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Abstract

In this thesis, we study the construction of a strict deformation quantization for the
dual of a Lie algebroid associated to a Lie groupoid. This construction has been given
by Landsman and Ramazan and has been applied to quantize several Poisson algebras
as for example the Lie-Poisson structure on a dual Lie algebra. After introducing the
necessary background information on groupoids, algebroids and C*-algebras, a thorough
explanation of the construction is presented. As an application of this construction, the
quantization of Poisson Lie algebroids is studied and implemented for the choice of two
particular Poisson manifolds.
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Introduction

The birth of the physical field of quantum mechanics in the 1920s set the stage for
new mathematical concepts that would allow to move mathematical calculations from
a classical mechanical system modeled by a symplectic manifold (M,w) to a quantum
mechanical one described by some Hilbert space H. Different ways of quantization can
be applied, either associating to a classical observable O € C*°(M) a quantum operator
O e L(H), the space of self-adjoint operators on the Hilbert space H, or focusing on de-
forming the commutative algebra of classical observables C*° (M) into a non-commutative
operator algebra of quantum observables. The two most common ways are to either de-
forming (C°°(M),-) to (C*°(M)][[h]],*x) where x is a non-commutative product capturing
the non-commutativity of the space of quantum observables or to deform (C*°(M), -) into
a field of non-commutative C*-algebras with convolution which also represents the non-
commutative nature of L(H).

The first successful approach to associate an operator Q(f) on L(R?") to a smooth func-
tion f € C*°(R?") was made by Weyl [49]. Shortly after, Wigner [50] was able to find an
inverse operation to recover the classical observable from the quantum one by taking the
symbol of the operator.

It was Moyal who then introduced the Moyal bracket M(f,g) of two functions f,g €
C*®(R?") which is an interpretation of the symbol of the commutator of the operators
Q(f),Q(g) associated to f and g respectively. By then, Groenewold [24] had already given
a formula for the symbol of the product Q(f)Q(g) where the Moyal star product f % g of
functions f,g € R?" is used to describe the Moyal bracket M(f, g). The construction of
the Moyal star product laid the foundation for the evolution and expansion of the the-
ory of deformation quantization. The Moyal product is a special case of a non-comutative
product on a deformed algebra. Such non-commutative products are more generally called
star products.

Dirac [16] then proposed the idea that a classical system could be deformed into a quan-
tum system by defining a non-commutative product called star product on the algebra
of function on a Poisson manifold C*°(P). The commutator of functions under this
star product is closely related to the Poisson bracket defined for the given functions
[f, 9] = —iRh{, f, g} + O(h?) where h denotes the reduced Planck constant.

At about the same time, american mathematician Murray Gerstenhaber presented a com-
plete deformation theory of rings and algebras in [23] which he obtained by cohomological
methods. A first attempt to give a general definition of quantization was made in 1975
by Berezin [6]. In this setting, a classical system is described by a symplectic manifold
(M,w). Berezin then introduced the formal concept of associating to (M,w) an associa-
tive algebra A with involution together with a system of associative algebras Aj. These
algebras together then model the quantum system. The correspondence principle ensures
that in the limit 2z — 0, the classical system is recovered from the quantum one.

In the 1970s, Flato, Fronsdal, Lichnerowicz and Sternheimer generalized Moyal and Groe-
newolds ideas in an attempt to formulate the deformation problem for symplectic manifolds
(M,w) [3]. They also studied the physical applications of such general constructions [4].
Lecomte and DeWilde [14] successfully proved the existence of a star product on any
symplectic manifold. Their proof uses the fact that locally, any symplectic manifold is
locally isomorphic to R?” by a choice of Darbouz charts. The star product on M can be
constructed using cohomological arguments allowing to glue together the local expressions
given as a Moyal product on the charts.

Independently of the previous result, Fedosov [18] presented an algorithm to construct



star products on a given symplectic manifold. His construction provided a new proof of
existence which could later also be applied to the construction of a star product on any
Poisson manifold starting from a local one.

In the late 90s, the extension of Fedosov’s approach to Poisson manifolds was made by
Kontsevich. In [29] Kontsevich postulated his formality theorem which, if proven, implies
the existence of a star product on any Poisson manifold. Shortly after, he proved his
formailty theorem [30] and went on to give an explicit formula [31] for such a star product
on R? which can be used to locally define a star product on the Poisson manifold M. Sim-
ilarly to the case of symplectic manifolds, these local expressions can be cohomologically
glued together to yield a star product on the Poisson manifold.

So far, all deformation approaches have deformed the Poisson algebra C°°(M) into a
non-commutative algebra C°°(M)[[A]] depending formally on the parameter h. Rieffel
[45] proposed a different approach to deformation quantization called strict deformation
where in contrast to formal deformation, the algebra C°°(M) is deformed continuously in
R resulting in a field of C*-algebra {Ay} on the real parameter h. Rieffels’s definition of
strict deformation quantization is still in use to this date. Many classes of examples are
given in [45] where in particular it is explained that the Moyal product defines a strict
deformation.

Landsman pursued Rieffel’s ideas [32] by first studying the behaviour of a particle in
external gravitational and Yang-Mills fields. He studied many aspects and physical ap-
plications of deformation quantization and gave many examples of strict deformations.
Together with Ramazan [35], he published the result stating that the dual of any Lie al-
gebroid associated to a Lie groupoid allows for a strict deformation.

The first chapter summarizes the mathematical concepts behind classical and quantum
mechanics respectively. The transition process going from a classical to a quantum sys-
tem called quantization is described and the challenges this imposes on the mathematical
modeling are pointed out. Different ways of quantizing a system are described and the
most important examples from the literature are briefly explained.

In the second chapter, the concepts and most influencial results of groupoid and algebroid
theory are introduced and illustrated with examples.

The third chapter explores Landsman and Ramazan’s [35] summarizing and explaining the
construction of a strict deformation quantization on the dual of a Lie algebroid associated
to a Lie groupoid.

In the fourth chapter, a corollary to Landsman and Ramazan’s theorem [35] is stated and
proven by giving a construction of a strict deformation in the case where the Lie algebroid
is in particular a Poisson Lie algebroid. The construction is illustrated on the most com-
mon example where the Poisson Lie algebroid is given over the manifold M = R™ which
results in Weyl’s quantization.
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Chapter 1

Deformation quantization

1.1 Origins

In physics, measurable quantities are called observables. In classical mechanics, these
observables can mathematically be described by smooth functions on some underlying
manifold M. The manifold M carries a symplectic structure given by a symplectic form
w. This symplectic form w induces a Poisson structure on the algebra of observables
C*°(M) characterized by a bracket {—, —} called a Poisson bracket. Time evolution of an
observable O € C*°(M) is described by the equation

dO

T {H,0O} (1.1)
where H € C°°(M) denotes the Hamiltonian of the system.
In classical mechanics, each state of the system is described by a unique point x = (q, p)
in the phase space T* M where q is called the position coordinate and p is the momentum
coordinate of said point.
When particle sizes approach atomic or subatomic levels, the laws of classical mechanics
fail and the theory of quantum mechanics takes over.
In quantum mechanics, the physical observables are represented by self-adjoint operators
on some complex Hilbert space H. The space of observables is denoted by L#H) on which
one has the commutator of operators [—, —|. Time evolution of an observable O e LH) is
ruled by the Heisenberg equation

' [ﬁ,@} . (1.2)

where H is the Hamiltonian operator of the system. The parameter % is called the reduced
Planck constant which is a physical constant that naturally appears at quantum level.
The quantum mechanical analog to the position and momentum coordinates of a classical
state g; and p; is given by the position and momentum operators ¢; and p; respectively.
These operators satisfy the commutator relation

SN i

(G, ;] = 703 (1.3)
Hence in the limit & — 0, the classical system can be recovered from the quantum one.
The natural question which arises is whether there is a quantization procedure given by a
map between classical objects and their quantum equivalents.

11



1.1. ORIGINS

There are different approaches to quantize the Poisson algebra of classical observables most
of which have their origin in quantizing the algebra C*°(R?"). In geometric quantization
the idea is to quantize phase space R?" to the corresponding Hilbert space H = L?(R™) on
which the Schrodinger equation is defined. In formal deformation quantization one tries
to describe the non-commutative structure of the space of operators directly in terms of
the commutative structure of the Poisson algebra C*°(R?"). Groenewold [24] has proven
that C°°(R?") cannot be quantized to a non-commutative algebra preserving the Pois-
son bracket meaning that the Poisson bracket of two functions in C°°(RR?") can not be
mapped to the commutator of their corresponding operators. To resolve this problem, one
can consider a deformation of the pointwise product on C*°(RR?") to a non-commutative
product called a star product. In terms of such a star product, the Poisson bracket of two
classical observables can be mapped to the commutator of the two associated operators
adding a prefactor to ensure consistency in the classical limit & — 0:

ol =1 (Frg— g% ) = (f.0} + O() (1.4

Such a star product is a continuous map C*(R?") x C*®°(R?*") — C*°(R?")[[h]] where
C°°(R?")[[A]] is the algebra of formal power series in the formal parameter . This explains
the name formal deformation quantization.

A similar approach to quantizing a classical system evolving from formal deformation
quantization is the method of strict deformation quantization. The previously formal
parameter A turns into a real parameter & € R and the Poisson algebra C*°(R?") is
deformed into a continuous field of C*-algebras {Ap}rer. On this continuous field of C*-
algebras, a family of quantizations maps {Qp}rer is defined. The family of C*-algebras
together with the family of quantization maps describe the quantum mechanical system.

1.1.1 A short introduction to classical mechanics

This subsection relies mostly on [1].

The theory of classical mechanics was initiated by Newton in the 17th century when he
postulated three laws of motion. An important discovery attributed to his work is that
energy can neither be created nor destroyed - the law of conservation of energy.
Following Newtonian mechanics, more advanced theories formed such as Lagrangian me-
chanics in the 18th century which describes a mechanical system through its energies
instead of its forces. A Lagrangian system is described in an analytical way by modelling
it as a pair (M, L) where M is called the configuration space given by a manifold, usually a
tangent bundle, and L is a smooth function on M called the Lagrangian. The Lagrangian
carries all the dynamical information of the system and depends on the position, veloc-
ity and time coordinates of the system, L(q,q,t). The core result of this theory are the
Euler-Lagrange equations written as differential equations. They are an immediate con-
sequence of the least action principle stating that a particle will always follow the path of
least action. The action is given by the time integral of the Lagrangian:

t1

S=[ Lt (1.5)

to
Minimizing the action by solving
05 =0 (1.6)

results in the Euler-Lagrange equation:

12



1.1. ORIGINS

oL d (0L
o (). 1.
Ooq dt <6(’1> (17)

In the 19th century, a reformulation of Lagrangian mechanics resulted in Hamiltonian
mechanics. The mechanical system is still described by the pair (M, L) with the main
difference that the quantities

oL

9q
are introduced and called momenta. The dynamics of the system is then encoded in the
energy function

=p (1.8)

r(q,q,1) (1.9)

Z i 2L aql

which under the inverse of the Legendre transformation £ : (q,q) —
Hamiltonian function

(p,q) maps to the

Z Diqi —

The Hamiltonian function (1.10) together with (1.8) turns the Euler-Lagrange equation
(1.7) into Hamilton’s equations

H(p,q,t L(q,q,t). (1.10)

dq _ OH
T o (1.11)
dp OH
Time evolution of an observable O(q,p) € C*°(M) can be written as
dO0 00 dq 00 dp (1.13)
dt 8q dt 8p dt’
Together with Hamilton’s equations 1.11 and 1.12 this is equal to
H H
d0 _o0on _ooor )
dt oq dp  Jp Jq

The space of observables C* (M
called a Poisson algebra.

) for a smooth manifold M forms a special type of algebra

Definition 1.1 (Poisson algebra). A Poisson algebra is a pair (A, {—,—}) where A is a
commutative associative algebra and {—, —} is a Lie bracket {—, —} : A x A — A which
satisfies the Lebniz rule

{f,gh} ={f. g}h +g{f, n}

The hereby defined bracket is then called a Poisson bracket.

Vf.g,h € A. (1.15)

The manifold M is endowed with a symplectic structure which is induced by a symplectic
form w.

Definition 1.2 (Symplectic form). Let M be a smooth manifold. A 2-form w is called
symplectic if w is closed and w; : T, M x T, M — R is nondegenerate for all x € M.

13



1.1. ORIGINS

The pair (M,w) where M is a smooth manifold and w is a symplectic form is then called
a symplectic manifold. Every symplectic manifold (M,w) is naturally a Poisson manifold.

Definition 1.3 (Poisson manifold). A pair (M, r), where M is a smooth manifold and 7
is a Poisson bivector field, © € ['(A2T'M) with [r, 7] = 0, is called a Poisson manifold.

A Poisson bivector m on M naturally induces a Poisson bracket on the space of smooth
functions C*°(M) by setting
{f.g} =m(df,dg). (1.16)

We want to show how a Poisson structure is canonically induced by a symplectic form.

Definition 1.4 (Hamiltonian vector field). Let (M, w) be a symplectic manifold and let
f € C>®(M). Then there is a unique vector field Xy on M for which

Lx,w=df. (1.17)

where ¢ denotes the contraction. This vector field is called the Hamiltonian vector field of

f.

In terms of Hamiltonian vector fields X ¢, X, associated to functions f,g € C*(M), the
Poisson bracket on C*°(M) can be written as

{f,9} = w(Xy, Xy) (1.18)

where w is the symplectic form on M.
The partial derivatives with respect to the position and momentum coordinates, 8%1' and

—8%,, are Hamiltonian vector fields on M.
Furthermore, the 2-form

w= Zd%‘ A dp;, (1.19)

is a symplectic form on M. Applying it to the partial derivatives a%i and _8%1-’ results in

g 0 o 0
w <aq¢’ apz) = Z (dC_Ii A dpz’) <5q¢’ 6pz> . (1-20)

7
The resulting expression together with (1.18) and (1.14) gives us

doO

T {H,O}. (1.21)
Hence, mathematically speaking, time evolution of a classical observable is given by taking
the Poisson bracket of the observable and the Hamiltonian of the system. This Poisson
bracket is in turn induced by the symplectic form on the manifold which explains the
importance of both symplectic geometry as well as Poisson geometry in the formulation
of the theory of deformation quantization.

1.1.2 A brief overview of quantum mechanics

As the sizes of the particles studied diminish and approach atomic or subatomic scales,
the theory of classical mechanics reaches its limits and a different theory takes over, the
theory of quantum mechanics.

