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Abstract

Finite Element Methods are a popular way of approximating the solutions of par-

tial di�erential equations. One such equation is the stationary Stokes problem in

two spatial dimensions. The Stokes equations are an example of a saddle point

problem and therefore its well-posedness is dependent on the so called inf-sup con-

dition. We propose a generalized Scott-Vogelius �nite element pair we call the

pressure-wired Stokes element that is characterized by a control parameter η ≥ 0.
We prove the inf-sup stability of this new element and as a result improving upon

the original bounds on the inf-sup constant of the original Scott-Vogelius element.

We also construct dual basis for a Crouzeix-Raviart type function space and we

use this dual basis to explicitly construct a projection operator into this Crouzeix-

Raviart type space.
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1 Introduction

Partial Di�erential Equations, or in short PDEs, are an integral part for the numerical
modelling of our modern world. They allow us to describe complex physical phenom-
ena in a mathematical rigorous way. Having a mathematical formulation opens up the
toolbox of theoretical and applied mathematics, such as analysis and numerics to �nd
solutions to these problems. Some classical PDEs include the heat-equation, describing
the propagation of heat in a given material, the wave-equation describing the propaga-
tion of waves through a or multiple mediums or the Navier-Stokes equations describing
non-compressible �uid �ows. For an indepth analysis of Partial Di�erential Equations
see for example the book by Lawrence C. Evans [17]. In this book, we learn that some
classical PDEs are well-posed but do not have classical solutions. An example given in
[17, �3.4] is the scalar conservation law (cf. ∂tu+∂x (f (u)) = 0). As mentioned in [17], it
is a well-posed problem, meaning that a solution exists, the solution is unique and the
solution depends continuously on the given data. A scalar conservation law describes
various one-dimensional phenomena in �uid dynamics, one of which is the formation of
shock waves. A shock wave is described by a discontinuity of the unknown function u.
This is a problem, since for a classical solution u to satisfy a scalar conservation law, u
should be at least C1. The unknown u having a discontinuity means, as the name im-
plies, that u is not even in C0. This gives rise to the notion of weak solutions, which
relies on the de�ntion of weak derivatives of functions (see, for example [15, De�nition
2.3]) which are a generalization of the calssical notion of derivatives, or even entropy so-
lutions which ensure that a solution is indeed �physically sound� [24, Section 11.13] in
case the weak solution is not unique.

A further challenge that arises is, that even if we can prove that a given PDE is well-
posed, most solutions do not have an analytic representation and hence cannot be writ-
ten down explicitly. This can be a problem. If we think of an engineer designing a car
and he or she wants to know how air �ows over the car body, it is of no use to him or
her knowing that a solution to this �ow problem exists but cannot be expressed analyt-
ically. This is where numerical approximation of such solutions come into play. They
allow us to compute, up to some approximation error, what values the function u is
taking. There are many numerical methods to obtain such approximations, like the �-
nite volume method [24], the �nite di�erence method [5, Part I, Chapter 1] or the �nite
element methods [5, Part I, Chapter 3]. Finite volume methods are popular for hyper-
bolic PDEs since they handle discontinuities well, which can occur in hyperbolic PDEs
as we have seen in the previous paragraph. Finite di�erence methods are based on the
approximation of derivatives using the function values to form a di�erence quotient.
A popular application of �nite di�erence is for non-stationary PDEs for the time step-
ping. Finite element methods utilize �nite dimensional subspaces of the test spaces in
the weak formulation to restrict the test functions to those �nite dimensional subspaces,
see e.g., [7, Chapter II, �4]. One reason for the popularity of �nite element methods for
the approximation PDEs in a weak formulation is that, given a basis of the �nite di-
mensional subspaces, we can use the basis representation of functions in those spaces to
transform the continuous problem into a system of linear equations, again see e.g., [7,
Chapter II, �4], which we then can solve.
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1.1 Contributions

In this thesis we examine two aspects of the �nite element method. In a �rst part we
are considering the stationary Stokes equation in two dimensions and a conforming
Galerkin �nite element approach. In a second part we consider non-conforming �nite
element space of Crouzeix-Raviart type and construct a dual basis for that space.

The stationary Stokes problem is a time independent linearization of the Navier-Stokes
equations [26, Section 16.2] that describe incompressible �uid �ows. The Stokes prob-
lem is an example of a saddle point problem, for example see [26, Section 16.3] or [28,
Section 5.2] for reference. Unlike elliptic problems whose stability condition is immedi-
ately passed down to the �nite dimensional subspaces used in a �nite element method,
for saddle point problems the so called inf-sup condition must hold, (see, e.g., [28, The-
orem 5.6]), which in general does not transfer to �nite dimensional subspaces. In case
of the Stokes equation [28, Section 5.3] provides a proof of inf-sup stability of the pair
(H1 (Ω) , L2

0 (Ω)) (cf. Section 2 for notation). An intuitive choice for �nite element pair
would be continuous vectors of local polynomial degree k for the velocity and piecewise
discontinuous polynomials of local degree k − 1 for the pressure. However this pair is
in general not inf-sup stable (see, e.g. [7, Chapter 3, �7] for one such unstable element).
This sparked some intense research e�orts to �nd inf-sup stable �nite element pairs. In
[31], [29] it is shown that the instability is related to singular vertex con�gurations, (see
Figure 4 for reference). Based on this insight, one can enrich the velocity space and/or
reduce the pressure space in an e�ort to construct inf-sup stable �nite elements. Pop-
ular examples include the non-conforming Crouzeix-Raviart element [14], the Mini el-
ement [3], the (modi�ed) Taylor-Hood element [7, Chapter 3, �7], the Bernardi-Raugel
element [6], the element by Falk-Neilan [18] and the Scott-Vogelius element [31] and
many more. There are further methods for obtaining stable discretization of the Stokes
equation, like using non-conforming schemes and/or modifying the discrete formulation
with stabilizing terms. We do not go into detail but refer to the literature, for example
[16].

We present a generalization of the classic Scott-Vogelius pair by introducing a control
parameter η ≥ 0 and reducing the pressure space by imposing the same condition as
in the classical Scott-Vogelius element for vertices z whose singular distance (cf. (3.5))
is smaller or equal than η (cf. De�nition 3.5). We call the new �nite element pair the
pressure-wired Stokes element. We prove that the pressure-wired Stokes element is inf-
sup stable and that the inf-sup constant can be bound from below by c (Θmin + η) > 0
where the constant c exclusively depends on the shape regularity of the mesh and the
domain Ω. In particular we prove that the constant c is independent of the mesh width
hT and the polynomial degree k. This k independence is a major improvement to the
original result by Vogelius, since the original Scott-Vogelius pair can be seen as a limit
case of the pressure wired Stokes element when η → 0. We want to emphasize here that
Chapters 2-4 are an extension of the paper [21]. While the arguments for the inf-sup
stability of the pressure-wired Stokes element have been shortened, respectively adapted
for publication, we present them here in full detail. To also have coherent notation in
this thesis and [21] the notation has been kept similar between the two works.
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Given a vector space V and a �nite dimensional subspace W ⊆ V with a basis BW =
{wi | 1 ≤ i ≤ n} for n ∈ N then a basis B′

W = {b′i | 1 ≤ i ≤ n} of the dual space W ′

exists, see e.g. [19, Section 6.2.1]. The same source also states that a dual basis posses
the Lagrange property with respect to the basis BW , meaning that b′i (bj) = δij for all
1 ≤ i, j ≤ n where δi,j denotes the Kronecker delta. This property yields a natural
interpolation operator ΠW : V → W given by

ΠWv :=
n∑

i=0

b′i (v)wi.

The Lagrange property of the dual basis implies that ΠW |W = I, where I describes the
identity operator. We will be considering a Crouzeix-Raviart type function space and
explicitly construct a dual basis and its naturally induced projection operator for/into
this space. The construction involves a decomposition of the Crouzeix-Raviart space
into edge bubble functions, volume bubble functions and non-conforming polynomials
and �nding a suitable change of basis for the space of edge bubble functions, as well as
some pointwise interpolation.

1.2 Outline

The thesis is structured as follows. In Chapter 2, we introduce the main function spaces
and general notations and conventions that are used throughout this thesis. We also in-
troduce the stationary Stokes equation with homogeneous boundary conditions in its
classical form and derive a weak formulation and introduce the Galerkin �nite element
method. In Chapter 3, we discuss the notation regarding triangulations of bounded
polygonal Lipschitz domains in R2 and de�ne the pressure-wired Stokes element. In
Chapter 4, we prove the inf-sup stability of the pressure-wired Stokes element by con-
struction of an explicit right inverse of the divergence operator on the pressure-wired
Stokes element. In Chapter 5 we de�ne a Crouzeix-Raviart type function space and
construct a dual basis on that space. Finally, Appendix A is a collection of technical
results that are used throughout this thesis, but whose proofs did not �t into the struc-
ture presented above.
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2 The Stokes equation

Before introducing the Stokes problem, we derive a variational formulation and de�ne
the �nite element Galerkin method to obtain numerical approximations of the solution
to the Stokes equation. We will introduce all the necessary spaces, notations and con-
ventions. This general notation is in accordance with [21] to ensure coherence between
this thesis and [21].

2.1 Function spaces, Notations and Conventions

Let Ω ⊆ R2 be an bounded Lipschitz domain. For s ≥ 0 and 1 ≤ p ≤ ∞, W s,p (Ω)
denotes the classical real valued Sobolev spaces, with norm ∥·∥W s,p(Ω) (see, e.g, [28, Sec-
tion A.5] or [15, Chapter 2]). We will be working exclusively with p = 2. Therefore, for
ease of notation, we write Hs (Ω) instead of W s,2 (Ω) and L2 (Ω) for W 0,2 (Ω). Further
we denote the closure of the space of in�nitely smooth functions with compact support

in Ω with respect to the Hs norm by Hs
0 (Ω), i.e. H

s
0 (Ω) := C∞

c (Ω)
∥·∥Hs(Ω) , and its dual

space by H−s (Ω). Also we set L2
0 (Ω) :=

{
u ∈ L2 (Ω) |

∫
Ω
u = 0

}
.

Remark 2.1. Throughout this thesis we will omit the speci�cation of the measure in
any integration. It will be assumed that any integration is performed with respect to
the standard Lebesgue measure induced by the domain or its boundary. This notation
is mirroring the notation in [21]

For u, v ∈ L2 (Ω), the L2 scalar product and its induced norm are given by

(u, v)L2(Ω) :=
∫
Ω
uv and ∥u∥L2(Ω) := (u, u)1/2 .

Since we are only considering real valued functions, no complex conjugation in the L2

scalar product is needed. For vector-valued function spaces we use bold letters. Thus
we write L2 (Ω) = (L2 (Ω))

2
, Hs (Ω) = (Hs (Ω))2 etc. and 2 × 2 tensor valued func-

tion spaces will be denoted by blackboard bold letters i.e. L2 (Ω) = (L2 (Ω))
2×2

etc..
The only exception of this labeling convention is the space of polynomials with degree
smaller than or equal to some k ∈ N. This space will be denoted with a blackboard
bold letter P, even though we consider scalar functions. For vectors v,w ∈ R2 we write
v = (v1, v2) and [v|w] for the 2×2 matrix with column vectors v and w. The Euclidean
scalar product in R2 with its induced norm are given as

⟨v,w⟩ :=
∑2

i=1 viwi and ∥v∥ := ⟨v,v⟩1/2 .

Using this, we set the L2 (Ω) scalar product and its induced norm to

(u,v)L2(Ω) :=
∫
Ω
⟨u,v⟩ and ∥u∥L2(Ω) := (u,u)

1/2

L2(Ω) for u,v ∈ L2 (Ω) .

Similarly we de�ne the L2 scalar product with its induced norm as

(G,H)L2(Ω) :=
∫
Ω
⟨G,H⟩ and ∥G∥L2(Ω) := (G,G)

1/2

L2(Ω) for G,H ∈ L2 (Ω) ,

where we set ⟨G,H⟩ :=
∑2

i,j=1Gi,jHi,j. Finally, if M ⊆ R2 is measurable then |M |
denotes the area of M and if M is discrete |M | denotes its cardinality.
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2.2 Classical and variational formulation

Let Ω ⊆ R2 be a bounded Lipschitz domain with boundary ∂Ω and we consider the
following problem. For a given function f ∈ C0 (Ω), �nd u : Ω→ R2 and p : Ω→ R such
that

−∆u−∇p = f in Ω, (2.1a)

divu = 0 in Ω, (2.1b)

u = 0 on ∂Ω, (2.1c)∫
Ω

p = 0 (2.1d)

where u is called the velocity �eld and p is called the pressure. If u ∈ C2 (Ω) ∩ C0
(
Ω̄
)

and p ∈ C1 (Ω) together satisfy(2.1), then we call the pair (u, p) a classical solution of
the Stokes equation with homogeneous Dirichlet boundary conditions. We notice that(
C2 (Ω) ∩C0

(
Ω
))
× C1 (Ω) is quite a restrictive space because there might not exist a

solution to (2.1) for certain forces f . In order to mitigate this problem of existence, we
turn to the weak formulation of (2.1). Let v ∈ H1

0 (Ω) and q ∈ L2
0 (Ω) be two arbitrar-

ily chosen but �xed test functions. Multiply (2.1a) and (2.1b) with v and q respectively
and integrate over the domain Ω. Using integration by parts via the Gauss theorem and
the fact that v|∂Ω ≡ 0 in the trace sense [28, pp. 28] results in the following two equa-
tions

(∇u,∇v)L2(Ω) + (div v, p)L2(Ω) = (f ,v)L2(Ω) (2.2a)

(divu, q)L2(Ω) = 0. (2.2b)

Note that we consider the derivatives ∇u and ∇v in the weak sense [15, De�nition 2.3],
i.e. u,v ∈ H1 (Ω). To be a little more precise, for u ∈ H1 (Ω), ∇u is given by

∇u :=

[
∂u

∂x1

∣∣∣∣ ∂u∂x2
]⊤

.

The partial derivatives are also consider to be in the weak sense. Using (2.2), we can
formulate the variational formulation of the Stockes problem. For a given functional
F ∈ H−1 (Ω) �nd (u, p) ∈ H1

0 (Ω)× L2
0 (Ω) satisfying

(∇u,∇v)L2(Ω) + (div v, p)L2(Ω) = F (v) ∀v ∈ H1
0 (Ω) (2.3a)

(divu, q)L2(Ω) = 0 ∀q ∈ L2
0 (Ω) . (2.3b)

Observe that in (2.3) we impose the homogeneous Dirichlet boundary condition on
the velocity �eld and the normalisation condition on the pressure of (2.1) through the
choice of our test/solution space H1

0 (Ω) × L2
0 (Ω). In this form we are able to use the

theory for variational problems (e.g. [28, Chapter 1]). In particular [28, Section 5.3] in
order to ensure existence and uniqueness of weak solutions for (2.3) in H1

0 (Ω) × L2
0 (Ω).

In [20] it is established that the pair (H1
0 (Ω) , L

2
0 (Ω)) is inf-sup stable and hence (2.3) is

well posed.
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2.3 The Galerkin �nite element approach

There are di�erent methods available to get a numerical approximation for (2.3). We
will be considering approximations obtained by a conforming Galerkin �nite element
method. Let S ⊆ H1

0 (Ω) and M ⊆ L2
0 (Ω) be �nite dimensional subspaces and consider

the discrete problem: �nd (uS, pM) ∈ S×M satisfying

(∇uS,∇v)L2(Ω) + (div v, pM)L2(Ω) = F (v) ∀v ∈ S, (2.4a)

(divuS, q)L2(Ω) = 0 ∀q ∈M. (2.4b)

Since we now operate in a pair of �nite dimensional vector spaces we can �nd basis
functions for the spaces S and M and transform (2.4) into a linear system of equations.
The choice of �nite dimensional subspaces (S,M) is crucial since the continuous sta-
bility condition, i.e. the inf-sup condition in general does not translate to �nite dimen-
sional subspaces. We see this by noticing that a su�cient condition for inf-sup stability
is the statement that there exists a constant Cstab > 0 such that for all q ∈ L2

0 (Ω) there
exists vq ∈ H1

0 (Ω) satisfying that div vq = q and ∥vq∥H1(Ω) ≤ Cstab∥q∥L2(Ω). If one is not
careful with the choice of S and M , it can happen that there exists a pressure p̃M ∈ M
such that (p̃M , div v)L2(Ω) = 0 for all v ∈ S. This then implies that

inf
p∈M\{0}

sup
v∈S\{0}

(p, div v)L2(Ω)

∥p∥L2(Ω) ∥v∥H1(Ω)

= 0,

and therefore the pair (S,M) would be unstable, meaning that the existence and/or
uniqueness of a solution cannot be guaranteed. For example, the most intuitive choice
for a Stokes element, a continuous velocity approximation with local polynomial degree
k and discontinues pressures of local degree k − 1 can result in an unstable pair (see,
e.g., [7, Chapter 3, �7]), meaning the inf-sup constant is 0. There are several approaches
to solve this issue. One is to enrich the velocity space S with non-conforming functions.
An example for this would be Crouzeix-Raviart element [14]. In that paper the case
k = 1 was proven. Most recently it was proven, that the Crouzeix-Raviart element is
inf-sup stable for odd polynomial degree k ≥ 3 in two dimensions [10].

Another approach, and the one we are going to be considering in this chapter and the
next two, is to shrink the pressure space. This can be done by imposing side constraints
on the pressure space. An example of this approach would be the Scott-Vogelius �nite
element [31]. The constrained on the pressure space in the Scott-Vogelius element are
related to �critical points�, a notion we will introduce in Section 3.1. In [31], [29] and
[22] it is proven that the Scott-Vogelius element is inf-sup stable and that the discrete
inf-sup constant is independent of the mesh size. However the constant depends alge-
braically on the polynomial degree k and the geometric quantity Θmin, which will be
de�ned in Section 3.1, measuring how close the non critical points are from being crit-
ical. One accomplishment presented in this thesis is that we are able to show by using
new research by M. Ainsworth and C. Parker [1], that the discrete inf-sup constant of
the Scott-Vogelius element is independent of the polynomial degree k.
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Figure 1: Numbering convention on any triangle K if not stated otherwise.

3 Parameter depending Scott-Vogelius �nite element

In order to construct a �nite element pair for the Stokes equation we cover the domain
Ω with closed triangles. In other words we consider a triangulation of the domain. We
will introduce a coherent system of notation regarding the triangulation and then we
will be able to de�ne the pressure-wired Stokes element. As in Chapter 2 the notation
introduced in this chapter mirrors the one chosen in [21]. This again is done for the
sake of coherence.

3.1 Triangulations of bounded polygonal Lipschitz domains

Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with boundary ∂Ω and let T =
{K |K ⊆ Ω a closed triangle } be a conforming triangulation of Ω.

De�nition 3.1. A triangulation T of Ω is said to be conforming if, for all K,K ′ ∈ T
it holds that K ∩ K ′ is either the triangle K, a common edge E, a common vertex z or
empty and that Ω = int

(⋃
K∈T K

)
holds, where int (M) denotes the interior of a set

M ⊆ R2.

