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Abstract

In this paper, the adaptive finite element method of arbitrary polynomial degree to solve a second-
order symmetric eigenproblem is studied. More precisely, an eigenvalue error estimate as well
as a priori and a posteriori error estimates for the eigenfunctions are derived and additionally a
method to minimise the latter. Lastly, the implementation of adaptive refining according to the
error estimator in FreeFEM ([Hecht, 2012]) is demonstrated on four example domains in two and
three dimensions. Their analysis shows the predicted convergence behaviour.
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Chapter 1

Introduction

The aim of this thesis is to study the wave equation with Dirichlet boundary conditions and
numerically nd its solution on the recorder.

From [Raviart and Thomas, 1988, Chapter 6.1-B.] the wave equation with Dirichlet boundary
conditions is given by:

Let denote an open, connected domain ifR" and @ its boundary, for T > 0 de ne

Qr = 0;T); T=@ (O;T):
Given the functions ug;u; : ' Randf : Qr ! R we want to nd a function u : Qt !
R; (x;t) 7! u(x;t) that solves
8 & )
< @—g u=f on Qr wave equation,
u=0 on Tt boundary condition,
u( ;0) = ug; %Lt‘( ;0)=ug on initial conditions.

A common ansatz is to use separation of variables, i.e. assume that
u(x;t) = w(x)"' (t):
In the following, f =0 is considered, which leads to the calculations

wx)«(t)  w(x)' (1)=0;

“() - w(x) _
) w(x) ’
resulting in
M= ()
with the well-known fundamental system
fé e ipTg;

and the Poisson equation

w(x)= w(x) on ,

w=0 on @, (1)

being the eigenvalue problem of interest and the solution of which is the object of this thesis.

Solving this is done using the Finite Element Method (FEM).



The generalised eigenvalue problem (1.1) can equivalently be written using bilinear forms

a(w;v)= b(w;v) 8v2YV;
a(w;v)=(r wir v) 2y ;

b(w; V) = (W;V)L2() ;

whereV is a so-called test space and ; ), z() is the L 2-scalar product de ned in equation (2.1).
The idea of the Finite Element Method is to introduce a nite-dimensional subspaceVy V of
dimension N, on which the same notions apply and which has a basigh )szl. Vectors on this
subspace can then be written as linear combinations of the basis, which leads to the de nition of
matrices A;M dened by Aj = a(b;hb); My = b(ly;k) that substitute the discrete generalised
eigenvalue problem to read

Au= Mu:

The values of where the matrix A M is singular, i.e. has determinantdet(A M)=0, are
the eigenvalues of the generalised eigenvalue problem.

For the numerical solution of the problem, the domain is an approximation made of a structure of
triangles in two dimensions or tetrahedra in three dimensions, called mesh. The nite-dimensional
spaceVy is given by piecewise polynomials on each element of the triangulation.

In order to get a more precise solution, the mesh can be re ned. At rst the triangulation is
uniform, meaning all elements have approximately the same form and size. Re ning all elements
uniformly would require a high computational e ort when solving a problem on this mesh, since
the number of elements in the triangulation would grow exponentially in this case. To avoid
this, adaptive re nement is used. This means to only re ne the mesh in those places where the
re nement really yields better accuracy.

The aim of this thesis is to derive an error estimator that gives thea posteriori error estimate on
the eigenfunctions, meaning an estimate for the error without having to know the exact solution.
Then the mesh is re ned where the error estimator takes its largest values and recomputing the
solution, smaller errors are estimated.

Moreover, an error estimate on the eigenvalues is deduced, which allows the expectation of the
approximated eigenvalues on the mesh to converge to the exact eigenvalues at a certain rate.

Chapter 2 contains some background information and fundamentals that will be used. Chapter
3 introduces the Finite Element Method in more detail, with a special attention to eigenvalue
problems. The main results of this thesis are displayed and proved in Chapter 4, consisting of an
estimate on the error of the approximated eigenvalue with respect to the exact eigenvalue as well as
an a priori and an a posteriori error estimate on eigenfunctions. In Chapter 5 the implementation
in FreeFEM ([Hecht, 2012]) and its results are described.



Chapter 2

Preliminaries from Functional
Analysis

For proofs and more details refer to literature, e.g. [Hackbusch, 2017, Chapter 6].

2.1 Spaces and Norms

De nition 2.1  (L2-space) Let RY be a domain,d 2 N. The L2-spaceis de ned as
z

L2() = u: ! R Lebesgue-measurable with ju(x)j?dx < 1
Theorem 2.2. Let RY be a domain,d 2 N. L?() forms a Hilbert space with the scalar
product

z

(UV)z) = u(x)v(x)dx 8u;v 2 L?%() (2.1)

and the norm
Sz
Kuk 2(y = ju(x)j2dx: (2.2)

De nition 2.3  (Hilbert space HK). Let RY be a domain,d 2 N and k 2 No. The HX-space
is de ned as

HK()= u2L?): D u2L?) forjj k :
Remarks.
1. In literature, HK() is often referred to as the Sobolev space/*?2() .
2. HS() can be de ned not only for s2 Ng but also fors2 R .

Theorem 2.4. Let RY be a domain,d 2 N and k 2 Ng. H¥() forms a Hilbert space with
the scalar product

X
(UiV)hky = (D u;D V)2 (2.3)
ik

and the norm

S X

Kuky () = kD uk? (2.4)

L2() -
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Additionally, there exists the seminorm

S
N\
juine = kD ukfz() , (2.5)
i j=k
Remark. Here the multi-index notation is used: For =( 1; 2; ; 4) 2 N9, the sum of compo-
nentsisj j= 1+ + ¢4 and with that de ne the higher-order partial derivative
D i
D u= #u:
@x* @
Proposition 2.5.  For RY bounded,d 2 N, the norm k Kyk(y from (2.4) and the seminorm

jink from (2.5) are equivalent, i.e. there exist some constanC such that
Uik K ukgey  Ciujuky  8u2 HE() -

De nition 2.6. Let RY be a domain,d 2 N. De ne

n o)
Ci()= wu2ct():supp( u) : supp(u) compact ;

where C! () is the space of in nitely continuously di erentiable functions with domain and
supp(u) = fx 2 : u(x) 6 0g the support ofu.

De nition 2.7.  Let RY be a domain,d2 N and k 2 No. De ne H§() as the completion of
Cd () in L?() with respect to theH-norm (2.4).

Theorem 2.8. HE() is a subspace oH¥() and forms a Hilbert space with the same scalar
product (2.3) and the same norm(2.4).

De nition 2.9  (Dual space) Let X be a normed, linear space oveR. The dual spaceX is
de ned as

X%=ff : X | R: bounded, linear mag = L(X; R):
The elementx®2 X %is called a linear functional on X .

De nition 2.10  (Gelfand triple). Let U;V be two Hilbert spaces withv U continuously and
densely embeddedV; U; VO are a Gelfand triple if they satisfy

v U Ve
In application, the spaces of interest are going to be the following.

Theorem 2.11. Let RY be a domain,d 2 N. Then the following inclusions form Gelfand
triples:

HSO) L2 (Hs() ° s O
He() L) (H()° s O
2.2 Orthogonal Projection

Theorem 2.12 (Projection, [Brezis, 2011, Theorem 5.2]) Let H be a Hilbert space with scalar
product (; )4 and induced normk ky . Let K H be a nonempty closed convex set. Then for
everyf 2 H there exists a unique element 2 K such that

kf  uky= FPZIQ kf  vky:
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Moreover, u is characterised by the property
u2Kand(f uv upy O0 8v2K:

The above elemenu is the projection of f onto K and is denoted by
u= gf:

Proposition 2.13  (Orthogonal projection, [Brezis, 2011, Corollary 5.4]) Let H be a Hilbert space
with scalar product (; ). Assume that M H is a closed linear subspace. Left 2 H. Then
u= nf is characterised by

u2Mand(f uv)y =0 8v2M:
Moreover, |\ is a linear operator, called the orthogonal projection.

