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Abstract

In this paper, the adaptive finite element method of arbitrary polynomial degree to solve a second-
order symmetric eigenproblem is studied. More precisely, an eigenvalue error estimate as well
as a priori and a posteriori error estimates for the eigenfunctions are derived and additionally a
method to minimise the latter. Lastly, the implementation of adaptive refining according to the
error estimator in FreeFEM ([Hecht, 2012]) is demonstrated on four example domains in two and
three dimensions. Their analysis shows the predicted convergence behaviour.
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Chapter 1

Introduction

The aim of this thesis is to study the wave equation with Dirichlet boundary conditions and
numerically �nd its solution on the recorder.
From [Raviart and Thomas, 1988, Chapter 6.1-B.] the wave equation with Dirichlet boundary
conditions is given by:

Let 
 denote an open, connected domain inRn and @
 its boundary, for T > 0 de�ne

QT = 
 � (0; T); � T = @
 � (0; T):

Given the functions u0; u1 : 
 ! R and f : QT ! R we want to �nd a function u : QT !
R; (x; t ) 7! u(x; t ) that solves

8
<

:

@2 u
@t2 � � u = f on QT wave equation,
u = 0 on � T boundary condition,
u(�; 0) = u0; @u

@t(�; 0) = u1 on 
 initial conditions.

A common ansatz is to use separation of variables, i.e. assume that

u(x; t ) = w(x)' (t):

In the following, f = 0 is considered, which leads to the calculations

w(x) •' (t) � � w(x)' (t) = 0 ;

•' (t)
' (t)

=
� w(x)
w(x)

= � �;

resulting in

•' (t) = � �' (t);

with the well-known fundamental system

f ei
p

�t ; e� i
p

�t g;

and the Poisson equation
(

� � w(x) = �w (x) on 
 ,
w = 0 on @
 ,

(1.1)

being the eigenvalue problem of interest and the solution of which is the object of this thesis.

Solving this is done using the Finite Element Method (FEM).
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2

The generalised eigenvalue problem (1.1) can equivalently be written using bilinear forms

a(w; v) = �b (w; v) 8v 2 V;

a(w; v) = ( r w; r v)L 2 (
) ;

b(w; v) = ( w; v)L 2 (
) ;

where V is a so-called test space and(�; �)L 2 (
) is the L 2-scalar product de�ned in equation (2.1).
The idea of the Finite Element Method is to introduce a �nite-dimensional subspaceVN � V of
dimension N , on which the same notions apply and which has a basis(bj )N

j =1 . Vectors on this
subspace can then be written as linear combinations of the basis, which leads to the de�nition of
matrices A ; M de�ned by A ij = a(bj ; bi ); M ij = b(bj ; bi ) that substitute the discrete generalised
eigenvalue problem to read

A u = � M u:

The values of � where the matrix A � � M is singular, i.e. has determinantdet(A � � M ) = 0 , are
the eigenvalues of the generalised eigenvalue problem.

For the numerical solution of the problem, the domain
 is an approximation made of a structure of
triangles in two dimensions or tetrahedra in three dimensions, called mesh. The �nite-dimensional
spaceVN is given by piecewise polynomials on each element of the triangulation.
In order to get a more precise solution, the mesh can be re�ned. At �rst the triangulation is
uniform, meaning all elements have approximately the same form and size. Re�ning all elements
uniformly would require a high computational e�ort when solving a problem on this mesh, since
the number of elements in the triangulation would grow exponentially in this case. To avoid
this, adaptive re�nement is used. This means to only re�ne the mesh in those places where the
re�nement really yields better accuracy.

The aim of this thesis is to derive an error estimator that gives thea posteriori error estimate on
the eigenfunctions, meaning an estimate for the error without having to know the exact solution.
Then the mesh is re�ned where the error estimator takes its largest values and recomputing the
solution, smaller errors are estimated.
Moreover, an error estimate on the eigenvalues is deduced, which allows the expectation of the
approximated eigenvalues on the mesh to converge to the exact eigenvalues at a certain rate.

Chapter 2 contains some background information and fundamentals that will be used. Chapter
3 introduces the Finite Element Method in more detail, with a special attention to eigenvalue
problems. The main results of this thesis are displayed and proved in Chapter 4, consisting of an
estimate on the error of the approximated eigenvalue with respect to the exact eigenvalue as well as
an a priori and an a posteriori error estimate on eigenfunctions. In Chapter 5 the implementation
in FreeFEM ([Hecht, 2012]) and its results are described.



Chapter 2

Preliminaries from Functional
Analysis

For proofs and more details refer to literature, e.g. [Hackbusch, 2017, Chapter 6].

2.1 Spaces and Norms

De�nition 2.1 (L 2-space). Let 
 � Rd be a domain,d 2 N. The L 2-spaceis de�ned as

L 2(
) =
�

u : 
 ! R Lebesgue-measurable with
Z



ju(x)j2dx < 1

�
:

Theorem 2.2. Let 
 � Rd be a domain, d 2 N. L 2(
) forms a Hilbert space with the scalar
product

(u; v)L 2 (
) =
Z



u(x)v(x)dx 8u; v 2 L 2(
) (2.1)

and the norm

kukL 2 (
) =

s Z



ju(x)j2dx: (2.2)

De�nition 2.3 (Hilbert space H k ). Let 
 � Rd be a domain,d 2 N and k 2 N0. The H k -space
is de�ned as

H k (
) =
�

u 2 L 2(
) : D � u 2 L 2(
) for j� j� k
	

:

Remarks.

1. In literature, H k (
) is often referred to as the Sobolev spaceW k; 2(
) .

2. H s(
) can be de�ned not only for s 2 N0 but also for s 2 R� 0.

Theorem 2.4. Let 
 � Rd be a domain,d 2 N and k 2 N0. H k (
) forms a Hilbert space with
the scalar product

(u; v)H k (
) =
X

j � j� k

(D � u; D � v)L 2 (
) (2.3)

and the norm

kukH k (
) =
s X

j � j� k

kD � uk2
L 2 (
) : (2.4)

3



4 2.2. Orthogonal Projection

Additionally, there exists the seminorm

jujH k (
) =
s X

j � j= k

kD � uk2
L 2 (
) : (2.5)

Remark. Here the multi-index notation is used: For � = ( � 1; � 2; � � � ; � d) 2 Nd, the sum of compo-
nents is j� j= � 1 + � � � + � d and with that de�ne the higher-order partial derivative

D � u =
@j � j

@x� 1
1 � � � @x� d

d
u:

Proposition 2.5. For 
 � Rd bounded,d 2 N, the norm k�kH k (
) from (2.4) and the seminorm
j�j H k (
) from (2.5) are equivalent, i.e. there exist some constantC such that

jujH k (
) � k ukH k (
) � CjujH k (
) 8u 2 H k
0 (
) :

De�nition 2.6. Let 
 � Rd be a domain,d 2 N. De�ne

C1
0 (
) =

n
u 2 C1 (
) : supp( u) � �
 ; supp(u) compact

o
;

where C1 (
) is the space of in�nitely continuously di�erentiable functions with domain 
 and
supp(u) = f x 2 
 : u(x) 6= 0g the support of u.

De�nition 2.7. Let 
 � Rd be a domain,d 2 N and k 2 N0. De�ne H k
0 (
) as the completion of

C1
0 (
) in L 2(
) with respect to theH k -norm (2.4).

Theorem 2.8. H k
0 (
) is a subspace ofH k (
) and forms a Hilbert space with the same scalar

product (2.3) and the same norm(2.4).

De�nition 2.9 (Dual space). Let X be a normed, linear space overR. The dual spaceX 0 is
de�ned as

X 0 = f f : X ! R : bounded, linear mapg = L(X; R):

The elementx0 2 X 0 is called a linear functional on X .

De�nition 2.10 (Gelfand triple) . Let U; V be two Hilbert spaces withV � U continuously and
densely embedded.V; U; V0 are a Gelfand triple if they satisfy

V � U � V 0:

In application, the spaces of interest are going to be the following.

Theorem 2.11. Let 
 � Rd be a domain, d 2 N. Then the following inclusions form Gelfand
triples:

H s
0 (
) � L 2(
) � (H s

0 (
)) 0 s � 0;

H s(
) � L 2(
) � (H s(
)) 0 s � 0:

2.2 Orthogonal Projection

Theorem 2.12 (Projection, [Brezis, 2011, Theorem 5.2]). Let H be a Hilbert space with scalar
product (�; �)H and induced norm k�kH . Let K � H be a nonempty closed convex set. Then for
every f 2 H there exists a unique elementu 2 K such that

kf � ukH = min
v2 K

kf � vkH :
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Moreover, u is characterised by the property

u 2 K and (f � u; v � u)H � 0 8v 2 K:

The above elementu is the projection of f onto K and is denoted by

u = � K f:

Proposition 2.13 (Orthogonal projection, [Brezis, 2011, Corollary 5.4]). Let H be a Hilbert space
with scalar product (�; �)H . Assume that M � H is a closed linear subspace. Letf 2 H . Then
u = � M f is characterised by

u 2 M and (f � u; v)H = 0 8v 2 M:

Moreover, � M is a linear operator, called the orthogonal projection.

De�nition 2.14 (H 1-projection). Let 
 � Rd be a domain,d 2 N, H = H 1(
) and M a closed
linear subspace. TheH 1-projection onto M is de�ned as

� H 1 : H 1(
) ! M;

satisfying for given u 2 H 1(
)

(� H 1 u; v)H 1 (
) = ( u; v)H 1 (
) 8v 2 M:

Remark. The H 1-projection is an orthogonal projection, as it satis�es Proposition 2.13.

2.3 Bilinear Form

De�nition 2.15 (Bilinear form) . Let V be a Hilbert space. The mapping

a(�; �) : V � V ! R

is a bilinear form if

a(x + �y; z ) = a(x; z) + �a (y; z); a(x; y + �z ) = a(x; y) + �a (x; z)

for all � 2 R; x; y; z 2 V .
A bilinear form a(�; �) is symmetric if

a(x; y) = a(y; x) 8x; y 2 V:

A bilinear form a(�; �) is continuous or bounded if there exists a C1 such that

ja(x; y)j� C1kxkV kykV 8x; y 2 V:

A bilinear form a(�; �) is coercive if it is continuous and there exists aC2 > 0 such that

a(x; x ) � C2kxk2
V 8x 2 V: (2.6)

Theorem 2.16 (Lax-Milgram Theorem, [Hackbusch, 2017, Theorem 6.101]). Let V be a Hilbert
space,a : V � V ! R a continuous and coercive bilinear form onV and f : V ! R a continuous
linear functional. Then the problem

Find u 2 V with a(u; v) = f (v) 8v 2 V (2.7)

has a unique solutionu 2 V .
Furthermore, the solution u 2 V satis�es

kukV �
1

C2
kf kV 0;

where C2 is the coercivity constant from (2.6).