For a general triangle K ∈ T , we choose the following notation convention. We number
the vertices counterclockwise by Ai for 1 ≤ i ≤ 3 in a cyclic fashion, meaning A1−1 :=
A3 and A3+1 := A1. For 1 ≤ i ≤ 3, the edge opposite Ai is denoted by Ei and the
angle at Ai by θi. The unit tangent vectors ti associated with the edge Ei is given by
ti := (Ai−1 −Ai+1) / ∥Ai−1 −Ai+1∥ for 1 ≤ i ≤ 3. See Figure 1 for reference. We

denote the reference triangle given by the vertecies Â1 := (0, 0), Â2 := (1, 0) and Â3 :=

(0, 1) by K̂. We employ the same cyclic numbering convention as for any other triangle.

We also denote the edges by Êi, the angles by θ̂i as well as the unit tangent vector t̂i :=(
Âi−1 − Âi+1

)
/
∥∥∥Âi−1 − Âi+1

∥∥∥ associated with edge Êi. See Figure 2 for reference. For

K ∈ T we set hK to be the diameter of the element K ∈ T , i.e. hK := diamK =

9
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Â1 Â2

Â3

K̂

Ê1

n̂1

t̂1

Ê2n̂2

t̂1

Ê3

n̂3

t̂3

Figure 2: Numbering convention on the reference triangle K̂.

sup {∥x− y∥ | x,y ∈ K}, and hT := max {hK |K ∈ T }. Further the shape regularity
constant is set to be

γT := max
K∈T

hK
ρK

,

where ρK is the diameter of the largest inscribed circle in the triangle K ∈ T . With
some geometry and trigonometry, we can deduce that there exists a constant ϕT > 0
only depending on γT such that for all K ∈ T any angle θ inscribed by two edges of K
is bounded by

0 < ϕT ≤ θ ≤ π − 2ϕT < π. (3.1)

We denote the set of vertices of T with V (T ) and the set of edges of T by E (T ). To
specify if the vertices or edges lie in Ω or on the boundary ∂Ω, we write V∂Ω (T ) :=
{z ∈ V (T ) | z ∈ ∂Ω} and E∂Ω (T ) := {E ∈ E (T ) | E ⊆ ∂Ω} for the boundary case. We
then write VΩ (T ) = V (T ) \ V∂Ω (T ) and EΩ (T ) = E (T ) \ E∂Ω (T ) if the triangles/edges
lie in the interior of the domain Ω. To further specify that we are only considering the
vertices of a speci�c triangle K or edge E, we write V (K) and V (E). Consider E ∈
E (T ) and K ∈ T , then |E| and |K| denote the length of E and the area of K. Let
z ∈ V (T ), E ∈ E (T ) and K ∈ T be any vertex, edge or triangle. We de�ne the local
triangle, edge or vertex patches as

TK := {K ′ ∈ T | K ∩K ′ ̸= ∅} with ωK :=
⋃

K′∈TK

K ′ and NK := |TK | ,

TE := {K ∈ T | E ⊆ K} with ωE :=
⋃

K∈TE

K and NE := |TE| ,

Tz := {K ∈ T | z ∈ K} with ωz :=
⋃

K∈Tz

K and Nz := |Tz| .

(3.2)

The local mesh widths of an edge patch is denoted by hE := max {hK | K ∈ TE} and
of a vertex patch by hz := max {hK | K ∈ Tz} for E ∈ E (T ) and z ∈ V (T ) re-
spectively. For a vertex z ∈ V (T ) we denote the local edge skeleton at z as Ez :=

10
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Figure 3: Example of a non-singular vertex z with Nz = 5. See, [22, Figure 3] for a
similar example.

{E ∈ E (T ) | z ∈ V (E)}. Finally, we de�ne the minimal outer angle of Ω. For z ∈
V∂Ω (T ) and edges E,E ′ ∈ E∂Ω (T ) such that E ∩ E ′ = {z} we denote the angle at z
inscribed by the edges E,E ′ viewed from the complement of Ω as αz. We then set the
minimal outer angle of Ω to be

αT := min
z∈V∂Ω(T )

αz. (3.3)

3.2 The pressure-wired Stokes element

We will employ the usual multi-index notation. Let N = {1, 2, . . . } and N0 := N ∪ {0}.
For µ ∈ N2

0 and points x ∈ R2 we write

|µ| := µ1 + µ2 and xµ := xµ1

1 x
µ2

2 .

Now we have all the necessary tools to introduce the �nite element space: for ω ⊆ R2,
set

Pk (ω) :=

f : ω → R | f (x) =
∑

µ∈N2
0, |µ|≤k

aµx
µ, aµ ∈ R


to be the set of all bi-variate polynomials with arguments in ω. Using this we de�ne the
function spaces

Pk (T ) :=
{
q ∈ L2 (Ω)

∣∣ ∀K ∈ T : q
∣∣
K
∈ Pk (K)

}
,

Pk,0 (T ) :=
{
q ∈ Pk (Ω) |

∫
Ω

q = 0

}
for k ∈ N0. This allows us to de�ne the �nite element spaces Sk (T ) := Pk (T ) ∩H1 (Ω)
and Sk,0 (T ) := Sk (T ) ∩ H1

0 (Ω). In accordance with Section 2.1 we write Sk (T ) :=
(Sk (T ))2 and Sk,0 (T ) := (Sk,0 (T ))2. As already mentioned in Section 2.3 the pair

11



(Sk,0 (T ) ,Pk−1,0 (T )) can have an inf-sup constant equal to 0 and therefore be unsta-
ble. This instability stems from so called critical points, (cf. Figure 4). For the in-depth
analysis of these critcal points in the case of k ≥ 4, see [31] and [29]. In the original
works of Guzmán, Scott and Vogelius [31], [29] and [22], stability is achieved by intro-
ducing restrictions on the pressure space at the critical points of the mesh. We de�ne
the two functionals that will play a role in the upcoming sections as well as in the origi-
nal Scott-Vogelius element.

De�nition 3.2. For z ∈ V (T ) enumerate the vertex patch Tz counterclockwise around z
(see Figure 3 for reference) and denote the angle in Ki at z by θi. The functional AT ,z :
Pk,0 (T )→ R is given by

AT ,z (q) :=
Nz∑
i=1

(−1)i
(
q|Ki

)
(z) . (3.4)

Further the function Θ : V (T ) → R measuring the �critical distance� of a vertex z from
being singular is given by

Θ(z) :=


max {|sin (θi + θi+1)| | 1 ≤ i ≤ Nz} if z ∈ VΩ,
max {|sin (θi + θi+1)| | 1 ≤ i ≤ Nz−1} if z ∈ V∂Ω (T ) ∧Nz ≥ 2,

0 if z ∈ V∂Ω (T ) ∧Nz = 1

. (3.5)

Here we employ the cyclic numbering convention i.e. θNz+1 = θ1. The smallest critical
distance in a triangulation is denoted by

Θmin := min {Θ(z) | z ∈ V (T ) : Θ (z) ̸= 0} . (3.6)

Then, we set Ql
h := {q ∈ Pl,0 (T ) | AT ,z (q) = 0 if Θ(z) = 0} for l ∈ N and get the

Scott-Vogelius element
(
Sk,0 (T ) , Qk−1

h

)
for k ≥ 4, [22]. It was proven in [31] and [29,

Theorem 5.1] that there exists a continuous right-inverse for the divergence operator on
the pair

(
Sk,0 (T ) , Qk−1

h

)
for k ≥ 4.

Proposition 3.3 ([22, Theorem 1]). Let k ≥ 4. For any q ∈ Qk−1
h there exists a velocity

�eld v ∈ Sk,0 (T ) such that

div v = q and ∥v∥H1(Ω) ≤ C
(
1 + 1

Θmin

)
∥q∥L2(Ω) ,

for a constant C > 0 which is independent of the mesh width hT and the geometric
quantity Θmin and only depends on the shape-regularity of the mesh and the polynomial
degree k.

This proposition is then used to show that the inf-sup constant of the Scott Vogelius

element is bounded from below by CSV

(
1 + 1

Θmin

)−1

> 0 where CSV depends on the

shape-regularity of the mesh and the polynomial degree k, see [22, Theorem 1]. The
analysis in [31] reveals that the k-dependence is algebraic i.e. k−r with an exponent r >
10. This leads to the observation that there are two things that could lead to a decay

12
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Figure 4: The four singular vertex con�gurations. The dashed lines represent boundary
edges and the full lines represent inner edges.

of the discrete inf-sup constant of the Scott-Vogelius element, a high polynomial degree
k or a mesh con�guration where Θmin ≪ 1. To mitigate the sensitivity with regard to
the mesh con�guration we propose a generalization of the Scott-Vogelius element via a
control parameter η ≥ 0 to impose additional constraints on the pressure space. This
leads us to the following de�nition.

De�nition 3.4. For η ≥ 0, z ∈ V (T ) is said to be η-critical, if Θ(z) ≤ η. The set of
η-critical vertecies CT (η) is denoted by

C (η) := {z ∈ V (T ) | z is η-critical} .

We apply the same constraints on the η-critical vertices as in the original Scott-Vogelius
element and we call the resulting �nite element pair the pressure-wired Stokes element.

De�nition 3.5. For η ≥ 0 and l ∈ N we de�ne the space Mη,l (T ) ⊆ Pl,0 (T ) to be

Mη,l (T ) := {q ∈ Pl,0 (T ) | ∀z ∈ C (η) : AT ,z (q) = 0} .

The pressure-wired Stokes element is given by (Sk,0 (T ) ,Mη,k−1 (T )) for k ≥ 4.

We observe that, for the choice of η = 0 we have that M0,k−1 (T ) = Qk−1
h and that for

0 ≤ η′ ≤ η the chain of inclusions Mη,k−1 (T ) ⊆ Mη′,k−1 (T ) ⊆ M0,k−1 (T ) holds. We
will prove that the pressure-wired Stokes element is inf-sup stable and that the inf-sup
constant is bounded from below by CS (Θmin + η)−1 > 0 where CS only depends on the
shape-regularity of the mesh and the domain Ω but is independent of the mesh width
hT , the polynomial degree k, the parameter η and the geometric constant Θmin. Since
the Scott-Vogelius element is a special case of the pressure-wired Stokes element, our
new bound can be applied to the Scott-Vogelius element and thus the exponent r in the
algebraic dependence of the polynomial degree k can be chosen to be 0.
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Remark 3.6. In Figure 4 there are only four singular vertex con�gurations displayed.
There would a �fth singular vertex con�guration, the so called slit con�guration where
the boundary a single line cutting into the domain. We can exclude this con�guration
since we are considering bounded Lipschitz domains.
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4 Inf-sup stability of the pressure-wired Stokes ele-

ment

The objective of this chapter is to prove that the pressure-wired Stokes element
(Sk,0 (T ) ,Mη,k−1 (T )) is indeed inf-sup stable for k ≥ 4 and that the inf-sup constant
can be bounded from below by a constant independent of the mesh width hT and the
polynomial degree k. This leads us to our main theorem of this chapter.

Theorem 4.1. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Ω. Then there exists η0 > 0 depending on the minimal
outer angle αT such that for all 0 ≤ η < η0 and k ≥ 4, there exists an operator
Π :Mη,k−1 (T )→ Sk,0 (T ) satisfying the two properties

div Πq = q, (4.1a)

∥Πq∥H1(Ω) ≤
C

Θmin + η
∥q∥L2(Ω) . (4.1b)

The constant C > 0 in (4.1b) is independent of the of the mesh width hT and the poly-
nomial degree k, the parameter η and the geometric quantity Θmin and only depends on
the shape-regularity of T and the domain Ω.

Theorem 4.1 immediately implies the inf-sup stability of the pressure-wired Stokes ele-
ment for k ≥ 4 and 0 ≤ η < η0.

Corollary 4.2. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Ω. Then there exists η0 > 0 depending on the minimal outer
angle αT such that for all 0 ≤ η < η0 and k ≥ 4 the pressure-wired Stokes element
(Sk,0 (T ) ,Mη,k−1 (T )) is inf-sup stable and satis�es the bound

inf
q∈Mη,k−1(T )\{0}

sup
v∈Sk−1,0(T )\{0}

(q, div v)L2(Ω)

∥q∥L2(Ω) ∥v∥H1(Ω)

≥ CS (Θmin + η) , (4.2)

where CS > 0 only depends on the shape-regularity of the mesh and the domain Ω but
is independent of the mesh width, the polynomial degree k, the parameter η and the geo-
metric quantity Θmin.

As one can easily see from Corollary 4.2, that if we choose η = 0, we recover [22, Theo-
rem 1] but with the improved inf-sup bound independent of the polynomial degree k.1

Remark 4.3. η0 is taken from [27, Lemma 2.13]. Choosing 0 ≤ η < η0 ensures that
any η-critical point z ∈ CT (η) belongs to one of the con�gurations seen in Figure 4 but
in the almost singular version.

1Shortly before the completion of this thesis, we were made aware of results in [2, Sections 4 & 5]
that already provide the k-robust estimations of the standard Scott-Vogelius element. However, since it
is not immediately evident how to modify the results in [2, Sections 4 & 5] to prove the inf-sup stabil-
ity of the pressure-wired Stokes element as in Corollary 4.2 and also to showcase our approach to the
problem, we provide our proofs of Theorem 4.1 and Corollary 4.2 in full.
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4.1 Intermediate results

To prove Theorem 4.1 we need a series of preliminary results. This section follows the
general structure of the prove of [22, Theorem 1]. The key di�erence and the new re-
search presented in this chapter is the usage of new results from [1] to combat the al-
gebraic dependence on the polynomial degree in the construction in [31], [29] and [22].
This section is also an extended version of [21, Chapter 4] as already mentioned in sec-
tion 1.1. Hence we consider the �rst Lemma which gives us the existence of a piecewise
polynomial ϕz

E whose H1 norm decays with a rate of k−2 in the polynomial degree.

Lemma 4.4 ([21, Lemma 4.6]). Let Ω be a bounded polynomial Lipschitz domain and
let T be a conforming triangulation of Ω. Assume that k ≥ 3 is given, then for all z ∈
V (T ) and all E ∈ Ez there exists ϕz

E ∈ Sk (T )with the properties:

suppϕz
E ⊆ ωE (4.3a)

∇ϕz
E (y) = 0 ∀ ∈ V (T ) \ {z} , (4.3b)

∂ϕz
E

∂tzE
(z) =

1

|E|
, (4.3c)

∥ϕz
E∥H1(ωE) ≤ Ck−2, (4.3d)

where tzE := (z′ − z) / |E| is the unit tangent vector aligned with edge E and its end-
points z, z′ ∈ V (E). The constant C > 0 is independent of the mesh width hT and
the polynomial degree k and only depends on the shape regularity of the mesh and the
domain Ω. Further if E ∈ EΩ (T ) then ϕz

E ∈ Sk,0 (T ).

Proof. Let z ∈ V (T ), E ∈ Ez and k ≥ 3 be arbitrarily chosen but �xed. We take the

polynomial ϕ̂1 := ϕ̂
(1,0)
1 ∈ Pk

(
K̂
)
from the proof of Lemma A.1 in [1, p. 1240] and we

notice that, by construction, ϕ̂1 satis�es

ϕ̂1

∣∣
Êi

= 0 for i = 1, 2,∥∥∥ϕ̂1

∥∥∥
H1(Ω)

≤ Ck−2,

and ∂ϕ̂1

∂t̂j

(
Âi

)
=

{
1, i = 1 ∧ j = 3,

0, else.

(4.4)

Recall Figure 2 for notation. We have to consider two possible cases of the location of
the edge E.

Case 1: E ∈ E∂Ω (T ). Then NE = 1 and thus ωE = K for K ∈ TE. We then set an

a�ne linear transformation χK : K̂ → K in such a way such that χK

(
Â1

)
= z and

χK

(
Â2

)
= y ∈ V (E) \ {z}. By construction of χK we have that χK

(
Ê3

)
= E. We

now de�ne ϕz
E ∈ Pk (T ) as

ϕz
E :=

{
ϕ̂1 ◦ χ−1

K K ∈ TE,
0 otherwise.

(4.5)
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We immediately get (4.3a) from (4.5) since TE = {K}. Further by construction of χK

and (4.4)(1) we have that ϕz
E is continuous across all edges and thus ϕz

E ∈ Sk (T ). Since
t̂j for j = 1, 2 are linearly independent, we deduce from (4.4)(3) that ∇ϕ̂1

(
Âi

)
= 0 for

i = 2, 3. This implies together with (4.3a) property (4.3b). The fact that χK

(
Ê3

)
=

E in combination with Lemma A.1 gives us property (4.3c). We observe, since E is a
boundary edge, that ∥ϕz

E∥L2(ωE) = ∥ϕz
E∥L2(K) holds by construction (4.5) and hence by

applying a change of variables to the reference element K̂ we obtain that

∥ϕz
E∥L2(ωE) = ∥ϕ

z
E∥L2(K) =

√√√√ |K|∣∣∣K̂∣∣∣
∥∥∥ϕ̂1

∥∥∥
L2(K̂)

≤

√√√√ |K|∣∣∣K̂∣∣∣
∥∥∥ϕ̂1

∥∥∥
H1(K̂)

(4.4)(2)

≤ C

√√√√ |K|∣∣∣K̂∣∣∣k−2,

where C > 0 is independent of the local mesh width hK and the polynomial degree k.
We observe now that for any K ∈ T it holds that |K| = 1/2hK |E ′| sin θ. Here θ is the
angle inscribed by E and E ′ such that |E| = hK and sin θ > 0 through the bounded
angle property (3.1). This implies that we can estimate |K| ≤ 1

2
h2K . Hence we get that√

|K| /
∣∣∣K̂∣∣∣ ≤ hK since 2

∣∣∣K̂∣∣∣ = 1. Using this we obtain that ∥ϕz
E∥L2(K) ≤ ChKk

−2

with C > 0 being independent of the mesh width hK and the polynomial degree k.
Using the same reasoning as in the L2 case we get that ∥∇ϕz

E∥L2(ωE) = ∥∇ϕz
E∥L2(K). By

application of the chain rule for di�erentiation and a change of variables, we have that

∥∇ϕz
E∥L2(ωE) = ∥∇ϕ

z
E∥L2(K) ≤ C

√√√√ |K|∣∣∣K̂∣∣∣h−1
K

∥∥∥∇ϕ̂1

∥∥∥
L2(K̂)

≤ Ck−2,

where C > 0 only depends on the shape regularity of the mesh. Putting the two esti-
mates together we obtain that

∥ϕz
E∥H1(ωE) =

(
∥ϕz

E∥
2
L2(ωE) + ∥∇ϕ

z
E∥

2
L2(ωE)

)(1/2)
≤ C (1 + hK) k

−2.

Estimating hK with diamΩ we have shown that (4.3d) holds with a constant only de-
pending on the shape-regularity of T and the domain Ω.

Case 2: E ∈ EΩ (T ). Now we have that TE = {K1, K2}. We now construct χKi
: K̂ →

Ki for i = 1, 2 in such a way that χKi

(
Â1

)
= z and χKi

(
Â2

)
= y ∈ V (T ) \ {z} being

the other endpoint of E and therefore χKi

(
Ê3

)
= E. We now set ϕz

E to be

ϕz
E :=

{
ϕ̂1 ◦ χ−1

Ki
on Ki ∈ TE, i = 1, 2,

0 otherwise.

