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Abstract

Finite Element Methods are a popular way of approximating the solutions of par-
tial differential equations. One such equation is the stationary Stokes problem in
two spatial dimensions. The Stokes equations are an example of a saddle point
problem and therefore its well-posedness is dependent on the so called inf-sup con-
dition. We propose a generalized Scott-Vogelius finite element pair we call the
pressure-wired Stokes element that is characterized by a control parameter n > 0.
We prove the inf-sup stability of this new element and as a result improving upon
the original bounds on the inf-sup constant of the original Scott-Vogelius element.
We also construct dual basis for a Crouzeix-Raviart type function space and we
use this dual basis to explicitly construct a projection operator into this Crouzeix-
Raviart type space.
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1 Introduction

Partial Differential Equations, or in short PDEs, are an integral part for the numerical
modelling of our modern world. They allow us to describe complex physical phenom-
ena in a mathematical rigorous way. Having a mathematical formulation opens up the
toolbox of theoretical and applied mathematics, such as analysis and numerics to find
solutions to these problems. Some classical PDEs include the heat-equation, describing
the propagation of heat in a given material, the wave-equation describing the propaga-
tion of waves through a or multiple mediums or the Navier-Stokes equations describing
non-compressible fluid flows. For an indepth analysis of Partial Differential Equations
see for example the book by Lawrence C. Evans [17]. In this book, we learn that some
classical PDEs are well-posed but do not have classical solutions. An example given in
[17, §3.4] is the scalar conservation law (cf. dyu+0, (f (v)) = 0). As mentioned in [17], it
is a well-posed problem, meaning that a solution exists, the solution is unique and the
solution depends continuously on the given data. A scalar conservation law describes
various one-dimensional phenomena in fluid dynamics, one of which is the formation of
shock waves. A shock wave is described by a discontinuity of the unknown function wu.
This is a problem, since for a classical solution u to satisfy a scalar conservation law, u
should be at least C'. The unknown u having a discontinuity means, as the name im-
plies, that u is not even in C°. This gives rise to the notion of weak solutions, which
relies on the defintion of weak derivatives of functions (see, for example |15, Definition
2.3]) which are a generalization of the calssical notion of derivatives, or even entropy so-
lutions which ensure that a solution is indeed “physically sound” [24, Section 11.13] in
case the weak solution is not unique.

A further challenge that arises is, that even if we can prove that a given PDE is well-
posed, most solutions do not have an analytic representation and hence cannot be writ-
ten down explicitly. This can be a problem. If we think of an engineer designing a car
and he or she wants to know how air flows over the car body, it is of no use to him or
her knowing that a solution to this flow problem exists but cannot be expressed analyt-
ically. This is where numerical approximation of such solutions come into play. They
allow us to compute, up to some approximation error, what values the function w is
taking. There are many numerical methods to obtain such approximations, like the fi-
nite volume method |24], the finite difference method |5, Part I, Chapter 1| or the finite
element methods |5, Part I, Chapter 3|. Finite volume methods are popular for hyper-
bolic PDEs since they handle discontinuities well, which can occur in hyperbolic PDEs
as we have seen in the previous paragraph. Finite difference methods are based on the
approximation of derivatives using the function values to form a difference quotient.

A popular application of finite difference is for non-stationary PDEs for the time step-
ping. Finite element methods utilize finite dimensional subspaces of the test spaces in
the weak formulation to restrict the test functions to those finite dimensional subspaces,
see e.g., |7, Chapter II, §4]. One reason for the popularity of finite element methods for
the approximation PDEs in a weak formulation is that, given a basis of the finite di-
mensional subspaces, we can use the basis representation of functions in those spaces to
transform the continuous problem into a system of linear equations, again see e.g., |7,
Chapter II, §4|, which we then can solve.



1.1 Contributions

In this thesis we examine two aspects of the finite element method. In a first part we
are considering the stationary Stokes equation in two dimensions and a conforming
Galerkin finite element approach. In a second part we consider non-conforming finite
element space of Crouzeix-Raviart type and construct a dual basis for that space.

The stationary Stokes problem is a time independent linearization of the Navier-Stokes
equations |26, Section 16.2] that describe incompressible fluid flows. The Stokes prob-
lem is an example of a saddle point problem, for example see [26, Section 16.3| or |28,
Section 5.2| for reference. Unlike elliptic problems whose stability condition is immedi-
ately passed down to the finite dimensional subspaces used in a finite element method,
for saddle point problems the so called inf-sup condition must hold, (see, e.g., |28, The-
orem 5.6]), which in general does not transfer to finite dimensional subspaces. In case
of the Stokes equation |28, Section 5.3] provides a proof of inf-sup stability of the pair
(H' (Q), L2 (Q)) (cf. Section [2| for notation). An intuitive choice for finite element pair
would be continuous vectors of local polynomial degree k for the velocity and piecewise
discontinuous polynomials of local degree k — 1 for the pressure. However this pair is
in general not inf-sup stable (see, e.g. |7, Chapter 3, §7] for one such unstable element).
This sparked some intense research efforts to find inf-sup stable finite element pairs. In
[31], [29] it is shown that the instability is related to singular vertex configurations, (see
Figure {4| for reference). Based on this insight, one can enrich the velocity space and/or
reduce the pressure space in an effort to construct inf-sup stable finite elements. Pop-
ular examples include the non-conforming Crouzeix-Raviart element [14], the Mini el-
ement [3], the (modified) Taylor-Hood element [7, Chapter 3, §7|, the Bernardi-Raugel
element [6], the element by Falk-Neilan |18] and the Scott-Vogelius element [31] and
many more. There are further methods for obtaining stable discretization of the Stokes
equation, like using non-conforming schemes and/or modifying the discrete formulation

with stabilizing terms. We do not go into detail but refer to the literature, for example
[16].

We present a generalization of the classic Scott-Vogelius pair by introducing a control
parameter > 0 and reducing the pressure space by imposing the same condition as

in the classical Scott-Vogelius element for vertices z whose singular distance (cf. (3.5))
is smaller or equal than n (cf. Definition . We call the new finite element pair the
pressure-wired Stokes element. We prove that the pressure-wired Stokes element is inf-
sup stable and that the inf-sup constant can be bound from below by ¢ (O, + 1) > 0
where the constant ¢ exclusively depends on the shape regularity of the mesh and the
domain (2. In particular we prove that the constant c is independent of the mesh width
h+ and the polynomial degree k. This k independence is a major improvement to the
original result by Vogelius, since the original Scott-Vogelius pair can be seen as a limit
case of the pressure wired Stokes element when n — 0. We want to emphasize here that
Chapters 2-4 are an extension of the paper [21|. While the arguments for the inf-sup
stability of the pressure-wired Stokes element have been shortened, respectively adapted
for publication, we present them here in full detail. To also have coherent notation in
this thesis and [21] the notation has been kept similar between the two works.



Given a vector space V and a finite dimensional subspace W C V with a basis By =
{w; | 1 <i<n}forn € N then a basis B}, = {0} | 1 <i <n} of the dual space W’
exists, see e.g. |19, Section 6.2.1]. The same source also states that a dual basis posses
the Lagrange property with respect to the basis By, meaning that b (b;) = ¢;; for all
1 < 4,7 < n where 9§, ; denotes the Kronecker delta. This property yields a natural
interpolation operator Il : V' — W given by

va = Z b; (U) wj .
1=0

The Lagrange property of the dual basis implies that Iy |, = I, where I describes the
identity operator. We will be considering a Crouzeix-Raviart type function space and
explicitly construct a dual basis and its naturally induced projection operator for/into
this space. The construction involves a decomposition of the Crouzeix-Raviart space
into edge bubble functions, volume bubble functions and non-conforming polynomials
and finding a suitable change of basis for the space of edge bubble functions, as well as
some pointwise interpolation.

1.2 Outline

The thesis is structured as follows. In Chapter 2, we introduce the main function spaces
and general notations and conventions that are used throughout this thesis. We also in-
troduce the stationary Stokes equation with homogeneous boundary conditions in its
classical form and derive a weak formulation and introduce the Galerkin finite element
method. In Chapter 3, we discuss the notation regarding triangulations of bounded
polygonal Lipschitz domains in R? and define the pressure-wired Stokes element. In
Chapter 4, we prove the inf-sup stability of the pressure-wired Stokes element by con-
struction of an explicit right inverse of the divergence operator on the pressure-wired
Stokes element. In Chapter 5 we define a Crouzeix-Raviart type function space and
construct a dual basis on that space. Finally, Appendix A is a collection of technical
results that are used throughout this thesis, but whose proofs did not fit into the struc-
ture presented above.






2 The Stokes equation

Before introducing the Stokes problem, we derive a variational formulation and define

the finite element Galerkin method to obtain numerical approximations of the solution
to the Stokes equation. We will introduce all the necessary spaces, notations and con-

ventions. This general notation is in accordance with [21] to ensure coherence between
this thesis and [21].

2.1 Function spaces, Notations and Conventions

Let © C R? be an bounded Lipschitz domain. For s > 0 and 1 < p < oo, W*P(Q)
denotes the classical real valued Sobolev spaces, with norm ||-[|y..q, (see, e.g, [28, Sec-
tion A.5| or [15, Chapter 2|). We will be working exclusively with p = 2. Therefore, for
ease of notation, we write H* (Q) instead of W*? (Q) and L? (Q) for W2 (Q). Further
we denote the closure of the space of infinitely smooth functions with compact support

in © with respect to the H* norm by H§ (), i.e. HS(Q) := C® (Q)H'”HS(Q), and its dual
space by H* (). Also we set L3 (Q) :={ue L*(Q) | [,u=0}.

Remark 2.1. Throughout this thesis we will omit the specification of the measure in
any integration. It will be assumed that any integration is performed with respect to
the standard Lebesgue measure induced by the domain or its boundary. This notation
is mirroring the notation in [21]

For u,v € L? (), the L? scalar product and its induced norm are given by

(1, V) o) = Jouv and [ull ey = (u,u)'/?.

Since we are only considering real valued functions, no complex conjugation in the L2
scalar product is needed. For vector-valued function spaces we use bold letters. Thus
we write L2 (Q) = (L2(Q))%, H*(Q) = (H*(Q))? etc. and 2 x 2 tensor valued func-
tion spaces will be denoted by blackboard bold letters i.e. L2 (Q) = (L2 (Q))**? etc..
The only exception of this labeling convention is the space of polynomials with degree
smaller than or equal to some &k € N. This space will be denoted with a blackboard
bold letter P, even though we consider scalar functions. For vectors v,w € R? we write
v = (v1,v2) and [v|w] for the 2 x 2 matrix with column vectors v and w. The Euclidean
scalar product in R? with its induced norm are given as

(v,w) =37 ww; and |v|:= (v,v)/%.

Using this, we set the L? (Q) scalar product and its induced norm to
2
(W, V)p2iq) = Jo (u,v) and [l = (u,u)ié(m for u,veL?(Q).
Similarly we define the L2 scalar product with its induced norm as
1/2
(G, H) 1) = [ (G.H) and |G|l = (G,G)kly for G HEL*(Q),

where we set (G, H) := 3.7 G, ;H,;. Finally, if M C R? is measurable then M|

ij=1
denotes the area of M and it M is discrete | M| denotes its cardinality.
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2.2 Classical and variational formulation

Let © C R? be a bounded Lipschitz domain with boundary 92 and we consider the
following problem. For a given function f € C°(Q), find u: Q — R? and p : Q — R such
that

—Au—-Vp=f~ in €,
divu =0 in €2,
u=20 on 02, (2.1c

/sz (2.1d
Q

where u is called the velocity field and p is called the pressure. If u € C2 (Q) N C° (Q)
and p € C* () together satisfy(2.1)), then we call the pair (u, p) a classical solution of
the Stokes equation with homogeneous Dirichlet boundary conditions. We notice that
(C*()NC°(Q)) x C*(Q) is quite a restrictive space because there might not exist a
solution to for certain forces f. In order to mitigate this problem of existence, we
turn to the weak formulation of (2.1). Let v € H{ (Q) and ¢ € L3 () be two arbitrar-
ily chosen but fixed test functions. Multiply and with v and ¢ respectively
and integrate over the domain (). Using integration by parts via the Gauss theorem and
the fact that v|,, = 0 in the trace sense |28, pp. 28] results in the following two equa-
tions

(Vu, VV)M(Q) + (div Vap)L2(Q) = (f, V)L2(Q) (2.2a)
(divu, Q)LQ(Q) = 0. (2.2b)

Note that we consider the derivatives Vu and Vv in the weak sense |15, Definition 2.3|,
i.e. u,v € H' (Q). To be a little more precise, for u € H! (), Vu is given by

du|ou]’
051:1 .

Oy

o |

The partial derivatives are also consider to be in the weak sense. Using (2.2]), we can
formulate the variational formulation of the Stockes problem. For a given functional
F e H ' (Q) find (u,p) € H} (Q) x L (Q) satisfying

(Vu, Vv) o) + (div v, p) o) = F (v) Vv € Hj (Q) (2.3a)
(divu, q) 2 =0 Vg € L2 (9). (2.3b)

Observe that in (2.3) we impose the homogeneous Dirichlet boundary condition on

the velocity field and the normalisation condition on the pressure of through the
choice of our test/solution space H} () x L2 (Q). In this form we are able to use the
theory for variational problems (e.g. |28, Chapter 1]). In particular |28, Section 5.3] in
order to ensure existence and uniqueness of weak solutions for (2.3) in H} () x L2 ().
In [20] it is established that the pair (H} (), L2 (2)) is inf-sup stable and hence is
well posed.



2.3 The Galerkin finite element approach

There are different methods available to get a numerical approximation for . We
will be considering approximations obtained by a conforming Galerkin finite element
method. Let S C H} () and M C L2 () be finite dimensional subspaces and consider
the discrete problem: find (us, py) € S X M satistying

(Vus, Vv) o) + (div v, par) 12 () = F (V) Vv e S, (2.4a)

Since we now operate in a pair of finite dimensional vector spaces we can find basis
functions for the spaces S and M and transform (2.4]) into a linear system of equations.
The choice of finite dimensional subspaces (S, M) is crucial since the continuous sta-
bility condition, i.e. the inf-sup condition in general does not translate to finite dimen-
sional subspaces. We see this by noticing that a sufficient condition for inf-sup stability
is the statement that there exists a constant Cy,p, > 0 such that for all ¢ € LZ (Q2) there
exists v, € Hj () satisfying that divv, = ¢ and 1Vallg ) < Cstabllalz2()- If one is not
careful with the choice of S and M, it can happen that there exists a pressure py, € M
such that (pa, div V)LQ(Q) =0 for all v € S. This then implies that

i (p, div V)L2(Q)
m sup

peM\{0} yes\ {0} Hp”LQ(Q) ||VHH1(Q)

:0’

and therefore the pair (S, M) would be unstable, meaning that the existence and/or
uniqueness of a solution cannot be guaranteed. For example, the most intuitive choice
for a Stokes element, a continuous velocity approximation with local polynomial degree
k and discontinues pressures of local degree k — 1 can result in an unstable pair (see,
e.g., |7, Chapter 3, §7|), meaning the inf-sup constant is 0. There are several approaches
to solve this issue. One is to enrich the velocity space S with non-conforming functions.
An example for this would be Crouzeix-Raviart element [14]. In that paper the case

k = 1 was proven. Most recently it was proven, that the Crouzeix-Raviart element is
inf-sup stable for odd polynomial degree k£ > 3 in two dimensions [10].