De�nition 2.17 (Gårding inequality) . Let V � U � V 0 be a Gelfand triple. A bilinear form
a : V � V ! R satis�es the Gårding inequality if there exist C1 > 0; C2 2 R such that

a(x; x ) � C1kxk2
V � C2kxk2

U 8x 2 V:
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2.4 Regularity

In the subsequent chapters, the Poisson problem will be of particular relevance and we are interested
in the regularity of its solutions. From [Gilbarg and Trudinger, 1998, Theorem 8.13] we have the
following theorem.

Theorem 2.18. Let 
 � Rd be a domain with@
 2 Ck+2 , d; k 2 N. Let u 2 H 1
0 (
) be a solution

of the problem
(

� � u + u = f in 
 ;
u = 0 in @
 ;

for f 2 H k (
) . Then we haveu 2 H k+2 (
) and

kukH k +2 (
) � C
�
kukL 2 (
) + kf kH k (
)

�
;

where C depends ond, k and @
 .

For bounded polygonal domains inR2, we have the following theorem from [Grisvard, 1985, The-
orem 8.1.1], using thatL p(
) � L q(
) for q � p whenever
 is bounded.

Theorem 2.19. Let 
 � R2 be an open, bounded and convex set with a polygonal boundary. Then
the problem

(
� � u + u = f in 
 ;
u = 0 in @
 ;

for f 2 C1;� (
) has a unique solution

u 2 H 2(
) \ H 1
0 (
) :

Remark. This result also holds on bounded open subsets ofR3 with boundary that is a polyhedron,
as stated at the beginning of [Grisvard, 1985, Section 8.2].



Chapter 3

Preliminaries from Finite Element
Method

For proofs and more details refer to literature, e.g. [Hackbusch, 2017, Chapters 8 and 11].

3.1 Finite Element Discretisation

Given a Hilbert space V , de�ne a �nite-dimensional subspace VN � V of dimension dim(VN ) =
N < 1 . VN equipped with the norm k�kV is a Banach space and it has a basis(bj )N

j =1 .
Given further a continuous and coercive bilinear forma : V � V ! R and a continuous linear form
f : V ! R with the problem

Find u 2 V with a(u; v) = f (v) 8v 2 V; (2.7)

they are also de�ned for u; v 2 VN and the discrete problem arises

Find uN 2 VN with a(uN ; vN ) = f (vN ) 8vN 2 VN : (3.1)

The transition from the continuous problem (2.7) to the discrete problem (3.1) is called Galerkin
discretisation. A solution uN 2 VN of (3.1) is called Galerkin solution of (2.7).

The basis(bj )N
j =1 of VN allows to write elements in VN as a linear combination of the basis with a

coe�cient vector, e.g. u = ( ui )N
i =1 2 RN the coe�cient vector of uN , such that

uN =
NX

i =1

ui bi : (3.2)

Lemma 3.1. For VN = spanf bj : j = 1 ; : : : ; N g, problem (3.1) is equivalent to

Find uN 2 VN with a(uN ; bj ) = f (bj ) 8j = 1 ; : : : ; N:

To �nd the coe�cient vector u 2 RN of the Galerkin solution uN , de�ne the following matrix and
vector and solve the arising linear system of equations.

Theorem 3.2. For VN = spanf bj : j = 1 ; : : : ; N g, de�ne the system matrix and right hand side
vector

A = ( A ij )N
i;j =1 A ij = a(bj ; bi ) i; j = 1 ; : : : ; N;

r = ( r i )N
i =1 r i = f (bi ) i = 1 ; : : : ; N:

Then the problem (3.1) and the system of linear equations

Au = r (3.3)

are equivalent, in the sense that a solutionu of (3.3) generatesuN via (3.2) which is a solution
of (3.1) and conversely a solutionuN of (3.1) has a unique coe�cient vector u solving (3.3).

7



8 3.1. Finite Element Discretisation

3.1.1 Eigenvalue Problems

In this thesis, the Poisson equation with Dirichlet boundary condition is to be solved:
(

� � u = �u on 
 ,
u = 0 on @
 ,

(3.4)

where 
 is some domain and� denotes the Laplace operator, de�ned by

� u(x1; : : : ; xd) =
dX

i =1

@2u
@x2i

:

The Poisson equation with Dirichlet boundary condition can be rewritten to variational form using
test functions v 2 V and partial integration:

Z



(� � u)v =

Z



r u � r v = �

Z



uv 8v 2 V;

where both sides can be de�ned through bilinear forms

a(u; v) = ( r u; r v)L 2 (
) ;

b(u; v) = ( u; v)L 2 (
) ;

to read

Find (u; � ) 2 Vnf 0g � C with a(u; v) = �b (u; v) 8v 2 V: (3.5)

De�nition 3.3 (Eigenvalue, Eigenfunction, Eigenspace). The values� 2 C, for which a solution
u 2 V of (3.5) exists, are eigenvaluesand the corresponding solutionsu are eigenfunctions.
For a given eigenvalue� de�ne the eigenspaceE(� ) = f u 2 V : u solves problem(3.5) for � g.

Remark. Note that all multiples and linear combinations of eigenfunctions are also eigenfunctions.
Hence introduce the notation for normed eigenfunctions

M (� ) = f u 2 V : u solves problem (3.5) for�; kukL 2 (
) = 1g:

Hereinafter these normed eigenfunctions are considered unless otherwise stated.

Theorem 3.4. Let 
 � Rd be a bounded domain,d 2 N and let V � L 2(
) be continuously,
densely and compactly embedded. Let the bilinear forma : V � V ! R be symmetric, continuous
and satisfy the Gårding inequality. Then problem(3.5) has countably many real eigenvalues� 2 R
which may only have an accumulation point at1 .

As introduced in Section 3.1, consider a �nite-dimensional subspaceVN � V . The Galerkin
discretisation reads

Find (uN ; � N ) 2 VN nf 0g � R with a(uN ; vN ) = � N b(uN ; vN ) 8vN 2 VN ; (3.6)

where � N is the discrete eigenvalue and has a corresponding eigenspaceEN (� N ), spanned by the
solutions of (3.6).
Analogue to Theorem 3.2, there is a corresponding matrix notation, given by the system matrix
and the mass matrix

A = ( A ij )N
i;j =1 A ij = a(bj ; bi ) i; j = 1 ; : : : ; N;

M = ( M ij )N
i;j =1 M ij = b(bj ; bi ) i; j = 1 ; : : : ; N:

The equivalent system of linear equations for (3.6) is

Au = � N Mu : (3.7)
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Since generallyM 6= 1l the identity matrix, equation (3.7) is called generalised eigenvalue problem.

In case the continuous eigenvalue� is not simple, and thusdim(M (� )) = q > 1, it is to be expected
that � is approximated by q several, pairwise di�erent discrete eigenvalues

� ( i )
N i = 1 ; : : : ; q with dim(M (� )) =

qX

i =1

dim(M N (� ( i )
N )) :

Then de�ne the set of clustered discrete eigenvalues, which all approximate the same continuous
eigenvalue

� N = f � ( i )
N : i = 1 ; : : : ; qg;

and its corresponding eigenspace, consisting of all normed eigenfunctions belonging to any of those
eigenvalues

M N (� N ) = f u( i )
N 2 VN : u( i )

N solves problem (3.6) for� ( i )
N 2 � N ; ku( i )

N kL 2 (
) = 1g:

For the next theorem, which is [Babu²ka and Osborn, 1987, Theorem 3.1], consider the following
setting:
Let V be a Hilbert space andVN its �nite-dimensional subspace. Let a(�; �) and b(�; �) be two
symmetric bilinear forms on V � V and let a(�; �) additionally be continuous and coercive.
De�ne the norms k�ka=

p
a(�; �) and k�kb=

p
b(�; �).

Under these assumptions, the eigenvalues of problem (3.5) can be sorted increasingly

0 < � 1 � � � � � � i � � i +1 � � � � :

Picking one particular eigenvalue� l , suppose it is of multiplicity ql

� l � 1 < � l = � l +1 = � � � = � l + ql � 1 < � l + ql :

Rede�ne the indices, such that each smallest index of a multiple eigenvalue iski , in this casel = ki

for somei ranging over the number of distinct eigenvalues. Then number the multiple eigenvalues
by j = 0 ; : : : ; ql � 1. Thus � k i +1 is the next larger distinct eigenvalue, in the above example
� k i +1 = � l + ql > � k i = � l .
Note that there are ql normed eigenfunctions belonging to the same eigenvalue� k i , let M (� k i ) be
their collection. Denote the discrete eigenfunctionsul;N 2 M (� l;N ) � VN corresponding to the
discrete eigenvalue� l;N .

Theorem 3.5 (Eigenvalue error estimate). For i = 1 ; 2; : : :, suppose� k i is an eigenvalue of
(3.5) of multiplicity qi with above established notation andu 2 M (� k i ) an eigenfunction of (3.5)
corresponding to � k i . Let � k i + j � 1;N be the approximations of� k i for j = 1 ; : : : ; qi and uk i + j � 1;N

the corresponding eigenfunctions of(3.6) in the �nite-dimensional subspaceVN . Let

" i;j (N ) = inf
u2 M (� k i )

kuka =1
a(u;u k i ;N )= ��� = a(u;u k i + j � 2 ;N )=0

inf
� 2 VN

a( �;u k i ;N )= ��� = a( �;u k i + j � 2 ;N )=0

ku � � ka j = 1 ; : : : ; qi :

The conditions a(u; uk i ;N ) = � � � = a(u; uk i + j � 2;N ) = 0 are considered empty ifj = 1 . Then there
are constantsC and N0 such that

j� k i + j � 1;N � � k i + j � 1j� C"2
i;j (N ) 8N � N0; i = 1 ; 2; : : : ; j = 1 ; : : : ; qi : (3.8)

The next theorem is [Hackbusch et al., 2012, Theorem 5.5], which for problem (3.4) can be rewritten
to the below statement.