De nition 2.14  (H '-projection). Let RY be a domain,d2 N, H = H() and M a closed
linear subspace. TheH -projection onto M is de ned as

w1 HYO) 1M,
satisfying for givenu 2 H()
( HiV)a =(UV)uy)  8v2 M:

Remark. The H !-projection is an orthogonal projection, as it satis es Proposition 2.13.

2.3 Bilinear Form

De nition 2.15  (Bilinear form) . Let V be a Hilbert space. The mapping
a(;):v VI R

is a bilinear form if
ax+ y;z)=a(x;z)+ al(y;z2); a(x;y+ z)=a(x;y)+ a(x;z)

forall 2R; xy;z2V.
A bilinear form a( ; ) is symmetric if

a(x;y) = a(y;x) 8xyy2V:
A bilinear form a( ; ) is continuous or bounded if there exists aC; such that
ja(x;y)j Cikxkykyky 8x;y 2 V:
A bilinear form a( ; ) is coerciveif it is continuous and there exists aC, > 0 such that
a(x;x) Cokxkd 8x2V: (2.6)

Theorem 2.16 (Lax-Milgram Theorem, [Hackbusch, 2017, Theorem 6.101]) Let V be a Hilbert
space,a:V V! R a continuous and coercive bilinear form onV andf : V! R a continuous
linear functional. Then the problem

Find u 2 V with a(u;v)= f(v) 8v2V (2.7)
has a unique solutionu 2 V.
Furthermore, the solution u 2 V satis es
kuk = kf ky o;
- 0
Y C2 V0,

where C, is the coercivity constant from (2.6).

De nition 2.17  (Garding inequality) . Let V U VO%be a Gelfand triple. A bilinear form
a:V V! R satises the Garding inequality if there exist C; > 0; C, 2 R such that

a(x;x) Cikxkd Cykxk? 8x2V:
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2.4 Regularity

In the subsequent chapters, the Poisson problem will be of particular relevance and we are interested
in the regularity of its solutions. From [Gilbarg and Trudinger, 1998, Theorem 8.13] we have the
following theorem.

Theorem 2.18. Let RY be a domain with@ 2 Ck*2, d;k2 N. Let u2 H}() be a solution
of the problem

( _
u+u=fFf in ;
u=0 in @ ;

for f 2 HX() . Then we haveu 2 H**2() and
Kukyie2 () C Kukpz(y +kfkye(y

where C depends ond, k and @ .

For bounded polygonal domains inR?, we have the following theorem from [Grisvard, 1985, The-
orem 8.1.1], using thatLP() L9() forq pwhenever is bounded.

Theorem 2.19. Let R? be an open, bounded and convex set with a polygonal boundary. Then
the problem

( .
u+u="Ff in ;
u=0 in @ ;

for f 2 CY () has a unique solution
u2 H?() \ H3() :

Remark. This result also holds on bounded open subsets &2 with boundary that is a polyhedron,
as stated at the beginning of [Grisvard, 1985, Section 8.2].



Chapter 3

Preliminaries from Finite Element
Method

For proofs and more details refer to literature, e.g. [Hackbusch, 2017, Chapters 8 and 11].

3.1 Finite Element Discretisation

Given a Hilbert spaceV, de ne a nite-dimensional subspaceVy V of dimensiondim(Vy) =
N < 1. W equipped with the norm k ky is a Banach space and it has a basifh )jN=1 .

Given further a continuous and coercive bilinear forma:V V! R and a continuous linear form
f : V! R with the problem

Find u 2 V with a(u;v)= f(v) 8v2V,; (2.7)
they are also de ned foru;v 2 Vy and the discrete problem arises
Find uy 2 Vy with a(uy;vn) = f(vn) 8wy 2 W (3.2)

The transition from the continuous problem (2.7) to the discrete problem (3.1) is called Galerkin
discretisation. A solution uy 2 Vy of (3.1) is called Galerkin solution of (2.7).
The basis (b )J-N:1 of Vy allows to write elements inVy as a linear combination of the basis with a
coe cient vector, e.g. u = ( ui)i’\‘:1 2 RN the coe cient vector of uy, such that
X
uy = uib: 3.2)
i=1
Lemma 3.1. For Vy =spanfly :j =1;:::;Ng, problem (3.1) is equivalent to

To nd the coe cient vector u 2 RN of the Galerkin solution uy , de ne the following matrix and
vector and solve the arising linear system of equations.

Theorem 3.2. For Vy =spanfly :j =1;:::;Ng, de ne the system matrix and right hand side
vector

A=(Ap s Aj =alg;b) i =1;05N;

r=(rk, ri=f(h) i=1;00N:
Then the problem (3.1) and the system of linear equations

Au =r (3.3)

are equivalent, in the sense that a solutioru of (3.3) generatesuy via (3.2) which is a solution
of (3.1) and conversely a solutionuy of (3.1) has a unique coe cient vector u solving (3.3).
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3.1.1 Eigenvalue Problems
In this thesis, the Poisson equation with Dirichlet boundary condition is to be solved:

(
u=u on

u=0 on@, (3.4)

where is some domain and denotes the Laplace operator, de ned by

The Poisson equation with Dirichlet boundary condition can be rewritten to variational form using
test functions v 2 V and partial integration:
z z z

( uwv= rurvs uv 8v2ayv,

where both sides can be de ned through bilinear forms
a(u;v) =(r ur vz
b(u;v) = (U;Vv)Lz() ;
to read
Find (u; )2 VnfOog C with a(u;v)= b(u;v) 8v2V: (3.5

De nition 3.3  (Eigenvalue, Eigenfunction, Eigenspace) The values 2 C, for which a solution
u2V of (3.5) exists, are eigenvaluesand the corresponding solutionsu are eigenfunctions
For a given eigenvalue de ne the eigenspaceE( )= fu 2 V : u solves problem(3.5) for g.

Remark. Note that all multiples and linear combinations of eigenfunctions are also eigenfunctions.
Hence introduce the notation for normed eigenfunctions

M( )= fu2V :u solves problem (3.5) for; kuk 2y =1g:
Hereinafter these normed eigenfunctions are considered unless otherwise stated.

Theorem 3.4. Let RY be a bounded domaind 2 N and letV  L?() be continuously,
densely and compactly embedded. Let the bilinear form:V V! R be symmetric, continuous
and satisfy the Garding inequality. Then problem(3.5) has countably many real eigenvalues 2 R
which may only have an accumulation point atl .

As introduced in Section 3.1, consider a nite-dimensional subspace/y V. The Galerkin
discretisation reads

Find (uy; n) 2 VWwnfOg R with a(uy;vn)= nblun;vn) 8vn 2 W (3.6)

where | is the discrete eigenvalue and has a corresponding eigenspdeg ( ), spanned by the
solutions of (3.6).

Analogue to Theorem 3.2, there is a corresponding matrix notation, given by the system matrix
and the mass matrix

A=(ADN = Ay =alyih) i =150N;
M =(Mj)o My =bb;h) i =1;000N:

The equivalent system of linear equations for (3.6) is

Au = yMu: 3.7)



Chapter 3. Preliminaries from Finite Element Method 9

Since generallyM 6 1l the identity matrix, equation (3.7) is called generalised eigenvalue problem.

In case the continuous eigenvalue is not simple, and thusdim(M ( )) = q > 1, itis to be expected
that is approximated by q several, pairwise di erent discrete eigenvalues

X (i)
i=1;:::;9 with dim(M( ))= dim(Mn ( \')):

i=1
Then de ne the set of clustered discrete eigenvalues, which all approximate the same continuous
eigenvalue

n = f E\P:izl;:::;qg;

and its corresponding eigenspace, consisting of all normed eigenfunctions belonging to any of those
eigenvalues

My ( n)= ful) 2 Vi :ul) solves problem (3.6) for () 2 y; ku) kizgy =1g:

For the next theorem, which is [Babu2ka and Osborn, 1987, Theorem 3.1], consider the following
setting:

Let V be a Hilbert space andVy its nite-dimensional subspace. Leta(; ) and b( ;) be two
symmetric bilinear form%on V Vand |etp?l( ) additionally be continuous and coercive.

De ne the norms kky= " a(; ) andkk,=" b(;).

