the enlarged bodies B �

j is
controlled. In other words, the relative contribution of each increment I j inside B�

j
remains uniformly bounded (up to the factor d log d).

Remark 10.1.3. As already remarked, in contrast to the classical Vitali covering
Lemma, we do allow for intersections between various selected bodies. This is
because in high dimensions, most of the volume of a body is concentrated near
its boundary: Even if two bodies have nearby centers and comparable radii, their
intersection can still be relatively small. We therefore want to concentrate on their
boundary, for which the in�ated bodies B � provide the necessary control.

Before we prove Lemma 10.1.1, let us show how it implies Theorem 10.0.1.

10.2 reduction to the almost centered maximal
operator

We assume in the following that f is a nonnegative function.
Instead of bounding the maximal operator M d

B , we may also work with the almost
centered maximal operator fM d

B :

De�nition 10.2.1. Let B = B(0, 1) � R d be a centered centrally symmetric body.
The almost centered maximal operator associated to BfM d

B is de�ned as

fM d
B f(x) = sup

x 0 2R d

x2B(x 0 ,1)

1
jB� (x0 , 1)j

Z

B � (x 0 ,1)
f(y) dy,

where f 2 L 1
loc(R d ).

Remark 10.2.2. Here, we only require that a translate of B contains x, rather than
that x be the center of B. If x lies near the boundary of such a translate B(x 0 , 1), the
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Figure 10.1: Example in two dimensions: The green ellipse E(x 0 , 1) contains x, and the trans-
lated orange ellipse E(x, 3) contains the blue E(x0 , 2).

dilation B � (x0 , 1) compensates for this "loss of centering": Indeed, if x 2 B(x 0 , 1),
then for every y 2 B(x, d - 1), we have

ky - x 0kB 6 ky - xk B + kx - x 0kB 6 (d - 1) + 1 = d

so B(x, d - 1) � B � (x0 , r). Thus, the set over which we are averaging, B � (x0 , r),
contains a uniform neighborhood of x, as in the case of the maximal operator M d

B .
For an example, see Figure 10.2.

Proposition 10.2.3. Let B = B(0, 1) � R d be a centrally symmetric convex body, and
let M d

B be its associated maximal operator. With fM d
B as de�ned above, we have

M d
B f(x) 6 fM d

B f(x) 6 eM d
B f(x).

This Proposition is shown in the spirit of Proposition 4.9.1 in Section 4.9, where
we compared the pointwise difference of the maximal functions with respect to
their Banach–Mazur distance. In particular, Proposition 10.2.3 shows that we can
work with fM d

B instead of M d
B , since the equivalence constants are independent of

the dimension.

Proof. The �rst inequality Mf(x) 6 fM d
B f(x) is obvious, since fM d

B considers suprema
of averages over a larger set.

For the second inequality, �x x 2 R d , and let B(x0 , 1) be a translate of B such that
x 2 B(x 0 , 1). Let y 2 B � (x0 , 1). Then

ky - xk B 6 ky - x 0kB + kx - x 0kB 6 d + 1,

which shows that B � (x0 , 1) � B(x, d + 1) = B �� (x, 1).
Therefore, for x 2 R d �xed such that x 2 B(x 0 , 1), we have

1
jB� (x0 , 1)j

Z

B � (x 0 ,1)
f(y) dy 6

jB�� (x, 1)j
jB� (x0 , 1)j

1
jB�� (x, 1)j

Z

B �� (x,1)
f(y) dy

=
(d + 1 )d

dd
1

jB�� (x, 1)j

Z

B �� (x,1)
f(y) dy

6 e
1

jB�� (x, 1)j

Z

B �� (x,1)
f(y) dy 6 eM d

B f(x).
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Taking the supremum over x 0 2 R d such that x 2 B(x 0 , 1), we obtain

fM d
B f(x) 6 eM d

B f(x).

10.2.1 The Uncentered Maximal Operator

One may ask whether we could replace the centered maximal operator M with the
uncentered maximal operator.