Theorem 3.6 (H s+1 -regularity for Poisson problem). Let 
 � Rd be an analytic bounded Lipschitz
domain. Then, any normalised eigenfunctionu 2 M (� ) of equation (3.4) is analytic. There exists
a constant independent of� such that

jujH s +1 (
) � C maxf s;
p

j� jgs+1 8s � 0: (3.9)
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3.2 Finite Elements

Consider the speci�c setting of application:


 is a polygon (in R2) or a polyhedron (in R3).

G is an admissible triangulation made of open triangles (inR2) or open tetrahedra (in R3).

V = H 1
0 (
)

VN = V p
G =

�
u 2 C0(
) : uj � 2 Pp 8� 2 G and uj@
 = 0

	

(3.10)

Remark. In the notation V p
G the superscript p implies the dependence on the polynomial space of

polynom degreep and the subscript G implies the dependence on the triangulation.

De�nition 3.7 (Admissible triangulation) . G = f � 1; : : : ; � t g is an admissible triangulation of 

if the following conditions are ful�lled:

� i are open triangles (in R2) or tetrahedra (in R3) i = 1 ; : : : ; t;

� i are disjoint, i.e. � i \ � j = ; 8 i 6= j;

[ t
i =1 � i = 
 ;

For i 6= j , � i \ � j is

8
><

>:

either empty, or
in R2 a common side or vertex of the elements� i ; � j , or
in R3 a common face, side or vertex of the elements� i ; � j .

De�nition 3.8 (Mesh size). Let G be an admissible triangulation. Themesh sizeh 2 R of G is
de�ned as the maximal diameter over all elements inG, i.e.

h = max
� 2G

diam(� );

where the diameter is de�ned asdiam(� ) = sup x;y 2 � jx � yj with j�j the Euclidean norm.

Remark. In this thesis, the parameter of exactness ish, i.e. in order to obtain a more exact
solution, the mesh is re�ned, while the polynomial degreep is �xed. In contrast, one could choose
the polynomial degreep as the parameter of exactness, so to increase the exactness of the solution
by increasing p at a constant mesh.

De�nition 3.9 (Quasi Uniform) . Let G be an admissible triangulation. Denote the mesh size
hmax ;G = max � 2G diam(� ) and analogously the minimal sizehmin ;G = min � 2G diam(� ). The trian-
gulation G is quasi uniform, if the following condition holds:

Cqu (G) =
hmax ;G

hmin ;G
< 1 :

Remark. Descriptively explained, a triangulation will not be quasi uniform, if some elements are
much smaller than others. Then the maximal size is large, while the minimal size can become
arbitrarily small.

De�nition 3.10 (Shape regular). Let G be an admissible triangulation. LetB � (x) be the ball of
radius � around point x. Let

� �; outer = inf f � : � � B � (x); � > 0; x 2 Rd; d = 2 ; 3g;

� �; inner = supf � : � � B � (x); � > 0; x 2 Rd; d = 2 ; 3g;

be the radius of the outer respectively inner circle of� . The triangulation G is shape regular, if
the following condition holds:

Csr (G) = sup
� 2G

�
� �; outer

� �; inner

�
< 1 :
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Remarks.

1. Descriptively explained, a triangulation will be shape regular, as long as the maximal and
minimal side length are proportional in each element� 2 G.

2. Note that the constants in subsequent estimates may depend continuously on these two con-
stants Cqu , Csr and become large when the constantsCqu , Csr become large. More precisely,
the estimates in Chapter 4 are independent of quasi uniformityCqu but solely depend on the
shape regularity Csr , allowing for the estimates to be used in adaptive re�nement.

De�nition 3.11 (Reference simplex, a�ne transformation) . Let G be an admissible triangulation
in dimension d = 2 ; 3. De�ne the reference simplexby

�̂ d =

(

x 2 Rd
� 0 :

dX

i =1

jx i j � 1

)

:

Any element � 2 G with vertices x i 2 Rd, i = 1 ; : : : ; d + 1 can be lifted from the reference simplex
by the following a�ne transformation :

� : �̂ d ! �; x̂ 7! x1 + m � x̂;

where

m =
�

x2 � x1 x3 � x1 � � � xd + 1 � x1
�

2 Rd� d:

Remark. The map � is not uniquely determined, as the numbering of the verticesx i in the simplex
can be chosen arbitrarily. Nevertheless, this makes no di�erence, since a�ne maps are proportion-
ate.

(0; 1)

(1; 0)(0; 0)

�̂ d

x1

x2

x3

��

Figure 3.1: A�ne transformation from reference triangle to arbitrary triangle in d = 2

The purpose of this reference simplex is to simplify computations: Instead of integrating over
� 2 G, the integral can be expressed as an integral over the reference simplex̂� using integral
transformations.

De�nition 3.12 (Degrees of freedom / nodes). Let d; p 2 N and �x �d
p =

n
� 2 Nd

0 :
P d

i =1 � i � p
o

.
Then the set of degrees of freedom, also called nodes, on the reference simplex in dimensiond for
polynomial degreep is de�ned as

�̂ d
p(�̂ ) =

�
1
p

� : � 2 �d
p

�
p � 1:

For p = 0 , there is one node in the barycenter of the element.

Remark. One can show that �d
p has dimension

� p+ d
d

�
.
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Polynomial degreep Number of DOFs Sketch

0 1 x1

1 3

x1 x2

x3

2 6

x1 x2 x3

x4 x5

x6

3 10

4 15

Table 3.1: Summary of Lagrange triangle arrangement ind = 2 for the �rst �ve polynomial degrees

In Table 3.1 the arrangement of the degrees of freedom in the reference triangle for the �rst few
polynomial degrees ind = 2 are listed, taken from [Brenner and Scott, 2008, Chapter 3.2].
In three dimensions, the arrangement looks similar, but of course the number of degrees of freedom
di�ers from the case d = 2 . For example at p = 1 , there are four nodes, one on each vertex of
the tetrahedron and at p = 2 , there are ten nodes; four on the vertices and one on each of the six
edges.

De�ning the degrees of freedom on an arbitrary element� 2 G of a given triangulation can be done
on the reference simplex and mapped onto� using the a�ne transformation in De�nition 3.11.
Let � d

p(� ) be the degrees of freedom on the element� . Note that due to a�nity, the degrees of
freedom on inner edges or faces will coincide with the degrees of freedom on that edge or face of
the neighbouring element. This in particular means that the number of degrees of freedom on the
whole triangulation is not given by the dimension �d

p times the number of elements.

Denote by � d
p(G) the set of inner degrees of freedom on the triangulationG, i.e. the set of degrees

of freedom not lying on the boundary @
 ,

� d
p(G) =

�
[ � 2G � d

p(� )
�

n @
 :
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De�nition 3.13 (Basis). Let G be an admissible triangulation, p 2 N and V p
G the piecewise

polynomial subspace de�ned in(3.10). As basis of V p
G choose

bi (x i ) = 1 bi (x j ) = 0 8i 6= j; 1 � i; j � M;

where x i 2 � d
p(G) are the inner degrees of freedom.

Remark. The coe�cient vector u 2 RM de�ning uh like in equation (3.2) can be found explicitly
as ui = uh (x i ), u = ( ui )M

i =1 , where x i 2 � d
p(G) are the inner degrees of freedom.

3.2.1 Interpolation Operator

De�nition 3.14 (Interpolation operator) . Let 
 , V and V p
G be given as in(3.10) with p 2 N� 1

and (bj )N
j =1 the basis ofV p

G as given in De�nition 3.13. The interpolation operator is de�ned as

� int : V \ H 2(
) ! V p
G ;

satisfying for given u 2 V \ H 2(
)

� int u =
X

x i 2 � d
p (G)

u(x i )bi ;

where x i 2 � d
p(G) denote the inner degrees of freedom.

Remark. Recall that by Sobolev's embedding theorem, if
 2 Rd for d = 2 ; 3 it holds that H 2(
) ,!
C0(
) (for reference, e.g. see [Raviart and Thomas, 1988, Equation (1.6-7)]). This implies that
H 2-functions are continuous and hence can be evaluated in single points likex i , thus the operator
in De�nition 3.14 is well de�ned. Recall from the remark succeeding De�nition 2.3 that H s(
)
may be de�ned for s 2 R� 0. In that case, one has the embeddingH s ,! C0(
) for s > d

2 .

From [Brenner and Scott, 2008, Theorem 4.4.4] follows the next theorem.

Theorem 3.15 (Error estimates). Let 
 , V and V p
G be given as in (3.10) with mesh sizeh,

p 2 N� 1 and the interpolation operator � int de�ned as in De�nition 3.14. Then the following error
estimates hold foru 2 H p+1 (
) \ H 1

0 (
)

ju � � int ujH k (
) � Chp+1 � k jujH p +1 (
) k = 0 ; 1:

This can be rewritten to read

ku � � int ukL 2 (
) � Chp+1 jujH p +1 (
) for k = 0 ;
ju � � int ujH 1 (
) � Chp jujH p +1 (
) for k = 1 :

And in particular, in later sections the following estimate will be of importance

ku � � int ukH 1 (
) = C
�
ku � � int ukL 2 (
) + ju � � int ujH 1 (
)

�

� Chp+1 jujH p +1 (
) + Chp jujH p +1 (
)

� Chp jujH p +1 (
)

(3.11)

where h < C is assumed, implyinghp+1 < Ch p.

Remark. To obtain a similar estimate for fractional order Hilbert spaces H s(
) , s 2 R� 0, one
can use the Scott-Zhang interpolation operator, for further information refer to [Scott and Zhang,
1990].
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Chapter 4

Error Estimates for Eigenvalue
Problems

4.1 Eigenvalue Error Estimate

Theorem 3.5 can be applied to �nd an explicit eigenvalue error estimate for the speci�c setting of
application (3.10) described in Section 3.2. Recall that the polynomial degreep is considered a
�xed constant, as explained in the remark after De�nition 3.8.

Theorem 4.1. Let 
 , G, V and V p
G be as in (3.10) with h the mesh size ofG and p 2 N� 1. Let

(� l ) l 2 N be the continuous eigenvalues of problem(3.5) and (� l;h )N
l =1 be the discrete eigenvalues of

problem (3.6). Then the following estimate holds:
�
�
�
�
� l;h � � l

� l

�
�
�
� � C(j� l j

1=2 h)2p l = 1 ; : : : ; N; (4.1)

where C may depend on the polynomial degreep.