Here we have by construction that ϕz
E is continuous across the edges, in particular edge

E, and thus ϕz
E ∈ Sk (T ). Further since E is an inner edge we have ϕz

E ∈ Sk,0 (T ). We
also see directly that (4.3a) holds. The other properties follow from the same arguments
as in the boundary case applied on each triangle and therefore will be omitted.

17



For the further construction we employ two vector �elds wz
E,v

z
E which allow us to con-

struct a right inverse for the divergence operator. The construction follows the same
idea as in [22, p. 512]. The key di�erence is that we use ϕz

E de�ned in Lemma 4.4.

De�nition 4.5 ([21, De�nition 4.8]). Let Ω be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Ω. For E ∈ E (T ) and z ∈ V (E) let ϕz

E be as
described in Lemma 4.4. Then the function ψz

E ∈ Sk (T ) is given by

ψz
E :=

{
ϕz
E|K −

∫
E ϕz

E∫
E λ2

K,zλ
2
K,y
λ2K,zλ

2
K,y for K ∈ TE,

0 otherwise,

where y ∈ V (E)\{z} and λK,x is the piecewise linear Lagrange basis function associated
with x ∈ V (K).i.e. λK,x (x

′) = δx,x′ for all x,x′ ∈ V (K) where δzy is the Kronecker
delta. The �rst vector �eld wz

E ∈ Sk (T ) is given by

wz
E := |E|ϕz

Et
z
E (4.6)

with tzE = (y − z) / |E| for the other endpoint y ∈ V (E) \ {z} of E. The second vector
�eld vz

E ∈ Sk (T ) is given by
vz
E := |E|ψz

Ec (4.7)

for some c ∈ R2 \ {0}.

As mentioned before, the vector �elds wz
E,v

z
E have the same form as in [22]. However

since we use the function ϕz
E described in Lemma 4.4 in the de�nition of wz

E,v
z
E, we

will have an improved norm estimate. Let us now prove some properties of these two
vector �elds that we will be using in later constructions.

Lemma 4.6 ([21, Lemma 4.9]). Let Ω be a bounded polygonal Lipschitz domain and let
T be a conforming triangulation of Ω. Let k ≥ 4, E ∈ E (T ) and z ∈ V (E) be given.
Then the vector �elds wz

E,v
z
E from De�nition 4.5 with some c ∈ R2 \ {0} satisfy the

following properties

wz
E,v

z
E ∈ Sk (T ) , suppwz

E ⊆ ωE and suppvz
E ⊆ ωE, (4.8a)∫

K

divwz
E =

∫
K

div vz
E = 0 ∀K ∈ T , (4.8b)

divwz
E (y) = div (vz

E) (y) = 0 ∀y ∈ V (T ) \ {z} , (4.8c)

div
(
wz

E

∣∣
K

)
(z) = div

(
vz
E

∣∣
K

)
(z) = 0 ∀K ∈ Tz \ TE, (4.8d)

div
(
vz
E

∣∣
K

)
(z) = |E| ⟨c,∇λK,y⟩ ∀K ∈ TE, (4.8e)

div
(
wz

E

∣∣
K

)
(z) = 1 ∀K ∈ TE, (4.8f)

∥wz
E∥H1(Ω) ≤ ChEk

−2 and ∥vz
E∥H1(Ω) ≤ ChEk

−2, (4.8g)

where C > 0 is independent of the local mesh width hE and the polynomial degree k and
only depends on the shape regularity of the mesh.

The proof uses the same arguments as [22, Lemma 4] applied to the new vector �elds.
Further we will give more details since [22] skips some of the caculations.
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Proof. (4.8a) follows directly from the construction of ψz
E and (4.3a). Since wz

E

∣∣
K

=

vz
E

∣∣
K

= 0 for all K /∈ TE and thus we only need to verify (4.8b) for K ∈ TE. Hence let
K ∈ TE be any triangle. By applying the Gauss theorem and the construction of ψz

E we
obtain ∫

K

div vz
E =

∫
∂K

⟨vz
E,n∂K⟩ =

∫
E

⟨vz
E,nK,E⟩ = |E| ⟨c,nK,E⟩

∫
K

ψz
E = 0.

Here n∂K and nK,E are the outward facing normal vectors of ∂K and E with respect to
K. By applying the Gauss theorem again for wz

E we get that∫
K

divwz
E =

∫
E

⟨wz
E,nK,E⟩ = |E| ⟨tzE,nK,E⟩

∫
E

ϕz
E = 0

and thus proving (4.8b). Again since wz
E and vz

E are constantly zero on Ω \ ωE we only
need to consider K ∈ TE for (4.8c). Let K ∈ TE be arbitrarily chosen but �xed and take
any y ∈ V (K) \ {z}. By construction of wz

E and vz
E we get

div
(
wz

E

∣∣
K

)
(y) = |E|

∂ϕz
E

∣∣
K

∂tzE
(y) = |E|

〈
tzE,∇ϕz

E

∣∣
K
(y)
〉 (4.3b)

= 0,

div
(
vz
E

∣∣
K

)
(y) = |E|

∂ψz
E

∣∣
K

∂c
(y) = |E|

〈
c,∇ψz

E

∣∣
K
(y)
〉 (4.3b)

= 0.

Since for K ∈ Tz \ TE we have that vz
E = wz

E = 0, (4.8d) holds by construction. For
(4.8e) we take K ∈ TE and observe

div vz
E

∣∣
K
= |E|

〈
c,∇ψz

E

∣∣
K

〉
= |E|

〈
c,∇ϕz

E

∣∣
K

〉
.

Now since ϕz
E

∣∣
K
(Ex) = 0 where Ex is the edge opposite x ∈ V (E) we can write

ϕz
E

∣∣
K

= ϕK,k−2λK,zλK,y for some ϕK,k−2 ∈ Pk−2 (K). If E is an inner edge we ob-
serve that ϕK1,k−2|E = ϕK2,k−2|E to ensure continuity across the edge E, where TE =
{K1, K2}. Using the product rule for di�erentiation, we obtain that div

(
vz
E

∣∣
K

)
(z) =

|E| ⟨c, ϕK,k−2 (z)∇λK,y⟩. By choosing c← tzE and applying [22, (2.3)] we see that

1

|E|
(4.3c)
=

∂ϕz
E

∣∣
K
(z)

∂tzE
= ϕk−2 (z) ⟨tzE,∇λK,y⟩ =

ϕk−2 (z)

|E|
.

This implies that ϕK,k−2 (z) = 1 and thus proving (4.8e). Taking wz
E, a simple calcula-

tion results in

div
(
wz

E

∣∣
K

)
(z) = |E|

∂ϕz
E

∣∣
K

∂tzE
(z)

(4.3c)
=
|E|
|E|

= 1

for K ∈ TE and thus proving (4.8f). For the bounds on the H1-norm we employ Lemma
A.2. Therefore we immediatly get

∥wz
E∥H1(ωE) = |E| ∥t

z
E∥ ∥ϕz

E∥H1(ωE)

(4.3d)

≤ ChEk
−2,

where C > 0 only depends on the shape regularity of the mesh and the domain Ω. Sim-
ilarly we get that ∥vz

E∥H1(ωE) ≤ hE ∥c∥ ∥ψz
E∥H1(ωE). We observe that we can estimate

∥ψz
E∥H1(K) by
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∥ψz
E∥H1(K) ≤ ∥ϕ

z
E∥H1(K) +

∣∣∣∣∣
∫
E
ϕz
E∫

E
λ2K,zλ

2
K,y

∣∣∣∣∣ ∥∥λ2K,zλ
2
K,y

∥∥
H1(K)

≤ Ck−2 +

∣∣∣∣∣
∫
E
ϕz
E∫

E
λ2K,zλ

2
K,y

∣∣∣∣∣ ∥∥λ2K,zλ
2
K,y

∥∥
H1(K)

,

by application of the triangular inequality. Using [22, (3.4) on p. 521] we have that∫
E

λ2K,zλ
2
K,y = |E| /30.

Using Proposition A.4 we conclude that there exists C > 0 only depending on the shape
regularity of the mesh that

∫
E
λ2K,zλ

2
K,y ≥ ChE. Applying the Cauchy-Schwarz inequal-

ity, the a�ne pull back of E to Ê3 and [1, 2nd line of the proof of Lemma A.1] we com-
pute ∫

E

ϕz
E ≤ h

1/2
E ∥ϕ

z
E∥L2(E) ≤ ChE

∥∥∥ϕ̂1

∥∥∥
L2(Ê3)

≤ ChEk
−3,

for a constant C > 0 independent of the mesh local mesh width hE and the polynomial
degree k and only depending on the shape regularity of T . Using [31, Lemma 2.1] trian-
glewise we get that there exists C > 0 independent of the local mesh width hE and the
polynomial degree k such that

∥∥λ2K,zλ
2
K,y

∥∥
H1(ωE)

≤ C/hE
∥∥λ2K,zλ

2
K,y

∥∥
L2(ωE)

by the inverse

inequality [28, Theroem 4.76]. Since by de�nition λ2K,zλ
2
K,y ≤ 1 we can estimate

∥∥λ2K,zλ
2
K,y

∥∥
L2(ωE)

≤

(∑
K∈TE

|K|

)1/2

≤

(∑
K∈TE

h2K
2

)1/2

≤ hE.

Therefore we conclude that
∥∥λ2K,xλ

2
K,y

∥∥
H1(ωE)

≤ C independent of the polynomial degree

k and the local mesh width hE. Combining these calculations, it follows that

∥ψz
E∥H1(ωE) ≤ Ck−2 + Ck−3 ≤ Ck−2

with C > 0 only depending on the shape regularity of the mesh but being independent
of the local mesh width hE and the polynomial degree k. Thus we have shown (4.8g)
and this concludes the proof.

We use these vector �elds to build some more vector �elds that exhibit a Lagrange type
property under the application of the divergence operator trianglewise in the vertices of
the mesh. Here for the �rst time comes a geometric quantity η0 > 0 into play (cf. Re-
mark 4.3). This leads us to the next Lemma, giving us a construction of a vector �eld
for non-η-critical vertices with a Lagrange type property with respect to vertices and
triangles, i.e. see (4.9b) and (4.9c), if the divergence operator is applied to this vector
�eld.

Lemma 4.7 ([21, Lemma 4.10]). Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Ω. Let 0 ≤ η < η0 and k ≥ 4 be arbitrarily
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chosen but �xed. Then for all z ∈ V (T ) \ CT (η) and any K ∈ Tz there exists a vector
�eld vz

K ∈ Sk,0 (T ) that satis�es the following properties:

suppvz
K ⊆ ωz, (4.9a)

div (vz
K) (y) = 0 ∀y ∈ V (T ) \ {z} , (4.9b)

div
(
vz
K

∣∣
K′

)
(z) = δKK′ ∀K ′ ∈ Tz, (4.9c)∫

K′
div vz

K = 0 ∀K ′ ∈ T , (4.9d)

∥vz
K∥H1(ωz)

≤ C

Θmin + η

hz
k2
. (4.9e)

Here the constant C > 0 is independent of the local mesh width hz, the polynomial
degree k and the parameter η but only depends on the shape regularity of the mesh T .
Further η0 is as in Remark 4.3.

Again the proof of this Lemma follows the arguments of [22, Lemma 5] but with our
improved vector �elds from De�nition 4.5.

Proof. Let z ∈ V (T ) \ CT (η) be arbitrarily chosen but �xed. We enumerate the tri-
angles in Tz counterclockwise around z by Kl for 1 ≤ l ≤ Nz. This yields that Tz =
{K1, K2, · · ·KNz}. For the numbering of the edges set El = Kl ∩ Kl+1 for 1 ≤ l ≤ Nz

with the cyclic numbering convention, i.e. KNz+1 = K1 in case z ∈ VΩ (T ). If z ∈
V∂Ω (T ) we choose K1 and KNz such that both share an edge with the boundary. Fur-
ther we denote the angle of Kl at z by θl for 1 ≤ l ≤ Nz. Also we denote the other
endpoint of El by yl. This implies that V (El) = {z,yl} for 1 ≤ l ≤ Nz. The unit
tangent vector for the edge Ej is denoted by tj := (yj − z) / |Ej|. See Figure 3 for ref-
erence. We now choose an integer 1 ≤ s ≤ Nz − 1 such that |sin (θs + θs+1)| = Θ(z).
Note that (3.5) (2) ensures this in the boundary case by never evaluating |sin (θNz + θ1)|
as this would not make any sense since K1 and KNz are boundary triangles. For interior
vertices we enumerate Tz in such a way that s ̸= Nz. We now take vz

Es
as in (4.7) with

E ← Es and c← ts+1 and de�ne

vz
Ks

:= sgn (sin (θs + θs+1))
sin θs
Θ(z)

vz
Es
, (4.10)

where sgn (·) denotes the sign function. Since we assume z to be a non-critical vertex,
Θ(z) and sgn (sin (θs + θs+1)) are non-zero and therefore vz

Ks
is well-de�ned and non-

zero. Using (4.10) we de�ne

vz
Ks+l

:= (−1)l
(
vKs −

l−1∑
j=0

(−1)j wz
Es+j

)
1 ≤ l ≤ Nz − s, (4.11a)

vz
Ks−l

:= (−1)l
(
vKs −

l−1∑
j=0

(−1)j wz
Es−j

)
1 ≤ l ≤ s− 1. (4.11b)

Here we take wz
Ej

as in (4.6) with E ← Ej for 1 ≤ j ≤ Nz − 1. We observe that for
1 ≤ j ≤ Nz − 1, Ej are all inner edges and by assumption s ̸= Nz, therefore we can

21



conclude that for vz
Ks
,wz

Ej
∈ Sk,0 (T ) for 2 ≤ j ≤ Nz − 1 and this implies directly

that vz
Kl
∈ Sk,0 (T ) for 1 ≤ l ≤ Nz. Now since by assumption z is a vertex of Ej for

1 ≤ j ≤ Nz it holds that ωEj
⊆ ωz and thus by application of (4.8a) it follows that

(4.9a) holds true. For y ∈ V (T ) \ {z} we compute by applying (4.8c) that

div
(
vz
Ks

)
(y) = sgn (sin (θs + θs+1))

sin θs
Θ(z)

div
(
vz
Es

)
(y) = 0,

div
(
vKs+l1

)
(y) = (−1)l1

(
div
(
vz
Ks

)
(y)−

l1−1∑
j=0

(1−)j div
(
wEs+l1

)
(y)

)
= 0,

div
(
vKs−l2

)
(y) = (−1)l2

(
div
(
vz
Ks

)
(y)−

l2−1∑
j=0

(−1)j div
(
wEs−l1

)
(y)

)
= 0

for 1 ≤ l1 ≤ Ns − s and 1 ≤ l2 ≤ s− 1 thus proving (4.9b). Let K ∈ T be any triangle.
Then by applying (4.8b) we can compute that∫

K

div vz
Ks

= sgn (sin (θs + θs+1))
sin θs
Θ(z)

∫
K

div vEs = 0. (4.12)

Combining (4.8b) with (4.12) and using the linearity of integration we get that for 1 ≤
l ≤ Nz − s ∫

K

div vz
Ks+l

= (−1)l
(∫

K

div vz
Ks
−

l−1∑
j=0

(−1)−1

∫
K

divwz
Es+j

)
= 0.

Using the same arguments as above it follows that for 1 ≤ l ≤ s− 1∫
K

div vz
Ks−l

= 0

and thus proving (4.9d). For (4.9c) we start with vz
Ks
. Since we have by de�nition that

TEs = {Ks, Ks+1}, (4.8d) implies

div
(
vz
Ks

∣∣
K

)
(z) = sgn (sin (θs + θs+1))

sin θs
Θ(z)

div
(
vz
Es

∣∣
K

)
(z) = 0, (4.13)

for K ∈ Tz \ {Ks, Ks+1}. For Ks+1 we get by applying (4.8e) that

div
(
vz
Ks

∣∣
Ks+1

)
(z) = cs div

(
vz
Es

∣∣
Ks+1

)
= cs |Es|

〈
ts+1,∇λKs+1,ys

〉
= cs |Es|

∂λKs+1,ys

∂ts+1

.

Here cs is de�ned by cs := sgn (sin (θs + θs+1)) sin θs/Θ(z). Since λKs+1,ys is constant
along the edge Es+1, it follows that ∂λKs+1,ys/∂ts+1 (z) = 0 and therefore conclude

div
(
vz
Ks

∣∣
Ks+1

)
(z) = 0. For Ks we again get by application of (4.8e) that

div
(
vz
Ks

∣∣
Ks

)
(z) = cs |Es| ⟨ts+1,∇λKs,ys⟩ .
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Using [9, Lemma A.1] we obtain that ∇λKs,ys = (z− ys−1)
⊥ / (2 |Ks|) with u⊥ =

(u2,−u1) for u ∈ R2. Therefore it follows that

div
(
vz
Ks

∣∣
Ks

)
(z) = sgn (sin (θs + θs+1))

sin θs
Θ(z)

|Es|
〈
ts+1, (z− ys−1)

⊥
〉
/ (2 |Ks|)

=
|Es| |Es−1| sin θs

2 sin (θs + θs+1) |Ks|
cos (θs + θs+1 − π/2) .

By some elementary geometry we conclude that |Es| |Es−1| sin θs = 2 |Ks| and trigonom-
etry tells us that cos (θs + θs+1 − π/2) = sin (θs + θs+1). Hence it follows that

div
(
vz
Ks

∣∣
Ks

)
(z) = 1. (4.14)

Next we consider the vector �elds vz
Ks+l

for 1 ≤ l ≤ Nz− s. We distinguish between four
di�erent cases.

Case 1: Let K = Ks, then by applying (4.14), (4.8d) and (4.8f) we can compute that

div
(
vz
Ks+l

∣∣
Ks

)
(y) = (−1)l

(
div
(
vz
Ks

∣∣
Ks

)
(z)−

l−1∑
j=0

(−1)j div
(
wz

Ks+j

∣∣
Ks

)
(z)

)
= (−1)l

(
div
(
vz
Ks

∣∣
Ks

)
(z)− div

(
wz

Ks

∣∣
Ks

)
(z)
)
= 0.

Case 2: For 1 ≤ i ≤ l − 1 applying (4.8d), (4.8f) and (4.14) we compute that

div
(
vz
Ks+l

∣∣
Ks+i

)
(z) = (−1)l

(
div
(
vz
Ks

∣∣
Ks+i

)
(z)−

l−1∑
j=0

(−1)j div
(
wz

Ks+j

∣∣
Ks+i

)
(z)

)
= (−1)l+i+1

(
div
(
wz

Ks+i

∣∣
Ks+i

)
(z)− div

(
wz

Ks+i+1

∣∣
Ks+i

)
(z)
)
= 0.

Case 3: For i = l we obtain that

div
(
vz
Ks+l

∣∣
Ks+l

)
(z) = (−1)2l div

(
wz

Ks+l−1

∣∣
Ks+l

)
(z) = 1

by agian applying (4.8d), (4.8f) and (4.14).
Case 4: Kj for j /∈ {s, s+ 1, . . . , l − 1, l}. By application of (4.13) and (4.8c) we com-

pute div
(
vz
Ks+l

∣∣
Kj

)
= 0. For the vector �elds vz

Ks−l
we apply the same arguments as

in Case 1-4. Therefore the calculations will be omitted and hence (4.9d) holds. Let us
now turn to the norm estimation. We �rst consider the vector �eld vz

Ks
. Using (4.8a)

and (4.8g) we compute that∥∥vz
Ks

∥∥
H1(ωz)

=
|sin θs|
Θ(z)

∥∥vz
Es

∥∥
H1(ωEs )

≤ C

Θ(z)
hEsk

−2 ≤ Chzk
−2

Θ(z)
.