Under these assumptions, the eigenvalues of problem (3.5) can be sorted increasingly

0< 1 i i+1
Picking one particular eigenvalue |, suppose it is of multiplicity g
1< 1= j41 = =S g 1< l+q:

Rede ne the indices, such that each smallest index of a multiple eigenvalue ik;, in this casel = k;

for somei ranging over the number of distinct eigenvalues. Then number the multiple eigenvalues

by j =0;:::59 1 Thus ., Iis the next larger distinct eigenvalue, in the above example
kin = l+q = k = I

Note that there are g normed eigenfunctions belonging to the same eigenvalue, , let M ( ;) be

their collection. Denote the discrete eigenfunctionsu,y 2 M( v )  Vn corresponding to the

discrete eigenvalue . .

Theorem 3.5 (Eigenvalue error estimate) For i = 1;2;:::, suppose g, iS an eigenvalue of
(3.5) of multiplicity g with above established notation andi 2 M ( ,) an eigenfunction of (3.5)
corresponding to ;. Let +; 1,n be the approximations of , for j =1;:::;¢ and ug+; 1N
the corresponding eigenfunctions of(3.6) in the nite-dimensional subspaceVN Let

" (N) = inf inf ki ka j=1;::1;G:

i (N) P inf u  ka =101

kuka=1 a(u kN )= =aliu ki+j 2w )=0
a(uui;n )= =a(Uui+j 2n )=0

The conditions a(u; uk, .n ) = = a(u;uk+j; 2nv) =0 are considered empty iff = 1. Then there
are constantsC and Ng such that

jkei 1N ke 1 C'5(N) 8N No;i=1;2:15 ) =1;:105G: (3.8)

The next theorem is [Hackbusch et al., 2012, Theorem 5.5], which for problem (3.4) can be rewritten
to the below statement.

Theorem 3.6 (HS*! -regularity for Poisson problem). Let RY be an analytic bounded Lipschitz
domain. Then, any normalised eigenfunctionu 2 M () of equation (3.4) is analytic. There exists
a constant independent of such that

. P —
juipsa ()  Cmaxfs; j jg** 8s O (3.9)
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3.2 Finite Elements
Consider the speci ¢ setting of application:

is a polygon (in R?) or a polyhedron (in R®).
G is an admissible triangulation made of open triangles (inR?) or open tetrahedra (in R®).
V= Hg()
W=Vl= u2cC®): uj2P" 8 2Gandujg =0
(3.10)

Remark. In the notation Vé’ the superscript p implies the dependence on the polynomial space of
polynom degreep and the subscript G implies the dependence on the triangulation.

De nition 3.7  (Admissible triangulation) . G= f ;;:::; (g is an admissible triangulation of
if the following conditions are ful lled:
i are open triangles (in R?) or tetrahedra (in R®) i=1;:::t;
i are disjoint, i.e. i\ ; =; 8i6 |
[iz 7=
8

2 either empty, or
Foriéj, 5\ 7jis S in R? a common side or vertex of the elements;; j, or
" in R® a common face, side or vertex of the elements; -

De nition 3.8  (Mesh size) Let G be an admissible triangulation. Themesh sizeh 2 R of G is
de ned as the maximal diameter over all elements irG, i.e.

h= m% diam( );

where the diameter is de ned asdiam( ) =sup,, , jx Yj with jj the Euclidean norm.

Remark. In this thesis, the parameter of exactness ish, i.e. in order to obtain a more exact
solution, the mesh is re ned, while the polynomial degreep is xed. In contrast, one could choose
the polynomial degreep as the parameter of exactness, so to increase the exactness of the solution
by increasing p at a constant mesh.

De nition 3.9  (Quasi Uniform). Let G be an admissible triangulation. Denote the mesh size
hmax:c = max ,c diam( ) and analogously the minimal sizehyin.c = min ,c diam( ). The trian-
gulation G is quasi uniform, if the following condition holds:

Nmax -
Cau(@= (2 < 1

Remark. Descriptively explained, a triangulation will not be quasi uniform, if some elements are
much smaller than others. Then the maximal size is large, while the minimal size can become
arbitrarily small.

De nition 3.10 (Shape regular) Let G be an admissible triangulation. LetB (x) be the ball of
radius around point x. Let

couter = inff B (x); > 0; x2RY d=2;3g;

cinner = Supf B (x); > 0; x2RY d=2;3g;
be the radius of the outer respectively inner circle of . The triangulation G is shape regular if
the following condition holds:

Ce(G)=sup —2 <1
2G

; inner
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Remarks.

1. Descriptively explained, a triangulation will be shape regular, as long as the maximal and
minimal side length are proportional in each element 2 G.

2. Note that the constants in subsequent estimates may depend continuously on these two con-
stants Cqy, Csr and become large when the constant€q, Cs; become large. More precisely,
the estimates in Chapter 4 are independent of quasi uniformityCq, but solely depend on the
shape regularity Cq , allowing for the estimates to be used in adaptive re nement.

De nition 3.11  (Reference simplex, a ne transformation). Let G be an admissible triangulation
in dimension d = 2; 3. De ne the reference simplexby

( - )
M= ox2RY 0 gxi) 1
i=1
Any element 2 G with verticesx' 2 RY, i =1;:::;d+1 can be lifted from the reference simplex

by the following a ne transformation :
HEAN R7MxT+m %
where
m = X2 Xl X3 Xl Xd+l Xl 2 Rd d:
Remark. The map is not uniquely determined, as the numbering of the vertices<' in the simplex

can be chosen arbitrarily. Nevertheless, this makes no di erence, since a ne maps are proportion-
ate.

0;1)

(0;0) (1;0)

Figure 3.1: A ne transformation from reference triangle to arbitrary triangle in d =2

The purpose of this reference simplex is to simplify computations: Instead of integrating over
2 G, the integral can be expressed as an integral over the reference simpléxusing integral
transformations.

n Pd (0]

De nition 3.12  (Degrees of freedom / nodes) Let d;p2 N and x g = 2 Ng: i1 i P

Then the set of degrees of freedomalso called nodes on the reference simplex in dimensiord for
polynomial degreep is de ned as

1
" = 5 29 p L

For p =0, there is one node in the barycenter of the element.

Remark. One can show that g has dimension p’;d .
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Polynomial degreep | Number of DOFs | Sketch

ke

X3
X1 X2
X6
2 6 XAM
X1 X2 X3
3 10 [ :i

Table 3.1: Summary of Lagrange triangle arrangement ird = 2 for the rst ve polynomial degrees

In Table 3.1 the arrangement of the degrees of freedom in the reference triangle for the rst few

polynomial degrees ind = 2 are listed, taken from [Brenner and Scott, 2008, Chapter 3.2].

In three dimensions, the arrangement looks similar, but of course the number of degrees of freedom
di ers from the case d = 2. For example at p = 1, there are four nodes, one on each vertex of

the tetrahedron and at p = 2, there are ten nodes; four on the vertices and one on each of the six
edges.

De ning the degrees of freedom on an arbitrary element 2 G of a given triangulation can be done

on the reference simplex and mapped onto using the a ne transformation in De nition 3.11.

Let g( ) be the degrees of freedom on the element. Note that due to a nity, the degrees of
freedom on inner edges or faces will coincide with the degrees of freedom on that edge or face of
the neighbouring element. This in particular means that the number of degrees of freedom on the
whole triangulation is not given by the dimension g times the number of elements.

Denote by g(G) the set of inner degrees of freedom on the triangulatiorG, i.e. the set of degrees
of freedom not lying on the boundary @ ,

5@ = [ 2 p() n@:
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De nition 3.13  (Basis). Let G be an admissible triangulation,p 2 N and V{ the piecewise
polynomial subspace de ned in(3.10). As basisof V{ choose

h(x)=1 h(xX)=0 8i6j 1 i M;
wherex' 2 §(G) are the inner degrees of freedom.
Remark. The coe cient vector u 2 RM de ning uy like in equation (3.2) can be found explicitly

asu; = up(xi), u=(u)M, , wherex; 2 g(G) are the inner degrees of freedom.

