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Abstract

The aim of this thesis is to find a lower and an upper bound for the smallest eigen-
value of the non-conforming eigenvalue problem with zero boundary condition. The non-
conforming finite elements will be the Crouzeix-Raviart element with odd degree, which
are only in certain points continuous over the edge of a triangulation. Therefore, we need to
introduce an interpolation operator on the Crouzeix-Raviart space to create a continuous
space, which can be applied to determine exact bounds for the smallest eigenvalue.

As a concrete numerical experiment, we will study the impact of the degree of the
Crouzeix-Raviart elements on the discrete eigenvalue and the lower bound of the smallest
eigenvalue.
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1. Introduction.

In the field of mathematical physics, the eigenvalue problems with boundary condition
are of interest. They are defined in the following way:

−∆u = λu in Ω, (1)

u = 0 on ∂Ω,

for u ∈ H1
0 (Ω) and Ω describing the domain. To apply these on physical problems,

discretisation methods are applied. One of the best known discretisation methods is the
Galerkin discretisation, which can easily be applied on conforming and non-conforming
finite element spaces. In this thesis, we will focus on the non-conforming finite element
discretisation of the eigenvalue problem, which will be based on the Crouzeix-Raviart
elements. The non-conformity of the Crouzeix-Raviart elements emerges from the fact
that continuity between the edges of a triangulation is only enforced on k points lying on
each edge and non on the vertices. On the other parts of the edges, there will be a jump
when going over the edges of triangles in a triangulation.

In this thesis, we will derive an interpolation operator, which maps the space of Crouzeix-
Raviart element of odd degree to a continuous space. This operator will be used to derive
a lower and an upper bound for the smallest eigenvalue.

In Chapter 2.1, we will review relevant function spaces and some useful analysis to
apply on the non-conforming eigenvalue problem. The most important notions used for
this thesis will be the Hilbert space H1

0 (Ω), the variational formulation of the eigenvalue
problem and the Lax-Milgram Theorem. This subchapter is based on [BS08], [Eva10] and
[Hac86].

In Chapter 2.2, we will recall the notion of finite elements and define the Crouzeix-
Raviart elements. The basis representation of this space is crucial for the following sub-
chapters. For the notion of finite elements we will follow [BS08] and [Bra13]. The definition
of the Crouzeix-Raviart elements and some properties were already encountered in [CS22].

In Chapter 2.3 and 2.4, we will introduce the eigenvalue problem and discuss some of its
properties and error estimations. One of the most important results is that the eigenvalues
of the eigenvalue problem are positive, real and countable. It is also important to observe
that the smallest eigenvalue is simple, which will be required for the error estimation.
Again, we refer to [Eva10] and [Hac86].

In Chapter 2.5, we will define an operator mapping the Crouzeix-Raviart elements to
continuous elements. For this, we will define some nodal points on the triangulation, which
will be based on the properties of the Crouzeix-Raviart elements.

Finally, in Chapter 2.6, we will introduce explicit bounds for the smallest eigenvalue of
the eigenvalue problem, which is a generalization of the bound in the thesis [CG14]. The
upper bound will be defined by the Rayleigh-Ritz principle applied on the non-conforming
interpolation operator of the Crouzeix-Raviart elements. The lower bound will depend on
the discrete eigenvalue and the mesh size.
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To evaluate the proposition of the lower bound, we will show some numerical exper-
iments in Chapter 3. We will focus on the unit square and the L-shape domain and
compare the error of the discrete eigenvalue and the lower bound with different degrees of
the Crouzeix-Raviart element and different mesh sizes.

In the end, we summarize the main results from Chapter 2 and 3 and give an outlook
on further possible investigations.
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2. Theory.

In this chapter, we will introduce the theory that enables us to work with the Crouzeix-
Raviart space on the eigenvalue Problem. For the following subchapter we need a couple
of assumptions and general definitions. From now on Ω is always a domain in Rn. Let us
denote with ∂Ω the boundary of Ω and with Ω̄ the closure of Ω. We define the following
sets

Lp(Ω) :=

{
f : Ω→ R :

∫
Ω
|f |p <∞

}
,

Ck(Ω) := {f : Ω→ R : k-th derivative is continuous} ,

Ck(Ω,Rn) := {f : Ω→ Rn : k-th derivative is continuous} ,

C∞c (Ω) :=
{
u ∈ C∞(Ω) : supp(u) ⊂ Ω and supp(u) is compact

}
with supp(u) being the support of u. Let us notice that all above defined function spaces
are over the field of real numbers.

We also define the following scalar product and norm

(u, v) := (u, v)L2(Ω) =

∫
Ω
u(x)v(x)dx,

||u|| := ||u||L2(Ω) =
√

(u, u).

2.1. Continuous Problems.

In this subchapter, we will give a brief introduction into the theory of continuous prob-
lems by starting with the definition of the Sobolev space, continuing with the theory
regarding Hilbert spaces, then moving on to the elliptic partial differential equations and
its variational formulation and lastly introducing the Ritz-Galerkin discretisation.

To define the Sobolev spaces we need to define the α-th weak derivative.

Definition 2.1. ([Hac86, Definition 6.20]) A L2-function u ∈ L2(Ω) has a α-th weak
derivative Dα

wu ∈ L2(Ω), if∫
Ω
w(x)Dα

wu(x)dx = (−1)|α|
∫

Ω
Dαw(x)u(x)dx, for every w ∈ C∞c (Ω).

The α-th weak derivative is not always the same as the derivative of a function. In the
following example we show the first weak derivative of a function.

Example 2.2. Let us consider Ω = (−1, 1), α = 1 and f(x) = |x|. We claim that the first
weak derivative of f(x) exists and is given by

D1
wf(x) =

{
1 ifx > 0

−1 ifx < 0
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Now let w ∈ C∞c (Ω) be an arbitrary function. We observe by applying partial integration
that∫ 1

−1
f(x)w′(x) =

∫ 0

−1
f(x)w′(x) +

∫ 1

0
f(x)w′(x)

=
[
f(x)w(x)

]0
−1
−
∫ 0

−1
f ′(x)w(x) +

[
f(x)w(x)

]1
0
−
∫ 1

0
f ′(x)w(x)

=
[
f(x)w(x)

]0
−1
−
∫ 0

−1
(−1)w(x) +

[
f(x)w(x)

]1
0
−
∫ 1

0
(+1)w(x)

= −
∫ 1

−1
D1
wf(x)w(x) + lim

x↑0
f(x)w(x)− w(−1) + lim

x↓0
f(x)w(x)− w(1).

Since w ∈ C∞c (Ω) we get limx↑0w(x) = limx↓0w(x) and w(1) = w(−1) = 0. It follows that∫ 1

−1
f(x)w′(x) = −

∫ 1

−1
D1
wf(x)w(x) + w(0)

(
lim
x↑0

f(x) + lim
x↓0

f(x)

)
= −

∫ 1

−1
D1
wf(x)w(x).

In conclusion, D1
wf(x) is the first weak derivative of f .

After defining the α-th weak derivative of a function, we can define the Sobolev space
and the Sobolev norm, which are used to study solutions of partial differential equations.
They are named after Sergei Lwowitsch Sobolew, who introduced the notion of the Sobolev
space.

Definition 2.3. ([Eva10, p. 258-259]) Let k ∈ N be a non-negative integer and let p ∈
[1,∞). The Sobolev space W k,p is given by

W k,p(Ω) := {u ∈ Lp(Ω) : ∀ |α| ≤ k, Dαu ∈ Lp(Ω)},

and the Sobolev norm ‖ · ‖k,p is defined as

‖ u ‖k,p:=

∑
|α|≤k

‖ Dα
wu ‖

p
Lp(Ω)

1/p

.

Definition 2.4. ([BS08, Definition 1.3.7]) The semi-norm | · |k,p on W k,p(Ω) is defined via

|u|k,p :=

∑
|α|=k

‖ Dα
wu ‖

p
Lp(Ω)

1/p

.

Next we want to introduce the notion of Hilbert spaces. Therefore, we need a couple
definition beforehand.
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Definition 2.5. ([BS08, Definition 2.1.1]) Let V be a linear space and let a : V × V → R
be a mapping. The mapping a(·, ·) is called a bilinear form if

v → a(v, w)

and
w → a(v, w)

are linear maps on V for all v, w,∈ V .
The bilinear form a(·, ·) is called symmetric if

a(v, w) = a(w, v)

for all v, w ∈ V .

We show an example of a symmetric bilinear form.

Example 2.6. The euclidean scalar product < ·, · > : Rn × Rn → R given by

< a, b >=
n∑
i=1

aibi

is a symmetric bilinear form.

An inner product space consist of an inner product and a linear space. We will first
define an inner product, which is a special case of a bilinear form and then we will define
an inner product space.

Definition 2.7. ([BS08, Definition 2.1.1]) Let V be a linear space. An inner product
(·, ·)V is a symmetric bilinear form on V satisfying

i) (v, v)V ≥ 0 for all v ∈ V ,
ii) (v, v)V = 0 if and only if v = 0.

Definition 2.8. ([BS08, Definition 2.1.2]) Let V be a linear space and (·, ·)V be an inner
product. Then we call (V, (·, ·)V ) an inner product space.

The following example shows the inner product space, which consists of the space L2

and the L2-scalar product.

Example 2.9. An inner product space is (L2, (·, ·)), where (·, ·) is the inner product defined
as the L2-scalar product,

(u, v) :=

∫
Ω
u(x)v(x)dx

for Ω ⊆ R2. Notice that this inner product is also symmetric.

The Hilbert spaces are named after the German mathematician David Hilbert and are
essentially a Banach spaces, whose norms are induced by a scalar product. They are,
similarly as the Sobolev spaces, used to solve partial differential equations.

Definition 2.10. ([BS08, Definition 2.2.1]) Let (V, (·, ·)V ) be an inner product space.
(V, (·, ·)V ) is called an Hilbert space, if the associated normed linear space (V, ‖ · ‖V ) with

‖ · ‖V :=
√

(·, ·)V is complete.
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Let us define Hk(Ω) := W k,2(Ω). The following proposition shows that the space Hk is
also an Hilbert space.

Proposition 2.11. ([Hac86, Satz 6.23]) Hk(Ω) equipped with the scalar product

(u, v)Hk(Ω) :=
∑
|α|≤k

∫
Ω
Dαu(x)Dαv(x)dx,

is a Hilbert space and its norm is given by

‖ u ‖Hk(Ω):=

√∑
|α|≤k

‖ Dαu ‖2
L2(Ω)

. (2)

Notation 2.12. ([Hac86, Definition 6.27]) We denote the scalar product of Hk(Ω) as

(u, v)k :=
∑
|α|≤k

∫
Ω
Dαu(x)Dαv(x)dx.

Notation 2.13. ([Hac86, Definition 6.27]) The completion of C∞c (Ω) in L2(Ω) with the
equipped norm || · ||Hk(Ω) is denoted as Hk

0 (Ω).

An important example for the following chapters is the Hilbert space H1
0 (Ω).

Example 2.14. The Hilbert space H1
0 (Ω) consists of functions u ∈ L2(Ω), whose first

derivative lie also in L2(Ω), but are zero on the boundary,

u = 0 on ∂Ω.

The norm is defined as

‖ u ‖H1(Ω):=
√
‖ u ‖2

L2(Ω)
+ ‖ ∇u ‖2

L2(Ω)

and its semi-norm as

|u|H1(Ω) :=‖ ∇u ‖L2(Ω) .

Notice that

‖ u ‖L2(Ω)≤‖ u ‖2H1(Ω) .

Let us recall the Cauchy-Schwarz inequality.

Theorem 2.15. (Cauchy - Schwarz Inequality, [BS08, p. 2.1.4]) Let (V, (·, ·)V ) be a inner
product space. Then it holds

|(u, v)V | ≤ ||u||V ||v||V .

The following lemma shows that the norm of the Hilbert space Hk(Ω) is equivalent in
Hk

0 (Ω) to the semi-norm of the Sobolev space W k,2(Ω).

Lemma 2.16. ([Hac86, Lemma 6.29]) Let Ω be a bounded domain. Then ‖ · ‖Hk(Ω) and

| · |k,2 define equivalent norms in Hk
0 (Ω).

For the following proof we will follow along the lines of [Hac86, Lemma 6.29].
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Proof. First notice that for u ∈ Hk
0 (Ω)

|u|k,2 =

√∑
|α|=k

‖ Dαu ‖2 ≤
√∑
|α|≤k

‖ Dαu ‖2 =‖ u ‖Hk(Ω) .

The next goal is to show that
‖ u ‖Hk(Ω)≤ C|u|k,2.

Let u ∈ C∞c (Ω) and let us choose an α with |α| = k − 1 and let v := Dαu ∈ C∞c (Ω) be
the α-th weak derivative of u. Choose R > 0 such that Ω ⊂ BR(0), where BR(0) is a ball
of radius R around 0. Therefore, there exists an x1 ∈ [−R,R] for every x ∈ Ω such that

|v(x)|2 =

∣∣∣∣∣
∫ x1

−R

∂v

∂x1
(t, x2, x3, . . . , xn)dt

∣∣∣∣∣
2

.

Notice that by setting v = 1 in the Cauchy-Schwarz inequality we observe that∣∣∣∣∫
Ω
u

∣∣∣∣ = |(u, 1)| ≤ ||u|| ||1|| = |Ω|
1
2

√∫
Ω
|u|2,

where |Ω| denotes the volume of Ω. This implies that∣∣∣∣∣
∫ x1

−R

∂v

∂x1
(t, x2, x3, . . . , xn)dt

∣∣∣∣∣
2

≤ (|x1|+R)

∫ x1

−R

∣∣∣∣ ∂v∂x1
(t, x2, x3, . . . , xn)

∣∣∣∣2 dt
≤ 2R

∫ R

−R

∣∣∣∣ ∂v∂x1
(t, x2, x3, . . . , xn)

∣∣∣∣2 dt.
If we integrate over x ∈ Ω we observe that

||v||2 =

∫
Ω
|v(x)|2 ≤

∫
Ω

2R

∫ R

−R

∣∣∣∣ ∂v∂x1
(t, x2, x3, . . . , xn)

∣∣∣∣2 dt
= 2R

∫ R

−R

∫
Ω

∣∣∣∣ ∂v∂x1
(t, x2, x3, . . . , xn)

∣∣∣∣2 dt
= 4R2

∥∥∥∥ ∂v∂x1

∥∥∥∥2

.

Since we chose v to be the α-the derivative of u and |α| = k− 1, ∂v
∂x1

is the k-th derivative
of u. This implies that

||v||2 ≤ 4R2

∥∥∥∥ ∂v∂x1

∥∥∥∥2

≤ 4R2|u|2k,2.

If we sum up over all α with |α| = k − 1 we see that

|u|2k−1,2 =
∑
|α|=k−1

||v||2 ≤
∑
|α|=k−1

4R2|u|2k,2 ≤ Ck−1|u|2k,2.

But since k is arbitrary, we observe for any j < k that

|u|2j ≤ CjCj+1 . . . Ck−1|u|2k,2.
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By summing up over all j = 0, 1, 2, .., k we observe that

||u||2Hk(Ω) ≤
k∑
j=0

|u|2j,2 ≤ C|u|2k,2

for any u ∈ C∞c (Ω) and since C∞c (Ω) is dense in Hk(Ω) we observe the required result. �

For different properties of the eigenvalue problem, which we will discuss in Chapter 2.4,
we need to introduce the notion of compact operators and compact embedding.

Definition 2.17. ([Eva10, p.287]) Let X and Y be two Banach spaces with X ⊂ Y . Then
X is compactly embedded in Y , if

i)
||u||Y ≤ C||u||X

for u ∈ X and C being a constant.
ii) for each bounded sequence {uk}∞k=1 in X there exists a subsequence {ukj}∞j=1 ⊆
{uk}∞k=1, which converges in Y to some limit u,

lim
j→∞

||ukj − u||Y = 0.

Definition 2.18. ([Eva10, p.724]) An operator K : X → Y is a compact operator if for
each bounded sequence {uk}∞k=1 in X there exists a subsequence {ukj}∞j=1 ⊆ {uk}∞k=1 such

that {Kukj}∞j=1 converges in Y to some limit u,

lim
j→∞

||Kukj − u||Y = 0.

For the Chapter 2.4 we also require the Hilbert space H1
0 (Ω) to be compactly embedded

in L2(Ω). For this we need the Rellich-Kondrachov compactness theorem.

Theorem 2.19. (Rellich-Kondrachov compactness theroem, [Eva10, p. 286]) Let Ω ⊂ Rn
be an open and bounded domain with C1 boundary. Let us chose a p such that 1 ≤ p < n
and let p∗ := pn

n−p . Then it holds true that W 1,p(Ω) is compactly embedded in Lq(Ω) for

every q such that 1 ≤ 1 < p∗.

The following corollary shows that H1
0 (Ω) is compactly embedded in L2(Ω).

Corollary 2.20. Let Ω be bounded and open with C1 boundary. Then H1
0 (Ω) is compactly

embedded in L2(Ω).

Proof. This corollary follows immediately by the Rellich-Kondrachov compactness theo-
rem. By the choice of p = 2 and n ≥ 2 it follows, that 1 ≤ q ≤ 2n

n−2 . Since Rellich-
Kondrachov compactness theorem holds for any q, we can choose q = 2 and oberve that
H1

0 (Ω) is compactly embedded in L2(Ω). �

11

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

The rest of this subsection is based on pages 311 - 317 in [Eva10] and Chapter 8.1 in
[Hac86] and introduces the variational formulation of a partial differential equation. From
now on, let us consider the second-order partial differential equation

Lu = f in Ω, (3)

where Ω ∈ Rn is open and bounded, f : Ω→ R is a given function with f ∈ L2(Ω) and L
denotes a second-order partial differential operator of the form

Lu(x) := −
n∑

i,j=1

∂

∂xi

(
ai,j(x)

∂u

∂xj

)
+

n∑
i=1

bi(x)
∂u

∂xi
+ c(x)u

for given coefficient functions ai,j , bi, c ∈ L∞(Ω) for i, j = 1, 2, . . . , n.
The boundary condition we focus on is called the Dirichlet boundary condition and is

defined as follows

u = 0 on Γ ⊆ ∂Ω.

From now on we will always focus on the Dirichlet boundary condition for Γ = ∂Ω. For
second-order partial differential equation three important typed are distinguished: elliptic,
hyperbolic and parabolic second-order partial differential equation. In this thesis we will
only focus on the elliptic ones, which is defined in the following way.

Definition 2.21. ([Eva10, p. 312]) The partial differential operator L from (3) is called
elliptic, if for almost every x ∈ Ω and for all ξ ∈ Rn there exists a constant θ > 0 such
that

n∑
i,j=1

ai,j(x)ξiξj ≥ θ|ξ|2.

To define a solution of (3), let us multiply (3) with a smooth test fuction v ∈ C∞c (Ω)
and integrate over Ω. Then we observe the following equation∫

Ω

− n∑
i,j=1

∂

∂xi

(
ai,j

∂u

∂xj

)
+

n∑
i=1

bi
∂u

∂xi
+ cu

 v =

∫
Ω
fv,

which is equivalent to

−
∫

Ω

 n∑
i,j=1

∂

∂xi

(
ai,j

∂u

∂xj

) v +

∫
Ω

 n∑
i=1

bi
∂u

∂xi

 v +

∫
Ω
cuv =

∫
Ω
fv. (4)

Recall the Gauss Theorem and the resulting integration by parts.