Now since z is a non-critical point and using (3.6) we conclude that

1 ≥ Θ(z) =
1

2
(Θ (z) + Θ (z))

Θ(z)>η ∧ Θ(z)≥Θmin

≥ 1

2
(Θmin + η) (4.15)

and thus
∥∥vz

Ks

∥∥
H1(ωz)

≤ Chzk
−2

Θmin + η
(4.16)
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where C > 0 is independent of the local mesh width hz and the polynomial degree k
but only depends on the shape regularity of T and the domain Ω. For 1 ≤ l ≤ Nz − s
using the triangle inequality and (4.8a), (4.8g) and (4.16) we compute that∥∥∥vz

Ks+l

∥∥∥
H1(ωz)

≤ ∥vKs∥H1(ωEs )
+

l−1∑
j=0

∥∥∥wz
Es+j

∥∥∥
H1(ωEs+j)

≤ Chzk
−2

Θmin + η
+ Clhzk

−2

(4.15)

≤ C (1 + l)

Θmin + η

hz
k2
.

Since l ≤ Nz and the fact that the bounded angle property (3.1) gives us an estimate of
Nz from above by a constant that only depends on the shape regularity of the mesh, as
well as (4.15), we conclude that∥∥∥vz

Ks+l

∥∥∥
H1(ωz)

≤ C

Θmin + η

hz
k2

where C > 0 is independent of the local mesh width hz, the polynomial degree k, the
geometric quantity Θmin and the parameter η but only depends on the shape regularity
of T and the domain Ω. For 1 ≤ l ≤ s − 1 we repeat the arguments as before and
therefore we will omit them here. Therefore we proved (4.9e) and this concludes the
proof.

We have constructed some vector �elds that display a Lagrange type property under
the application of the divergence operator at non-critical vertices. We will use these
vector �elds to construct some more vector �elds uz ∈ Sk,0 (T ) which, under the ap-
plication of the divergence operator, interpolate a pressure p ∈ Mη,k−1 (T ) at a vertex
z ∈ V (z).

Lemma 4.8 ([21, Lemma 4.11]). Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain,
let T be a conforming triangulation of Ω and let k ≥ 4. Let η0 be as in Remark 4.3 and
let 0 ≤ η < η0 be arbitrarily chosen but �xed. Then for any pressure p ∈ Mη,k−1 (T )
there exists a vector �eld uz ∈ Sk,0 (T ) satisfying

suppuz ⊆ ωz, (4.17a)∫
K

divuz = 0 ∀K ∈ T , (4.17b)

div (uz) (y) = 0 ∀y ∈ V (T ) \ {z} , (4.17c)

div
(
uz

∣∣
K

)
(z) = p

∣∣
K
(z) ∀K ∈ Tz, (4.17d)

∥uz∥H1(ωz)
≤ C ∥p∥L2(ωz)

×

{
1 z ∈ CT (η) ,

(Θmin + η)−1 z /∈ CT (η) .
(4.17e)

where the constant C > 0 only depends on the shape regularity of the mesh but is inde-
pendent of the local mesh width hz, the polynomial degree k, the geometric quantity Θmin

and the parameter η.

Again we follow the arguments of [22, Lemma 6]. As before, we employ the improved
vector �elds constructed in the previous lemmata in order to get sharp norm estimates.
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Proof. Let p ∈ Mη,k−1 (T ) and z ∈ V (T ) be arbitrarily chosen but �xed. Enumerate
the triangles in Tz counterclockwise by Kl for 1 ≤ l ≤ Nz and denote the edges in Ez by
Ej = Kj ∩Kj+1 for 1 ≤ j ≤ Nz using the cyclic numbering convention as in the proof of
Lemma 4.7. Note that we can estimate Nz from above by a constant only depending on
the shape regularity of the mesh. We now set

ρl := p
∣∣
Kl

(z) and βl :=
∑l

j=1 (−1)
l−j ρj ∀1 ≤ l ≤ Nz. (4.18)

We will distinguish between three cases.

Case 1: z ∈ CT (η) and Nz = 1. This implies that z ∈ V∂Ω (T ) and thus by setting
uz ≡ 0, all properties (4.17a) - (4.17e) are satis�ed. In particular since p ∈ Mη,k−1 (T ) it
follows that for K ∈ Tz we have that

p
∣∣
K
(z) = −AT ,z (p) = 0

and hence (4.17d) is satis�ed in particular.

Case 2: z ∈ CT (η) with Nz ≥ 2. Then we de�ne the vector �eld uz as

uz :=
Nz−1∑
j=1

βjw
z
Ej

(4.19)

where wz
Ej

is as in (4.6) with E ← Ej for 1 ≤ j ≤ Nz − 1. Let us now check that (4.19)
satis�es all the desired properties. Since we have that for all 1 ≤ j ≤ Nz − 1, wz

Ej

satis�es (4.8a) and ωEj
⊆ ωz, we deduce that suppuz =

⋃Nz−1
j=1 suppwz

Ej
⊆ ωz. Further

we observe that Ej ∈ EΩ (T ) for all 1 ≤ j ≤ Nz − 1 and therefore wz
Ej
∈ Sk,0 (T ) which

implies that uz ∈ Sk,0 (T ). For (4.17b) we take any K ∈ T and compute by application
of the linearity of integration that∫

K

divuz =
Nz−1∑
j=1

βj

∫
K

divwz
Ej

(4.8b)
= 0.

Let y ∈ V (T ) \ {z} be arbitrarily chosen but �xed and we compute that

div (uz) (y) =
Nz−1∑
j=1

βj div
(
wz

Ej

)
(y)

(4.8c)
= 0

and therefore satisfying (4.17c). Let us now take any 1 ≤ l ≤ Nz. If l = Nz then it
follows by application of (4.8a) and (4.8e) that

div
(
uz

∣∣
KNz

)
(z) = βz−1 div

(
wz

ENz−1

∣∣
KNz

)
(z) = βNz−1

(4.18)
=

Nz−1∑
j=1

(−1)Nz−1−j ρj.

Since p ∈Mη,k−1 (T ) and therefore AT ,z (q) = 0, rearranging some terms results in

(−1)Nz−1 ρNz = − (−1)Nz ρNz =
Nz−1∑
j=1

(−1)j ρj.
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This yields that

div
(
uz

∣∣
Kz

)
(z) = (−1)Nz−1

Nz−1∑
j=1

(−1)−j ρj = (−1)2(Nz−1) ρNz = p
∣∣
KNz

(z) .

If l ̸= Nz then we also apply (4.8a) and (4.8e) and obtain that

div
(
uz

∣∣
Kl

)
(z) = βl+1 + βl =

l∑
j=1

(−1)l−j ρj +
l−1∑
j=1

(−1)l−1−j ρj

= ρl +
l−1∑
j=1

(−1)l−j ρj + (−1)l−1−l ρj

= ρl +
l−1∑
j=1

(−1 + 1) (−1)l−1−l ρj = ρl = p
∣∣
Kl

(z) .

This leaves us with the norm estimation. Using the triangle inequality and (4.8g) we
calculate that

∥uz∥H1(ωz)
≤

Nz−1∑
l=1

|βl|
∥∥∥wz

Ej

∥∥∥
H1(ωz)

≤ C
hz
k2

Nz−1∑
l=1

l∑
j=1

|ρj| ≤ C
hz
k2

max
1≤j≤Nz−1

|ρj|

(
Nz−1∑
l=1

l∑
j=1

1

)

= C
hz
k2

max
1≤j≤Nz−1

|ρj|
Nz (Nz − 1)

2
≤ C

hz
k2

max
1≤j≤Nz−1

|ρj| (4.20)

where C > 0 solely depends on the shapre regularity of T the domain Ω. Notice that
we estimated Nz from above by a constant solely depending on the shape-regularity of
the mesh. Now take any 1 ≤ l ≤ Nz and by using Lemma A.6 and Proposition A.4 we
compute that

|ρj| =
∣∣∣p∣∣

Kj
(z)
∣∣∣ ≤ ∥p∥L∞(Kj)

≤ C
(k − 1)2

hKj

∥p∥L2(Kj)

Corollary A.5

≤ C
(k − 1)2

hz
∥p∥L2(ωz)

(4.21)

with C > 0 being independent of the local mesh width hz and the polynomial degree k
and only depending on the shape regularity of T . Combining (4.20) and (4.21) results
in

∥uz∥H1(ωz)
≤ C

(k − 1)2

k2
∥p∥L2(ωz)

≤ C ∥p∥L2(ωz)
.

Case 3: z /∈ CT (η). We enumerate Tz counterclockwise, i.e. Tz = {Kj | 1 ≤ j ≤ Nz}
and again denote the edges of Ez by Ej = Kj ∩ Kj+1 for 1 ≤ j ≤ Nz employing the
cyclic numbering convention. We set uz as

uz :=
Nz∑
j=1

ρjv
z
Kj

(4.22)
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where vz
Kj

is as in Lemma 4.7, with K ← Kj for 1 ≤ j ≤ Nz. By application of (4.9a)
we immediately conclude that (4.17a) holds for (4.22). From Lemma 4.7 we know that
vz
Kj
∈ Sk,0 (T ) for all 1 ≤ j ≤ Nz, which implies that uz ∈ Sk,0 (T ) as well. Using (4.9b)

we get that for all y ∈ V (T ) \ {z}

div (uz) =
Nz∑
j=1

ρj div
(
vz
Kj

)
(y) = 0

and for any Kl ∈ Tz with 1 ≤ l ≤ Nz we get that

div
(
uz

∣∣
Kl

)
(z) =

Nz∑
j=1

ρj div
(
vz
Kj

∣∣
Kl

)
(z)

(4.9c)
= ρl = p

∣∣
Kl

(z)

which proves (4.9c). Applying the triangle inequality, (4.21), Corollary A.5 and Lemma
A.6 we compute that

∥uz∥H1(ωz)
≤

Nz∑
j=1

|ρj|
∥∥∥vz

Kj

∥∥∥ ≤ C
hz
k2

max {|ρj| | 1 ≤ j ≤ Nz} ≤ C ∥p∥L2(ωz)

where C > 0 is independent of the polynomial degree k and the local mesh width hz
but only depends on the shape regularitey of the mesh and the domain Ω. Finally we
compute that for all K ∈ T ∫

K

divuz =
Nz∑
j=1

ρj

∫
K

div vz
Kj

= 0

and thus concluding the proof.

Lemma 4.7 directly gives us, as a corollary, the existence of a operator that interpolates
the divergence operator vertexwise for the Stokes element (Sk,0 (T ) ,Mη,k−1 (T )).

Corollary 4.9 ([21, Lemma 4.5]). Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain
with a conforming triangulation T and let 0 ≤ η < η0 be given with η0 as in Remark
4.3. Then for all k ≥ 4 there exists an operator Πη,k : Mη,k−1 (T ) → Sk,0 (T ) with the
properties:

div
(
(Πη,kp)

∣∣
K

)
(z) = p

∣∣
K
(z) ∀K ∈ T ∧ ∀z ∈ V (K) , (4.23a)∫

K

div Πη,kp = 0 ∀K ∈ T , (4.23b)

∥Πη,kp∥H1(Ω) ≤
C

Θmin + η
∥p∥L2(Ω) (4.23c)

with C > 0 solely depending on the shape regularity of T .

Note that Corollary 4.9 is the same as [22, Lemma 7] but with the improved norm es-
timation. Therefore the proof will follow the proof of [22, Lemma 7] closely but we will
be using the vector �elds described in Lemma 4.8.
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Proof. Let k ≥ 4 and p ∈Mη,k−1 (T ) be arbitrarily chosen but �xed. We set

Πη,kp :=
∑

z∈V(T )

uz (4.24)

where uz ∈ Sk,0 (T ) be as in Lemma 4.8. This directly implies that Πη,kp ∈ Sk,0 (T ).
Let K ∈ T be any triangle. We see that∫

K

div Πη,kp =
∑

z∈V(T )

∫
K

divuz
(4.17b)
= 0

holds, by applying the linearity of integration and (4.17b). Taking any x ∈ V (K) we
compute, by application of (4.17c) and (4.17d), that

div
(
(Πη,kp)

∣∣
K

)
(x) =

∑
z∈V(T )

div
(
uz

∣∣
K

)
(x) = div

(
ux

∣∣
K

)
(x) = p

∣∣
K
(x) .

Let us now come to the norm estimation. We �rst observe that for all K ∈ T there
exist at most three z′ ∈ V (T ) such that K ⊆ ωz′ . Using this thogether with the support
property (4.17a) we compute that

∥Πη,kp∥2H1(Ω) =
∑
K∈T

∥Πη,kp∥2H1(K) =
∑
K∈T

∑
z∈V(K)

∥uz∥2H1(K) =
∑

z∈V(T )

∑
K∈Tz

∥uz∥2H1(K)

=
∑

z∈V(T )

∥uz∥2H1(ωz)
=

∑
z∈CT (η)

∥uz∥2H1(ωz)
+

∑
z∈V(T )\CT (η)

∥uz∥2H1(ωz)

(4.17e)

≤ C
∑

z∈CT (η)

∥p∥2L2(ωz)
+

C

(Θmin + η)2

∑
z∈V(T )\CT (η)

∥p∥2L2(ωz)

(4.15)

≤ C

(Θmin + η)2

∑
z∈V(T )

∥p∥2L2(ωz)
=

C

(Θmin + η)2

∑
z∈V(T )

∑
K∈Tz

∥p∥2L2(K)

=
C

(Θmin + η)2

∑
K∈T

∑
z∈V(K)

∥p∥2L2(K) ≤
C

(Θmin + η)2

∑
K∈T

3 ∥p∥2L2(K)

≤ C

(Θmin + η)2
∥p∥2L2(Ω)

where the constant C > 0 is independent of the mesh width hT , the polynomial de-
gree k, the geometric quantity Θmin and the parameter η but depends on the shape-
regularity of the mesh T and the domain Ω.

Before we are able to prove Theorem 4.1 we need an operator constructed by Ainsworth
and Parker in [1]. However since Ainsworth and Parker work on a slightly di�erent ele-
ment we need to show that we can also apply the same operator on the pressure-wired
Stokes element. Therefore we �rst need the following de�nition.

De�nition 4.10. Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain with a con-
forming triangulation T . Then for k ≥ 4 the space PVk−1,0 (T ), which was introduced by
Vogleius in [31, Lemma 2.5], is given by

PVk−1,0 (T ) :=
{
q ∈ Pk−1,0 (T )

∣∣ ( ∫K q = 0 ∀K ∈ T
q
∣∣
K
(y) = 0 ∀K ∈ T , ∀y ∈ V (K)

)}
(4.25)
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Using this de�nition we construct a right inverse operator to the divergence on PV
k−1,0.

We will be using [1, Theorem 3.4] for our proof. This will be one of the sources of the
improved norm estimation.

Lemma 4.11 ([21, Lemma 4.4]). Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain
and let T be a conforming triangulation of Ω. Then for any k ≥ 1, there exists an oper-
ator ΠAP

k : PVk−1,0 (T )→ Sk,0 (T ) with the properties

div
((
ΠAP

k p
) ∣∣

K

)
= p
∣∣
K
∀K ∈ T , (4.26a)∥∥ΠAP

k

∥∥
H1(Ω)

≤ CAP ∥p∥L2(Ω) (4.26b)

where the constant CAP > 0 is independent of the mesh width hT and the polynomial
degree k.

Proof. Let k ≥ 1 and p ∈ PV
k−1,0 (T ) be arbitrarily chosen but �xed. Further con-

sider any triangle K ∈ T . Then by application of [1, Theorem 3.4] there exists ṽK,p ∈
(Pk (K))2 ∩H1

0 (K) such that

div ṽK,p = p|K on K, (4.27a)

∥∇ṽK,p∥L2(K) ≤ h−1
K ∥ṽK,p∥L2(K) + ∥∇ṽK,p∥L2(K) ≤ C ∥p∥L2(K) . (4.27b)

Since ṽK,p

∣∣
∂Ω

= 0 we can apply the Poincaré inequality and in combination with (4.27b)
it holds that

∥ṽK,p∥H1(K) ≤ C ∥p∥L2(K) . (4.28)

Note that here C > 0 does not depend on the local mesh width hK or the polynomial
degree k. We extend ṽK,p to Ω by de�ning vK,p as

vK,p :=

{
ṽK,p on K

0 elsewhere
(4.29)

We see directly by construction that vK,p ∈ Sk,0 (T ). Using these vector �elds vK,p we
build the vector �eld vp ∈ Sk,0 (T ) by setting

vp :=
∑
K∈T

vK,p. (4.30)

Using (4.29) we compute that for any K ′ ∈ T

div
(
vp

∣∣
K′

)
=
∑
K∈T

div
(
vK,p

∣∣
K′

)
= div

(
vK′,p

∣∣
K′

)
= div (ṽK′,p) = p

∣∣
K′

and thus proving (4.26a) for vp. For the norm estimate (4.26b) we observe that by ap-
plication of (4.30), (4.29) and (4.27b) that

∥vp∥2H1(Ω) =
∑
K∈T

∥vp∥2H1(K) =
∑
K∈T

∥vK,p∥2H1(K) =
∑
K∈T

∥ṽK,p∥2H1(K)

≤ C
∑
K∈T

∥p∥2L2(K) = C ∥p∥2L2(Ω)
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with C being a constant independent of the mesh width hT and the polynomial degree
k and thus proving that vp satis�es (4.26b). Therefore by setting ΠAP

k p = vp for all
p ∈ PV

k−1,0 (T ) we have proven the statement.

We observe that the operator ΠAP
k only applies to pressures that have a triangle wise

mean 0 and that are continuously 0 at the triangle vertices. The operator Πη,k takes
care of the vertices. Therefore we need an operator Πint with the properties that for all
p ∈ Mη,k−1 (T ) it holds that Πintp ∈ Sk,0 (T ) for some k ≥ 4, for all K ∈ T we have that∫
K
div Πintp =

∫
K
p and that

∥∥Πintp
∥∥
H1(Ω)

≤ C ∥p∥L2(Ω). A �rst choice for Πint would be

the operator ΠBR given by Bernardi and Raugel in [6, Lemma II.4]. However, as proven
in [22, Lemma 1], we have that divSk,0 (T ) ⊆ M0,k−1 (T ). As a consequence we cannot
guarantee that div ΠBRp ∈ Mη,k−1 (T ) for p ∈ Mη,k−1 (T ). We therefore construct a
new operator ΠAP that has the same properties as ΠBR but additionally div ΠAP (·) is
continuous at the vertices of T .

Lemma 4.12. Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain and let T be a
conforming triangulation of Ω. Then for all v ∈ H1

0 (Ω) there exists vT ,4 ∈ S4,0 (T )
satisfying ∫

K

div vT ,4 =

∫
K

div v ∀K ∈ T , (4.31a)

∇vT ,4

∣∣
K
(x) = 0 ∀K ∈ T ∧ ∀x ∈ V (K) , (4.31b)

∥vT ,4∥H1(Ω) ≤ C ∥v∥H1(Ω) , (4.31c)

where C > 0 is independent of the mesh width hT and only depends on the shape regu-
larity of T and the domain Ω.