Planck postulated that motion in atomic and subatomic systems is discrete, meaning that
the laws of classical mechanics still apply with the exception that not every motion can

14



1.1. ORIGINS

Name Observable symbol | Operator
Position in one dimension x x-
Momentum in one dimension D —ih%
Kinetic Energy in one dimension T g—gj;—;
Potential Energy in one dimension V(zx) V(x)-

Table 1.1: Observable symbols and their operators.

be executed. This motivates the use of a constant called Planck constant h to quantize a
system.

Mathematically speaking, a quantum mechanical system is modeled by a phase space
given by a complex Hilbert space H. Each possible state of the system is described by an
element ¢ € H.

Definition 1.5 (Hilbert space). Let H be a real or complex vector space with an innter
product (—, —). Let ||—|| be the norm induced by the inner product,

o]l = /(b 8). (1.22)

The pair (H,(—, —)) is called a Hilbert space if H is complete with respect to the induced
norm.

Completeness of a Hilbert space ensures convergence of the quantum system back to the
classical system in the semi-classical limit where the quantization parameter approaches
zero, h — 0.

Physical observables in this setting are given by self-adjoint linear operators = L(H).

Definition 1.6 (Self-adjoint operator). Let (#, (—, —)) be a Hilbert space. A self-adjoint
operator is an operator A : H — H with

i. dense domain dom(A) C H,

ii. for all ¢ € dom(A):
(A, ) = (Y, Ad). (1.23)

The table below gives an overview of the most common observables and their corresponding
operators.
The operator He L(H) is called the Hamiltonian operator and corresponds to the total
energy of the system. On the space of bounded linear operators L(H) the commutator of
two operators is defined by

[0,P]=OP — PO (1.24)

which is generally not commutative.
Time evolution of an operator O is described by the Heisenberg equation

_ 1171,0). (1.25)



1.2. DEFORMATION OF POISSON ALGEBRAS

which is equivalent to the Schridinger equation
L0 =
maw(:v,t) = H(z,1). (1.26)

The quantum system relates to the classical system by introducing the position and mo-
mentum operators ¢;, p;. They satisfy the condition

PN i

[pi, 4] = 0 (1.27)
so in the semi-classical limit when A — 0, the system is described by classical mechanical
laws again.

1.1.3 Quantization processes

A transition process from a classical system to a quantum one is called a quantization
process. Given two observables O, P € C*°(M), their pointwise product clearly commutes:

(O-P)(z) =0(x) -P(x) =P(z) O(x) = (P-O)(x). (1.28)

Preferably, there should be a way to send classical observables to corresponding quantum
observables O, Pe LH) preserving the commutativity property of multiplication. But as
observables in the quantum setting are given by linear operators on a Hilbert space, they
do not generally commute.

A result from Groenewold shows that the classical space of observables given by the Poisson
algebra (C*°(M),{—,—}) cannot be quantized in such a way as to preserve the Poisson
structure, meaning that

0, P) # %{O,P} (1.29)

where the operators O, P € L(H) correspond to the observables O,P € C°(M) under

some quantization map Q : C*°(M) — L(H).

Hence in a quantization process, commutativity of multiplication is lost and replaced

by a non-commutative product called a star product on the formal power series algebra

C>(M)[[h]]. The Poisson bracket is then directly related to the star product through
i(O*xP —-P*0)

{0, P} +0(n*) = - : (1.30)

The following table gives an overview of the most essential data in a classical system and
their equivalents in a quantum system.

In the semi-classical limit i — 0, the classical model is retrieved from the quantum one.
A classical system can be quantized in different ways. In geometric quantization, the clas-
sical phase space M is directly deformed into the corresponding Hilbert space H whereas
in formal quantization as well as strict quantization the focus lies on the observable space
C°°(M) which is quantized into a non-commutative space.

1.2 Deformation of Poisson algebras

The focus of this work lies in understanding how the Poisson algebra of classical observables
itself can be deformed in a way to represent the non-commutative nature of the quantum
operator space. This can be done by either formally or strictly deforming the algebra

C>°(M).

16



1.2. DEFORMATION OF POISSON ALGEBRAS

Classical mechanics | Quantum mechanics
Phase space (M,w) (H, (—,—))
State xeM P EH
Observable O e C>®(M) O € L(H)
Time evolution % ={H, 0O} % = %[.FAI, O]

Table 1.2: Classical mechanical objects and their quantum equivalents.

1.2.1 Formal deformation

Given a commutative ring k, the set of formal power series k[[A]], can be thought of as the
set of polynomials with infinite terms with coefficients in &k in some formal parameter .
The deformation quantization program proposed by Bayen, Fronsdal, Flato, Lichnerowicz
and Sternheimer [3] focuses on realizing quantum mechanics directly on C*°(M) instead
of mapping classical functions to quantum operators. The non-commutative structure of
the algebra of operators is then captured by defining a non-commutative star product on
Co (M)[1]].

Definition 1.7 (Formal deformation). Let A be a commutative associative algebra with
unit over some commutative base ring k and let 7 be a formal parameter. A formal
deformation of A is an associative algebra structure on A[[h]] of formal power series over
the ring k[[R]] of formal power series such that A is isomorphic to A[[h]]/(h) as an algebra.
Elements of this deformed algebra are of the form

a= Zaihi,

>0

a; € A. (1.31)

The algebra C*°(M)[[R]] is a formal deformation of the Poisson algebra C°° (M) where the
base ring is k = R. A star product on C*°(M)][[A]] where (M, ) is a Poisson manifold is
a non-commutative deformation of the pointwise product on C*°(M).

A star product can be defined generally on any formal deformation of an algebra A[[A]].
As to us only the specific case of A = C*°(M) for some Poisson manifold M is relevant,
we directly define the star product on C*°(M)][A]].

Definition 1.8 (Star Product). A star product on a Poisson manifold (M, ) is an R[[A]]
bilinear map

*: C(M) x C®°(M) — C®(M)[[H]]
(fr9) = fxg

such that

i fxg=fg+ Zizl Bi(f,g)hi
where each map B; : C®(M) x C®(M) — C>(M) is given by a bidifferential
operator.

. (fxg)xh=fx(gxh) Vf,g,h,€ C®(M).

17



1.2. DEFORMATION OF POISSON ALGEBRAS

i, Ixf=f*x1=f VfeO>®(M).

The commutator defined on the non-commutative deformed algebra is closely related to
the Poisson bracket on the initial commutative Poisson algebra,

[f,9) = fxg—g* [ = —il{f,q} + OR?). (1.34)
In the semi-classical limit 2z — 0, the original commutative product is retrieved.
The pair (C*°(M),*) is called a deformation of the original Poisson algebra and realizes
the quantum system.
Let us see how the finite-dimensional Euclidean space can be formally quantized. We start
by discussing the even-dimensional case which can be extended to arbitrary n-dimensional
Euclidean spaces.

Example 1.9 (Formal deformation of R?"). The first appearance of a star product was
given by the Moyal product which formally deforms the pointwise product on C°°(RR?").
It was discovered trying to find an expression for the symbol of an operator to associate
a quantum operator back to its classical observable.

Let (R?",wp) be the standard symplectic manifold with canonical symplectic form

wy = dei A dg;. (1.35)
=1

This symplectic form naturally induces a Poisson structure on R?" expressed by the Pois-
son bracket for f,g € C*°(R*")

" 9f dg
{fay=) - (1.36)
; 9q; Op;

1=

Definition 1.10 (Moyal proudct [40]). The Moyal star product is the star product on
C>®(R?") defined by

fxg=f(q,p)exp (Z; (Ea_g - @55)) 9(e,p),  f,g€ CZ(R™) (1.37)

%
where the 0 act on f and the 3 act on g.

A similar expression can also be used on a non necessarily even-dimensional Euclidean
space.

Example 1.11 (Formal deformation of R™). More generally, any finite-dimensional Eu-
clidean space R™ can be considered as a Poisson manifold endowed with the constant
Poisson structure ,

1 .. 0 0
= ) A — 1.
where 7/ = —7/%, The Poisson bracket is then given for f, g € C*°(R") by
= i 2L 29 1.
{f,9} ZJW 5 B, (1.39)

A star product on C*°(RR™) is then realised by

th ,. 0 0
* = ij
f*g(x)=exp < 5 3 0y

) F@9W)y  fg€ CO®Y xR (140)
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Based on the Moyal star product, Fedosov [18] found a way to construct a star product on
C*(M) where (M,w) is any symplectic manifold. For further details we refer the reader
to [17] where Fedosov’s quantization algorithm is explained in detail.

Fedosov’s approach allowed further generalization to deform any Poisson manifold (M, 7).
The existence of a star product for a generic Poisson manifold was first postulated by
Kontsevich in his formality conjecture which he proved in [29]. The explicit construction
of a formula for the product followed shortly after [31]. It involves the notions of differential
graded Lie algebras, Loo-algebras as well as the concept of formality. A good and relatively
short explanation can be found in [25]. Let (M, ) be a Poisson manifold and let f,g €
C°(M). Furthermore, let T be special graphs called Kontsevich graphs, wr some weights
and Br specific multi-differential operators. Kontsevich’s star product can then be written
by

frg=1fg+) (Z;) > wrBr(f ®g). (1.41)
n=1 I

1.2.2 Strict deformation

In strict deformation, the aim is to continuously deform the Poisson algebra of classical
observables C*°(M) into a continuous field of non-commutative C*-algebras denoted by
(C, {An}ner, {¥n}trer). The previously formal parameter /i turns into a real parameter
h € R. In this setting, a quantization map is given by a linear map Q : C*°(M) — C.

Definition 1.12 (C*-algebra). A C*-algebra over a field k is a Banach algebra A together
with an involution
*: A>3 a— a* € Asuch that

i (a*)* =a, Va € A.

ii. (ab)* = b*a*, Ya,b, € A.
ili. (za + wb)* = za* + wb*, Ya,be A, Vz,w € k.
iv. [la*al| = ||a||?, Va € A.

The space of bounded linear operators on a Hilbert space representing the space of quan-
tum operators carries the structure of a C*-algebra. This motivates the quantization of
the classical Poisson algebra to a field of C*-algebras in strict deformation.

Example 1.13 (Bounded linear operators on a Hilbert space). Let (H,(—,—)) be a
Hilbert space and let T': H — H be a bounded linear operator on H. The space of bounded
linear operators on H, L(H) is a C*-algebra. Involution of on element 7' € L(H) is given by
its adjoint operator T € L(H) which is the operator satisfying (T'z,y) = (z, T*y) Va € H.
The norm on L(H) is the operator norm defined by

|T|| = sup [|Tz3- (1.42)
[lzll3 <1

Another example of a C*-algebra is given by the algebra of functions vanishing at infinity
on some Poisson manifold.

Example 1.14 (Continuous functions vanishing at infinity). Let M be a smooth Poisson
manifold. The algebra of continuous functions on M vanishing at infinity considered over
the field C and denoted by Cy(M) is a commutative C*-algebra. Involution of an element
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f € Co(M) is given by its complex conjugate f € Co(M) and the norm on Co(M) is the
supremum norm defined by

[fllc = sup [[f(). (1.43)

llzllar<1

An algebra homomorphism between two C*-algebras A and B which is compatible with
their involutions respectively is called a *-homomorphism.

Definition 1.15 (x-homomorphism). Let A and B be two C*-algebras. A x-homomorphism
f:+A— Bisa (C*-algebra homomorphism which is compatible with the involutions of A
and B respectively, that is

f(a*) = f(a)", Va € A. (1.44)

A continuous field of C*-algebras can be defined over any locally compact Hausdorff space.
We will restrict our attention to continuous fields of C*-algebras over the real numbers.

Definition 1.16 (Continuous field of C*-algebras). A continuous field of C*-algebras
over R is a triple (C,{Ap}ner, {¢¥n}rer) where i € R is a real parameter, C' is a C*-
algebra, {Ap}rer is a collection of C*-algebras and {iy}ner is a family of surjective
x-homomorphisms, ¢y, : C — Ay VA € R. For every ¢ € C

e the function A — [|¢5(c)|| is an element of Cp(R),
e its norm is defined by ||c||c = supserl|¥n(c)ll

e there is an element fc € C for any f € Cp(R) for which
Un(fe) = f(W)yn(c),  VheR. (1.45)

A strict deformation of the observable space C°°(M) is given by a continuous field of
C*-algebras (C,{An}ner, {¥n}ner) together with a quantization map Q : C*°(M) — C.
The general definition follows Rieffel [45] and is given for any Poisson manifold (M, ).

Definition 1.17 (Strict deformation). A strict deformation quantization of a Poisson
manifold (M, ) consists of

i. a dense Poisson subalgebra A° C Cy(M) under the Poisson bracket {} defined on
M,

ii. a subset I C R which contains 0 as an accumulation point,
iii. a continuous field of C*-algebras (C,{An}trer, {¥n}rer) with Ag = Co(M),

iv. a linear map Q@ : AY — C with Qx(f) = ¥r(Q(f)) so that for every f,g € A° and
for every h € R,

(a)

Q(f) = f, (1.46)
(b)
On(f*) = Qul(f)" (1.47)
(c) 1
g%\’ﬁ[%(f), Qn(9)] — Qu({f, g}l = 0. (1.48)
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A common technique used to construct classes of examples for star products in strict defor-
mation is the Fourier transform. Rieffel [45] discusses the Moyal product in the setting of
strict deformation. Consider R?" as a Poisson manifold with its standard Poisson structure
introduced in (1.36). The algebra that will be quantized is the Poisson algebra S(R*")
which is the Schwartz space on R?". The Fourier transform also carries S(R?") with
pointwise multiplication to S((IR?")*) with convolution. The Poisson bracket on S(R*")
is carried to a Poisson bracket on S((IR?")*) which is a Poisson bracket for convolution.
Involution on S((R?")*) is given by 1*(f) = (—f) for any element 1) € S((R?")*) and
for any x € R?". A product ; can then be defined on S((R?")*) using convolution. The
norm chosen on S((IR?")*) is the operator norm for S((R?")*) acting on L?((R?")*).

By means of the Fourier transform and its inverse, the product and the norm defined on
S((R?")*) are carried back to S(R?") so that for any f,g € S(R?*"),

fxng=F HF[f5nFg). (1.49)

Rieffel constructs many other classes of examples in [45] following a similar approach.
Choosing the field of C*-algebras to consist of C' = C*(H,,) which is the group algebra of
the simply connected Heisenberg group on R", A; = L?(R"™) for every h # 0 and Ag =
Co(R*(R™)) and letting ® € L*(R™), one has a quantization map Q : S(R") — C*(H,)
characterised by the family of maps {Qp}ner given by

QY (o) = [ GEA D (o 5o+ 0) (e, (1.50

This is exactly Weyl’s original formula formulated in a way that emphasizes its geometric
origins.