Another approach, and the one we are going to be considering in this chapter and the
next two, is to shrink the pressure space. This can be done by imposing side constraints
on the pressure space. An example of this approach would be the Scott-Vogelius finite
element |31]. The constrained on the pressure space in the Scott-Vogelius element are
related to “critical points”, a notion we will introduce in Section In [31], [29] and
[22] it is proven that the Scott-Vogelius element is inf-sup stable and that the discrete
inf-sup constant is independent of the mesh size. However the constant depends alge-
braically on the polynomial degree k£ and the geometric quantity O, which will be
defined in Section measuring how close the non critical points are from being crit-
ical. One accomplishment presented in this thesis is that we are able to show by using
new research by M. Ainsworth and C. Parker [1], that the discrete inf-sup constant of
the Scott-Vogelius element is independent of the polynomial degree k.






ng

Figure 1: Numbering convention on any triangle K if not stated otherwise.

3 Parameter depending Scott-Vogelius finite element

In order to construct a finite element pair for the Stokes equation we cover the domain
(2 with closed triangles. In other words we consider a triangulation of the domain. We
will introduce a coherent system of notation regarding the triangulation and then we
will be able to define the pressure-wired Stokes element. As in Chapter [2| the notation
introduced in this chapter mirrors the one chosen in [21]. This again is done for the
sake of coherence.

3.1 Triangulations of bounded polygonal Lipschitz domains

Let Q C R? be a bounded polygonal Lipschitz domain with boundary 9 and let 7 =
{K | K CQ aclosed triangle } be a conforming triangulation of €.

Definition 3.1. A triangulation T of § is said to be conforming if, for all K, K' € T
it holds that K N K’ is either the triangle K, a common edge E, a common vertex z or
empty and that Q = int (UKGT K) holds, where int (M) denotes the interior of a set
M C R%

For a general triangle K € 7T, we choose the following notation convention. We number
the vertices counterclockwise by A; for 1 < ¢ < 3 in a cyclic fashion, meaning A;_; :=
Ajand Az := Ay For 1 < i < 3, the edge opposite A, is denoted by E; and the
angle at A; by 6;. The unit tangent vectors t; associated with the edge F; is given by
ti = (Ao — A1) /JAicr — A for T < 4 < 3. See Flgure 1| for reference. We
denote the reference triangle given by the vertecies A= (0,0), Ay := (1,0) and A; :=
(0,1) by K. We employ the same cyclic numberlng convention as for any other trlangle
We also denote the edges by Ez, the angles by 6 as well as the unit tangent vector t;

(Kz 1— 1+1> / HAZ 1— A’“H associated with edge E See Figure 2| for reference. For
K € T we set hg to be the diameter of the element K € T, ie. hg = diam K =



Figure 2: Numbering convention on the reference triangle K.

sup{|lx —y|l | x,y € K}, and hy := max{hg | K € T}. Further the shape regularity

constant is set to be
hx
‘= max —,
7T KeT /)K

where pg is the diameter of the largest inscribed circle in the triangle K € T. With
some geometry and trigonometry, we can deduce that there exists a constant ¢+ > 0
only depending on ~ such that for all K € T any angle 6 inscribed by two edges of K
is bounded by

0<¢7’§9§7T—2¢7’<7T. (31)

We denote the set of vertices of 7 with V (7") and the set of edges of 7 by £ (7). To
specify if the vertices or edges lie in {2 or on the boundary 0f), we write Vsq (T) =
{zeV(T) |ze€ 0} and Eyo (T) :={E € &E(T) | E C 0Q} for the boundary case. We
then write Vo (T) = V(T ) \ Voo (T) and Eq (T) = E(T) \ Eaq (T) if the triangles/edges
lie in the interior of the domain €2. To further specify that we are only considering the
vertices of a specific triangle K or edge F, we write V (K) and V (E). Consider E €
E(T) and K € T, then |E| and |K| denote the length of E and the area of K. Let
ze€V(T),Ee€&(T)and K € T be any vertex, edge or triangle. We define the local
triangle, edge or vertex patches as

T ={K' € T| KNK #0} with wg:= [J K and Ng:=|Tkl,

K'eTk

Te={KeT|ECK} with wp:= ) K and Np:=|Tg, (3.2)
KeTg

T. ={KeT|zeK)} with w,:= | J K and N, :=|T,|.
KeT,

The local mesh widths of an edge patch is denoted by hg := max{hx | K € Tg} and
of a vertex patch by h, := max{hx | K € T} for E € £(T)andz € V(T) re-
spectively. For a vertex z € V (7) we denote the local edge skeleton at z as &, :=

10
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Figure 3: Example of a non-singular vertex z with N, = 5. See, |22, Figure 3| for a
similar example.

{E€&(T) |z€V(F)} Finally, we define the minimal outer angle of Q. For z €
Voo (T) and edges E, E' € Esq (T) such that E N E' = {z} we denote the angle at z
inscribed by the edges E, E’ viewed from the complement of € as a,. We then set the
minimal outer angle of () to be

a7 = min  oy. 3.3
T z€Voa (T) ( )

3.2 The pressure-wired Stokes element

We will employ the usual multi-index notation. Let N = {1,2,...} and Ny := N U {0}.
For p € N2 and points x € R? we write

B, 02

|| == 1 + po and  x* = 2 2h>.

Now we have all the necessary tools to introduce the finite element space: for w C R2,
set

Py (w):=< fw—=R| f(x)= Z apx”, a, € R

KENG, [p|<k

to be the set of all bi-variate polynomials with arguments in w. Using this we define the
function spaces

Py (T)={qeL*(Q| VK eT : q|, ePp(K)},

Pk,o«r)::{qem(m\/ﬂqzo}

for k € Ny. This allows us to define the finite element spaces Sy (T) := Py (T) N H' (Q)
and Sk (T) := Sk (T) N H} (). In accordance with Section [2.1] we write Sy, (T) =
(S (T))* and Sy (T) = (Sko(T))?. As already mentioned in Section [2.3] the pair

11



(Sko (T),Pr_10(T)) can have an inf-sup constant equal to 0 and therefore be unsta-
ble. This instability stems from so called critical points, (cf. Figure . For the in-depth
analysis of these critcal points in the case of k& > 4, see [31] and |29]. In the original
works of Guzmén, Scott and Vogelius [31], [29] and [22], stability is achieved by intro-
ducing restrictions on the pressure space at the critical points of the mesh. We define
the two functionals that will play a role in the upcoming sections as well as in the origi-
nal Scott-Vogelius element.

Definition 3.2. For z € V (T) enumerate the vertex patch T, counterclockwise around z
(see Figure@for reference) and denote the angle in K; at z by ;. The functional Ay, :
Pro (T) — R is given by

N

AT,Z (Q) = Z (_1)Z (q

i=1

Kl_) (z). (3.4)

Further the function © : V (T) — R measuring the “critical distance” of a vertex z from
being singular is given by

max { [sin (6; + 0;41)] | 1 < i < N,} if z € Vq,
O (z) = max{|sin(0; + ;1) | 1 <i < N,1} ifz€Vo(T)AN,>2,. (3.5)
0 ifZEVaQ(T)/\Nz:1

Here we employ the cyclic numbering convention i.e. On,41 = 01. The smallest critical
distance in a triangulation is denoted by

Omin :=min{O(z) | z€ V(T) : O(z) #0}. (3.6)

Then, we set Q) = {q € P (T) | A7, (q) =0 if ©(z) =0} forl € N and get the
Scott-Vogelius element (Syo (7)., Q) ") for k > 4, [22]. It was proven in [31] and [29,
Theorem 5.1| that there exists a continuous right-inverse for the divergence operator on
the pair (Syo (7),Q5 ") for k > 4.

Proposition 3.3 (|22, Theorem 1|). Let k > 4. For any q € Q™' there exists a velocity
field v € Sy (T) such that

divv =g and |v|ggq <C (1 + @#) lall 220y »

min

for a constant C' > 0 which is independent of the mesh width hy and the geometric
quantity O, and only depends on the shape-regularity of the mesh and the polynomaial
degree k.

This proposition is then used to show that the inf-sup constant of the Scott Vogelius
~1
element is bounded from below by Clgy (1 + %) > 0 where Csy depends on the

shape-regularity of the mesh and the polynomial degree k, see |22, Theorem 1|. The
analysis in [31] reveals that the k-dependence is algebraic i.e. £~ with an exponent r >
10. This leads to the observation that there are two things that could lead to a decay

12



Figure 4: The four singular vertex configurations. The dashed lines represent boundary
edges and the full lines represent inner edges.

of the discrete inf-sup constant of the Scott-Vogelius element, a high polynomial degree
k or a mesh configuration where ©,;, < 1. To mitigate the sensitivity with regard to
the mesh configuration we propose a generalization of the Scott-Vogelius element via a
control parameter 7 > 0 to impose additional constraints on the pressure space. This
leads us to the following definition.

Definition 3.4. Forn > 0,z € V(T) is said to be n-critical, if © (z) < n. The set of
n-critical vertecies Cr (n) is denoted by

C(n):={zeV(T)| z is n-critical} .

We apply the same constraints on the n-critical vertices as in the original Scott-Vogelius
element and we call the resulting finite element pair the pressure-wired Stokes element.

Definition 3.5. Forn >0 and | € N we define the space M, ;(T) C Py (T) to be

My (T) :={q€Pio(T)[ V2 C(n) : Ar.(q) =0}.

The pressure-wired Stokes element is given by (Sko (T), Myx—1(T)) for k > 4.

We observe that, for the choice of 7 = 0 we have that My, ; (7T) = QF ' and that for
0 < 7' < n the chain of inclusions M, 1 (T) € M,y 4,1 (T) € Moyx—1(T) holds. We
will prove that the pressure-wired Stokes element is inf-sup stable and that the inf-sup
constant is bounded from below by Cs (Omin + 77)_1 > 0 where Cs only depends on the
shape-regularity of the mesh and the domain 2 but is independent of the mesh width
hr, the polynomial degree k, the parameter n and the geometric constant ©,;,. Since
the Scott-Vogelius element is a special case of the pressure-wired Stokes element, our
new bound can be applied to the Scott-Vogelius element and thus the exponent r in the
algebraic dependence of the polynomial degree k can be chosen to be 0.

13



Remark 3.6. In Figurel]| there are only four singular vertex configurations displayed.
There would a fifth singular vertex configuration, the so called slit configuration where
the boundary a single line cutting into the domain. We can exclude this configuration
since we are considering bounded Lipschitz domains.
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4 Inf-sup stability of the pressure-wired Stokes ele-
ment

The objective of this chapter is to prove that the pressure-wired Stokes element

(Sko (T), My x—1(T)) is indeed inf-sup stable for k& > 4 and that the inf-sup constant
can be bounded from below by a constant independent of the mesh width A+ and the
polynomial degree k. This leads us to our main theorem of this chapter.

Theorem 4.1. Let Q C R? be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of ). Then there exists 99 > 0 depending on the minimal
outer angle ar such that for all0 < n < ng and k > 4, there exists an operator
II: M, i1 (T) = Sko (T) satisfying the two properties

div Ilq = ¢, (4.1a)

HHQHHl(Q) < HQHLZ(Q)‘ (4.1b)

®min + n
The constant C > 0 in (4.1b)) is independent of the of the mesh width h and the poly-
nomial degree k, the parameter n and the geometric quantity O, and only depends on
the shape-reqularity of T and the domain €.

Theorem immediately implies the inf-sup stability of the pressure-wired Stokes ele-
ment for £ >4 and 0 < n < 7.

Corollary 4.2. Let Q C R? be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Q). Then there exists ng > 0 depending on the minimal outer

angle ag such that for all0 < n < ng and k > 4 the pressure-wired Stokes element
(Sko (T), My x—1(T)) is inf-sup stable and satisfies the bound

> (¢, divv)2q)

sup > Cs (Omin+1), (4.2)
a€My -1 (T)\MO0} ves, 1 o(T)\{0} ||qHL2(Q) HV||H1(Q)

where C's > 0 only depends on the shape-reqularity of the mesh and the domain 2 but
1s independent of the mesh width, the polynomial degree k, the parameter n and the geo-
metric quantity O yin.

As one can easily see from Corollary that if we choose n = 0, we recover [22, Theo-
rem 1| but with the improved inf-sup bound independent of the polynomial degree kE]

Remark 4.3. 1y is taken from |27, Lemma 2.13]. Choosing 0 < n < ny ensures that
any n-critical point z € Cr (n) belongs to one of the configurations seen in Figure but
in the almost singular version.

!Shortly before the completion of this thesis, we were made aware of results in |2, Sections 4 & 5]
that already provide the k-robust estimations of the standard Scott-Vogelius element. However, since it
is not immediately evident how to modify the results in |2, Sections 4 & 5] to prove the inf-sup stabil-
ity of the pressure-wired Stokes element as in Corollary and also to showcase our approach to the
problem, we provide our proofs of Theorem and Corollary in full.

15



4.1 Intermediate results

To prove Theorem we need a series of preliminary results. This section follows the
general structure of the prove of |22, Theorem 1|. The key difference and the new re-
search presented in this chapter is the usage of new results from [1| to combat the al-
gebraic dependence on the polynomial degree in the construction in [31], [29] and [22].
This section is also an extended version of |21, Chapter 4] as already mentioned in sec-
tion [[.1] Hence we consider the first Lemma which gives us the existence of a piecewise
polynomial ¢% whose H' norm decays with a rate of k=2 in the polynomial degree.

Lemma 4.4 (|21, Lemma 4.6]). Let Q2 be a bounded polynomial Lipschitz domain and
let T be a conforming triangulation of Q. Assume that k > 3 is given, then for all z €
V(T) and all E € &, there exists ¢% € Sk (T )with the properties:

supp ¢ € wg (4.3a)
Vo (y) =0 VeV(T)\{z}, (4.3b)
0%, 1
= = 4.
6% 11y < CE2, (4.3d)
where t5, = (z' — z) / |E| is the unit tangent vector aligned with edge E and its end-

points z,z" € V (E). The constant C > 0 is independent of the mesh width hy and

the polynomial degree k and only depends on the shape reqularity of the mesh and the
domain Q. Further if E € Eq (T) then ¢% € Sko (T).

Proof. Let z € V(T), E € &, and k > 3 be arbitrarily chosen but fixed. We take the
polynomial (}5\1 = &5&1’0) e Py ([?) from the proof of Lemma A.1 in |1, p. 1240] and we

notice that, by construction, ggl satisfies

(/bl‘E: =0 for i=1,2
& < Ck2,
HQSIHHl(Q) - (4.4)
- 1, i=1Aj=3
and 22 (&) =< ’
— 0, else.

Recall Figure [2] for notation. We have to consider two possible cases of the location of
the edge F.