Proof. For any given � l , l = 1 ; : : : ; N there exists i; j such that � k i + j � 1 = � l , as explained ahead
of Theorem 3.5. With this analogue notation, apply Theorem 3.5.
" i;j (h) can be estimated for above by choosing particular functions instead of considering the
in�ma. Thus, choose � = � int u 2 V p

G for given u 2 M (� k i ). Then

" i;j (h) � k u � � int ukH 1 (
)

(3.11)
� C1hp jujH p +1 (
) : (4.2)

Moreover, equation (3.9) is applicable, where it is used thatp is assumed �xed and the smallest
eigenvalue� 1 is bounded from below by a constant, i.e.

9C2 depending only onp and � 1 such that maxf p;
p

� g � C2

p
�;

leading to

jujH p +1 (
) � C3 maxf p;
p

j� jgp+1 � C3 (C2j� k i j)
p +1

2 : (4.3)

Combining (4.2) and (4.3) yields

" i;j (h) � C1hp jujH p +1 (
) � C1hpC3(C2j� k i j)
p +1

2 � Chp j� k i j
p +1

2 ;

where C depends onp.
Then one obtains from (3.8)

j� k i + j � 1;h � � k i + j � 1j� C"2
i;j (h) � Ch2p j� k i j

p+1 80 < h � h0; j = 1 ; : : : ; q; i = 1 ; 2; : : :

15
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Rearranging gives
�
�
�
�
� k i + j � 1;h � � k i + j � 1

� k i

�
�
�
� � Cj� k i j

ph2p = C
�

j� k i j
1=2 h

� 2p
80 < h � h0; j = 1 ; : : : ; q; i = 1 ; 2; : : :

Recalling that � k i + j � 1 = � k i = � l the claim follows.

Remark. Since this theory does not rely on the mesh being quasi uniform, the constants in the
error estimate do not depend on quasi uniformity, allowing adaptive re�nement.

4.2 A Priori Error Estimate on Eigenfunctions

The goal of this chapter is to estimate the L 2-error of the Galerkin solution with respect to the
continuous solution by the H 1-error of the same multiplied by a factor h.
Consider the speci�c setting of application (3.10) described in Section 3.2 withV = H 1

0 (
) and
V p

G consisting of piecewise polynomial functions, where
 is a polygon or polyhedron.

Theorem 4.2. Let � k be an eigenvalue of(3.5) of multiplicity R + 1 , let � k be the set of its
associated approximations from solving(3.6). Further let uk be any corresponding normalised

eigenvector to� k and
�

u( i )
k;h

� R

i =0
be any corresponding normalised eigenvectors to� ( i )

k;h 2 � k . Then

for all 1 � k � N , there is a constantC > 0 and � k;h 2 RR +1 with
P R

i =0

�
� ( i )

k;h

� 2
= 1 such that











uk �

RX

i =0

� ( i )
k;h u( i )

k;h












L 2 (
)

� Ch

�
�
�
�
�
uk �

RX

i =0

� ( i )
k;h u( i )

k;h

�
�
�
�
�
H 1 (
)

:

The constant C depends on the spectral information� j ; uj j = 1 ; : : : ; k, the relative spectral gap
� (� k ), the regularity constant Creg and the shape regularity constantCsr .

Proof. This proof will closely follow the proof of [Giani and Graham, 2009, Theorem 3.1] handling
the case of simple eigenvalues, which is based on the theory in [Strang and Fix, 2008, pages 234-236].

Firstly, introduce the following notation:
For any 1 � k � N , there exist 1 � l � N and 0 � r � R such that � k = � l + r which satis�es
� l = : : : = � l + r = : : : = � l + R because by assumption� k is of multiplicity R + 1 .
Then write � ( i )

k;h = � l + i;h and analogueu( i )
k;h = ul + i;h for 0 � i � R.

Outline of the proof: First �nd a good approximation for the orthogonal projection of ul + r , then
show it is also a good approximation forul + r itself. Next de�ne � k;h and show that it yields a
good approximation for ul + r . Lastly, using the standard Aubin-Nitsche argument, show that the
L 2-error can be estimated by theH 1-error times a factor h.

Consider the orthogonal projection � H 1 : H 1
0 (
) ! V p

G with respect to the inner product induced
by a(�; �), similarly de�ned as in De�nition 2.14 with the analogue property

a(� H 1 v; vh ) = a(v; vh ) 8v 2 H 1
0 (
) ; 8vh 2 V p

G :

By the symmetry of a and b there exists a basisf uj;h : j = 1 ; : : : ; N g of V p
G (containing ul + i;h )

which is orthonormal with respect to the inner product b, and eachuj;h is an eigenvector of (3.6)
corresponding to eigenvalue� j;h .
De�ne the matrix of size (R + 1) � (R + 1)

� r;i = (� H 1 ul + r ; ul + i;h )L 2 (
) 0 � i; r � R;

B = ( � r;i )R
i;r =0 :

Recall Parseval's equality: It states that, given a Hilbert space H with inner product (�; �)H

and orthonormal basis (ei )n
i =1 , the squared norm ofx 2 H equals the sum of the squares of its
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components, where the components are given by the inner product of the vector with the bases,
i.e.

kxk2
H =

nX

i =1

(x; ei )2
H :

Here





 � H 1 ul + r �

P R
i =0 � r;i ul + i;h








2

L 2 (
)
needs to be rewritten, so let us look at the involved com-

ponents:

� H 1 ul + r =
NX

j =1

(� H 1 ul + r ; uj;h )L 2 (
) uj;h =
NX

j =1

cj;r uj;h cj;r = (� H 1 ul + r ; uj;h )L 2 (
) ;

RX

i =0

� r;i ul + i;h =
NX

j =1

dj;r uj;h dj;r =

(
0 j < l or j > l + R;
� r;i j = l + i; i = 0 ; : : : ; R;

then the di�erence has coe�cients

cj;r � dj;r =

(
(� H 1 ul + r ; uj;h )L 2 (
) j < l or j > l + R
0 j = l; : : : ; l + R

for �xed r

by de�nition of � r;i .
Thus, by Parseval's equality











� H 1 ul + r �

RX

i =0

� r;i ul + i;h












2

L 2 (
)

=
X

j =2f l;:::;l + R g

(� H 1 ul + r ; uj;h )2
L 2 (
) :

Then, since by de�nition of the eigenvalue problem and by de�nition of the projection

� j;h b(uj;h ; � H 1 ul + r ) = a(uj;h ; � H 1 ul + r ) = a(ul + r ; uj;h ) = � l + r b(ul + r ; uj;h ) j = 1 ; : : : ; N;

follows

(� j;h � � l + r )b(� H 1 ul + r ; uj;h ) = � j;h b(� H 1 ul + r ; uj;h ) � � l + r b(� H 1 ul + r ; uj;h )

= � l + r b(ul + r ; uj;h ) � � l + r b(� H 1 ul + r ; uj;h )

= � l + r (b(ul + r ; uj;h ) � b(� H 1 ul + r ; uj;h ))

= � l + r b(ul + r � � H 1 ul + r ; uj;h ) j = 1 ; : : : ; N;

and so

b(� H 1 ul + r ; uj;h ) =
� l + r

� j;h � � l + r
b(ul + r � � H 1 ul + r ; uj;h ) j = 1 ; : : : ; N:

Then, recalling that b(�; �) = ( �; �)L 2 (
)











� H 1 ul + r �

RX

i =0

� r;i ul + i;h












2

L 2 (
)

=
X

j =2f l;:::;l + R g

�
� l + r

� j;h � � l + r

� 2

(ul + r � � H 1 ul + r ; uj;h )2
L 2 (
) :

For a continuous eigenvalue� of (3.5) de�ne the relative spectral gap

� (� ) = min
�

j� 0 � � j
�

: � 0 6= � eigenvalue of (3.5)
�

:

Since the approximated eigenvalues� j;h converge towards their corresponding continuous eigen-
value � j , the distance between any continuous eigenvalue� l and any discrete eigenvalue� j;h that
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does not approximate � l , will eventually be larger than half of the spectral gap of � l . In other
words, if � l = � l +1 = : : : = � l + R is any eigenvalue of (3.5) of multiplicity R+1 , then for su�ciently
small h it holds that

j� j;h � � l j
� l

�
� (� l )

2
j 6= l; l + 1 ; : : : ; l + R:

Hence the estimate











� H 1 ul + r �

RX

i =0

� r;i ul + i;h












2

L 2 (
)

�
�

2
� (� l + r )

� 2 X

j =2f l;:::;l + R g

(ul + r � � H 1 ul + r ; uj;h )2
L 2 (
)

=
�

2
� (� l + r )

� 2

kul + r � � H 1 ul + r k2
L 2 (
) ;

where in the last step the same Parseval argument is used as before.
Then by triangle inequality











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

� k ul + r � � H 1 ul + r kL 2 (
) +











� H 1 ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

�
�

1 +
2

� (� l + r )

�
kul + r � � H 1 ul + r kL 2 (
) :

Moreover, using reverse triangle inequality twice

kul + r kL 2 (
) �











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

�












RX

i =0

� r;i ul + i;h












L 2 (
)

� k ul + r kL 2 (
) +











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

:

Noting that the eigenfunctions uj , uj;h are normalised and once more using Parseval's equality,
this implies

1 �











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

�

 
RX

i =0

� 2
r;i

! 1=2

� 1 +











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

:

Introducing the following notation for the Euclidean norm (also called 2-norm):

kxk2 =

 
nX

i =1

x2
i

! 1=2

where x = ( x1; : : : ; xn )

and regarding � r = ( � r;i )R
i =0 as a vector with �xed r , the inequality reads

1 �











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

� k � r k2 � 1 +











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

:

Hence,

�
�
�k� r k2� 1

�
�
� �











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

�
�

1 +
2

� (� l + r )

�
kul + r � � H 1 ul + r kL 2 (
) :
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Setting � k;h = � r

k� r k2
, it follows

k� r � � k;h k2 =








 � r �

� r

k� r k2










2
=

�
�
�
�1 �

1
k� r k2

�
�
�
� � k� r k2 =

1
k� r k2

�
�
�
�k� r k2� 1

�
�
� � k� r k2

=
�
�
�k� r k2� 1

�
�
� :