3.2.1 Interpolation Operator

De nition 3.14  (Interpolation operator). Let , V and V¢ be given as in(3.10) with p2 N
and (b )szl the basis ofV{ as given in De nition 3.13. The interpolation operator is de ned as

m VU H2() DV
satisfying for givenu 2 V \ H?()

int U= u(xi)h;
Xi2 g(G)

wherex; 2 g(G) denote the inner degrees of freedom.

Remark. Recall that by Sobolev's embedding theorem, if 2 RY for d = 2; 3t holds that H?() )
CO() (for reference, e.g. see [Raviart and Thomas, 1988, Equation (1.6-7)]). This implies that
H 2-functions are continuous and hence can be evaluated in single points like, thus the operator
in De nition 3.14 is well de ned. Recall from the remark succeeding De nition 2.3 that H*3()
may be de ned for s2 R ¢. In that case, one has the embeddingis ! C°() fors> 4.

2
From [Brenner and Scott, 2008, Theorem 4.4.4] follows the next theorem.

Theorem 3.15 (Error estimates). Let , V and V{ be given as in(3.10) with mesh sizeh,
p2 N ; and the interpolation operator i,; de ned as in De nition 3.14. Then the following error
estimates hold foru 2 HP*1 () \ HE()

jU int Uij() Chp+l ijij+1() k=0;1:
This can be rewritten to read

ku int UKLZ() Chp+ljUjH P+l () fork = 0;
Ju Uiy ChPjujea () fork =1:

And in particular, in later sections the following estimate will be of importance

ku int Uky1(y = C ku int Uk 2¢y +ju int UjH 1()
ChP*t jujppea () +ChPjujppe (y (3.11)
ChijjH P+l ()

whereh < C is assumed, implyinghP** < ChP.

Remark. To obtain a similar estimate for fractional order Hilbert spaces H3() , s 2 R g, one
can use the Scott-Zhang interpolation operator, for further information refer to [Scott and Zhang,
1990].
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Chapter 4

Error Estimates for Eigenvalue
Problems

4.1 Eigenvalue Error Estimate

Theorem 3.5 can be applied to nd an explicit eigenvalue error estimate for the speci c setting of
application (3.10) described in Section 3.2. Recall that the polynomial degree is considered a
xed constant, as explained in the remark after De nition 3.8.

Theorem 4.1. Let , G V and Vé’ be as in (3.10) with h the mesh size oflGandp2 N ;. Let
( 1)1z~ be the continuous eigenvalues of probler(8.5) and ( 1:n ), be the discrete eigenvalues of
problem (3.6). Then the following estimate holds:

AL imh® =15, (4.2)
|
where C may depend on the polynomial degrep.

Proof. For any given |, | =1;:::;N there existsi;j such that ,.; 1= |, as explained ahead
of Theorem 3.5. With this analogue notation, apply Theorem 3.5.
"ij (h) can be estimated for above by choosing particular functions instead of considering the
inma. Thus, choose = ju?2 Vg for givenu 2 M ( ;). Then

(3.11) o
"ij (h) ku int UKy 1() C1hPjujy e o - (4.2)

Moreover, equation (3.9) is applicable, where it is used thatp is assumed xed and the smallest
eigenvalue ; is bounded from below by a constant, i.e.

9C, depending only onp and 3 such that maxfp;pig C,
leading to

ke Comaxtp;” | g™ Ca(Cal ki)'F : (4.9
Combining (4.2) and (4.3) yields

" () CihPiujuea ) CihPCs(Cj kD)5 ChPj 4|

where C depends onp.
Then one obtains from (3.8)

j ke th kej 1 C'f(h)  Ch®j Pt 80<h  hg j=1;:i0; =152

15
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Rearranging gives

+j : +j . . . .1 2p . .
ki) Bh kitl 1 Cj  jPh® = C j j™h 80<h  hoj=1;::50q0i=1;2:::
Ki

Recalling that ,+; 1= & = | the claim follows. O

Remark. Since this theory does not rely on the mesh being quasi uniform, the constants in the
error estimate do not depend on quasi uniformity, allowing adaptive re nement.

4.2 A Priori Error Estimate on Eigenfunctions

The goal of this chapter is to estimate the L?-error of the Galerkin solution with respect to the
continuous solution by the H 1-error of the same multiplied by a factor h.

Consider the speci ¢ setting of application (3.10) described in Section 3.2 withv = H3() and
V¢ consisting of piecewise polynomial functions, where is a polygon or polyhedron.

Theorem 4.2. Let ¢ be an eigenvalue of(3.5) of multiplicity R +1, let  be the set of its
associated approximations from solving(3.6). Further let uy be any corresponding normalised
eigenvector to ¢ and u(ki;% o be any corresponding normalised eigenvectors to(ki;?1 2 . Then

i=
P o2
forall 1 k N, thereis aconstantC > Oand yn 2 RR*L with 73, (k'% =1 such that
Uk (kl;?1 u(kl;l)1 Ch g (kl;?1 u(kl;l)1
i=0 L2() i=0 H1()

The constant C depends on the spectral information ;; u; j =1;:::;K, the relative spectral gap
( «), the regularity constant Crey and the shape regularity constantCs; .

Proof. This proof will closely follow the proof of [Giani and Graham, 2009, Theorem 3.1] handling
the case of simple eigenvalues, which is based on the theory in [Strang and Fix, 2008, pages 234-236].

Firstly, introduce the following notation:

Forany 1 k N,thereexistl | N andO r R suchthat ¢ = |+ which satises
1= 10T e TIIIE 4R because by_assumption k is of multiplicity R+1.
Then write f('}] = |+in and analogueu(k';?1 = Us4inh for0O i R.

Outline of the proof: First nd a good approximation for the orthogonal projection of uj.,, then
show it is also a good approximation foru,., itself. Next dene ., and show that it yields a
good approximation for u. . Lastly, using the standard Aubin-Nitsche argument, show that the
L2-error can be estimated by theH *-error times a factor h.

Consider the orthogonal projection 1 :Hg() ! V& with respect to the inner product induced
by a( ; ), similarly de ned as in De nition 2.14 with the analogue property

a( w1vivn) = a(vivh) 8v2 Hg() ; 8vh 2 V¢:

which is orthonormal with respect to the inner product b, and eachu;, is an eigenvector of (3.6)
corresponding to eigenvalue jp .
De ne the matrix of size (R+1) (R+1)

ri =( H1U|+r;U|+i;h)L2() 0 ir R;
B =( r;i)ﬁr:o:

Recall Parseval's equality: It states that, given a Hilbert space H with inner product (; )n
and orthonormal basis (&), , the squared norm ofx 2 H equals the sum of the squares of its
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components, where the components are given by the inner product of the vector with the bases,
ie.

X
kxkq = (xe)3:

i=1
P R 2 . .
Here  HiUj+r izo ri U+ ih 20 needs to be rewritten, so let us look at the involved com-
L
ponents:
X X
HilUer = ( H1UsrUph )Lz() Uph = Gir Uph  Cir =( H1Ui+rsUph )Lz()
j=1 i=1 (
x X 0 <l orj>l +R;
ni u|+i;h = dj§r uJ,h dj;r = . i=l+ii=0::::" R:
i=0 j:]_ ni J— |,|— gy y

then the di erence has coe cients

4. = ( HiliersUpn)zy  j<borj>I +R
L=

2 for xed r
G 0 j=Lonl+R
by de nition of ;.
Thus, by Parseval's equality
xR 2 X ,
HUl+r ri Ul+ih = ( HaliersUn )iz
i=0 L2() j2f I3 + Rg

Then, since by de nition of the eigenvalue problem and by de nition of the projection
jh lXuj;h ;o H1Uper) = a(Uj;h y HiUp) = a(ul+r;Uj;h )= |+rdul+r;uj;h ) J=10000N;
follows

Cin e)BC iU Upn ) = jn B0 peliersUpn ) e bC waUie e U )
ter (Ui U ) e B H UL U )
I+r(dU|+r;Uj;h) of H1Uj+r; Upn )