Case 1: E € &y (T). Then Ng = 1 and thus wg = K for K € Tg. We then set an
affine linear transformation yg : K — K in such a way such that yg <_?Al> = z and

XK (1&2> =y € V(FE)\ {z}. By construction of yx we have that xx (Eg) = E. We
now define ¢% € Py (T) as

" -1

0 otherwise.
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We immediately get (4.3a]) from (4.5)) since Tz = {K}. Further by construction of xx
and (4.4)(1) we have that ¢% is continuous across all edges and thus ¢% € Sy (7). Since

t; for j = 1,2 are linearly independent, we deduce from (4.4)(3) that Vo (AZ) = 0 for

i = 2,3. This implies together with (4.3al) property (4.3b)). The fact that xx <E3> =
E in combination with Lemma gives us property (4.3c). We observe, since E is a
boundary edge, that [|¢%|| 2, = 9% 12k holds by construction (4.5) and hence by

applying a change of variables to the reference element K we obtain that

|K| ’ ~ | K| ‘ ~ (4.4 (2) K|
Z R — Z ) — L L < —k ,
1051 L2y = 0Bl L2 ‘[A(‘ $1 () ‘[A(’ o ) S ‘[A(‘

where C' > 0 is independent of the local mesh width hx and the polynomial degree k.
We observe now that for any K € T it holds that |K| = 1/2hg |E’|sinf. Here 6 is the
angle inscribed by E and E’ such that |F| = hg and sinf > 0 through the bounded

angle property (B3.1). This implies that we can estimate |K| < $h%. Hence we get that

\/ K/ ‘—f(‘ < hg since 2 ‘l?‘ = 1. Using this we obtain that HgbZEHLQ(K) < Chgk™2

with C' > 0 being independent of the mesh width hx and the polynomial degree k.
Using the same reasoning as in the L? case we get that [[Vo%||p2,) = VO%Ellp2x)- By
application of the chain rule for differentiation and a change of variables, we have that
Vo < Ck?
Py =1

. 2 K, -
||V¢EHIL2(ME) - HV¢E‘H]L2(K) <C @hl(l

where C' > 0 only depends on the shape regularity of the mesh. Putting the two esti-
mates together we obtain that

(1/2)
Z Z 2 VA 2 —
165 0oy = (16512200 + 1905 ey ) < C (L Ric) 72

Estimating hx with diam © we have shown that (4.3d) holds with a constant only de-
pending on the shape-regularity of 7 and the domain €.

Case 2: E € &, (T). Now we have that Tp = {K;, K»}. We now construct g, : K -
K; for i = 1,2 in such a way that x, <:&1) =z and Yk, (2&2) =y €V (T)\ {z} being

the other endpoint of E and therefore xg, (E;:,) = E. We now set ¢% to be

E -

. Jdioxy onKieTpi=1,2,
0 otherwise.

Here we have by construction that ¢% is continuous across the edges, in particular edge
E, and thus ¢%, € Si (7). Further since £ is an inner edge we have ¢% € Sio (7). We

also see directly that holds. The other properties follow from the same arguments
as in the boundary case applied on each triangle and therefore will be omitted. O]
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For the further construction we employ two vector fields w%, v% which allow us to con-
struct a right inverse for the divergence operator. The construction follows the same
idea as in [22, p. 512|. The key difference is that we use ¢% defined in Lemma [4.4]

Definition 4.5 (|21, Definition 4.8]). Let Q be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Q. For E € E(T) and z € V (E) let ¢% be as
described in Lemmal4.fl Then the function % € Sy (T) is given by

[ 9% 2 2
wz L ¢ZE|K - fE)\%Eg zi\gi{yAK,Z/\K,y fOT' K E 7_’E’7
7= 2K, .
0 otherwise,

wherey € V (E)\{z} and Ak x is the piecewise linear Lagrange basis function associated
with x € V(K).i.e. Axx (X') = 0xx for all x,x' € V (K) where 6,y is the Kronecker
delta. The first vector field w% € Sy (T) is given by

Wi o= |E| ¢t (4.6)

with t%, = (y —z) / |E| for the other endpointy € V (E) \ {z} of E. The second vector
field v% € Sy (T) is given by
v = |B| g (@7)

for some ¢ € R*\ {0}.

As mentioned before, the vector fields w%, v% have the same form as in [22]. However
since we use the function ¢% described in Lemma in the definition of w%, v%, we
will have an improved norm estimate. Let us now prove some properties of these two
vector fields that we will be using in later constructions.

Lemma 4.6 (|21, Lemma 4.9]). Let Q be a bounded polygonal Lipschitz domain and let
T be a conforming triangulation of Q. Let k > 4, E € £(T) andz € V (F) be given.
Then the vector fields w%,v% from Definition with some ¢ € R* \ {0} satisfy the
following properties

wi, Vi € Sp(T), suppwi C wp and supp vi C wg, (4.8a)
/ divw?, = / divvs =0 VK €T, (4.8b)
K K

divwi, (y) = div (v) (y) =0 Vy € V(T) \ {z}, (4.8¢)

div (wh|,.) (z) = div (v],) (2) =0 VK € T, \ Tg, (4.8d)
div (v ) (z) = |E| (¢, VAky) VK € Tg, (4.8e)
div (wh| ) (z) =1 VK € Tg, (4.8f)
Wl (@) < Chek™  and [Vl o) < Chek™, (4.8g)

where C' > 0 1s independent of the local mesh width hg and the polynomial degree k and
only depends on the shape reqularity of the mesh.

The proof uses the same arguments as |22, Lemma 4| applied to the new vector fields.
Further we will give more details since [22] skips some of the caculations.
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Proof. 1} follows directly from the construction of 9% and (4.3al). Since w%! K =
vi|,. = 0forall K ¢ Tg and thus we only need to verify (4.8b) for K € Tg. Hence let
K € Tg be any triangle. By applying the Gauss theorem and the construction of ¢%, we

obtain
/ div v = / (vE, k) = / (Vi) = |E| (¢, ng.p) / )
K oK E K

Here npx and ng g are the outward facing normal vectors of 0K and E with respect to
K. By applying the Gauss theorem again for w% we get that

/ div w, / (W2 g p) = | B (£5, nge ) / % =0
K E FE

and thus proving (4.8b]). Again since w% and v% are constantly zero on Q \ wg we only
need to consider K € Tg for (4.8¢). Let K € Tg be arbitrarily chosen but fixed and take
any y € V (K) \ {z}. By construction of w#% and v% we get

00% |
ot

div (wh ) (v) = Bl S5 (v) = 1B (8, Vo], () Z2 0,

Wl . %
div (v[,) (v) = | E| %—C! (v) = |E| (e, V| (v)) &P o,

Since for K € T, \ Tg we have that v, = w% = 0, (4.8d) holds by construction. For
(4.8¢e) we take K € Tp and observe

div v | = Bl (c, VUi ) = |E] (¢, Voi|,) -

Now since ¢%|, (Ex) = 0 where Ey is the edge opposite x € V (E) we can write
ngZE‘K = Ok k-2 Kz K,y fOr some ¢ o € Pp_o (K). If E is an inner edge we ob-
serve that ¢K17k—2|E = ¢K2Jf—2|E to ensure continuity across the edge F, where Tgp =
{Ki, K3}. Using the product rule for differentiation, we obtain that div (V%}K) (z) =
|E| (¢, ¢r -2 (2) VAky). By choosing ¢ < t% and applying [22, (2.3)] we see that

1 0% (2) Pr—2 ()

—_ = = t%, VA = =7
This implies that ¢k -2 (z) = 1 and thus proving (4.8¢)). Taking w%, a simple calcula-
tion results in
0% ¢ (2) Bl

ot 2|

for K € Tg and thus proving (4.8f). For the bounds on the H'-norm we employ Lemma
[A.2] Therefore we immediatly get

div (WZE‘K) (z) = |F]|

W ety = VI 165 iy < Chsk™

where C' > 0 only depends on the shape regularity of the mesh and the domain 2. Sim-
ilarly we get that [|v|lgi ) < e el [VEl (., We observe that we can estimate

”¢%||H1(K) by
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S 9%

9% im0 < 0%y | 73— | NNl
2 Y
] S 9%
<Ck 2+ fE)E( /\%{ ”)\%CZ)\%CYHHl(K)’
)2 Y

by application of the triangular inequality. Using [22, (3.4) on p. 521| we have that

[ Yaeaiy =11 30,

Using Proposition we conclude that there exists C' > 0 only depending on the shape
regularity of the mesh that [, A% A% > Chpg. Applying the Cauchy-Schwarz inequal-

ity, the affine pull back of E to Ej; and [1, 2nd line of the proof of Lemma A.1| we com-
pute

¢A51 < Chgk™3,

()

[ 6% < B 168l < O
E

for a constant C' > 0 independent of the mesh local mesh width hg and the polynomial
degree k and only depending on the shape regularity of 7. Using |31, Lemma 2.1] trian-
glewise we get that there exists C' > 0 independent of the local mesh width hg and the
polynomial degree k such that H)‘%(,ZA%(,yHHl(wE) < C/hg H)‘%QZA%CYHH(WE) by the inverse

inequality |28, Theroem 4.76|. Since by definition A% , A%, <1 we can estimate

1/2 2 1/2
Pl < (S 1) < (X ) <

KeTg KeTg

Therefore we conclude that H)\% ) < (' independent of the polynomial degree

Ayl
’ (we
k and the local mesh width hg. Combining these calculations, it follows that

||¢JZE’||H1(WE) < Ck2+Ck™ < Ck=2

with C' > 0 only depending on the shape regularity of the mesh but being independent
of the local mesh width hg and the polynomial degree k. Thus we have shown (4.8g))
and this concludes the proof. O]

We use these vector fields to build some more vector fields that exhibit a Lagrange type
property under the application of the divergence operator trianglewise in the vertices of
the mesh. Here for the first time comes a geometric quantity 79 > 0 into play (cf. Re-
mark . This leads us to the next Lemma, giving us a construction of a vector field
for non-n-critical vertices with a Lagrange type property with respect to vertices and
triangles, i.e. see and , if the divergence operator is applied to this vector
field.

Lemma 4.7 (|21, Lemma 4.10]). Let Q C R? be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Q). Let 0 < n < ny and k > 4 be arbitrarily
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chosen but fized. Then for allz € V (T) \ Cr(n) and any K € T, there exists a vector
field V5, € Sio (T) that satisfies the following properties:

supp v C wy, (4.9a)
div(v) (y) =0 Vy e V(T)\{z}, (4.9b)
div (vk| ) (2) = 0xir VK' €Ty, (4.9¢)
/ divvi —0 VK €T, (4.9d)

. C  hy
Vil o, < Omm F 2 (4.9¢)

Here the constant C' > 0 is independent of the local mesh width h,, the polynomial
degree k and the parameter n but only depends on the shape regularity of the mesh T .
Further ny is as in Remark[4.5

Again the proof of this Lemma follows the arguments of [22, Lemma 5] but with our
improved vector fields from Definition

Proof. Let z € V(T) \ Cr(n) be arbitrarily chosen but fixed. We enumerate the tri-
angles in 7, counterclockwise around z by K; for 1 < [ < N,. This yields that 7, =
{Ky, Ky, -+ Kn,}. For the numbering of the edges set £, = K; N K, for 1 <[ < N,
with the cyclic numbering convention, i.e. Ky,;1 = Kjincasez € Vo (T). If z €
Vaa (T) we choose K7 and Ky, such that both share an edge with the boundary. Fur-
ther we denote the angle of K; at z by 6, for 1 < [ < N,. Also we denote the other
endpoint of E; by y;. This implies that V (E;) = {z,y;} for 1 < [ < N,. The unit
tangent vector for the edge E; is denoted by t; := (y; —z) / |E;|. See Figure [3|for ref-
erence. We now choose an integer 1 < s < N, — 1 such that [sin (65 + 0541)| = O (2).
Note that (2) ensures this in the boundary case by never evaluating [sin (6, + 6;)|
as this would not make any sense since K; and Ky, are boundary triangles. For interior
vertices we enumerate 7, in such a way that s # N,. We now take v _as in (4.7) with
E < FE, and ¢ < t ., and define

sin 6

mviy (4.10)

VA

Vi, = sgn (sin (05 + 0541))

where sgn () denotes the sign function. Since we assume z to be a non-critical vertex,
© (z) and sgn (sin (6, + 0s11)) are non-zero and therefore v% _is well-defined and non-

zero. Using (4.10) we define
-1

Vi, = (1) (va -> (=1 waﬂ.) 1<I<N,-—s, (4.11a)

~ <
D

v = (=1) (va - (1Y wgg_j) 1<1<s—1. (4.11b)

J

Here we take w%, as in (4.6) with E < Ej for 1 < j < N, — 1. We observe that for
1 <j < N, —1, Ej are all inner edges and by assumption s # N,, therefore we can
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conclude that for vi ,wf € Sko (T) for 2 < j < N, — 1 and this implies directly
that v, € Spo(T) for 1 < I < N,. Now since by assumption z is a vertex of £ for
1 < 5 < N, it holds that wg;, © wy and thus by application of (4.8a)) it follows that

[@.94) holds true. Fory € V(T) \ {z} we compute by applying (4.8¢) that

sin @

div (v%.) (y) = sgn (sin (6, + 0511)) sz div (v%,) (y) =0,
div <VK5+11) (Y) = ( ) (dlv Z j div ( -S+l1) <Y)) =Y,

(1 div (wi, ) <y>) =0

1271
for 1 <lj < Ny—sand 1<Ily <s—1 thus proving (4.9b). Let K € T be any triangle.
Then by applying (4.8b)) we can compute that

div (VKS,ZQ> (y) = (-1)" (diV (Vi.) (v) =

j=0

/ div v, = sgn (sin (0 + Os41)) %/ divvg, = 0. (4.12)
K ©(z) Jx

Combining (4.8b)) with (4.12)) and using the linearity of integration we get that for 1 <
I[<N,—s

-1

/divv% l:(—l)l /divvﬁ(s—Z(—l)l/divw%Jr, = 0.
K o K , K o

Jj=0

Using the same arguments as above it follows that for 1 <[ <s—1

/ divvi, =0
K S

and thus proving (4.9d)). For (4.9¢) we start with v% . Since we have by definition that
Te, = {K,, Ko}, (4.8d) implies

sin 0,

div (v%.| ) () = sgn (sin (6, + 0,41)) o0 div (v7,| ) (z) =0, (4.13)
for K € 7, \ {K,, Ks11}. For K1 we get by applying (4.8¢)) that

Ks+l> (Z) s le (VZES K 1) =G ’ES‘ <t3+1’ V)\K-9+17y5>

8/\K5+1 Ys
8ts—i—l

3 z
div (V %,

= ¢ |Bs| — 7

Here ¢, is defined by ¢, := sgn (sin (65 + 0511)) sinf,/O (z). Since Ak, y, is constant
along the edge F,4, it follows that Ok, y,/0ts+1(2z) = 0 and therefore conclude

div (Vﬁ(s K +1) (z) = 0. For K, we again get by application of (4.8€) that

div (V?{S ‘Ks) (Z) = Cg |E8‘ <ts+17 vAKmYs) .
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Using |9, Lemma A.1] we obtain that VA, ,. = (z—ys1)"/(2|K,|) with ut =
(ug, —uy) for u € R2. Therefore it follows that

sin 6,

div (vf(s‘K) (z) = sgn (sin (0 + Os41)) =—— || <ts+1> (z — y$—1)L> / (2|Ks|)

O (z)
| E| | Es_1] sin b
© 2sin (0, + Osy1) | K|

cos (05 + 0511 —7/2).