De�nition 10.2.4. Let B � R d be a centrally symmetric convex body. The uncentered
maximal operator Md

B,u associated to B is de�ned by

M d
B,u f(x) = sup

x 0 2R d ,r>0:
x2B(x 0 ,r)

1
jB(x0 , r)j

Z

B(x 0 ,r)
jf(y)j dy,

where f 2 L 1
loc(R d ).

The following example illustrates the geometric difference between the centered
and uncentered maximal operators.

Example 10.2.5. Consider the one-dimensional centered maximal operator over the
interval [-1, 1]. Then

M 1
[-1,1] f(x) = sup

r>0

1
2r

Z

[-r,r]
jf(x + y)j dy.

Let f = 1 [0,1] . Then

M 1
[-1,1] 1[0,1] (x) =

8
>>>>><

>>>>>:

1, x 2 (0, 1),

1
2(1 - x)

, x < 0,

1
2x

, x > 1.

We observe that the interval which maximizes the averages

1
2r

Zx+r

x-r
1[0,1] (y) dy =

1
2r

j[x - r, x + r] \ [0, 1]j

is the smallest interval that reaches [0, 1] and has diameter 2(1 - x) for x < 0, respec-
tively 2x for x > 1.

Figure 10.2: The minimal interval size for the centered maximal operator is r = x (upper
line), and for the uncentered r = x=2 (lower line).
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For the uncentered maximal operator M 1
[-1,1],u , one takes the supremum over all

I 3 x. If x > 1, the smallest interval containing [0, 1] and x is [0, x], so that

M 1
[-1,1],u 1[0,1] (x) =

j[0, 1]j
j[0, x]j

=
1
x

, x > 1.

Thus,

M 1
[-1,1],u 1[0,1] (x) = 2M 1

[-1,1] 1[0,1] (x), x > 1.

The same phenomenon occurs in higher dimensions:

Proposition 10.2.6. Let B � R d be a centrally symmetric convex body. For every
f 2 L 1

loc(R d ),

M d
B f(x) 6 M d

B,u f(x) 6 2 d M d
B f(x). (4)

Sketch of proof. The �rst inequality is clear. Let us prove the second inequality. Fix
x 2 R d . Let B(x0 , r) be a translate of the body B, and assume x 2 B(x 0 , r). By the
triangle inequality, we have for every y 2 B(x 0 , r)

ky - xk B 6 ky - x 0kB + kx - x 0kB 6 2r,

so that B(x0 , r) � B(x, 2r). Hence,

1
jB(x0 , r)j

Z

B(x 0 ,r)
jf(y)j dy 6

jB(x, 2r)j
jB(x0 , r)j

1
jB(x, 2r)j

Z

B(x,2r)
jf(y)j dy 6 2 d M d

B f(x).

Taking the supremum over all (x 0 , r) such that x 2 B(x 0 , r) gives the upper bound.

Remark 10.2.7. The estimate (4) is sharp for cubes. Take f = 1[0,1] d and x = (t, : : : , t)
with t > 1. The optimal centered cube has side length 2t and the optimal uncentered
cube has side length t, giving

M d
B 1

f(x) =
1

(2t) d , M d
B 1 ,u f(x) =

1
t d ,

so M d
B 1 ,u f(x) = 2 d M d

B 1
f(x).

Corollary 10.2.7.1. This shows that in the search for dimension-free estimates, we
cannot simply replace the maximal operator M d

B with the uncentered M d
B,u .

10.3 proof of theorem 10.0.1

With the reduction to the almost centered maximal operator fM d
B 10.2.3, let us show

how Lemma 10.1.1 implies the weak-(1, 1) bound. The proof is analogous to the
proof of the Hardy–Littlewood Theorem 4.2.

Proof of Theorem 10.0.1. Assume that f is nonnegative. For � > 0, set

E� := fx : fM d
B f(x) > �g.