Theorem 2.22. (Gauss Theorem, [Eva10, p.712 Theorem 1]) Let ν = (ν1, . . . , νn) denote
the outward-pointing unit normal vector field to the domain Ω.

i) Let u ∈ C1(Ω̄). Then it holds true that∫
Ω

∂u

∂xi
dx =

∫
∂Ω
uνidS 1 ≤ i ≤ n.
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ii) It holds true that ∫
Ω

div(u)dx =

∫
∂Ω
uνdS,

for every u ∈ C1(Ω̄,Rn).

Theorem 2.23. (Integration by Parts, [Eva10, p.712 Theorem 2]) Let u, v ∈ C1(Ω̄). Then
it holds true that ∫

Ω

∂u

∂xi
v = −

∫
Ω
u
∂v

∂xi
+

∫
∂Ω
uvνi,

where ν = (ν1, . . . , νn) denotes the outward-pointing unit normal vector field to the region
Ω.

Proof. Let us consider the Gauss theorem i), which states∫
Ω

∂y

∂xi
=

∫
∂Ω
yνi

for y ∈ C1(Ω̄). Let us choose y := uv. By partial derivation we observe that

∂y

∂xi
=
∂(uv)

∂xi
=

∂u

∂xi
v + u

∂(v)

∂xi
.

Applying this observation to the Gauss theorem, it follows that∫
∂Ω
uvνi =

∫
Ω

∂(uv)

∂xi
=

∫
Ω

∂u

∂xi
v +

∫
Ω
u
∂v

∂xi
,

which is equivalent to ∫
Ω

∂u

∂xi
v = −

∫
Ω
u
∂v

∂xi
+

∫
∂Ω
uvνi.

�

Corollary 2.24. Let u, v ∈ C1(Ω̄). Then it holds true that∫
Ω
−∆uv =

∫
Ω
< ∇u,∇v > −

∫
∂Ω

< ν,∇u > v.

Proof. The proof follows immediately from the integration by parts, Theorem 2.23, by
plugging in ∂u

∂xi
for u. �

From the Integration by Parts and the Dirichlet boundary conditions it follows that

−
∫

Ω

 n∑
i,j=1

∂

∂xi

(
ai,j

∂u

∂xj

) v = −
n∑

i,j=1

∫
Ω

 ∂

∂xi

(
ai,j

∂u

∂xj

) v

= −
n∑

i,j=1

−∫
Ω

(
ai,j

∂u

∂xj

)
∂v

∂xi
+

∫
∂Ω

∂u

∂xj
vνi


=

∫
Ω

n∑
i,j=1

(
ai,j

∂u

∂xj

)
∂v

∂xi
.
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Now let us apply this result in (4), from which we observe that∫
Ω
fv =

∫
Ω

− n∑
i,j=1

∂

∂xi

(
ai,j(x)

∂u

∂xj

) v +

∫
Ω

 n∑
i=1

bi
∂u

∂xi

 v +

∫
Ω
cuv

=

∫
Ω

n∑
i,j=1

(
ai,j

∂u

∂xj

)
∂v

∂xi
+

∫
Ω

n∑
i=1

bi
∂u

∂xi
v +

∫
Ω
cuv

=

∫
Ω

n∑
i,j=1

ai,j
∂u

∂xi

∂v

∂xj
+

n∑
i=1

bi
∂u

∂xi
v + cuv.

For easier handling we will denote the right hand side of the equations as a bilinear
form, which we will denote as a(·, ·).
Definition 2.25. ([Eva10, p. 314]) Let us denote the bilinear form a(·, ·) associated with
the divergence form elliptic operator L from (3) as

a(u, v) :=

∫
Ω

n∑
i,j=1

ai,j
∂u

∂xi

∂v

∂xj
+

n∑
i=1

bi
∂u

∂xi
v + cuv

for u, v ∈ H1
0 (Ω).

After the calculation above and the definition of the bilinear form a(·, ·), we can finally
define a weak solution. Weak solutions are actually important since in this case we do
not require the solution to be smooth, which is often the case in modeling real-world
phenomena.

Definition 2.26. ([Eva10, p. 314]) We state that u ∈ H1
0 (Ω) is a weak solution of the

second-order partial differential equation (3), if

a(u, v) = (f, v)

for all v ∈ H1
0 (Ω).

Remark 2.27. The equation

Find u ∈ H1
0 (Ω) such that for any v ∈ H1

0 (Ω) a(u, v) = (f, v)

is also called the weak formulation or the variational formulation of the second-order
partial differential equation (4).

Definition 2.28. The weak formulation or variational formulation of the eigenvalue prob-
lem (3) with Dirichlet boundary condition reads as follows:

Find (λ, u) ∈ R×H1
0 (Ω) \ {0} such that for any v ∈ H1

0 (Ω) a(u, v) = λ (u, v).

The goal for the rest of this chapter is to find a tool to prove the existence and uniqueness
for the problem (3) with Dirichlet boundary condition. This will be done with the Lax-
Milgram Theorem. But therefore we need the definition of a coercive and a continuous
bilinear form.
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Definition 2.29. ([BS08, Definition 2.5.2]) Let (H, || · ||H) be a normed linear space.
A bilinear form a(·, ·) is called coercive on V ⊂ H if there exists a constant c > 0 such

that
a(v, v) ≥ c||v||2H

for every v ∈ V .
A bilinear form a(·, ·) is called continuous if there exists a constant d <∞ such that

|a(v, w)| ≤ d||v||H ||w||H
for every v, w ∈ H.

Remark 2.30. A continuous bilinear form is also called bounded.

Let us recall the definition of a dual space with its norm and the Riesz representation
theorem.

Definition 2.31. ([Bré11, p.3]) The dual space V ′ of V consists of all continuous linear
functionals on V . The dual norm on V ′ is given by

||f ||V ′ := sup
||x||V ≤1
x∈V

|f(x)|.

Theorem 2.32. (Riesz Representation Theorem, [BS08, Theorem 2.4.2]) Let H be a
Hilbert space and L be a continuous linear functional on H. Then there exists an u ∈ H
such that L can be uniquely represented as

L(v) = (u, v)H .

Moreover, we have
||L||H′ = ||u||H .

The following theorem will prove the existence and uniqueness of the eigenvalue problem,
which will follow in Chapter 2.3

Theorem 2.33. (Lax-Milgram Theorem, [Eva10, p. 315]) Let (H, (, ·, ·)H) be a Hilbert
space with norm || · ||H , let a : H ×H → R be a continuous and coercive bilinear mapping
and let f : H → R be a bounded linear functional on H.

Then there exists a unique u ∈ H such that

a(u, v) = (f, v) (5)

for every v ∈ H.

For the following proof we follow along the lines of [Eva10].

Proof. First, let us prove the existence of (5) for u ∈ H. Let us fix u ∈ H. Then
v → a(u, v) is a bounded linear functional on H. From Riesz Representation theorem we
observe that there exists a unique w ∈ H such that a(u, v) = (w, v)H for v ∈ H. Next let
us define an operator A : H → H which maps u ∈ H to w ∈ H, Au = w. Then it follows
that

a(u, v) = (Au, v)H (6)
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for u, v ∈ H.

Claim 1: The operator A : H → H with Au = w is a bounded linear operator.
Proof: First let us prove that A is linear.
From (6) we observe that

(A(λu+ µû), v)H = a(λu+ µû, v),

For λ, µ ∈ R and u, v ∈ H. Since a(·, ·) is a bilinear form we see that

a(λu+ µû, v) = λa(u, v) + µa(û, v),

where we again apply (6) and observe that

λa(u, v) + µa(û, v) = λ(Au, v)H + µ(Aû, v)H = (λAu+ µAû, v)H .

Summing up,

(A(λu+ µû), v)H = (λAu+ µAû, v)H .

Therefore, A is a linear operator.

Next let us show that A is bounded. Let us first notice that

‖ Au ‖2H= (Au,Au)H = a(u,Au),

where we again applied (6). Since a(·, ·) is continuous, we observe that

a(u,Au) ≤ d ‖ u ‖H‖ Au ‖H .

By dividing this inequality by ‖ Au ‖H we see that

‖ Au ‖≤ d ‖ u ‖H
for a constant d > 0 and for any u ∈ H. Hence A is bounded and concludes the proof of
the claim.

Notice also that from coercivity and (6) we observe that

c ‖ u ‖2H≤ a(u, u) = (Au, u)H ,

and Cauchy-Schwarz inequality implies that

c ‖ u ‖2H≤ (Au, u)H ≤‖ Au ‖H‖ u ‖H .

By dividing this inequality by ‖ u ‖H we observe that

c ‖ u ‖H≤ c ‖ Au ‖H .

In conclusion, A is a bijection and the range of A is closed in H.

Claim 2: For the range of A, denoted as R(A), it holds true that

R(A) = H.
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Proof: We prove this by contradiction. Assume that R(A) ⊂ H. This implies the
existence of w ∈ H \ {0} with w being in the orthogonal complement of R(A). It follows
that

c ‖ w ‖H≤ a(w,w) = (Aw,w)H = 0,

which is a contradiction and proves the claim.

From Riesz Representation theorem we again observe that there exists a w ∈ H such
that

(f, v) = (w, v)H

for any v ∈ H. Claim 2 as well as the fact that A is bijective and R(A) is closed in H
shows that there exist a u ∈ H with Au = w. From this result and again applying (6) it
follows that

a(u, v) = (Au, v)H = (w, v)H = (f, v)

for v ∈ H. Which shows the existence of a solution of (5).
Now let us prove the uniqueness of (5).
Let u and ũ both be solutions of (5). Then it follows that

a(u, v) = (f, v) = a(ũ, v).

But we observe for any v ∈ H that

a(u− ũ, v) = a(u, v)− a(ũ, v) = (f, v)− (f, v) = 0.

Coercivity implies that

c ‖ u− ũ ‖2H≤ a(u− ũ, u− ũ) = 0,

and hence u = ũ, which shows the uniqueness of (5). �

It may be very difficult to solve a variational problem on a infinite dimensional space
V . So let us reformulate (4) for a finite dimensional subspace Vh ⊂ V with V = H1

0 (Ω).
Remember that (·, ·) describes the L2-norm.

Definition 2.34. ([Hac86, p.163] ) The reformulation of the variational formulation from
definition 2.28 with a finite dimensional Vh ⊂ H1

0 (Ω) instead of H1
0 (Ω) is called the Ritz-

Galerkin discretisation and reads as follows:

Find uh ∈ Vh such that for any v ∈ Vh a(uh, v) = (f, v). (7)

If the solution exists, the according solution uh is called the Ritz-Galerkin solution.

It may be easier to find the weak solution of the Ritz-Galerkin discretisation using the
basis of the finite dimensional space Vh. Therefore we introduce the following lemma,
which states that the discrete weak solution uh only needs to satisfy the Ritz-Galerkin
discretisation for the basis of Vh and not any function v ∈ Vh.

Lemma 2.35. ([Hac86, Lemma 8.4]) Let us denote the basis of Vh as {b1, . . . , bm}. Then
the Ritz-Galerkin discretisation is equivalent to the following formulation:

Find uh ∈ Vh such that for every i ∈ {1, ..,m} a(uh, bi) = (f, bi). (8)
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Proof. Since {b1, . . . , bm} is a basis of Vh, we can rewrite v ∈ Vh as

v =
m∑
i=1

vibi.

By linearity we observe that

a(uh, v) = a

uh, m∑
i=1

vibi

 =
m∑
i=1

via(uh, bi), (9)

(uh, v) =

uh, m∑
i=1

vibi

 =

m∑
i=1

vi(uh, bi). (10)

First assume that (8) holds true. Then (9) and (10) imply that we need to find v ∈ Vh
such that

a(uh, v) =

m∑
i=1

via(uh, bi) =

m∑
i=1

vi(uh, bi) = (uh, v),

which is exactly the Ritz-Galerkin discretisation.
Moving on, let us assume the problem with the Ritz-Galerkin discretisation from (7)

holds. Then we can choose v = bi for an arbitrary bi and hence the Ritz-Galerkin discreti-
sation reformulates to find uh ∈ Vh such that

a(uh, bi) = (f, bi).

Since bi is arbitrary (8) follows. �
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2.2. Finite Elements.

The idea behind the finite element method is to divide a large or complex domain into
into smaller, countable ones. Therefore, we divide the domain Ω into a finite amount of
smaller subdomains, which we will call a triangulation T . This subdivision will be part of
a finite element. The finite element method is usually applied on domains of dimension
two or three and is a special case of the Galerkin discretisation. From now on let Ω ⊆ R2.
Let us first define the notion of a triangulation T on a domain Ω.

Definition 2.36. ([Bra13, Definition 5.1]) A subdivision of triangles T = {τ1, τ2, . . . ., τm}
of a polygonal domain Ω ⊆ R2 is conforming, if it satisfies the following:

i) its closure is the union of the triangles that is

Ω̄ =

m⋃
i=1

τi,

ii) if τi ∩ τj consists of exactly one point, this point is a vertex of τi and τj ,
iii) if, for i 6= j, τi ∩ τj consists of more than one point then τi ∩ τj is an edge of τi and

τj .

Let us visualize an example of a conforming triangulation and a non-conforming trian-
gulation on the unit square.

Example 2.37. In the following figure on the left side, a conforming triangulation is
depicted. However, the right hand side figure is not a conforming triangulation. The
intersection of the triangles τ1 and τ2 yields more than one point, but consists not of the
whole edge of τ2.

τ1

τ2

Figure 1. Left: conforming triangulation. Right: Non-conforming triangulation.
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Notation 2.38. For the rest of this thesis we use the following notations:
• E denotes the set of all the edges on the triangulation T ,
• E∂Ω includes only the edges lying on the boundary ∂Ω,
• EΩ includes all the edges, which do not lie on the boundary ∂Ω,
• V denotes the set of all the vertices of the triangulation T ,
• VΩ includes all the vertices, which do not lie on the boundary ∂Ω,
• |τ | denotes the area of the triangle τ ∈ T ,
• hE denotes the length of the edge E,
• hτ denotes the length of the longest edge in τ ∈ T ,
• H denotes the length of the longest edge over all triangles in T that is

H := max
τ∈T

hτ

• Let us denote as TH a triangulation of Ω such that

hτ ≤ H

for every τ ∈ TH .

Let us next look at different types of triangulation and therefore let us reformulate the
definition of shape regular and quasi-uniform in [Bra13].

Definition 2.39. ([Bra13, Definition 5.1]) A triangulation TH of Ω is said to be shape
regular, if there exists a constant csr > 0 such that we can find a ball with radius ρτ
contained in the triangle τ with

hτ ≤ csrρτ
for every τ ∈ TH .

A triangulation TH of Ω is said to be quasi-uniform, if there exists a constant cqu > 0 such

H ≤ cquhτ
for every τ ∈ TH .

After introducing the notion of a triangulation, let us introduce finite elements and its
components.

Definition 2.40. ([BS08, Definition 3.1.1]) A finite element is a triple (Ω,P,N ), where

i) Ω ⊆ R2, called the element domain, is a domain with piecewise smooth boundary,
ii) P be a finite-dimensional space of functions on Ω, called the shape functions, and
iii) N = {N1, N2, . . . , Nd}, called the nodal variables, be a basis for P ′, the dual space

of P.

We will use the following notation.

Notation 2.41. We call δi,j the Kronecker delta function and it is defined as

δi,j :=

{
0 if i 6= j,
1 if i = j.

(11)
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In practice we will define the set of nodes for a finite element and from that derive a
basis for the shape functions. This basis is called the nodal basis and is defined in the
following way.

Definition 2.42. ([BS08, Definition 3.1.2]) Let (Ω,P,N ) be a finite element and let
{φ1, φ2, . . . , φd} be the basis for P dual to N . φj is a Lagrange basis if

Ni(φj) = δi,j .

Then {φ1, φ2, . . . , φd} is called the Lagrange basis or the nodal basis for P.

The following lemma characterizes the equivalence of the nodal variables being a basis
for the dual space P ′ and the multiplication of any nodal variable with a shape function
being zero having only the trivial solution.

Lemma 2.43. ([BS08, Lemma 3.1.4]) Let Ω ⊆ R2 and let P be a d-dimensional space of
functions on Ω. Let us also assume, that N is a subspace of the dual space of P,

N = {N1, N2, . . . , Nd} ⊆ P ′.
Then the following are equivalent:

i) {N1, N2, . . . , Nd} is a basis for P ′.
ii) If v ∈ P with Niv = 0 for every i ∈ {1, 2, . . . , d}, then v ≡ 0.

The proof is taken from [BS08].

Proof. Let us reformulate i) and ii) into matrix representation.
Let us start with i). Since {N1, N2, . . . , Nd} is a basis for P ′, we can write any L ∈ P ′

as

L =
d∑
j=1

ajNj .

Let {φ1, φ2, . . . , φd} be the nodal basis for P. Then we observe that

yi = L(φi) =

d∑
j=1

ajNj(φi) =

d∑
j=1

ajδi,j = ai

and hence we find a matrix equation

y = Ba

with y = (yi)
d
i=1, a = (ai)

d
i=1 and B = (Ni(φj))

d
i,j=1. Notice that {N1, N2, . . . , Nd} is a

basis for P ′ if and only if y = Ba is always solvable, which is again equivalent to B being
invertible.

Let us look at ii) and choose a v ∈ P with Niv = 0 for every i ∈ {1, 2, . . . , d}. Since
{φ1, φ2, . . . , φd} is the nodal basis for P, we can rewrite v as

v =

d∑
j=1

bjφj .
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Notice, that

0 = Niv = Ni

 d∑
j=1

bjφj

 =
d∑
j=1

bjNi(φ) =
d∑
j=1

bjδi,j = bi,

which implies that bi = 0 for any i ∈ {1, 2, . . . , d}. From this observation we again find a
matrix equation

Cx = 0

for C = (Ni(φj))
d
i,j=1. It follows that v ∈ P with Niv = 0 for every i ∈ {1, 2, . . . , d} leads

to v ≡ 0, which is equivalent to Cx = 0 having only the trivial solution, which again holds
true if and only if C is invertible.

Notice that B = CT , which implies that C is invertible if and only if B is invertible,
which implies that i) holds true if and only if ii) holds true. �

Finite elements can be divided into two types, called the conforming and the noncon-
forming finite elements. The main difference between these two types is for a conforming
finite element, we assume the finite element is contained in the Sobolev space where we
solve the variational problem. In practice, we often need to relax the choice of elements in
order to solve a problem and as a result, we can not assume that the finite elements are
contained in the Sobolev space. However, we can use the Rayleigh quotient to estimate
the solutions. Therefore, we will apply a nonconforming finite element.

Let us look at the Lagrange basis, which spans a conforming finite element.

Definition 2.44. The Lagrange basis Bk,zi ∈ L2(Ω) of degree k on the nodal point zi ∈ N
with zi = (xi, yi) is a polynomial of degree k for each triangle τ ∈ T and is characterized
by

Bk,zi(zj) = δi,j
with δi,j being the Kronecker delta function. Furthermore the Lagrange basis is a piecewise
continuous polynomial of degree k.