By some elementary geometry we conclude that |E| |Es_1|sinfs = 2| K| and trigonom-
etry tells us that cos (6, + 0511 — 7/2) = sin (65 + 64,1). Hence it follows that

div (VZS Ks> (z) =1. (4.14)

Next we consider the vector fields V%SH for 1 <1 < N, —s. We distinguish between four
different cases.

Case 1: Let K = K, then by applying (4.14)), (4.8d)) and (4.8f) we can compute that

-1

div (Vi |, ) ) = (=1 (div (Vieli.) @) - 2_) (=1 div (wh | ,..) <z>>

J
= (—1)' <div <V§($‘K‘) (z) — div <w§<s‘K ) (z)) = 0.
Case 2: For 1 <i <[ —1 applying (4.8d)), (4.8f) and (4.14) we compute that

Km) (z) = (~1)" (div (vf(s KW_) (z>>

= (=1 (div <W§{S+i Ksﬂ-) (z)) =0.
Case 3: For ¢ = [ we obtain that
w) (@) = (=D div (Wi,

by agian applying (4.8d), (4.8) and (4.14).
Case 4: K for j ¢ {s,s+1,...,1—1,l}. By application of (4.13)) and (4.8¢) we com-
pute div (v% . ‘K> = 0. For the vector fields vf,  we apply the same arguments as

S g S§—
in Case 1-4. Therefore the calculations will be omitted and hence (4.9d)) holds. Let us
now turn to the norm estimation. We first consider the vector field v% . Using (4.8a)
and (4.8g) we compute that

-1

i) (@)= D0 (<1) div (wh

3 z
div <V Kot

: z
Ks+¢> z) — div (WKS“+1

Kw) (z) =1

3 z
div (V ot

~sin

Os| 1, Chyk™?
HY(w,) @(z) ”VES :

C
< —hpk?<
SCIC)

H'(wg,) — ® (z)

VA
HVKS

Now since z is a non-critical point and using (3.6) we conclude that

1 @(Z)>”7 A @(Z)Z@min 1

126(z)=(0(z) +0(2) > 5 (Ouin +1) (4.15)
Chyk~?

d thus ||v3 < 1.16

an us HVKSHI_Il(wz) = @min+n ( )
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where C' > 0 is independent of the local mesh width h, and the polynomial degree k
but only depends on the shape regularity of 7 and the domain Q). For 1 <[ < N, — s

using the triangle inequality and (4.8a)), (4.8¢g) and (4.16) we compute that

-1

. Chyk2 B

‘ M H'(wg,) + Z HwEs+j < —+ Clhzl{i 2
j=0

H'(wp,y;) Omin + 1]
@@(ﬂ1+whz

- 9min + n ﬁ
Since | < N, and the fact that the bounded angle property (3.1)) gives us an estimate of
N, from above by a constant that only depends on the shape regularity of the mesh, as
well as (4.15]), we conclude that

v
where C' > 0 is independent of the local mesh width h,, the polynomial degree k, the
geometric quantity O,,;, and the parameter n but only depends on the shape regularity
of T and the domain Q. For 1 < [ < s — 1 we repeat the arguments as before and
therefore we will omit them here. Therefore we proved (4.9¢|) and this concludes the
proof. ]

z
Ks+l

< vk,
H!(w,)

C h,
H(w;) - ®min + n kQ

z
Ks+l

We have constructed some vector fields that display a Lagrange type property under
the application of the divergence operator at non-critical vertices. We will use these
vector fields to construct some more vector fields u, € Sy (7) which, under the ap-
plication of the divergence operator, interpolate a pressure p € M, ;1 (T) at a vertex
zeV(z).

Lemma 4.8 (|21, Lemma 4.11]). Let Q C R? be a bounded polygonal Lipschitz domain,
let T be a conforming triangulation of Q@ and let k > 4. Let ny be as in Remark [{.5 and
let 0 < m < no be arbitrarily chosen but fized. Then for any pressure p € My 1 (T)
there exists a vector field u, € Sk (T) satisfying

supp uy C wy, (4.17a)

/ divu, —0 VK €T, (4.17b)
div(u,) (y) =0 Vy eV (T)\{z}, (4.17¢)
div (ug| ) (z) = p|,. (2) VK €T, (4.17d)

1 z €Cr(n),
(Omin +17)" z2¢Cr(n).

where the constant C' > 0 only depends on the shape reqularity of the mesh but is inde-
pendent of the local mesh width h,, the polynomial degree k, the geometric quantity Oy,
and the parameter 1.

||uz||H1(wz) < OHpHm(wz) X {

Again we follow the arguments of [22, Lemma 6|. As before, we employ the improved
vector fields constructed in the previous lemmata in order to get sharp norm estimates.
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Proof. Let p € M, 1 (T) and z € V (T) be arbitrarily chosen but fixed. Enumerate
the triangles in 7, counterclockwise by K; for 1 <[ < N, and denote the edges in &, by
E; = K; N Kjq for 1 < j < N, using the cyclic numbering convention as in the proof of
Lemma [£.7] Note that we can estimate N, from above by a constant only depending on
the shape regularity of the mesh. We now set

pri=ply () and B:=3 (1) p; VI<I<N, (4.18)
We will distinguish between three cases.

Case 1: z € Cr(n) and N, = 1. This implies that z € Vs (T) and thus by setting
u, = 0, all properties (4.17a)) - (4.17¢]) are satisfied. In particular since p € M, ;1 (T) it
follows that for K € T, we have that

p‘K (Z) = _A'T,z (p) =0
and hence (4.17d)) is satisfied in particular.

Case 2: z € Cr (n) with N, > 2. Then we define the vector field u, as

N—1

=) Bwy, (4.19)
j=1

where w%, is as in (4.6) with £ < Ej for 1 < j < N, — 1. Let us now check that (4.19)
satisfies all the desired properties. Since we have that forall 1 < j < N, — 1, W,

satisfies (4.8a) and wp, C w,, we deduce that suppu, = Ujvzzfl supp wi, C w,. Further
we observe that E; € £q (T) for all 1 < j < N, — 1 and therefore w%, € Sy (7) which
implies that u, € Sy (7). For (4.17b) we take any K € T and compute by application

of the linearity of integration that

Np—1
/divuZ:Zﬁj/dl we
K = K =

Let y € V(T) \ {2z} be arbitrarily chosen but fixed and we compute that

Nz—1

div (uy) Z B; div ( ) (v) 0

and therefore satisfying (4.17¢). Let us now take any 1 < [ < N,. If [ = N, then it
follows by application of (4.8a) and (4.8¢]) that

div (uZ|KNz> (2) = Bor div (WJZENz—JKNz) (z) = Bn,—1 : z_: Nz_l J

Since p € M, ;1 (T) and therefore Ar, (q) = 0, rearranging some terms results in

N—1

(D)™ oy, == (=) pn, = > (=1) p;.

j=1
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This yields that

Nz—1

div (ulez) (z) = (_1)Nz—1 Z (_1)—j pj = (—1)2(Nz—1) PN, = p’KNZ (z) .

If I # N, then we also apply (4.8al) and (4.8€) and obtain that

l

div <UZ|K1) (Z):Bl—&-l"'ﬁlzz - pj-l—z )

J=1

-1

=p+ ) (D) (1)
j=1
-1

— o+ Z (141 (=) pj = p = pl,, (2)

This leaves us with the norm estimation. Using the triangle inequality and (4.8g)) we
calculate that

N,—1 N,—1 1
= S0 <0 3 Sl ot (332)

=1 j=1 =
h, N, (N, —1) h,
Ckg 1<j <N ’p]| 2 < k2 1<]<N |p]| (420)

where C' > 0 solely depends on the shapre regularity of 7 the domain 2. Notice that
we estimated N, from above by a constant solely depending on the shape-regularity of
the mesh. Now take any 1 < [ < N, and by using Lemma and Proposition we
compute that

(k —1)"
o1l = |pl.c, ) ) < O Il
J
Corollary &5 _ (k — 1)2
<O Il (4.21)

hy,

with C' > 0 being independent of the local mesh width A, and the polynomial degree k
and only depending on the shape regularity of 7. Combining (4.20) and (4.21)) results
in
(k—1)°

Huzllﬂl(wz) < CT HPHH(MZ) <C HPHB(WZ)-
Case 3: z ¢ Cr (n). We enumerate 7, counterclockwise, i.e. 7, = {K; |1 <j < N,}
and again denote the edges of &, by E; = K; N K;; for 1 < j < N, employing the
cyclic numbering convention. We set u, as

Nz
u, = Z PV, (4.22)
j=1
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where Vi, Is as in Lemma with K < Kj for 1 < j < N,. By application of
we 1mmed1ately conclude t holds for . From Lemma we know that
Vi, €Spo(T) foral 1 <j § N,, which implies that u, € Sy (7) as well. Using
we get that for all y € V(T) \ {z}

div (uy,) Zp] div (VK ) (y)=0
and for any K; € T, with 1 <[ < N, we get that
div ( ) Zp] div (VK ‘K> ! p|Kl (z)

which proves (4.9¢). Applying the triangle inequality, (4.21]), Corollary and Lemma
we compute that

| 11 <5 <N} < Cllpll e,

hy
k2

||uZ||H1(wz < Z pj

where C' > 0 is independent of the polynomial degree k and the local mesh width h,
but only depends on the shape regularitey of the mesh and the domain ). Finally we
compute that for all K € T

Nz
divu, = p~/divvz_:O
/K ; Tk =
and thus concluding the proof. O]

Lemma directly gives us, as a corollary, the existence of a operator that interpolates
the divergence operator vertexwise for the Stokes element (Sio (7)), My -1 (T)).

Corollary 4.9 (|21, Lemma 4.5]). Let Q C R? be a bounded, polygonal Lipschitz domain

with a conforming triangulation T and let 0 < n < ny be given with ny as in Remark
. Then for all k > 4 there exists an operator 1L, : M, 1 (T) — Sio (T) with the
properties:

div ((I,p) | ) (2) = p|,. (2) VK € TAVzZEV(K), (4.23a)

/ divIl,p=0 VK €T, (4.23b)
K

HHmkPHHl(Q) < HpHL2(Q) (4.23¢)

@min + n

with C' > 0 solely depending on the shape reqularity of T.

Note that Corollary is the same as |22, Lemma 7| but with the improved norm es-
timation. Therefore the proof will follow the proof of [22, Lemma 7] closely but we will
be using the vector fields described in Lemma
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Proof. Let k>4 and p € M, (’T) be arbitrarily chosen but fixed. We set
= > u, (4.24)
zeV(T)

where u, € Sy (7) be as in Lemma [£.8] This directly implies that IT, ;p € Sy (7).
Let K € T be any triangle. We see that

/divﬂnvkp: Z /divuz()
K zeV(T) ' K

holds, by applying the linearity of integration and (4.17b)). Taking any x € V (K) we
compute, by application of 4.17c and (4.17d)), that
div ((Hn kD) ‘K Z div ( uz|K = div (ux|K = p‘K (x)
zeV(T)

Let us now come to the norm estimation. We first observe that for all X € T there
exist at most three z’ € V (T) such that K C w,. Using this thogether with the support

property (4.17a) we compute that

||Hn,k:p||§{1(g) = Z HHmka?{l Z Z |uZ||H1 Z Z ||uZ||H1

KeT KeT zeV(K zeV(T) KTz

= Wl = D ||quH1(wz)+ > Il
zeV(T) z€Cr(n) z€V(T)\Cr(n)

(E17e) 9 C 2

< C D> ||P|’L2(wz)+m > plieg,

z€Cr(n) min 7] zev( NCT(n)
C
S Z HPHL%; = Z Z HPHH(K
<@mln + 77 zeV(T ( min 77 zeV(T) KeT,

= o Z P17 x) < o7 2 3lPlzeo
( min T 1) (o p v () ( min KeT

< ———— |pll;
(@min + 77)2 L2(Q)
where the constant C' > 0 is independent of the mesh width hr, the polynomial de-

gree k, the geometric quantity ©,,;, and the parameter 1 but depends on the shape-
regularity of the mesh 7 and the domain €. O

Before we are able to prove Theorem we need an operator constructed by Ainsworth
and Parker in [1|. However since Ainsworth and Parker work on a slightly different ele-
ment we need to show that we can also apply the same operator on the pressure-wired
Stokes element. Therefore we first need the following definition.

Definition 4.10. Let Q C R? be a bounded, polygonal Lipschitz domain with a con-
forming triangulation T. Then for k > 4 the space IP,X?LO (T), which was introduced by
Vogleius in |31, Lemma 2.5/, is given by

v o q=20 VK €T
Py 1o (T) = {C] €Pra1o(T ( qf —0 VKeT, VyeV(K) )} (4.25)
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Using this definition we construct a right inverse operator to the divergence on Py, .
We will be using |1, Theorem 3.4] for our proof. This will be one of the sources of the
improved norm estimation.

Lemma 4.11 (|21, Lemma 4.4]). Let Q C R? be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Q). Then for any k > 1, there exists an oper-
ator IL{F - PV, (T) — Sy (T) with the properties

div (IE"p) |)) = pl,, VK €T, (4.26a)
027 |2 ) < Cap Pl 2 (4.26b)

where the constant C'ap > 0 is independent of the mesh width h1 and the polynomial
degree k.

Proof. Let k > 1l and p € P)_, ((T) be arbitrarily chosen but fixed. Further con-
sider any triangle K € 7. Then by application of |1, Theorem 3.4| there exists Vg, €
(P, (K))* N H} (K) such that
divvg, = plx on K, (4.27a)
Hv{/K,pH]LQ(K) < hl}l H\N,K,IJHLQ(K) + HV‘N’K,pHnﬂ(K) <cC HPHH(K) : (4-27]3)

Since OKyp‘aﬂ = 0 we can apply the Poincaré inequality and in combination with (4.27h)
it holds that

||‘~’K,pHH1(K) <cC HPHLZ(K) : (4.28)

Note that here C' > 0 does not depend on the local mesh width hx or the polynomial
degree k. We extend v, to 2 by defining vg , as

Vikp on K
Vi, = 4.29
op {0 elsewhere ( )

We see directly by construction that v, € Sio (7). Using these vector fields vi , we
build the vector field v, € Sy (7) by setting

V=Y Vi (4.30)
KeT
Using we compute that for any K’ € T
div (VP|K’> = Z div (VK7P|K’> = div (VK/,p
KeT

and thus proving (4.26al) for v,. For the norm estimate (4.26b]) we observe that by ap-

plication of (4.30), (4.29) and (4.27b) that
~ 2
|Vp||H1 Z ||Vp||H1 (K) — Z HVKPHHI Z HVK,p||H1(K)

K’) = div (\N’K/7p> =P K

KeT KeT KeT
2 2
<C Z 1Pz20k) = CllPl 720
KeT
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with C being a constant independent of the mesh width hs and the polynomial degree
k and thus proving that v, satisfies (4.26b). Therefore by setting [1&Fp = v, for all
p € PY_, o (T) we have proven the statement. O

We observe that the operator II2¥ only applies to pressures that have a triangle wise
mean 0 and that are continuously O at the triangle vertices. The operator II, ; takes
care of the vertices. Therefore we need an operator II'™ with the properties that for all
€ M, 11 (T) it holds that II™p € Sy (T) for some k > 4, for all K € T we have that
[y divII™p = [, p and that ||HmtpHHl(Q) < C|pll 2(qy- A first choice for IT'™ would be

the operator IIP? given by Bernardi and Raugel in |6, Lemma I1.4]. However, as proven
in [22, Lemma 1|, we have that div Sy (7) € Myx—1 (7). As a consequence we cannot
guarantee that divII®®p € M, 1 (T) for p € M, ;1 (T). We therefore construct a
new operator II*” that has the same properties as IIP® but additionally div ITAP (-) is
continuous at the vertices of 7.