= |+rlXU|+r Hlul+r;uj;h) j:l;:::;N;
and so
| .
B( HiliriUpn )= ————B(Uier Wil Un) j = 1500
j:h I+r
Then, recalling that b(; ) =( ; )Lz()
R ? X | 2
_ +r - 2 :
H1Up+r ri Ui+ ih = . C HAULe s Ui )izg)
i=0 L2() j2f I3 +Rg ih I+

For a continuous eigenvalue of (3.5) de ne the relative spectral gap

() =min i’ j:

96 eigenvalue of (3.5) :

Since the approximated eigenvalues j, converge towards their corresponding continuous eigen-
value ;, the distance between any continuous eigenvalue; and any discrete eigenvalue j, that
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does not approximate |, will eventually be larger than half of the spectral gap of |. In other
words, if | = 41 = :::= |+r isany eigenvalue of (3.5) of multiplicity R+1, then for su ciently
small h it holds that
I i ! (2') j6LI+1;::1+R:
|

Hence the estimate

R 2 2 X ' 5
HiUj+r ri Ul+ih ( ) (Ul+r H 12U+ Ujh )LZ()
i=0 L2() I+ j2f L2l +Rg
2
2
( |+r) Kuy+ H1U|+rkfz() ;

where in the last step the same Parseval argument is used as before.
Then by triangle inequality

xR R
Upsr ri Ui+ ich K Uy HilierK 2oy galieg ri Ui+ ich
i=0 L2() i=0 L2()
2
1+ m Kuj+ ¢ H1U|+rk|_z()
Moreover, using reverse triangle inequality twice
x X
kui+ Ky 2, U r ri Ui+ ish ri Ul+ih
1=0 L2() 1=0 L2()
x
k U|+rk|_2() + Uiy ri Ui+ ih
1=0 L2()

Noting that the eigenfunctions u;, u;, are normalised and once more using Parseval's equality,
this implies

2
1 U+ ri Ul+ich ri 1+ Uy, ri Ul+ih
i=0 L2() i=0 i=0 L2()

Introducing the following notation for the Euclidean norm (also called 2-norm):

1=

kxk, = X; WhereX:(Xl;:::;Xn)
i=1

and regarding , =( i )R, as a vector with xed r, the inequality reads

x x
1 Uy ri Ui+ ih k (ko 1+ Uy ri Ui+ ih
=0 L2() 1=0 L2()

x 2

k ko 1 Up+r ri Ul+ih 1+ —— kujsor H1UI+rk|_2()
. ( I+r)
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Setting kh = P it follows
r K2

r khke=
= krkz 1:

From which is derived

2

R

k| k:h K2

Kuj+

1 1

1 k k, = k ko 1 k [k
K rk2 rf2 K rkz r k2 r K2
HlUI+rk|_2() ;

and further using again triangle inequality and Parseval's equality

x

Ui+ r I+i;h Ui+ ich

i=0 L2()

+

Note that for uj,

a(Up+ V) = e (U5 V)5
a( HiUp+r;V) = a(Uer;V) =

xR
Up+r ri Ul+ih
i=0 L2()
R R
ri Ul+ih I+i;h Ul+ich
i=0 i=0 L2()
xR xR
U r ri Ui+ ich + ( ri I+i:h JUl+ich
i=0 L2() i=0 L2()
Y
Upsr ri U+ ich +Kk kih Ky
i=0 L2()
2
2 1+ m Kuj+ ¢ H1U|+rk|_z()

n1U+r the standard Aubin-Nitsche argument holds, because

e (U V)5

implies that the Galerkin orthogonality applies, i.e.

a(Upr HiU+r; V) =0;

and thus by references such as [Brenner and Scott, 2008, Chapter 0.3] it follows

KU+ r H1UI+rk|_2()

hku|+r

H1u|+rkH1()

By Proposition 2.5, kky1(y andjjy:() are equivalent, thus

x
Ui+ r I+i;h Ui+ich

i=0 L2()

and by de nition of orthogonal projection in Theorem 2.12,

1+ Chjupsr HlUI+er1() )

2
( I+r)

n1 is the best approximation with

respect tojjy:(y and can be estimated by any other approximation, hence in particular

x 2 X
U r I+ih Ui+ ih 1+ (o) Ch upsr I+ih Ui+ ih
i=0 L2() l+r i=0 H1()
As stated at the beginning of the proof, choosing and r appropriately, eachk =1;:::;N can be

achieved, yielding the desired result.

O
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Remark. Because the constantC does not rely on the mesh quasi uniformity but only on shape
regularity, Theorem 4.2 can be used in adaptive re nement.

In particular the in mum over all discrete eigenfunctions will give a good approximation.

Corollary 4.3. Let be an eigenvalue of problen(3.5) and u 2 M ( ) a corresponding eigen-
function. Let | be the set of its associated approximations from solving problert8.6). Then
holds

inf ku unk Ch inf ku unk :
Up2Mn( n) 20 Up2Mn( n) R0

4.3 A Posteriori Error Estimate on Eigenfunctions

The aim of this chapter is to de ne an error estimator that can be used to estimate the error of
a computed discrete eigenfunction with respect to the continuous eigenfunction without having to
know the continuous eigenfunction and so to estimate the erroma posteriori.

The chapter follows closely the steps of [Duran et al., 2003] but for general polynomial degree

p 1

Let , G,V and V¢ be as in (3.10) with h the mesh size ofG. Further introduce the notation F
for the interior faces, i.e. the faces that do not lie on the boundary@ . The concept of face is to
be understood as a face of a tetrahedron ilR® or as an edge of a triangle irR?. For each such face
F 2 F de ne the unit normal vector ng and denote by r.1; r.2 the two tetrahedra or triangles
adjacent to the faceF.

De nition 4.4 (Jump). Let F 2 F be an interior face of the triangulation G, ng the unit normal
vector and g:1; f2 the two elements sharing this face, wherag points outwards ;. Let' be a
piecewise continuous function. Then thejump of the normal derivative of' acrossF is de ned as

[Me;r ile = mesr ()0 honesr ()i
whereh; i is the Euclidean scalar product.

Remark. The jump of the normal derivative of ' acrossF is independent of the choice of direction
of ng.

Consider once more problems (3.5) and (3.6), written explicitly in variational form:

Z A
Find (u; )2 VnfOg R with rurvs uv 8v2V, (4.4)
Z Z
Find (un; n) 2 Vgnng R with ru, rvh= UhVh 8vh 2 Wh: (4.5)
De nition 4.5  (Error Estimator) . Let RY for d = 2;3 be a domain,G an admissible trian-

gulation, F the set of interior faces and(un; n) 2 VY R. De ne the error estimator as

I

X X
(up) = h*Kk nup +  upkfz )+ he ke r unile Kory s
2G F 2F

whereh denotes the diameter of the element and hg denotes the diameter of the facd-.

Theorem 4.6. Let be a solution of problem(3.5) andu2 M( ). Let 2 4 be a solution of
problem (3.6) and up 2 M, ( ). There exists a constantC, depending only on the shape regularity
of G with su ciently small mesh size h, such that

su inf - ku unky: C inf Un):
u2M?)Uh2Mh( h) H0 Upn2Mn( n) ()
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To prove this, two Lemmas are required.

Lemma 4.7. For v2 H}() there holds
z z x Z
r(u up) rv (u hUp)V =

( hup+ up)v+

2G

Proof. Takev2 H3() and sete=u
z % Z
rervs rer v

u, v+ m;rui v

2G @
3z z z

u, v+0
2G @

F2F

up. Integrating by parts gives

n ;rupi v

x Z

[Me;r upi]e v:
F

Z

m ;rupi v
@

Note that each interior face appears twice, once per triangle it is in, but with di erent sign of the
normal vector. More precisely, sinceng points outwards of r.; and n points outwards of , ng

and n have the same sign if .1 =

. Similarly, ng and n have the opposite sign if f., =

Therefore
x £ x £
n ;rupi v= e;r (unj 2,)i hne;r (Upj )i v
G @ F2F ZF
X
= [Me;r upile v,
For  F
and thus
x £ x Z
rervs (u+ uy) v+ [Me;r upi]e ve
2G For  F
Then
Z Z
r(u up) rv (u hUn)V
x Z x Z Z
= (u+ uy) v+ [Me;r uhilp v (u hUnh)V
2G For _F
X £ x Z
= ( hup + up)v+ [Me;r upile v;
2G For F
concluding the proof. O
Lemma 4.8. There holds
Z Z
_ *t 2
(u hup) (U Up)= 5 (u up)
Proof.
Z Z Z Z Z
(u hUn) (U up)= u? uu p huup + hUZ
Z Z Z
= jui?+ n o junj® (+ n)  uun:
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R R
Using kuk?,, = juj*= kuk?,, = junj?=1 since the eigenspace is normed one arrives at
VA Z Z
(u  hup) (U un)= + v (+ n) uw=( + n) (1 Uup):
Noting that
VA Z Z Z Z VA
(u un)?= (U 2uup+Uud)=  juiP+  jup® 2 uup =231 uup)
completes the proof. O

Proof (of Theorem 4.6). Sete= u u,. Denote by! the union of elements that share a vertex
with some element and let F be a face of .