The following example shows the linear Lagrange element on a triangle τ of a triangu-
lation.

Example 2.45. Let us take a look at a triangle τ ∈ T with nodal points z1, z2, z3 ∈ V
and the case of the degree being k = 1. As basis we choose the linear Lagrange basis,
which reads as B1(x) := B1,z1(x), B2(x) := B1,z2(x) and B3(x) := B1,z3(x).
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z1 z2

z3

τ

Figure 2. Lagrange element on triangle τ with nodal points z1, z2 and z3.

Definition 2.46. The degree of a multivariate polynomial p : Ω → Rn is defined as the
highest degree of the monomials, where the degree of a multivariate monomial is received
by adding the degrees of each variable of the multivariate monomial. Let us define the
space of k-th degree polynomials as follows

Pk(Ω) := {p : Ω→ R : p is a polynomial of degree ≤ k} ,
Pk(Ω,Rn) := {p : Ω→ Rn : p is a polynomial of degree ≤ k} .

Let us look at an example of a nonconforming finite element, precisely the linear
Crouzeix-Raviart finite elements on a triangle τ of a triangulation.

Example 2.47. Let us take a look at a triangulation T of Ω ⊆ R2 with nodal points
z1, z2 and z3 in the middle of each edge of a triangle τ ∈ T . As basis we choose the
Crouzeix-Raviart elements of degree 1, which are edge oriented in contrast to the Lagrange
elements, which are vertex oriented. The linear Crouzeix-Raviart elements Ci ∈ L2(Ω)
are continuous over the edges in the nodal points and the elements restricted to a single
triangle are linear. Moreover, Ci is zero on the middle of the edges on the boundary ∂Ω.

τ
z1

z2z3

Figure 3. Crouzeix-Raviart elements on triangle τ with nodal points z1,
z2 and z3.
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Moving on, let us define the Crouzeix-Raviart element of degree k for an odd k, which
is not constant over the edges and hence a nonconforming finite element. Therefore, we
need to define the jump of v ∈ Pk(T ) over an edge E ∈ EΩ as [v]E . Let us fix an edge
E ∈ EΩ and let τ1 and τ2 be the two triangles sharing the edge E. We will denote the
piecewise smooth function vτ1 as v restricted to τ1,

vτ1 = v|τ1
and similarly, we will denote vτ2 as v ∈ Pk restricted to τ2 that is

vτ2 = v|τ2 .
Then we define the jump across the edge E as follows:

[v]E := vτ1 |E − vτ2 |E .
From now on k will always be an odd number.

Definition 2.48. ([CS22, P. 14]) Let k be odd. Then the Crouzeix-Raviart space CRk0(T )
of degree k is given by

CRk0(T ) :=

{
v ∈ Pk(T ) :

for every E ∈ EΩ and every q ∈ Pk−1(E)
∫
E [v]Eq = 0

for every E ∈ E∂Ω and every q ∈ Pk−1(E)
∫
E vq = 0

}
Remark 2.49. Notice that Crouzeix-Raviart elements are not continuous over the edges
and hence are not continuous on T . Therefore, CRk0(T ) * H1

0 (Ω). This is the reason the
Crouzeix-Raviart elements are nonconforming finite elements.

Now let us find a basis for CRk0(T ). The basis for CRk0(T ) is based on the Legendre
polynomials. Therefore, let us first define the Legendre polynomials and look at a couple
of its properties, which we will need in Chapter 2.5.

Definition 2.50. The Legendre polynomial P
(0,0)
k ∈ Pk([−1, 1]) is the polynomial of de-

gree k on the interval [−1, 1] with the properties∫ 1

−1
P

(0,0)
k (x)P (0,0)

m (x)dx = 0

for k 6= m and P
(0,0)
k (1) = 1.

Remark 2.51. By definition the Legendre polynomial are orthogonal and since we define
a Legendre polynomial for every degree k, they also form a basis for polynomials.

The following example shows the Legendre polynomial of degree 3.

Example 2.52. The Legendre polynomial of degree 3 is

P
(0,0)
3 (x) =

1

2

(
5x3 − 3x

)
.

The number of roots is important for the further chapters. The following lemma provides
us with an exact amount.

Lemma 2.53. The Legendre polynomial of degree k > 0 has exactly k distinct roots.

24

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

Proof. Let us first notice that the Legendre polynomial P
(0,0)
k has at least one root of odd

multiplicity. By definition we know that

0 =

∫ 1

−1
P

(0,0)
k (x)P

(0,0)
0 (x)dx =

∫ 1

−1
P

(0,0)
k (x)dx.

Therefore, P
(0,0)
k changes signs at least ones and hence has at least one root of odd mul-

tiplicity.

Next let us assume by contradiction that P
(0,0)
k has m < k distinct roots of odd mul-

tiplicity and let us denote them by x1, x1, . . . , xm. Then it follows that the product

P
(0,0)
k

∏m
i=1(x− xi) changes sign at least once,

P
(0,0)
k (x)

m∏
i=1

(x− xi) ≥ 0.

Hence the integral must be positive, i.e.∫ 1

−1
P

(0,0)
k (x)

m∏
i=1

(x− xi)dx > 0.

Notice that we can rewrite
∏m
i=1(x−xi) as a linear combination of Legendre polynomials,
m∏
i=1

(x− xi) =
m∑
i=1

aiP
(0,0)
i (x).

By plugging that into the above inequality we observe that

0 <

∫ 1

−1
P

(0,0)
k (x)

m∏
i=1

(x− xi)dx

=

∫ 1

−1
P

(0,0)
k (x)

m∑
i=1

aiP
(0,0)
i (x)dx

=
m∑
i=1

ai

∫ 1

−1
P

(0,0)
k (x)P

(0,0)
i (x)dx.

By definition of the Legendre polynomial∫ 1

−1
P

(0,0)
k (x)P

(0,0)
i (x)dx = 0

for any i < k and hence
m∑
i=1

ai

∫ 1

−1
P

(0,0)
k (x)P

(0,0)
i (x)dx = 0.

But this is a contradiction since

0 <

∫ 1

−1
P

(0,0)
k (x)

m∏
i=1

(x− xi)dx =
m∑
i=1

ai

∫ 1

−1
P

(0,0)
k (x)P

(0,0)
i (x)dx = 0.
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Therefore, the Legendre polynomial of degree k has at least k roots of odd multiplicity
in the interval [−1, 1]. Since a polynomial of degree k has at most k roots, the Legendre
polynomial of degree k has exactly k distinct roots in (−1, 1). �

In Chapter 2.5 the zeros of the Legendre polynomial are quite important. Therefore we
denote them with the set ZLEk .

Notation 2.54. We denote the set of zeros of the Legendre polynomial P
(0,0)
k as

ZLEk :=
{
ξLEk,l ∈ (−1, 1) : P

(0,0)
k (ξLEk,l ) = 0, 1 ≤ l ≤ k

}
with −1 < ξLEk,1 < ξLEk,2 < . . . < ξLEk,k < 1.

Let λτ,Ai ∈ P1(τ) be the barycentric coordinate for the node Ai defined by

λτ,Ai(Aj) = δi,j for i, j ∈ {1, 2, 3}
for a triangle τ ∈ T . Let Aτ,E be the vertex in the triangle τ opposite of the edge E. Let
us also denote the edge patch as

ωE :=
⋃
τ∈TE

τ

with
TE := {τ ∈ T : E ⊂ τ}.

To find a basis for the Crouzeix-Raviart space, we need to introduce the non-conforming
edge bubble first.

Definition 2.55. ([CS22, P. 15]) The non-conforming edge bubble on the edge E ∈ E is
given by

BCR
k,E :=

{
P

(0,0)
k (1− λτ,Aτ,E ) on τ for τ ∈ TE ,

0 on Ω \ ωE .
The following theorem characterizes a basis for the Crouzeix-Raviart space, which con-

sists of the non-conforming edge bubble on every edge and the Lagrange basis on every
node except the ones lying on the vertices.

Theorem 2.56. ([CS22, Theorem 3.3]) Let k be odd. A basis for the Crouzeix-Raviart
space CRk0(T ) is given by

{Bk,z : z ∈ N (T ) \ VΩ} ∪ {BCR
k,E : E ∈ EΩ}.

Since the Crouzeix-Raviart elements are not continuous over the edges of the triangles
τ ∈ T , we will need to map the Crouzeix-Raviart element space to a continuous one.
Therefore, let us introduce interpolation operators.

Definition 2.57. ([BS08, Definition 3.3.1]) Let (Ω,P,N ) be a finite element with nodal
basis {φ1, φ2, . . . , φd} and a triangulation T . Let a function v ∈ V be defined on all nodal
points Ni ∈ N . Then for τ ∈ T the local interpolation operator is given by

Iτv :=

d∑
i=1

Ni(v)φi.
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Proposition 2.58. ([BS08, P. 76]) The local interpolation operator Iτ has the following
properties:

i) it holds that Ni(Iτ (f)) = Ni(f) for Ni ∈ N ,
ii) and it holds that Iτ (f) = f for f ∈ P.

The following proof is taken from [BS08].

Proof. Let us begin with the proof of i). By the definition of the local interpolation
operator and the linearity of the nodal variables we observe that

Ni(Iτ (f)) = Ni

 d∑
j=1

Nj(f)φj

 =

d∑
j=1

Nj(f)Ni(φj).

By the definition of the nodal basis we see that

d∑
j=1

Nj(f)Ni(φj) =

d∑
j=1

Nj(f)δi,j = Ni(f),

since δi,j = 0 for i 6= j. Hence
Ni(Iτ (f))) = Ni(f).

For ii) we know from i) that

Ni(Iτ (f)) = Ni(f),

which implies that
Ni(Iτ (f))−Ni(f) = 0.

But this equation is equivalent to

Ni(Iτ (f)− f) = 0,

which implies from Lemma 2.43 that

Iτ (f)− f = 0,

and hence
Iτ (f) = f.

�

We defined a local interpolation operator for a triangle in a triangulation. But we
actually want to find a interpolation operator, which is defined on the whole triangulation.
We will define this as the global interpolation operator.

Definition 2.59. ([BS08, Definition 3.3.9]) Let Ω ⊆ R2 be a domain with a triangulation
T . Assume that for τ ∈ T , (τ,P,N ) forms a finite element and also assume that f ∈ Cm(Ω̄)
where m > 0 is the order of the highest partial derivative involved in the nodal variables.
Then the global interpolation operator IT is given by

IT f |τ = Iτf
for every τ ∈ T .
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Next we will define the nonconforming interpolation operator, which maps an H1
0 -

function onto the Crouzeix Raviart space. It will be used for the calculation of the lower
bound for the smallest eigenvalue of the eigenvalue problem, following in Chapter 2.6.

Definition 2.60. The nonconforming interpolation operator INC : H1
0 (Ω) → CRk0(T ) is

a an operator which satisfies the following property for every v ∈ H1
0 (Ω)∫

E
(v − INCv) = 0

for every edge E ∈ E in every triangle τ ∈ T .

Remark 2.61. We assume that the interpolation operator INC is unique and well-defined
and does indeed satisfy the property∫

E
(v − INCv) = 0

for every edge E ∈ E in every triangle τ ∈ T .
A construction of this operator can be found in [Boh23] in Chapter 5.5 with the definition
following in Definition 5.28.

Example 2.62. In the case of the degree k = 1 the functional is defines as

FE,1(v) =
1

|E|

∫
E
v

for v ∈ H1
0 (Ω) and let the non-conforming basis element be φE . Then the interpolation

operator INC is defined as follows,

INCv =
∑
E∈EΩ

FE,1(v)φE

and the property holds true∫
E

(v − INCv) =

∫
E

v − ∑
E∈EΩ

FE,1(v)φE

 =

∫
E
v − 1

|E|

∫
E
v |E| = 0.
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2.3. Eigenvalue Problems.

In this subchapter we will introduce the eigenvalue problem and observe some properties
of it. It is based on Chapter 11 of [Hac86] and Chapter 6.5 of [Eva10].

Let us consider the eigenvalue problem

−∆u = λu in Ω, (12)

u = 0 on ∂Ω,

for u ∈ H1
0 (Ω). Then the weak formulation of the eigenvalue problem (12) is as follows:

Find u ∈ H1
0 (Ω) such that for any v ∈ H1

0

a(u, v) = λ (u, v), (13)

where

a(u, v) =

∫
Ω

n∑
i=1

∂u

∂xi

∂v

∂xi
=

∫
Ω
< ∇u,∇v > . (14)

Since in the previous subchapters we always required the bilinear form to be symmetric,
let us show that this is the case for the eigenvalue problem.

Definition 2.63. An eigenvalue problem is symmetric if

a(u, v) = a(v, u)

for every u, v ∈ V

Lemma 2.64. The eigenvalue problem ( 12) is symmetric.

Proof. Since the euclidean scalar product is symmetric, we immediately observe that

a(u, v) =

∫
Ω
< ∇u,∇v >=

∫
Ω
< ∇v,∇u >= a(v, u)

�

To show existence and uniqueness of a solution of the eigenvalue problem (13), we want
to apply the Lax-Milgram theorem, Theorem 2.33. For this, the bilinear form a(·, ·) has
to be continuous and coercive.

Lemma 2.65. The bilinear form a(·, ·) defined in ( 14) is continuous and coercive.

Proof. Let us first proof the coercivity. Let u ∈ H1
0 . Then we see that

a(u, u) =

∫
Ω
< ∇u,∇u >=‖ ∇u ‖2L2(Ω)

Lemma 2.16 implies that

‖ ∇u ‖2L2(Ω)≥ c ‖ u ‖
2
H1(Ω),

which proves the coercivity of a(·, ·).

29

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

Now let us prove the continuity of a(·, ·). From the Cauchy-Schwarz inequality we
observe that

a(u, v) =

∫
Ω
< ∇u,∇v >≤‖ ∇u ‖L2(Ω) ‖ ∇v ‖L2(Ω) . (15)

We also notice that

‖ ∇u ‖2L2(Ω)=‖ u ‖
2
H1(Ω) − ‖ u ‖

2
L2(Ω)≤‖ u ‖

2
H1(Ω),

which implies that

‖ ∇u ‖L2(Ω)≤‖ u ‖H1(Ω) .

Applying this obervation to (15) we observe that

a(u, v) ≤‖ ∇u ‖L2(Ω) ‖ ∇v ‖L2(Ω)≤‖ u ‖H1(Ω)‖ v ‖H1(Ω),

which proves the continuity of a(·, ·). �

We prepared all the requirements to apply the Lax-Milgram Theorem, which shows
the existence and uniqueness of (3). The following theorem states the existence and
uniqueness.

Theorem 2.66. The weak solution of the second-order elliptical partial differential equa-
tion ( 3) exists and is unique.

Proof. This follows immediately from the Lax-Milgram theorem, Theorem 2.33, and since
from Lemma 2.65 we know that a(·, ·) is continuous and coercive. �

Next we want to show that the eigenvalues are real, positive, have no finite accumulation
point and there exists a orthonormal basis consisting of eigenfunctions. For this, the
following two lemmas are needed.

Notation 2.67. Let us denote by H−1(Ω) the dual space of H1
0 (Ω). Moreover, let L be

the functional

L : H1
0 (Ω)→ H−1(Ω),

and S be its inverse,

S := L−1.

Lemma 2.68. S is a bounded, linear and compact operator mapping L2(Ω) into itself.

Proof. Let us first prove that the operator S is bounded. Let v ∈ L2(Ω) with Sv = u. By
coercivity of a(·, ·), assuming Sv = u and the Cauchy-Schwarz inequality we observe that

c||u||2H1
0 (Ω) ≤ a(u, u) = λ(u, v)

≤ λ||u|| ||v||
≤ λ||u||H1

0 (Ω)||v||.

Which is equivalent to

c||u||H1
0 (Ω) ≤ λ||v||
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by dividing by ||u||H1
0 (Ω). By the choice of Sv = u we observe that

||Sv||H1
0 (Ω) ≤ C||v||

and hence S is a bounded operator. From Lemma 2.20 we know that H1
0 (Ω) is compactly

embedded in L2(Ω). Hence S : L2(Ω)→ L2(Ω) is a compact operator. �

Let us denote the resolvent set of a bounded linear operator T : H → H as follows

ρ(T ) = {µ ∈ R : (T − µI) is bijective}

and the spectrum of T as follows

σ(T ) := R \ ρ(T ).

Notice, that an element µ ∈ σ(T ) is an eigenvalue of T . Let us also denote the nullspace
N(T ) that is

N(T ) := {u ∈ H : Tu = 0}.

Lemma 2.69. [Eva10, Chapter D.6] Let H be a Hilbert space and T : H → H a linear,
bounded, compact and symmetric operator. Then there exists a countable orthonormal
basis of H consisting of eigenfunctions of T . Furthermore let us define the constants m
and M in the following way

m := inf
u∈H
||u||H=1

(Tu, u)H

and

M := sup
u∈H
||u||H=1

(Tu, u)H .

Then the eigenvalues of T are within the interval [m,M ].

This proof is based on [Eva10] pages 728 and 729.

Proof. First let us prove that the eigenvalues lie within the interval [m,M ]. Let us first
assume that µ > M . Then we observe that

(µu− Tu, u)H ≥ (µ−M)H ||u||2H .

From Lax-Milgram Theorem we observe that µI − T is bijective and hence µ ∈ ρ(T ).
Analogue if µ < m, then we see that

(Tu− µu, u)h ≥ (m− µ)||u||2H .

Again from Lax-Milgram Theorem we observe that µI−T is bijective and hence µ ∈ ρ(T ).
Therefore, µ ∈ σ(T ) only if µ ∈ [m,M ].

Next let us prove that there exists a countable orthonormal basis of H consisting of
eigenfunctions of T . Let {µk}∞k=1 be a sequence of distinct non-zero eigenvalues of T and
set µ0 = 0. Let us define the subsets H0 = N(T ) and Hk = N(T − µkI) for k ∈ N≥1.

Claim 1: Hk for k ∈ N≥1 are nontrivial, finite dimensional subspaces of H.
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Proof of claim 1: First notice that the eigenfunction wk to the eigenvalue µk is in Hk

and hence Hk is nontrivial. Assume by contradiction that that dim(Hk) = ∞. Then we
observe a infinite orthonormal set {uj}∞j=1 ⊂ Hk. But this implies that

Tuj = µkuj

for j = 1, 2, 3, . . .. Let us also observe that

||µkuj − µkul||2Hk = µ2
k||uj − ul||2Hk = µ2

k

(
||uj ||2Hk − 2(uj , ul) + ||ul||2Hk

)
= 2µ2

k

if j 6= l. Hence

||Tuj − Tul||Hk =
√

2µk.

Hence T contains a convergent sequent. But this contradicts the compactness of T . Hence
Hk is finite dimensional, which concludes the proof of the claim 1.

Now let u ∈ Hk and v ∈ Hl for k 6= l. It follows that Tu = µku and Tv = µlv.
Since T is symmetric, we observe that

µk(u, v)H = (Tu, v)H = (u, Tv)H = µl(u, v)H .

But by assumption µk 6= µl and hence (u, v) = 0. This implies that Hk and Hl are
orthogonal.