Lemma 4.12. Let Q C R? be a bounded, polygonal Lipschitz domain and let T be a
conforming triangulation of Q. Then for all v € H} (Q) there exists vy € Sy (T)
satisfying

/ divvry = / divv VK €T, (4.31a)
K K

Vvral,(x) =0 VK eTAVxeV(K), (4.31D)
||VT,4||H1(Q) <C ||VHH1(Q) ; (4.31c)

where C' > 0 is independent of the mesh width h+ and only depends on the shape requ-
larity of T and the domain 2.

The proof of Lemma is a slight modification of a section in |1, Proof of Lemma 3.7,
p. 1235 - 1236]. Therefore we will refer the reader to this reference for more detailed
computations regarding the norm estimations.

Proof. Let v € H} (Q) be arbitrarily chosen but fixed. We denote the Scott-Zhang
interpolant [30] of v by vsz € S10(7). Then by |1, Lemma 2.2| there exists vy 4 €
S40 (T) with the properties that

\Z (x) vz (x) VxeV(T), (4.32a)
Vvral,(x)=0 VKeT AVxeV(K), (4.32b)
/ V74, T / v,r) VE€E&(T) A rePy(E), (4.32¢)
/ (Vra,r) :/ (v,r) YKeT ArelP(K). (4.32d)

We see that (4.32bf) implies (4.31bf). We take any triangle K € T and by applying the
Gauss theorem twice, we calculate that

/leV7—4— Z / V74, K ) @ Z / V, g ) /divv.
K

Ee&(K Ee&(K)
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Here ng p € R? denotes the outward unit normal vector to E € & (K). Hence we con-
clude that vy 4 satisfies (4.31a). For the norm estimate the argumentation is exactly
the same as in |1, Proof of Lemma 3.7, p. 1235 - 1236] with the only modification be-
ing that we use v;, <— vy 4. Therefore we will omit these arguments and conclude that

4.31c]) is satisfied. O

As a consequence of Lemma [1.12 we get the following corollary.

Corollary 4.13 (|21, Lemma 4.3|). Let Q C R? be a bounded, polygonal Lipschitz do-
main with a conforming triangulation T. Let k > 4 and 0 < n < ny be given, where 1y is
as in Remark . Then there exists TIAY . M, ;1 (T) — S0 (T) with the properties

/ div I147p = / p VKeT, (4.33a)
K K

mr <C 4.33b
H p||H1(Q) = ||p||L2(Q) ’ ( : )
p—divIl**p e M, 1 (T). (4.33¢)

Here the constant C' > 0 is independent of the polynomial degree k, the mesh width hy
and only depends on the shape reqularity of T and the domain €.

Proof. Let p € M, ;1 (T) be arbitrarily chosen but fixed. We know that there exists
v, € H} (Q) such that divv, = p and Vol < Cllpll12q), see e.g. [4] or [20]. Using
Lemma we know that there exists vy, € Sy (T) satisfying (4.31a)) - (4.31c) with
v < v,. We now define II*Y : M, ;1 (T) — Sa0(T) by setting

p := vy, (4.34)

We compute that for any K € T it holds that

/divHAPp:/ diVVTm/ divvp:/p.
K K K K

Since we chose K € T arbitrarily it follows that (4.34) satisfies (4.33a)). By application
of (4.31c) we have that

||HAPpHH1(Q) = HVT,p”Hl(Q) <C HVpHHl(Q) <C ||pHL2(Q)

where the constant C' > 0 only depends on the shape regularity of 7 and the domain

2, which implies that holds. Let us now consider z € Cr (n) arbitrarily chosen
but fixed and take any p € M, ,_1 (7). Since the operator Ay, is linear, we have that
Ar, (p — div HAPp) =A7r,(p) — Ara (div HAPp). By assumption A7, (p) = 0 and by
application of we compute that

N, N

A (divII*p) =Y~ (=1)’ div (IT1*p) i, (2) = > (-1y <vVT,p|Kj (z), (1, 1)T>

=1 j=1
Na '
=> (-1(0,(1,n") =0.
> v {o.0.07)
Therefore Ay, (p — divII*Fp) = 0 and hence p — divII*Pp € M, ;1 (T). ]
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4.2 Proof of Theorem

We now have all the tools together that we need to prove Theorem [£.1] Be reminded
that the structure of this proof is also in the spirit of [22, Theorem 1| but with the im-
proved operators given in Corollary and Lemma Note that the proof presented
here is a more detailed version of |21, Proof of Theroem 4.1].

Proof of Theorem[{.1. Let 1y be as in Remark [£.3] and take any 0 < n < 7y and any
k > 4. For a given p € M, ;1 (T) we define a vector field w, € Sy o (7) given by

W, = Tl -+ T2 —+ T3, (435)

where T, Ty, T3 are given by T; := AP p, Ty = 1L, x (I —div HAP) pand T3 :=
P (I — divIL,) (I — divIIA?) p. We first observe that due to Corollary T, is
well-defined. By application of (4.33¢) we conclude that T is also well-defined. Further
we see that by Ty is also well-defined since (I — divIl, ;) (I — divIIF®) p € PY_, o (T)
for p € M, 1 (T) holds intentionally by construction. Also Ty, T9,T5 € Sk (7T)
directly implies that w, € S;o (7). We compute that
divw, = div T, + div Ty + div T

= divII*p + divIL (I — divII*?) p+ div LT (1 — divIL, ) (I — divII®F) p

div IPAPp 4 div T, (1 — divITAP) p+ (I — divl, ) (I — divIFP) p
= divII*p + div I, & (I — div HAP) p+ (] — div HAP) p —divIl, (] — div HAP) P
= divII*tp + (] — div HAP) p=p.
Using the triangle inequality we observe that |[Wp||g o) < S92 T3 51y By applica-
tion of (4.33b) we have that ||T1[lgi ) < C||pll12(q). With a constant C' independent of

the polynomial degree k, the mesh width hs, the geometric quantity ©,,;, and the pa-
rameter 7 but depending on the shape regularity of 7 and the domain 2. Now for T,

we use (4.23c]), the triangle inequality and Lemma and get that

— (Wl + | T )

C
IT2llg1() < FEy——

¢ o AP Ez) O
< O 1 (HpHLz(Q)-l-CHVH PHLz@)) < meHLz(Q) (4.36)

with C' > 0 being independent of the polynomial degree k, the mesh width Ay, the ge-
ometric quantity O, and the parameter n but only depending on the shape regularity
of T and the domain €. For T3 we use (4.26b]), the triangular inequality, Lemma

and and calculate that
T3 | g1y < C <||pHL2(Q) + || div IL,x (1 — divITAY) pHL2(Q)>
<C <||p||L2(Q) +C HV (I (1 = divII*") p) H]L?(Q))

< C (Il 2@ +CHVT2H1L2(Q)>

o
< C(\|P!\L2(Q)+m|fp\\L2<Q) :

32



Since Opin + 1 < 1 (cf. [@.15)) we conclude that || T3/l gy < C/ (Omin + 1) [Pl 2()-
Combining these calculations yields that |[Wpllg ) < C/ (Omin + 1) [|pll 15q) for a con-
stant C' > 0 exclusively depending on the shape-

regularity of 7 and the domain (2. O

We are now able to proof the inf-sup stability of the pressure-wired Stokes element
(Sko (T) My -1 (T)) for k > 4 and 0 < n < 19 where 7 is as in Remark

Proof of Corollary[4.9 Let k > 4 and 0 < n < 1o be arbitrarily chosen but fixed. Then
by application of Theorem we can compute that

. (p, divv) 2, : (p, divI1p) 12 )
inf sup 2 n
PEMy 1 (T} uesy o (TN} 1Pl o) IV llinae) — pedasas ) 1Pl 2oy TP e (@)
§ i (G)min + 77) (pvp)LQ(Q)
> in
PEMy -1 (T) C HPH%?(Q)
= inf C (@min + 77)

pEMy 1—1(T)

=C (@min + 77)

with a constant C' > 0 being independent of the polynomial degree k, the mesh width
hr, the geometric quantity ©,,;, and the parameter n but only depending on the shape
regularity of 7 and the domain (2. O

4.3 Conclusion an outlook

We have proved the inf-sup stability of the pressure-wired Stokes element

(Sko (T), My -1 (T)) for k > 4 and we discuss here its implications. Chapters [2]-
of this thesis are an extended version of |21, Chapters 2-4|. We provide all the detailed
calculations and arguments, which are left out in |21, Chapters 2-4| due to page restric-
tions. We know that in the classical Scott-Vogelius element (Si o (7)., Mox—1(T)) a so-
lution ug to the Stokes equation ug is divergence free. However since we have that for
0 < n < no the space M, 1 (T) C Moyy_1(T) is a proper subspace, we cannot expect
a solution to the Stokes equation in the pressure-wired Stokes element to be divergence
free. In |21, Theorem 5.1] we explore an estimate of ||div us||} g in terms of the con-
trol parameter 1. In |21, Chapter 6] we present some numerical experiments regarding
the effects of considering n critical points as such. The experiments include comparisons
in of convergence rates in h7 and in k, the behavior of ||div us|| ;. as well as the be-
haviour of the condition number of the mass-matrix of the Stokes equation.
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5 A dual basis for a Crouzeix-Raviart type finite ele-
ment

So far we have considered conforming finite elements with restrictions to the pressure
space in order to achieve inf-sup stability. As mentioned in Section an other way

to get inf-sup stability is to enrich the velocity space. In this section we are going to
define such a non-conforming element and we will construct a dual basis for this ele-
ment. With such a dual basis, one can naturally define an interpolation operator with
the property that the operator is invariant on the element. Before we start to define the
Crouzeix-Raviart element we need to introduce some further notation.

5.1 Degrees of freedom and basis functions

In the previous chapter we have considered a finite element to be a pair of finite dimen-
sional spaces (S, M) and we examined its inf-sup stability. In this Chapter we want to
construct a dual basis, i.e. a set of linear functionals possessing a Lagrange type prop-
erty with respect to the basis of the original vector space. Since we are therefore work-
ing with basis functions, it is useful to consider finite elements as a triple (€2, 5,3) as
introduced by Ciarlet |13, Section 2.3]. Here Q C R? is a bounded polygonal Lipschitz
domain as in previous chapters, S is in this case a finite dimensional, non-conforming
function space, meaning in this context that S ¢ Hg (). ¥ are the so called degrees
of freedom. Formally they form a dual basis with respect to S, however since we are as-
sociating the basis functions of S and S’ with physical points in the mesh, we will use
the term “degrees of freedom” interchangeably. Before we start defining the degrees of
freedom, basis functions etc., recall the Notation from Sections and For a vector
space V we denote its dual space by V.

Definition 5.1. Let K C R? be the reference element and let k € N be given. Then
pI (l?) denotes the set of degrees of freedom of order k on the reference triangle K (cf.

Figure @) and 1s given by
o (R) = {A R

For an arbitrary triangle K € T we define the local degrees of freedom by employing
the affine linear transformation yx : K — K.

a:(éé) :Ogi,jSkAi+k§k}. (5.1)

Definition 5.2. Let K C R? be any triangle and let k € N be given. The set of degrees
of freedom of order k on the triangle K is denoted by ¥y (K) and it is given by

S (K) = Yx <2k (f{)) . (5.2)

With Definition we are now able to define the notion of global degrees of freedom.

Definition 5.3. Let Q C R? be a bounded, polygonal Lipschitz domain and let T be a
conforming triangulation of Q. Further let k € N be given. Then we denote the set of
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global degrees of freedom of order k of T by 3 (T) given as
Sk (T) = | Sk (K). (5.3)

KeT

We observe that by construction we have the inclusion V (7)) C 3 (7). With these
definitions we define a basis for the conforming velocity space Sy (7). We start with the
reference basis functions on the reference element K.

Definition 5.4. Let K C R? be the reference triangle and let k € N be given. Then we
denote the Lagrange polynomial of degree k associated with z € Y, ([?) by Eg e Py (f()
satisfying the property Bj (¥) = sy forallz,y € %4 (l?) The set of all Lagrange
polynomials on the reference element is denoted by By (I?)

Notice that the Lagrange polynomials are given implicitly. |8, Section 3.2| shows, trough
the notion of unisolvence, that the Lagrange polynomials exist.

Definition 5.5 (|8, Definition 3.1.8|). Let ¥ C w C R be a discrete set of nodes and let
k>0 be given. We say 3 is unisolvent if there exists no non-zero polynomial p € Py (w)

with the property that
p(z)=0 VzekX.

In [8, Section 3.2| it is shown that By (I/(\') is a basis of Py, (I?) and therefore as a con-

sequence we have that the local degrees of freedom X ([? ) on the reference element K

are unisolvent. Using the affine linear transformation y : K — K we are able to define
the Lagrange polynomials on any triangle K.

Definition 5.6. Let K C R? be any triangle and let k € N be given. Then for z €
i (K) the polynomial By , € Py, (K) is given by

BK,Z = éﬁ o X[_{la
where Z = X' (z). The set of Lagrange polynomials is denoted by By, (K).

Using the same argumentation as before, i.e. |8, Section 3.2] By, (K) is a basis of Py (K)
and therefore ¥y (K') is unisolvent. In order to be able to reference this fact in this the-
sis we summarize the unisolventicity of the local degrees of freedom in the following
Corollary.

Corollary 5.7. For any k € N and any triangle K C R? the set of local degrees of
freedom Xy (K) is unisolvent.

Remark 5.8. Since a edge E € E(T) is one dimensional, we can construct a affine

linear transformation xg : [—1,1] — E by setting
1—1t 1+¢
XE (1) == 5 2 + 5 Y vt e [-1,1], (5.4)
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Figure 5: Example of a Lagrange polynomial By, with k = 5 and z € ¥ (7) such that
supp B,gz C wg, for some edge E € & (T).

ton where z,y are the two endpoints of E. This now directly implies that there exists an
isomorphism between Py (E) and Py, ([—1,1]). As a result this implies that any set X C
E of k+ 1 distinct points is unisolvent in Py (E) |8, Example 3.1.3 in combination with
Lemma 8.1.4]. Notice that, if we switch the role z and y in (5.4) and perform a change
of variables, we get a transformation xg : [—1,1] — E given by Xg (t) = xg (—t). This
ambiguity of the parameterization of the edge E will be addressed, whenever it arises.