The proof of Lemma 4.12 is a slight modi�cation of a section in [1, Proof of Lemma 3.7,
p. 1235 - 1236]. Therefore we will refer the reader to this reference for more detailed
computations regarding the norm estimations.

Proof. Let v ∈ H1
0 (Ω) be arbitrarily chosen but �xed. We denote the Scott-Zhang

interpolant [30] of v by vSZ ∈ S1,0 (T ). Then by [1, Lemma 2.2] there exists vT ,4 ∈
S4,0 (T ) with the properties that

vT ,4 (x) = vSZ (x) ∀x ∈ V (T ) , (4.32a)

∇vT ,4

∣∣
K
(x) = 0 ∀K ∈ T ∧ ∀x ∈ V (K) , (4.32b)∫

E

⟨vT ,4, r⟩ =
∫
E

⟨v, r⟩ ∀E ∈ E (T ) ∧ r ∈ P0 (E)
2 , (4.32c)∫

K

⟨vT ,4, r⟩ =
∫
K

⟨v, r⟩ ∀K ∈ T ∧ r ∈ P1 (K)2 . (4.32d)

We see that (4.32b) implies (4.31b). We take any triangle K ∈ T and by applying the
Gauss theorem twice, we calculate that∫

K

div vT ,4 =
∑

E∈E(K)

∫
E

⟨vT ,4,nK,E⟩
(4.32c)
=

∑
E∈E(K)

∫
E

⟨v,nK,E⟩ =
∫
K

div v.
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Here nK,E ∈ R2 denotes the outward unit normal vector to E ∈ E (K). Hence we con-
clude that vT ,4 satis�es (4.31a). For the norm estimate the argumentation is exactly
the same as in [1, Proof of Lemma 3.7, p. 1235 - 1236] with the only modi�cation be-
ing that we use vh ← vT ,4. Therefore we will omit these arguments and conclude that
(4.31c) is satis�ed.

As a consequence of Lemma 4.12 we get the following corollary.

Corollary 4.13 ([21, Lemma 4.3]). Let Ω ⊆ R2 be a bounded, polygonal Lipschitz do-
main with a conforming triangulation T . Let k ≥ 4 and 0 ≤ η < η0 be given, where η0 is
as in Remark 4.3. Then there exists ΠAP :Mη,k−1 (T )→ S4,0 (T ) with the properties∫

K

div ΠAPp =

∫
K

p ∀K ∈ T , (4.33a)∥∥ΠAPp
∥∥
H1(Ω)

≤ C ∥p∥L2(Ω) , (4.33b)

p− div ΠAPp ∈Mη,k−1 (T ) . (4.33c)

Here the constant C > 0 is independent of the polynomial degree k, the mesh width hT
and only depends on the shape regularity of T and the domain Ω.

Proof. Let p ∈ Mη,k−1 (T ) be arbitrarily chosen but �xed. We know that there exists
vp ∈ H1

0 (Ω) such that div vp = p and ∥vp∥H1(Ω) ≤ C ∥p∥L2(Ω), see e.g. [4] or [20]. Using

Lemma 4.12 we know that there exists vT ,p ∈ S4,0 (T ) satisfying (4.31a) - (4.31c) with
v← vp. We now de�ne ΠAP :Mη,k−1 (T )→ S4,0 (T ) by setting

ΠAPp := vT ,p. (4.34)

We compute that for any K ∈ T it holds that∫
K

div ΠAPp =

∫
K

div vT ,p
(4.31a)
=

∫
K

div vp =

∫
K

p.

Since we chose K ∈ T arbitrarily it follows that (4.34) satis�es (4.33a). By application
of (4.31c) we have that∥∥ΠAPp

∥∥
H1(Ω)

= ∥vT ,p∥H1(Ω) ≤ C ∥vp∥H1(Ω) ≤ C ∥p∥L2(Ω)

where the constant C > 0 only depends on the shape regularity of T and the domain
Ω, which implies that (4.33b) holds. Let us now consider z ∈ CT (η) arbitrarily chosen
but �xed and take any p ∈ Mη,k−1 (T ). Since the operator AT ,z is linear, we have that
AT ,z

(
p− div ΠAPp

)
= AT ,z (p) − AT ,z

(
div ΠAPp

)
. By assumption AT ,z (p) = 0 and by

application of (4.31b) we compute that

AT ,z

(
div ΠAPp

)
=

Nz∑
j=1

(−1)j div
(
ΠAPp

) ∣∣
Kj

(z) =
Nz∑
j=1

(−1)j
〈
∇vT ,p

∣∣
Kj

(z) , (1, 1)T
〉

=
Nz∑
j=1

(−1)j
〈
0, (1, 1)T

〉
= 0.

Therefore AT ,z

(
p− div ΠAPp

)
= 0 and hence p− div ΠAPp ∈Mη,k−1 (T ).
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4.2 Proof of Theorem 4.1

We now have all the tools together that we need to prove Theorem 4.1. Be reminded
that the structure of this proof is also in the spirit of [22, Theorem 1] but with the im-
proved operators given in Corollary 4.9 and Lemma 4.11. Note that the proof presented
here is a more detailed version of [21, Proof of Theroem 4.1].

Proof of Theorem 4.1. Let η0 be as in Remark 4.3 and take any 0 ≤ η < η0 and any
k ≥ 4. For a given p ∈Mη,k−1 (T ) we de�ne a vector �eld wp ∈ Sk,0 (T ) given by

wp := T1 +T2 +T3, (4.35)

where T1,T2,T3 are given by T1 := ΠAPp, T2 := Πη,k

(
I − div ΠAP

)
p and T3 :=

ΠAP
k (I − div Πη,k)

(
I − div ΠAP

)
p. We �rst observe that due to Corollary 4.13 T1 is

well-de�ned. By application of (4.33c) we conclude that T2 is also well-de�ned. Further
we see that by T3 is also well-de�ned since (I − div Πη,k)

(
I − div ΠBR

k

)
p ∈ PV

k−1,0 (T )
for p ∈ Mη,k−1 (T ) holds intentionally by construction. Also T1,T2,T3 ∈ Sk,0 (T )
directly implies that wp ∈ Sk,0 (T ). We compute that

divwp = divT1 + divT2 + divT3

= divΠAPp+ divΠη,k

(
I − div ΠAP

)
p+ divΠAP

k (I − div Πη,k)
(
I − div ΠAP

)
p

(4.26a)
= divΠAPp+ divΠη,k

(
I − div ΠAP

)
p+ (I − div Πη,k)

(
I − div ΠAP

)
p

= divΠAPp+ divΠη,k

(
I − div ΠAP

)
p+

(
I − div ΠAP

)
p− div Πη,k

(
I − div ΠAP

)
p

= divΠAPp+
(
I − div ΠAP

)
p = p.

Using the triangle inequality we observe that ∥wp∥H1(Ω) ≤
∑3

i=1 ∥Ti∥H1(Ω). By applica-

tion of (4.33b) we have that ∥T1∥H1(Ω) ≤ C ∥p∥L2(Ω), with a constant C independent of
the polynomial degree k, the mesh width hT , the geometric quantity Θmin and the pa-
rameter η but depending on the shape regularity of T and the domain Ω. Now for T2

we use (4.23c), the triangle inequality and Lemma A.7 and get that

∥T2∥H1(Ω) ≤
C

Θmin + η

(
∥p∥L2(Ω) +

∥∥div ΠAPp
∥∥
L2(Ω)

)
≤ C

Θmin + η

(
∥p∥L2(Ω) + C̃

∥∥∇ΠAPp
∥∥
L2(Ω)

) (4.33b)

≤ C

Θmin + η
∥p∥L2(Ω) (4.36)

with C > 0 being independent of the polynomial degree k, the mesh width hT , the ge-
ometric quantity Θmin and the parameter η but only depending on the shape regularity
of T and the domain Ω. For T3 we use (4.26b), the triangular inequality, Lemma A.7,
(4.23c) and (4.33b) and calculate that

∥T3∥H1(Ω) ≤ C
(
∥p∥L2(Ω) +

∥∥div Πη,k

(
I − div ΠAP

)
p
∥∥
L2(Ω)

)
≤ C

(
∥p∥L2(Ω) + C̃

∥∥∇ (Πη,k

(
I − div ΠAP

)
p
)∥∥

L2(Ω)

)
≤ C

(
∥p∥L2(Ω) + C̃ ∥∇T2∥L2(Ω)

)
(4.36)

≤ C

(
∥p∥L2(Ω) +

C̃

Θmin + η
∥p∥L2(Ω)

)
.
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Since Θmin + η ≤ 1 (cf. (4.15)) we conclude that ∥T3∥H1(Ω) ≤ C/ (Θmin + η) ∥p∥L2(Ω).
Combining these calculations yields that ∥wp∥H1(Ω) ≤ C/ (Θmin + η) ∥p∥L2(Ω) for a con-
stant C > 0 exclusively depending on the shape-
regularity of T and the domain Ω.

We are now able to proof the inf-sup stability of the pressure-wired Stokes element
(Sk,0 (T ) ,Mη,k−1 (T )) for k ≥ 4 and 0 ≤ η < η0 where η0 is as in Remark 4.3.

Proof of Corollary 4.2. Let k ≥ 4 and 0 ≤ η < η0 be arbitrarily chosen but �xed. Then
by application of Theorem 4.1 we can compute that

inf
p∈Mη,k−1(T )\{0}

sup
u∈Sk,0(T )\{0}

(p, div v)L2(Ω)

∥p∥L2(Ω) ∥v∥H1(Ω)

≥ inf
p∈Mη,k−1(T )

(p, div Πp)L2(Ω)

∥p∥L2(Ω) ∥Πp∥H1(Ω)

(4.1a),(4.1b)

≥ inf
p∈Mη,k−1(T )

(Θmin + η) (p, p)L2(Ω)

C ∥p∥2L2(Ω)

= inf
p∈Mη,k−1(T )

C (Θmin + η)

= C (Θmin + η)

with a constant C > 0 being independent of the polynomial degree k, the mesh width
hT , the geometric quantity Θmin and the parameter η but only depending on the shape
regularity of T and the domain Ω.

4.3 Conclusion an outlook

We have proved the inf-sup stability of the pressure-wired Stokes element
(Sk,0 (T ) ,Mη,k−1 (T )) for k ≥ 4 and we discuss here its implications. Chapters 2 - 4
of this thesis are an extended version of [21, Chapters 2-4]. We provide all the detailed
calculations and arguments, which are left out in [21, Chapters 2-4] due to page restric-
tions. We know that in the classical Scott-Vogelius element (Sk,0 (T ) ,M0,k−1 (T )) a so-
lution uS to the Stokes equation uS is divergence free. However since we have that for
0 < η < η0 the space Mη,k−1 (T ) ⊂ M0,k−1 (T ) is a proper subspace, we cannot expect
a solution to the Stokes equation in the pressure-wired Stokes element to be divergence
free. In [21, Theorem 5.1] we explore an estimate of ∥divuS∥L2(Ω) in terms of the con-
trol parameter η. In [21, Chapter 6] we present some numerical experiments regarding
the e�ects of considering η critical points as such. The experiments include comparisons
in of convergence rates in hT and in k, the behavior of ∥divuS∥L2(Ω) as well as the be-
haviour of the condition number of the mass-matrix of the Stokes equation.

33



34



5 A dual basis for a Crouzeix-Raviart type �nite ele-

ment

So far we have considered conforming �nite elements with restrictions to the pressure
space in order to achieve inf-sup stability. As mentioned in Section 2.3 an other way
to get inf-sup stability is to enrich the velocity space. In this section we are going to
de�ne such a non-conforming element and we will construct a dual basis for this ele-
ment. With such a dual basis, one can naturally de�ne an interpolation operator with
the property that the operator is invariant on the element. Before we start to de�ne the
Crouzeix-Raviart element we need to introduce some further notation.

5.1 Degrees of freedom and basis functions

In the previous chapter we have considered a �nite element to be a pair of �nite dimen-
sional spaces (S,M) and we examined its inf-sup stability. In this Chapter we want to
construct a dual basis, i.e. a set of linear functionals possessing a Lagrange type prop-
erty with respect to the basis of the original vector space. Since we are therefore work-
ing with basis functions, it is useful to consider �nite elements as a triple (Ω, S,Σ) as
introduced by Ciarlet [13, Section 2.3]. Here Ω ⊆ R2 is a bounded polygonal Lipschitz
domain as in previous chapters, S is in this case a �nite dimensional, non-conforming
function space, meaning in this context that S ⊈ H1

0 (Ω). Σ are the so called degrees
of freedom. Formally they form a dual basis with respect to S, however since we are as-
sociating the basis functions of S and S ′ with physical points in the mesh, we will use
the term �degrees of freedom� interchangeably. Before we start de�ning the degrees of
freedom, basis functions etc., recall the Notation from Sections 2.1 and 3.1. For a vector
space V we denote its dual space by V ′.

De�nition 5.1. Let K̂ ⊆ R2 be the reference element and let k ∈ N be given. Then

Σk

(
K̂
)
denotes the set of degrees of freedom of order k on the reference triangle K̂ (cf.

Figure 2) and is given by

Σk

(
K̂
)
:=

{
ẑ ∈ K̂

∣∣∣ ẑ =

(
i

k
,
j

k

)
: 0 ≤ i, j ≤ k ∧ i+ k ≤ k

}
. (5.1)

For an arbitrary triangle K ∈ T we de�ne the local degrees of freedom by employing
the a�ne linear transformation χK : K̂ → K.

De�nition 5.2. Let K ⊆ R2 be any triangle and let k ∈ N be given. The set of degrees
of freedom of order k on the triangle K is denoted by Σk (K) and it is given by

Σk (K) := χK

(
Σk

(
K̂
))

. (5.2)

With De�nition 5.2 we are now able to de�ne the notion of global degrees of freedom.

De�nition 5.3. Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain and let T be a
conforming triangulation of Ω. Further let k ∈ N be given. Then we denote the set of
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global degrees of freedom of order k of T by Σk (T ) given as

Σk (T ) :=
⋃
K∈T

Σk (K) . (5.3)

We observe that by construction we have the inclusion V (T ) ⊆ Σk (T ). With these
de�nitions we de�ne a basis for the conforming velocity space Sk (T ). We start with the

reference basis functions on the reference element K̂.

De�nition 5.4. Let K̂ ⊆ R2 be the reference triangle and let k ∈ N be given. Then we

denote the Lagrange polynomial of degree k associated with ẑ ∈ Σk

(
K̂
)
by B̂ẑ ∈ Pk

(
K̂
)

satisfying the property B̂ẑ (ŷ) = δẑŷ for all ẑ, ŷ ∈ Σk

(
K̂
)
. The set of all Lagrange

polynomials on the reference element is denoted by Bk
(
K̂
)
.

Notice that the Lagrange polynomials are given implicitly. [8, Section 3.2] shows, trough
the notion of unisolvence, that the Lagrange polynomials exist.

De�nition 5.5 ([8, De�nition 3.1.8]). Let Σ ⊆ ω ⊆ R be a discrete set of nodes and let
k ≥ 0 be given. We say Σ is unisolvent if there exists no non-zero polynomial p ∈ Pk (ω)
with the property that

p (z) = 0 ∀z ∈ Σ.

In [8, Section 3.2] it is shown that Bk
(
K̂
)
is a basis of Pk

(
K̂
)
and therefore as a con-

sequence we have that the local degrees of freedom Σk

(
K̂
)
on the reference element K̂

are unisolvent. Using the a�ne linear transformation χK : K̂ → K we are able to de�ne
the Lagrange polynomials on any triangle K.

De�nition 5.6. Let K ⊆ R2 be any triangle and let k ∈ N be given. Then for z ∈
Σk (K) the polynomial BK,z ∈ Pk (K) is given by

BK,z := B̂ẑ ◦ χ−1
K ,

where ẑ = χ−1
K (z). The set of Lagrange polynomials is denoted by Bk (K).

Using the same argumentation as before, i.e. [8, Section 3.2] Bk (K) is a basis of Pk (K)
and therefore Σk (K) is unisolvent. In order to be able to reference this fact in this the-
sis we summarize the unisolventicity of the local degrees of freedom in the following
Corollary.

Corollary 5.7. For any k ∈ N and any triangle K ⊆ R2 the set of local degrees of
freedom Σk (K) is unisolvent.

Remark 5.8. Since a edge E ∈ E (T ) is one dimensional, we can construct a a�ne
linear transformation χE : [−1, 1]→ E by setting

χE (t) :=
1− t
2

z+
1 + t

2
y ∀t ∈ [−1, 1] , (5.4)
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Figure 5: Example of a Lagrange polynomial BC
k,z with k = 5 and z ∈ Σk (T ) such that

suppBC
k,z ⊆ ωE for some edge E ∈ EΩ (T ).

ion where z,y are the two endpoints of E. This now directly implies that there exists an
isomorphism between Pk (E) and Pk ([−1, 1]). As a result this implies that any set Σ ⊆
E of k + 1 distinct points is unisolvent in Pk (E) [8, Example 3.1.3 in combination with
Lemma 3.1.4]. Notice that, if we switch the role z and y in (5.4) and perform a change
of variables, we get a transformation χ̃E : [−1, 1] → E given by χ̃E (t) = χE (−t). This
ambiguity of the parameterization of the edge E will be addressed, whenever it arises.

With this notion of unisolventicity and a concrete description of a basis of the polyno-
mial space Pk (K) we �rst show the existence of Lagrange splines in Sk (T ) and as a
consequence we proof that this set of functions is a basis of Sk (T ).

Proposition 5.9. Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain with a con-
forming triangulation T . Let k ∈ N be given. Then for all z ∈ Σk (T ) there exists
BC

k,z ∈ Sk (T ) satisfying

BC

k,z (y) = δzy ∀y ∈ Σk (T ) . (5.5)

This proposition can be found in the literature, see for example [12, Equation (8)].

Proof. Let z ∈ Σk (T ) be arbitrarily chosen but �xed. We set BC
k,z to be

BC
k,z :=

{
BK,z, for K ∈ Tz,
0 otherwise.

(5.6)

We distinguish between three cases.

Case 1: z ∈ int (K) for some K ∈ T . We observe that Tz = {K}. We further notice

that BC
k,z

∣∣
K

∣∣∣
E
∈ Pk (E) for an edge E ∈ E (K). Using Remark 5.8 and the fact that

|Σk (K) ∩ E| = k + 1 by construction for any edge E ∈ E (K) yields that BC
k,z

∣∣
K

∣∣∣
E
≡ 0

and therefore BC
k,z ∈ Sk (T ). Since by construction suppBC

k,z ⊆ K we only need to check
the Lagrange property for y ∈ Σk (K). Taking any y ∈ Σk (K) we compute that

BC
k,z (y) = BK,z (y) = δzy.
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Case 2: z ∈ Σk (T ) ∩ E and z /∈ V (E) for some K ∈ T and some edge E ∈ E (K).
Since it holds that for K ∈ TE, BK,z|E ∈ Pk (E) and uniquely de�ned by the values at
y ∈ Σk (K) ∩ E. Writing TE = {K1, K2} we have by the Lagrange property that

BK1,z (y) = δzy = BK2,z (y) , ∀y ∈ Σk (T ) ∩ E.