Let H̃ be the smallest subspace of H containing every Hk for k = 0, 1, 2, . . .. Then we
can write an element u ∈ H̃ as follows

u =

m∑
k=1

akuk,

with m ∈ {0, 1, 2, . . .}, ak ∈ R and uk ∈ Hk.

Claim 2: H̃ is dense in H.
Proof 2: Clearly T (H̃) ⊂ H̃. Furthermore, if u ∈ H̃ ′, where H̃ ′ is the dual space of H̃,

and v ∈ H̃, we observe that

(Tu, v)H̃ = (u, Tv)H̃ = 0

and hence T (H̃ ′) ⊂ H̃ ′. Let us denote T̃ = T |H̃ . Then since T is symmetric and compact,

also T̃ is symmetric and compact. Notice that σ(T̃ ) = {0} since any nonzero eigenvalue

of T̃ would be a nonzero eigenvalue of T as well. Hence

(T̃ u, u)H̃ = 0

for any u ∈ H̃ ′. But if u, v ∈ H̃ ′ then we observe

2(T̃ u, v)H̃ = (T̃ u, v)H̃ + (T̃ u, v)H̃ + (T̃ u, u)H̃ − (T̃ u, u)H̃ + (T̃ v, v)H̃ − (T̃ v, v)H̃

= (T̃ (u+ v), u+ v)H̃ − (T̃ u, u)H̃ − (T̃ v, v)H̃
= 0.

Therefore, T̃ = 0. This implies that

H̃ ′ ⊂ N(T ) ⊂ H̃
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and hence
H̃ ′ = {0}.

Therefore H̃ is dense in H, which concludes the proof of the claim 2.

Notice that H0 has a countable orthonormal basis. Let us choose an orthonormal ba-
sis for every subspace Hk for k = 1, 2, 3, . . .. Hence we observe an orthonormal basis for
H consisting of eigenfunctions of T . �

Now we are prepared to show that the eigenvalues are real, positive, have no finite
accumulation point and that there exists an orthonormal basis consisting of eigenfunctions.

Theorem 2.70. ([Eva10, p. 355]) Let us consider the eigenvalue problem ( 12). Then the
following holds true.

i) Every eigenvalue is real and there are at most countably many eigenvalues,
ii) All eigenvalues are positive and they have no finite accumulation point that is

λk →∞ as k →∞.
iii) There exists an orthonormal basis {uk}∞k=1 of L2(Ω), where uk ∈ H1

0 (Ω) is an
eigenfunction corresponding to the eigenvalue λk

−∆uk = λkuk in Ω,

uk = 0 on ∂Ω.

For the following proof, we follow along the lines of [Eva10, p.355].

Proof. As in Notation 2.67 let S denote the inverse operator of −∆. From Lemma 2.68
we know that S is compact. From Lemma 2.64 we know that the bilinear form of −∆ is
symmetric and hence also the operator −∆ is symmetric. Therefore also its inverse S is
symmetric. Furthermore, notice for f ∈ L2(Ω), that

(Sf, f) = ((−∆)−1f, f) = (u, f) = a(u, u) ≥ 0.

Then by Lemma 2.69 it follows that the eigenvalues µk of S of are real, positive and there
exists an orthonormal basis for L2(Ω), which consists of eigenfunctions corresponding to
the eigenvalues µk. Notice that for µ 6= 0 we observe that Sw = µw if and only if
−∆w = λw for λ = 1

µ . Therefore the eigenvalues λk of −∆ of are also real, positive and

there exists an orthonormal basis for L2(Ω), which consists of eigenfunctions corresponding
to the eigenvalues λk. �

To show a couple of properties of the smallest eigenvalue, we introduce the Rayleigh
quotient. The Rayleigh quotient is directly linked to the smallest eigenvalue, which we
will show in the next theorem.

Definition 2.71. Let a(·, ·) be the bilinear form of the variational problem (13). Then
for v ∈ H1

0 (Ω) \ {0} we define the Rayleigh quotient as

R(v) :=
a(v, v)

||v||2
.
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The following theorem characterizes the smallest eigenvalue to be the minimal Rayleigh
quotient.

Theorem 2.72. (Rayleigh Principle) For the smallest eigenvalue λ0 it holds true that

λ0 = min
v∈H1

0 (Ω)\{0}
R(v).

For the following proof, we follow along the lines of [Eva10, p.357].

Proof. From Theorem 2.70 we know that there exists an orthonormal basis {uk}∞k=1 of
L2(Ω), where uk ∈ H1

0 (Ω) is an eigenfunction corresponding to the eigenvalue λk

−∆uk = λkuk in Ω

uk = 0 on ∂Ω.

Therefore, we observe that
a(uk, uk) = λk||uk||2 = λk (16)

and for k 6= j we see that
a(uk, uj) = λk(uk, uj) = 0. (17)

Since {uk}∞k=1 is a orthonormal basis of L2(Ω), we can write u ∈ H1
0 (Ω) with ||u|| = 1 as

u =
∞∑
k=1

dkuk (18)

for dk = (u,wk) and the series is converging in L2(Ω). Let us also notice that

∞∑
k=1

d2
k =

∞∑
k=1

dk(u, uk) =

u, ∞∑
k=1

dkuk

 = (u, u) = ||u||2 = 1.

Moreover, (16) and (17) imply that { uk√
λk
}∞k=1 is an orthonormal subset of H1

0 (Ω) endowed

with the inner product a(·, ·).
Claim: { uk√

λk
}∞k=1 is an orthonormal basis of H1

0 (Ω).

Proof: Let us notice that { uk√
λk
}∞k=1 is a orthonormal basis of H1

0 (Ω) if and only if

a(uk, u) = 0 implies u = 0 for k = 1, 2, 3, . . .. This actually holds true since {uk}∞k=1 is a
basis of L2(Ω) and hence

a(uk, u) = λk(uk, u) = 0

only if u = 0 for k = 1, 2, 3, . . .. Therefore, { uk√
λk
}∞k=1 is a orthonormal basis of H1

0 (Ω),

which concludes the proof of the claim.

Moreover, we can write u as follows

u =
∞∑
k=1

µk
uk√
λk

with µk = a

(
u,

uk√
λk

)
and the series converging in H1

0 (Ω). Notice that (18) implies that

µk = dk
√
λk
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and the series (18) also converges in H1
0 (Ω).

Therefore, from (16) and (18) we observe that

a(u, u) = a

u, ∞∑
k=1

dkuk


=
∞∑
k=1

dka(u, uk)

=
∞∑
k=1

dk
√
λka

(
u,

uk√
λk

)

=
∞∑
k=1

dk
√
λkµk

=
∞∑
k=1

d2
kλk ≥ λ0.

Notice that for u = u1 the equality holds,

a(u1, u1) =
√
λ0a

(
u1,

u1√
λ0

)
=
√
λ0µ1 = λ0.

This implies that

λ0 = min
{
a(u, u) : u ∈ H1

0 (Ω), ||u|| = 1
}

= min
v∈H1

0 (Ω)
||v||=1

a(v, v)

= min
v∈H1

0 (Ω)\{0}

a(v, v)

||v||
= min

v∈H1
0 (Ω)\{0}

R(v).

�

The next goal is to show that the smallest eigenvalue is simple. For this, we need to
impose two lemmas.

Lemma 2.73. [Eva10, p. 358] Let λ0 be the smallest eigenvalue of the eigenvalue problem
( 12). If u ∈ H1

0 (Ω) and ||u|| = 1, then u is a weak solution of

−∆u = λ0u in Ω (19)

u = 0 on ∂Ω.

if and only if
a(u, u) = λ0.

This proof is taken from [Eva10] page 358 and 359.
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Proof. First of all, let us notice that if u is a weak solution of (19), then

a(u, u) = λ0.

Now let us prove the other direction of the statement. Let us assume that

a(u, u) = λ0

and let dk = (u,wk). Analogue as in the proof of theorem 2.72, we observe that
∞∑
k=1

d2
k = 1

and
∞∑
k=1

d2
kλk = a(u, u).

Therefore, we observe that
∞∑
k=1

d2
kλ0 = λ0 = a(u, u) =

∞∑
k=1

d2
kλk.

This implies that

0 =

∞∑
k=1

d2
kλk −

∞∑
k=1

d2
kλ0 =

∞∑
k=1

d2
k(λk − λ0)

and we observe that
dk = (u,wk) = 0

if λk > λ0. From λ0 having finite multiplicity we see that

u =
m∑
k=1

(u,wk)wk

for some m with −∆wk = λ0wk. This implies that

−∆u =

m∑
k=1

(u,wk)(−∆)wk = λ0

m∑
k=1

(u,wk)wk = λ0u

and hence u is a weak solution of (19). �

For the following lemma we require the strong maximum principle, which is carried our
in the following way.

Lemma 2.74. (The strong maximum principle, [Eva10, p. 350]) Let u ∈ C2(Ω)∩ C(Ω̄), c
be non-negative in Ω and let Ω be connected. Then we observe for two different cases the
following:

i) If
−∆u ≤ 0 in Ω

and u attains a non-negative maximum over the closure of Ω at an interior points,
then u is constant in Ω.
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ii) If

−∆u ≥ 0 in Ω

and u attains a non-positive minimum over the closure of Ω at an interior points,
then u is constant in Ω.

Lemma 2.75. [Eva10, p.359] If u ∈ H1
0 (Ω) is a nontrivial weak solution of ( 19), then

either

u > 0 in Ω

or

u < 0 in Ω.

For the following proof we follow along the lines of [Eva10, p.359].

Proof. First without loss of generality, let us assume that ||u|| = 1 and let us define

α :=

∫
Ω
u2

+ and β :=

∫
Ω
u2
−,

with

u+ =

{
u a.e. on {u ≥ 0},
0 a.e. on {u < 0},

and u− =

{
u a.e. on {u ≤ 0},
0 a.e. on {u > 0}.

The short form a.e. denotes almost everywhere. Notice that

α+ β = 1

and u+, u− ∈ H1
0 (Ω) with

Du+ =

{
Du a.e. on {u ≥ 0},
0 a.e. on {u < 0},

and Du− =

{
Du a.e. on {u ≤ 0},
0 a.e. on {u > 0}.

Therefore, we observe that

a(u+, u−) = 0.

From Theorem 2.72 we observe that

a(u+, u+) ≥ λ0||u+||2

and

a(u−, u−) ≥ λ0||u−||2.
As a result it follows from Lemma 2.73 that

λ0 = a(u, u) = a(u+, u+) + a(u−, u−)

≥ λ0||u+||2 + λ0||u−||2

= (α+ β)λ0

= λ0.

But equality must hold and therefore

a(u+, u+) = λ0||u+||2
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and

a(u−, u−) = λ0||u−||2.
From Lemma 2.73 we observe that u+ and u− are both weak solutions of (19). Further-
more, notice that

−∆u+ = λu+ ≥ 0

and analogously

−∆u− = λu− ≤ 0.

The strong maximum principle (Lemma 2.74) implies that either u+ > 0 or u+ = 0 in Ω
and analogue either u− < 0 or u− = 0 in Ω. This concludes the proof. �

Next we can apply the previous two lemmas to show that the smallest eigenvalue is
simple.

Theorem 2.76. The smallest eigenvalue of the eigenvalue problem ( 12) is simple.

The following proof is taken from [Eva10, p.360].

Proof. Let us assume, that u and v are nontrivial weak solutions of (19). Then Lemma
2.75 implies that ∫

Ω
u 6= 0

and ∫
Ω
v 6= 0.

But this implies that there exists a constant c ∈ R such that∫
Ω
u− cv = 0.

Notice, that u − cv is also a weak solution of (19). Hence again by Lemma 2.75 and the
equation above, we observe that u − cv = 0 and therefore u = cv in Ω. Therefore, the
eigenvalue λ0 is simple. �

After proving that the smallest eigenvalue is simple, all eigenvalues are positive and
real, they have no accumulation point and are at most countable, we can order them as
shown in the following corollary.

Corollary 2.77. The eigenvalues of the eigenvalue problem ( 12) can be sorted as follow:

0 < λ0 < λ1 ≤ λ2 ≤ . . .

Proof. The proof follows from combining Theorem 2.70 and Theorem 2.76. �

After analyzing a couple of properties of the eigenvalue problem, let us reformulate the
variational eigenvalue problem,

Find (λ, u) ∈ R×H1
0 (Ω) \ {0}} such that for any v ∈ H1

0 (Ω) a(u, v) = λ (u, v), (20)
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for

a(u, v) =

∫
Ω
< ∇u,∇v > (21)

with the Ritz-Galerkin discretisation. Let Vh ⊂ V be a finite dimensional subset of
V = H1

0 (Ω). Then the Ritz-Galerkin discretisation of the eigenvalue problem reads as
follows

Find (λh, eh) ∈ R× Vh \ {0} such that for any v ∈ Vh a(eh, v) = λh(eh, v). (22)

Let us denote as E(λ) the set of eigenfunctions corresponding to the eigenvalue λ of the
eigenvalue problem (20),

E(λ) := {v ∈ V : −∆v = λv}
and Eh(λ) denote the set of eigenfunctions in Vh corresponding to the eigenvalue λh of
the discrete eigenvalue problem (22),

Eh(λh) := {v ∈ Vh : −∆v = λhv}.
Let us take a look at the convergence of the discrete eigenvalues and the discrete eigen-

functions. Let us first start with two theorems concerning the convergence of the discrete
eigenvalues. The first theorem shows that if a subsequence of discrete eigenvalues converge
towards a value, then this value is the smallest eigenvalue of the eigenvalue problem.

Theorem 2.78. ([Hac86, Satz 11.13]) Let λhi be discrete eigenvalues of ( 22) with λhi →
λ0 for i→∞, hi → 0. Then λ0 is an eigenvalue of ( 20)

For the following proof we follow along the lines of [Hac86].

Proof. We prove the statement by contradiction. First let us define the functions ω(λ)
and ωh(λ) as

ω(λ) := inf
u∈V,||u||V =1

sup
v∈V,||v||V =1

|a(u, v)− λ(u, v)|, (23)

ωh(λ) := inf
u∈Vh,||u||V =1

sup
v∈Vh,||v||V =1

|a(u, v)− λ(u, v)|. (24)

Notice that ω(λ) is continuous and λ is a eigenvalue of (20), if and only if ω(λ) = 0. Let
C and nh be positive constants with limh→0 nh = 0 such that

ωh(λ) ≥ Cω(λ)− nh,
ω(λ) ≥ Cωh(λ)− nh.

Let us assume that λ0 is not an eigenvalue of (20). Then we can find an ε > 0 such that
ω(λ) ≥ n0 > 0 for λ ∈ Bε(λ0), where Bε(λ0) is the ball of radius ε around λ0. This implies
that there exists an h0 > 0 such that

nh ≤ C
n0

2

for every h ≤ h0. Then it follows that for every discrete eigenvalue λhi ∈ Bε(λ0) with
hi ≤ h0

0 = ωhi(λhi)
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≥ Cω(λhi)− nhi
≥ Cn0 − C

n0

2

= C
n0

2
> 0,

which is a contradiction. Therefore, λ0 is an eigenvalue (20). �

The next theorem show that we can find an eigenvalue for every finite dimensional
subset Vh and they converge to the smallest eigenvalue of the eigenvalue problem.

Theorem 2.79. ([Hac86, Satz 11.15]) Let Vh ⊂ V be a series of subsets, which approxi-
mates V = H1

0 (Ω) for h → 0. Let λ0 the smallest eigenvalue of ( 20). Then for every h
there exist a discrete eigenvalue λh of ( 22) with

lim
h→0

λh = λ0.

In the following proof we follow along the lines of [Hac86].

Proof. From Theorem 2.76 we know that λ0 is simple. Let ω(λ) and ωh(λ) be functions
defined as in the proof of Theorem 2.78. Then there exists an ε > 0 such that

ω(λ) > 0 for 0 < |λ− λ0| ≤ ε.
Let us define

pε := min{ω(λ) : |λ− λ0| = ε}.
Since ω(λ) is continuous and the boundary of the ball of radius ε around λ0, ∂Bε(λ), is
compact,

pε ≥ 0.

Notice that λ is a eigenvalue of (20), if and only if ω(λ) = 0 and ω(λ0) = 0 since λ0 is an
eigenvalue. Let C and nh be positive constants with limh→0 nh = 0 such that

ωh(λ) ≥ Cω(λ)− nh,
ω(λ) ≥ Cωh(λ)− nh.

Hence we observe for λ0 that

0 = ω(λ0) ≥ Cωh(λ0)− nh,
which is equivalent to

ωh(λ0) ≤ nh
C
.

Therefore, we observe for every λ ∈ ∂Bε(λ) and for h small enough that

ωh(λ) ≥ Cω(λ)− nh
≥ Cpε − nh

>
nh
C

≥ ωh(λ0)
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Hence there is a minimum in ωh(λ) for λ ∈ Bε(λ0).
Claim: The function ωh(λ) has no positive local minimum in the interior of Σ ⊂ R.

Proof: Let Σ be the set of possible eigenvalues and choose an arbitrary λ∗ ∈ Σ such that
ωh is positive for that value. Then we can find a sufficiently small ε such that ωh(λ) is
positive for any λ ∈ Bε(λ∗). It follows that (−∆− λI)−1 is holomorphic in Bε(λ

∗). Next,
choose u, v ∈ V ′ such that

U(λ) :=

((
−∆− λI)−1

)
u, v

)
V×V ′

is also holomorphic in Σ. Notice that the absolute value of the function U(λ) obtains a
maximum on the boundary, since the U(λ) is holomorphic, that is

|U(λ)| ≤ max
β∈∂Bε(λ∗)

|U(β)|.

Let
||u||V ′ = ||v||V ′ = 1.

Then we observe
|U(β)| ≤ ||(−∆− βI)−1||V←V ′ .

Hence it follows that

|U(λ)| ≤ max
β∈∂Bε(λ∗)

|U(β)| ≤ max
β∈∂Bε(λ∗)

||(−∆− βI)−1||V←V ′ = max
β∈∂Bε(λ∗)

1

ω(β)
.

Notice that we obtain the infimum of |U(λ)| at

1

ω(λ)
= ||(−∆− λI)−1||V←V ′ .

Hence it follows that
1

ωh(λ)
= ||(−∆− λI)−1||V←V ′

≤ max
β∈∂Bε(λ∗)

||(−∆− βI)−1||V←V ′

= max
β∈∂Bε(λ∗)

1

ωh(β)
.

Summing up,
ωh(λ) ≥ min{ωh(β)β ∈ ∂Bε(λ)}

and therefore, ωh(λ) does not attend a positive local minimum in Σ. This ends the proof
of the claim.

Since pε ≥ 0 and there exists no positive local minimum, the minimum is zero, which
means that there exists a λh ∈ Bε(λ0) with

ωh(λh) = 0.

Notice that λh is an eigenvalue of (22), if and only if ωh(λh) = 0. Therefore, λh is an
eigenvalue. �
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Next we show the convergence of the discrete eigenfunctions, but on a subsequence of
the discrete eigenfunctions. For this, we require Céa’s lemma, which is also called the
quasi-optimal error estimate.

Lemma 2.80. (Céa’s lemma,[BS08, p. 2.8.1]) Let a(·, ·) be coercive with constant c and
continuous with constant d and let V ⊂ H be finite dimensional. Let also u be a solution
of ( 29) and let uh be a solution of ( 31). Then it holds true that

||u− uh||V ≤
d

c
min
v∈Vh
||u− v||V .