By regularity of the Lebesgue measure, it is enough to show the claim (1) for any
compact set K � E � . For any x 2 K, by de�nition of fM d

B there exist xx 2 R d and
rx > 0 where x 2 B(x x , rx ), and such that

1
jB� (xx , rx )j

Z

B � (x x ,r x )
f(y) dy > �. (5)



10.4 proof of the modified vitali lemma 80

The collection fB� (xx , rx ) : x 2 Kg forms an open cover of K. By compactness of K,
there exist �nitely many points x 0 , x1 , : : : , xN 2 K such that

Bi := B(x i , r i ), r x i = r i

which cover K. By our modi�ed Vitali Lemma 10.1.1, we can choose yet another
subcollection (B i )M

i=0 � (B i )N
i=0 such that by (2)

jKj 6

�
�
�
�
�

N[

i=0

Bi

�
�
�
�
�

6 (e 2 + 1)

�
�
�
�
�

M[

i=0

Bi

�
�
�
�
�
.

Let us order the subcollection fB i gMi=0 by decreasing radius, where we set B0 to be
the largest radius. We de�ne the increments I j = B j n

S
i<j Bi , which are pairwise

disjoint and

�
�
�
�
�

M[

i=0

Bi

�
�
�
�
�

=

�
�
�
�
�
�

M[

j=1

I j

�
�
�
�
�
�

=
MX

j=1

jI j j.

For each i = 0, : : : , M we have by (5)

1
jB�

i j

Z

B �
i

f(y) dy > �,

and therefore

jI i j =
jI i j
jB�

i j
jB�

i j <
jI i j
jB�

i j
1
�

Z

B �
i

f(y) dy.

Summing over i = 0, : : : , M, we get

MX

i=0

jI i j 6
1
�

MX

i=0

jI i j
jB�

i j

Z
1B �

i
(y)f(y) dy.

Using (3), it follows that

MX

i=0

jI i j 6
1
�

C2d log d
Z

f(y) dy.

Thus, for any compact subset K � E � ,

jKj 6 (e 2 + 1)
X

i2F

jI i j 6
C
�

d log dkfk 1 ,

where C = C 2 (e2 + 1) is independent of the dimension. This proves the theorem.

10.4 proof of the modified vitali lemma

Let us now prove Lemma 10.1.1.
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Figure 10.3: Two illustrations of the modi�ed Vitali selection (6). Left: If the outermost
blue ball B1 is selected, all the balls contained in B1 will automatically be also
selected. Right: If the green ball B1 has been selected, also the smaller B2 and
B3 can be selected, since their increments I2 (red) and I 3 (yellow) have small
enough respective proportion to the pink B �

2 and the orange B�
3 .

10.4.1 Selection Algorithm

Let us describe the modi�ed selection algorithm: The �rst ball B 1 2 fB i gNi=0 shall
be the one with maximal radius. Assume B 1 , : : : , Bk-1 have already been picked,
where we order the balls by decreasing radius. Set the increments I j = B j n

S
i<j Bi .

We de�ne B k = B(y k , rk ) to be the ball of maximal radius whose center y k
satis�es

k-1X

j=1

jI j j
jB�

j j
1B ��

j
(y k ) 6 1. (6)

Remark 10.4.1. This condition only depends on previously selected balls Bj such
that

yk 2 B ��
j = (d + 1)B j .

In particular, the selection rule does not give any restriction for suf�ciently distant
balls.

At the same time, nearby balls are allowed to overlap in a controlled manner. Let
us illustrate this in the next example.

In Example 10.4.1, we saw that in two dimensions, 22 = 4 balls in the vicinity of
a previously selected ball could be added. The same happens in d dimensions.

Proposition 10.4.2. Assume that the balls B1 , : : : , Bk-1 have already been selected
according to (6). Let Bk = B(y k , rk ) be such that

yk 2 B ��
j (7)

for each j = 1, : : : , k - 1. Then each previously selected ball contributes at most d -d

to the sum

k-1X

j=1

jI j j
jB�

j j
1B ��

j
(y k ).

Consequently, condition (6) allows for up to d d balls whose dilations contain y k , in
the sense (7).
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Figure 10.4: Example of selecting �ve interesecting balls in two dimensions: Assume that the
ball B(0, 1) (dark green) of radius one has already been selected. Consider four
additional balls whose centers all lie within B(0, 3) (light green). The largest of
the four balls, B1 , satis�es

jI1 j
jB� j

6
jB(0, 1)j
jB(0, 2)j

=
1
4

.