With this notion of unisolventicity and a concrete description of a basis of the polyno-
mial space Py, (K) we first show the existence of Lagrange splines in Si (7)) and as a
consequence we proof that this set of functions is a basis of Sy (7).

Proposition 5.9. Let Q C R? be a bounded, polygonal Lipschitz domain with a con-
forming triangulation T. Let k € N be given. Then for all z € Xy (T) there exists
B, € Sk (T) satisfying

B, (y) =06y Yy €ZIp(T). (5.5)
This proposition can be found in the literature, see for example [12, Equation (8)].

Proof. Let z € ¥, (T) be arbitrarily chosen but fixed. We set B, to be

Bra, for K €7,
By, = { e for KT, (5.6)
’ 0 otherwise.

We distinguish between three cases.

Case 1: z € int (K) for some K € T. We observe that 7, = {K}. We further notice
that BS, K‘ € Py (F) for an edge £ € &£ (K). Using Remark [5.8{ and the fact that
“IK| g

¥k (K) N E| = k + 1 by construction for any edge F € £ (K) yields that By, K‘ =0
“IK| g

and therefore Bf, € S, (T). Since by construction supp By, € K we only need to check
the Lagrange property for y € ¥ (K). Taking any y € X (K) we compute that

Bk:c,z (y) - BK,Z (y> = 5zy-
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Case 2:z € X (T)NEand z ¢ V(F) for some K € T and some edge E € & (K).
Since it holds that for K € Tp, Bk |, € P (E) and uniquely defined by the values at
y € X (K) N E. Writing T = {K;, Ko} we have by the Lagrange property that

BKl,z (y) = 5zy = BKg,z (y) , Vy - Ek (T) NE.

This implies that By, 4|, = Br,.aslp through Remark 5.8 and therefore B, is contin-
uous over the edge £ and hence we can conclude that By, is continuous over all edges
E € £(T) and hence Bf, € Sj (T). Again for the Lagrange property it is sufficient to
prove the property for y € ¥ (T) Nw,. Let y € X¢ (7T) Nw, be arbitrarily chosen but
fixed. Then there exists K € T, such that z,y € ¥ (K) and therefore we have that

Bi, (¥) = Brz (y) = 0ay-

Case 3: z € V(7). Enumerate 7, counterclockwise by K; € T, for 1 <i < N,. Apply
the the arguments of Case 2 for each E; = K; N K, which yields that B,SZ € Sk (T)
and B,gz satisfies the Lagrange property. O

Using Proposition [5.9) we prove that Bry := { By, | z € 3¢ (T)} C Sk (T) is a basis of
Sk (T).

Corollary 5.10. Let Q C R? be a bounded, polygonal Lipschitz domain with a conform-
ing triangulation T. Let k € N be given. Then Sy (T) = span By .

Proof. The fact that B is linearly independent follows directly from the Lagrange prop-
erty (.5). Since By C Sk (T), it holds that span By C Sy (7). Hence all we need to
prove is “2”. Let u € S (T) be arbitrarily chosen but fixed. We then set

Uy 1= Z u(z)B,Sz.

ZEEk(T)

Taking any triangle K € T we observe that us|, = 3,5 i) u(2) By,. Using we
have that it holds that u|, (y) — us|, (y) = 0 for all y € 3 (K). This implies that
ul — | = 0 by application of Corollary . Since this holds for any triangle we
conclude that u = uy. Therefore we have shown that By is a basis for S (7). O

5.2 The Crouzeix-Raviart Element

Throughout this chapter, we will consider non-conforming Crouzeix-Raviart type finite
elements of odd polynomial degree k& > 3. This type of non-conforming element was
first introduced by Crouzeix and Raviart in [14].

Definition 5.11 (|14, Section 5]). Let Q C R? be a bounded, polygonal Lipschitz domain
with a conforming trangulation T. We say a finite element (Q, She, E) is of Crouzzeiz-
Rauviart type, if

SNC::{ueIPk(THVEeS(T) : /E[U]Ep:() VpePk_l(E)}. (5.7)
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Here []; defines the jump across the edge E, i.e. [u]g (x) = lim.u(x+eng) —
u(x —eng) for x € E where ng is a unit normal vector to the edge E.

We will construct such a Crouzeix-Raviart type element as a direct sum of conform-
ing and a non-conforming function space. For the conforming part we use the following
spline space.

Definition 5.12. Let k > 3 be odd and consider a bounded polygonal Lipschitz domain
Q C R? with a conforming triangulation T. Then Syo(T) C Sio (T) is given by

S0 (T) = {u € Sio (T) | V2 € V(T) : u(z) =0}. (5.8)

Notice that the condition (5.7) is trivially satisfied by all u € Sy (7). This comes from

the fact that for u € Sy (T) the jump over the edges is constantly 0 since u is contin-
uous over all edges. For ease of notation we define some short hand notations for some
subsets of the global degrees of freedom X, (7)) and the basis By .

Definition 5.13. The sets Xy (T), X (Eq) C Xk (T) are given by

S (T) = {25 (T)| 2€Q A 2¢ V(T)},
f]k(gg)::{zeflk(T)‘ dF € &, zeE}.

The sets By, B, x C B are given by
87‘7k = {B]gz ‘ zZ € X, (T)},

Bé’g,k = {Bgz ‘ Z € Xy (59)} .

Using Corollary |5.10 we observe that Sy (7) = span By . Since we have a basis of

Sko(T) we can write Sio (7) as a direct sum of subspaces spanned by Bg, r and By \

Be, k- To be more precise we set
Sgﬂ,k? (T) = Span BSQ,]C (59)
to be the space of inner edge bubbles and we denote by

SvoLk (T) := span <Bm \ ng,k) (5.10)

the space spanned by volume bubbles. By construction we have the following decompo-
sition of Si o (7) into
Sk (T) = Sequ (T) & Svork (T) - (5.11)
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Figure 6: Example of the non-conforming Crouzeix-Raviart polynomial Bg% for some
edge E € & (T) and degree k = 5.

If we examine (5.7)) a little closer we observe that the condition imposes that all func-

tions u € SNC satisfy that [u], L Py (FE) for all edges E € £ (T). Recall that L
denotes L? (E)-orthogonality. A non-zero polynomial that would satisfy this orthogonal-

ity condition is the Legendre polynomial of degree k. Using this idea we enrich Sy (7))
with piecewise continuous polynomials of degree k£ who’s jumps over the edges is either
0 or a Legendre polynomial.

Definition 5.14 (25| §18.3]). Let wap : [-1,1] — R for a, 8 > —1 be given by
Wap (t) = (1—=0)"(1 +1)° fort € [~1,1]. For k € N, P,ﬁ‘”” € P ([—1,1]) denotes
the k-th Jacobi polynomial with respect to the weight function w, g satisfying the condi-
tion

1
/ P]gaﬂ)Pl(a’ﬂ)waﬁ = Ok,a,ﬁfsk,l Vk’,l S No, (512)
-1
where the constant Cy o5 € R\ {0} is given by

ga+A+1 XF(n—i—a—i—l)F(n—i—ﬁ—i—l)
2n+a+pB+1 '(n+a+p+1)n!

Crap = , (5.13)

with T being the standard Gamma function (25, Equation 5.2.1].

Choosing @« = [ = 0 we recover the Legendre polynomials. Using Definition we
define the non-conforming Crouzeix-Raviart polynomials.

Definition 5.15. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and a given odd k > 3. Then for E € Eq (T) Bgi s given by

(5.14)

07
BNC . Pk( K (1 - 2/\K,ZE) , Ke 71Ea
Bk 0, on Q\ wg.
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Here zp € V (K) is the vertex in K opposite of edge E and Pk(o,o) denotes the Legendre
polynomial of degree k. Further the space of non-conforming polynomaials for the trian-
gulation T is given by

SYC(T) := span BYS, (5.15)

where Bg% = {B]EV(;; ‘ E € &g (T)} Finally, the non-conforming Crouzeiz- Raviart type
element is given as

SCR(T) = Spo (T) ® S¥C (T . (5.16)

For a proof that the sum in (5.16) is direct, we refer to |11, Equation (32)]. A quick
intuitive answer is that for any edge £ € &g (T) we have that for x € E using [25,
Table 18.3.1]

Byl (0) = B (1= 2k, (0)) = B (1) =1 VK € T

implying that BE§ is constant over the edge E, with

Brel, =1, (5.17)
and therefore also continuous over E. In particular By (x) = 1for x € V(E) and

hence it follows that By} ¢ gk,o (T) and hence S® (T) is well-defined as a direct sum.
Using the decomposition (5.11]) we write

SOR(T) = Seo 1 (T) @ Svorr (T) @ SNC (T). (5.18)

In order to being able to refer back to the properties of the functions Bg%, we collect
them in a Lemma.

Lemma 5.16. For E € o (T), let BS, be given by Definition . Then BJS, satisfies

supp Bg ;. C we, (5.19a)
P, B € £(Tp) \{E},

BRg oxm =10, E' € E(T)\E(Tx), (5.19D)
1 E=FE,

Y

where x g is given by Remark[5.8

Proof. (5.14) directly implies (5.19al). Taking some edge E € &g (T) and some edge
E’ € £(T) and considering the affine pullback y g we observe that

+P"Y E'e &(Te)\ {E},

BYC]  oyp = 5.20
[ E’k}E' Xe {0, Ee&(T)\E(Tg), or E' = E, ( )

holds by construction.
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Remark 5.17. Note that the sign-ambiguily in (1) stems from the choice of pa-
rameterization of the edge E described in Remark[5.8 and the symmetry of the Jacobi
polynomials [25, Table 18.6.1]. Since a constant factor does not affect the L* (E)-orthogonality,
we can choose either parameterization of E. If possible we choose x g in such a way

that we obtain (1) with a positive sign, but since this is not always the case, we

present the result with this sign-ambiguity. This ambiguity extends to all Jacobi polyno-

mials where o = f3, see [25, Table 18.6.1] for reference.

We further observe that since wg is a union of closed triangles and therefore all edges
E' € E(Tg) \ {E} also are contained in wg, i.e. B’ C wg. This argument together
with Remark yields that the affine pullback Bg% o xg is well-defined and using the
support property supp BE% C wg implies that for all edges E' € £ (Tg) \ {E} we have
that

BYG oxw = [BYY],, o xp = £P. (5.21)
If E' = E then (5.17) directly implies that By§ o xg = 1 and if E' € £(T) \ £ (Tg),
(5.19a)) yields that BES o xz = 0 and thus we have proven (5.19h)). O

Equation (5.20) implies, together with (5.12)), that Sg® (T) satisfies (5.7) and hence it
is a Crouzeix-Raviart type space. This comes from the fact that for any E, E' € £(T)

and any ¢ € P_; (E') we have that [, [Bg%}E, q = 0 which is a consequence of (5.12)).

5.3 The road map
We have defined the Crouzeix-Raviart type function space SP® (T) in the previous
chapter. To complete our finite element we need a set of linear functionals possessing

a Lagrange property with respect to the basis BS® := By, U B7N-7(,j€, i.e. a dual basis.
Linear algebra tells us that for finite dimensional vector spaces there exists a dual basis
[19, Section 6.1.2]. Our goal is to explicitly describe the dual basis functions associated

with the basis functions of Be,  and BY}. We will do this in the following way:

1. We first perform a change of basis in Sg, j (7). The new basis will interpolate the
Jacobi polynomials with weight w; ; along the edges E € &g (T). The details of
this can be found in Section 5.4l

2. We define line integrals along the edges £ € & (T) with the appropriate Jacobi
polynomials as weights and use their orthogonality property to show the
Lagrange property with respect to the new basis. The details of the construction
and the proof of the Lagrange property can be found ind Section

5.4 A change of basis

We start by reorganizing the set of basis functions Bg, i of Sg, (7). By construction

we have that for all z € ik (Eq) there exists exactly one edge £ € Eq (T) such that
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Figure 7: Example of a one Pg; for some edge E = [z,y] € £, (T) and i = 3.

o

z € E. For ease of notation we write X (E) := X (€q) N E and obtain that

k(€)= (¢ 5y (E), (5.22)
Ec&q(T)

Q

o

where (o) denotes the disjoint union. Let us consider some edge E € Eq (T). We now
enumerate the degrees of freedom in ¥ (E) by zg; for 0 < i < k — 2 and as a conse-

quence write X (E) = {zp; | 0 <i <k —2}. As a result of this numbering convention
we have that

ik(&z): lo) {zpil0<i<k-2}. (5.23)
Ee&q(T)
Considering some edge E € Eq (T) we observe that for all 0 < i < k — 2, Bk(fj,zE,i can be
written as
¢ )PrARxAKy, K €Tg,
ke ) 0 elsewhere.

Here x,y € V (E) denote the two endpoints of F and px € P4 (K) for K € Tg. Since
B,ngi is continuous across £ we know that for Tp = {K1, K2}, pk,|p = Pk.|p. Taking

any 0 < i < k — 2 we define the function PEJ- € §k70 (T) to be

. Dy P (1= 220k,) K € Tp,

Eji =

(5.24)
0 elsewhere,

where z,y € V (F) are the two endpoints of F and Pi(l’l) denote the Jacobi polyno-
mials with respect to the weight function w, 1, see Definition for reference. We ob-
serve that by construction for 7z = {K;, Ko} and all 0 < i < k — 2 we have that

pY (1 -2 i, 2)| = Z-(l’l) (1 —2)\k,,)| and therefore it holds that pE,i € Sko(T).
E E

)

Applying the affine transformation yg (cf. Remark , it follows that by construction

Pr;

oxg=w PP VO<i<k-2 (5.25)
E

Remark allows us to choose xg in such a way to obtain (5.25)) as written. Recalling
the road map in Section , equation ([5.25)) is the property that we want to exploit in
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Figure 8: Example of the polynomial Pg; for some edge F = [z,y] € £q (T) and i = 3.

the construction of the dual basis. However for z € ¥, (T) \ ¥ (€q) such that z €
wg, we generally have that Pg; (z) # 0 and therefore cannot guarantee that Pg,; €

Seak (T), since it holds that for all u € Sg,x (T) and all z € 3 (T) \ i, (Ea) u(z) =0
by definition. In order to mitigate this problem we use Lagrange interpolation on the

edges to construct piecewise polynomials Pg,; € Sg, r (T), that also exhibit (5.25)).

Definition 5.18. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let E € Eq (T) and 0 < i < k — 2 be given and let xg be the

. Let Pr; € Se,x (T) be given by

affine transformation from Remark|5.8
Pp; = pty “Y(z;)BS 5.26
By - Wr,1 1475 oXp (%) k7 (5.26)

where z; € flk (E).