The following proof is taken from [BS08]

Proof. Let us first notice that

a(u, v) = (f, v) = a(uh, v)

for any v ∈ Vh ⊂ V , which implies that for any v ∈ Vh
0 = a(u, v)− a(uh, v) = a(u− uh, v).

But by coercivity we also observe that

c||u− uh||2V ≤ a(u− uh, u− uh).

By bilinearity of a(·, ·) we see that

a(u− uh, u− uh) = a(u− uh, u− v + v − uh) = a(u− uh, u− v) + a(u− uh, v − uh)

for any v ∈ Vh. Notice that v − uh ∈ Vh and hence

a(u− uh, v − uh) = 0,

which implies that
a(u− uh, u− uh) = a(u− uh, u− v).

From continuity we observe that

a(u− uh, u− v) ≤ d||u− uh||V ||u− v||V .
Summing up,

c||u− uh||2V ≤ d||u− uh||V ||u− v||V .
By dividing by ||u− v||V and c we observe the desired result. �

Next let us show a property of the convergence of a subsequence of the discrete eigen-
functions.

Theorem 2.81. ([Hac86, Satz 11.16]) Let Vh ⊂ V be a series of subsets, which approx-
imates V = H1

0 (Ω) for h → 0. Let eh ∈ Eh(λh) be a series of discrete eigenfunctions
with ||eh||V = 1 and limh→0λh = λ0. Then there exists a subsequence ehi, which converges
towards an eigenfunction e ∈ E(λ0) of ( 20) with ||e||V = 1, that is

lim
i→∞
||ehi − e||V = 0. (25)

For the following proof we follow along the lines of [Hac86].
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Proof. First notice that since V = H1
0 (Ω) is compactly embedded in L2(Ω), we can find a

subsequence ehi , which converges towards e ∈ L2(Ω) in L2(Ω), that is

lim
i→∞
||e− ehi || = 0. (26)

Next let us define the bilinear form aµ(·, ·) : V × V → R as

aµ(u, v) := a(u, v)− µ(u, v).

Let Zhi : V → Vhi be an operator and let zhi := Zhi(λ0)e be the solution of

aµ(zh, v) = (λ0 − µ)(e, v)

for every v ∈ Vh. Analogously, let Z : V → V be an operator such that z := Z(λ0)e is the
solution of

aµ(z, v) = (λ0 − µ)(e, v)

for every v ∈ Vh. From Céa’s lemma (Lemma 2.80) we observe that

||z − zhi ||V ≤
d

c
min
v∈Vh
||z − v||V

Since the Vh approximate V , we observe that

lim
i→∞
||z − zhi ||V ≤

d

c
lim
i→∞

min
v∈Vhi

||z − v||V = 0.

Hence there exists an hε > 0 such that

||z − zhi ||V ≤
ε

2
(27)

for every hi ≤ hε. Since ehi is an eigenfunction, it solves the equation

aµ(ehi , v) = (λhi − µ)(ehi , v)

for every v ∈ Vhi . Then it follows that

aµ(zhi − ehi , v) = aµ(zhi , v)− aµ(ehi , v)

= (λ0 − µ)(e, v)− (λhi − µ)(ehi , v)

= (λ0 − µ)(e, v)− (λhi − λ0)(ehi , v)− (λ0 − µ)(ehi , v)

= (λ0 − µ)(e− ehi , v)− (λhi − λ0)(ehi , v)

for every v ∈ Vhi . We define

Fi(v) := (λ0 − µ)(e− ehi , v)− (λhi − λ0)(ehi , v).

Notice that
lim
i→∞
||Fi||V ′ = 0.

since λhi → λ0 and (25). Therefore, there exists an ĥε > 0 such that

||Fi||V ′ ≤
ε

C
for a constant C > 0 and

||zhi − ehi ||V ≤
ε

2
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for every hi ≤ ĥε. This inequality and the inequality from (27) imply that

||z − ehi ||V = ||z − zhi + zhi − ehi ||V
≤ ||z − zhi ||V + ||zhi − ehi ||V

≤ ε

2
+
ε

2
= ε

for every h ≤ min{hε, ĥε}. Hence ehi converges towards z in V for i → ∞ and hence
also ehi converges towards z in L2(Ω) for i → ∞. We observe that (26) concludes that
e = z = Z(λ0)e for the variational formulation

a(e, v) = λ0(e, v).

Therefore, e ∈ E(λ0) given by
lim
i→∞

ehi = e

is an eigenfunction of the eigenvalue problem (20). Moreover, notice that

||e||V =

∥∥∥∥ lim
i→∞

ehi

∥∥∥∥
V

= lim
i→∞

∥∥ehi∥∥V = 1,

which concludes the proof. �

Furthermore we can show the convergence of the whole series of the discrete eigenfunc-
tion, but we differentiate between two cases.

Lemma 2.82. ([Hac86, p. 296]) Let Vh ⊂ V be a series of subsets, which approximates
V = H1

0 (Ω) for h → 0. Let eh ∈ Eh(λh) be a series of discrete eigenfunctions with
||eh||V = 1 and limh→0λh = λ0. Let the smallest eigenvalue be simple.

• If |(eh, e)V | < 1
2 then

lim
h→0

eh = e,

• If |(eh, e)V | ≥ 1
2 then

lim
h→0

eh
(eh, e)V

= e.

For the following proof we follow along the lines of [Hac86].

Proof. Let us first prove by contradiction that the eigenvalues λh are simple. From The-
orem 2.79 we know that for every h there exists a discrete eigenvalue with λh → λ0 for
h→ 0. Hence

dim(Eh(λh)) ≥ 1

and therefore for every h there exists an eigenfunction eh ∈ Eh(λh)) with eh → e. Next
let us assume that the eigenvalues λh are not simple,

dim(Eh(λh)) ≥ 2.

Then there exists another eigenfunction êh, which is orthonormal to e,

(êh, e)V = 0.
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From Theorem 2.81 it follows that there exist a subsequence êhi which converges towards
ê with ê ∈ E(λ0). But since êhi are orthonormal to e, also ê is orthonormal to e and
therefore

dim(E(λ0)) ≥ 2,

which is a contradiction to the assumption that λ0 is simple. Hence for every h there
exists a simple eigenvalue λh.

After proving the existence and uniqueness of the eigenfunctions eh for every h, let us
assume that

1 = ||e||V = ||eh||V .
Let E⊥ be the orthogonal complement of e,

E⊥ := {v ∈ V : (e, v)V = 0}.
Then we can rewrite V as

V = span{e}
⊕

E⊥

and therefore we can also decompose eh as

eh = e∗h + e⊥h

for e∗h ∈ span{e} and e⊥h ∈ E⊥. If

lim sup
h→0

||e⊥h ||V > 0,

then we observe analogue to the part of the proof concerning λh being simple that λ0

would not be simple, which is a contradiction and hence

lim sup
h→0

∥∥∥e⊥h ∥∥∥
V

= 0.

Let us rewrite e∗h as e∗h = γhe with γh = (eh, e)V . Then we observe that

1 = ‖eh‖V =
∥∥∥e∗h + e⊥h

∥∥∥
V

=
∥∥e∗h∥∥V +

∥∥∥e⊥h ∥∥∥
V

= ‖γhe‖V +
∥∥∥e⊥h ∥∥∥ |V

= |γh| ||e||V +
∥∥∥e⊥h ∥∥∥

V

= |γh|+
∥∥∥e⊥h ∥∥∥

V
.

By taking the limit we see that

1 = lim
h→0
‖eh‖V

= lim
h→0
|γh|+

∥∥∥e⊥h ∥∥∥
V

= lim
h→0
|γh|,
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since e⊥h → 0 as h→ 0 and hence
lim
h→0
|γh| = 1.

Case 1: Let us assume that

|(eh, e)V | = |γh| <
1

2
,

then

lim
h→0

eh = lim
h→0

e∗h + e⊥h

= lim
h→0

γhe+ e⊥h

= e

since |γh| → 1 and e⊥h → 0 for h→ 0 and |γh| is bounded.
Case 2: Next let us assume that

|(eh, e)V | = |γh| ≥
1

2
.

Then we see that
eh

(eh, e)V
=
eh
γh

=
e∗h + e⊥h
γh

= e+
e⊥h
γh
.

By taking the limes we observe that

lim
h→0

eh
(eh, e)V

= lim
h→0

e+
e⊥h
γh

= e

as |γh| → 1 and e⊥h → 0 for h→ 0.
�
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2.4. Error Estimates for Eigenvalue Problems.

In this subchapter we will focus on the error estimate of the eigenvalues and the eigen-
functions of the eigenvalue problem. Let Ω ⊆ R2 and V = H1

0 (Ω). Remember that the
eigenvalue problem

−∆u = λu in Ω (28)

can be reformulated as a variational problem as follows:

Find (λ, u) ∈ R× V \ {0} such that a(u, v) = λ(u, v) for any v ∈ V, (29)

where

a(u, v) =

∫
Ω
< ∇u,∇v > . (30)

The Ritz-Galerkin discretisation for a finite dimensional subspace Vh ⊂ V reads as
follows:

Find (λh, uh) ∈ R× Vh \ {0} such that a(uh, v) = λh(uh, v) for any v ∈ Vh. (31)

We will always denote with λ0 the smallest eigenvalue of the eigenvalue problem (28).
Remember that in Theorem 2.76 we proved that λ0 is always simple. Let us define

aλ(u, v) := a(u, v)− λ(u, v)

for u, v ∈ V . Notice if u is a eigenfunction of the eigenvalue λ, then

aλ(u, v) = 0.

We already know that the bilinear form a(·, ·) is continuous. Now we also want to show
that the bilinear form aλ(·, ·) is continuous.

Corollary 2.83. The bilinear form aλ(·, ·) is continuous.

Proof. Remember from Lemma 2.65 that a(·, ·) is continuous. By applying the definition
of aλ(·, ·), the Cauchy-Schwarz inequality and the continuity of a(·, ·) we observe that

|aλ(u, v)| = |a(u, v)− λ(u, v)|
≤ |a(u, v)|+ |λ||(u, v)|
≤ |a(u, v)|+ |λ|||u||V ||v||V
≤ c||u||V ||v||V + |λ|||u||V ||v||V
= C||u||V ||v||V ,

for u, v ∈ V , where c is the continuity constant of a(·, ·) and C = c+ |λ|. �

Let us investigate the error estimate between a discrete solution and an exact solution.
This lemma will be required for the error estimate of an eigenvalue and an eigenfunction
of the discrete eigenvalue problem.

Definition 2.84. For u ∈ V we denote the smallest distance of u to Vh as

d(u, Vh) := inf
v∈Vh
||u− v||V .

47

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

Lemma 2.85. [Hac86, p. 11.22] Let u, v ∈ V with (u, v) 6= 0. If d(u, Vh) is sufficiently
small, then there exists an uh ∈ Vh with (uh − u, v) = 0 such that

||uh − u||V ≤ 2d(u, Vh).

Proof. From Céa’s lemma and the definition of d(u, Vh) we observe that

||u− uh||V ≤
d

c
d(u, Vh).

From the proof of Lemma 2.65 we know that c = 1 and d = 1 and hence

||u− uh||V ≤ d(u, Vh) ≤ 2d(u, Vh).

�

The following results will investigate the error estimate of the discrete smallest eigen-
value and the error estimate of the corresponding discrete eigenfunction. First we will find
an upper bound for the error of the discrete eigenfunction in dependence of the error of
the discrete eigenvalue.

Lemma 2.86. [Hac86, p. 11.23] Let a(·, ·) be the bilinear form of ( 29), let e ∈ E(λ0) and
let Vh ⊂ V be a series of subsets, which approximates V for h → 0. For h sufficiently
small, we can find an eh ∈ Eh(λh) such that

||eh − e||V ≤ C(|λ0 − λh|+ d(e, Vh)).

The following proof is taken from [Hac86].

Proof. Let Zh : V → Vh be an operator and let zh := Zh(λ0)e ∈ V be a solution of

aµ(zh, v) = (λ− µ)(e, v)

for every v ∈ Vh. Analogously, let Z : V → V be an operator such that z := Z(λ0)u ∈ V
is a solution of

aµ(z, v) = (λ0 − µ)(u, v)

for every v ∈ Vh. Notice that
Z(λ0)e = e.

Hence we observe that
||e− zh||V ≤ C̃d(e, Vh). (32)

Let us also observe by definition of zh, aµ(·, ·) and the fact that a(eh, v) = λh(eh, v) that

aµ(zh − eh, v) = aµ(zh, v)− aµ(eh, v)

= (λ0 − µ)(e, v)− aµ(eh, v)

= (λ0 − µ)(e, v)− a(eh, v) + µ(eh, v)

= (λ0 − µ)(e, v)− λh(eh, v) + µ(eh, v)

= (λ0 − µ)(e, v)− (λh − µ)(eh, v).

Furthermore we see that

aµ(zh − eh, v) = (λ− µ)(e, v)− (λh − µ)(eh, v)
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= (λ0 − λh + λh − µ)(e, v)− (λh − µ)(eh, v)

= (λ0 − λh)(e, v) + (λh − µ)(e, v) + (λh − µ)(zh − eh − zh, v)

= (λ0 − λh)(e, v) + (λh − µ)(e− zh, v) + (λh − µ)(zh − eh, v).

From this result we also observe that

aλh(zh − eh, v) = aµ(zh − eh, v)− (λh − µ)(zh − eh, v)

= (λ0 − λh)(e, v) + (λh − µ)(e− zh, v) + (λh − µ)(zh − eh, v)

− (λh − µ)(zh − eh, v)

= (λ0 − λh)(e, v) + (λh − µ)(e− zh, v)

=: f(v).

As shown in Theorem 2.81, notice that since eh → e for h→ 0,

|(e, eh)| ≥ η > 0

for a small h. Hence we can chose eh such that

(zh, eh) = 1.

Furthermore we observe for u ∈ E⊥ := {v ∈ V : (v, e) = 0} that

||u||V = ||u||E⊥
and

||f ||E⊥′ ≤ ||f ||V ′ ,
since E⊥ ⊂ V . Let us define the function ω̂(λ) as

ω̂(λ) := inf
u∈E⊥,||u||V =1

sup
v∈E⊥,||v||V =1

|aλ(u, v)| > 0.

The positivity of ω̂ implies that

sup
v∈E⊥,||v||V =1

|aλ(u, v)| ≥ ω̂(λ)||u||E⊥ .

Let us notice that

sup
v∈E⊥,||v||V =1

|aλ(u, v)| = sup
v∈E⊥,||v||V =1

|f(v)| = ||f ||E⊥′ .

Hence we observe that

||f ||E⊥′ = sup
v∈E⊥,||v||V =1

|aλ(u, v)| ≥ ω̂(λ)||u||E⊥ ,

which is equivalent to
||f ||E⊥′
ω̂(λ)

≥ ||u||E⊥ .

Summing up we see that

||u||V ≤
||f ||E⊥′
ω̂(λ)

≤ ||f ||V
′

ω̂(λ)
.
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By plugging in u = zh − eh and using (32) we observe that

||zh − eh|||V ≤ ω̂h(λh)−1||f ||V ′

≤ ω̂h(λh)−1(|λ0 − λh|+ ||e− zh||V )

≤ Ĉ(|λ0 − λh|+ d(e, Vh)). (33)

Then by (32) and (33) it follows that

||eh − e||V ≤ ||e− zh||V + ||zh − eh||V
≤ C̃d(e, Vh) + Ĉd(e, Vh)

≤ Cd(e, Vh),

which concludes the proof. �

Next we will find an upper bound for the error of the discrete eigenvalues in dependence
of the smallest distance of its eigenfunction in the finite dimensional subspace Vh.

Theorem 2.87. [Hac86, Satz 11.24] Let a(·, ·) be the bilinear form of ( 29) and let Vh ⊂ V
be a series of subsets, which approximates V for h → 0. Let e ∈ E(λ0) with ||e||V = 1.
Then there exists a discrete eigenvalue λh such that

|λ0 − λh| ≤ Cd(e, Vh)2.

For the following proof we follow along the lines of [Hac86].

Proof. Let us chose a vh ∈ Vh such that

||e− vh||V ≤ 2d(e, Vh)

with (vh, e) = 1. From Lemma 2.85 we know that indeed there exists such an uh ∈ Vh.
Theorem 2.79 implies that there exist discrete eigenvalues with λh → λ0 for h → 0. By
definition of aλ0(·, ·) and since aλh(eh, vh) = 0 for every vh ∈ Vh we observe that

0 = aλ0(eh, e) = a(eh, e)− λ0(eh, e)

= aλh(eh, e) + λh(eh, e)− λ0(eh, e)

= aλh(eh, e) + (λh − λ0)(eh, e)

= aλh(eh, e)− aλh(eh, vh) + (λh − λ0)(eh, e)

= aλh(eh, e− vh) + (λh − λ0)(eh, e).

Let us notice that e− vh ∈ V and also aλh(e, v) = 0 for every v ∈ V , hence also

aλh(e, e− vh) = 0.

From the above equations we also observe that

0 = aλ0(e, e− vh) = aλh(e, e− vh) + (λh − λ0)(e, e− vh)

for every v ∈ V . Therefore, it follows that

0 = aλh(eh, e− vh) + (λh − λ0)(eh, e)

= aλh(eh, e− vh) + (λh − λ0)(eh, e)− aλh(e, e− vh)− (λh − λ0)(e, e− vh)
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= aλh(eh − e, e− vh) + (λh − λ0)
(
(eh, e)− (e, e− vh)

)
= aλh(eh − e, e− vh) + (λh − λ0)

(
(eh − e, e) + (e, e)− (e, e) + (e, vh)

)
= aλh(eh − e, e− vh) + (λh − λ0)

(
(eh − e, e) + (e, vh)

)
.

By assumption, it holds that (e, vh) = 1 and hence

0 = aλh(eh − e, e− vh) + (λh − λ0)
(
(eh − e, e) + (e, vh)

)
= aλh(eh − e, e− vh) + (λh − λ0)

(
(eh − e, e) + 1

)
.

This equation is equivalent to

(λ0 − λh) = aλh(eh − e, e− vh) + (λh − λ0)(eh − e, e).

By taking the absolute value, then applying the Cauchy-Schwarz inequality on |(eh−e, e)|
and the continuity of aλh(·, ·), proved in Corollary 2.83, we observe that

|λ0 − λh| =
∣∣aλh(eh − e, e− vh) + (λh − λ0)(eh − e, e)

∣∣
≤ |aλh(eh − e, e− vh)|+ |λ0 − λh||(eh − e, e)|
≤ c||eh − e||V ||e− vh||V + |λ0 − λh|||eh − e||V ||e||V
= C||eh − e||V

(
||e− vh||V + v|λ0 − λh|||e||V

)
.

Remember that ||e||V = 1 and by assumption ||e− vh||V ≤ 2d(e, Vh). By Lemma 2.86 we
see that

||eh − e||V ≤ C̃(|λ0 − λh|+ d(e, Vh)).

Therefore, we observe that

|λ0 − λh| ≤ C||eh − e||V
(
||e− vh||V + |λ0 − λh|||e||V

)
≤ C(|λ0 − λh|+ d(e, Vh))(2d(e, Vh) + |λ0 − λh|).