Landsman [35] uses Rieffel’s approach to generalize Weyl quantization to manifolds with
connection. To this end, he extends the notion of a Fourier transform from R™ to any
vector bundle and describes a generalization of Weyl quantization from T*R" to T* M [33].
In [35] he gives a large class of strict deformations, showing that the dual algebroid A*(G)
of any Lie algebroid associated to a Lie groupoid, A(G), allows for a strict deformation
quantization. Weyl quantization (1.50) can be seen as an application to the specific case
where A*(G) = T*R".
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Chapter 2

Groupoids and algebroids

Groupoids can be thought of as a generalization of groups and similarly algebroids can be
seen as a generalization of algebras. This chapter states the most important definitions of
the theory of groupoids and algebroids illustrated with a few examples. The main sources
are [21, 38, 44].

2.1 Groupoids

Groupoids where introduced by Brandt [8] in his work on generalizing a composition of
binary quadratic forms to a quaternary quadratic form. Brandt then realized the use
of groupoids in answering questions arising in non-commutative geometry. Nowadays,
groupoids can be found in various fields of mathematics going from ergodic theory and
functional analysis to algebraic and differential geometry to name a few.

A groupoid can be understood in different ways. It generalizes the notion of a group and
can be seen as a group with a partial function replacing the binary operator. Alternatively,
it can be considered as a small category in which every morphism is invertible.

The following definition is most suitable for our further discussion.

Definition 2.1 (Groupoid). A groupoid G1 = Gy consists of a set of objects Gy and a
set of morphisms between the objects G;. The morphism between two objects x,y € Gp
is often denoted by an arrow

r—y.
The structure of the groupoid is described by the following homomorphisms:

e The unit map

t: Gy — G1 (2.1)
g—u(g):g—g

is an injective map. Under the unit map, the base space Gg can be identified with
its image under ¢, t(Gop) in G;.

e The source and target maps
s,t: Gy — Gy (23)

are surjective maps. The source of the arrow x — y is x € Gy, its target is y € Gg.
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2.1. GROUPOIDS

e The inverse map
1 G1 — G1 (2.4)
Y ily) =97
is an involution satisfying s o4 = t.

e The product map of two elements 1,72 € G is defined on the set of composable

pairs
G@ = {(y1,72) € G1 x G1|s(71) = t(72)} (2.6)
and is given by
p: G® = Gy (2.7)
(71,72) = p(71,72) = 71 - 72 (2.8)

The product satisfies t(v1 - v2) = t(y1) as well as s(y1 - 72) = s(72).
In addition, the following conditions hold:

i.

(v1-72) -3 =71 (72 73)s Vcomposabley, y2,73, € G, (2.9)

ii.
t(y) ) =uly-s(v),  Vyel, (2.10)

ii.
vy =), Yy eGh, (2.11)
oy = u(s(7)), Vv € Gy. (2.12)

The s-fiber, respectively the t-fiber of G1 over an element x € Gy are subsets of the base
space defined by

G, =s"1(z) C Gy (2.13)
G® =t"1(z) C Gy. (2.14)

Remark 2.2. As briefly mentioned before, a groupoid G; = G can be considered as a
small category. A category C consists of a class of objects, 0b(C), a class of morphisms,
hom(C), a source object class function dom : hom(C) — o0b(C), a target object class
function cod : hom(C) — ob(C) as well as for all a,b,c € 0b(C) and morphisms f : a —
b, g : b — c a binary operation called composition of morphisms o : hom(a,b) x hom(b,c) —
hom(a, c¢) denoted by g o f. The following two conditions must be satisfied:

elf f:a—bg:b—cand h:c— dwith a,b,c,d € ob(C), f,g9,h € hom(C), then
ho(gof)=(hog)of.

e For every object a € ob(C) there exists an identity morphism e, :  — z such that
every morphism f € hom(C), f : a — x with a € ob(C), satisfies ey o f = f and every
morphism g € hom(C), g : ¢ — a, satisfies go e, = g.
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A category is called small if both 0b(C) as well as hom(C) are sets instead of proper classes.
Hence a groupoid is a small category with ob(C) = Go, hom(C) = G1,dom = s and cod = t.
The composition of morphisms remains the composition of morphisms on a groupoid.

Example 2.3 (Set). Any set X is a groupoid over itself with s =¢ = = id.

A groupoid is a generalization of the notion of a group, hence any group naturally carries
a groupoid structure.

Example 2.4 (Group). A group is a groupoid over its unit element e € G, G = {e}. The
unit map is given by the identity map, ¢ = id, source and target maps both map v € G
to e € Gp. The product and inverse maps are the usual product and inverse maps of the
group itself.

Example 2.5 (Action Groupoid). Let G be a group acting on a set X by the action « :
G x X — X with a(e,z) = x where e is the unit element of the group and a(g, a(h,z)) =
a(gh,z) for g,h € G. Furthermore, let g - h be the product of two elements in G and
let o be the product on G x X. Then the groupoid induced by the action, called action
groupoid, is given by G x X = X with

()
(9, )

(e, @) (2.15)
s (2.16)
t(g,z) = a(g,x) (2.17)
(2.18)
(2.19)

X

(g,2)"' = (97" alg, 2))
(h,a(g,x)) © (gvx) = (h : ga$)

for every x € X and g,h € G.

Definition 2.6 (Subgroupoid). Let G; = G be a groupoid. A groupoid H; = Hy with
H, C G1,Hy C Gg which is closed under taking the inverse and composition is called a
subgroupoid of G1 = Gy.

Example 2.7 (Subset). Any subset Y C X forms a subgroupoid of the groupoid formed
by the set X over itself. The source, target and unit maps are again given by s =t =+ = id
and the inverse and product maps are given as restrictions of the inverse and product maps
defined on the original set to the the subset.

Example 2.8. Let G; = Gy be a groupoid. The union over x € Gy of s~ !(x) Nt~1(x)
forms a subgroupoid of G1 = Gj.

In many applications involving groupoid theory, it is useful if not necessary to demand
certain smoothness properties on the groupoids involved. A class of groupoids satisfying
certain smoothness conditions is given by the class of Lie groupoids.

Definition 2.9 (Lie groupoid). A Lie groupoid is a groupoid G; = Gy for which both
the set of objects Gy as well as the set of morphisms G; are smooth manifolds. The
structure maps ¢, ¢, p are smooth maps and the source and target maps s,t are surjective
submersions.

In particular, any vector bundle can be considered as a Lie groupoid.

Example 2.10 (Vector bundle). Let 7 : E — M be a vector bundle over a smooth
manifold M. A Lie groupoid structure can be given on £ = M where the source and
target maps are both equal to the bundle projection, s = ¢ = w. The unit map is given
by the embedding of M into E as the zero section. The inverse and product maps are
induced by the addition and inverse map on each fiber E, = 7~ 1(x) C E where x € M.
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Example 2.11 (Fundamental groupoid). Let M be a smooth manifold. The fundamental
groupoid of M is given by

II(M) = {7]y : [0,1] = M a continuous path} = M (2.20)

where 7 is the homotopy class of the path . Let ~, be the constant path equal to x € M.
The unit map is given by
v(z) = 7. (2.21)

The source and target maps are given by evaluating the path at the starting point and
end point of the path respectively.

5(7) = 7(0) (2.22)
¢7) = ¥(1). (2.23)

The inverse of an element 7 € II(M) is defined by

A e AN OE R () (2.24)

where ¢ € [0, 1] is the parameter by which the path is described. The product of 77,73 €
II(M) is defined by

'72(2t)7 te [07 %]

y1(2t — 1), teli 1] (225)

Y1V2 =712, 71'722{

Example 2.12 (Pair groupoid). Let M be a smooth manifold of dimension n. The pair
groupoid of M is given by
MxM=M (2.26)

with structure maps defined as follows. The unit map corresponds to the diagonal map,
v(z) = (z,z). (2.27)
The source and target maps are defined by

s(z,y) = x, (2.28)
t(z,y) =y. (2.29)

The inverse map switches the order of the pair (z,y) € M x M,
i(z,y) = (y, ). (2.30)

Finally, the multiplication map is defined on the diagonal G®® = AM = {(m,m) €
M x M | me M} by

m((‘r?y)a(yaz)) = ((x’y) : (y,Z)) = (I‘,Z). (231)
The s- and t-fibers of the pair groupoid respectively are given by

G® =t z)={(u,z) € M x M | u e M}, (2.32)

Gy =sz)={(z,u) € M x M | u € M}. (2.33)
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2.2 Algebroids

Groupoids generalize the notion of groups, similarly algebroids generalize the notion of al-
gebras. The general construction of so called R-algebroids starting from general groupoids
is less relevant than the special case of Lie algebroids which arise from Lie groupoids. Lie
algebroids where first studied by Pradines [41] following his work on differentiable groupoids
which where later called Lie groupoids. They are the infinitesimal objects of Lie groupoids.
A Lie algebra is a vector space over a certain base field, a Lie algebroid on the other hand
can be considered as a vector bundle over a given manifold. Any Lie groupoid naturally
induces a Lie algebroid but not every Lie algebroid arises from a Lie groupoid.

Definition 2.13 (Lie algebroid). A Lie algebroid is a triple (4, p,[—, —]4) where A is a
vector bundle over a smooth manifold M with bundle projection pr : A — M. The space
of sections I'(A) is equipped with a Lie bracket [—, —] 4,

['(A) xT(A) - T'(A). (2.34)

Furthermore, there is a morphism of fiber bundles called anchor map
p:A—TM (2.35)
such that

e the specialized Leibniz rule holds:

(X, fY]a = [IX,Y]a+p(X)(F)Y, VXY €D(A), f € CF(M). (2.36)

e the anchor map preserves the Lie bracket:

p([X,Y]a) = [p(X),p(Y)], VXY €T(A). (2.37)

The anchor map p is both fiber-preserving, p(A4,) C T, M, as well as linear in each fiber,
pla+ Ad") = p(a) + A\p(d'), for all a,a’ € A, \ € R,z € M.
A Lie algebroid is a generalization of a Lie algebra, hence any Lie algebra is a Lie algebroid.

Example 2.14 (Lie algebra). A Lie algebra g is a Lie algebroid over a single-point man-
ifold M = {x}. The anchor map p sends any element in g to zero.

The action Lie groupoid introduced in Example 2.5 gives rise to the action Lie algebroid.

Example 2.15 (Action Lie algebroid). Let g be a Lie algebra and let M be a smooth
manifold. An action of g on M is a Lie algebra homomorphism g — X(M), X — Xy,
such that the action map av: M x g — T'M, a(m,X) = X(m) is smooth. The action Lie
algebroid is then given by

A=gx M. (2.38)

The anchor map is given by the action map, p = a and the Lie bracket on the algebroid
is an extension of the Lie bracket on the Lie algebra,

[X, Y]A = [X, Y]g + [,p(X)Y — ,Cp(y)X (2.39)
for X,Y : M — g considered as sections of g x M.
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Example 2.16 (Tangent Lie algebroid). The tangent bundle TM of a smooth manifold
M carries the structure of a Lie algebroid and is called the tangent Lie algebroid. Its
bundle projection pr : TM — M is the usual projection defined by pr(xz,v) = z. The
anchor map coincides with the identity, p = id : TM — T M. The Lie bracket is given by
the usual commutator of vector fields.

Example 2.17. Let (M, 7) be a Poisson manifold. Then the cotangent bundle T*M is
in a natural way a Lie algebroid over M. The anchor map is the sharp map

f:T*M — TM (2.40)
w s w (2.41)

with (wf, X) = X (w) for any vector field X on M. The Lie bracket of differential 1-forms
on T*M satisfies [df,dg]r-p = d{f, g} for functions f,g € C°(M) where {—, —} is the
Poisson bracket on C*°(M).

Similarly to subgroupoids, we can introduce Lie subalgebroids.

Definition 2.18 (Lie subalgebroid). A subbundle prg : B — N of a Lie algebroid pr :
A — M is called a Lie subalgebroid if it satisfies the following two conditions:

e p(B) C TN,
o '(A,B)={X eT"(A)|X|y € '(B)} C T'(A) forms a Lie subalgebra.

The Lie subalgebroid B C A inherits a unique Lie algebroid structure from A such that
the restriction map I'(A, B) — I'(B) preserves Lie brackets.

Example 2.19 (Kernel of the anchor map). Suppose A is a Lie algebroid over a manifold
M with anchor map p: A — TM. If N C M is a submanifold of M such that ker(p)
restricted to N is a submanifold of A, then this submanifold is a Lie subalgebroid of A.

2.3 Densities, measures and Haar Systems

In order to be able to make sense of integrals in the context of Lie groupoids and Lie
algebroids, a suitable measure needs to be defined on both their structures. A Haar
measure assigns a volume to subsets of locally compact topological groups. Its definition
can be extended to construct Haar measures for groupoids. A left Haar system is a family
of Haar measures on the target fibers G* (2.14) of the groupoid. Every Lie groupoid
admits a left Haar system on its target fibers so integrals on Lie groupoids can be defined
integrating over those fibers.

First we introduce the notion of a density on a vector space and we will see that certain
types of densities naturally induce a measure. This concept can be transferred to Lie
algebroids to define densities and hence measures on Lie algebroids.

Definition 2.20 (Density of weight «). Let V' be an n-dimensional vector space and « a
fixed real number. A density of weight a on V is a function

P /\ V—=C
such that .
p(AT) = [\°p(T),  VAeC,Te \(V).
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The 1-dimensional vector space of densities of weight « on V' is denoted by |Q|*(V).

Let the density p be positive for some T € A" (V) that is p(T) > 0. Then it follows that
p(AT) = |A|*p(T) > 0 for any A € C. Hence, the density is positive for any S € A"(V) and
we call such densities positive densities. Note that any density of weight o = 1 naturally
generates a measure.

Definition 2.21 (Measure generated by a 1-density). Denote the n-dimensional paral-
lelepiped generated by a family vy, ...,v, of vectors in V' by [v1,...,v,]. The measure
generated by a positive 1-density p on V is the translation invariant measure p on V
satisfying

(oL, ooy vn]) = plor A oo Avy) (2.42)

for all families {v, ..., v,} of vectors.

A left Haar system needs to be invariant under left multiplication £, on a Lie groupoid
(3.11).

Definition 2.22 (Left Haar system). Let G = M be a Lie groupoid. A left Haar system
on G is a smooth family of smooth measures {A\*},enr such that

e for compactly supported, smooth functions f € C2°(G), the map

tf(x) = . fdA" (2.43)

defines a smooth function on M.

e for an element v € G,~v : © — y, the left-multiplication diffeomorphism L. : GY —
G* is measure-preserving:

(L) AV = A" (2.44)

Example 2.23 (Locally compact set). Let X be a locally compact topological set. On
the trivial groupoid X = X, the family of Dirac measures {6*},cx forms a left Haar
system.

Every Lie groupoid admits a left Haar system as pointed out by Ramazan [42].
Theorem 2.24. FEvery Lie groupoid possesses a left Haar system.