The same estimate holds for each of the remaining three balls. Hence, the total
contribution of all four balls does not exceed 1 and satis�es the selection condi-
tion (6).

Proof. Fix j = 1, : : : , k - 1. Since I j � B j and jB�
j j = d d jBj j, we obtain

jI j j
jB�

j j
6

jBj j
jB�

j j
=

1
dd .

Hence, every index j such that y k 2 B ��
j contributes at most d -d to the sum. Since

the sum is bounded by 1 by condition (6), there can be at most d d such indices.

10.4.2 Proof of First Assertion

First, let us prove the �rst assertion (2). We again denote B j = B(x j , r j ). We want to
control the measure of

S N
j=0 Bj by a constant multiple of the measure of the selected

balls fBj gMj=0 .
Suppose that the ball B� = B(y � , r � ) was not been selected in the algorithm.

Every previously selected ball B j has radius r j > r � , and since B� has not been
selected, we have

X

r j >r �

jI j j
jB�

j j
1B ��

j
(y � ) > 1. (8)

We want to express (8) for a general point x 2 B � . Then ky� - xk B 6 r � 6 r j . If
further the center y � of B� is contained in B ��

j , we have ky � - y j kB < (d + 1)r j . By
the triangle inequality, we obtain

kx - y j kB 6 kx - y � kB + ky � - y j kB 6 r j + (d + 1)r j ,
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which shows that x 2 B ���
j . With this, we can reformulate (8). Indeed, if B � is a ball

that is not selected, we have the condition

X

r j >r �

jI j j
jB�

j j
1B ���

j
(x) > 1 for every x 2 B � .

Hence,

1B � (x) 6
X

r j >r �

jI j j
jB�

j j
1B ���

j
(x)

Taking the union over all such balls that have not been chosen, we obtain
�
�
�
�
�
�
�

[

�
not picked

B�

�
�
�
�
�
�
�

6
MX

j=0
(picked)

jI j j
jB�

j j
jB���

j j 6

0

@
MX

j=0

jI j j

1

A
�

d + 2
d

� d

6 e 2

0

@
MX

j=0

jI j j

1

A = e2

�
�
�
�
�
�

M[

j=0

Bj

�
�
�
�
�
�
.

Then,
�
�
�
�
�
�
�

[

�
not picked

B�

�
�
�
�
�
�
�
+

�
�
�
�
�
�
�

M[

j=0
( picked)

Bj

�
�
�
�
�
�
�

6 e 2

�
�
�
�
�
�

M[

j=0

Bj

�
�
�
�
�
�
+

�
�
�
�
�
�

M[

j=0

Bj

�
�
�
�
�
�
.

Choosing as constant C1 = e2 + 1, (2) is therefore shown.

10.4.3 Proof of Second Assertion

Next, let us prove the second assertion (3): Assume that, for some x 2 Rd ,

MX

j=0

jI j j
jB�

j j
1B �

j
(x) > 0. (9)

Then there exists at least one index j = 0, : : : , M such that x 2 B �
j . Among all such

indices, we can choose one for which the radius r j is minimal.

Lemma 10.4.3. By a translation and dilation, we may assume that this point is the
origin and that the minimal radius equals 1. In other words, we may assume

x = 0 and minfr j : x 2 B �
j g = 1.

Proof. Let x0 be a point satisfying (9), and let r 0 be the smallest radius among all
balls Bj such that x 2 B �

j . Applying

T(x) :=
x - x 0

r0
,

we may assume x0 = 0 and r 0 = 1. Since T sends balls to balls and
jT (I j )j
jT (B �

j )j =
jI j j
jB �

j j ,

the weights of the sum remain unchanged. After relabeling the transformed balls
fT(B�

j )gM
j=0 , we can conclude the proof.
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By slight abuse of notation, let us call the set fT(B�
j )gM

j=0 again fB�
j gMj=0 , and as-

sume that x0 = 0 and r j 0 = 1. Let us now write (9) as

MX

j=0

jI j j
jB�

j j
1B �

j
(0) =

0

B
B
@

X

06j6M:
16r j <d

+
X

06j6M:
r j >d

1

C
C
A

jI j j
jB�

j j
1B �

j
(0), (10)

since the terms for which r j < 1 vanish.
We denote

I =
X

06j6M:
16r j <d

jI j j
jB�

j j
1B �

j
(0), II =

X

06j6M:
r j >d

jI j j
jB�

j j
1B �

j
(0).