There exists somee' 2 V¢ such that

ke e' k|_2( ) Ch jejHl(] )
ke €kizey Chjeinig y;

for example, take the Clément average interpolant [Clément, 1975].
Using (4.4), (4.5) and manipulating gives

Z Z Z Z Z
ire?= rere= rer(e é+€e)= rer(e )+ reré
Z Z Z
= rer(e &)+ rure Fu, r e
Z Z Z
= rer(e )+ u € hup €
Z Z

= rer(e &)+ (u hup)e' :

Apply Lemma 4.7 forv=e ¢

Z Z Z
rer(e €)+ (u hup) € (u hUp) €
Z Z
= rer(e €) (u hup) (e €)
¥ Z ¥ Z
= ( hun+ up)e €)+ [Me;r unil- (e €');
26 For F

where the rst two terms of the top line can be recognised to be the last two terms of the above
calculation. Thus

Z Z Z
ire?= rer(e €)+ (u hUp)€
X Z X Z Z
= (hun+ up)(e €)+ [e;r upile (e €)+ (U pup) e
26 For  F
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Now Lemma 4.8 can be applied
VA Z VA Z
X X +
jr &%= (nun+ up)e €)+ (e unile (6 €)+ — e
Na For  F

X
k hUp + UhkLZ( )ke elijZ( )+ k[h],:,r Uhi]F kLZ(F)ke el ijZ(F)

2G F2F
+
+ hkekEZ()
x 2 N X _ -
K hup +  Unkiz()Ch jejig y+ KIme ;1 unile kezryChe'j€lnag
2G F2F
+ h,
+ 5 kekiz()
N = . =
K nun+ unkf. ,C?h? i€
2G 26
I (.
X . 12 2 .y ohpa2 .
+ k[mF,r Uh|]F kLZ(F)C hF JeJHl(! ) + TkekLZ() .
F2F F2F

Usinga+ b pip az + 12,
|

z X X -
ir % Ciejna(y K nun+ Unkfo(yh? + KIE 1 Unile kE2 gy he
2G F 2F
tohyp 2.
+ 5 kekLZ() )
where the large term in brackets is exactly (un) as de ned in De nition 4.5. Hence
z +
efs = Ure® Clelwi (un)+ —5kekiz

By Friedrichs' inequality (Proposition 2.5) in particular it holds that

T ohpg2 .
> kekl_z() X

kekiy, C (un)kekyiy +C

Resubstituting e= u up and applying Corollary 4.3 on this yields:

inf ku upk? inf - C (un)ku upk
Uph2Mu( n) R0 Up2Mnu( n) ( h) RO
+ : 2
+C inf  ku unki2(
Upn2Mn( n)
inf C (up)ku upk
L. (un) hKn 1)
+
+ Ch? “inf o kuupkda

Uuh2Mn( n)

and dividing both sides by ku  upky1() leads to

inf ku upk inf C (up)+ Ch? o inf ku  upk :
Uh2Mnp( n) 0 Uh2Mn( n) ( h) 2 Uh2Mnp( n) Y

Since the factor h? makes the H 1-term on the right hand side very small, it can be absorbed on
the left hand side, giving an error estimate foru uy in the H-norm only by (un):

inf ku upky: C inf Un):
up2Mn( n) R0 uh2Mn( n) (Un)
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Taking the supremum over allu 2 M (), one obtains an estimate of the continuous eigenspace by
the discrete eigenspace

su inf . ku upk
UZMF(:))UhZMh( h) RO
X X ! 1= (46)
C inf K hup + unk?,, \h%+ K[me:r unile kK?2.,h :
un2Mn( 1) . hUh hRLz(y e [ F h ]|: L2(F)1F
where the right hand side only depends on the discrete functiony,. O

4.3.1 Minimising the Error Estimate

To nd the in mum in (4.6) one needs to minimise the error estimate  on the right hand side. To
do so, apply the method of Lagrange multiplier. Therefore, a short recap of the method:

Theorem 4.9 (Lagrange Multiplier Theorem). Letf : R"! Randg:R"! R be two contin-
uously di erentiable functions. Let M = fx 2 R" : g(x) =0ganda 2 M such thatr g(a) 6 0.
Then there exists some ( such that the Lagrange functionL : R R! R; L(x; )= f(x)+ g(x)
has a stationary point at (a; o), i.e. such that the partial derivatives with respect to botha and
are zero.

Now, let us state the corresponding problem to minimise (4.6).

Denote

X X
Ju)= B(uu)=  k phu+ ukfy yh?+ KIne ;1 uile k2 gy he

2G F2F
and let q be the multiplicity of the eigenvalue , i.e. dim(En( r)) = g. Recall the notation
En( n)=spanfui, :i=1;:::;qg for the not necessarily normed eigenfunctions belonging to any

of the eigenvalues approximating . As mentioned in the proof of Theorem 4.2, there exists a basis
of V& which is orthonormal with respect to the L2-scalar product. Hence assume

(Uih sUph )2y = -

Any eigenfunction belonging to  can be written as a linear combination of theu;, and thus

(a X )

M( h): iUih - i2:1
i=1 i=1
Then in ordeg to minimise the functional g(u) for u 2 M ( ), it is equivalent to minimise the
functional J( ., juin) for 2 RIwith [, 2=1.
The Lagrange function is then given by
! !
L:R" R!' R, L(; )=1J Uin  + P
i=1 i=1

To nd the gradient of L with respect to , consider rst the single components
I I I

@ X X ' X ' X
@B iUih ; iUih =B Ujn; iUsp +B i Uih 5 Ujh
! i=1 i=1 i=1 | i=1
a !
=2B Ujn; iUgn =2 iB (Ujn s Uin ) ;
| i=1 i=1
» .

@ _
@ .,
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and de ne the matrix

Qi = B (Ujn ;Uin) Q=(Qy)if =
The gradient can be written as

rL(; )=2Q +2;

and trivially

Then one obtains the problem
Find (; )2Rq Rwith Q = and i2:1;

which is again a eigenvalue problem, similar as in Section 3.1.1.

The g pairs (; ) solving this eigenvalue problem give the stationary values of the Lagrangian. To
nd the true minimum of the error estimator, plug the critical values in the error estimator and
determine the smallest result.

Alternatively, since this whole computation is quite costly and it yields only an upper bound, one
might also take a less resource demanding approach and simply comput€uy,) for each of theq
eigenfunctionsu;y, 2 En( r), choosing the one giving the smallest value. This will still give a valid
error estimate, as every linear combination gives an upper bound, but one needs to bear in mind
that it will not necessarily lead to the minimum of  (up).

Recall that the error estimate (un) also depends on the eigenvalue,, 2 1, belonging to u,. So

for each continuous eigenvalue there will be a di erent set of , giving di erent eigenfunctions

En( n) tochoose from. This raises the question of whiclE, ( 1) should be considered. The answer

depends on what one wants to study: If the interest only lies in the smallest eigenfunction, then

solely the functions corresponding to the smallest continuous eigenvalue need to be considered.