The proof uses the fact that every Lie groupoid has an associated Lie algebroid. A given
strictly positive, smooth density on the vector bundle of the Lie algebroid can be extended
to a left-invariant density on a vector subbundle. By integrating this left-invariant density
over the target fiber, a left Haar system on the Lie groupoid is defined.

Example 2.25 (Action groupoid). Let G be a locally compact group acting continuously
on a locally compact Hausdorff space X. On the action groupoid G x X = X there is a
left Haar system {\, §* },ex where A is a Haar measure on G and 6% is the Dirac measure
at z € X.

Both the Lie tangent as well as the Lie cotangent algebroid allow the construction of a
left Haar system.
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2.4 The Gelfand transform

The Gelfand transform is the main tool in studying commutative Banach algebras as it
is a homomorphism between a commutative Banach algebra and a suitable algebra of
continuous functions. Let us study its construction and end with the result from Gelfand
and Neumark [22] stating that a C*-algebra is isometrically isomorphic to some subalgebra
of linear operators on a Hilbert space.

Let A be a C-Banach algebra and consider it as a normed space with dual A*. On this
dual space, define a function

QA" C (2.45)
¥ = a(y) = P(a) (2.46)

for an element a € A and a linear functional ) € A*. This is an isometric embedding of the
algebra A into its double dual A**. But the map A — A, a +— @ is not a homomorphism
as it is not multiplicative. If it were, we would have for a,b € A:

o~

ab(1h) = @(1)b(1h) = h(ab) = (a)ib(b) (2.47)

which is not the case as a linear functional is not necessarily multiplicative. To modify this
map into an actual homomorphism, it is enough to only consider multiplicative functionals
in A*. Such a functional is then called a character of A.

Definition 2.26 (Character). Let A be a Banach algebra. A non-zero algebra homomor-
phism ® : A — C is called a character of A.

Definition 2.27 (Gelfand Spectrum). Let A be a Banach algebra. The set of all characters
is denoted by ®4 and is called the Gelfand spectrum of A.

As every character on a commutative Banach algebra is continuous, ® 4 is contained in
A*. The set ® 4 equipped with the weak-*-topology is locally compact and Hausdorff by
means of the Banach-Alaoglu theorem. In particular, ® 4 is compact if and only if there
exists an identity element e € A.

We can now define the Gelfand transform as the above constructed homomorphism noting
that by definition of the Gelfand spectrum together with the weak-s-topology on A*, the
map a (2.46) is a continuous map vanishing at infinity, hence @ € Cy(® 4). This allows us
define the Gelfand transform as follows.

Definition 2.28 (Gelfand transform). Let A be a Banach algebra with Gelfand spectrum
® 4. The homomorphism

G:A— Co(Py) (2.48)
a—Gla)=a (2.49)
where a(1)) = ¢ (a) for ¢ € @4, is called the Gelfand transform.

The Gelfand transform G is a norm-decreasing, unit-preserving algebra homomorphism
which normally is neither injective nor surjective.

Example 2.29 (Integrable functions on R). Let the Banach algebra A be given by the
space of integrable functions on R, L'(R") and let f € L'(R"). For some fixed element
z € R, a character of L!(R") has the form

Vo (f) = / - f(t)e "t (2.50)
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Hence the Gelfand spectrum is given by ®11(ry = {9z }zer. Furthermore, the map z — 1,
is a homeomorphism from R to ®71(r) and so the Gelfand transform is given by

G: L'(R) = Co(®r1(w)) (2.51)
f=G(f) =va(f) (2.52)

for some z € R.

For Banach algebras, the Gelfand transform yields a homomorphism to the space of func-
tions vanishing at infinity on some suitable set. In [22], Gelfand and Neumark proved
a stronger result for C*-algebras. Every C*-algebra is isometrically isomorphic to aC*-
subalgebra of bounded linear operators on some Hilbert space.

Theorem 2.30 (Gelfand-Neumark [22]). Let A be a C*-algebra. There exists a Hilbert
space H such that A is isometrically isomorphic to some C*-subalgebra of L(H). Further-
more, if A is a commutative C*-algebra, there exists a locally compact space Hausdorff
space X such that A is isometrically isomorphic to Cy(X).
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Chapter 3

Quantization of Poisson algebras
associated to Lie algebroids

For any integrable Lie algebroid A(G) associated to a Lie groupoid G, there exists a
deformation quantization of its dual, A*(G). Landsman and Ramazan [35] proved this
existence by explicitly constructing a deformation quantization in the sense of Definition
1.17 on the Poisson algebra C*°(A*(Q)).

Theorem 3.1 (Landsman-Ramazan[35]). Let G be a Lie groupoid with associated C*-
algebra C*(G) and Poisson manifold A*(G). There exists a strict deformation quantization
of A*(G) for which I = R, Ay = Co(A*(G)) and Ay, = C*(G) for h # 0. In particular,
there exists a continuous field of C*-algebras over R with these fibers.

The dense Poisson subalgebra A° ¢ C*°(A*(G)) on which the quantizaton maps Qj are
defined is given by the algebra of Paley-Wiener functions on the dual of the associated Lie
algebroid denoted by C%y;, (A*(G)). These are functions whose inverse Fourier transform

is compactly supported.

Considering the Lie algebroid A(G) as a Lie groupoid with fiberwise addition, it can be
glued together with the Lie groupoid G to yield yet another Lie groupoid, the tangent
groupoid G containing both G and A(G). To the tangent groupoid, a field of groupoids
with G(0) = A*(G) and G(h) = G can be associated from which a field of C*-algebras
{Ap}rer can be deduced.

Furthermore, quantization maps { Qp }rer can be defined on a dense subalgebra of C*°(A*(G)),

Qn: Cpw (A7(G)) = C7(G) (3.1)

by generalizing the concept of Weyl quantization on the Euclidean space (1.50) to general
manifolds.

This chapter explains and summarizes the constructive proof of Theorem 3.1 given in
[35] and builds the foundation for the special case where A(G) is a Poisson Lie algebroid
discussed in detail in Chapter 4.

3.1 The Lie algebroid and the C*-algebra associated to a Lie
groupoid

To a Lie algebroid G = M we can associate a Lie algebroid A(G) as well as a C*-algebra
C*(G).
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3.1. THE LIE ALGEBROID AND THE C*-ALGEBRA ASSOCIATED TO A LIE
GROUPOID

3.1.1 Lie algebroid associated to a Lie groupoid
The Lie algebroid A(G) associated to the Lie groupoid G =% M is given by a triple

(A(G), p,[—, —]a()) consisting of a vector bundle A(G), an anchor map p : A(G) — T'M
and a Lie bracket [—, —] 4@y on I'(A(G)). The following construction follows the one given
in the lecture notes [38] with some minor adaptations.
Let

Tt:TG — TM (3.2)

be the derivative of the target map t : G — M. It follows directly that ker Tt C T'G.
The tangent space T'G has a decomposition into its tangent and normal spaces given by

TG =TM @ ker Tt (3.3)

with respect to the embedding ¢ : M — G.
This motivates the definition of the vector bundle A(G) as the normal factor in the de-
composition of the tangent bundle.

A(G) = NM =TG/TM = kerTt. (3.4)

On the base space M C G, the source and target maps coincide so that the difference of
their derivatives T's — Tt : TG — T M vanishes on TM C TG. Hence, it is a well-defined
map on the quotient A(G). We take this as our anchor

p=Ts—Tt: A(G) - TM. (3.5)

It remains to define a Lie bracket on the space of sections I'(A(G)).
A groupoid acts on a manifold in the following way.

Definition 3.2 (Groupoid action). An action of a Lie groupoid G = M on a manifold @
is given by a moment map ® : Q — M together with an action map

a:G@xXyQ—Q (3.6)
(7:4) = ay(a) =7 q- (3.7)
The space G x s Q is given by {(7,q)|s(y) = ®(¢)}. We need ®(vy - q) = t(vy) as well as
(er2)-a=mn-(2-9) (3.8)
m-q=q (3.9)

for v € G,q € Q and m € M where o : G X G — G denotes the composition of arrows in
G.

Left multiplication of an element of a groupoid with an element of its base manifold is an
example of a groupoid action.

Example 3.3 (Left multiplication). Every Lie groupoid G = M acts on itself by left
multiplication

L:GxM—M (3.10)
(v,m) = Ly(m) =vom (3.11)

where clearly the moment map ® : M — M is given by the target map & = ¢.
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In particular, if the moment map ® is a submersion, then the fibers ®~'(m) C @ for

m € M are submanifolds and for every v € G with s(y) = my, t(vy) = mgy for my,mg € M
there is a diffeomorphism

O (my) — & (mg) (3.12)

qg—-q (3.13)

which transfers to the tangent bundles by
T (my) = TS (my). (3.14)

Hereby we have constructed a groupoid action of G on ker(T®) C T'Q) with moment map
pro ® : ker(T'®) — M where pr: T'QQ — @ is the standard tangent bundle projection.

Definition 3.4 (Left-invariant vector field). Let G be a Lie groupoid with £ the left
multiplication given in (3.10), (3.11). A vector field X on G is called left-invariant if

THX) =0 (3.15)
(L)X =X, VyeG. (3.16)

The space of smooth left-invariant vector fields on G forms a Lie subalgebra of the Lie
algebra of vector fields on G and is denoted by X(G).

Definition 3.5 (Left invariant vector field of a vector field). Given a vector field X €
['(A(G)), we set X* to be the unique left invariant vector field for which

XE = [X]|um], (3.17)

where [X)/] denotes the image of the restriction of the vector field X to M under the
quotient map TG — NG.

Note that
XL vE =[x, Y]E (3.18)

The Lie bracket on A(G) is then given by the commutator of left-invariant vector fields.
It remains to be verified that the Leibniz rule holds. So let f € C*(M) and X,Y €
I'(A(G)). For s : G — M the source map, we have that (fY)* = (s*f)Y* and XX(s*f) =
s*(p(X)f). Hence

X, fYTF = (X5 (F)H)
= X5 (s HYH
= s fIXE YL+ XE(s )Y E
= 5" X5 YH + 5% (o(X) f)YE
= 5" (fIX" Y+ (p(X) f)YF)
= (fIX, Y]+ (p(X) ))Y)"

From the above computation, the equality
(X, fY] = fIX, Y]+ (p(X) /)Y (3.19)
follows automatically.
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Definition 3.6 (Lie algebroid associated to a Lie groupoid). Let G = M be a Lie
groupoid. The Lie algebroid associated to G given by the triple (A(G),T's, [, —]4a))
characterised as follows:

i. The vector bundle A(G) over M is the normal bundle defined through the embedding
t: M — G (3.4). Accordingly, the bundle projection pr : A(G) — M is given by the
source respectively the target map which coincide on M.

ii. Identifying the normal bundle with ker T't, the anchor map is given by p = T's :
A(G) - TM.

iii. Identifying a section of the normal bundle with a left invariant vector field X%, the
Lie bracket on I'(A(Q)) is given by the commutator of vector fields with [X %, Y1] =
(X, Y-

3.1.2 The (C*-algebra of a Lie groupoid

Theorem 2.24 ensures the existence of a left haar system on any Lie groupoid. Choosing a
left Haar system { Az }zear on G, the desired C*-algebra C*(G) can be defined constructing
first a suitable convolution algebra.

For smooth, compactly supported functions f, f1, fo € C2°(G) and elements 7, v1,72 € G,
their convolution product is given by

(fi* f2)(m) = /f1(71 075 ) f2(v2)dAs(p) (72) (3.20)
:/fl(’yl)fQ(’h_l0'71)d)‘t('y1))(72) (3.21)

and the involution map is given by

[ () = f(r7h). (3.22)

Here A, respectively A;(,) are the measures corresponding to the source respectively the
target of a given element v € G.

Under the convolution and involution maps defined in (3.20), (3.21) and (3.22), C°(G)
forms a x-algebra.

Definition 3.7 (Lie Groupoid convolution algebra). Let G be a Lie groupoid with left
Haar system {A;}zens. The Lie groupoid convolution algebra (C°(G),«) is the space
of smooth, compactly supported functions on the groupoid CZ°(G) equipped with the
convolution product fi % fa for fi, fo € C°(G) defined in (3.20), (3.21) and the involution
of f € CX(G) defined in (3.22).

The convolution product (3.20), (3.21) is associative. Hence (C2°(G), ) is an associative
x-algebra.

To turn this associative convolution x-algebra (C2°(G), ) into a C*-algebra, define a norm
on it and then take its completion under this norm.

Let us introduce representations, more specifically x-representations. To this end, recall
the definition of a *-homomorphism as given in Definition 1.15.

Definition 3.8 (x-representation). A x-representation of the x-algebra (C°(G),*) on
a Hilbert space H is a s-homomorphism 7 from CZ°(G) to the set of bounded linear
operators on H,

71 Co(G) — L(H). (3.23)
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Let R denote the space of all such x-representations 7.

Definition 3.9 (Full groupoid C*-algebra). Let G be a Lie groupoid and let f € C.(G).
The full groupoid C*-algebra of G, C}(G) = C*(G), is the completion of the convolution
algebra (C.(G), *) with respect to the norm

11y = sup (|7 ()l Lm)- (3.24)
TER

Using left representations instead of x-representations the reduced Lie groupoid C*-algebra
can be defined. Its construction is analogous to that of the full groupoid C*-algebra
choosing a slightly different norm.

Definition 3.10 (Left representation). A left representation of the x-algebra (C2°(G), x)
is a non-degenerate map from C.(G) to the set of bounded linear operators on the space
of square-integrable functions in the fiber G,. For an element x € M it is the map

T : Co(G) — L(L*(Gy)) (3.25)
[ ma(£)(h(y) = (f xh)(7) (3.26)

where h € L*(G;) and v € G,.

Definition 3.11 (Reduced groupoid C*-algebra). Let G be a Lie groupoid and let f €
C(G). The reduced groupoid C*-algebra of G, C}(G), is the completion of the convolution
algebra (C°(G), ) with respect to the norm

1fllr = sup |72 ()l Lz2(ca))- (3.27)
zeM

Let us introduce a specific class of Lie groupoids. In topology, a net is a generalization of
the notion of a sequence ensuring some stronger convergence condition. Instead of being
defined on countable linearly ordered set, a net is defined on an arbitrary directed set.

Definition 3.12 (Amenable Lie groupoid). A Lie groupoid G = M with a smooth left
haar system {\; } ze s is called topologically amenable if there exists a net of of non-negative
continuous functions {f;} on G such that

i. for all ¢ and for z € M,

/ fidds = 1. (3.28)

ii. for v1,7v2 € G the functions

- / i) — fi(r)l Ay (12) (3.20)

converge uniformly to zero on compact subsets of G for every 1.
For amenable groupoids, the full and the reduced C*-algebras are isomoprhic
Cr(G) = C*(G). (3.30)

This allows us to construct the full groupoid C*-algebra of an amenable groupoid using
only left representations.
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3.2 The Poisson algebra A°

Definition 1.17 asks for a dense subalgebra A% of C°°(A*(G)) on which the quantization
maps {Qn}rer are then defined.