Let us bound these two terms separately.

Bound on Small Radii

Lemma 10.4.4. We have

I 6 C 0 (d log d),

for some absolute constant C0 > 0.

Proof. Instead of directly bounding the various terms for which 1 6 r j < d, let us
�x some 1 6 a 6 r j < b which will be determined later. Note that for such a choice
of radius,

(da) d jB� j 6 (dr j )
d jB� j,

so we can bound the denominator

X

a6r j <b

jI j j
jB�

j j
1B �

j
(0) 6

1
jBj(da) d

X

a6r j <b

jI j j1B �
j
(0). (11)

Since the increments Ij are pairwise disjoint and all those contributing to (11) are
contained in the ball B �� (0, b) of radius (d + 1)b, we obtain

(11) 6
1

jBj(da) d jB�� j =
1

(da) d (b(d + 1)) d 6 e
�

b
a

� d

. (12)

The bound (12) suggests to look for a, b satisfying b=a = (1 + 1=d). We can thus
reformulate the �rst sum I as follows:

I =
X

16r j <d

jI j j
jB�

j j
1B �

j
(0) =

mX

l=1

X

a l 6r j <b l

jI j j
jB�

j j
1B �

j
(0),

where a l = (1 + 1=d) l-1 and b l = (1 + 1=d) l . We determine the value of m later.
Summing over all such intervals [a l , bl ), we obtain together with (12)

jIj 6
mX

l=1

e(bl =al )d 6 me 2 .

We choose m large enough so that the intervals [al , bl ] cover all radii 1 6 r j < d.
Since bm = (1 + 1=d) m , we require (1 + 1=d) m > d, or equivalently

m >
log d

log(1 + 1=d)
.
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By Taylor, we have

log(1 + 1=d) >
1
d

-
1

2d2 ,

so that

log d
log(1 + 1=d)

6
log d

1
d

�
1 - 1

2d

� =
d log d

1 - 1
2d

.

For d > 1, we have 1
1- 1

2d
6 2. Choosing C 0 = 2, we can set m = d2d log de for all

d > 1. Note that for d > 2, we have 1=(2d) 6 1=4, and we could choose the sharper
C0 = 4=3 for d > 2. In general, since 1

1- 1
2d

! 1 as d ! 1, the constant C 0 tends to

1.

Bound on Large Radii

Let us now bound the second term II, where the sum ranges over radii r j > d.

Lemma 10.4.5. We have the bound

II =
X

j2F 0

r j >d

jI j j
jB�

j j
1B �

j
(0) 6

k-1X

j=0

jI j j
jB�

j j
1B ��

j
(y k ), (13)

where k is the index of the selected ball Bk = B(y k , rk ) with minimal radius among
those satisfying 0 2 B �

k .

Corollary 10.4.5.1. By the selection condition (6), we have

k-1X

j=0

jI j j
jB�

j j
1B ��

j
(y k ) 6 1.

Lemma 10.4.5 therefore immediately implies that II 6 1.

Proof. Let Bk = B(y k , rk ) be the selected ball of minimal radius among those satis-
fying 0 2 B �

k . By Lemma 10.4.3, we may assume rk = 1. In particular, ky k kB 6 1.
Now consider any index j contributing to II, i.e. such that r j > d and 0 2 B �

j . The
latter implies ky j kB 6 r j .

By the triangle inequality, we obtain

kyk - y j kB 6 ky k kB + ky j kB 6 1 + r j 6 (d + 1)r j ,

since rj > d > 1. Hence,

yk 2 B(y j , (d + 1)r j ) = B ��
j ,

see also Figure 10.5.
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Figure 10.5: A two-dimensionsal example: The green ellipse E k with smallest radius r k = 1,
satis�es 0 2 E �

k (blue). The larger red ellipse Ej satis�es 0 2 E �
j (violet) and

yk 2 E��
j (yellow).