This implies that BK1,z|E = BK2,z|E through Remark 5.8 and therefore BC
k,z is contin-

uous over the edge E and hence we can conclude that BC
k,z is continuous over all edges

E ∈ E (T ) and hence BC
k,z ∈ Sk (T ). Again for the Lagrange property it is su�cient to

prove the property for y ∈ Σk (T ) ∩ ωz. Let y ∈ Σk (T ) ∩ ωz be arbitrarily chosen but
�xed. Then there exists K ∈ Tz such that z,y ∈ Σk (K) and therefore we have that
BC

k,z (y) = BK,z (y) = δzy.

Case 3: z ∈ V (T ). Enumerate Tz counterclockwise by Ki ∈ Tz for 1 ≤ i ≤ Nz. Apply
the the arguments of Case 2 for each Ei = Ki ∩ Ki+1 which yields that BC

k,z ∈ Sk (T )
and BC

k,z satis�es the Lagrange property.

Using Proposition 5.9 we prove that BT ,k :=
{
BC

k,z

∣∣ z ∈ Σk (T )
}
⊆ Sk (T ) is a basis of

Sk (T ).

Corollary 5.10. Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain with a conform-
ing triangulation T . Let k ∈ N be given. Then Sk (T ) = spanBT ,k.

Proof. The fact that Bk
T is linearly independent follows directly from the Lagrange prop-

erty (5.5). Since BT ,k ⊆ Sk (T ), it holds that spanBT ,k ⊆ Sk (T ). Hence all we need to
prove is �⊇�. Let u ∈ Sk (T ) be arbitrarily chosen but �xed. We then set

uΣ :=
∑

z∈Σk(T )

u (z)BC
k,z.

Taking any triangle K ∈ T we observe that uΣ|K =
∑

z∈Σk(K) u (z)B
C
k,z. Using (5.5) we

have that it holds that u|K (y) − uΣ|K (y) = 0 for all y ∈ Σk (K). This implies that
u|K − uσ|K ≡ 0 by application of Corollary 5.7. Since this holds for any triangle we
conclude that u = uΣ. Therefore we have shown that BT ,k is a basis for Sk (T ).

5.2 The Crouzeix-Raviart Element

Throughout this chapter, we will consider non-conforming Crouzeix-Raviart type �nite
elements of odd polynomial degree k ≥ 3. This type of non-conforming element was
�rst introduced by Crouzeix and Raviart in [14].

De�nition 5.11 ([14, Section 5]). Let Ω ⊆ R2 be a bounded, polygonal Lipschitz domain
with a conforming trangulation T . We say a �nite element

(
Ω, SNC,Σ

)
is of Crouzxeix-

Raviart type, if

SNC :=

{
u ∈ Pk (T ) | ∀E ∈ E (T ) :

∫
E

[u]E p = 0 ∀p ∈ Pk−1 (E)

}
. (5.7)
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Here [·]E de�nes the jump across the edge E, i.e. [u]E (x) := limε→0 u (x+ εnE) −
u (x− εnE) for x ∈ E where nE is a unit normal vector to the edge E.

We will construct such a Crouzeix-Raviart type element as a direct sum of conform-
ing and a non-conforming function space. For the conforming part we use the following
spline space.

De�nition 5.12. Let k ≥ 3 be odd and consider a bounded polygonal Lipschitz domain

Ω ⊆ R2 with a conforming triangulation T . Then
◦
Sk,0 (T ) ⊆ Sk,0 (T ) is given by

◦
Sk,0 (T ) := {u ∈ Sk,0 (T ) | ∀z ∈ V (T ) : u (z) = 0} . (5.8)

Notice that the condition (5.7) is trivially satis�ed by all u ∈
◦
Sk,0 (T ). This comes from

the fact that for u ∈
◦
Sk,0 (T ) the jump over the edges is constantly 0 since u is contin-

uous over all edges. For ease of notation we de�ne some short hand notations for some
subsets of the global degrees of freedom Σk (T ) and the basis BT ,k.

De�nition 5.13. The sets
◦
Σk (T ) ,

◦
Σk (EΩ) ⊆ Σk (T ) are given by

◦
Σk (T ) := {z ∈ Σk (T ) | z ∈ Ω ∧ z /∈ V (T )} ,
◦
Σk (EΩ) :=

{
z ∈

◦
Σk (T )

∣∣∣∣ ∃E ∈ EΩ : z ∈ E
}
.

The sets
◦
BT ,k,

◦
BEΩ,k ⊂ BT ,k are given by

◦
BT ,k :=

{
BC

k,z

∣∣ z ∈ ◦
Σk (T )

}
,

◦
BEΩ,k :=

{
BC

k,z

∣∣ z ∈ ◦
Σk (EΩ)

}
.

Using Corollary 5.10 we observe that
◦
Sk,0 (T ) = span

◦
BT ,k. Since we have a basis of

◦
Sk,0 (T ) we can write

◦
Sk,0 (T ) as a direct sum of subspaces spanned by

◦
BEΩ,k and

◦
BT ,k \

◦
BEΩ,k. To be more precise we set

◦
SEΩ,k (T ) := span

◦
BEΩ,k (5.9)

to be the space of inner edge bubbles and we denote by

◦
SVol,k (T ) := span

(
◦
BT ,k \

◦
BEΩ,k

)
(5.10)

the space spanned by volume bubbles. By construction we have the following decompo-

sition of
◦
Sk,0 (T ) into

◦
Sk,0 (T ) =

◦
SEΩ,k (T )⊕

◦
SVol,k (T ) . (5.11)

39



Figure 6: Example of the non-conforming Crouzeix-Raviart polynomial BNC
E,k for some

edge E ∈ EΩ (T ) and degree k = 5.

If we examine (5.7) a little closer we observe that the condition imposes that all func-
tions u ∈ SNC satisfy that [u]E ⊥ Pk−1 (E) for all edges E ∈ E (T ). Recall that ⊥
denotes L2 (E)-orthogonality. A non-zero polynomial that would satisfy this orthogonal-

ity condition is the Legendre polynomial of degree k. Using this idea we enrich
◦
Sk,0 (T )

with piecewise continuous polynomials of degree k who's jumps over the edges is either
0 or a Legendre polynomial.

De�nition 5.14 ([25, �18.3]). Let ωα,β : [−1, 1] → R for α, β > −1 be given by

ωα,β (t) := (1− t)α (1 + t)β for t ∈ [−1, 1]. For k ∈ N0 P
(α,β)
k ∈ Pk ([−1, 1]) denotes

the k-th Jacobi polynomial with respect to the weight function ωα,β satisfying the condi-
tion ∫ 1

−1

P
(α,β)
k P

(α,β)
l ωα,β = Ck,α,βδk,l ∀k, l ∈ N0, (5.12)

where the constant Ck,α,β ∈ R \ {0} is given by

Ck,α,β :=
2α+β+1

2n+ α + β + 1
× Γ (n+ α + 1)Γ (n+ β + 1)

Γ (n+ α + β + 1)n!
, (5.13)

with Γ being the standard Gamma function [25, Equation 5.2.1].

Choosing α = β = 0 we recover the Legendre polynomials. Using De�nition 5.14 we
de�ne the non-conforming Crouzeix-Raviart polynomials.

De�nition 5.15. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and a given odd k ≥ 3. Then for E ∈ EΩ (T ) BNC

E,k is given by

BNC

E,k :=

{
P

(0,0)
k (1− 2λK,zE) , K ∈ TE,

0, on Ω \ ωE.
(5.14)
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Here zE ∈ V (K) is the vertex in K opposite of edge E and P
(0,0)
k denotes the Legendre

polynomial of degree k. Further the space of non-conforming polynomials for the trian-
gulation T is given by

SNCk (T ) := spanBNCT ,k, (5.15)

where BNCT ,k :=
{
BNC

E,k

∣∣ E ∈ EΩ (T )
}
. Finally, the non-conforming Crouzeix-Raviart type

element is given as

SCRk (T ) :=
◦
Sk,0 (T )⊕ SNCk (T ) . (5.16)

For a proof that the sum in (5.16) is direct, we refer to [11, Equation (32)]. A quick
intuitive answer is that for any edge E ∈ EΩ (T ) we have that for x ∈ E using [25,
Table 18.3.1]

BNC
E,k

∣∣
K
(x) = P

(0,0)
k (1− 2λK,zE (x)) = P

(0,0)
k (1) = 1 ∀K ∈ TE,

implying that BNC
E,k is constant over the edge E, with

BNC
E,k

∣∣
E
≡ 1, (5.17)

and therefore also continuous over E. In particular BNC
E,k (x) = 1 for x ∈ V (E) and

hence it follows that BNC
E,k /∈

◦
Sk,0 (T ) and hence SCR

k (T ) is well-de�ned as a direct sum.
Using the decomposition (5.11) we write

SCR
k (T ) =

◦
SEΩ,k (T )⊕

◦
SVol,k (T )⊕ SNC

k (T ) . (5.18)

In order to being able to refer back to the properties of the functions BNC
E,k, we collect

them in a Lemma.

Lemma 5.16. For E ∈ EΩ (T ), let BNC

E,k be given by De�nition 5.15. Then BNC

E,k satis�es

suppBNC

E,k ⊆ ωE, (5.19a)

BNC

E,k ◦ χE′ =


±P (0,0)

k , E ′ ∈ E (TE) \ {E} ,
0, E ′ ∈ E (T ) \ E (TE) ,
1, E = E ′,

(5.19b)

where χE′ is given by Remark 5.8.

Proof. (5.14) directly implies (5.19a). Taking some edge E ∈ EΩ (T ) and some edge
E ′ ∈ E (T ) and considering the a�ne pullback χE′ we observe that

[
BNC

E,k

]
E′ ◦ χE′ =

{
±P (0,0)

k , E ′ ∈ E (TE) \ {E} ,
0, E ′ ∈ E (T ) \ E (TE) , or E ′ = E,

(5.20)

holds by construction.
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Remark 5.17. Note that the sign-ambiguity in (5.20)(1) stems from the choice of pa-
rameterization of the edge E described in Remark 5.8 and the symmetry of the Jacobi
polynomials [25, Table 18.6.1]. Since a constant factor does not a�ect the L2 (E)-orthogonality,
we can choose either parameterization of E. If possible we choose χE′ in such a way
that we obtain (5.20)(1) with a positive sign, but since this is not always the case, we
present the result with this sign-ambiguity. This ambiguity extends to all Jacobi polyno-
mials where α = β, see [25, Table 18.6.1] for reference.

We further observe that since ωE is a union of closed triangles and therefore all edges
E ′ ∈ E (TE) \ {E} also are contained in ωE, i.e. E

′ ⊆ ωE. This argument together
with Remark 5.17 yields that the a�ne pullback BNC

E,k ◦ χE′ is well-de�ned and using the

support property suppBNC
E,k ⊆ ωE implies that for all edges E ′ ∈ E (TE) \ {E} we have

that
BNC

E,k ◦ χE′ =
[
BNC

E,k

]
E′ ◦ χE′ = ±P (0,0)

k . (5.21)

If E ′ = E then (5.17) directly implies that BNC
E,k ◦ χE = 1 and if E ′ ∈ E (T ) \ E (TE),

(5.19a) yields that BNC
E,k ◦ χE′ = 0 and thus we have proven (5.19b).

Equation (5.20) implies, together with (5.12), that SCR
k (T ) satis�es (5.7) and hence it

is a Crouzeix-Raviart type space. This comes from the fact that for any E,E ′ ∈ E (T )
and any q ∈ Pk−1 (E

′) we have that
∫
E′

[
BNC

E,k

]
E′ q = 0 which is a consequence of (5.12).

5.3 The road map

We have de�ned the Crouzeix-Raviart type function space SCR
k (T ) in the previous

chapter. To complete our �nite element we need a set of linear functionals possessing

a Lagrange property with respect to the basis BCRk :=
◦
BT ,k ∪ BNCT ,k, i.e. a dual basis.

Linear algebra tells us that for �nite dimensional vector spaces there exists a dual basis
[19, Section 6.1.2]. Our goal is to explicitly describe the dual basis functions associated

with the basis functions of
◦
BEΩ,k and BNCT ,k. We will do this in the following way:

1. We �rst perform a change of basis in
◦
SEΩ,k (T ). The new basis will interpolate the

Jacobi polynomials with weight ω1,1 along the edges E ∈ EΩ (T ). The details of
this can be found in Section 5.4.

2. We de�ne line integrals along the edges E ∈ EΩ (T ) with the appropriate Jacobi
polynomials as weights and use their orthogonality property (5.12) to show the
Lagrange property with respect to the new basis. The details of the construction
and the proof of the Lagrange property can be found ind Section 5.5.

5.4 A change of basis

We start by reorganizing the set of basis functions
◦
BEΩ,k of

◦
SEΩ,k (T ). By construction

we have that for all z ∈
◦
Σk (EΩ) there exists exactly one edge E ∈ EΩ (T ) such that
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Figure 7: Example of a one P̃E,i for some edge E = [z,y] ∈ EΩ (T ) and i = 3.

z ∈ E. For ease of notation we write
◦
Σk (E) :=

◦
Σk (EΩ) ∩ E and obtain that

◦
Σk (EΩ) =

⋃
•

E∈EΩ(T )

◦
Σk (E) , (5.22)

where
⋃
• denotes the disjoint union. Let us consider some edge E ∈ EΩ (T ). We now

enumerate the degrees of freedom in
◦
Σk (E) by zE,i for 0 ≤ i ≤ k − 2 and as a conse-

quence write
◦
Σk (E) = {zE,i | 0 ≤ i ≤ k − 2}. As a result of this numbering convention

we have that
◦
Σk (EΩ) =

⋃
•

E∈EΩ(T )

{zE,i | 0 ≤ i ≤ k − 2} . (5.23)

Considering some edge E ∈ EΩ (T ) we observe that for all 0 ≤ i ≤ k − 2, BC
k,zE,i

can be
written as

BC
k,zE,i

=

{
pKλK,xλK,y, K ∈ TE,
0 elsewhere.

Here x,y ∈ V (E) denote the two endpoints of E and pK ∈ Pk−2 (K) for K ∈ TE. Since
BC

k,zE,i
is continuous across E we know that for TE = {K1, K2} , pK1|E = pK2 |E. Taking

any 0 ≤ i ≤ k − 2 we de�ne the function P̃E,i ∈
◦
Sk,0 (T ) to be

P̃E,i :=

{
4λK,zλK,yP

(1,1)
i (1− 2λK,z) K ∈ TE,

0 elsewhere,
(5.24)

where z,y ∈ V (E) are the two endpoints of E and P
(1,1)
i denote the Jacobi polyno-

mials with respect to the weight function w1,1, see De�nition 5.14 for reference. We ob-
serve that by construction for TE = {K1, K2} and all 0 ≤ i ≤ k − 2 we have that

P
(1,1)
i (1− 2λK1,z)

∣∣∣
E
= P

(1,1)
i (1− 2λK2,z)

∣∣∣
E
and therefore it holds that P̃E,i ∈

◦
Sk,0 (T ).

Applying the a�ne transformation χE (cf. Remark 5.8), it follows that by construction

P̃E,i

∣∣∣
E
◦ χE = w1,1P

(1,1)
i ∀0 ≤ i ≤ k − 2. (5.25)

Remark 5.17 allows us to choose χE in such a way to obtain (5.25) as written. Recalling
the road map in Section 5.3, equation (5.25) is the property that we want to exploit in
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Figure 8: Example of the polynomial PE,i for some edge E = [z,y] ∈ EΩ (T ) and i = 3.

the construction of the dual basis. However for z ∈
◦
Σk (T ) \

◦
Σk (EΩ) such that z ∈

ωE, we generally have that P̃E,i (z) ̸= 0 and therefore cannot guarantee that P̃E,i ∈
◦
SEΩ,k (T ), since it holds that for all u ∈

◦
SEΩ,k (T ) and all z ∈

◦
Σk (T ) \

◦
Σk (EΩ) u (z) = 0

by de�nition. In order to mitigate this problem we use Lagrange interpolation on the

edges to construct piecewise polynomials PE,i ∈
◦
SEΩ,k (T ), that also exhibit (5.25).

De�nition 5.18. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let E ∈ EΩ (T ) and 0 ≤ i ≤ k − 2 be given and let χE be the

a�ne transformation from Remark 5.8. Let PE,i ∈
◦
SEΩ,k (T ) be given by

PE,i :=
k−2∑
j=0

(
w1,1P

(1,1)
i

)
◦ χ−1

E (zj)B
C

k,zj
(5.26)

where zj ∈
◦
Σk (E).

Remark 5.19. The di�erence between Figure 7 and Figure 8 is quite subtle. P̃E,i is an

extension of the Jacobi polynomial P
(1,1)
i into ωE, whereas PE,i is the Lagrange inter-

polant of the Jacobi polynomial P
(1,1)
i along the edge E in

◦
SEΩ,k (T ). This leads to PE,i

being much more concentrated around the edge E compared to P̃E,i. The vertices z and
y serve as reference points for the orientation of the edge E = [z,y] ∈ EΩ (T ).

Let us now prove that PE,i has the properties we want to exploit in the construction of
the dual basis.

Lemma 5.20. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conforming
triangulation T and take any E ∈ EΩ (T ) and 0 ≤ i ≤ k − 2 and consider PE,i as given
by De�nition 5.18. Then PE,i satis�es

suppPE,i ⊆ ωE, (5.27a)

PE,i ◦ χE′ =

{
ω1,1P

(1,1)
i , E = E ′,

0, E ′ ∈ E (T ) \ {E} ,
(5.27b)

where χE′ is given by Remark 5.8 .
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Proof. By construction we have that for all E ∈ EΩ (T ) and 0 ≤ i ≤ k − 2 PE,i|E ∈
Pk (E) and therefore is uniquely determined by k + 1 distinct points on E, see Remark

5.8 for reference. By de�nition we have that BC
k,zj

(x) = ω1,1P
(1,1)
i ◦ χ−1

E (x) = 0 for both

endpoints x ∈ V (E) of E and 0 ≤ i ≤ k− 2. Taking any 0 ≤ j ≤ k− 2 we compute that

PE,i (zj) =
k−2∑
l=0

(
ω1,1P

(1,1)
i

)
◦ χ−1

E (zl)B
C
k,zl

(zj)
(5.5)
=
(
ω1,1P

(1,1)
i

)
◦ χ−1

E (zj) .

This implies that for all x ∈
◦
Σk (E) ∪· V (E) PE,i (x) =

(
ω1,1P

(1,1)
i

)
◦ χ−1

E (x). Counting

all the elements in the set x ∈
◦
Σk (E) ∪· V (E) yields that∣∣∣∣x ∈ ◦

Σk (E) ∪· V (E)
∣∣∣∣ = ∣∣∣∣ ◦Σk (E)

∣∣∣∣+ |V (E)| = k − 1 + 2 = k + 1.