3.2.1 The Poisson algebra of a Lie Algebroid

Let (A(G),p,[—, —]a(a)) be the Lie algebroid asssociated to a Lie groupoid G = M with
pr : A(G) — M the vector bundle projection. The dual of this Lie algebroid is given by
pr: A*(G) — M.

A unique Poisson structure {—, —} 4+(¢) exists on C°°(A*(G)) satisfying three conditions.
Two functions f,g € C°°(M) may be regarded as smooth functions on A*(G) through
pr='(f), pr~'(g). For a section X € C®(M, A(G)), X € C®°(A*(Q)) is defined by setting
X (0) = (X (pr(0))) where § € A*(G). The map p is the anchor map of the Lie algebroid,
p: A(G) — TM. Then we can define the Poisson bracket by

(X, Y} a0 = X, Y]a) (3.31)
(X, f}a @) = (po X)f (3.32)
{f.9}a@) =0. (3.33)

A proof of the existence and uniqueness of such a Poisson structure on A*(G) can be found
n [12].

The hereby defined Poisson bracket turns A*(G) into a commutative Poisson algebra
(C=(A(G)), {—, ~}a-(@)-

The Poisson bracket characterized by (3.31), (3.32) and (3.33) can also be described in
local coordinates. Let x1,xs, ..., z, be local coordinates on M and let a1, ao, ..., a,, be the
basis of local sections of A(G). The Lie bracket on A(G) is then expressed through

[a;, aj] A chak (3.34)

where cf. are some real numbers called structure coefficients. Writing the anchor map

p: A(G) — TM in local coordinates results in
0
plai) = bij g (3.35)
g0

with b;; some real coefficients. Letting a1, g, ..., ayy, be the dual basis of a1, as, ..., @, the
Poisson structure on C*°(A*(G)) can be defined locally by setting

{zi, 25} 4+ =0 (3.36)

{ai,aj}A*(G) = Zcfjak (337)
k

{Oliyxj}A*(G) == —bi]’. (338)

This expression is independent of the choice of coordinates and it can be shown that the
hereby defined Poisson structure is linear.

The algebra A° is given by the set of Paley-Wiener functions on A*(G) denoted by
Chw (A*(G)),

A% = CRw (A*(G)) € Ag = Co(A*(G)). (3.39)
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To give the general definition of the set of Paley-Wiener functions, we first have to develop
some background information on Schwartz spaces and the Fourier transform on vector

bundles.

3.2.2 The Fourier transform on A(G)

The concept of the Fourier transform can be extended from R™ to vector bundles and
more specifically to the Lie algebroid A(G) — M using the idea of the Gelfand transform
introduced in Definition 2.28.

First recall from Example 2.10 that every vector bundle carries a groupoid structure.
Hence, A(G) can be interpreted as a commutative Lie groupoid with the source and target
maps both equal to the bundle projection, and groupoid multiplication given by addition
in each fiber. Its C*-algebra C*(A(G)) is also commutative. The maximal ideal space of
C*(A(G)) is A*(G), which means that it is the largest set of multiplicative functionals
contained in C*(A(QG)).

From the definition of the Gelfand transform given in Definition 2.28, we can deduce its
special form for the case where the Banach algebra A is given by the C*-algebra C*(A(G)).
In this case we have that the spectrum is given by the dual algebroid, ®c«(4(q)) = 4*(G),
since A*(G) is the maximal ideal of C*(A(G)). Hence the Gelfand transform is a homo-
morphism between the C*-algebra C*(A(G)) and the set of functions vanishing at infinity
on A*(G), Co(A*(@)). For ¢ € A*(G), we have the isomorphism

G : C*(A(Q)) = Cy(A*(Q)) (3.40)
a—G(a) (3.41)

with G(a)(1) = ¥(a).
Using the existence of such an isomorphism together with knowledge of the expression of
a character on L'(R") from Example 2.29, the map G can be written as an integral.

Definition 3.13 (Lie algebroid Fourier transform). On the C*-algebra C*(A(G)), the
Fourier transform is defined by

F: C(A(G)) = Co(A*(Q)) (3.42)

€0 s F(p)(0s) = /A o, e (3.43)

where 6, € A*(G), C A*(G) and &, € A(G), C A(G), (—,—) is the pairing between a
vector and its dual and the map p is the anchor map p: A(G) = T M.

Choosing a left Haar system {yu;}.ep on A(G), we get the expression

Fulf)(0) = / F(E)e 06 dpg(£,) (3.44)

for f € LY A(G),duy), 0, € A*(Q)s.

The Fourier transform is not invertible and hence not an isomorphism on the complete C*-
algebra C*(A(G)). To give an invertible restriction of the Fourier transform, we introduce
M-compactly supported, rapidly decreasing functions on A(G) which will lead us to the
definition of Schwartz type functions.
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Definition 3.14 (M-compactly supported). Let M be a smooth manifold and A(G) the
Lie algebroid associated to a Lie groupoid G. We say that a function f : A(G) — C is
M -compactly supported when pr(suppf) is relatively compact in M. The set of continuous
M-compactly supported functions is denoted by C¢ 1 (A(G)).

Definition 3.15 (Rapidly decreasing). Let A(G) be a Lie algebroid and let (g, A) be local
coordinates on A(G). A function f € C p(F) is said to be rapidly decreasing if \* f(q, \)
is bounded for every o € INP, where A% = A" - - A\;” with A1, ..., \, are the coordinates of
A in the frame (e, ..., €p).

This definition is independent of the chosen frame and now allows us to define Schwartz-
type functions on A(G).

Definition 3.16 (Schwartz-type function). We say that a function f € C*°(A(G)) is of

Schwartz type on A(G) if f is M-compactly supported and 85 f= is rapidly

decreasing for every multi-index § = (1, ..., Bp) € INP. The set of Schwartz-type functions
on A(G) is denoted by S(A(G)).

The sets of Schwartz-type functions an an algebroid and its dual satisfy some relevant
density properties.

Theorem 3.17. The Schwartz space S(A(G)) is a dense x-subalgebra of C*(A(G)) and
the Schwartz space S(A*(Q)) is a dense x-subalgebra of Co(A*(G)).

The proof of Theorem 3.17 is given in [35] and paraphrased here.

Proof. First, we want to show that S(A(G)) is closed under convolution, that is for f,g €
S(A(@)), fxg € S(A(@)). Two functions f,g € S(A(G)) are M-compactly supported and
as their convolution product is given as an integral, f x g is therefore also M-compactly
supported. Using a partition of unity argument, it can be shown that the multiderivative
85( f * g) is also rapidly decreasing from which it follows that f % g is indeed an element
if S(A(Q)).

Second, it follows directly from the definition of the involution product given in Equation
(3.22) that S(A(G)) is closed under involution.

As every smooth compactly supported function is clearly M-compactly supported and
rapidly decreasing, S(A(G)) contains all smooth compactly supported function, C°(A(G)) C
S(A(G)). By a result from [19], page 140, C>°(A(G)) is dense in C*(A(G)) from which
follows that S(A(G)) is dense in C*(A(G)).

For the second part of the theorem, by an analogous argument S(A*(G)) contains again
the algebra C°(A*(G)) which is a dense subalgebra of Cy(A*(G)). Hence, S(A*(Q)) itself
is dense in Cy(A*(G)). O

The Fourier transform of a Schwartz-type function yields again a Schwartz-type function.

Theorem 3.18. If f € S(A(G)), then F,(f) € S(A*(Q)).

Restricted to the sets of Schwartz type functions on A(G) and A*(G) respectively, the
Fourier transform is an isomorphism and hence we can give its inverse map.
Let {1z }zens be a left Haar system for A(G). We can associate a left Haar system {u} } e
on A*(G) which we need for the expression of the inverse Fourier transform.
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Theorem 3.19. The restriction of the Fourier transform F, to S(A(G)) is a bijection
onto S(A*(G)). Let & € A*(G),0, € A(G) and let p be the fiber dimension of A(QG).

Then the inverse Fourier transform is given by
—1 _ — i(0z,€x *
Fle) = en7 [ g0l 0, (3.45)

Theorem 3.20. The map F, is an algebra isomorphism between S(A(G)) with the x-
algebra structure induced from C*(A(G)) and S(A*(G)) with the x-algebra structure in-
duced from Co(A*(Q)).

We conclude this chapter by giving the definition of the set of Paley-Wiener functions.
It is the subset of the set of Schwartz-type functions on the dual A*(G) with compactly
supported inverse Fourier transform.

Definition 3.21 (Paley-Wiener functions). The set of Paley- Wiener functions on A*(G),
denoted by Oy, (A*(G)), consists of all functions on S(A*(G)) whose inverse Fourier
transform is in C°(A(G)). That is

f € CRw(A%(G) & FH(f) € CZ(AG)). (3.46)

3.2.3 The Poisson structure on Cg}, (A*(G))

It remains to check that the algebra A = C%3,,(A*(G)) is indeed a Poisson algebra. As
given by the result of Theorem 3.17, S(A*(G)) is a dense x-subalgebra of Cy(A*(Q)).

As Cy (A*(@G)) is again a subset of S(A*(G)), it inherits the properties of being complex,
commutative and associative.

The Poisson bracket on C2j;,(A*(G)) is then given by the Poisson bracket {—, —}4-(q)
described in (3.31), (3.32) and(3.33).

Note that using the construction of the Fourier transform on Lie algebroids defined in
Definition 3.13, we can define a Poisson bracket on the dense subalgebra S(A(G)) of
C*(A(G)):

{f.9}scay) = Fi ({Ful), Ful@) a)) - (3.47)

3.2.4 The density of C%, (A*(G)) in Cy(A*(Q))

Finally, the Poisson algebra Cg, (A*(G)) needs to be dense in Co(A*(G)). Let f €
C%(A*(G)). Then by Definition 3.21, F~1(f) € C®(A(G)). By Theorem 3.19, the
Fourier transform is an isomorphism from S(A(G)) to S(A*(G)) and since Cpyy, (A*(G)) C
S(A*(G)), it also restricts to an isomorphism on Cpy, (A*(G)). The set of compactly
supported functions is dense in the set of functions vanishing at infinity, so C°(A(G)) C
Co(A(G)). Since any isomorphism maps dense subsets onto dense subset, so the preimage
of F~1(f) is dense in Cy(A*(G)). This preimage is given by C%3;,(A*(G)) which concludes
the argument so that Cpy, (A*(G)) is dense in Co(A*(G)).

3.3 Continuous field of C*-algebras

To define a continuous field of C*-algebras over the parameter h € R, we use the idea of
first constructing a smooth field of groupoids. Then we associate a C*-algebra to every
groupoid in the field which results in a continuous field of C*-algebras.
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3.3.1 A smooth field of groupoids

Let G = M be a Lie groupoid and let E be a subset of the manifold M. Let Gg be the
subset of G consisting of all ¢ € G for which both ¢(g) and s(g) are elements of E. It
follows from the definition of a subgroupoid given in Definition 2.6, that G is indeed a
subgroupoid of G.

Theorem 3.22. Let G = M be a Lie groupoid with left Haar system {\y}oenr, E an open
invariant subset of M and F = M\ E the complement of E in M. Lete : C*(Gg) — C*(G)
be a map constructed from a map é : Co(Gg) — C.(G) by setting it equal to zero on F and
extending it from C.(Gg) to C*(Gg) by continuity. Similarly, let .* : C*(G) — C*(GF)
be defined as the pullback of the inclusion Gp — G from C.(G) to C.(Gp) extended to
C*(G) by continuity. The sequence

0— C*(Gy) S C*(G) S C*(Gp) = 0 (3.48)
1S exact.

From the exactness of the sequence (3.48), the following isomorphism property follows:

C*(Gp) = C*(G) /im(e) 2= C*(G)/ ker(s*). (3.49)

Definition 3.23 (Smooth Field of Groupoids). A smooth field of groupoids is a triple
(G,N,p) with G = M a Lie groupoid over a smooth manifold M, N another smooth
manifold and p : G — N a submersion such that p = pgor = pg o s where py = p|s.

Let us consider two examples.

Example 3.24 (Vector Bundle Groupoid). Let F = M be a vector bundle over a smooth
manifold M considered as a groupoid. As we have seen in Example 2.10, for this groupoid
the source and target maps are both given by the vector bundle projection, s = ¢t = pr.
For any continuous map f : F — R we get a field of groupoids given by (E, R, f).

Example 3.25 (Continuous field of unit groupoid). Let M be a smooth manifold and let
G = u(M) be the unit groupoid defined as the groupoid with precisely one arrow from
every © € M to itself and no other arrows. Moreover, let the manifold N be equal to
the manifold M. Together with the submersion p =id : M — M, (u(M), M,id) forms a
continuous field of groupoids.

For (G, N, p) a smooth field of groupoids and Y C N, the set A = p~1(Y) is an invariant
subset of M, and G4 = p~!(Y) is a subgroupoid of G. The preimages

G(n) =p~*({n}) (3.50)
are closed, locally compact subgroupoids of G for every n € N. For the complement of

G(n) in G we write G(n). Then, applying Theorem 3.22 to Gg = G(n), we get an exact
sequence of C*-algebras

0— C*(G(n)) = C*(G) - C*(G(n)) — 0. (3.51)

Let now (G, N,p) be a smooth field of locally compact groupoids with a left Haar sys-

tem {A\"}zen defined on G. Furthermore, let Co(NN) be the C*-algebra of a continuous
functions vanishing at infinity on N. For every f € Cy(N) and g, h € C.(G) we have:

flaxb) = (fa)xb=ax*(fb), (3.52)

(fa)" = fa* (3.53)

In [35], it has been shown that with the above defined operations, C*(G) forms a Cy(N)x-

algebra.
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3.3.2 Exponential maps on Lie algebroids

In order to construct a continuous field of C*-algebras, we first need to construct an
exponential map on Lie algebroids. This can be done by giving a generalization of the
exponential map from a Lie algebra to its associated Lie group. The following construction
is taken from [35] with some minor adaptations. We begin with some definitions.

Definition 3.26 (Connection). Let A(G) — M be a Lie algebroid over a smooth manifold
M. Denote the space of smooth sections of A(G) by I'(A(G)). A connection on A(G) is
an R-linear map
V :T(AG)) - T'(T"M ® A(G)) (3.54)
such that the Leibniz rule holds for all smooth functions f € C*°(M) and for all smooth
sections s € I'(A(G)),
V(fs)=df @ s+ fVs. (3.55)

The exponential map we are about to define depends on the choice of a connection on the
Lie algebroid A(G).