Since for h sufficiently small |λ0 − λh| → 0, we observe the desired result,

|λ0 − λh| ≤ Cd(e, Vh)2.

�

Moving on, we find an upper bound for the error of the discrete eigenfunctions not
in dependence of the error of the discrete eigenvalues, but in dependence of the smallest
distance of the exact eigenfunction in the finite dimensional subspace Vh.

Theorem 2.88. [Hac86, Satz 11.25] Let a(·, ·) be the bilinear form of ( 29) and let Vh ⊂ V
be a series of subsets, which approximates V for h → 0. Let e ∈ E(λ0) with ||e||V = 1.
Then there exists a discrete eigenfunction eh ∈ Eh(λh) such that

||eh − e|| ≤ Cd(e, Vh).

Proof. From Lemma 2.86 we know that for h sufficiently small, we can find an eh ∈ Eh(λh)
such that

||eh − e||V ≤ Ĉ(|λ0 − λh|+ d(e, Vh)).
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On the other hand from Proposition 2.87 we know that there exists a discrete eigenvalue
λh such that

|λ0 − λh| ≤ C̃d(e, Vh)2.

By plugging in the second result into the first one we observe that

||eh − e||V ≤ Ĉ(|λ0 − λh|+ d(e, Vh))

≤ Ĉ(C̃d(e, Vh)2 + d(e, Vh))

≤ d(e, Vh)
(
ĈC̃d(e, Vh) + Ĉ

)
≤ Cd(e, Vh)

for C ≥ ĈC̃d(e, Vh) + Ĉ. �
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2.5. Mapping Crouzeix-Raviart Elements to Continuous Elements.

The main goal is to find a lower and an upper bound for the first eigenvalue λ0 of the
eigenvalue problem

−∆u = λu in Ω, (34)

u = 0 on ∂Ω,

for u ∈ H1
0 (Ω)\{0}. To find an upper bound, we can simply apply the Rayleigh principle.

However, when applying conforming finite elements, we cannot calculate a lower bound.
Therefore, we apply a nonconforming finite element, which will be the Crouzeix-Raviart
elements. As already discussed in Chapter 2.3, the Crouzeix-Raviart elements of degree k,
for k odd, are not continuous over the edge of the triangles in the triangulation T . But to
apply the Rayleigh principle we need continuity on the whole domain Ω. Summing up, the
goal of this subchapter is to find an operator, which maps the Crouzeix-Raviart elements
to continuous elements because then we will be able to apply to Rayleigh principle to find
an upper bound for the smallest eigenvalue of the eigenvalue problem (34).

We need to find a sufficiently accurate interpolation operator

ICR : CRk0(T )→ Pk(T ) ∩H1
0 (Ω),

which maps Crouzeix-Raviart elements onto elements, which are piecewise polynomials of
degree k on triangles τ ∈ T , but are continuous on the whole domain Ω ⊆ R2 and zero
on the boundary ∂Ω. Notice, that the points on the edges E ∈ EΩ, where the Crouzeix-
Raviart elements are continuous, are the zeros of the Crouzeix-Raviart element on the
edges. We will call these points and the points in the inner of all triangles points of
continuity. More precisely, the zeros of the Crouzeix-Raviart elements on the edge are the
zeros of the nonconforming edge bubble from Definition 2.55, which are exactly the zeros

of the Legendre polynomial of degree k, P
(0,0)
k , transformed on an edge E ∈ EΩ. Since the

Legendre polynomial of degree k has exactly k roots, we observe k points of continuity on
every edge E ∈ EΩ.

Figure 4. Zeros of Legendre Polynomial P
(0,0)
k on the interval [−1, 1] for

k = 7.

53

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

To define an element v ∈ CRk0(τ) of degree k on a triangle τ ∈ T in a unique way, we
want to have s = 1 + 2 + . . . + (k + 1) nodes on the triangle, including k + 1 nodes on
each edge. So we actually need one more node on each edge in addition to the points of
continuity. Notice also that no vertex is a point of continuity. We determine a sufficiently
accurate interpolation operator as an operator, which yields the average on the points
of discontinuity, but is exact on the points of continuity. To find a sufficiently accurate
interpolation operator we want the vertices to be also part of the nodes. If we add the
vertices to the nodes, we get the result in terms of k+2 nodes on the edges E ∈ EΩ, which is
too much. That is the reason we now refine the triangulation T . By bisecting each triangle
in the middle of each edge and connecting each side midpoint to the other two midpoints
by straight lines, we get a refined triangulation, called the red-refined triangulation. We
denote this refinement as T ∗ = red(T ).

Figure 5. An example of a red-refined triangulation T ∗ = red(T ).

Let us fix a triangle τ ∈ T and red-refine it such that T ∗τ = red(τ). Denote the refined
triangles as τ0, τ1, τ2 and τ3, where τ0 is the inner one. And let τ̂ be the reference triangle
with vertices Â1 = (0, 0), Â2 = (1, 0) and Â3 = (0, 1). Let us define the edge Êi in τ̂ ,

which lies opposite of the vertex Âi for i = 1, 2, 3.
Notice that the triangle τ0 consists only of points of continuity, since a Crouzeix-Raviart

element is continuous in the interior of every triangle τ ∈ T and the vertices of the triangle
τ0 are the middle points of the original triangle τ , which are also continuous, since the
middle points are zeros of the edge bubble for every edge E ∈ EΩ. However on the triangles
{τ1, τ2, τ3} the Crouzeix-Raviart elements are not continuous over the edges, which are also
part of an edge of the original triangle τ ∈ T . Hence, to find a well defined transformation
from the nodal points of the reference triangle τ̂ to the nodal points on a triangle τi for
i ∈ {0, 1, 2, 3} in the red-refined triangulation T ∗τ , we need to differentiate between the
triangles on the edges {τ1, τ2, τ3} and the one in the interior {τ0}.
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τ0
τ1 τ2

τ3

V1 V2

V3

M1
M2

M3

Â1 Â2

Â3

Ê1
Ê2

Ê3

τ̂

Figure 6. Left: Red-refined triangulation T ∗τ with refined triangles τ0, τ1,
τ2 and τ3. Right: Standard triangle τ̂ .

Case 1: Let us first look at the case of the inner triangle τ0. Since τ0 only consists of
points of continuity, we can use an very simple approach by choosing the nodal point to
be equidistantly distributed.

Let τ̂ be the reference triangle as already defined above. Let the index set ιk be defined
as ιk := {µ ∈ N2

0 : µ = (µi)
2
i=1,

∑2
i=1 µi ≤ k}. Then the nodal points of τ̂ can be described

as

Σ̂0
k :=

{
1

k
µ : µ ∈ ιk

}
and are hence distributed equidistantly.

Figure 7. Nodes Σ̂0
k on the standard triangle τ̂ for k = 7.

55

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

The affine transformation χτ0 : τ̂ → τ0 maps the reference triangle τ̂ onto the inner
triangle τ0 and is defined as

χτ0(x̂) := M1 +mτ0 x̂

where Mi, 1 ≤ i ≤ 3, are the vertices of τ0 according to the left-hand side figure of Figure
6 and mτ is a 2× 2 Matrix with the first column being M3 −M1 and the second column
being M2 −M1. Then the set of nodal points on the triangle τ0 is defined as

Σk(τ0) := {χτ0(z) : z ∈ Σ̂0
k}.

Case 2: Now let us look at the triangles τ1, τ2 and τ3 from the red-refined triangulation
T ∗τ as shown in Figure 6. Let us fix a triangle τi for i ∈ {1, 2, 3} and let us call an edge of
τi, which are also part of an edge of the original triangle τ , as an outer edge.

We will first define two sets of points on the interval [0, 1], with one referring to the
zeros of the edge bubble and the other one being additional points to end up with exactly
the amount of nodal points needed on the edges for the interpolation operator. With help
of these two sets we will define the nodal points on the standard triangle τ and then we
will map the nodal points on the standard triangle τ̂ to the red-refined triangles τ1, τ2 and
τ3.

As already discussed before, the only points of continuity on an edge of the original

triangle τ are at the zeros of the Legendre Polynomial P
(0,0)
k , which is transformed on

that edge. Notice, that an outer edge of τi is half an edge of τ . Hence the only points of

continuity on an outer edge of τi are the zeros of the Legendre Polynomial P
(0,0)
k on [0, 1]

transformed on that outer edge. So we want these points to be nodal points. However

since there are only k+1
2 zeros of the Legendre Polynomial P

(0,0)
k on the interval [0, 1], we

need k+1
2 nodal points additionally, to result in k + 1 nodal points on an outer edge of τi.

Now we will discuss on how to choose these additional nodal points.
To achieve an interpolation operator on an edge, which yields the average on the points

of discontinuity and is exact on the points of continuity, we want the nodal points to include
the endpoints, be symmetrically distributed and accumulate around the endpoints. For
this, we introduce the Gauss-Lobatto points.

Definition 2.89. The Gauss-Lobatto points are given as the zeros of the following equa-
tion:

(1− x2)P
(0,0)′

k−1 (x) = 0.

Remark 2.90. Notice that the Gauss-Lobatto points consist of the points {−1, 1} and
the zeros of the Legendre polynomial of degree k − 1.

Notation 2.91. Let us denote the set of the Gauss-Lobatto points as

ZGLk :=
{
ξGLk,l ∈ [−1, 1] : (1− (ξGLk,l )2)P

(0,0)′

k−1 (ξGLk,l ) = 0, 1 ≤ l ≤ k + 1
}

with −1 = ξGLk,1 < ξGLk,2 < . . . < ξGLk,k+1 = 1.
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Figure 8. Lifted Gauss-Lobatto points ZGLk,lift on [0, 1] for k = 7.

Notice that the Gauss-Lobatto points indeed include the endpoints, are symmetrically
distributed and accumulate around the endpoints. The distribution of the Gauss-Lobatto
points transformed to [0, 1] will be our ideal distribution of the nodal points on an outer
edge since the distribution of these points is symmetrical, the endpoints are included and
the points accumulate around the endpoints and therefore we will achieve an interpolation
operator, which yields the average on the points of discontinuity on an edge and is exact on
the points of continuity. We will call the transformed Gauss-Lobatto points ideal nodes.

From now on we call the Gauss-Lobatto points transformed on [0, 1] the transformed

Gauss-Lobatto points and the zeros of the Legendre Polynomial P
(0,0)
k on the interval

[0, 1] as the Legendre points. Notice, that the Legendre points are fixed and we will not be
able to attain the distribution of the transformed Gauss-Lobatto points exactly, however
the goal is to reach the distribution of the transformed Gauss-Lobatto points as good as
possible.

Figure 9. Transformed Gauss-Lobatto points and Legendre points on
[0, 1] for k = 7.
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We will first assign every Legendre point to a transformed Gauss-Lobatto point, by
observing which transformed Gauss-Lobatto point is the closest one to each Legendre
point.

Figure 10. Assign each Legendre point to a Gauss-Lobatto point for k = 7.

Since we have k + 1 transformed Gauss-Lobatto points, but only k+1
2 Legendre points,

there will be k+1
2 transformed Gauss-Lobatto points, which do not have an assigned Le-

gendre point. Let us also fix the transformed Gauss-Lobatto point at 1. The next step
is to observe if there are any unassigned transformed Gauss-Lobatto points between each
neighboring pair of assigned transformed Gauss-Lobatto points.
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Figure 11. non-assigned Gauss-Lobatto points for k = 7.

To get as close as possible to the ideal distribution, we will transform the unassigned
transformed Gauss-Lobatto points between two neighboring assigned ones to the interval
of the two corresponding Legendre points by preserving the distribution of the transformed
Gauss-Lobatto points within the interval of the two assigned transformed Gauss-Lobatto
points. We will transform the free Gauss-Lobatto point with the transformation ϕj,l,
which we will define later in detail. These new received points will be the additional nodal
points.

Figure 12. Transforming the free transformed Gauss-Lobatto points for
k = 7.
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Now let us introduce an algorithm to observe these additional nodal points. As already
mentioned before, the Legendre points transformed to an edge of τi are part of the nodal
points, since the Crouzeix-Raviart elements are continuous in these points over the edges.
Since an outer edge of τi is half of an edge of τ , we shall observe nodal points on the
interval [0, 1]. Let ZLEk be the zeros of the Legendre polynomial of degree k, as defined in

notation 2.54, and define the set of zeros of the Legendre polynomial P
(0,0)
k on the interval

[0, 1] as

ZLEk,+ := ZLEk ∩ [0, 1].

Notice that ZLEk,+ consists of the points ξLE
k, k+1

2

, . . . , ξLEk,k . Let ZGLk be the zeros of the Gauss-

Lobatto points of degree k, as defined in Notation 2.91, and let us lift the Gauss-Lobatto
points from the interval [−1, 1] to the interval [0, 1] and denote the new observed set as
ZGLk,lift,

ZGLk,lift :=

{
ξk,l ∈ [0, 1] : ξk,l =

ξGLk,l + 1

2
, ξGLk,l ∈ ZGLk , 1 ≤ l ≤ k + 1

}
.

Ẑk,

Ẑk :=

{
ξ̂k,l ∈ [0, 1] : ξ̂k,l =

ξGLk,l + 1

2
, ξGLk,l ∈ ZGLk , 1 ≤ l ≤ k + 1

}
.

We will call ξk,l ∈ ZGLk,lift an ideal node. Notice, that the points ξk,l ∈ ZGLk,lift are also ordered,

0 = ξk,1 < ξk,2 < . . . < ξk,k+1 = 1.

Now let us assign each Legendre point ξLEk,i ∈ ZLEk,+ to an ideal node ξk,j ∈ ZGLk,lift in the

way, that for ξLEk,i ∈ [ξk,j , ξk,j+1] if ξLEk,i is within the first half of the interval of two adjacent

ideal nodes [ξk,j , ξk,j+1], then ξLEk,i gets assigned to ξk,j , otherwise ξLEk,i gets assigned to
ξk,j+1,

if ξLEk,i ∈
[
ξk,j ,

ξk,j + ξk,j+1

2

)
, ξLEk,i ' ξk,j ,

if ξLEk,i ∈
[
ξk,j + ξk,j+1

2
, ξk,j+1

)
, ξLEk,i ' ξk,j+1.

Without loss of generality let us assume that ξLEk,i ∈ ZLEk,+ got assigned to ξk,j ∈ ZGLk,lift
and ξLEk,i+1 ∈ ZLEk,+ got assigned to ξk,l ∈ ZGLk,lift for i < k with some unassigned ideal nodes

left in the interval (ξk,j , ξk,l),

ξLEk,i ' ξk,j , ξLEk,i+1 ' ξk,l, |j − l| > 1.

Let us transform the interval of the ideal points [ξk,j , ξk,l] to the intervall of the Legendre

points [ξLEk,i , ξ
LE
k,i+1] with the transformation ϕj,l : [ξk,j , ξk,l]→ [ξLEk,i , ξ

LE
k,i+1] given by

ϕj,l(x) := ξLEk,i +
x− ξk,j
ξk,l − ξk,j

(ξLEk,i+1 − ξLEk,i ).
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If ξLEk,i ∈ ZLEk,+ got assigned to ξk,j ∈ ZGLk,lift for i = k, let us define the transformation

ϕj,k+1 : [ξk,j , ξk,k+1]→ [ξLEk,k , 1] as

ϕj,k+1(x) := ξLEk,k +
x− ξk,j

ξk,k+1 − ξk,j
(1− ξLEk,k ).

By repeating this for every pair of adjacent Legendre points, whose assigned ideal points
ξk,j , ξk,l ∈ ZGLk,lift are not adjacent and for the Legendre point ξLE

k, k+1
2

with corresponding

transformation ϕj,k+1, we obtain a new set of points Ẑk defined as

Ẑk :=

{
ξ̂k,m ∈ [0, 1] : ξ̂k,m = ϕj,l(ξk,i), ξk,i ∈ ZGLk,lift \ ẐLEk , 1 ≤ m ≤ k + 1

2

}
with ẐLEk consisting of all the ideal nodes ξk,i ∈ ZGLk,lift, which already have an assigned

Legendre point ξLEk,j ∈ ZLEk,+,

ẐLEk :=

{
ξ̂LEk,i ∈ ZGLk,lift : there exists ξLEk,j ∈ ZLEk,+ such that ξ̂LEk,i ' ξLEk,j , 1 ≤ i ≤ k + 1

2

}
.

The set Ẑk includes all the required additional nodal points on an edge after fixing the
Legendre points ZLEk,+ as nodal points on an edge.

Figure 13. Legendre points ZLEk,+ and additional nodal points Z̃k for k = 7.

Now we are ready to define the nodes on the reference triangle τ̂ . Let τ̂ be the reference

triangle as already defined before as in Figure 6 and let Ê1 and Ê3 be the outer edges of
the refined triangle τi for i ∈ {1, 2, 3}. We will first define the nodes on the outer edges

Ê1 and Ê3, then proceed to the edge Ê2 and lastly define the nodes in the inner of the
reference triangle ˚̂τ .

Let us define the set N̂ cont
k (Ê1) as the zeros of the Legendre Polynomial transformed on

the edge Ê1 and the set N̂ disc
k (Ê1) as the new additional defined points of Z̃k transformed
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on the edge Ê1 as

N̂ cont
k (Ê1) :=

{(
ξLEk,l , 1− ξLEk,l

)
∈ Ê1 : ξLEk,l ∈ ZLEk,+,

k + 1

2
≤ l ≤ k

}
and

N̂ disc
k (Ê1) :=

{(
ξ̂k,l, 1− ξ̂k,l

)
∈ Ê1 : ξ̂k,l ∈ Ẑk, 1 ≤ l ≤ k + 1

2

}
.

Notice, that N̂ cont
k (Ê1) includes all the points of continuity on the edge Ê1 with respect

to the basis from Theorem 2.56 and N̂ disc
k (Ê1) includes all the points of discontinuity on

the vertex Ê1 with respect to the basis from Theorem 2.56.

Let us define the sets N̂ cont
k (Ê3) as the zeros of the Legendre Polynomial transformed

on the edge Ê3 and N̂ disc
k (Ê3) being the new additional defined points of Z̃k transformed

on the edge Ê3 as

N̂ cont
k (Ê3) :=

{(
ξLEk,l , 0

)
∈ Ê3 : ξLEk,l ∈ ZLEk,+,

k + 1

2
≤ l ≤ k

}
,

and

N̂ disc
k (Ê3) :=

{(
ξ̂k,l, 0

)
∈ Ê3 : ξ̂k,l ∈ Ẑk, 1 ≤ l ≤ k + 1

2

}
.

Notice, that N̂ cont
k (Ê3) includes all the points of continuity on the edge Ê3 with respect

to the basis from Theorem 2.56 and N̂ disc
k (Ê3) includes all the points of discontinuity on

the edge Ê3 with respect to the basis from theorem 2.56.

Since Ê2 is not an outer edge and hence only consist of points of continuity, we can

choose equidistant nodes as in case 1. Let us define the set N̂ cont
k (Ê2) as equidistant nodes

on the edge Ê2,

N̂ cont
k (Ê2) :=

{(
0,
i

k

)
∈ Ê2 : 0 ≤ i ≤ k

}
.