The application of Remark 5.8 results in PE,i|E being uniquely determined as

PE,i|E =
(
ω1,1P

(1,1)
i

)
◦ χ−1

E . (5.28)

Furthermore we also have by construction that PE,i ∈
◦
SEΩ,k (T ) for all E ∈ EEΩ,k (T )

and all 0 ≤ i ≤ k − 2 since the functions PE,i are a linear combination of the Lagrange

basis functions of
◦
SEΩ,k (T ). Further we observe that

suppPE,i ⊆ ωE (5.29)

which is implied by the fact that PE,i is a linear combination of the functions BC
k,zj

for

all zj ∈
◦
Σk (E) which also have suppBC

k,zj
⊆ ωE. This support property of the BC

k,zj

directly implies that PE,i|E′ = 0 for all E ′ ∈ E (T ) \ {E}. This directly implies that for
all E ′ ∈ E (T ) \ {E}, PE,i ◦ χE′ = 0 and thus concluding the proof.

Lemma 5.20 allows us to prove that the set

◦
BJac,k := {PE,i (T ) | E ∈ EΩ (T ) ∧ 0 ≤ i ≤ k − 2} (5.30)

is a basis of
◦
SEΩ,k (T ).

Proposition 5.21. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a con-
forming triangulation T . Then it holds that

◦
SEΩ,k (T ) = span

◦
BJac,k, (5.31)

where the set
◦
BJac,k is as in (5.30).
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Proof. By construction we have that
◦
BJac,k ⊆

◦
SEΩ,k (T ). Applying (5.23) we compute

that

dim
◦
SEΩ,k (T ) =

∣∣∣∣ ◦BEΩ,k

∣∣∣∣ = ∣∣∣∣ ◦Σk (EΩ)
∣∣∣∣ =

∣∣∣∣∣∣
⋃
•

E∈EΩ(T )

{zE,i | 0 ≤ i ≤ k − 2}

∣∣∣∣∣∣
=

∑
E∈EΩ(T )

|{zE,i | 0 ≤ i ≤ k − 2}| = (k − 1) |EΩ (T )| .

Also it holds that the cardinality of
◦
BJac,k is also (k − 1) |EΩ (T )|. Indeed a quick calcu-

lation yields that∣∣∣∣ ◦BJac,k∣∣∣∣ =
∣∣∣∣∣∣
⋃
•

E∈EΩ(T )

{PE,i | 0 ≤ i ≤ k − 2}

∣∣∣∣∣∣ =
∑

E∈EΩ(T )

|{PE,i | 0 ≤ i ≤ k − 2}|

= (k − 1) |EΩ (T )| .

As a consequence, if we prove that
◦
BJac,k is linearly independent, then

◦
BJac,k spans the

space
◦
SEΩ,k (T ). Let us therefore assume by contradiction that the set

◦
BJac,k is not lin-

early independent. This implies that there exists a set of coe�cients
{cE,i | E ∈ EΩ (T ) ∧ 0 ≤ i ≤ k − 2} such that for some edge E0 ∈ EΩ (T ) and some
0 ≤ i0 ≤ k − 2 the coe�cient cE0,i0 is non-zero and that

∑
E∈EΩ(T )

k−2∑
i=0

cE,iPE,i ≡ 0.

Using this, the a�ne pullback χE0 from Remark 5.8, the fact that suppPE,i ⊆ ωE for all
E ∈ EΩ (T ) and all 0 ≤ i ≤ k − 2 by construction and (5.27b) results in

0 ≡

 ∑
E∈EΩ(T )

k−2∑
i=0

cE,iPE,i

∣∣∣∣∣∣
E0

◦ χE0 =
∑

E∈EΩ(T )

k−2∑
i=0

cE,i PE,i|E0
◦ χE0

=
k−2∑
i=0

cE0,i PE0,i|E0
◦ χE0 =

k−2∑
i=0

cE0,iω1,1P
(1,1)
i = ω1,1

k−2∑
i=0

cE0,iP
(1,1)
i .

This implies that
∑k−2

i=0 cE0,iP
(1,1)
i ≡ 0 on [−1, 1]. Through Lemma A.8 we know that

the set {PE,i | 0 ≤ i ≤ k − 2} is linearly independent and it therefore follows that for
all 0 ≤ i ≤ k − 2 cE0,i = 0. In particular we have that cE0,i0 = 0, which contradicts
the assumption that cE0,i0 is non-zero and hence we have proven by contradiction that
◦
BJac,k is linearly independent and thus concluding the proof.

As an immediate consequence we have that we can write SCR
k as

SCR
k (T ) = span

◦
BJac,k ⊕

◦
SVol,k (T )⊕ spanBNCT ,k (5.32)
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giving us a description of SCR
k (T ) that we now use for the construction of the dual ba-

sis. In order to reduce confusion we denote this newly constructed basis of SCR
k (T ) by

BCRJac,k :=
◦
BJac,k ∪·

(
◦
BT ,k \

◦
BEΩ,k

)
∪· BNCT ,k. (5.33)

5.5 Construction of the dual basis

As mentioned in Section 5.3, after construction a new basis
◦
BJac,k of

◦
SEΩ,k that satis�es

the property (5.27b) described in Lemma 5.20, which allows us to use the orthogonality
property of the Jacobi polynomials (cf. De�nition 5.14) to construct linear functionals
satisfying the Lagrange property for the decomposition (5.32).

De�nition 5.22. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let k ≥ 3 be odd. For a given edge E ∈ EΩ (T ) and some index
0 ≤ i ≤ k − 2 the functional FE,i : S

CR

k (T )→ R is given by

FE,i (q) :=

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
· q ◦ χE (5.34)

where αi :=
∫ 1

−1
P

(1,1)
i /

∫ 1

−1
P

(1,1)
k−1 . For i = k the functional FE,k : SCRk (T ) → R is given

by

FE,k (q) =

∫ 1

−1

P
(1,1)
k−1 · q ◦ χE. (5.35)

In both (5.34) and (5.35), χE denotes the a�ne linear transformation given by Remark
5.8.

Remark 5.23. In order to avoid the sign-ambiguity that arises with the di�erent choices
for the a�ne pullback χE and the Jacobi polynomials as discussed in Remarks 5.8 and
5.17, we choose χE in FE,i as in De�nition 5.18. Therefore we only have to deal with
the sign-ambiguity induced by the pullbacks for the non-conforming Crouxzeix-Raviart
polynomials BNC

E′,k ∈ BNCT ,k.

Before we start proving properties of the functionals FE,i let us �rst show that the func-
tionals are indeed linear and well de�ned. Since integration, multiplication and compo-
sition of functions are linear operations it immediately follows that the functionals FE,i

are linear for all E ∈ E (T ), 0 ≤ i ≤ k − 2 and i = k. Since k ≥ 3 is assumed to be odd,
which implies that k − 1 is even, and using [25, Equation 18.9.15] and [25, Table 18.6.1]
we compute that∫ 1

−1

P
(1,1)
k−1 =

k + 1

2
P

(0,0)
k

∣∣∣∣1
−1

=
k + 1

2

(
P

(0,0)
k (1)− P (0,0)

k (−1)
)

=
k + 1

2

(
P

(0,0)
k (1)− (−1)k P (0,0)

k (1)
)

k odd
= (k + 1)P

(0,0)
k (1) = k + 1. (5.36)
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Hence αi =
∫ 1

−1
P

(1,1)
i /

∫ 1

−1
P

(1,1)
k−1 is well-de�ned for all 0 ≤ i ≤ k− 2. Let us now consider

any function u ∈ SCR
k (T ). Since we have already shown that the functionals FE,i are

linear we can assume without loss of generality that u ∈ BCRJac,k (cf. (5.32) and (5.10))

is a basis function of SCR
k (T ). If u ∈

◦
BT ,k \

◦
BEΩ,k then by de�nition u ◦ χE = 0 for all

E ∈ E (T ) and Lemmata 5.16 and 5.20 imply that if u ∈
◦
BJac,k and if u ∈ BNCT ,k then

u ◦ χE ∈ Pk ([−1, 1]). Therefore we conclude that the functionals FE,i are well de�ned
on SCR

k (T ) for all E ∈ E (T ), all 0 ≤ i ≤ k − 2 and i = k and as a consequence, it
follows that FE,i ∈ SCR

k (T )′. Let us now to investigate whether or not the functionals
FE,i posses the Lagrange property with respect to BCRJac,k.

Proposition 5.24. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a con-
forming triangulation T and let k ≥ 3 odd be given. Then it holds that

FE,i (PE′,j) = CE,iδEE′δij ∀E,E ′ ∈ EΩ (T ) ∧ ∀0 ≤ i, j ≤ k − 2, (5.37a)

FE,i

(
BNC

E′,k

)
= 0 ∀E,E ′ ∈ EΩ (T ) ∧ ∀0 ≤ i ≤ k − 2, (5.37b)

FE,k

(
BNC

E′,k

)
= CE,kδEE′ ∀E,E ′ ∈ EΩ (T ) , (5.37c)

FE,k (PE′,j) = 0 ∀E,E ′ ∈ EΩ (T ) ∧ ∀0 ≤ j ≤ k − 2, (5.37d)

FE,i (q) = 0 ∀q ∈
◦
SVol,k (T ) ∧ ∀0 ≤ i ≤ k − 2 ∧ i = k. (5.37e)

The constants CE,i ̸= 0 depend exclusively on the edge E and 0 ≤ i ≤ k − 2 and i = k.

Proof. Let E ∈ E (T ) and 0 ≤ i ≤ k − 2 be arbitrarily chosen but �xed and consider the

functional FE,i as given by (5.34). Taking any PE′,j ∈
◦
BJac,k for some E ′ ∈ EΩ (T ) and

0 ≤ j ≤ k − 2. We distinguish three cases.

@ (5.37a), Case 1: E ∈ EΩ (T ) and E ̸= E ′. Then using (5.27b) we know that PE′,j ◦
χE ≡ 0 for all 0 ≤ j ≤ k − 2 and therefore we conclude that FE,i (PE′,j) = 0.

@ (5.37a), Case 2: E = E ′ and i ̸= j. Applying (5.27b) and (5.12) results in

FE,i (PE′,j) = FE,i (PE,j) =

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
· PE,j ◦ χE

=

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
· ω1,1P

(1,1)
j

=

∫ 1

−1

P
(1,1)
i P

(1,1)
j ω1,1 − αi

∫ 1

−1

P
(1,1)
k−1 P

(1,1)
j ω1,1 = 0.

@ (5.37a), Case 3: E = E ′ and i = j. Using again (5.27b) and (5.12) we compute that

FE,i (PE′,j) = FE,i (PE,i) =

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
· PE,i ◦ χE

=

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
· ω1,1P

(1,1)
i

=

∫ 1

−1

P
(1,1)
i P

(1,1)
i ω1,1 − αi

∫ 1

−1

P
(1,1)
k−1 P

(1,1)
j ω1,1 = Ci,1,1,
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where Ci,1,1 ̸= 0 is as in (5.13) and therefore we have shown that (5.37a) holds, since
E ∈ E (T ) and 0 ≤ i ≤ k − 2 was chosen arbitrarily but �xed. Keeping this arbitrarily
chosen E ∈ E (T ) and 0 ≤ i ≤ k − 2 we consider BNC

E′,k ∈ BNCT ,k for some edge E ′ ∈ E (T ).
For (5.37b) we need to consider tree cases.

@ (5.37b), Case 1: E ′ /∈ E (TE). By (5.19b) we know that BNC
E′,k ◦ χE′ = 0 and therefore

it follows that FE,i

(
BNC

E′,k

)
= 0.

@ (5.37b), Case 2: E ′ ∈ E (TE) \ {E}. Applying (5.19b) and (5.12) results in the
following computation:

FE,i

(
BNC

E′,k

)
=

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
·BE′,k ◦ χE = ±

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
P

(1,1)
k

= ±
∫ 1

−1

P
(1,1)
i P

(0,0)
k ∓ αi

∫ 1

−1

P
(1,1)
k−1 P

(0,0)
k = 0.

@ (5.37b), Case 3: E ′ = E. Then (5.19b) implies that BNC
E,k ◦ χE = 1 and therefore we

compute that

FE,i

(
BNC

E′,k

)
= FE,i

(
BNC

E,k

)
=

∫ 1

−1

(
P

(1,1)
i − αiP

(1,1)
k−1

)
=

∫ 1

−1

P
(1,1)
i − αi

∫ 1

−1

P
(1,1)
k−1

=

∫ 1

−1

P
(1,1)
i −

∫ 1

−1
P

(1,1)
i∫ 1

−1
P

(1,1)
k−1

∫ 1

−1

P
(1,1)
k−1 = 0.

Thus we have proven (5.37b). Let us now consider FE,k for any edge E ∈ EΩ (T ). We
take any PE′,j for some E ′ ∈ EΩ (T ) and 0 ≤ j ≤ k − 2. (5.27b) implies that the only
non trivial case to consider is E ′ = E. Then using (5.12), we compute that

FE,k (PE′,j) = FE,k (PE,j) =

∫ 1

−1

P
(1,1)
k−1 P

(1,1)
j ω1,1 = 0,

and thus (5.37d) holds. Let us now consider BNC
E′,k for any edge E ′ ∈ EΩ (T ). We con-

sider three cases.

@ (5.37c), Case 1: E ′ /∈ E (TE). Then (5.19b) implies that BNC
E′,k ◦ χE = 0 and therefore

we get that FE,k

(
BNC

E′,k

)
= 0.

@ (5.37c), Case 2: E ′ ∈ E (TE) \ {E}. In this case (5.19b) and Remark 5.17 imply that

BNC
E′,k ◦ χE = ±P (0,0)

k . (5.12) then yields that

FE,k

(
BNC

E′,k

)
= ±

∫ 1

−1

P
(1,1)
k−1 P

(0,0)
k = 0.

@ (5.37c), Case 3: E ′ = E. Then (5.19b) implies that BNC
E′,k ◦ χE = 1 and therefore we

compute that

FE,k

(
BNC

E′,k

)
= FE,k

(
BNC

E,k

)
=

∫ 1

−1

P
(1,1)
k−1

(5.36)

̸= 0
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and therefore we have proven (5.37c). Finally let us consider any q ∈
◦
SVol,k (T ). By

construction of
◦
SVol,k (T ) we have that q|E ≡ 0 for all E ∈ E (T ). This directly implies

that FE,i (q) = 0 for all E ∈ EΩ (T ), all 0 ≤ i ≤ k − 2 and i = k and thus proving
(5.37e).

We recall that a for a �nite dimensional vector space V with {v1, v2, . . . , vn} being a ba-
sis of V with n := dimV , there exists a uniquely de�ned dual basis {v′1, v′2, · · · , v′n} ⊂
V ′, with the property that for all 1 ≤ i, j ≤ n we have that v′i (vj) = δij, (cf. [19, Section
6.1.2]). Therefore we know that for the Crouxzeix-Raviart type space SCR

k (T ) gener-
ated by the basis BCRJac,k (cf. (5.33)) there exists a uniquely de�ned dual basis BCRJac,k

′ ⊆
SCR
k (T )′ that exhibits the Lagrange property with respect to BCRJac,k. Our goal is it now

to prove that, if we �normalize� the functionals FE,i from Proposition 5.24, they then
are indeed elements of the dual basis BCRJac,k

′
.

De�nition 5.25. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T and let k ≥ 3 odd be given and for E ∈ EΩ (T ), 0 ≤ i ≤ k − 2 and
i = k, let FE,i ∈ SCRk (T )′ be as in De�nition 5.22. Then functionals B′

E,i ∈ SCRk (T )′ are
given by

B′
E,i =

FE,i

FE,i (PE,i)
∀E ∈ EΩ (T ) ∧ ∀0 ≤ i ≤ k − 2, (5.38a)

B′
E,k =

FE,k

FE,k

(
BNC

E,k

) ∀E ∈ EΩ (T ) . (5.38b)

Here PE,i and B
NC

E,k are as in De�nition 5.18 and 5.14 respectively.

Due to the properties (5.37a) and (5.37c) the functionals BE,i are well-de�ned since
these properties ensure that we have no division by 0 and the fact that the function-
als FE,i are elements of SCR

k (T )′ yields that the functionals B′
E,i are as well elements of

SCR
k (T )′. De�nition 5.25 leads us now to the main theorem of this chapter.

Theorem 5.26. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a con-
forming triangulation T and let k ≥ 3 odd be given. Then for all E ∈ EΩ (T ) for all
0 ≤ i ≤ k − 1 and i = k, we have that

B′
E,i ∈ BCRJac,k

′
, (5.39)

where BCR
Jac,k

′
denotes the dual basis of SCRk (T )′ with respect to the basis BCR

Jac,k of

SCRk (T ) and the functionals B′
E,i are as in De�nition 5.25.

Proof. As mentioned previously the dual basis BCRJac,k
′
of SCR

k (T )′ with respect to the

basis BCRJac,k of SCR
k (T ) exists and is uniquely de�ned. Therefore, if we are able to proof

that the functionals B′
E,i exhibit the Lagrange property with respect to the basis BCRJac,k,

it immediately implies that B′
E,i ∈ BCRJac,k

′
by the uniqueness property, [19, Section 6.1.2].
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Consider any two edges E, Ẽ ∈ EΩ (T ) and any 0 ≤ i, j ≤ k − 2. An application of the
properties (5.37a) - (5.37d) results in the following set of computations:

B′
E,i

(
PẼ,j

)
=
FE,i

(
PẼ,j

)
FE,i (PE,i)

(5.37a)
= δEẼδij,

B′
E,i

(
BẼ,k

)
=
FE,i

(
BNC

Ẽ,k

)
FE,i (PE,i)

(5.37b)
= 0,

B′
E,k

(
PẼ,j

)
=
FE,k

(
PẼ,j

)
FE,k

(
BNC

E,k

) (5.37d)
= 0,

and B′
E,k

(
BNC

Ẽ,k

)
=
FE,k

(
BNC

E′,k

)
FE,k

(
BNC

E,k

) (5.37c)
= δEẼ.

(5.37e) yields that for all E ∈ EΩ (T ), 0 ≤ i ≤ k−2 and i = k, B′
E,i

(
◦
SVol,k (T )

)
= 0 and

therefore in particular B′
E,i (Bz) = 0 for all Bz ∈

◦
BT ,k \

◦
BEΩ,k. Thus we have shown that

for all E ∈ EΩ (T ), all 0 ≤ i ≤ k − 2 and i = k, there exists exactly one basis function

b ∈ BCRJac,k such that B′
E,i (b) = 1 and for all b̃ ∈ BCRJac,k \ {b}, B′

E,i

(
b̃
)
= 0. Therefore we

have shown that the fuctionals B′
E,i exhibit the Lagrange property with respect to the

basis BCRJac,k and hence by the uniqueness property, [19, Section 6.1.2], B′
E,i ∈ BCRJac,k

′
.

5.6 H1-compatibility and an Interpolation operator

We were able to �nd an explicit description of some functionals B′
E,i of the dual basis

BCR
Jac,k

′
of SCR

k (T )′ for any k ≥ 3 odd. A natural next question would be, are the func-
tionals B′

E,i elements of H−1 (Ω)? Lemma A.9 tells us that, given an edge E ∈ EΩ (T )
and some function u ∈ H1 (Ω) there exists a function guK,E ∈ L2 (E) such that u|K |E =
guK,E in the trance sense. However, we see that we need to choose a triangle K ∈ TE in
order to de�ne the trace operator. This choice is not unique for inner edges E ∈ EΩ (T ).
Therefore for K1, K2 ∈ TE there are two functions guK1,E

, guK2,E
∈ L2 (E) with the prop-

erty that for i = 1, 2
u|Ki

∣∣
E
= guKi,E

.