Definition 3.27 (Horizontal lift). Let M , M be two smooth manifolds and X, X two
vector fields in X(M), X(M) respectively. Let 7: M — M be a smooth submersion. The
vector field X is called the horizontal lift of the vector field X if

dpry(Xz) = Xpu(), Vo € M. (3.56)

Let TL be the derivative of the left multiplication map £ defined in (3.10) and (3.11).
This map TL, : kerTt — s*(A(G)) is an isomorphism between those two vector bundles
where s*(A(G)) is the pullback of A(G) under the source map. So if the Lie algebroid
A(G) has a connection defined onto it, through the pull-back it yields a connection also
on kerT't.

Definition 3.28 (Parallel vector field). A vector field X : M — T, )M along a curve
~v: I — M is called parallel along ~ if

VX (y(r)) =0, Vrel. (3.57)

If M is a differentiable manifold, v : I — M a curve and rg,r; € I C R two real numbers,
then for every tangent vector vg € T, M there exists a unique parallel vector field
X M — T, )M along v such that vo = X (v(r0)).

Definition 3.29 (Parallel transport). The map

P

o) v(r1) * DyroyM = Ty M (3.58)

vo — X (y(r1)) (3.59)

is called the parallel transport of the the tangent vector vg € Ty (.,)M along the curve 7.

Since the bundle ker Tt — G has a connection, we can define parallel transport X — X (r)
on ker T't in the same way as on a tangent bundle with affine connection. That is, the flow
X (r) is the solution of the differential equation

X(r) = X(r) x (3.60)

with initial condition X (0) = X. The projection of X (r) to G is a geodesic yx (7).
The given definitions allow us to define a first exponential map A(G) — M.
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Definition 3.30 (Left exponential map). Let A(G) be a Lie algebroid over a smooth
manifold M and X a vector field on M. Moreover, let v : I — M be a curve defined
on an interval I C R and let pr : ker Tt — G be the restriction of the bundle projection
pr: TG — G to kerTt. The left exponential map Expl : A(G) — M is defined by

Exp”(X) = yx(1) = pr(X(1)). (3.61)

It is assumed that the geodesic flow X (t) on ker T't is defined at t = 1. Otherwise, Exp”(X)
is undefined.

There is a symmetrized version of Exp” which plays an important role in our quantization
theory. Note that VX € A(G) for which Exp” is defined one has

H(Exp™(X)) = pr(X) (3.62)

where pr is the projection of the Lie algebroid.
To derive this, note that t(vx(0)) = m(X) by construction and W =Tt(X(r)) =0.
Combining this with pr(3X) = pr(—3X) yields

(o (3)) = (0 (-30)) =< (et (436) )

Definition 3.31 (Weyl exponential). The Weyl exzponential map Exp" : A(G) — G is
defined by

Exp" (X) = Expl (—;X) _IEXpL (;X> . (3.64)

An adaptation of the tubular neighborhood theorem holds for the left exponential map
(3.61) as well as the Weyl exponential map (3.64).

Proposition 3.32. The maps Exp” and Exp" are diffeomorphisms from a neighborhood
V of M in A(G) to a neighbourhood W of M in G. Furthermore, for every x € M we
have

Expl(z) = Exp" (z) = 1(). (3.65)

3.3.3 The tangent groupoid of a groupoid

In [10], Connes gave the definition and construction of the so called tangent groupoid of a
manifold. His construction was later generalised by Hilsum and Skandalis in [26] as well
as by Weinstein in [48] to the tangent groupoid of a general Lie groupoid. We here explain
the construction of the tangent groupoid of a Lie groupoid.

Definition 3.33 (Tangent groupoid). Let G = M be a Lie group01d Wlth associated Lie
algebroid A(G). The tangent groupoid G is again a Lie groupoid G1 = GO defined by the
following structures.

As a set, we define the tangent groupoid by

G =AG)U{(0,1] x G} (3.66)

with base space
Go = [0,1] x M. (3.67)
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Elements of G are pairs (A, u), built by

() = {u € AG), ifh=0 (368

u € G, if h+# 0.

Thus the Lie algebroid A(G) is identified in G1 by {0} x A(G).
As a groupoid, we set G = {{0} x A(G)}U{(0,1] x G}. On A(G) the groupoid structure is
given regarding A(G) as a Lie groupoid over M with structure maps s = t = pr where pr
is the bundle projection of the Lie algebroid. Groupoid multiplication on A(G) is given by
addition in the fibers of the vector bundle A(G). The groupoid structure on (0,1] x G is
induced by the groupoid structure G. For example, for /i # 0 the target map t: é\l — a)
is defined by

t(h,u) = (h,t(u)) (3.69)

where ¢ : G — M is the target map of the groupoid G.

The smooth structure on (i1, making it a manifold with boundary, is defined as follows.
The open subset O; = (0,1] x G C G inherits the product manifold structure. Let
t : M — G be the embedding of M in G. Furthermore, let M C V C A(G) and
L(M) C W C G. The open subset O of [0,1] x A(G) is defined as O = {(h, X) | hX € V'}.
Note that {{0} x A(G)} € O. The map ¢ : O — G is defined by

¥(0,X) = (0, X), (3.70)
Y(h, X) = (h, Exp" (hX)). (3.71)

Since by Theorem 3.32, the Weyl exponential map Exp" : V — W is a diffeomorphism,
we see that 1 is a bijection from O to Oz = {{0} x A(G)}U{(0,1] x W}. This defines the
S/I\nOOth structure on Oy in terms of the ﬂnooth structure on O. Since O; and Oy cover
(G1, this specifies a smooth structure on Gj.

Of interest regarding the concept of the tangent groupoid is the following theorem which

~

yields information about the C*-algebras of the tangent groupoid, C*(G).

Theorem 3.34. Let G be a Lie groupoid with tangent groupoid G. Writing R* = R\ {0},
the following sequences are exact:

0 — Co(R*) @ C*(G) — C*(G) — Co(A*(G)) — 0, (3.72)
0 — Co(R*) ® CF(G) — CF(G) — Co(A*(G)) — 0. (3.73)

This implies that R
C*(G) = Co(A*(G)) ® Co(R*) ® C*(@). (3.74)

3.3.4 A continuous field of C*-algebras

Definition 3.35 (Continuous field of C*-algebras). A continuous field of C*-algebras
(A, {Ap, ér}ner) over alocally compact Hausdorff space T' consists of a C*-algebra A, a col-
lection of C*-algebras { Aj }rer, and aset {¢y, : A — Ap}rer of surjective x-homomorphisms,
such that for all @ € A the following conditions hold:

i. The function t — ||¢¢(a)|| is in Co(T") which means that it is a continuous function
vanishing at infinity.

ii. One has ||a|| = super ||Pt(a)]|.

45
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ili. There is an element fa € A for any f € Co(T) for which ¢;(fa) = f(t)¢p:(a) for all
teT.

Example 3.36 (Trivial Field). Let T' be some locally compact Hausdorff space. The most
simple example of a continuous field of C*-algebras over T is obtained by setting Ay =
B Vh € T with B some Lie algebroid and defining A = Cy(T, B). The *-homomorphisms
are then given by ¢ : Co(T, B) — B, ¢n(f)(a) — f(a).

As the tangent groupoid has been proven to be a Lie groupoid, a left Haar system can
be defined on it. Let {A\;}ren be a left Haar system for the Lie groupoid G over the
n-dimensional manifold M and let {y,}.ens be a left Haar system for the Lie algebroid
A(G) with fiber dimension p. A left Haar system for the tangent groupoid G is then given
by setting

A0y) = Hoys (3.75)
Ny = [BIPAs. (3.76)

To ensure smoothness of the system at i = 0, the factor |4|™P is necessary.

~

The *-algebraic structure on C°(G) then becomes

F*3(0.6) = / F(0. € — 1)9(0,7)dpaa (172) (3.77)
pr—1()
Fxghr) = B / F(h)ah A A (1) (3.78)
Gs(r)
75(0,%) = f(0,~x) (3.79)

A field of C*-algebras can be constructed by associating a C*-algebra to every groupoid
in a field of groupoids.

Theorem 3.37. Let G = M be a Lie groupoid with tangent groupoid G. Forhe R define
a continuous field of groupoids by setting

G(0) = A(G), 3.81)
G(h) =G, Vh # 0. 82)

Define x-homomorphisms
Yo 1 C*(G) = Co(A*(G)) (3.83)
e o) : 0 Fu(0,6) (3.84)

and

Y s CHG) = CHQ) (3.85)
Fr wn(F) sy = (B F(Ry) (3.86)

~

The C*-algebras A = C*(G) and A, = C*(G(h)) together with the maps 1, form a
continuous field of C*-algebras over I = R.
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3.4 Quantization maps

The main purpose of strict deformation quantization is to define a quantization map
Q: A" — C’*(@) as asked for in Definition 1.17. Equivalent to that is the definition of
a family of maps to the C*-algebra C*(G) given by Qp : A° — C*(G) and satisfying
conditions (1.46), (1.47) and(1.48) from Definition 1.17.

3.4.1 Generalization of Weyl quantization

The quantization maps are defined by generalizing the concept of Weyl’s quantization from
T*R™ (1.50) to the more general case T*M. The generalization of Weyl’s quantization to
general Poisson manifolds makes use of the inverse Fourier transform defined in (4.45) on
A% = Cpy (A*(Q)).

Definition 3.38 (Weyl quantization on A*(G)). Let G be a Lie groupoid over a smooth
manifold of dimension n with left Haar system {A; }zenr Let A(G) be the Lie algebroid asso-
ciated to G and let C*(G) be the C*-algebra associated to G. Let V be a neighbourhood of
M in A(G) and let W be a neighbourhood of M in G. Furthermore, let k € C*°(A(G),R)
be a symmetric function with support in V' which is equal to unity on some smaller tubu-
lar neighbourhood of M. The Weyl quantization of a function f € Cgy, (A*(G)) is the
element QY (f) € C°(G) regarded as a subalgebra of C*(G) defined by

ol ()(Ex" (€)= I w7, (§). veev, (3.87)

A (NH() =0, Vygw (3.88)
Conditions (1.46) and (1.47) of Definition (1.17) follow from the following theorem.

Theorem 3.39. For each f € CX,,(A*(G)), the operator Q) (f) defined in (3.87) and
(3.88) satisfies Q1Y (f)* = QW (f*) and the family {Qn(f)}ner with Qo(f) = f is a con-

tinuous cross-section of the continuous field of C*-algebras defined in Theorem 3.37.
A proof can be found in [35].

Corollary 3.40. Let G = M be a Lie groupoid with associated Lie algebroid (A(G),T's, [—,
from Definition 3.6 and tangent groupoid G from Definition 3.33. Furthermore, let A*(Q)
be the Poisson manifold given by the dual bundle to A(G) with Poisson structure (3.31),
(3.32), (3.33). The components listed below yield a strict deformation of the Poisson man-
ifold A*(G) in the sense of Definition 1.17.

i. The continuous field of C*-algebras given by A = C*(G), Ay = Co(A*(Q)), A =
C*(G) Yh € R, h # 0 and the family of maps {1n}rer defined in (3.83) and (3.85).

ii. The dense subalgebra A® = C%,,(A*(Q)) of Paley-Wiener functions on A*(G) as
given in Definition 3.21.

~

iii. The quantization map Q : Cgyy (A*(G)) — C*(G) with corresponding family Qp =
O . AY — Ay, defined in (3.87), (3.88) such that Qn(f) = Yr(Q(f)) for any f € A°.
3.4.2 Proof of Dirac’s condition

The proof that the family {OQp}ner defined in (3.87) and (3.88) satisfies Dirac’s condition
(1.48) is rather tedious so many details are omitted here and can be found in [35] as well
as in [43].

47



3.4. QUANTIZATION MAPS

First, the local structures of the Lie groupoid G =% M, Lie algebroid A(G) and the tangent
gorupoid G need to described. This is done by introducing parametrizations.

Let U and V' be open neighbourhoods of 0 in R"™ and R™ respectively. The local structure
of Lie groupoid G in the neighbourhood of some fixed element xg € M C G can be
described by a parametrization given by

Yv:UxV =G (3.89)
¢o:U—-M (3.90)
which satisfies
¥(0,0) = o, (3.91)
t(¥(u,v)) = ¢(u), (3.92)
(U x {0}) =4(U x V)N M. (3.93)

A parametrization of the Lie algebroid can be associated to the parametrization of the Lie
groupoid. The neighbourhood A(G)yr) of the fiber A(G)z, in A(G) is parametrized by

6:U x R™ — A(G) (3.94)
(u,v) = (P(u), gf(u, 0)v). (3.95)

Let 9 € M. There exists a neighbourhood (U x V) of Xy € M diffeomorphic to the
neighbourhood (U x V) of (z¢,0) in A(G) by setting

a=1vof L (3.96)

Moreover, a(A(G),) C G* for every element x € ¢(U).

The source and target maps of the Lie groupoid as well as the multiplication and inverse
maps of the Lie groupoid can be expressed locally in the parametrizations v and ¢. The
structure functions a;; and ¢;;;, introduced in (3.35) and (3.36) can also be written locally
using all three parametrizations ¢, ¢ and 6. Their explicit representations can be found
in [35]. All of this leads to the fact that also the Poisson bracket on S(A(G)) obtained by
pulling back the Poisson bracket on S(A*(G)) (3.47) can be described in local coordinates.
The parametrization 1 defined in (3.89) gives rise to a local parametrization of the tangent
groupoid in a neighbourhood of (v, k) € G with A # 0. Let W be an open subset of R**™
and 1 : W — G a parametrization of GG in the neighbourhood of 7. Then we have

=1 xid: W xR — G. (3.97)
For the inverse of this parametrization, write
B=1¢ (W xR) = W x R. (3.98)

This is used to define an element of the tangent space of the tangent groupoid TG at a
point (v, h) € G with h # 0 by

of

=—  (~.h .
aﬂn+m+1 ('Y, ) (3 99)

o -
an e

where f € C™ (@)A This definition is independent of the choice of parametrization.
Hence, % € C*(G,TG) is a vector field on G.

If we let this vector field act on the Lie bracket defined on @, we get the following con-
nection to the Poisson bracket on S(A(G)).
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Lemma 3.41. Let fge C2°(G) and write for the restrictions to the Lie algebroid A(G)
Jo= f\é(o)@o = E\am Then

9 = ST o~
%[f,g]hzo = i{f0, 90} a(q)- (3.100)

Define the neighbourhood V to be a neighbourhood of Gy in A(G). For f,g € C*(A(G))
let 7:V — C be defined by

7(z, X,0) =0, (3.101)

OlF) @ X) 0. (£, 9 i) (2, X). (3.102)

7(z, X, h) = [ Y

To prove the claim of Dirac’s condition, it is enough to show that limy 0 7(z, X,h) =0
for every z € V. R R
Lemma 3.41 shows that 7 € C°°(V) as well as that supp7 is compact in V. Let

F=r10p! (3.103)

~ o~

which is an element of C2°(3(V)). The map 7 may be considered as an element of
C*(A(G) x R) and 7 as en element of C°(G). Furthermore, for every i # 0, 7(—, h) is
an element of Cpy, (A*(G)).