And lastly, let us define the set N̂ cont
k (̊τ̂). Again notice, that the inner of a refined

triangle only consist of points of continuity, but we need them to line up with the nodes

on the edges Ê1 and Ê3. Let Zk denote the union of the Legendre points and the additional
points,

Zk := ZLEk,+
⋃
Ẑk

where the elements ξk,i ∈ Zk are ordered as

0 = ξk,1 < ξk,2 < . . . < ξk,k+1 = 1.

Hence let us define the set N̂ cont
k (̊τ̂) as equidistant nodes on perpendicular lines to the edge

Ê3 connecting the nodes of N̂ cont
k (Ê1)∪N̂ disc

k (Ê1) and the nodes of N̂ cont
k (Ê3)∪N̂ disc

k (Ê3)

in the interior of the reference triangle ˚̂τ as

N̂ cont
k (̊τ̂) :=

{(
ξk,i,

l

k − i+ 1

)
∈ ˚̂τ : ξk,i ∈ Zk, 1 ≤ l ≤ k − i, 1 < i < k + 1

}
.
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Let Σ̂cont
k (τ̂) denote the union of the continuous nodal sets defined before, that is

Σ̂cont
k (τ̂) =

3⋃
i=1

N̂ cont
k (Êi) ∪ N̂ cont

k (̊τ̂)

and Σ̂disc
k (τ̂) denote the union of the discontinuous nodal sets defined before, that is

Σ̂disc
k (τ̂) = N̂ disc

k (Ê1) ∪ N̂ disc
k (Ê3).

Figure 14. Nodal points Σ̂cont
k (τ̂) ∪ Σ̂disc

k (τ̂) on standard triangle τ̂ for k = 7.

Then the set of nodal points on the reference triangle τ̂ is defined as

Σ̂k(τ̂) := Σ̂cont
k (τ̂) ∪ Σ̂disc

k (τ̂).

We define the transformations χτi : τ̂ → τi for i ∈ {1, 2, 3}, which map the reference
triangle τ̂ to a red-refined triangle {τ1, τ2, τ3} ∈ T ∗τ as follows. For τ1 ∈ T ∗τ we define the
transformation

χτ1(x̂) := M3 +mτ1 x̂,

where mτ1 is a 2 × 2 matrix whose first column is V1 − M3 and the second column is
M2 −M3. In addition, M2, M3 and V1 are the vertices of τ1 according to Figure 6. For
τ2 ∈ T ∗τ we define the transformation

χτ2(x̂) := M3 +mτ2 x̂,
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where mτ2 is a 2 × 2 matrix whose first column is V2 − M3 and the second column is
M1 −M3. In addition, M1, M3 and V2 are the vertices of τ2 according to Figure 6. For
τ3 ∈ T ∗τ we define

χτ3(x̂) := M2 +mτ3 x̂,

where mτ3 is a 2 × 2 matrix whose first column is V3 − M2 and the second column is
M1 −M2. In addition, M1, M2 and V3 are the vertices of τ3 according to Figure 6.

Then the set of nodal points on the triangles τi ∈ T ∗τ for i = 1, 2, 3 is defined as

Σk(τi) = Σcont
k (τi)

⋃
Σdisc
k (τi), 1 ≤ i ≤ 3,

with

Σcont
k (τi) = {χτi(z) : z ∈ Σ̂cont

k (τ̂)}, 1 ≤ i ≤ 3,

and

Σdisc
k (τi) = {χτi(z) : z ∈ Σ̂disc

k (τ̂)}, 1 ≤ i ≤ 3.

Summing up, the set of nodal points on the red-refined triangulation of the whole
triangulation T ∗ = red(T ) is defined as

Nk(T ∗) =
⋃
τ∈T

⋃
τi∈T ∗τ

Σk(τi).

Figure 15. Nodes Nk(T ∗τ ) on red-refined triangulation T ∗τ for k = 7.
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To find a nodal interpolation operator ICR : CRk0(T ) → Pk(T ∗) ∩ H1
0(Ω) which yields

the average on the points of discontinuity and is exact on the points of continuity, we need
to differentiate between the set of boundary points, the set of points of continuity and the
set of points of discontinuity,

N ∂Ω
k (T ∗) = {z ∈ Nk(T ∗) : z ∈ ∂Ω},

N cont
k (T ∗) =

z ∈ Nk(T ∗) : z ∈
⋃
τ∈T

⋃
τi∈T ∗τ

Σcont
k (τi)

 \ N ∂Ω
k (T ∗),

N disc
k (T ∗) =

z ∈ Nk(T ∗) : z ∈
⋃
τ∈T

⋃
τi∈T ∗τ

Σdisc
k (τi)

 \ N ∂Ω
k (T ∗).

Let V ∈ V be a vertex from the triangulation T and its nodal patch being defined as

ωV =
⋃
τ∈TV

τ

with TV = {τ ∈ T ∗ : V ∈ τ}. Then let us define the set of nodal points on the nodal patch
of the vertex V as

N disc
k,ωV

(T ∗) :=
{
z ∈ N disc

k (T ∗) : z ∈ ωV
}
.

Notice, that the boundary of the nodal patch ωV is always in the interior of a triangle in
the triangulation T and therefore consists only of points of continuity. So if we choose
two different vertices V1, V2 ∈ V from the triangulation T , then the intersection of the two
sets of nodal points on the nodal patch of the vertices V1 and V2 is empty,

N disc
k,ωV1

(T ∗) ∩N disc
k,ωV2

(T ∗) = Ø.

Let us define the set WCR
V,k , which denotes the space of piecewise polynomials of k-th

degree on the red-refined triangulation of continuous functions on the nodal patch ωV with
defined values vCR on the boundary of the nodal patch and on N cont

k (TV ),

WCR
V,k :=

{
w ∈ Pk(TV ) ∩ C0(ω̄V ) : w(z) = vCR(z) for z ∈ ∂ωV ∪N cont

k (TV )
}
.

Let vV be the minimizer of

min
w∈WCR

V,k

‖ vCR − w ‖L2(ωV ) .

Given by the following definition, the conforming interpolation operator maps the
Crouzeix-Raviart space to piecewise polynomials and will give as an output the exact
value of the Crouzeix-Raviart element on the points of continuity and an average of the
Crouzeix-Raviart element on the points of discontinuity.
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Definition 2.92. The conforming interpolation operator ICR : CRk
0(T ) → Pk(T ∗) ∩

H1
0 (Ω) is given by

ICRvCR(z) =

{
vCR(z) z ∈ N cont

k (T ∗),
vV (z) z ∈ N disc

k,ωV
(T ∗). (35)

Lemma 2.93. The interpolation condition ( 35) defines an element vCR ∈ CRk0(T ) in a
unique way.

For this proof we follow along the lines of [Bra13, Bem 5.4].

Proof. First of all, notice that for a given element vCR ∈ CRk0(T ) the interpolation con-
dition (35) is defining an element in a unique way if for every f ∈ C0(τ) for τ ∈ T there
exists an unique polynomial p of degree k, which solves

p(zi) = f(zi), i = 1, 2, . . . , s, (36)

with s = 1 + 2 + . . .+ (k + 1) and zi for i = 1, . . . , s being the nodal points.
Let us arrange k + 1 lines parallel to one edge of the triangle on the triangle τ where

the first line lies on the that edge and the (k + 1)-th line lies on the opposite vertex. Let
us distribute s nodal points equidistantly on these lines with the i-th line consisting of
k − i+ 2 nodal points where one node is on each intersection from the line with an edge.
Notice, that the lines itself do not need to be distributed equidistantly. To visualize the
arrangement of the lines and nodal points easier, there are some examples in Figure 16.
Going from left to right, the first line being also an edge has k + 1 nodal points. The
second line will have k nodes and so on until the last line consists only of the vertex at
(1, 0).

Figure 16. Distribution of nodal points on standard triangle τ̂ with the
lines being parallel to the edge on the left for k = 3, 5, 7.

To prove (36), we will use induction on the degree k. The case of k = 0 is clear. Let
us assume (36) holds for the degree k − 1. Since the location of the nodes on the edges
is invariant under affine transformations, let the edge with the equidistant nodes of the

66

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

triangle be on the x-axis with corresponding nodal points z1, z2, . . . , zk+1. Then there
exists a unique polynomial p0(x) = p0, which solves

p0(zi) = f(zi), i = 1, 2, . . . , k + 1.

By induction hypothesis, there also exists a unique polynomial q(x, y) = q of degree k−1,
which solves

q(zi) = f̃(zi), i = (k + 2), (k + 3), . . . , s

where the nodal points zi for i = (k + 2), (k + 3), . . . , s lie on the remaining k − 1 lines.

Let us define f̃ as

f̃(zi) :=
1

yi
[f(zi)− p0(zi)]

where yi is the y-value of zi,

zi = (xi, yi), i ∈ {1, . . . , s}.
Notice, that f̃ is also uniquely defined. Then clearly, p(x, y) = p0(x) + yq(x, y) solves (36)
uniquely. �
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2.6. Explicit bounds for the smallest eigenvalue.

In this subsection we prove a lower and a upper bound for the smallest eigenvalue of
the eigenvalue problem

find (λ, u) ∈ R×H1
0 (Ω) \ {0} such that ||u|| = 1 and a(u, v) = λ(u, v) (37)

for all v ∈ H1
0 (Ω). The bilinear form a(·, ·) is defined as

a(u, v) =

∫
Ω
〈∇u,∇v〉

for u, v ∈ H1
0 (Ω). We will use the following nonconforming eigenvalue problem

Find (λCR, uCR) ∈ R×CRk0(T )\{0} such that ||uCR|| = 1 and aNC(uCR, vCR) = λCR(uCR, vCR)
(38)

for all vCR ∈ CRk0(T ). The nonconforming bilinear form aNC(·, ·) is defined as

aNC(uCR, vCR) =
∑
τ∈T

∫
τ
< ∇uCR,∇vCR > (39)

for uCR, vCR ∈ CRk0(T ).
Hence the Rayleigh quotient for the nonconforming problem is given by

RNC(vCR) :=
aNC(vCR, vCR)

||vCR||2

for vCR ∈ CRk0(T ) \ {0}.

Remark 2.94. The degree of the Crouzeix-Raviart elements will not be involved explicitly
in the calculation of the lower bound and therefore the bound will be independent of the
degree k. In the next chapter, numerical experiments, we will study the effect of the degree
k on the discrete eigenvalue.

We denote as j1,1 the first positive root of the Bessel function J1, which is defined as
being a solution of the Bessel’s differential equation

x2 ∂
2y

∂x2
+ x

∂y

∂x
+ (x2 − 1)y = 0.

To find a lower bound for the smallest eigenvalue λ0, we need to find an error estimate of
the nonconforming interpolation operator INC . Let us first focus on the error estimate of
the nonconforming interpolation operator INC .

Definition 2.95. The norms ||| · ||| for H1
0 (Ω) and ||| · |||NC for CRk0(T ) are given by

|||v||| :=
√
a(v, v)

with v ∈ H1
0 (Ω) and a(v, v) from (21) and

|||v|||NC :=
√
aNC(v, v)

with v ∈ CRk0(T ) and aNC(v, v) defined in (3).
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Notice for v ∈ H1
0 (Ω) it holds true that

|||v||| = ||v||H1(Ω).

Theorem 2.96. (L2 interpolation error estimate, [CG14, Theorem 2.1] ) Let INCv be
the nonconforming interpolation operator from definition 2.60 with v ∈ H1

0 (Ω) and the

constant κ be defined as κ :=
√

1
8 + 1

j21,1
. Then the following holds true

‖ v − INCv ‖≤ κH|||v − INCv|||NC .

To prove this theorem, we need a couple of lemmas beforehand. The following lemma
without proof is taken from [LS10, Theorem 3.3]. It characterizes a lower bound for the
smallest eigenvalue.

Lemma 2.97. ([LS10, Theorem 3.3]) For any triangle τ ∈ T it holds true that

λ0h
2
τ > j2

1,1.

By applying the Rayleigh principle, Theorem 2.72, on Lemma 2.97, the following corol-
lary immediately follows.

Corollary 2.98. (Poincaré Inequality on Triangles, [CGR12, Theorem 2.1]) Let f ∈
H1(τ) for a triangle τ ∈ T . Then it holds true that∥∥∥∥f − 1

|τ |

∫
τ
f

∥∥∥∥
L2(τ)

≤ hτ
j1,1
|f |H1(τ).

Proof. Notice that Lemma 2.97 is equivalent to the statement: For every triangle τ ∈ T
it holds true

1

λ0
<

h2
τ

j2
1,1

.

Applying the Rayleigh Principle, Theorem 2.72, we observe for λ0 that

λ0 = min
v∈H1

0 (τ)\{0}

|||v|||2

||v||2
≤ |||w|||

2

||w||2
=

∫
τ |∇w|

2

||w||2
L2(τ)

for any w ∈ H1
0 (τ) \ {0}. Let us choose w := f − 1

|τ |
∫
τ f . It follows that

h2
τ

j2
1,1

>
1

λ0
≥

∥∥∥f − 1
|τ |
∫
τ f
∥∥∥2

L2(τ)∫
τ

∣∣∣∇(f − 1
|τ |
∫
τ f)

∣∣∣2 ,
which is equivalent to∥∥∥∥f − 1

|τ |

∫
τ
f

∥∥∥∥2

L2(τ)

≤ h2
τ

j2
1,1

∫
τ

∣∣∣∣∇(f − 1

|τ |

∫
τ
f)

∣∣∣∣2 .
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From taking the square root and applying the definition of the L2- and H1-norm it follows
that ∥∥∥∥f − 1

|τ |

∫
T
f

∥∥∥∥
L2(τ)

≤ hτ
j1,1
|f |H1(τ).

�

The following lemma is required to prove the Poincaré-Friedrichs inequality on a triangle
τ .

Lemma 2.99. (Trace identity, [CGR12, Lemma 2.1]) Let f ∈W 1,1(τ), where τ ∈ T is a
triangle with a vertex P and E is its opposite edge. Then it holds true that

1

|E|

∫
E
f − 1

|τ |

∫
τ
f =

1

2|τ |

∫
τ
(x− P ) · ∇f(x).

P

E

τ νE

Figure 17. Triangle τ with one vertex being P and its opposite edge being E.

This proof follows along the lines of [CGR12].

Proof. Let us define the function g(x) := (x− P )f(x). Then its divergence is

divg(x) = 2f(x) +∇f(x) · (x− P )

and hence ∫
τ

divg(x)dx =

∫
τ

2f(x)dx+

∫
τ
∇f(x) · (x− P )dx. (40)

Let H be the straight line that contains E and let us notice that dist(P,H) is the shade
thrown from (x− P ) onto νE for x ∈ E and hence

(x− P ) · νE = dist(P,H), x ∈ E.
If x ∈ ∂τ \ E, then (x− P ) is parallel to one of the other two edges besides E and hence
is perpendicular to the normal vector of that edge ν(x),

(x− P ) ⊥ ν(x), x ∈ ∂τ \ E.
Then it follows by applying the Gauss theorem, Theorem 2.22, that∫

τ
divg(x)dx =

∫
∂τ
g(x)ν(x)dx

=

∫
E
g(x)ν(x)dx+

∫
∂τ\E

g(x)ν(x)dx
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=

∫
E
g(x)νEdx

=

∫
E

(x− P )f(x)νEdx

=

∫
E

dist(P,H)f(x)dx. (41)

By combining (40) and (41) we observe that∫
τ

2f(x)dx+

∫
τ
∇f(x) · (x− P )dx =

∫
E

dist(P,H)f(x)dx,

which is equivalent to

dist(P,H)

∫
E
f(x)dx− 2

∫
τ
f(x)dx =

∫
T
∇f(x) · (x− P )dx.

By dividing the equation by 2|τ | we see that

dist(P,H)

2|τ |

∫
E
f(x)dx− 1

|τ |

∫
τ
f(x)dx =

1

2|τ |

∫
τ
∇f(x) · (x− P )dx.

Notice that the area of a triangle is defined as

|τ | = 1

2
|E|dist(P,H).

Hence it follows that
1

|E|

∫
E
f(x)dx− 1

|τ |

∫
τ
f(x)dx =

1

2|τ |

∫
τ
∇f(x) · (x− P )dx,

which concludes the proof. �

The following lemma is called the Poincaré-Friedrichs inequality and gives an upper
bound for the L2 norm for a function in H1(τ) with edge-mean zero on a triangle τ .

Lemma 2.100. (Poincaré-Friedrichs Inequality, [CGR12, Lemma 2.2]) Let f ∈ H1(τ),
where τ ∈ T is a triangle with a vertex P and E is its opposite edge. In addition, we
require

∫
E f = 0. Then it holds true that

‖ f ‖L2(τ)≤
√

1

8
max
x∈E

dist(P − x)2 +
h2
τ

j2
1,1

|f |H1(τ)

The proof is taken from [CGR12].

Proof. First we apply the Theorem of Pythagoras as follows

‖ f ‖2L2(τ) =

∥∥∥∥f − 1

|τ |

∫
τ
f +

1

|τ |

∫
τ
f

∥∥∥∥2

L2(τ)

=

∥∥∥∥f − 1

|τ |

∫
τ
f

∥∥∥∥2

L2(τ)

+

∥∥∥∥ 1

|τ |

∫
T
f

∥∥∥∥2

L2(τ)

. (42)
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From the Poincaré inequality on triangles, Corollary 2.98, it follows that∥∥∥∥f − 1

|τ |

∫
τ
f

∥∥∥∥2

L2(τ)

≤ h2
τ

j2
1,1

|f |2H1(τ). (43)

On the other hand, from the trace identity, Lemma 2.99, the fact that
∫
E f = 0 and

Cauchy-Schwarz inequality for integrals it follows that

|τ |
∣∣∣∣ 1

|τ |

∫
τ
f

∣∣∣∣ = |τ |
∣∣∣∣ 1

2|τ |

∫
τ
(x− P ) · ∇f(x) +

1

|E|

∫
E
f

∣∣∣∣
=

∣∣∣∣12
∫
τ
(x− P ) · ∇f(x)

∣∣∣∣
≤ 1

2
‖ x− P ‖L2(τ) |f |H1(τ).

Let us use polar coordinates (r, ϕ) with r := dist(x − P ) and α < ϕ < β and let the
distance of P to E be as 0 < δ(ϕ) < max

x∈E
dist(x− P ). We observe that

‖ x− P ‖2L2(τ) =

∫ β

α

∫ δ(ϕ)

0
r2r drdϕ

=

∫ β

α

δ(ϕ)4

4
dϕ

≤
∫ β

α

δ(ϕ)2

2
max
x∈E

dist(x− P )2

2
dϕ

= max
x∈E

dist(x− P )2

2

∫ β

α

δ(ϕ)2

2
dϕ

= max
x∈E

dist(x− P )2

2

∫ β

α

∫ δ(ϕ)

0
r drdϕ

= max
x∈E

dist(x− P )2

2
|τ |.

From this result it follows that∣∣∣∣ 1

|τ |

∫
τ
f

∣∣∣∣ ≤ 1

2|τ |
‖ x− P ‖L2(τ) |f |H1(τ)

≤ 1

2|τ |

√
max
x∈E

dist(x− P )2

2
|τ | |f |H1(τ)

=
1√
8|τ |

max
x∈E

dist(x− P ) |f |H1(τ).