If the interest lies in the smallest n eigenfunctions, then the maximum of all minimal estimates
k(up) for 1k n gives an upper bound for the error on all those eigenfunctions.
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Chapter 5

Implementation

5.1 Overview

Before applying the program to the recorder, we rst look at two simple cases that can be computed
by hand, in order to check that the program delivers the right results.

The most simple case is the two-dimensional cross section of the recorder, an annulus.

The next, still very elementary case is approximating the recorder as a pipe and then as a pipe
with holes.

In the nal step, we take an exact model of the recorder, which was kindly provided by Kiing
Block 6ten GmbH !, and run the program on it.

The programming for this thesis is mainly done in FreeFEM ([Hecht, 2012]). As is written in
the very beginning of the documentation ([Hecht, 2022]), FreeFEM is a high level integrated
development environment (IDE) for numerically solving partial di erential equations (PDE) in
dimension 1,2 3 and surface and line 3D .

The basic idea of our program can be summarised in the following steps:

0. Generate the initial mesh and de ne the nite element spaces, the bilinear forms and the
error indicator.

1. Solve the eigenvalue problem.

2. (a) Compute the error estimate on each element of the mesh.

(b) Mark all the elements, whose error estimate is larger than some percentage of the
maximal detected error estimate.

(c) Re ne those marked elements, obtain a new mesh.

Points 1 and 2 can be repeated as often as one likes or until the error estimate is smaller than some
error bound ".

This sort of mesh re ning process is called adaptive re ning, as it only re nes where needed and
thus reduces the computational cost opposed to re ning uniformly.

5.2 Analytic Computations

As mentioned in the Overview 5.1, the two simple cases can be computed by hand. The following
section is concerned with these analytic computations, on the basis of [lvrii, 2013].

To nd the eigenvalues, problems (5.6) and (5.14) can be solved in a Computer Algebra System
(CAS) like Mathematica.

1Kiuing Block 6ten GmbH, Grabenstrasse 3, 8200 Scha hausen
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5.2.1 Two-Dimensional Annulus

Let be an annulus with inside radiusr; and outside radiusr.

4

Figure 5.1: Sketch of the two-dimensional annulus domain

We need to solve the Poisson equation (3.4)

(
u=u on , (3.4)
u=0 on@ .
Consider polar coordinates(r;" ):
X = rcos( ); y=rsin( ):
Then the Laplacian has the following form:
_1@r@f+1@f af 1@f 1 &@f
“rer 'er ez @ rer rr@?
Making the separation ansatz, that
uxy) =4(r" )= v(rw( )
and plugging t(r;"' ) into the Poisson equation
1 !
~u(r' )= @V(r)W( )+ ffr(r)W( )+ V(r)zg( )= w(nt )= v(w():
Multiplying both sides by ;i
1 , @V @v 1 @w, )
o etV el Taryer)T T
and rearranging
% 2@ (r)+ r—lgr)+ rav(r) + (1)2\,:( )=0 (5.1)

Now both of the terms are either only dependent onr or ' and their sum is zero, meaning that
the two terms each need to be constant,

1 @w, .
W@z )T o
which is equivalent to
gvzv( )= ow(): 5-2)
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In fact, ¢ > O:
Assuming that %"(' ) 0 then %(‘ )  Owould imply w(*) 0andsou(x;y) 0 which is
excluded. Hence$!(' ) 60 and so &' ) ‘s 0. Thus
‘2 qu,  ? @ @ Gw
0<  Z) d=wR)2) w(O)—.%) w(') g )d
0 @ @ @ 0
z 2 z 2
w(' )oe w( )d'" =c (w('))?d;
0

R
where 2 -periodicity of w(' ) is used. Sinceo2 (w(' ))?d" 0t follows that ¢ > O.
Knowing this, the solution w(' ) of (5.2) is given by

WC()—A ICI+BC.eipT"

Sincew,. (' ) needs to be2 -periodic, we haveP & = n 2 N and thus the solution can as well be

written as
we ()= Ape” n2z: (5.3)
Returning to (5.1) and plugging in the found solution for we,

1 2 @V @y 2 2_qn.
r@(r)+ r@'gr)+ r “v(r) n°=0;

v(r)
which is equivalent to
2@ (r)+ r—lgr)+ r2v(r) n?v(r)= rz@ (r)+ r—r(r)+( r ndv(r)=0:  (5.4)
@t
Consider the transformation = ar rothenw( )= v(r())=v r()wherer()= p=. The
derivatives of v are
@ - @V Oy s @Yyt @Y. y=P"@,.
o))" gfg)= glrne= ) gir=" g
@v @v @, *_@v @v @v _
@2() f1(()) @() fi(())f ) ?(()) @2()-
Plugging this into (5.4)
|
2 2 :
Grrep""20 b W v
2@‘*

s()+ @()+(2 n®)¥( )=0

and this can be recognised as the Bessel equation.

Since this is a di erential equation of second order, it must have two linearly independent solutions,
called the Bessel functions of rst and second kindJ (x), Y (x). There is also a third Bessel
function, called Hankel function, which is a linear combination of the rsttwo: H (x)=J (x)+
iY (x). The general solution is thus a linear combination of either two.

p— p—
Vn(r)=vh( )= Chdn( )+ DaHL( )= Crdn( r )+ DpHu( 1) (5.5)
From the boundary condition we know that v, (r1) = va(r2) =0, i.e.

p— p—
Vn(ri1) = Cpdn( Il)"‘ DnHn( 11)20;
Vn(rz2) = Cpdn( r2)+ DaHW( r2)=0;
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which equivalently can be written as a matrix
p- p—
Jn(pl 1) Hn(pl l) Cn 0
Jn(C 12) Ha( r2) Dn 0

To nd a solution for this, there is the trivial solution C, = D, =0 or the points (;r 1;r,) where
the matrix is singular, i.e. where the determinant equals zero.
This poses a new problem:

Find  with Jn(pT 1)Hn(p7 2) Jn(p

T 2)Hn(p7 1) =0 for xed rq;rs: (5.6)
Hence we need to nd the roots of
p— p— p— p—
f( ):Jn(p rl)Hn(prZ) JIn( pr 2)Hn ( I‘%)) o 0
Jn( g 1)(Jn( p7r 2)+ iYn(pT‘ 2)) b]n( T‘ 2)(Jn( T‘ l)+ iYn( T 1))
i(Jn( T’l)Yn( 72) JIn( TZ)Yn( T‘1)):0§
which is equivalent to nding the roots of
p— p— p— p—
9()=JIn(C r)Ya( r2) JInC r2)Ya( rq1)=0:

For n 2 N and x 2 Rs o the Bessel functions of rst and second kind are real, according to [DLMF,
2022, Y10.2(ii)].

Note that in nding the roots of g( ), the dependence om lies only in the order of the Bessel
functions. Since Bessel functions of integer orden have the the following relationship:

J a(X)=( 1"In(x); Y a(x)=( D"Ya(x)

and in g( ) the two kinds of Bessel functions always appear multiplied, it is evident that, indicating
the order n as index ing,

p— p— p— p—
gn()=( 1)2an( rYa( r2) (1)2an( r2)Yn( ra)=oa( ):

This means that n yield the same , which translates to the eigenvalue being of multiplicity 2
forn60.
Having found such a root , one can establish a connection between the coe cient,,, Dy:
p— p—
Dn In( ra) _ In(_ T2).

p— P—
CnJ ri)+ DoH ri)=0 — = ——— = —
n n( 1) n n( l) ) Cn Hn(v v 1) Hn(l-' rz)

The general solution (5.5) then is

pi
V()= Co (" T) %Hn(p

The nal solution w(r;' ) composed of (5.3) and (5.7) reads
!

T) (5.7)

p_
()= Ue™ 3.1y bty Py (5.8)
Hn( rl)

The preceding calculations can be summarised in the below proposition.