Considering G(h) as subgroupoids of G and applying Theorem 3.37, for the limit we have

' _ — lim |7 \ = |7 . — 104
}g%HT( ol hlgg)HT\G(h)Hc @) = ITlaollex @y =0 (3.104)

since the C*-algebras C*(G(h)) form a continuous field and hence the limit in the second
equality is well-defined.
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Chapter 4

Quantization of Poisson Lie
algebroids

Let M be a smooth Poisson manifold with a Riemannian metric. Furthermore, let (—, —)
be the inner product induced by the Riemannian metric. The tangent and cotangent
bundles of such a manifold are related by an isomorphism called sharp map,

4. T*M — TM (4.1)
w s wh.
For a covector field w € T*M and a vector field X € TM, the sharp map is defined

through
(W, X) = w(X). (4.3)

The inverse of the sharp map which exists in the symplectic case is given by the flat map

b: TM — T*M
X~ X" (4.5)

For any two vector fields X,Y € T M, the flat map satisfies
X"(Y) = (X,Y). (4.6)

Let 1, ..., z, be local coordinates on the Poisson manifold (M, 7) and let y', %2, ...,4" be
the covector coordinates with respect to the dual basis dxy,dzs,...,dx,. The nondegen-
erate Poisson structure m on M induces a symplectic structure on M characterised by a
symplectic form w. On the cotangent bundle T*M, the canonical symplectic form w is
given by

n
w= Z dz; A dy'. (4.7)
i=1
The sharp map leads to the canonical Poisson bivector on T*M which is naturally induced
by the symplectic form w

7 (df,dg) = @ (4(df), 4dg)) (4.8)
and in the local coordinates chosen is written as
~ 0 0
= A -, 4.9
T ox; Oy (4.9)
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For f,g € C>°(T*M), the Poisson bracket associated to the Poisson bivector 7 satisfies

Hence on the cotangent bundle T*M of a Poisson manifold, there intrinsically exists a
Poisson structure so T*M is itself a Poisson manifold and can be considered as a Lie
algebroid over M in the following way.

Definition 4.1 (Poisson Lie algebroid). A Poisson Lie algebroid (T*M, 4, [—, —]r+nr) is
a Lie algebroid on a Poisson manifold (M, n). As a vector bundle, it is given by the
cotangent bundle of the manifold M with bundle projection pr : T*M — M given by
projection onto the first factor. The Lie bracket on the Poisson Lie algebroid is given by

[—, —)pens : T(T*M) AT(T*M) — T(T* M) (4.11)

with

[, BlTar = L) B — Ly — d(m(a, B)) (4.12)
where £ denotes the Lie derivative. The anchor map is given by the sharp map (4.1),
prem = 1.
Remark 4.2. In particular, a Poisson Lie algebroid is the dual of the tangent Lie algebroid

TM — M defined in Example 2.16 where M is some smooth manifold carrying a Poisson
structure, (M, ).

Example 4.3. Let (M,7) be given by the Poisson manifold (R?,7) where the Poisson
bivector 7y is constant and in local coordinates z1,z2 € R? can be expressed by

9 .0
8:1: 1 81‘2 '
Both the tangent and the cotangent bundle of R? are given by TR? = T*R? = R? x
R? = R* so the isomorphism between T*R"™ and TR" is the identity map. The triple

(R4, id, [—, —]) is a Poisson Lie algebroid where the Lie bracket of functions f,g € C®°(R*)
is given by

(4.13)

T —

[figl=fg—gaf (4.14)

Example 4.4. Let g be a Lie algebra of dimension n and let g* be its dual. This dual of
the Lie algebra is a Poisson manifold (g* 7r1) Let {e1, ..., en} be a basis of the Lie algebra g
with corresponding structure constants c - defined by [e;,e] =>4 cfjek. Furthermore,
let x4, ..., x, be the coordinates on g*. The Poisson bivector w1 on g* can be written in
those Coordinates by

Z gk 0, 9 (4.15)

ox; 8:6-
z]k 1 v J

The tangent bundle of g* is given by T'g* = g* x g* while the cotangent bundle is T*g* =
g* X g. Since g is finite-dimensional, there exists an isomorphism ¥ : g* — g. The
isomorphism between T*g* and T'g* is then given by

idx ¥:g"xg"— g xg. (4.16)

The triple (T'g*,id x ¥, [—, —]) where [—, —] is the commutator on T'g*, forms a Poisson
Lie algebroid.

When the Poisson manifold in Theorem 3.1 is a Poisson Lie algebroid, A*(G) = T*M, an
explicit quantization for Poisson Lie algebroids can be constructed.
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4.1 The Lie algebroid and the C*-algebra associated to the
pair groupoid

4.1.1 Tangent Lie algebroid associated to pair groupoid

The tangent Lie algebroid as introduced in Example 2.16 is the Lie algebroid associated
to the pair groupoid defined in Example 2.12. We will follow the steps of the construction
given in Subsection 3.1.1 to deduce this statement.

Let M be an n-dimensional smooth manifold. Recall from Example 2.12 the structure
maps of the pair groupoid M x M — M. For the construction of the vector bundle
A(M x M) we do not need knowledge of the derivative of the target map since we know
that the tangent space of the product manifold decomposes into the direct sum of the
tangent spaces of its factors,

T(M x M)~ TM & TM. (4.17)

As each vector space can be decomposed into the direct sum of its tangent and normal
spaces, it follows directly that the normal factor of T (M x M) is given by the tangent
bundle T'M.
By (3.4),

AM xM)=NM=TM &TM/TM =TM. (4.18)

Hence as a vector bundle, A(M x M) over M is given by the tangent bundle 7'M and
the bundle projection is the standard tangent bundle projection 7 : TM — M, 7(x,v) =z
where x € M,v e T, M.

Analogously to (3.5), the anchor map is defined by the difference on the quotient of the
target and the source maps. As the target and the source maps are both projections onto
one of the factors, both their derivatives are given by the identity map, Ts = Tt = id :
TM — TM. So under taking the quotient, nothing happens and the anchor map itself
results in the identity map on the tangent bundle:

p=Ts—Tt=1id:TM — TM. (4.19)
Left multiplication of the pair groupoid on its base manifold is given by

Lysmr i M x M x M — M x M (4.20)

(m,m/,m") — (m-m”",m’) 4.21)

where m, m’,m” € M.

For the pair groupoid, a left invariant vector field X* € T'(A(M x M)) is of the form
(0, X) where X € I'(T'M) is a vector field on M.

The Lie bracket on the Lie algebroid is then given by the commutator defined on TM,

[(07 X)’ (07 Y)]A(MXM) = [Xa Y] (4'22)

We conclude that the Lie algebroid of the pair groupoid is given by the tangent Lie
algebroid:

i. The vector bundle A(M x M) over M is the tangent bundle T'M with the standard
tangent bundle projection pr: TM — M.

ii. The anchor map p is given by the identity map on the tangent bundle, p = ids :
TM — TM.
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iii. The Lie bracket is given by the commutator of vector fields.

For our example of the two-dimensional Euclidean space with constant Poisson structure,
(R?), mp), we get the Lie algebroid carrying the following structure:

i. As a vector bundle, A(R?x R?) = TR? = R? x R? with pry : R?xR? — R?, (x,v)
x.

ii. The anchor map remains the identity map pg = id : R? x R? — R? x R?, (z,v)
(z,v).

iii. The Lie bracket is the bracket [f, g] for functions in C*°(R? x R?).

For (M,m) = (g*,m1), the Lie algebroid associated to the pair groupoid g* x g* is then
defined through:

i. As a vector bundle, A(g* x g*) = T'g* = g* x g* with pr; the projection onto the
first factor.

ii. The anchor map remains again the identity map p; =id : g* x g* — g* x g*.

iii. The Lie bracket is the Poisson bracket of functions on C*°(g*).

4.1.2 The pair groupoid C*-algebra

Next, we follow the same procedure as in Subsection 3.1.2 to construct the C*-algebra of
the pair groupoid M x M = M.

As every smooth manifold M is locally compact, we can define a measure A on it. So on
the Cartesian product M x M we can define a system of Haar measures {\;},cy using
the Dirac measure 6*. For a pair of elements mq,mo € M x M we set

)\x(ml,mz) = (51 X )\)(ml,mg). (423)

For smooth, compactly supported, complex valued functions on the pair groupoid, f, fi, fo €
C(M x M) and elements mq, ma, mg, msy € M, the convolution product is derived by
(3.20) and given by

(f1 *arxnr f2)(my, ma) = / Fi((m1, m2)(m3, ma)) fo((ms, ma) " )dAz (M3, ma)

M xM
(4.24)
= /M fi(my, my) fa(maq, mg)dA(my) (4.25)
while the involution follows (3.22) and is given by
f*(ma,ma) = f(mz,my) (4.26)

where on the right hand side we use complex conjugation.

Definition 4.5 (Pair groupoid convolution algebra). The pair groupoid convolution alge-
bra with left Haar system { Az }zenr is (C2°(M x M, C), *prx ) with convolution product
fixarxar fa of fi1, fa € C°(M x M, C) defined in (4.24) and involution of f € C°(M x M)
defined in (4.26).
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4.2. THE POISSON ALGEBRA A°

As the pair groupoid is an amenable groupoid, by (3.30) its full and reduced C*-algebras
are isomorphic:

CH(M x M) = C*(M x M). (4.27)
We thus construct its C*-algebra via the left regular representations.
Definition 4.6 (Left regular representation on the pair groupoid). Let (M x M), be the
s-fiber of the pair groupoid over the element x € M,(M x M), = s~ *(z) C M. A left

regular representation of the groupoid convolution algebra is a non-degenerate map such
that for every x € M

gt Co(M x M) — L(L*((M x M),)) (4.28)
fm(f): (f*h) (4.29)
where f € C°(M x M) and h € L*((M x M),).

Definition 4.7 (Pair groupoid C*-algebra). The pair groupoid C*-algebra is the com-
pletion of the pair groupoid convolution algebra C2°(M x M, xprxar) with respect to the
norm

| fllarxar = sup |7 ()l iz2(c.))- (4.30)
reM

The completion of C2°(M x M) with respect to to the norm ||—||arxas is given by the set
of bounded linear operators on M. This gives us the C*-algebra

C*(M x M) = L(L*(M)). (4.31)

For M = R? with \g the Riemannian measure, the convolution algebra is C°(R*,«). For
functions f, f1, f2 € C°(R? x R?) and elements x,v € R2, equations (4.24) and (4.26)
rewrite as

(hx )0 = [ Ao =)o (432
— [ fila ) alo)de (4.33)
R2
and
[ (z,v) = f(v,x). (4.34)

The C*-algebra C*(R? x R?) is then
C*(R? x R?) = L(L*(R?)) (4.35)

which can be thought of as the set of linear operators on the completion of C*°(RR?) under
the L? norm.

As M = g* is an n-dimensional vector space we can choose again the Riemannian measure
A1 for which the convolution and involution on the algebra C2°(g* X g*, *g«xg+) are given
analogously to (4.32) and (4.34) respectively.

4.2 The Poisson algebra A"

4.2.1 The Poisson algebra of the tangent algebroid

The source of this subsection is mainly [21] where the Lie algebroid structure in the tangent
Lie algebroid is described in much detail.

95



4.2. THE POISSON ALGEBRA A°

Let (M, ) be a Poisson manifold and let (T'M, id, [—, —]) be its tangent Lie algebroid over
the corresponding pair groupoid M x M. The dual of the tangent Lie algebroid is given
by the Poisson Lie algebroid (T*M,#, [—, —|r+as) as defined in Definition 4.1.

On T*M, a unique Poisson structure exists which satisfies the three conditions (3.31),
(3.32) and (3.33) reformulated here for this special case:

{f,g9}rm =0, (4.36)
{X, fyremr = X(f), (4.37)
{X,Y}rem = [X,Y], (4.38)

where f,g are function on M, that is f,g € C*°(M), X and Y are vector fields on M
thought of as a functions on T*M linear on its fibers and [—,—] is the commutator of
vector fields.

The hereby defined Poisson bracket turns the Lie algebroid T*M into a commutative
Poisson algebra (C*°(T*M),{—, —}7r=m)-

In the local coordinates (x1, ..., Tpn, Y1, ..., yn) on T*M the above conditions are equivalent
to

{xi, .’L‘j} = 0, (439)
{yi,y;} =0, (4.40)
{yi, x;} = 6ij. (4.41)

The Poisson algebra A° in Definition 1.17 is given analogously to (3.39) by the set of
Paley-Wiener functions on T*M,
AY = C%y (T*M) € Ag = Co(T* M). (4.42)
For M = R?, this reduces to
AY = O (R? x R?) € Ag = Co(R? x R?) (4.43)
and for M = g*, we have

A% = 0%, (g" % g*) C Ag = Co(g* x g*). (4.44)

4.2.2 The Fourier transform on T'M

We use Definition 3.13 to get an expression for a fiberwise Fourier transform on the tangent
bundle TM. In Example 2.16 we have seen that the tangent bundle T'M is a Lie algebroid
and as it is a vector bundle, it can also be regarded as a Lie groupoid with multiplication
given by addition in each fiber. As the anchor map of the tangent bundle is given by the
identity map, p = id, the expression for the Fourier transform simplifies and is defined as
follows.

Definition 4.8 (Fourier transform on the tangent bundle). On the C*-algebra C*(T'M),
the Fourier transform is defined by

Frur : C*(TM) — Co(T*M) (4.45)
e Fru(f) : 0z 0 e 10n%e) £(€,)d(Ex) (4.46)

TeM

where 6, € TXM C T*M,¢, € TuM C TM and (—,—) is the dual pairing given by
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4.3. CONTINUOUS FIELD OF C*-ALGEBRAS

Analogously to Definition 3.16, we can also define the set of Schwartz type functions
on TM. Tt is denoted by S(T'M) and consists of all M-compactly supported, rapidly
decreasing functions on 7M. By the same argument as in 3.17, S(T'M) is a dense *-
subalgebra of C*(T'M) and for its dual we have that S(T*M) is a dense *-subalgebra of
Co(T*M). We therefore have the following corollary from Theorem 3.19.