Therefore,

1B �
j
(0) 6 1 B ��

j
(y k ) for all j with r j > d.

Finally, we use the selection rule: every ball with radius r j > d > 1 must have
been selected before Bk , since Bk has minimal radius among balls containing 0 at
the normalization scale. Hence all such indices satisfy j < k, and we obtain

II 6
k-1X

j=0

jI j j
jB�

j j
1B ��

j
(y k ),

which is exactly (13).

Putting both estimates from Lemma 10.4.4 and 10.4.5 together, we obtain (3), that
is,

MX

j=0

jI j j
jB�

j j
1B �

j
6 C 2d log d,

where C2 > 0 is an absolute constant.



11 S T R O N G -T Y P E B O U N D S F O R
M d

B

In this chapter, we present an argument due to Stein and Strömberg which uses
the Calderón–Zygmund method of rotations to obtain strong-type bounds for M d

B .
The idea is to reduce averages over a d-dimensional body to averages along one-
dimensional radial directions.

Let B � R d be a bounded body described in polar coordinates by

B = ft# : 0 < t < �(#), # 2 S d-1 g,

where � : S d-1 ! (0, 1) is continuous and bounded. The following holds.

Theorem 11.0.1 (Stein and Strömberg, 1983, Theorem 2). Let 1 < p < 1. There
exists a constant C > 0, independent of the dimension d and of the body B, such
that for every p > 1

kM d
B fk p 6 C d

p
p - 1

kfk p .

The proof is based on the Calderón–Zygmund method of rotations. By decom-
posing averages over B into averages along radial directions # 2 Sd-1 , the maximal
operator M d

B can be controlled by a family of directional maximal operators M d
# .

These are in turn estimated using the one-dimensional Hardy–Littlewood maximal
theorem. Integrating over all directions then yields the desired L p -bound.

11.1 the directional maximal operator

In the proof, we make use of the following maximal operator.

De�nition 11.1.1. For # 2 S d-1 , the directional maximal function is given by

M d
# f(x) = sup

r>0

Rr
0 jf(x - t#)jt d-1 dt

Rr
0 t d-1 dt

.

Example 11.1.2. Let f = 1B 2
2

and x = (2, 0). For # = (1, 0), the ray fx - t# : t > 0g

intersects B2
2 precisely for 1 6 t 6 3; see Figure 11.1. Therefore

M 2
(1,0) 1B 2

2
(2, 0) =

R3
1 t dt

R3
0 t dt

=
8
9

.

An important property of the directional maximal operator M d
# is the following.

Lemma 11.1.3. For any p > 1, we have the bound

kM d
# kp!p 6 Cd

p
p - 1

. (1)

Proof. Fix # 2 Sd-1 . For every r > 0,

Rr
0 jf(x - t#)jt d-1 dt

Rr
0 t d-1 dt

=
d
rd

Zr

0
jf(x - t#)jt d-1 dt 6

d
r

Zr

0
jf(x - t#)j dt.

87
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Figure 11.1: Example of M 2
# in two dimensions, applied to f = 1 B 2

2
at the point x = (2, 0)

and the lines fx - t#g, with different values of # 2 S 1 . We can see that the line
fx - t# 0g does not even intersect B22 , whereas the boundary case is given by
# = (

p
3=4, 1=2).

Taking the supremum over r > 0 gives

M d
# f(x) 6 d sup

r>0

1
r

Zr

0
jf(x - t#)j dt. (2)

Writing x = u# + y, where u 2 R and y 2 # ? , and setting

f y (u) = f(u# + y),

the operator on the left-hand side is the one-sided one-dimensional Hardy–Littlewood
maximal operator applied to f y . By Fubini and the Hardy–Littlewood maximal the-
orem (4.2.2), we have












sup
r>0

1
r

Zr

0
jf(x - t#)j dt












L p (R d )

6 2 1+p p
p - 1

kfk L p (R d ) .

Combining this estimate with (2) proves the lemma.