From which is derived

k� r � � k;h k2 �
�

1 +
2

� (� l + r )

�
kul + r � � H 1 ul + r kL 2 (
) ;

and further using again triangle inequality and Parseval's equality










ul + r �

RX

i =0

� l + i;h ul + i;h












L 2 (
)

�











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

+












RX

i =0

� r;i ul + i;h �
RX

i =0

� l + i;h ul + i;h












L 2 (
)

�











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

+












RX

i =0

(� r;i � � l + i;h )ul + i;h












L 2 (
)

�











ul + r �

RX

i =0

� r;i ul + i;h












L 2 (
)

+ k� r � � k;h k2

� 2
�

1 +
2

� (� l + r )

�
kul + r � � H 1 ul + r kL 2 (
) :

Note that for ul + r � � H 1 ul + r the standard Aubin-Nitsche argument holds, because

a(ul + r ; v) = � l + r b(ul + r ; v);

a(� H 1 ul + r ; v) = a(ul + r ; v) = � l + r b(ul + r ; v);

implies that the Galerkin orthogonality applies, i.e.

a(ul + r � � H 1 ul + r ; v) = 0 ;

and thus by references such as [Brenner and Scott, 2008, Chapter 0.3] it follows

kul + r � � H 1 ul + r kL 2 (
) � h kul + r � � H 1 ul + r kH 1 (
) :

By Proposition 2.5, k�kH 1 (
) and j�j H 1 (
) are equivalent, thus











ul + r �

RX

i =0

� l + i;h ul + i;h












L 2 (
)

� 2
�

1 +
2

� (� l + r )

�
Ch jul + r � � H 1 ul + r jH 1 (
) ;

and by de�nition of orthogonal projection in Theorem 2.12, � H 1 is the best approximation with
respect to j�j H 1 (
) and can be estimated by any other approximation, hence in particular











ul + r �

RX

i =0

� l + i;h ul + i;h












L 2 (
)

� 2
�

1 +
2

� (� l + r )

�
Ch

�
�
�
�
�
ul + r �

RX

i =0

� l + i;h ul + i;h

�
�
�
�
�
H 1 (
)

:

As stated at the beginning of the proof, choosingl and r appropriately, each k = 1 ; : : : ; N can be
achieved, yielding the desired result.
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Remark. Because the constantC does not rely on the mesh quasi uniformity but only on shape
regularity, Theorem 4.2 can be used in adaptive re�nement.

In particular the in�mum over all discrete eigenfunctions will give a good approximation.

Corollary 4.3. Let � be an eigenvalue of problem(3.5) and u 2 M (� ) a corresponding eigen-
function. Let � h be the set of its associated approximations from solving problem(3.6). Then
holds

inf
u h 2 M h (� h )

ku � uh kL 2 (
) � Ch inf
u h 2 M h (� h )

ku � uh kH 1 (
) :

4.3 A Posteriori Error Estimate on Eigenfunctions

The aim of this chapter is to de�ne an error estimator that can be used to estimate the error of
a computed discrete eigenfunction with respect to the continuous eigenfunction without having to
know the continuous eigenfunction and so to estimate the errora posteriori.
The chapter follows closely the steps of [Durán et al., 2003] but for general polynomial degree
p � 1.

Let 
 , G, V and V p
G be as in (3.10) with h the mesh size ofG. Further introduce the notation F 


for the interior faces, i.e. the faces that do not lie on the boundary@
 . The concept of face is to
be understood as a face of a tetrahedron inR3 or as an edge of a triangle inR2. For each such face
F 2 F 
 de�ne the unit normal vector nF and denote by � F; 1; � F; 2 the two tetrahedra or triangles
adjacent to the faceF .

De�nition 4.4 (Jump) . Let F 2 F 
 be an interior face of the triangulation G, nF the unit normal
vector and � F; 1; � F; 2 the two elements sharing this face, wherenF points outwards � F; 1. Let ' be a
piecewise continuous function. Then thejump of the normal derivative of ' acrossF is de�ned as

[hnF ; r ' i ]F = hnF ; r (' j � F; 2 )i � h nF ; r (' j � F; 1 )i ;

where h�; �i is the Euclidean scalar product.

Remark. The jump of the normal derivative of ' acrossF is independent of the choice of direction
of nF .

Consider once more problems (3.5) and (3.6), written explicitly in variational form:

Find (u; � ) 2 Vnf 0g � R with
Z



r u � r v = �

Z



uv 8v 2 V; (4.4)

Find (uh ; � h ) 2 V p
G nf 0g � R with

Z



r uh � r vh = � h

Z



uh vh 8vh 2 Vh : (4.5)

De�nition 4.5 (Error Estimator) . Let 
 � Rd for d = 2 ; 3 be a domain,G an admissible trian-
gulation, F 
 the set of interior faces and(uh ; � h ) 2 V p

G � R. De�ne the error estimator as

� (uh ) =

 
X

� 2G

h2
� k� h uh + � uh k2

L 2 ( � ) +
X

F 2F 


hF k[hnF ; r uh i ]F k2
L 2 (F )

! 1=2

;

where h� denotes the diameter of the element� and hF denotes the diameter of the faceF .

Theorem 4.6. Let � be a solution of problem(3.5) and u 2 M (� ). Let � h 2 � h be a solution of
problem (3.6) and uh 2 M h (� h ). There exists a constantC, depending only on the shape regularity
of G with su�ciently small mesh size h, such that

sup
u2 M (� )

inf
u h 2 M h (� h )

ku � uh kH 1 (
) � C inf
u h 2 M h (� h )

� (uh ):



Chapter 4. Error Estimates for Eigenvalue Problems 21

To prove this, two Lemmas are required.

Lemma 4.7. For v 2 H 1
0 (
) there holds

Z



r (u � uh ) � r v �

Z



(�u � � h uh )v =

X

� 2G

Z

�
(� h uh + � uh )v +

X

F 2F 


Z

F
[hnF ; r uh i ]F v:

Proof. Take v 2 H 1
0 (
) and set e = u � uh . Integrating by parts gives

Z



r e � r v =

X

� 2G

Z

�
r � e � r � v

=
X

� 2G

�
�

Z

�
� � e � v +

Z

@�
hn� ; r ei � v

�

=
X

� 2G

�
�

Z

�
� � u � v +

Z

�
� � uh � v +

Z

@�
hn� ; r ui � v �

Z

@�
hn� ; r uh i � v

�

=
X

� 2G

� Z

�
�u � v +

Z

�
� � uh � v + 0 �

Z

@�
hn� ; r uh i � v

�
:

Note that each interior face appears twice, once per triangle it is in, but with di�erent sign of the
normal vector. More precisely, sincenF points outwards of � F; 1 and n� points outwards of � , nF

and n� have the same sign if� F; 1 = � . Similarly, nF and n� have the opposite sign if� F; 2 = � .
Therefore

�
X

� 2G

Z

@�
hn� ; r uh i � v =

X

F 2F 


Z

F

�
hnF ; r (uh j � F; 2 )i � h nF ; r (uh j � F; 1 )i

�
� v

=
X

F 2F 


Z

F
[hnF ; r uh i ]F � v;

and thus
Z



r e � r v =

X

� 2G

Z

�
(�u + � � uh ) � v +

X

F 2F 


Z

F
[hnF ; r uh i ]F � v:

Then
Z



r (u � uh ) � r v �

Z



(�u � � h uh )v

=
X

� 2G

Z

�
(�u + � � uh ) � v +

X

F 2F 


Z

F
[hnF ; r uh i ]F � v �

Z



(�u � � h uh )v

=
X

� 2G

Z

�
(� h uh + � uh )v +

X

F 2F 


Z

F
[hnF ; r uh i ]F v;

concluding the proof.

Lemma 4.8. There holds
Z



(�u � � h uh ) � (u � uh ) =

� + � h

2

Z



(u � uh )2:

Proof.
Z



(�u � � h uh ) � (u � uh ) =

Z



�u 2 �

Z



�uu h �

Z



� h uuh +

Z



� h u2

h

= �
Z



juj2+ � h

Z



juh j2� (� + � h )

Z



uuh :
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Using kuk2
L 2 (
) =

R

 juj2= kuk2

L 2 (
) =
R


 juh j2= 1 since the eigenspace is normed one arrives at

Z



(�u � � h uh ) � (u � uh ) = � + � h � (� + � h )

Z



uuh = ( � + � h ) � (1 �

Z



uuh ):

Noting that

Z



(u � uh )2 =

Z



(u2 � 2uuh + u2

h ) =
Z



juj2+

Z



juh j2� 2

Z



uuh = 2(1 �

Z



uuh )

completes the proof.

Proof (of Theorem 4.6). Set e = u � uh . Denote by ! � the union of elements that share a vertex
with some element� and let F be a face of� .

There exists someeI 2 V p
G such that

ke � eI kL 2 ( � ) � Ch� jejH 1 ( ! � ) ;

ke � eI kL 2 (F ) � Ch
1=2

F jejH 1 ( ! � ) ;

for example, take the Clément average interpolant [Clément, 1975].