Corollary 4.9. The restriction of the Fourier transform Fpyr to S(T'M) is a bijection
onto S(T*M) with inverse

Fria)(€:) = a7 [ 0nlg(0,)a0,), (447

In the special case M = R? with z,v € R?, this turns into the standard Fourier transform
on the Euclidean space,

F : C*(R? x R?) — Cp(R? x R?) (4.48)
feF(f) 00 | flx)e ™0y (4.49)
R2
with inverse
FHH@) = | f(0)e*™0d. (4.50)
R2

As M = g* is again a vector space, the Fourier transform and its inverse take the form

F:C*(g* x g*) = Co(g* x g) (4.51)
f=F(f):0— / f(:v)e_%i(x’e)dx (4.52)
g

*

for x,v € g* with inverse

Ff)(z) = /f(&)ezﬂi@”e)dﬂ. (4.53)
g

4.3 Continuous field of C*-algebras

4.3.1 Exponential maps on the tangent bundle

To define an exponential map on the tangent bundle, we choose a connection V on
TM. Such a connection exists if we assume our base manifold M to be at least pseudo-
Riemannian. The existence of a connection is only relevant so that parallel transport of a
tangent vector v € T, M to v(t) on ker T't can be defined.

Let 7, be the unique geodesic satisfying the conditions 7, (0) = x as well as 7/, (0) = v for
en element (z,v) € TM. For a fixed element = € M, an exponential map on the tangent
space can then be defined by

exp: T,M — M (4.54)
v = exp,(v) = 7 (1). (4.55)

o7



4.3. CONTINUOUS FIELD OF C*-ALGEBRAS

Following the Definitions 3.30 and 3.31 together with (4.54), we can define the left ex-
ponential and the Weyl exponential maps on the tangent bundle. For (z,v) € TM and
pr: TM — M we get the left and the Weyl exponential maps on T'M defined by

ExpL(x, v) = (x,exp,(v)), (4.56)

Exp (2, 0) = (expx (—;v> exp, (;v>) . (4.57)

On any finite-dimensional inner-product space, a geodesic is given by a straight line. So on
an n-dimensional vector space, the unique geodesic 7, satisfying 7,(0) = z and ~,,(0) = v
is given by

Yo(r) =vr + x. (4.58)

When (M, w) = (R?, ), the exponential map on the tangent space T, R? = R? is given
by

exp : R? — R? (4.59)
V=T +v (4.60)

which induces the left exponential and the Weyl exponential maps on R? x R? given by:

Expl(z,v) = (z,2 +v), (4.61)
1 1
Exp" (z,v) = <x — vt 2v> . (4.62)

Similarly, for (M, ) = (g*,m1) we have

exp:g"- —g" (4.63)
VTt (4.64)

which induces the left exponential and the Weyl exponential maps on g* x g* given by:

Expl(z,v) = (z,z +v), (4.65)
1 1
Exp" (z,v) = (x —5¥% + 2v> . (4.66)

4.3.2 The tangent groupoid of the pair groupoid

We construct the tangent groupoid of the pair groupoid Mx M by going through the
steps of Definition 3.33.

Definition 4.10 (Tangent groupoid of the pair groupoid). As a set, we define the tangent
groupoid by

M x M=TMU{(0,1] x M x M} (4.67)
with base space
(M x M)o=1[0,1] x M. (4.68)

Elements of M x M are pairs (A, u), built by

eTM, ifh=0
(h,u) = {“ ' (4.69)

we M x M, ifh0.
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4.3. CONTINUOUS FIELD OF C*-ALGEBRAS

We can write these elements explicitly by

(i, u) = {<h’m’”> ifth=0 (4.70)
(h,my,ma) ifh#0

where m,ml,mgiﬁ7 v € T,,M.

As a groupoid, M x M = {{0} x TM} U{(0,1] x G}. On T'M the groupoid structure is
given viewing T'M as a Lie groupoid over M with structure maps s =t = 7. Groupoid
multiplication is given by addition in the fibers of the vector bundle T'M. The groupoid
operations in (0,1] x M x M are induced by the ones in M x M. For example, for i # 0
one gets the target map on the tangent groupoid given by

t(hym1,ma) = (h,t(m1,m2)) = (h,my). (4.71)

The smooth structure on M x M , making it a manifold with boundary, is deglc\ed analo-
gously to Definition 3.33 by defining a manifold structure on two subsets of M x M which
cover the tangent groupoid and is therefore not repeated here.

The tangent groupoid M x M is an amenable groupoid as proven in [35] and therefore by
(3.12), its full and its reduced C*-algebras are isomorphic:

C*(M x M) = C*(M x M). (4.72)

Together with the result from (4.31) saying that C(M x M) = L(L?*(M)) and Theorem
3.22, we have an exact sequence

0 = Co(R*) ® L(L2(M)) = C*(M x M) = Co(T*M) — 0. (4.73)
For (M, 7) = (R?, ), the tangent groupoid becomes

R2 x R2 = R4 = {{0} x R*} U {(0,1] x R*} = [0,1] x R%. (4.74)
Given (M, 7) = (g*,m1), the tangent groupoid becomes

g x g* = {0} x g" x g* U{(0,1] x g* x g*} = [0,1] x g* x g". (4.75)

4.3.3 A continuous field of (C*-algebras

For the pair groupoid M x M = M with corresponding tangent groupoid M x M , We can
follow the construction in Theorem 3.37 to create a suitable field of C*-algebras.
For the parameter i € R, we get a field of groupoids defined by

(M x M)(0) = TM, (4.76)
(M x M)(h) =M x M,  Vh#0. (4.77)

The *-homomorphisms of the C*-algebra are defined analogously to the case of a general
Lie groupoid (3.83) and (3.85) using the Fourier transform on the tangent bundle Frp,
as given in Definition 4.8. Applying Theorem 3.37 to G = M x M, we get a field of
C*-algebras defined by

A= C*(M x M), (4.78)
Ag = C*((M x M)(0)) = C*(TM) = Co(T*M), (4.79)
Ap = C*((M x M)(0)) = C*(M x M) = L(L*(M)). (4.80)
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For (R?,7p) we have a field of C*-algebras given by

A =C*([0,1] x RY), (4.81)
Ag = Co(RY), (4.82)
Ay = L(L*(R?)). (4.83)
For (g*, m1) the field of C*-algebras results in
A=C*(0,1] x g* x g%), (4.84)
Ao = Co(g" x g%) (4.85)
Ay = L(L*(g"))- (4.86)

4.4 Quantization maps

4.4.1 Weyl quantization on a Poisson Lie algebroid

To complete our construction of a strict deformation quantization for T%M, we want to
define a map Q : Oy, (T"M) — C*(M x M) which is equivalent to defining a family of
involutive maps Qy, : Cpyy (T*M) — C*(M x M) satisfying conditions (1.46) and (1.47)
as well as Dirac’s condition (1.48) of Definition 1.17.

Let V' be a neighborhood of M in T'M and choose some function x € C*(T'M,R) with
support in V' equaling unity in some smaller tubular neighborhood of M, as well as satis-
fying the symmetry condition

k((—z,—v)) = k((z,v)), V(z,v) € TM. (4.87)

Furthermore, let n be the dimension of the Poisson manifold (M, ).
By (3.87), (3.88) and (4.45) together with (4.57), for a function f € Cpy, (T M), we have

(/) (exppr(x) (—;v>  €XPpy () @v)) (4.88)
= |h\%(x,u)(2rr)”/ 9(02)e %30 dp%(0,),  Y(z,v) €V (4.89)
T M
and
A (N =0, Vyew (4.90)

Theorem 3.39 holds for the family {Qj}rer as well.

For our two special cases, we get much more compact expressions.

Let (M, 7) = (R?,m). In this case, the measure can be chosen to be the Riemannian one
on the manifold, the tangent bundle as well as the cotangent bundle. The Weyl exponential
is then given by Equation (4.57), the Fourier transform is the standard Fourier transform
(4.49) on R? and we get the following expression for the Weyl quantization map which is
defined for every ® € L?(R?):

~ 1
QY (£)0(a) = W 22m) 2 [ e ok ). (49)
T*R2
Since (M, ) = (g*,m) can be considered as an n-dimensional vector space, together

with the Weyl exponential (4.66) and the Fourier transform (4.52) the quantization maps
become

QY (£)®(x) = A" (2m) " /

where ® € L%(g*)

, 1
eIt (p, (@ +y)e(y)d"pd"y (4.92)
*g*
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Corollary 4.11. Let (T*M, 4, [—, —]r+m) be a Poisson Lie algebroid over a smooth Pois-
son manifold (M, m). Let M x M = M be the pair groupoid with associated tangent Lie
algebroid TM,id,[—, —]) and tangent groupoid M x M. Then T*M is a Poisson manifold

with Poisson structure (4.39), (4.40), (4.41). The components listed below yield a strict
deformation of the Poisson Lie algebroid T*M) in the sense of Definition 1.17.

i. The continuous field of C*-algebras given by A = C*(M), Ay =Co(T*M)), Ap, =
L(L?>(M)) Vh € R, h # 0 and the family of maps {1 ner defined analogously to
(3.83) and (3.85).

ii. The dense subalgebra A° = C%,,(T*M) of Paley-Wiener functions on A*(G) as
given in (4.42).

iii. The quantization map Q : Oy, (T*M) — C’*(M) with corresponding family
Q= QW : A° — Ay, defined in (4.88), (4.90) such that Qn(f) = ¥i(Q(f)) for any
feA°.

4.4.2 Proof of Dirac’s condition

The proof of Dirac’s condition (1.48) in the case of a Poisson Lie algebroid is analogous
to the general case described in Subsection 3.4.2. The main difference is that since any
Poisson manifold is locally isomorphic to some R", the parametrizations in Darboux co-
ordinates can be chosen. For some open neighbourhood U of 0 in R", set

Yv:U— M. (4.93)
The parametrizations of the pair groupoid and the tangent Lie algebroid respectively are
Yx:UxU—MxM (4.94)
0:UxR"—TM. (4.95)

The tangent groupoid M x M can then be parametrized by
D=0 xid: UxR— Mx M (4.96)

with inverse R

B=1"1:9(UxR)—=UxR. (4.97)

Let now U be a neighborhood of M x M in A(m@ For f,g € CX(TM), let 7 : U—
C be a map defined by

T(x’X7 O) =0 (4.98)
T(l’,X, 77,) — [Qh(f)v Q;;(g)](SU’X) o iQh({fyg}A(G))(xyX)- (499)

Furthermore, set
F=10B L (4.100)

~ o~

Lemma 3.41 holds for A(G) = TM and ensures that 7 € C°(8(U)). Consider T as an
element of C°(T'M x R) and 7 as an element of C°(M x M). The map 7(—, k) is in
Coyw (T* M) and the pair groupoid M x M can be considered as a subgroupoid of M x M.

Applying Theorem 3.37, we have for the maps 9y, given in (4.88) and (4.90) analogous to
(3.104):

li — h)||p =1 T * =||IT * =0 4.101
lim || 7(=, 1) s = Jim [Plasxarllo- sy = 7zl (4.101)

which concludes the argument.
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Appendix A

Poisson manifolds and algebras

Definition A.1 (Poisson manifold). A Poisson manifold is a real smooth manifold M
equipped with a Poisson structure. This Poisson structure can be defined from two differ-
ent angles.

e The Poisson structure can be described by a Lie bracket {—, —} : C*°(M)xC*°(M) —
C° (M) which turns the space of smooth functions on M into a Lie algebra. Addi-
tionally, the Poisson bracket has to satisfy the Leibniz rule:

{fg,n} = flg,h} + g{f. h}
In local coordinates (U, z%) the structure can be defined by

N 9f 99

Y]
where 7; ; is the Poisson bracket given on the coordinate functions.

e The Poisson structure can alternatively also be described using a Poisson bivector
which is a bivector field 7 € X2(M) = I'(A2T'M) satisfying the equation

[m, 7] =0

where [—, —] : XP(M) x X9(M) — XPT9=1(M) denotes the Schouten-Nijenhuis
bracket on multivector fields. Again in local coordinates (U, z%) the structure is then

o 0
=Y TG 50

%,J

given by

where this time 7;; are skew-symmetric smooth functions on U.

The two definitions given above are equivalent and are related by the following equation:

{f,9} =m(df Ndg)

Example A.2 (Even-dimensional euclidean space). Let {x1,zo,...,%n, Y1,Y2, ..., Yn} be a
basis for the even-dimensional euclidean space M = R?". On this manifold a symplectic
form can be defined by

w = dei A dy;. (A.1)

i=1
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Example A.3 (Cotangent bundle). The cotangent bundle 7% M of a manifold can locally
be modeled using coordinates (z1, ..., Zn, q1, ..., qn). On the local patches one can define a
local canonical symplectic form

w=dxy Ndq1 + ... + dz, A dgpn. (A.2)

By glueing these affine symplectic forms back together we obtain a symplectic structure
on the entire bundle.

Example A.4 (Trivial Poisson structure). On any manifold a Poisson structure can be
imposed by letting the Poisson bracket vanish on all elements, meaning that {f, g} = 0
for every f,g € M.

Definition A.5 (Vector field). A vector field assigns to each point of a manifold M a
tangent vector and hence is a mapping from M into its tangent bundle T'M:

X: M —TM. (A.3)

The space of vector fields is denoted by I'(M) = C>*(M,TM).

Example A.6 (Zero section). The map M — T'M,z — (x,0) is a vector field called the
zero section. It additionally embeds a manifold into its tangent bundle.

Example A.7 (Commutator). For a manifold M and two vector fields X,Y € I'(M),
their commutator

[X,Y]= XY - YX (A.4)
is again a vector field [X,Y] € T'(M).

To construct the canonical Poisson structure associated to a symplectic manifold we first
need to state the definition of special type of vector field, Hamiltonian vector fields.

Definition A.8 (Hamiltonian vector field). Let (X,w) be a symplectic manifold and
f: X — R a function on it. A vector field Hy : X — T'X is called Hamiltonian, if there
exists a function h € C*°(X) such that

vgpw =df. (A.5)

Example A.9 (Poisson structure on symplectic manifold). With the above definition
of Hamiltonian vector fields, we can now define the Poisson structure on any symplectic
manifold by

{f,9} = Hyg = w(Hy, Hy). (A.6)

Definition A.10 (Poisson algebra). A Poisson algebra A is a complex commutative as-
sociative algebra equipped with a Lie bracket {—, —} for which the Lebniz rule holds, that
is

{f,gh} ={f,gth+g{f,h}  Vf,g,h€A

Example A.11 (Space of R-valued smooth functions on a manifold). The space of real-
valued smooth functions on a Poisson manifold (M,{—,—}), C>°(M), forms a Poisson
algebra. As a special case hereof, the space of real-valued smooth functions on a symplectic
manifold (X,w), C*°(X), also forms a Poisson algebra.
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