This implies that the integral
∫
E
u is in general not uniquely de�ned an therefore

BE,i (u) for E ∈ EΩ (T ), 0 ≤ i ≤ k − 2 and i = k is in general also not uniquely
de�ned. We would have to prove that [u]E ≡ 0 almost everywhere in the trace sense. In
[23, Theorem 11.45] this exact statement is proven. Therefore we conclude that for all
E ∈ EΩ (T ), all 0 ≤ i ≤ k − 2 and i = k the functionals B′

E,i are indeed H
1-compatible,

meaning B′
E,i ∈ H−1 (Ω).

At this point we do not know much about the remaining dual basis functionals and thus
in general we do not know if BCRJac,k

′ ⊆ H−1 (Ω) holds true. However, since for all z ∈
◦
Σk (T ) \

◦
ΣK (EΩ), all E ∈ EΩ (T ), all 0 ≤ i ≤ k − 2 and i = k we have that

PE,i (z) = 0,
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a point evaluation at z would be a suitable candidate for the remaining dual basis func-

tionals. Setting
◦
Σk (K) :=

{
z ∈

◦
Σk (T )

∣∣∣∣ z ∈ int (K)

}
for K ∈ T it follows that

◦
Σk (T ) \

◦
ΣK (EΩ) =

⋃
•

◦
Σk (K) . (5.40)

De�nition 5.27. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Ω, set C0 (T ) ⊆ L2 (Ω) to be given by

C0 (T ) :=
{
u ∈ L2 (Ω)

∣∣ ∀K ∈ T : u|int(K) ∈ C
0 (int (K))

}
.

Let k ≥ 3 odd be given. Then for K ∈ T and z ∈
◦
Σk (K) the functional B′

K,z : H1
0 (Ω) ∩

C0 (T )→ R is given by
B′

K,z (u) := u (z) . (5.41)

Note that we have by construction that the functionals B′
K,z are well-de�ned and that

◦
BJac,k ⊆ kerB′

K,z, ker (·) denotes the kernel of a function or functional. By de�nition of
the Lagrange basis polynomials BC

k,y we compute that

B′
K,z

(
BC

k,y

)
= δzy ∀K ∈ T ∧ ∀y, z ∈

◦
Σk (K) .

Therefore we only need to check if BNCT ,k ⊆ kerB′
K,z for all K ∈ T and all z ∈

◦
Σk (K).

This is in general not the case, but if we set

ΦNC
E,k := BNC

E,k −
∑

z∈
◦
Σk(T )\

◦
ΣK(EΩ)

BNC
E,k (z)B

C
k,z ∀E ∈ EΩ (T ) ,

then we immediately get by construction that ΦNC
E,k ∈ kerB′

K,z and that ΦNC
E,k retains

the properties of BNC
E,k with respect to the functionals de�ned in De�nition 5.25. Some

computation yields, that the pointwise interpolation of BNC
E,k in the interior of the ele-

ments K ∈ T does not a�ect the overall linear independence of the functions collected

in BNC
k :=

◦
BJac,k∪·

(
◦
BT ,k \

◦
BEΩ,k

)
∪· BNC

Φ where BNC
Φ :=

{
ΦNC

E,k

∣∣ E ∈ EΩ (T )
}
. Hence BNC

k

is a basis of SNC
k (T ) and therefore, as a consequence of the Lagrange property discussed

in the paragraph above,

BNC
k

′
:=
{
B′

E,i

∣∣ E ∈ EΩ (T ) , 0 ≤ i ≤ k − 2, i = k
}
∪·
{
B′

K,z

∣∣K ∈ T , z ∈ ◦
Σk (K)

}
is a dual basis of SNC

k
′
. Hence we can de�ne a projection ΠCR

k : H1
0 (Ω) ∩ C0 (T ) →

SCR
k (T ).

De�nition 5.28. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T . Let the projection ΠCR

k : H1
0 (Ω) ∩ C0 (T ) → SCRk (T ) be given

by

ΠCR

k u :=
∑

E∈EΩ(T )

(
B′

E,k (u) Φ
NC

E,k +
k−2∑
i=0

B′
E,i (u)PE,i

)
+
∑
K∈T

∑
z∈

◦
Σk(K)

B′
K,z (u)Bk,z. (5.42)
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5.7 Conclusion and Outlook

Through multiple constructions and change of basis, we successfully computed an ex-
plicitly described dual basis BNC

k
′
of the non-conforming Crouzeix-Raviart space SNC

k

and as a consequence we constructed a natural projection operator ΠNC
k : H1

0 (Ω) ∩
C0 (T ) → SCR

k (T ). With such a newly de�ned projection, there are some immedi-
ate questions, like �What are the properties of the projection ΠNC

k ?� or �How well does
ΠNC

k u approximate u ∈ H1
0 (Ω) ∩ C0 (T )?�. These questions and many more are now

waiting to be answered, but pursuing these answers is well beyond the scope of this the-
sis and therefore will be left for future researchers to dive into.
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A Technical Results

Lemma A.1. Let χK : K̂ → K be an a�ne linear transform such that χK

(
Âi

)
= Ai

for all 1 ≤ i ≤ 3. Further let ϕ ∈ C1 (K) and set ϕ̂ := ϕ ◦ χK. Then

∂ϕ̂

∂t̂i
= Ci|Ei|

(
∂ϕ

∂ti

)
◦ χK ,

for Ci ∈ R. Recall Figures 1 and 2 for the notation employed.

Proof. We observe that χK is not unique. For the purpose of this proof, we write χK as
χK (x̂) = Â1 + [ |E3| t3 | − |E2| t2] x̂. Since t̂3 = e1 and t̂2 = −e2 we obtain that

∂ϕ̂

∂t̂3
=

∂ϕ̂

∂x̂1
=

∂

∂x̂2
(ϕ ◦ χK) =

2∑
j=1

(
∂ϕ

∂xi

)
◦ χK · |E3|tj3

= |E3| · ⟨(∇ϕ) ◦ χK , t3⟩ = |E3|
(
∂ϕ

∂t3

)
◦ χK

and
∂ϕ̂

∂t̂2
= − ∂ϕ̂

∂x̂2
= − ∂

∂x̂2
(ϕ ◦ χK) =

2∑
j=1

(
∂ϕ

∂xi

)
◦ χK · |E2|tj2

= |E2| · ⟨(∇ϕ) ◦ χK , t2⟩ = |E2|
(
∂ϕ

∂t2

)
◦ χK ,

by applying the chain rule. Now since it holds that − (|E2|t2 + |E3|t3) = |E1|t1 and
t̂1 =

t̂2+t̂3√
2
. We get through linear combination that

∂ϕ̂

∂t̂1
=
|E1|√

2

(
∂ϕ

∂t1

)
◦ χK .

Lemma A.2. Let c ∈ R2 be a constant vector and let ϕ ∈ H1 (Ω) where Ω ⊆ R2. We
set v := ϕ · c. Then it holds that

∥v∥H1(Ω) = ∥c∥ ∥ϕ∥H1(Ω) .

Proof. Let c ∈ R2 and ϕ ∈ H1 (Ω) be arbitrarily chosen but �xed and set v := ϕ · c.
Then by subsection 2.1 we see that

∥v∥2L2(Ω) =

∫
Ω

⟨v,v⟩ = ⟨c, c⟩
∫
Ω

ϕ2 = ∥c∥2 ∥ϕ∥2L2(Ω) .

Similarly we compute that

∥∇v∥2L2(Ω) =

∫
Ω

⟨∇v,∇v⟩ =
∫
Ω

2∑
i,j=1

(∂xi
ϕ)2 c2j =

∫
Ω

(
(∂x1ϕ)

2 + (∂x2ϕ)
2) (c21 + c22

)
= ⟨c, c⟩

∫
Ω

⟨∇ϕ,∇ϕ⟩ = ∥c∥2 ∥∇ϕ∥2L2(Ω) .
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Putting these two calculations together we obtain that

∥v∥H1(Ω) =
(
∥v∥2L2(Ω) + ∥∇v∥

2
L2(Ω)

)1/2
= ∥c∥

(
∥ϕ∥2L2(Ω) + ∥∇ϕ∥

2
L2(Ω)

)1/2
= ∥c∥ ∥ϕ∥H1(Ω) .

Lemma A.3. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain and let T be a
conforming triangulation of Ω. Then there exists a constant C̃γT > 0 solely depending
on the shape regularity of T such that for all K ∈ T we have that

hK,min ≥ C̃γT hK ,

where hK,min := min {|E| | E ∈ E (K)}.

Proof. Let K ∈ T be arbitrarily chosen but �xed. We denote by Emin ∈ E (K) the edge
with the property |Emin| = hK,min and by Emax ∈ E (K) satisfying |Emax| = hK . If
Emin = Emax we have nothing to prove. Therefore we assume that Emin ̸= Emax. Denot-
ing the angles at the vertices opposite of Emin and Emax by θmin and θmax respectively.
Using the law of sines from trigonometry, we have that

hK
sin θmax

=
|Emax|
sin θmax

=
|Emin|
sin θmin

=
hK,min

sin θmin

.

Rearranging some terms and applying (3.1) results in the following estimate

hK,min =
sin θmin

sin θmax

hK ≥ sin θminhK ≥ sinϕT hK ,

where ϕT denotes the lower bound on angles in T given in (3.1) that exclusively de-
pends on the shape-regularity of the mesh. Setting C̃γT to be C̃γT := sinϕT gives us our
statement and the minimal angle property implies that 1 ≥ C̃γT > 0.

Lemma A.9 gives us a tool to prove the following proposition that relates any edge E ∈
Ez for some vertex V (T ) to the local mesh width hz.

Proposition A.4. Let T be a conforming triangulation of Ω. Then there exists a con-
stant CγT > 0 only depending on the shape regularity of T such that for all z ∈ V (T )
and all E ∈ Ez the estimate

CγT hz ≤ |E| ≤ hz (A.1)

holds.

This proposition is a rather direct consequence of Lemma A.3. We will give here a full
proof of this statement, since it is often used in the literature for norm estimation but it
is mostly stated as well-known without providing any source.

Proof. Let z ∈ V (T ) and E ∈ T be arbitrarily chosen but �xed. The upper bound
holds by de�nition of hz and therefore we only need to prove the lower bound. For that
we distinguish between two cases.
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Case 1: z ∈ VΩ (T ). We enumerate Tz counterclockwise by Ki ∈ Tz for 1 ≤ i ≤ Nz and
we enumerate the edges by Ei ∈ Ez such that Ei = Ki ∩Ki+1 for 1 ≤ i ≤ Nz employing
the cyclic numbering convention, i.e. KNz+1 = K1. Also we reuse hKi,min form Lemma
A.3. We choose our enumeration in such a way that we ensure that E1 = E. Further we
know that there exists 1 ≤ j ≤ Nz such that hz = hKj

. If j = 1 we compute through an
application of Lemma A.3 that

|E| = |E1| ≥ hK1,min ≥ C̃γT hK1 = C̃γT hz

where C̃γT > 0 is as in Lemma A.3. If 1 < j ≤ Nz. Then we know through an applica-
tion of Lemma A.3 and the de�nition of Ei that

|E| = |E1| ≥ hK2,min ≥ C̃γT hK2 ≥ C̃γT |E2|

Iterating this argument, walking through the vertex patch and until we reach Kj, we
obtain that

|E| = |E1| ≥ C̃γT |E2| ≥ · · · ≥ C̃j−2
γT
|Ej−1| ≤ C̃j−2

γT
hKj ,min ≥ C̃j−1

γT
hKj

= C̃j−1
γT

hz.

Case 2: z ∈ V∂Ω (T ). We enumerate the vertex patch Tz again counterclockwise by
Ki ∈ Tz for 1 ≤ i ≤ Nz such that K1 and KNz have an edge on the boundary ∂Ω. We
enumerate Ej ∈ Ez as in Case 1. Then there exist 1 ≤ i, j ≤ Nz such that Ei = E and
hz = hKj

. If i = j then we have that

|E| = |Ei| ≥ hKi,min ≥ C̃γT hKi
= C̃γT hz,

by an application of Lemma A.3. If i < j we repeat the arguments in Case 1 and ob-
tain that

|E| = |Ei| ≥ C̃j−i
γT
hKj

= C̃j−i
γT
hz.

If j < i we repeat the argument from the case i < j and compute that

|E| = |Ei| ≥ C̃i−j
γT
hKj

= C̃i−j
γT
hz.

From the proof of Lemma (A.3) we know that C̃γT ≤ 1 and therefore it follows that
C̃j

γT
≥ C̃Nz

γT
for all 1 ≤ j ≤ Nz. Since Nz can be bounded from above by a constant

Nmax > 0 that only depends on the shape-regularity of the mesh, we de�ne the constant
CγT > 0 by

CγT := C̃Nmax
γT

,

concluding the proof.

This result yields the following corollary.

Corollary A.5. There exists a constant C > 0 that solely depends on the shape-
regularity of T such that for all z ∈ V (T ) and all K ∈ Tz we can estimate hK ≥ Chz.
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Proof. Let z ∈ V (T ) and K ∈ Tz be arbitrarily chosen but �xed. We denote by
EK ∈ E (K) the edge with the property that |EK | = hK . If EK ∈ Ez we directly ap-
ply Proposition A.4 and obtain that

hK = |EK | ≥ CT hz

where CγT is as in Proposition A.4. If E ⊆ ∂ωz then there exists a triangle K ∈ Tz and
an edge E ′ ∈ E (K) ∩ Ez such that E,E ′ ∈ E (K) and we compute that

hK = |EK |
Lemma A.3
≥ C̃γT |E ′|

Proposition A.4

≥ C̃γT CγT hz

where the constants C̃γT and CγT are as in the proof of Proposition A.4.

Lemma A.6 (Inverse inequality for scalar functions). Let K ∈ T be any triangle and
let k ∈ N be given. Then there exists a constant C >= 0, independent of the triangle
width hK and the polynomial degree k such that for all u ∈ Pk (K) the estimation

∥u∥L∞(K) ≤ C
k2

hK
∥u∥L2(K) (A.2)

holds.

Proof. Let u ∈ Pk (K) be arbitrarily chosen but �xed. Let χK : K̂ → K be an a�ne lin-
ear transformation. Then we see that ∥u∥L∞(K) = supx∈K |u (x)| = supx̂∈K̂ |(u ◦ χK) (x̂)|
= ∥u ◦ χK∥L∞(K̂) by using that polynomials are continuous and K is closed. Applying

[28, Theorem 4.76, (4.6.1)] it follows that

∥u ◦ χK∥L∞(K̂) ≤ Ck2 ∥u ◦ χK∥L2(K̂)

where C > 0 is independent of the polynomial degree k. Pulling the norm back to K we
compute that

∥u ◦ χK∥L2(K̂) =

√√√√∣∣∣K̂∣∣∣
|K|
∥u∥L2(K) .

Using geometry, trigonometry and Proposition A.4, we estimate that

|K| = sin θ |E| |E ′| /2 ≥ Ch2K/2,

where C > 0 solely depends on the shape-regularity of T . Therefore we conclude that

∥u∥L∞(K) ≤ C
k2

hK
∥u∥L2(K)

for a constant C > 0 being independent of the triangle width hK and the polynomial
degree k but only depending on the shape regularity of the mesh.

Lemma A.7. Let Ω ⊆ R2. Then for all u ∈ H1 (Ω) it holds that

∥divu∥L2(Ω) ≤ C ∥∇u∥L2(Ω)

where C > 0 is a constant independent of u.
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Proof. Let u ∈ H1 (Ω) be arbitrarily chosen but �xed. We identify u = (u1, u2)
T for

functions ui ∈ H1 (Ω) for i = 1, 2. Then we compute that

∥divu∥2L2(Ω) =

∫
Ω

(
2∑

i=1,

∂xi
ui

)2

≤ 2

∫
Ω

∑
i=12

(∂xi
ui)

2

≤ 2

∫
Ω

∑
i,j=1

(∂xi
uj)

2 = 2 ∥∇u∥2L2(Ω) .

Lemma A.8. Let α, β > −1 be given. Then for all n ∈ N0 the set of Jacobi functions

with polynomial degree up to n
{
P

(α,β)
i

∣∣∣ 0 ≤ i ≤ n
}
(cf. De�nition 5.14) is linearly

independent.

Proof. Let n ∈ N0 be arbitrarily chosen but �xed. If n = 0 then there is nothing to
prove, therefore we assume without loss of generality that n ≥ 1. We now assume by

contradiction that the set
{
P

(α,β)
i

∣∣∣ 0 ≤ i ≤ n
}
is not linearly independent. Therefore

there exists 0 ≤ i0 ≤ n and (cj)
j ̸=i0
0≤j≤n ∈ Rn−1 satisfying

P
(α,β)
i0

=
∑
0≤j≤n
j ̸=i0

cjP
(α,β)
j . (A.3)

Multiplying both sides of (A.3) with P
(α,β)
i0

and ωα,β and integrating from −1 to 1 yields

∫ 1

−1

P
(α,β)
i0

P
(α,β)
i0

ωα,β =

∫ 1

−1

∑
0≤j≤n
j ̸=i0

cjP
(α,β)
j

P
(α,β)
i0

ωα,β

=
∑
0≤j≤n
j ̸=i0

cj

∫ 1

−1

P
(α,β)
j P

(α,β)
i0

ωα,β
(5.12)
= 0.

However by (5.12) and (5.13) we have that
∫ 1

−1
P

(α,β)
i0

P
(α,β)
i0

ωα,β ̸= 0 and therefore have a
contradiction, concluding the proof.

Lemma A.9. Let Ω ⊆ R2 be a bounded polygonal Lipschitz domain with a conform-
ing triangulation T . Then for all K ∈ T and all u ∈ H1 (Ω) we have that u|int(K) ∈
H1 (int (K)) and there exists gu ∈ L2 (∂K) such that u|∂K = gu in the trace sense. Here
int (·) denotes the interior of a set (cf. De�nition 3.1).

Proof. Let K ∈ T and u ∈ H1 (Ω) be arbitrarily chosen but �xed. By de�nition of
H1 (Ω), see for example [15, De�nition 2.8] for reference, there exists two functions vi ∈
L2 (Ω) for i = 1, 2 satisfying∫

Ω

u∂xi
ρ = −

∫
Ω

viρ ∀ρ ∈ C∞
c (Ω) .
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By de�nition of C∞
c (Ω) we have that for all u ∈ C∞

c (Ω), all µ ∈ N2
0 and all x ∈ ∂Ω,

lim
y→x

∂|µ|

∂yµ
u (y) = 0.

Therefore through continuous extension by 0 we embed C∞
c (int (K)) into C∞

c (Ω). This
implies that for i = 1, 2∫

int(K)

u∂xi
ρ = −

∫
int(K)

vuρ ∀ρ ∈ C∞
c (int (K))

and therefore u|int(K) ∈ H1 (int (K)). By application of the trace theorem [15, Theorem

3.10] we get that there exists gu ∈ L2 (∂K) such that u|∂K = gu in the trace sense.
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