Using (4.4), (4.5) and manipulating gives

Z



jr ej2 =

Z



r e � r e =

Z



r e � r (e � eI + eI ) =

Z



r e � r (e � eI ) +

Z



r e � r eI

=
Z



r e � r (e � eI ) +

Z



r u � r eI �

Z



r uh � r eI

=
Z



r e � r (e � eI ) +

Z



�u � eI �

Z



� h uh � eI

=
Z



r e � r (e � eI ) +

Z



(�u � � h uh )eI :

Apply Lemma 4.7 for v = e � eI

Z



r e � r (e � eI ) +

Z



(�u � � h uh ) � eI �

Z



(�u � � h uh ) � e

=
Z



r e � r (e � eI ) �

Z



(�u � � h uh ) � (e � eI )

=
X

� 2G

Z

�
(� h uh + � uh )(e � eI ) +

X

F 2F 


Z

F
[hnF ; r uh i ]F (e � eI );

where the �rst two terms of the top line can be recognised to be the last two terms of the above
calculation. Thus

Z



jr ej2 =

Z



r e � r (e � eI ) +

Z



(�u � � h uh )eI

=
X

� 2G

Z

�
(� h uh + � uh )(e � eI ) +

X

F 2F 


Z

F
[hnF ; r uh i ]F (e � eI ) +

Z



(�u � � h uh ) � e:



Chapter 4. Error Estimates for Eigenvalue Problems 23

Now Lemma 4.8 can be applied
Z



jr ej2 =

X

� 2G

Z

�
(� h uh + � uh )(e � eI ) +

X

F 2F 


Z

F
[hnF ; r uh i ]F (e � eI ) +

� + � h

2

Z



e2

�
X

� 2G

k� h uh + � uh kL 2 ( � ) ke � eI jjL 2 ( � ) +
X

F 2F 


k[hnF ; r uh i ]F kL 2 (F ) ke � eI jjL 2 (F )

+
� + � h

2
kek2

L 2 (
)

�
X

� 2G

k� h uh + � uh kL 2 ( � ) Ch� jejH 1 ( ! � ) +
X

F 2F 


k[hnF ; r uh i ]F kL 2 (F ) Ch
1=2

F jejH 1 ( ! � )

+
� + � h

2
kek2

L 2 (
)

�

 
X

� 2G

k� h uh + � uh k2
L 2 ( � ) C

2h2
�

! 1=2  
X

� 2G

jej2H 1 ( ! � )

! 1=2

+

 
X

F 2F 


k[hnF ; r uh i ]F k2
L 2 (F ) C

2hF

! 1=2  
X

F 2F 


jej2H 1 ( ! � )

! 1=2

+
� + � h

2
kek2

L 2 (
) :

Using a + b �
p

2
p

a2 + b2,

Z



jr ej2� CjejH 1 (
) �

 
X

� 2G

k� h uh + � uh k2
L 2 ( � ) h

2
� +

X

F 2F 


k[hnF ; r uh i ]F k2
L 2 (F ) hF

! 1=2

+
� + � h

2
kek2

L 2 (
) ;

where the large term in brackets is exactly� (uh ) as de�ned in De�nition 4.5. Hence

jej2H 1 (
) =
Z



jr ej2� CjejH 1 (
) � (uh ) +

� + � h

2
kek2

L 2 (
) :

By Friedrichs' inequality (Proposition 2.5) in particular it holds that

kek2
H 1 (
) � C� (uh )kekH 1 (
) + C

� + � h

2
kek2

L 2 (
) :

Resubstituting e = u � uh and applying Corollary 4.3 on this yields:

inf
u h 2 M h (� h )

ku � uh k2
H 1 (
) � inf

u h 2 M h (� h )
C� (uh )ku � uh kH 1 (
)

+ C
� + � h

2
inf

u h 2 M h (� h )
ku � uh k2

L 2 (
)

� inf
u h 2 M h (� h )

C� (uh )ku � uh kH 1 (
)

+ Ch2 � + � h

2
inf

u h 2 M h (� h )
ku � uh k2

H 1 (
) ;

and dividing both sides by ku � uh kH 1 (
) leads to

inf
u h 2 M h (� h )

ku � uh kH 1 (
) � inf
u h 2 M h (� h )

C� (uh ) + Ch2 � + � h

2
inf

u h 2 M h (� h )
ku � uh kH 1 (
) :

Since the factor h2 makes theH 1-term on the right hand side very small, it can be absorbed on
the left hand side, giving an error estimate foru � uh in the H 1-norm only by � (uh ):

inf
u h 2 M h (� h )

ku � uh kH 1 (
) � C inf
u h 2 M h (� h )

� (uh ):
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Taking the supremum over all u 2 M (� ), one obtains an estimate of the continuous eigenspace by
the discrete eigenspace

sup
u2 M (� )

inf
u h 2 M h (� h )

ku � uh kH 1 (
)

� C inf
u h 2 M h (� h )

 
X

� 2G

k� h uh + � uh k2
L 2 ( � ) h

2
� +

X

F 2F 


k[hnF ; r uh i ]F k2
L 2 (F ) hF

! 1=2

;
(4.6)

where the right hand side only depends on the discrete functionuh .

4.3.1 Minimising the Error Estimate

To �nd the in�mum in (4.6) one needs to minimise the error estimate � on the right hand side. To
do so, apply the method of Lagrange multiplier. Therefore, a short recap of the method:

Theorem 4.9 (Lagrange Multiplier Theorem) . Let f : Rn ! R and g : Rn ! R be two contin-
uously di�erentiable functions. Let M = f x 2 Rn : g(x) = 0 g and a 2 M such that r g(a) 6= 0 .
Then there exists some� 0 such that the Lagrange functionL : Rn � R ! R; L (x; � ) = f (x)+ �g (x)
has a stationary point at (a; � 0), i.e. such that the partial derivatives with respect to botha and � 0

are zero.

Now, let us state the corresponding problem to minimise (4.6).

Denote

J (u) = B (u; u) =
X

� 2G

k� h u + � uk2
L 2 ( � ) h

2
� +

X

F 2F 


k[hnF ; r ui ]F k2
L 2 (F ) hF

and let q be the multiplicity of the eigenvalue � , i.e. dim(Eh (� h )) = q. Recall the notation
Eh (� h ) = spanf ui;h : i = 1 ; : : : ; qg for the not necessarily normed eigenfunctions belonging to any
of the eigenvalues approximating� . As mentioned in the proof of Theorem 4.2, there exists a basis
of V p

G which is orthonormal with respect to the L 2-scalar product. Hence assume

(ui;h ; uj;h )L 2 (
) = � ij :

Any eigenfunction belonging to � h can be written as a linear combination of theuj;h and thus

M (� h ) =

(
qX

i =1

� i ui;h :
qX

i =1

� 2
i = 1

)

:

Then in order to minimise the functional J (u) for u 2 M (� h ), it is equivalent to minimise the
functional J (

P q
i =1 � i ui;h ) for � 2 Rq with

P q
i =1 � 2

i = 1 .
The Lagrange function is then given by

L : Rq � R ! R; L (�; � ) = J

 
qX

i =1

� i ui;h

!

+ �

 
qX

i =1

� 2
i � 1

!

:

To �nd the gradient of L with respect to � , consider �rst the single components

@
@�j

B

 
qX

i =1

� i ui;h ;
qX

i =1

� i ui;h

!

= B

 

uj;h ;
qX

i =1

� i ui;h

!

+ B

 
qX

i =1

� i ui;h ; uj;h

!

= 2B

 

uj;h ;
qX

i =1

� i ui;h

!

= 2
qX

i =1

� i B (uj;h ; ui;h ) ;

@
@�j

�

 
qX

i =1

� 2
i � 1

!

= � 2� j ;
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and de�ne the matrix

Qij = B (uj;h ; ui;h ) Q = ( Qij )q
i;j =1 :

The gradient can be written as

r � L (�; � ) = 2 Q� + 2 ��;

and trivially

@� L (�; � ) =
qX

i =1

� 2
i � 1:

Then one obtains the problem

Find (�; � ) 2 Rq � R with Q� = � �� and
qX

i =1

� 2
i = 1 ;

which is again a eigenvalue problem, similar as in Section 3.1.1.

The q pairs (�; � ) solving this eigenvalue problem give the stationary values of the Lagrangian. To
�nd the true minimum of the error estimator, plug the critical values in the error estimator and
determine the smallest result.

Alternatively, since this whole computation is quite costly and it yields only an upper bound, one
might also take a less resource demanding approach and simply compute� (uh ) for each of the q
eigenfunctionsui;h 2 Eh (� h ), choosing the one giving the smallest value. This will still give a valid
error estimate, as every linear combination gives an upper bound, but one needs to bear in mind
that it will not necessarily lead to the minimum of � (uh ).

Recall that the error estimate � (uh ) also depends on the eigenvalue� h 2 � h belonging to uh . So
for each continuous eigenvalue� there will be a di�erent set of � h , giving di�erent eigenfunctions
Eh (� h ) to choose from. This raises the question of whichEh (� h ) should be considered. The answer
depends on what one wants to study: If the interest only lies in the smallest eigenfunction, then
solely the functions corresponding to the smallest continuous eigenvalue need to be considered.
If the interest lies in the smallest n eigenfunctions, then the maximum of all minimal estimates
� k (uh ) for 1 � k � n gives an upper bound for the error on all those eigenfunctions.
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Chapter 5

Implementation

5.1 Overview

Before applying the program to the recorder, we �rst look at two simple cases that can be computed
by hand, in order to check that the program delivers the right results.
The most simple case is the two-dimensional cross section of the recorder, an annulus.
The next, still very elementary case is approximating the recorder as a pipe and then as a pipe
with holes.
In the �nal step, we take an exact model of the recorder, which was kindly provided by Küng
Block�öten GmbH 1, and run the program on it.

The programming for this thesis is mainly done in FreeFEM ([Hecht, 2012]). As is written in
the very beginning of the documentation ([Hecht, 2022]), FreeFEM �is a high level integrated
development environment (IDE) for numerically solving partial di�erential equations (PDE) in
dimension 1,2 3 and surface and line 3D�.
The basic idea of our program can be summarised in the following steps:

0. Generate the initial mesh and de�ne the �nite element spaces, the bilinear forms and the
error indicator.

1. Solve the eigenvalue problem.

2. (a) Compute the error estimate on each element of the mesh.

(b) Mark all the elements, whose error estimate is larger than some percentage� of the
maximal detected error estimate.

(c) Re�ne those marked elements, obtain a new mesh.

Points 1 and 2 can be repeated as often as one likes or until the error estimate is smaller than some
error bound " .
This sort of mesh re�ning process is called adaptive re�ning, as it only re�nes where needed and
thus reduces the computational cost opposed to re�ning uniformly.

5.2 Analytic Computations

As mentioned in the Overview 5.1, the two simple cases can be computed by hand. The following
section is concerned with these analytic computations, on the basis of [Ivrii, 2013].
To �nd the eigenvalues, problems (5.6) and (5.14) can be solved in a Computer Algebra System
(CAS) like Mathematica.

1Küng Block�öten GmbH, Grabenstrasse 3, 8200 Scha�hausen

27
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5.2.1 Two-Dimensional Annulus

Let 
 be an annulus with inside radiusr 1 and outside radiusr 2.

r 1

r 2




Figure 5.1: Sketch of the two-dimensional annulus domain

We need to solve the Poisson equation (3.4)
(

� � u = �u on 
 ,
u = 0 on @
 .