Remark 5.19. The difference between Figure I] and Fz'gurela 15 quite subtle. ]-:’Ez 1S an
extension of the Jacobi polynomial Pi(l’l) into wg, whereas Pg; is the Lagrange inter-

polant of the Jacobi polynomial Pl-(l’l) along the edge E in Sgn,kN('T). This leads to Pg,;

being much more concentrated around the edge E compared to Pg ;. The vertices z and
y serve as reference points for the orientation of the edge E = [z,y| € Eq (T).

Let us now prove that Pg; has the properties we want to exploit in the construction of
the dual basis.

Lemma 5.20. Let Q C R? be a bounded polygonal Lipschitz domain with a conforming
triangulation T and take any E € Eq (T) and 0 < i < k — 2 and consider Pg; as given
by Definition [5.18 Then Pp; satisfies

supp Pr; C wg, (5.27a)
(1,1) ,
w1 1P4 s E=F s
Pg,oxp = ot 5.27b
PO pesmin), e

where x g is given by Remark .
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Proof. By construction we have that for all E € £, (T) and 0 < i < k —2 Pg,|, €
P, (E) and therefore is uniquely determined by k& + 1 distinct points on E, see Remark
for reference. By definition we have that B,Szj (x) = wl,le.(l’l) o x5 (x) = 0 for both
endpoints x € V (F) of E and 0 < i < k—2. Taking any 0 < j < k — 2 we compute that

N

—2
_ &3) _
Pg ;i (z;) = <w1,1Pi(1’1)) o Xp () By, (2;) = <w1,1pi(1’1)) oxp (zj).
l

Il
=)

This implies that for all x € ¥y (E) UV (E) Pg,; (x) = (lePi(l’l)) o x5 (x). Counting

all the elements in the set x € Zoik (E) UV (F) yields that

X € Ek(E)UV(E)‘ = ’ZJ,C(E)‘ +|V(E)=k—1+2=k+1.
The application of Remark results in Pp;|, being uniquely determined as

Ppilp = (W1,1PZ-(1’1)> °Xp - (5.28)

Furthermore we also have by construction that Pg; € Sg,x (T) for all E € &g, 1 (T)
and all 0 <7 < k — 2 since the functions Pg; are a linear combination of the Lagrange

basis functions of Sg, i (7). Further we observe that
supp Pr; C wg (5.29)

which is implied by the fact that Pg; is a linear combination of the functions B,Szj for

all z; € ¥ (E) which also have supp B,Szj C wg. This support property of the B,Szj
directly implies that Pg;|,, = 0 for all £/ € £(T) \ {E}. This directly implies that for
all E' € £(T)\{E}, Pg;o xp =0 and thus concluding the proof. O

Lemma [5.20] allows us to prove that the set
Biack ={Pri:(T)| E€&(T) N 0<i<k-—2} (5.30)

is a basis of %gmk (T).

Proposition 5.21. Let Q C R? be a bounded polygonal Lipschitz domain with a con-
forming triangulation T . Then it holds that

Sgﬂ,k (T) = Span BJach’ (531)

where the set Byger s as in ((5.30).
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Proof. By construction we have that By,cr C Se,x (7). Applying (5.23) we compute
that

dim Se, . (T) = | By i| = ‘zk (€)= o) {zmil0<i<hk-2}
Ee&a(T)
= > Hzmil 0<i<k—2}=(k—1)|&(T)].
Ec&a(T)

Also it holds that the cardinality of Bjacy is also (K — 1) |Eq (7)|. Indeed a quick calcu-
lation yields that

Brok| =| o) {Pril0<i<k—2}= 3 [Pl 0<i<k—2}
Ee&q(T) Ee&q(T)
= (k—1)|& (T)I-

As a consequence, if we prove that By, is linearly independent, then Bj,. spans the

space Sg,k (T). Let us therefore assume by contradiction that the set By, is not lin-
early independent. This implies that there exists a set of coefficients

{cp;| F €& (T)N0<i<k-—2} such that for some edge Ey € & (T) and some

0 < iy < k — 2 the coefficient cg, ;, is non-zero and that

Z ZCEzPEz—O

Ee&q(T) =0

Using this, the affine pullback x g, from Remark the fact that supp Pg,; C wg for all
E €&, (T)and all 0 < i < k — 2 by construction and (5.27b]) results in

Z ZCElpE'L O XE, = Z ZCEzPEz|E © XE,

Ee&q(T) =0 Fo Ee&q(T) =0

o
Il

N

-2

_ (1) _ (1,1)
Cuyi Proil g, © X5y = Y cmpicna B = wis E :CEOJ'P/L‘ -

Il
o

i

This implies that > ¥ o CEo, ZP(LI) = 0 on [—1,1]. Through Lemma we know that
the set { Pg,; | 0 <i <k — 2} is linearly independent and it therefore follows that for
all0 < i <k —2cg,,; = 0. In particular we have that cg, ;, = 0, which contradicts
the assumption that cg, ;, is non-zero and hence we have proven by contradiction that

Bijack is linearly independent and thus concluding the proof. O

As an immediate consequence we have that we can write SK® as
SISR (T) = span Byae x @ Svork (T) @ span BTk (5.32)
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giving us a description of SU® (77) that we now use for the construction of the dual ba-
sis. In order to reduce confusion we denote this newly constructed basis of Sg® (T) by

B?afc{,k = BJaC’k L (BT,k \ Bgmk) J By—% (533)

5.5 Construction of the dual basis

As mentioned in Section after construction a new basis By, i of Sg, i that satisfies
the property described in Lemma which allows us to use the orthogonality
property of the Jacobi polynomials (cf. Definition to construct linear functionals
satisfying the Lagrange property for the decomposition (5.32)).

Definition 5.22. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let k > 3 be odd. For a given edge E € Eq (T) and some index
0 <i <k —2 the functional Fg; : SEE(T) — R is given by

1
Fgi(q) = / <P¢(1’1) — OCiPél_’i)) “qOXE (5.34)
1

where o; 1= f_ll Pi(l’l)/f_l1 P,glj). For i = k the functional Fgy : SCE(T) — R is given
by 1
Fr(q) =/ P qoxe. (5.35)
—1

In both (5.34) and (5.35), xg denotes the affine linear transformation given by Remark
5.8

Remark 5.23. In order to avoid the sign-ambiguity that arises with the different choices
for the affine pullback xg and the Jacobi polynomials as discussed in Remarks and
we choose xg in Fp; as in Definition[5.18 Therefore we only have to deal with
the sign-ambiguity induced by the pullbacks for the non-conforming Crouxzeiz-Raviart
polynomials B, € BYS.

Before we start proving properties of the functionals Ff; let us first show that the func-
tionals are indeed linear and well defined. Since integration, multiplication and compo-
sition of functions are linear operations it immediately follows that the functionals FF;
are linear for all £ € £(T),0<i <k —2and i = k. Since k > 3 is assumed to be odd,
which implies that k£ — 1 is even, and using |25, Equation 18.9.15] and |25, Table 18.6.1]
we compute that

1 1
k+1
1,1 0,0
/ P = B peo
-1

+1
_ k <Pk(070) (1) _ Pk(o’o) ( 1))
—1

2

=L (RO (1)~ (-1 PO (1)

P+ POV (1) =k + 1. (5.36)
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Hence «o; = f_ll Pi(l’l)/ f_ll P,gl_’i) is well-defined for all 0 < i < k — 2. Let us now consider

any function v € SP® (7). Since we have already shown that the functionals Fg; are
linear we can assume without loss of generality that v € By}, (cf. (5.32) and (5.10))

is a basis function of SY® (T). If u € By \ Beyx then by definition u o xyz = 0 for all

E € £(T) and Lemmata |5.16{ and [5.20[ imply that if u € Bj,e and if u € Bﬁ% then
uo xg € Pr([—1,1]). Therefore we conclude that the functionals Fg; are well defined
on SR(T)forall E € £(T),all0 < i < k—2andi = k and as a consequence, it
follows that F; € SC® (7). Let us now to investigate whether or not the functionals
Fp,; posses the Lagrange property with respect to B, ,.

Proposition 5.24. Let Q C R? be a bounded polygonal Lipschitz domain with a con-
forming triangulation T and let k > 3 odd be given. Then it holds that

FE,i (PE/J) = OE,iaEE’(sij VE, E, S gQ (T) A VO S Z,j S ]{? - 2, (537&)
Fg; (Bp5) =0 VE,E' €& (T) ANYO<i<k—2,  (5.37b)
Fpi (By%) = Cexdee VE,E € &q(T), (5.37¢)
Fei (Pgj) =0 VE,E' €& (T) NVO<j<k-2  (537d)

Fgi(q) =0 qug”VoLk (T) ANVO<i<k—-—2ANi=k. (5.37e)

The constants Cg,; # 0 depend exclusively on the edge E and 0 <i <k —2 and i = k.

Proof. Let E € £(T) and 0 < i <k — 2 be arbitrarily chosen but fixed and consider the

functional F; as given by (5.34). Taking any Pp/j € Bjac for some E' € Eq (T) and
0 <j <k —2. We distinguish three cases.

@ (5.374), Case 1: E € & (T) and E # E'. Then using (5.27b)) we know that Pg ; o
xe =0 for all 0 < j <k — 2 and therefore we conclude that Fg; (Pg ;) = 0.

@ (j5.37a)), Case 2: E = E" and i # j. Applying (5.27b) and (5.12) results in

1
Fis (Pors) = Fis (Pay) = /

-1
1
-1

1 1
= / PA(I’I)PA(I’I)WIJ — O[Z/ Pk(_l_i)P-(Ll)Uh’l =0.
-1 -1

(Pi(l,l) _ oziP;fl_’i)> Ppjoxe

? J J

@ (5.37a)), Case 3: F = E" and i = j. Using again (5.27b|) and (5.12)) we compute that

1
Fri(Prj) = Fei(Pr;) = / (B(l’l) - aiR&P) - Pp;o Xk

-1

1
— / <]Di(171) _ CnP]S:})) . w171P@'(171)
-1

1 1
= / Pi(l’l)Pz’(Ll)wl,l - Oéi/ Pigl_&)P;l’l)wl,l = Ci,l,la
-1 _

1
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where C; 11 # 0is as in and therefore we have shown that holds, since

E € E(T)and 0 < i < k — 2 was chosen arbitrarily but fixed. Keeping this arbitrarily
chosen F € £(T) and 0 < i < k — 2 we consider BE/C,C € B7N-(,1 for some edge E' € £ (T).
For (5.37b)) we need to consider tree cases.

@ (5.37b), Case 1: E' ¢ £ (7). By (5.19b) we know that Bj, o xzr = 0 and therefore
it follows that Fg; (BE) = 0.

@ (5.37b), Case 2: E' € £(Tg) \ {F}. Applying (5.19b) and (5.12) results in the
following computation:

1 1
P (BY5) = [ (P i) Bosoxe == |

-1

1 1

(P = aip L)) PV

)

@ (5.37b), Case 3: E' = E. Then (5.19b)) implies that BES o xg = 1 and therefore we
compute that

1 1 1
Fis (B5) = Fea (B5) = [ (PP —aub™V) = [ P9 —ai [ B

1 L pLl) g
:/ pL _ S b / POD — g
i T 5,1 - :
-1 I Plgfl) -1
Thus we have proven (5.37b]). Let us now consider Fg, for any edge E € Eq (T). We

take any Pp ; for some E' € £, (T) and 0 < j < k — 2. (5.27b) implies that the only
non trivial case to consider is £’ = E. Then using (5.12)), we compute that

1
Fer (Pej) = Fpi (Ppj) = / P,S_’PP].(LUWLI =0,

-1

and thus (5.37d) holds. Let us now consider By for any edge E' € Eq (T). We con-
sider three cases.

@ (5.37¢), Case 1: E' ¢ £(Tg). Then (5.19b) implies that BES, o xz = 0 and therefore
we get that Fg, (BR,) = 0.

@ (5.37¢), Case 2: E' € £(Tg)\ {E}. In this case (5.19b) and Remark imply that
BE‘, 0 Xp = j:Pk(O’O). (5.12) then yields that

1
Feg (Bg,ck) = i/ P}g(ivi)PIC(O,O) —0.

-1
@ (5.37¢), Case 3: E' = E. Then (5.19b) implies that By, o xg = 1 and therefore we
compute that

1 (5.36)

Feu (B5) = Fox (BY) = [ 20D F 0

-1
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and therefore we have proven (5.37¢)). Finally let us consider any ¢ € Svox (7). By

construction of ;%VOLk (T) we have that ¢q|, = 0 for all E € £(T). This directly implies
that Fg;(q) = Oforall E € E(T),all0 < ¢ < k — 2 and i = k and thus proving

(5-37¢). O

We recall that a for a finite dimensional vector space V' with {vy,vs,...,v,} being a ba-
sis of V' with n := dim V/, there exists a uniquely defined dual basis {v], v}, - v} C
V', with the property that for all 1 <i,j < n we have that v} (v;) = d;;, (cf. [19, Section
6.1.2]). Therefore we know that for the Crouxzeix-Raviart type space S& (T) gener-
ated by the basis BSX , (cf. (5.33)) there exists a uniquely defined dual basis BSE " C
SCR(T) that exhibits the Lagrange property with respect to BS% . Our goal is it now
to prove that, if we “normalize” the functionals Fig; from Proposition they then
are indeed elements of the dual basis BGE .

Definition 5.25. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let k > 3 odd be given and for E € Eq (T), 0 <i <k —2 and
i =k, let Fg; € SCR(T) be as in Definition . Then functionals By; € SE* (T) are
given by

Fg,

Fr

Fpi (BES)

Here Pg; and ng are as in Definition and respectively.

By, = VE € Eq(T) AVO<i<k—2 (5.38a)

Bl = VE € Eq (T). (5.38b)

Due to the properties (5.37a) and (5.37c) the functionals Bp; are well-defined since
these properties ensure that we have no division by 0 and the fact that the function-
als Fi; are elements of SC® (T) yields that the functionals By ; are as well elements of

SCR (T)". Definition leads us now to the main theorem of this chapter.

Theorem 5.26. Let Q@ C R? be a bounded polygonal Lipschitz domain with a con-
forming triangulation T and let k > 3 odd be given. Then for all E € Eq (T) for all
0<t1<k—1andi =k, we have that

By, € BSE,, (5.39)

where B%ﬁk/ denotes the dual basis of SC® (T) with respect to the basis BGE . of
SYR(T) and the functionals By, ; are as in Definition .