11.2 proof of theorem 11.0.1

Assume f > 0. Using polar coordinates,

Z

B(0,r)
f(x - y) dy =

Z

Sd-1

Zr�(#)

0
f(x - t#)t d-1 dt d#.

By the de�nition of M d
# ,

Z

B(0,r)
f(x - y) dy 6 r d

Z

Sd-1
M d

# f(x)

 Z�(#)

0
t d-1 dt

!

d#.

Dividing by jB(0, r)j = r d jBj and taking the supremum over r > 0 yields

M d
B f(x) 6

1
jBj

Z

Sd-1
M d

# f(x)

 Z�(#)

0
t d-1 dt

!

d#.
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Taking Lp -norms and applying Lemma 11.1.3,

kM d
B fk p 6 Cd

p
p - 1

1
jBj

Z

Sd-1

Z�(#)

0
t d-1 dt d# kfk p .

Since

jBj =
Z

Sd-1

Z�(#)

0
t d-1 dt d#,

the theorem follows.



12 D I M E N S I O N - F R E E B O U N D S
F O R A L L p > 2

In [Stein and Strömberg, 1983], it was shown that the Hardy–Littlewood maximal
operator admits dimension-free L p -bounds for all p > 1. For general centrally
symmetric convex bodies, obtaining dimension-free estimates remained open until
Bourgain's breakthrough work [Bourgain, 1986a], which established such bounds
for all p > 2. The proof combines Fourier-analytic techniques in L 2 with the use
of isotropic position, a normalization which allows for good bounds on the Fourier
transform of the body.

Let us state the main result of this chapter.

Theorem 12.0.1 (Bourgain, 1986a).1 Let B � R d be a centrally symmetric convex
body. Then there exists a constant C > 0, independent of the dimension d and of B,
such that for all f 2 L 2 (R d ),

kM d
B fk 2 6 Ckfk 2 .

Corollary 12.0.1.1. By interpolation with the trivial strong-type (1, 1) bound of
M d

B , we obtain dimension-free estimates of M d
B for all p 2 [2, 1].

Recall the notation

Dil 1
t f(x) = t -d f(x=t), Dil 1

t f(x) = f(x=t).

12.1 proof strategy

Throughout this chapter, let B � R d be a centrally symmetric convex body.
In Section 12.3, we show that, after an appropriate linear change of variables,

the body B may be assumed to be in isotropic position. In this case, there exists a
constant L(B) > 0 such that

L(B)2 =
Z

B
hx, �i 2 dx

for every � 2 S d-1 . In Section 12.4, we use the isotropic position to establish useful
Fourier estimates for 1B .

By Corollary 6.3.1.1, the Poisson maximal operator

sup
t>0

�
� f � K t

d (x)
�
� ,

where (K t
d )t>0 denote the Poisson kernels, admits dimension-free Lp -bounds for

all p > 1. It therefore suf�ces to control the maximal operator associated with the
kernel 1B - K d , that is,

M d
K f(x) := sup

t>0

�
�
� f � (Dil 1

t 1B - K t
d )(x)

�
�
� .

1 It may be worthwile to mention that the manuscript was received in December 1984 by the American
Journal of Mathematics, but got published only in December 1986, which seems important to maintain the
logical sequence of time, given that a subsequent improvement covering the range p > 3=2 was proven
by Bourgain already in 1985.
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In Section 12.5, we establish a (very general) condition, formulated in terms of
dyadic Fourier estimates for an integrable and differentiable kernel which gives
dimension-free L2 -bounds for the associated maximal operator.

Finally, in Section 12.7, we verify this condition for the kernels Dil 1
t 1B - K t

d us-
ing the Fourier estimates from Section 12.4, thereby concluding the proof of the
theorem.

12.2 the volume of hypersections

As a �rst step, we place the convex body B in the so-called isotropic position. This
position endows B with useful analytic and geometric properties: First, the Fourier
transformation of the indicator function 1 B admits good decay properties, and sec-
ondly, for each � 2 S d-1 , the (d - 1)-dimensional volume of the hyperplane section
orthogonal to �

Vold-1

�
B \ fx 2 R d : hx, �i = 0g

�
,

is uniformly bounded.
First, let us de�ne the hypervolume of a section.