(3.4)

Consider polar coordinates(r; ' ):

x = r cos(' ); y = r sin(' ):

Then the Laplacian has the following form:

� f =
1
r

@
@r

�
r

@f
@r

�
+

1
r 2

@2f
@'2

=
@2f
@r2

+
1
r

@f
@r

+
1
r 2

@2f
@'2

:

Making the separation ansatz, that

u(x; y) = ~u(r; ' ) = v(r )w(' )

and plugging ~u(r; ' ) into the Poisson equation

�~u(r; ' ) =
@2v
@r2

(r )w(' ) +
1
r

@v
@r

(r )w(' ) + v(r )
1
r 2

@2w
@'2

(' ) != � � ~u(r; ' ) = � �v (r )w(' ):

Multiplying both sides by r 2

v( r )w ( ' )

1
v(r )

�
�

r 2 @2v
@r2

(r ) + r
@v
@r

(r )
�

+
1

w(' )
@2w
@'2

(' ) = � �r 2

and rearranging

1
v(r )

�
�

r 2 @2v
@r2

(r ) + r
@v
@r

(r ) + �r 2v(r )
�

+
1

w(' )
@2w
@'2

(' ) = 0 : (5.1)

Now both of the terms are either only dependent onr or ' and their sum is zero, meaning that
the two terms each need to be constant,

1
w(' )

@2w
@'2

(' ) = � c' ;

which is equivalent to

@2w
@'2

(' ) = � c' w(' ): (5.2)



Chapter 5. Implementation 29

In fact, c' > 0:
Assuming that @w

@' (' ) � 0 then @2 w
@' 2 (' ) � 0 would imply w(' ) � 0 and so u(x; y) � 0 which is

excluded. Hence@w
@' (' ) 6= 0 and so

�
@w
@' (' )

� 2
> 0. Thus

0 <
Z 2�

0

�
@w
@'

(' )
� 2

d' = w(2� )
@w
@'

(2� ) � w(0)
@w
@'

(0) �
Z 2�

0
w(' )

@2w
@'2

(' )d'

=
Z 2�

0
w(' )c' w(' )d' = c'

Z 2�

0
(w(' ))2d';

where 2� -periodicity of w(' ) is used. Since
R2�

0 (w(' ))2d' � 0 it follows that c' > 0.
Knowing this, the solution w(' ) of (5.2) is given by

wc' (' ) = Ac' ei
p

c' ' + Bc' e� i
p

c' ' :

Sincewc' (' ) needs to be2� -periodic, we havep c' = n 2 N and thus the solution can as well be
written as

wc' (' ) = An ein' n 2 Z: (5.3)

Returning to (5.1) and plugging in the found solution for wc'

1
v(r )

�
�

r 2 @2v
@r2

(r ) + r
@v
@r

(r ) + �r 2v(r )
�

� n2 = 0 ;

which is equivalent to

r 2 @2v
@r2

(r ) + r
@v
@r

(r ) + �r 2v(r ) � n2v(r ) = r 2 @2v
@r2

(r ) + r
@v
@r

(r ) + ( �r 2 � n2)v(r ) = 0 : (5.4)

Consider the transformation � =
p

�r , then ~v(� ) = v(r (� )) = v � r (� ) where r (� ) = �p
�

. The
derivatives of ~v are

@~v
@�

(� ) =
@v
@r

(r (� ))
@r
@�

(� ) =
@v
@r

(r (� ))
1

p
�

)
@v
@r

(r (� )) =
p

�
@~v
@�

(� );

@2~v
@�2

(� ) =
@2v
@r2

(r (� ))
�

@r
@�

(� )
� 2

=
@2v
@r2

(r (� ))
1
�

)
@2v
@r2

(r (� )) = �
@2~v
@�2

(� ):

Plugging this into (5.4)

�
�

p
�

� 2

�
@2~v
@�2

(� ) +
�

p
�

p
�

@~v
@�

(� ) +

 

�
�

�
p

�

� 2

� n2

!

~v(� )

= � 2 @2~v
@�2

(� ) + �
@~v
@�

(� ) + ( � 2 � n2)~v(� ) = 0

and this can be recognised as the Bessel equation.
Since this is a di�erential equation of second order, it must have two linearly independent solutions,
called the Bessel functions of �rst and second kindJ � (x), Y� (x). There is also a third Bessel
function, called Hankel function, which is a linear combination of the �rst two: H � (x) = J � (x) +
iY� (x). The general solution is thus a linear combination of either two.

vn (r ) = ~vn (� ) = Cn Jn (� ) + Dn Hn (� ) = Cn Jn (
p

�r ) + Dn Hn (
p

�r ) (5.5)

From the boundary condition we know that vn (r 1) = vn (r 2) = 0 , i.e.
(

vn (r 1) = Cn Jn (
p

�r 1) + Dn Hn (
p

�r 1) = 0 ;
vn (r 2) = Cn Jn (

p
�r 2) + Dn Hn (

p
�r 2) = 0 ;
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which equivalently can be written as a matrix
�

Jn (
p

�r 1) Hn (
p

�r 1)
Jn (

p
�r 2) Hn (

p
�r 2)

�
�
�

Cn

Dn

�
=

�
0
0

�
:

To �nd a solution for this, there is the trivial solution Cn = Dn = 0 or the points (�; r 1; r 2) where
the matrix is singular, i.e. where the determinant equals zero.
This poses a new problem:

Find � with Jn (
p

�r 1)Hn (
p

�r 2) � Jn (
p

�r 2)Hn (
p

�r 1) = 0 for �xed r 1; r 2: (5.6)

Hence we need to �nd the roots of

f (� ) = Jn (
p

�r 1)Hn (
p

�r 2) � Jn (
p

�r 2)Hn (
p

�r 1)

= Jn (
p

�r 1)(Jn (
p

�r 2) + iYn (
p

�r 2)) � Jn (
p

�r 2)(Jn (
p

�r 1) + iYn (
p

�r 1))

= i (Jn (
p

�r 1)Yn (
p

�r 2) � Jn (
p

�r 2)Yn (
p

�r 1)) = 0 ;

which is equivalent to �nding the roots of

g(� ) = Jn (
p

�r 1)Yn (
p

�r 2) � Jn (
p

�r 2)Yn (
p

�r 1) = 0 :

For n 2 N and x 2 R> 0 the Bessel functions of �rst and second kind are real, according to [DLMF,
2022, Ÿ10.2(ii)].
Note that in �nding the roots of g(� ), the dependence onn lies only in the order of the Bessel
functions. Since Bessel functions of integer ordern have the the following relationship:

J � n (x) = ( � 1)n Jn (x); Y� n (x) = ( � 1)n Yn (x)

and in g(� ) the two kinds of Bessel functions always appear multiplied, it is evident that, indicating
the order n as index in g,

g� n (� ) = ( � 1)2n Jn (
p

�r 1)Yn (
p

�r 2) � (� 1)2n Jn (
p

�r 2)Yn (
p

�r 1) = gn (� ):

This means that � n yield the same� , which translates to the eigenvalue� being of multiplicity 2
for n 6= 0 .
Having found such a root � , one can establish a connection between the coe�cientsCn , Dn :

Cn Jn (
p

�r 1) + Dn Hn (
p

�r 1) = 0 )
Dn

Cn
= �

Jn (
p

�r 1)

Hn (
p

�r 1)
= �

Jn (
p

�r 2)

Hn (
p

�r 2)
:

The general solution (5.5) then is

vn (r ) = Cn

 

Jn (
p

�r ) �
Jn (

p
�r 1)

Hn (
p

�r 1)
Hn (

p
�r )

!

: (5.7)

The �nal solution ~u(r; ' ) composed of (5.3) and (5.7) reads

~un (r; ' ) = U0ein'

 

Jn (
p

�r ) �
Jn (

p
�r 1)

Hn (
p

�r 1)
Hn (

p
�r )

!

: (5.8)

The preceding calculations can be summarised in the below proposition.

Proposition 5.1. Let 
 be an annulus with radii r 1; r 2 and n 2 Z, then the solution (un ; � ) of
the Poisson problem(3.4) in polar coordinates is given by

Find � with Jn (
p

�r 1)Yn (
p

�r 2) � Jn (
p

�r 2)Yn (
p

�r 1) = 0

and

un (r; ' ) = U0ein'

 

Jn (
p

�r ) �
Jn (

p
�r 1)

Hn (
p

�r 1)
Hn (

p
�r )

!

:



Chapter 5. Implementation 31

r 1

r 2

L

Figure 5.2: Sketch of the three-dimensional pipe domain

5.2.2 Three-Dimensional Pipe

Let 
 be a pipe with inside radiusr 1, outside radius r 2 and length L .
Again, we need to solve the Poisson equation (3.4)

(
� � u = �u on 
 ,
u = 0 on @
 .

(3.4)

Consider cylindrical coordinates(r; '; z ):

x = r cos(' ); y = r sin(' ); z = z:

Then the Laplacian has the following form:

� f =
1
r

@
@r

�
r

@f
@r

�
+

1
r 2

@2f
@'2

+
@2f
@z2

=
@2f
@r2

+
1
r

@f
@r

+
1
r 2

@2f
@'2

+
@2f
@z2

:

Making the separation ansatz, that

u(x; y; z) = ~u(r; '; z ) = v(r )w(' )Z (z);

then plugging ~u(r; '; z ) into the Poisson equation

�~u(r; '; z ) =
@2v
@r2

(r )w(' )Z (z) +
1
r

@v
@r

(r )w(' )Z (z) + v(r )
1
r 2

@2w
@'2

(' )Z (z) + v(r )w(' )
@2Z
@z2

!= � � ~u(r; '; z ) = � �v (r )w(' )Z (z):

Multiplying both sides by 1
v(r )w ( ' )Z (z)

1
v(r )

�
�

@2v
@r2

(r ) +
1
r

@v
@r

(r )
�

+
1
r 2

1
w(' )

@2w
@'2

(' ) +
1

Z (z)
@2Z
@z2

= � �: (5.9)

Similarly as in Section 5.2.1, the �rst two terms only depend onr and ' while the third term only
depends onz and their sum is constant. This means that the last term needs to be constant,

1
Z (z)

@2Z
@z2

(z) = � cz :

Analogously as in Section 5.2.1, one can show thatcz > 0 and then follow that

Zcz (z) = Acz ei
p

cz z + Bcz e� i
p

cz z :
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From the boundary condition, we know that Z (0) = Z (L) = 0 , so we can �nd the coe�cients

Z (0) = Acz + Bcz

!= 0 ) Acz = � Bcz ;

Z (L ) = Acz ei
p

cz L � Acz e� i
p

cz L = Acz 2i sin(
p

czL) != 0 )
p

czL = k� ) cz =
�

k�
L

� 2

;

and from that the solution

Zk (z) = Ek sin
�

k�
L

z
�

k 2 Znf 0g: (5.10)

Returning to (5.9) with the found solution for Zk (z)

1
v(r )

�
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@2v
@r2

(r ) +
1
r

@v
@r

(r )
�

+
1
r 2

1
w(' )

@2w
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�

k�
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� 2

= � �

and then taking the � to the left and multiplying by r 2
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@v
@r

(r ) + r 2

 

� �
�

k�
L

� 2
!

v(r )

!