And hence we see that∥∥∥∥ 1

|τ |

∫
τ
f

∥∥∥∥2

L2(τ)

≤
∫
τ

1

8|τ |
max
x∈E

dist(x− P )2 |f |2H1(T )
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=
1

8
max
x∈E

dist(x− P )2 |f |2H1(τ). (44)

Now we plug the results from (43) and (44) in the equation (42) and observe that

‖ f ‖2L2(τ) =

∥∥∥∥f − 1

|τ |

∫
τ
f

∥∥∥∥2

L2(T )

+

∥∥∥∥ 1

|τ |

∫
T
f

∥∥∥∥2

L2(τ)

≤ h2
τ

j2
1,1

|f |2H1(τ) +
1

8
max
x∈E

dist(x− P )2 |f |2H1(τ)

=

(
h2
τ

j2
1,1

+
1

8
max
x∈E

dist(x− P )2

)
|f |2H1(τ),

which concludes the proof. �

With help of these previous lemmas, we are finally able to prove Proposition 2.96. We
will follow along the lines of [CG14].

Proof of Theorem 2.96, L2 interpolation error estimate. From the definition of the L2-
norm we observe that

‖ v − INCv ‖2 :=

∫
Ω
|v − INCv|2 =

∑
τ∈T

∫
τ
|v − INCv|2

=
∑
τ∈T
‖ v − INCv ‖2L2(τ) .

Notice that the problem over Ω can be reduced to a problem over a single triangle τ , where
we can apply Lemma 2.100 with f = v − INCv to get a upper bound for the L2-norm of
v − INCv over a triangle τ . Notice that by definition of the interpolation operator INC
the condition

∫
E v − INCv = 0 holds true. This result lead to∑

τ∈T
‖ v − INCv ‖2L2(τ) ≤

∑
τ∈T

(
1

8
max
x∈E

dist(P − x)2 +
h2
τ

j2
1,1

)
|v − INCv|H1(T ).

Notice that max
x∈E

dist(P − x)2 ≤ h2
τ , which leads to

1

8
max
x∈E

dist(P − x)2 +
h2
τ

j2
1,1

≤ 1

8
h2
τ +

h2
τ

j2
1,1

= h2
τ

(
1

8
+

1

j2
1,1

)
.

Hence, it follows that∑
τ∈T

(
1

8
max
x∈E

dist(P − x)2 +
h2
τ

j2
1,1

)
|v − INCv|H1(T ) ≤

∑
τ∈T

h2
τ

(
1

8
+

1

j2
1,1

)
|v − INCv|H1(T ).
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Let H := max
τ∈T

hτ be the maximal diameter over all triangles τ ∈ T and let us define

κ2 := 1
8 + 1

j21,1
. Therefore, we observe that

∑
τ∈T

h2
τ

(
1

8
+

1

j2
1,1

)
|v − INCv|H1(T ) ≤ κ2H2

∑
τ∈T
|v − INCv|H1(T ).

By using the definition of ||| · |||NC we see that

κ2H2
∑
τ∈T
|v − INCv|H1(T ) = κ2H2

∑
τ∈T

∫
τ

〈
∇(v − INCv),∇(v − INCv)

〉
= κ2H2|||v − INCv|||2NC ,

from which we observe the desired result,

‖ v − INCv ‖≤ κH|||v − INCv|||NC .
�

After investigating the required error estimate of the nonconforming interpolation op-
erator, let us find a lower bound for the smallest eigenvalue. Remember that this bound
will not depend on the degree of the Crouzeix-Raviart elements.

Theorem 2.101. (lower bound, [CG14, Theorem 3.2]) Let λ0 be the smallest eigenvalue
of the eigenvalue problem ( 3) and λCR,0 be the smallest discrete eigenvalue from ( 3). Then
the following holds true

λCR,0
1 + κ2H2λCR,0

≤ λ0.

For the proof we follow along the lines of [CG14].

Proof. Let us consider the Pythagoras theorem in L2(Ω;R2),

λ0 = a(u1, u1) =‖ ∇u1 ‖2L2(Ω)=‖ ∇u1 −Π∇u1 ‖2L2(Ω) + ‖ Π∇u1 ‖2L2(Ω) (45)

with Π being the L2-orthogonal projection into piecewise constants P0(T ). Let |τ | denote
the area of the triangle τ ∈ T and let v ∈ V . Then by using the integration by parts it
follows that

|τ |Π∇v|τ =

∫
τ
∇v =

∫
∂τ
∇v.

From Proposition 2.96 we know that
∫
E v =

∫
E INCv. Using this and again integration by

parts we see that ∫
∂τ
∇v =

∫
∂τ
∇INCv =

∫
τ
∇INCv = |τ |∇(INCv|τ ).

Summing up,
|τ |Π∇v|τ = |τ |∇(INCv|τ ),

which leads to
Π∇v|τ = ∇(INCv|τ ).
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Let us define for every τ ∈ T the piecewise gradient as

∇NCINCv|τ := ∇(INCv|τ ).

Therefore we observe

Π∇v|τ = ∇NCINCv|τ
and hence

Π∇v = ∇NC(INCv).

Now we can plug this result in (45) and observe that

λ0 = ‖∇u1 −Π∇u1‖2 + ‖Π∇u1‖2L2(Ω)

=
∥∥∇u1 −∇NC(INCv)

∥∥2
+
∥∥∇NC(INCv)

∥∥2

=
∑
τ∈T

∫
τ
|∇u1 −∇NC(INCv)|2 +

∑
τ∈T

∫
τ
|∇NC(INCv)|2

=
∑
τ∈T

∫
τ
|∇(u1 − INCv|T )|2 +

∑
τ∈T

∫
τ
|∇(INCv|τ )|2

= |||u1 − INCv|||2NC + |||INCv|||2NC . (46)

From the Rayleigh principle on the discrete eigenvalue problem, Theorem 2.72, we observe
that

λCR,0 ≤
|||INCv|||2NC
‖ INCv ‖2

,

which leads to

λCR,0 ‖ INCv ‖2≤ |||INCv|||2NC .
We plug that result in the equality (46) for v = u1 and see that

λ0 ≥ |||u1 − INCu1|||2NC + λCR,0 ‖ INCu1 ‖2 (47)

On the other hand, by using binomial expansion and the fact that ‖ u1 ‖L2(Ω)= 1, we
observe that

‖ INCu1 ‖2 =

∫
Ω
|INCu1|2 =

∫
Ω
u2

1 + u2
1 − 2u1INCu1 + (INCu1)2 − 2u2

1 + 2u1INCu1

=

∫
Ω
u2

1 +

∫
Ω

(u1 − INCu1)2 − 2

∫
Ω
u1(u1 − INCu1)

=‖ u1 ‖2 + ‖ u1 − INCu1 ‖2 −2

∫
Ω
u1(u1 − INCu1)

≥ 1+ ‖ u1 − INCu1 ‖2 −2 ‖ u1 − INCu1 ‖ .

Let us define α := κ2H2λCR,0 and set s = α
1+α . It follows that

‖ INCu1 ‖2 ≥ 1+ ‖ u1 − INCu1 ‖2 −2 ‖ u1 − INCu1 ‖
= 1+ ‖ u1 − INCu1 ‖2 −2s ‖ u1 − INCu1 ‖ −2(1− s) ‖ u1 − INCu1 ‖ .
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By using the following Young equation,

2s ‖ u1 − INCu1 ‖≤ s2+ ‖ u1 − INCu1 ‖2,
it also follows that

‖ INCu1 ‖2 ≥ 1+ ‖ u1 − INCu1 ‖2 −2s ‖ u1 − INCu1 ‖ −2(1− s) ‖ u1 − INCu1 ‖
≥ 1+ ‖ u1 − INCu1 ‖2 −s2− ‖ u1 − INCu1 ‖2 −2(1− s) ‖ u1 − INCu1 ‖
= 1− s2 − 2(1− s) ‖ u1 − INCu1 ‖ .

Now we first use Proposition 2.96 and then again another Young inequality,

2t|||u1 − INCu1|||NC ≤ t2 + |||u1 − INCu1|||2NC
for t := (1− s)κHλCR,0, which is equivalent to

2(1− s)κH|||u1 − INCu1|||NC ≤ (1− s)2κ2H2λCR,0 +
|||u1 − INCu1|||2NC

λCR,0
,

in the observed inequality and observe that

‖ INCu1 ‖2 ≥ 1− s2 − 2(1− s) ‖ u1 − INCu1 ‖
≥ 1− s2 − 2(1− s)κH|||u1 − INCu1|||NC

≥ 1− s2 − (1− s)2κ2H2λCR,0 −
|||u1 − INCu1|||2NC

λCR,0
.

Summing up,

‖ INCu1 ‖2 ≥ 1− s2 − (1− s)2κ2H2λCR,0 −
|||u1 − INCu1|||2NC

λCR,0
. (48)

From (47) and (48) we conclude that

λ0 ≥ |||u1 − INCu1|||2NC + λCR,0 ‖ INCu1 ‖2

≥ |||u1 − INCu1|||2NC + λCR,0(1− s2 − (1− s)2κ2H2λCR,0)− |||u1 − INCu1|||2NC
= λCR,0(1− s2 − (1− s)2κ2H2λCR,0)

= λCR,0(1− α2

(1 + α)2
− 1

(1 + α)2
κ2H2λCR,0)

= λCR,0
(1 + α)2 − α2 − α

(1 + α)2

=
λCR,0
1 + α

=
λCR,0

1 + κ2H2λCR,0
,

which is indeed the desired result. �
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Now let us find an upper bound for the smallest eigenvalue. This bound follows imme-
diately by applying the Rayleigh principle.

Theorem 2.102. (Upper bound,[CG14, Theorem 3.6]) Let λ0 be the smallest eigenvalue
of the eigenvalue problem ( 3) and ICRvCR be the conforming interpolation operator from
definition 2.92 with vCR ∈ CRk0(T ), which is normalized by ‖ vCR ‖= 1. Then the
following holds true

λ0 ≤ R(ICRvCR).

This proof is taken from [CG14].

Proof. Let us first notice that since vCR is normalized by ‖ vCR ‖= 1, we observe that
there exists at least one edge E in every triangle τ ∈ T such that

ICMvCR(mid(E)) = vCR(mid(E)) 6= 0,

where mid(E) is the midpoint of the edge E. Hence we observe that

ICMvCR 6= 0.

Thus we can apply the Rayleigh Principle, Theorem 2.72, and get the desired result,

λ0 ≤ R(ICRvCR).

�
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3. Numerical Experiments.

After analyzing the smallest eigenvalue and its theoretical lower and upper bound in
Chapter 2.6, we provide some numerical experiments in this chapter. We will focus on
the domains of the unit square and the L-shaped domain for Crouzeix-Raviart element of
degree one and three. Recall the weak formulation of the eigenvalue problem (12) from
Chapter 2.3.:

Find (λ, u) ∈ R×H1
0 (Ω) such that ||u|| = 1 and a(u, v) = λ(u, v)

for all v ∈ H1
0 (Ω) and the bilinear form a(·, ·) being defined as

a(u, v) =

∫
Ω
〈∇u,∇v〉

for u, v ∈ H1
0 (Ω). Similar as in Chapter 2.6, we will use the following non-conforming

eigenvalue problem:

Find (λCR, uCR) ∈ R×CRk0(T ) such that ||uCR|| = 1 and aNC(uCR, vCR) = λCR(uCR, vCR)

for all vCR ∈ CRk0(T ), where the nonconforming bilinear form aNC(·, ·) is defined as

aNC(uCR, vCR) =
∑
τ∈T

∫
τ
< ∇uCR,∇vCR >

for uCR, vCR ∈ CRk0(T ). Recall the lower bound for the smallest eigenvalue

λCR,0
1 + κ2H2λCR,0

≤ λ0. (49)

The calculation of the smallest eigenvalue of the Crouzeix-Raviart elements of degree
one and three is based on FreeFEM++, which is written in C++. FreeFEM++ is a soft-
ware and programming language, which solves partial differential equations on 2D and 3D
with finite elements. There is also an internal mesher, called BAMG, which we used to
build the meshes for the experiments. FreeFEM++ has already a lot of built-in finite ele-
ments, for example the Lagrange finite elements up to the degree of four. It also features
the Crouzeix-Raviart element of degree 1, which is called P1ncdc. Unfortunately, there
was no Crouzeix-Raviart element of degree 3. Therefore we had to implement this on
our own. The implemented Crouzeix-Raviart element of degree 3, which we called P3nc,
was based on P1ncdc and P3. Briefly summarized, we combined the P3 and the P1ncdc
element, changed the degrees of freedom and changed its basis.

The calculation of the lower bound was executed on Matlab and used the formula (49).
To calculate H we used the meshes from FreeFEM++ built with BAMG and loaded them
on Matlab.
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3.1. Unit Square.
Consider the unit square (−1, 1)2 and its smallest eigenvalue λ0 = 2π2. We first calculated
discrete eigenvalues λCR,0 on FreeFEM++ and got the results shown in Table 1. Next we
set the discrete eigenvalues in relation to the exact eigenvalue λ0 on a logarithmic scale. H
denotes the maximal diameter of the grid. In Figure 18 we can see that the error referring
to the higher degree, k = 3, decays much faster. More precisely, the error of the discrete
eigenvalue with degree 1 decays in order 2 and the error of the discrete eigenvalue with
degree 3 decays in order 6.

H 0.707 0.354 0.177 0.088 0.0442
k = 1 18.33436854 19.39846541 19.65450441 19.71806057 19.73392345
k = 3 19.78503813 19.74005242 19.73922229 19.73920901 19.73920881

H 0.022 0.011 0.006
k = 1 19.73788757 19.7388785 19.73912623
k = 3 19.7392088 19.7392088 19.7392088

Table 1. Smallest discrete eigenvalue λCR,0 on the unit square computed
with FreeFEM++.

Figure 18. Error of λ0 and λCR,0 on the unit square.
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Moving on, we calculated the lower bound on Matlab with the discrete eigenvalues
calculated before. They are listed in Table 2. Next, we again set the lower bound in
relation to the exact eigenvalue on a logarithmic scale. When looking at the figure with
the error of the lower bound, Figure 19, there is no improvement from the lower bound of
degree 1 and the one of degree 3. Remember that in the formula of the lower bound for
the smallest eigenvalue, we did not consider the degree of the Crouzeix-Raviart element.
Hence there is no difference expected for the numerical experiment.

H 0.707 0.354 0.177 0.088 0.0442
k = 1 6.61823229 13.21190482 17.57048261 19.14842929 19.58812837
k = 3 6.79816042 13.36947186 17.63815630 19.16837285 19.59333591

H 0.022 0.011 0.006
k = 1 19.70122099 19.72969814 19.73683028
k = 3 19.70253732 19.73002813 19.73691283

Table 2. Computed lower bound λ−0 for the smallest eigenvalue on the
unit square.

Figure 19. Error of λ0 and the lower bound λ−0 on the unit square.

80

mailto:carina.capol@uzh.ch


Master Thesis
2022

Carina Capol
carina.capol@uzh.ch

3.2. L-shape Domain.
Consider the L-shape domain (−1, 1)2 \

(
[0, 1]× [0, 1]

)
with its smallest eigenvalue λ0 =

9.6397238. The exact value of the smallest eigenvalue is taken from [TB06]. This domain
is slightly more complicated but the procedure is the same as with the unit square. We
first calculated the discrete eigenvalues λCR,0 with different coarse grids on FreeFEM++
and got the results shown in Table 3. We set the discrete eigenvalues in relation to the
exact eigenvalue λ0 in a logarithmic scale. In Figure 20 we can see the error of the discrete
eigenvalue for different coarse grids with H denoting the maximal diameter of a grid. In
difference to the experiment on the unit domain, for the L-shape domain the error on the
higher degree does not decay three times faster. However, it does decays with the same
slope but is smaller.

H 0.965 0.477 0.237 0.129 0.070
k = 1 8.309940336 9.062546842 9.448700118 9.570199748 9.614255236
k = 3 9.645395304 9.645956654 9.637476344 9.639952082 9.639303006

H 0.034 0.018
k = 1 9.630235817 9.636026424
k = 3 9.639558503 9.639652818

Table 3. Smallest discrete eigenvalue λCR,0 on the L-shaped domain
computed with FreeFEM++.

Figure 20. Error of λ0 and λCR,0 on the L-shaped domain.
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Next, we calculated the lower bound of the smallest eigenvalue on Matlab, which can
be seen in Table 4. Moving on, we represented the error of the lower bound and the exact
eigenvalue on a logarithmic scale, depending on the size of the grid H. With a slightly
more complicated domain, we notice a difference between the error of the lower bound
calculated with the Crouzeix-Raviart element of degree 1 and degree 3. Although we did
not consider the degree of the Crouzeix-Raviart element in the formula of the lower bound
for the smallest eigenvalue, it has an influence on the lower bound.

H 0.965 0.477 0.237 0.129 0.070
k = 1 3.33041238 6.48148675 8.56963108 9.28458477 9.52689313
k = 3 3.52607167 6.77453018 8.72462724 9.35022154 9.55148719

H 0.034 0.018
k = 1 9.60917370 9.63044705
k = 3 9.61845563 9.63406925

Table 4. Calculated lower bound λ−0 for the smallest eigenvalue on the
L-shaped domain.

Figure 21. Error of λ0 and λ−0 on the L-shaped domain.
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4. Conclusion and Outlook.

Summing up, we created an operator, which maps the space of the Crouzeix-Raviart
elements to the space of piecewise polynomials, which are continuous on the whole domain.
We called this operator the conforming interpolation operator, that is

ICR : CRk
0(T )→ Pk(T ∗) ∩H1

0 (Ω).

We defined the nodal points on each triangle of the triangulation of the domain by dividing
the set of nodal points into points of continuity and point of discontinuity. The points
of continuity are defined by the property of the roots of the Crouzeix-Raviart element.
The choice of the points of discontinuity is supported by an algorithm. The conforming
interpolation operator ICR is then given by

ICRvCR(z) =

{
vCR(z) z ∈ N cont

k (T ∗),
vV (z) z ∈ N disc

k,ωV
(T ∗).

With help of this interpolation operator we were able to find a lower and an upper
bound for the smallest eigenvalue. The lower bound was given by

λCR,0
1 + κ2H2λCR,0

≤ λ0,

which, except for the discrete eigenvalue, does not depend on the degree of the Crouzeix-
Raviart element. The numerical experiments confirmed this thesis, as the error did not
improve much between the degree one and three. However, the improvement of the error
of the discrete eigenvalues of the degree one to the degree three implies that there is indeed
an improvement by using higher degrees of the Crouzeix-Raviart elements.

The upper bound was given by the Rayleigh principle, which reads as

λ0 ≤ R(ICRvCR).

As already discussed, it makes sense to use a higher degree, since the discrete eigenvalues
improve. However, our formula of the lower bound for the smallest eigenvalue does not
improve much for higher degrees. Therefore, a lower bound which depends on the degree
of the Crouzeix-Raviart elements should further be researched. Since the computation of
the upper bound required deeper programming skills, we did not confirm the upper bound
with numerical experiments, which would be the next step for further examination. At the
same time with deeper programming skills we could investigate the effect on that upper
bound by the choice of the nodal point, where one choice could be the nodal points of
this thesis, another could be the Gauss-Lobatto points and the final choice could be the
transformed Legendre roots.
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