De�nition 12.2.1. Let B � R d be a convex body. For each direction � 2 S d-1 and
height u 2 R, de�ne

AB
� (u) = fx 2 B : hx, �i = ug.

Its (d - 1)-dimensional volume is denoted by

' B
� (u) = Vol d-1 (A B

� (u)).

We shall omit the superscript B if it is clear from the context.

Example 12.2.2. In three dimensions, 'B(1,0,0) (0) gives the area of the intersection of
B with the yz-plane.

In order to better understand ' B
� , let us state some properties. We consider d > 2.

Proposition 12.2.3. The map

u 7! ' B
� (u) 1=(d-1)

is concave, even and symmetrically nonincreasing within its support.

Proof. If AB
� (u), A B

� (v) 6= ; for some u, v 2 R, then by convexity of B,

�A B
� (u) + (1 - �)A B

� (v) � A B
� (�u + (1 - �)v) � 2 [0, 1].

Applying the Brunn-Minkowski inequality B.0.1 yields

' � (�u + (1 - �)v) 1=(d-1) > �' � (u) 1=(d-1) + (1 - �)' � (v)1=(d-1) , (1)

which shows that ' � (u) 1=(d-1) is concave on its support. Since B is centrally
symmetric, we have ' � (-u) = ' � (u), so the function is even, and the support of
' � (u) 1=(d-1) is a symmetric interval [-u max, umax].

Setting u = -v in (1), we obtain

' � ((2� - 1)u) 1=(d-1) > ' � (u) 1=(d-1) for all � 2 [0, 1], u 2 R.

This shows that ' � (u) 1=(d-1) is symmetrically nonincreasing on its support.



12.2 the volume of hypersections 92

Corollary 12.2.3.1. The function ' � is locally Lipschitz and differentiable almost
everywhere on its support [-u max, umax].

Proof. By Proposition 12.2.3, we know that ' 1=(d-1)
� is concave on its support

[-u max, umax]. By Lemma 12.2.4 below, this implies that (' � )1=(d-1) is locally Lip-
schitz.

Consider a compact interval I contained in the support [-u max, umax]. Then

j' 1=(d-1)
� (u) - ' 1=(d-1)

� (v)j 6 L I ju - vj. (2)

We have

j' 1=(d-1)
� (u)j 6 M I for every u 2 I.

Let us assume that u > v and u, v 2 I. By the mean value theorem

j' � (u) - ' � (v)j = (d - 1)� d-2 j' 1=(d-1)
� (u) - ' 1=(d-1)

� (v)j,

where � 2 [' 1=(d-1)
� (u), ' 1=(d-1)

� (v)]. Note that � 6 M I , and together with (2), we
obtain

j' � (u) - ' � (v)j 6 (d - 1)M d-2
I LI ju - vj.

Hence, ' � is locally Lipschitz with constant eLI = (d - 1)M d-2
I LI . Moreover, ' �

is absolutely continuous on every compact interval contained in [-u max, umax]. By
Rademacher's Theorem, ' � is almost everywhere differentiable.

Lemma 12.2.4. Consider a function u : 
 ! R, where 
 � R d is some open set. If
u is concave (or convex), then u is locally Lipschitz.

Lemma 12.2.4 also applies for u convex.

Proof. LetB(x0 , 2r) � 
 be some ball. Since u is concave, it is bounded below and
above on B(x0 , 2r), say M = sup x2 B(x 0 ,2r) u(x) < 1. Let x, y 2 B(x 0 , 2r) such that
x 6= y. Set

z = x +
r

jx - yj
(x - y).

Then z 2 B(x 0 , 2r), and we can write

x = �z + (1 - �)y, � =
jx - yj

r + jx - yj
.

By concavity,

u(x) > �u(z) + (1 - �)u(y),

and rearranging we have

u(y) - u(x) 6 �(u(y) - u(z))

6 �2M =
2M

r
jx - yj.

Applying the same argument with the roles of x and y reversed, we have

ju(x) - u(y)j 6
2M

r
jx - yj,

which shows that u is locally Lipschitz with constant 2M=r.
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