Proof. As mentioned previously the dual basis B?a%k/ of SCR (T)" with respect to the

basis By . of S (T) exists and is uniquely defined. Therefore, if we are able to proof
that the functionals By ; exhibit the Lagrange property with respect to the basis B?sfé,ka
it immediately implies that By ; € B?afé’k/ by the uniqueness property, [19, Section 6.1.2].
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Consider any two edges E,E € £ (T) and any 0 < i,j < k — 2. An application of the
properties (5.37a)) - (5.37d)) results in the following set of computations:

F 7 Py . .37al
B/EJ (PEJ) == ( EJ) Opgo

" Fp, (Pgy) v
/ Fe (BYS)
FE,k (P) (5-374d)
P Ph) =z O

(5.37¢) yields that for all £ € £q (T),0<i<k—-2andi=k, By, (g\/ol,k (T)) =0 and

therefore in particular B, ; (B,) = 0 for all B, € By, \ Bg,r- Thus we have shown that
forall E € £ (T),all 0 < i < k— 2 and i = k, there exists exactly one basis function

b € BRY, such that By, (b) = 1 and for all be B \ {b}, B, <l~)> = 0. Therefore we

have shown that the fuctionals By ; exhibit the Lagrange property with respect to the

basis BJR , and hence by the uniqueness property, [19, Section 6.1.2], By, € B§E " O

5.6 H'-compatibility and an Interpolation operator

We were able to find an explicit description of some functionals Bjm- of the dual basis

B?afévk/ of SCR (T)' for any k > 3 odd. A natural next question would be, are the func-
tionals By, ; elements of H~' (Q)? Lemma tells us that, given an edge E € &g (T)
and some function v € H' (Q) there exists a function g , € L? (E) such that u|,|, =
Ji g in the trance sense. However, we see that we need to choose a triangle K € Tg in
order to define the trace operator. This choice is not unique for inner edges E € Eq (T).
Therefore for Ky, Ky € Tg there are two functions gy, g, 9, g € L? (FE) with the prop-
erty that for i = 1,2

Uk, p = g?(E

This implies that the integral [ 5 U is in general not uniquely defined an therefore
Bg;(u) for B € Eq(T),0 < i < k—2andi = kis in general also not uniquely
defined. We would have to prove that [u], = 0 almost everywhere in the trace sense. In
[23, Theorem 11.45] this exact statement is proven. Therefore we conclude that for all
E €& (T),all0<i<k—2andi=Fk the functionals B} ; are indeed H'-compatible,

meaning By, € H(Q).

At this point we do not know much about the remaining dual basis functionals and thus
in general we do not know if B?afé,k, C H~'(Q) holds true. However, since for all z €

51 (T)\ Sk (Ea), all E € & (T), all 0 <i <k —2 and i = k we have that
PE,i (Z) :0,
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a point evaluation at z would be a suitable candidate for the remaining dual basis func-

tionals. Setting X, (K) := {z €Xi(T) | z€int (K)} for K € T it follows that

O

5 (T)\ S (&) = UEk (5.40)

Definition 5.27. Let Q C R? be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of ), set C° (T) C L* () to be given by

CO(T) = {u € L2(Q) | VE € T : ulyys € C° (int (K))} .
Let k > 3 odd be given. Then for K € T and z € Ek (K) the functional By, : Hj (€2) N
C°(T) — R is given by
By, (u) :=u(z). (5.41)
Note that we have by construction that the functionals By, are well-defined and that

BJaC 1 C ker By, ker (-) denotes the kernel of a function or functional. By definition of
the Lagrange basis polynomials B,gy we compute that

By, (BS)) =6,y YK ET AVy,z€%(K).

Therefore we only need to check if BY} C ker By, forall K € T and all z € glk (K).
This is in general not the case, but if we set

NG == B — > By (z)By, VYE€&(T),
ZE%]C(T)\ZO)K(SQ)

then we immediately get by construction that ®3G € ker B, and that ®}, retains
the properties of ngk with respect to the functionals defined in Definition Some
computation yields, that the pointwise interpolation of BYS in the interior of the ele-
ments K € 7T does not affect the overall linear independeﬂce of the functions collected

in BNC := By 1Y (BT,k \ Bgmk) UBLC where BF© := {®}G | E € £ (T)}. Hence BY¢

is a basis of SN (T) and therefore, as a consequence of the Lagrange property discussed
in the paragraph above,

BYY":={ B}, | EESQ(T),Ogigk—Zz‘:k}U{Bkz \KeT,zeik(K)}

is a dual basis of SN°". Hence we can define a projection IIS® : H! (Q) N C°(T) —
SER(T).

Definition 5.28. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T. Let the projection IISE : HI (Q) N C°(T) — SEE(T) be given
by

M= > (B;M( )q>g6,;+23 PE1>+Z > Bi, () Bis. (5.42)

Ec&q(T) i=0 KeTzegk(K)
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5.7 Conclusion and Outlook

Through multiple constructions and change of basis, we successfully computed an ex-
plicitly described dual basis BN of the non-conforming Crouzeix-Raviart space SNC
and as a consequence we constructed a natural projection operator 1IN : H} () N
CO(T) — SR (T). With such a newly defined projection, there are some immedi-

ate questions, like “What are the properties of the projection II}“?” or “How well does
[Ny approximate u € HE (2) N C°(T)?”. These questions and many more are now
waiting to be answered, but pursuing these answers is well beyond the scope of this the-
sis and therefore will be left for future researchers to dive into.
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A Technical Results

Lemma A.1. Let g : K — K be an affine linear transform such that xk (.&) = A,
for all 1 < i < 3. Further let ¢ € C'(K) and set gg:: ¢oxk. Then
7 =oisi (50)
= Ci|E; o XK,
8t1 | Ei XK
Jor C; € R. Recall Figures[1] and |9 for the notation employed.

Proof. We observe that xx is not unique. For the purpose of this proof, we write yx as
Xk (X) = Ay + [| B3| t5 | — |Es|ta] . Since t3 = e; and t, = —e; we obtain that

2

0 0 0 0 ;
ﬁ ¢ = 55 (6o xx) = Z(ai)oxK.|E3|tg

0
ZIEA-«V¢%WMQQ>=IEﬂ(5%)OXK
9o 96 0 2 (06 )
T am om0 Z(m«)“ it
0
ZﬂEﬂ'«V@OXKJﬁzﬂEﬂ(5§>oXK
2

by applying the chain rule. Now since it holds that — (|Ex[ts + |Es[ts) = [Ei|t, and

t = % We get through linear combination that

2 _ |E1|( ¢) N
8}4\1 \/_ atl e

O

Lemma A.2. Let ¢ € R? be a constant vector and let ¢ € H' () where Q C R?. We
set v:=¢-c. Then it holds that

1Vl ) = el @l s g

Proof. Let ¢ € R? and ¢ € H' (Q) be arbitrarily chosen but fixed and set v := ¢ - c.
Then by subsection [2.1] we see that

2 2 2
wmwzﬁmw:@@éwzwuwmm

Similarly we compute that

IV = [ (Fv. V%) = u/}j 26 = [ (000 + 0n0)) (64 )

2,7=1

—<ac\A<v¢vw>—chnvm&qm
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Putting these two calculations together we obtain that

9 9 1/2 9 5 1/2
Wl = (V1220 + 199 IE2@)) = lell (160320 + I9810y) = llel 1911 ey -

[]

Lemma A.3. Let Q C R? be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Q). Then there exists a constant C... > 0 solely depending
on the shape regularity of T such that for all K € T we have that

hK,min 2 O’yThKa

where Ry min :=min{|E| | E € £ (K)}.

Proof. Let K € T be arbitrarily chosen but fixed. We denote by E;, € £ (K) the edge
with the property |Emin| = hgmin and by Enae € & (K) satistying |Eax| = hg. If
Erin = Enax we have nothing to prove. Therefore we assume that E.;, # Enac. Denot-
ing the angles at the vertices opposite of Fi, and E . by Onin and 0, respectively.
Using the law of sines from trigonometry, we have that

hK o |Emax| o |Emin| _ hK,min

Sin O SiNOpax SN0 SN O
Rearranging some terms and applying (3.1)) results in the following estimate

sin Qmin

Nk min = hi > sinOninhix > sin ¢rhy,

Sin Oax
where ¢7 denotes the lower bound on angles in 7 given in (3.1) that exclusively de-

pends on the shape-regularity of the mesh. Setting ., to be C, . := sin ¢ gives us our
statement and the minimal angle property implies that 1 > C, > 0. O]

Lemma gives us a tool to prove the following proposition that relates any edge FE €
&, for some vertex V (T) to the local mesh width h,.

Proposition A.4. Let T be a conforming triangulation of Q). Then there exists a con-
stant C... > 0 only depending on the shape regqularity of T such that for allz € V(T)
and all E € &, the estimate

Crhy < |E < b, (A1)

holds.
This proposition is a rather direct consequence of Lemma We will give here a full

proof of this statement, since it is often used in the literature for norm estimation but it
is mostly stated as well-known without providing any source.

Proof. Let z € V(T) and E € T be arbitrarily chosen but fixed. The upper bound
holds by definition of h, and therefore we only need to prove the lower bound. For that
we distinguish between two cases.
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Case 1: z € Vo (7). We enumerate 7T, counterclockwise by K; € T, for 1 <i < N, and
we enumerate the edges by E; € &, such that E; = K; N K;,1 for 1 <i < N, employing
the cyclic numbering convention, i.e. Ky, ., = K;. Also we reuse hg, min form Lemma
[A.3] We choose our enumeration in such a way that we ensure that £y = E. Further we
know that there exists 1 < 7 < N, such that h, = th. If j = 1 we compute through an
application of Lemma that

|E’ = |E1| Z h’fﬁ,min Z é’YThKl = é’YThz

where C’W > ( is as in Lemma . If 1 < j < N,. Then we know through an applica-
tion of Lemma and the definition of E; that

|E‘ = ’Ell > hKQ,min > évTth > é’YT ‘EQ’

Iterating this argument, walking through the vertex patch and until we reach K;, we
obtain that

Bl =B > Cop |Bo| > -+ > CL 2 | Eja| < CL 2 hic min > C 7 e, = C 7M.

Case 2: z € Vi (T). We enumerate the vertex patch 7, again counterclockwise by
K; € T, for 1 < i < N, such that K; and Ky, have an edge on the boundary 02. We
enumerate E; € £, as in Case 1. Then there exist 1 < 4,5 < N, such that E; = E and
h, = hg,. If i = j then we have that

|E| = |El| 2 hKi,min Z é’YThKi = évThZ7

by an application of Lemma[A.3] If i < j we repeat the arguments in Case 1 and ob-
tain that

|E| = |E;| > C? 'hi, = CI 7',
If j < i we repeat the argument from the case ¢ < j and compute that
|E| =|E;| > C: hi, = C. M,

From the proof of Lemma (A.3) we know that C.,. < 1 and therefore it follows that
CN'%T > C‘ff; forall1 < j < N,. Since N, can be bounded from above by a constant
Nmax > 0 that only depends on the shape-regularity of the mesh, we define the constant
C,, >0 by

C

Pyp— NNmax
v o= O™,

concluding the proof. O]

This result yields the following corollary.

Corollary A.5. There exists a constant C' > 0 that solely depends on the shape-
reqularity of T such that for allz € V (T) and all K € T, we can estimate hy > Ch,,.
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Proof. Let z € V(T)and K € T, be arbitrarily chosen but fixed. We denote by
Ex € &£ (K) the edge with the property that |Ex| = hg. If Ex € &, we directly ap-
ply Proposition and obtain that

hK - ‘EK‘ > CThZ

where (', is as in Proposition [A.4] If ¥ C Ow, then there exists a triangle K € 7, and
an edge E' € £(K)NE, such that E, E' € £(K) and we compute that

Lemma[A3] - , Proposition [A4] .
hi = |EK| > C’YT |E ’ > C’YTC'YThZ
where the constants C‘W and C, are as in the proof of Proposition m

Lemma A.6 (Inverse inequality for scalar functions). Let K € T be any triangle and
let k € N be given. Then there exists a constant C' >= 0, independent of the triangle
width hx and the polynomial degree k such that for all u € Py (K) the estimation

k’2
[ll poo ey < O Jll 2 i) (A.2)

holds.

Proof. Let u € P (K') be arbitrarily chosen but fixed. Let yx : K — K be an affine lin-
ear transformation. Then we see that [|ul[ e ) = Supxex [u (X)| = supge |(u 0 xx) (X)]
= ||uo xkll Lo(R) by using that polynomials are continuous and K is closed. Applying

[28, Theorem 4.76, (4.6.1)] it follows that
lu o Xkl o () < OF lluo Xkl 2 (i)

where C' > 0 is independent of the polynomial degree k. Pulling the norm back to K we
compute that

I
Juo XK||L2(f<) - W ||U||L2(K) :
Using geometry, trigonometry and Proposition we estimate that
|K|=sin6 |E||E'| /2 > Ch} /2,

where C' > 0 solely depends on the shape-regularity of 7. Therefore we conclude that
2
HUHLoo(K) < CE HUHL2(K)

for a constant C' > 0 being independent of the triangle width hx and the polynomial
degree k but only depending on the shape regularity of the mesh. O]

Lemma A.7. Let Q C R?. Then for allu € H' (Q) it holds that
[divull o) < Cf[Vull 2,

where C' > 0 s a constant independent of u.
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Proof. Let u € H! (Q) be arbitrarily chosen but fixed. We identify u = (uy, us)” for
functions u; € H' (Q) for i = 1,2. Then we compute that

2 2
||divu||iQ(Q):/ (Z@xu> SQ/Z(axiuif
<2/ S (Ony)” = 2|V

i,7=1

O

Lemma A.8. Let o, 5 > —1 be given. Then for alln € Ny the set of Jacobi functions
with polynomial degree up to n {Pi(a’ﬁ) ‘ 0<1< n} (cf. Definition|5.14)) is linearly

mdependent.

Proof. Let n € Ny be arbitrarily chosen but fixed. If n = 0 then there is nothing to
prove, therefore we assume without loss of generality that n > 1. We now assume by

contradiction that the set {Pi(a’ﬂ ) ‘ 0<:< n} is not linearly independent. Therefore
there exists 0 < ¢y < n and (cj)j;"éi.O € R"! satisfying

0<j<n

P = N P (A.3)
0<j<n
J#iQ

o . . (a,8) . . .
Multiplying both sides of (A.3)) with P, and w, 3 and integrating from —1 to 1 yields

1 1
Oé,ﬂ aﬁ CYB Ozﬁ
/13(0 Pl )Waﬁ—/l > P, P s

0<j<n

J#ig
5.12
Z CJ/ ampaﬁ ,BO-
0<j<n
J#i0

However by (5.12) and (5.13) we have that [ P . ’B)P “) s # 0 and therefore have a
contradiction, concluding the proof. O]

Lemma A.9. Let Q C R? be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T. Then for all K € T and allu € H' (Q) we have that Uiy €

H' (int (K)) and there exists g, € L* (OK) such that u|y, = g, in the trace sense. Here
int (-) denotes the interior of a set (cf. Definition [3.1)).

Proof. Let K € T and u € H'(Q) be arbitrarily chosen but fixed. By definition of
H' (), see for example [15, Definition 2.8 for reference, there exists two functions v; €
L?(Q) for i = 1,2 satisfying

/u@xip = — / vip  Vpelr(Q).
Q Q
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By definition of C2° (Q2) we have that for all u € C° (Q), all p € N2 and all x € 99,

Therefore through continuous extension by 0 we embed C2° (int (K)) into C2° (€2). This
implies that for : = 1,2

/ U0y, p = —/ vup  Vp e CF (int (K))
int(K) int(K)

and therefore ul;, ) € H' (int (K)). By application of the trace theorem [15, Theorem
3.10] we get that there exists g, € L? (OK) such that u|,, = g, in the trace sense. [
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