+
1

w(' )
@2w
@'2

(' ) = 0 : (5.11)

Again, the �rst term only depends on r while the second term only depends on' , implying that
both terms need to be constant,

1
w(' )

@2w
@'2

(' ) = � c' ;

which just like in Section 5.2.1 gives

wc' (' ) = An ein' n 2 Z: (5.12)

Returning to (5.11) and plugging in the found solution for wc' , multiplying everything by v(r )
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r 2
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!

v(r ) = 0 :

Using again the transformation � =
p

~�r but this time with ~� = � �
�

k�
L

� 2
one �nds the analogue

solution

vn (r ) = Cn Jn

0

@
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� �
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k�
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� 2
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A + Dn Hn
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� 2

r

1

A : (5.13)

Again, from the boundary condition we know that vn (r 1) = vn (r 2) = 0 , which then gives the
analogue matrix

0

B
B
@

Jn

� q
� �

�
k�
L

� 2
r 1

�
Hn

� q
� �

�
k�
L

� 2
r 1

�

Jn

� q
� �

�
k�
L

� 2
r 2

�
Hn

� q
� �

�
k�
L

� 2
r 2

�

1

C
C
A �

�
Cn

Dn

�
=

�
0
0

�

and the non-trivial solutions are the points (�; r 1; r 2) where the matrix is singular, i.e. where the
determinant is equal to zero.
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This poses the problem:

For �xed r 1; r 2, �nd � with Jn
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A = 0 : (5.14)

Similarly to Section 5.2.1, we need to �nd the roots of

g(� ) = Jn

0
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Note that the roots of this problem are just the solutions � 0 of (5.6) shifted by
�

k�
L

� 2
for k 2 Znf 0g,

i.e. � = � 0 +
�

k�
L

� 2
. This in particular means that � �

�
k�
L

� 2
= � 0 > 0 and thus the term under

the square root will never be negative for the particular values of� that are such roots.
Further recall from Section 5.2.1 the relationship betweenJn (x); J � n (x) and Yn (x); Y� n (x), im-
plying g� n (� ) = gn (� ) and note that here k appears only squared. Thus for �xedn we have that
� k 6= 0 yield the same � . Summed up, this means that forn = 0 , � is of multiplicity 2 and for
n 6= 0 , � is of multiplicity 4.
Having found a root � , one can establish a connection between the coe�cientsCn ; Dn :
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The general solution (5.13) then is
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The �nal solution ~u(r; ' ) composed of (5.10), (5.12) and (5.15) reads

~un;k (r; '; z ) = U0 sin
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(5.16)

The preceding calculations can be summarised in the below proposition.
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Proposition 5.2. Let 
 be a pipe with radii r 1; r 2 and lengthL and let n 2 Z, k 2 Znf 0g. Then
the solution (un;k ; � ) of the Poisson problem(3.4) in cylindrical coordinates is given by

Find � with Jn
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and
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5.3 The FreeFEM Software Package

There are two ways to get a mesh in FreeFEM: Either an existing mesh can be loaded or it can
be constructed using FreeFEM's tools. Automatic mesh generation in FreeFEM is based on the
Delaunay-Voronoi algorithm. According to [Sibson, 1978] this is an algorithm which attempts to
make all elements equiangular, and thus shape regular (cf. De�nition 3.10).

To construct a �nite element space, specify the mesh and the type of �nite elements, e.g.fespace
Vh(Th,P1) . There is an appreciable choice of di�erent types of �nite element available, such as
polynomials of di�erent degrees, continuous or discontinuous and more complex options. In this
thesis only piecewise polynomial continuous �nite elements are of interest.
The �nite element functions are initialised very straightforward by Vh u and are de�ned just as
described in Sections 3.1 and 3.2, the coe�cient vector corresponding tou is easily accessible by
u[ ] .

Variational formulations are implemented in a very intuitive way, simply by writing varf a(u,v)
= � � � . They can be used to de�ne vectors and matrices, by putting a whole �nite element space
as argument: f = a(0,Vh) or A = a(Vh,Vh) respectively.

For solving the eigenvalue problem, there are commands that take the matricesA , B as input,
solve the systemAu = � Bu and return the eigenvalue� and the corresponding eigenfunctionsu.
Note that FreeFEM automatically returns u as a �nite element function rather than the vector u.

5.4 Visualisation of the Remeshing Process

As outlined in the Overview 5.1, the remeshing process consists of 3 steps. In the following this
process is visualised on the basis of the two-dimensional annulus example.

The �rst step, computing the error estimate on each element, is done according to De�nition
4.5. To this end, we �rst need to de�ne the error estimator: varf ErrorEstimator(u,v) =
� � � . Additionally, we require a �nite element space which is constant on each element, i.e. has
polynomial degreep = 0 . This space is created byfespace Ph(Th,P0) . Then a �nite element
function Ph Eta is initialised and the values of the error estimator are calculated on each element,
Eta[ ] = ErrorEstimator(0,Ph) .
Note that, as discussed in Section 4.3.1, one needs to choose which eigenpair to plug into the error
estimator, possibly to minimise it and also to determine for which eigenfunctions the bound should
hold. In our implementation, we choose the easiest way and only plug in the smallest eigenpair
corresponding ton = 0 , unless otherwise stated.
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In the second step, marking the elements to be re�ned, the maximal value of the �nite element
function over all elements is determined,MaxEta = Eta[ ].max , and each entry of Eta[ ] is com-
pared to it. The indices of all those elements and degrees of freedom with a value larger than
� MaxEtafor some0 < � < 1 are stored.

In the last step, re�ning, the new required mesh size is computed. The way the mesh re�ning
function in FreeFEM works, is to assign the intended mesh size for each degree of freedom. For
us this means that �rstly, we compute the current mesh size for each degree of freedom. This is a
�nite element function Vh hon the spacefespace Vh(Th,Pk) wherePk is of polynomial degreek.
In order to re�ne, we want to lower the mesh size associated to those degrees of freedom which lie
on an element that was marked. Thus the value of the �nite element function h is halved in the
points that are on a marked element. The other values are left as they were. Then this function
h together with the mesh Th is passed to the re�ning function and as output we get a new mesh
with approximately the element sizes as speci�ed.

To make all of this more comprehensible, consider the following qualitative �gures:
In Figure 5.3 see the initial uniform mesh, generated based on Delaunay-Voronoi algorithm.

Figure 5.3: Initial uniform annulus mesh

In Figure 5.4 see the �rst adaptation: The error estimator has its largest values on the two
boundaries, hence the marked triangles to be re�ned are those on the boundary.

(a) Error estimator (b) Triangles to be re�ned marked in red

Figure 5.4: First re�nement adaptation of annulus mesh

In Figure 5.5 see the second adaptation: It is clearly visible that the mesh has been re�ned around
the two boundaries as we expect from the marking in the previous step. Now the error estimator
has its largest values still on the boundary, but also some triangles in the interior have a big enough
error estimate to be marked.
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(a) Error estimator (b) Triangles to be re�ned marked in red

Figure 5.5: Second re�nement adaptation of annulus mesh

In Figure 5.6 see the third adaptation: Again the re�nement is visible. Especially note the �ner
mesh in the interior where in the previous step it was marked red. Still many boundary triangles
are marked for re�nement, but now also quite a few in the interior.

(a) Error estimator (b) Triangles to be re�ned marked in red

Figure 5.6: Third re�nement adaptation of annulus mesh

In Figure 5.7 see the fourth adaptation: It is easily observable that the triangles that have not
been re�ned yet, but are located between those which already have been re�ned, now feature the
largest error estimate.

(a) Error estimator (b) Triangles to be re�ned marked in red

Figure 5.7: Fourth re�nement adaptation of annulus mesh
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Experiments show that setting � = 1 , the number of triangles stays approximately constant and
setting � = 0 , the number of triangles quadruples. This is the expected behaviour, because no
element has a larger error estimate than the maximal value and all elements have a larger error
estimate than zero.

The algorithm in three dimensions is essentially the same, it is just not as easy to visualise.

5.5 Numerical Example

In this section, concrete results for �xed parameters are analysed in the cases of the annulus and
the pipe.
Fix r 1 = 0 :5, r 2 = 1 :0 and L = 5 :0.

5.5.1 Two-Dimensional Annulus

The exact eigenvalues for the annulus corresponding to givenn, computed with Mathematica from
problem (5.6), are the roots of the functionsg(� ) displayed in Figure 5.8 and the smallest eight
zeros are in Table 5.1.

Figure 5.8: Graphs for di�erent n whose roots are the eigenvalues on the annulus

n 0 1 2 3 4 5 6 7 8
EV 39:013 40:872 46:428 55:618 68:339 84:457 103:814 126:241 151:568

Table 5.1: Exact eigenvalues (EV) forn = 0 ; : : : ; 8 on the annulus

To get an idea of the eigenfunctions see the plots in Figure 5.9.
Note that the �rst six images show eigenfunctions with an increasing number of "bumps" in angular
direction as n grows larger up to n = 8 . These functions correspond to the eigenvalues which are
the �rst zero in the respective graph in Figure 5.8.
The next few larger eigenvalues, or equivalently roots of the graphs in Figure 5.8, are the second
zeros of the graphs corresponding ton = 0 ; 1; 2; : : : Accordingly, the last two plots in Figure 5.9
both have two "bumps" in radial direction and the same number of "bumps" in angular direction
as before for the samen.
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Figure 5.9: Images of eigenfunctions on the annulus
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Figure 5.9: Images of eigenfunctions on the annulus
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