Proposition 5.1. Let be an annulus with radiiri;r, and n 2 Z, then the solution (u,; ) of
the Poisson problem(3.4) in polar coordinates is given by

Find  with Jn(pT 1)Yn(p7 2) Jn(pT 2)Yn('oT 1)=0

and |

p_
un(r;' ) = Upe™ Jn(pT) |jL((lar—l)Hn(pr)

ri)
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Figure 5.2: Sketch of the three-dimensional pipe domain

5.2.2 Three-Dimensional Pipe

Let be a pipe with inside radiusr,, outside radiusr, and length L.
Again, we need to solve the Poisson equation (3.4)

(
us u on

u=0 on@ . (3.4)

Consider cylindrical coordinates(r;";z ):
X = rcos( ); y = rsin(' ); z=12:

Then the Laplacian has the following form:

_le ef 1@ @f_g@f 1ef 1@t &f.
re@r @r rr@?2 @ @t r@r rz@?2 @2
Making the separation ansatz, that
u(x;y;z) =4z )= v(rw(' )Z(2);

then plugging &(r;";z ) into the Poisson equation

52 )= Dowe 1z 2w 120+ vin 5 D4z vinwe )
= u(nhz)= v (W )Z(2):

Multiplying both sides by W

1 @v 1@v N 1 1 @w 1 @z _

vy @t ret”) frewy e )tz et

(5.9)

Similarly as in Section 5.2.1, the rst two terms only depend onr and' while the third term only
depends onz and their sum is constant. This means that the last term needs to be constant,

1 @z, .,
Zo@2?”

G

Analogously as in Section 5.2.1, one can show that, > 0 and then follow that

ZCZ(Z): Aczel CZZ+ Bcze : CZZ:
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From the boundary condition, we know that Z(0) = Z(L) =0, so we can nd the coe cients

Z(0)= Ac, + B, =0 ) A, = Be,:
P P\ p ?
Z(L)= A.¢€ PeL Ace ! @t = A 2isin(C G L)=0 ) "glL=k ) ¢ = T
and from that the solution
Zy(2) = Exsin kfz k 2 ZnfOg: (5.10)
Returning to (5.9) with the found solution for Z(z)
1 @v 1@v 1 1 @w k 2
i et e 2() T =
v(ir) @°F rw(' ) @ L
and then taking the to the left and multiplying by r?
! !
1 2@v @v ) k 2 1 @w, .
) (r)+ r@r(r)+ r T v(r) + m@( )=0: (5.11)

Again, the rst term only depends on r while the second term only depends on , implying that
both terms need to be constant,

1 @w _
wi@?! )T o

which just like in Section 5.2.1 gives
we ()= A" n2z: (5.12)

Returning to (5.11) and plugging in the found solution for we. , multiplying everything by v(r)
!

2
2@ (r)+ r—lgr)+ r2 kf v(r) n2v(r)
| |
! !
= rzgz(r)+ r%\lfr)+ r? kT n?2 v(r)=0:
p
Using again the transformation = T but this time with ~ = kT ? one nds the analogue
solution
0s__ 1 Os_ 1
k 2 k 2
Va(r)= CpJ, @ N rA+D,H, @ - rA: (5.13)

Again, from the boundary condition we know that v,(r;) = vn(r2) = 0, which then gives the
analogue matrix

0 q q 1

k k
%Jn q T M Hn q T N § Ch _ 0
2 2 D -0
JIn = "r2 Hq = r2 "

and the non-trivial solutions are the points (;r 1;r,) where the matrix is singular, i.e. where the
determinant is equal to zero.
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This poses the problem:
0s__ 1 O0s_ 1
k ? k 2
For xed rqi;rp, nd  with J, @ -~ rnAH,@ . rA
Os__ 1 O0s_ 1

k ? k 2

J, @ . r,AH,@ . rnA=0: (5.14)

Similarly to Section 5.2.1, we need to nd the roots of

Os__ 1 Os__ 1
k 2 k 2
9 )=3.@ nAY, @ roA
Os__ 1 Os 1
2 K 2
J, @ LAY, @ — r,A=0:

Note that the roots of this problem are just the solutions °of (5.6) shifted by "T z for k 2 ZnfQg,
ie. = O+ kT 2. This in particular means that kT ?= 95 0and thus the term under
the square root will never be negative for the particular values of that are such roots.

Further recall from Section 5.2.1 the relationship betweenJ, (x);J n(x) and Y,(x);Y n(X), im-
plying g n( )= gn( ) and note that here k appears only squared. Thus for xedn we have that
k 6 0 yield the same . Summed up, this means that forn = 0, is of multiplicity 2 and for

n 60, isof multiplicity 4.

Having found a root , one can establish a connection between the coe cient<,,;D,:

Os__ 1 Os__ 1
k 2 k 2
Cnl, @ s riA+DyH, @ s rA=0;
q q
2 2
) D, B Jn kT I B Jn ) kT )
Cn - z T
" Hn Ky Hn K %r,

The general solution (5.13) then is

0 Os 1 qﬁ Os 11
2 J K “r 2
va(r)= C, @, @ K rA n(q |I<_ : ) H, @ kf rAA: (5.15)
Hn( T r1)

The nal solution w(r;' ) composed of (5.10), (5.12) and (5.15) reads

I -
Bin:k (r;;z )= Ugsin TZ en

0 Os 1 qﬁ Os 11
2 J K_ %y 2
@, @ rA n(q = zl)Hn@ kf rAA
Hn( kT rl)
(5.16)

The preceding calculations can be summarised in the below proposition.



34 5.3. The FreeFEM Software Package

Proposition 5.2. Let be a pipe with radiiry;r, and lengthL and letn 2 Z, k 2 ZnfOg. Then
the solution (unk ; ) of the Poisson problem(3.4) in cylindrical coordinates is given by

Os___ 1 0Os 1
. . kK 2 Kk 2
Find  with J, @ S AY,@ T ryA
Os__ 1 Os__ 1
2 2
Jn @ kf LAY, @ kf rA=0
and
: kK
Unk (r;;Z2 ) = Ugsin T2z ¢
0 05721 qﬁ 057211
J —r
@, @ kf on g o zl)Hn@ kf (AA
Hn ( kT r)

5.3 The FreeFEM Software Package

There are two ways to get a mesh in FreeFEM: Either an existing mesh can be loaded or it can
be constructed using FreeFEM's tools. Automatic mesh generation in FreeFEM is based on the
Delaunay-Voronoi algorithm. According to [Sibson, 1978] this is an algorithm which attempts to
make all elements equiangular, and thus shape regular (cf. De nition 3.10).

To construct a nite element space, specify the mesh and the type of nite elements, e.gfespace
Vh(Th,P1). There is an appreciable choice of di erent types of nite element available, such as
polynomials of di erent degrees, continuous or discontinuous and more complex options. In this
thesis only piecewise polynomial continuous nite elements are of interest.

The nite element functions are initialised very straightforward by Vh uand are de ned just as
described in Sections 3.1 and 3.2, the coe cient vector corresponding tai is easily accessible by

ul] -

Variational formulations are implemented in a very intuitive way, simply by writing varf a(u,v)
= . They can be used to de ne vectors and matrices, by putting a whole nite element space
as argument: f = a(0,vh) or A = a(Vh,Vh) respectively.

For solving the eigenvalue problem, there are commands that take the matriceg\, B as input,
solve the systemAu = Bu and return the eigenvalue and the corresponding eigenfunctionsu.
Note that FreeFEM automatically returns u as a nite element function rather than the vector u.

5.4 Visualisation of the Remeshing Process

As outlined in the Overview 5.1, the remeshing process consists of 3 steps. In the following this
process is visualised on the basis of the two-dimensional annulus example.

The rst step, computing the error estimate on each element, is done according to De nition
4.5. To this end, we rst need to de ne the error estimator: varf ErrorEstimator(u,v) =

. Additionally, we require a nite element space which is constant on each element, i.e. has
polynomial degreep = 0. This space is created byfespace Ph(Th,P0) . Then a nite element
function Ph Etais initialised and the values of the error estimator are calculated on each element,
Eta[] = ErrorEstimator(0,Ph)
Note that, as discussed in Section 4.3.1, one needs to choose which eigenpair to plug into the error
estimator, possibly to minimise it and also to determine for which eigenfunctions the bound should
hold. In our implementation, we choose the easiest way and only plug in the smallest eigenpair
corresponding ton = 0, unless otherwise stated.
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In the second step, marking the elements to be re ned, the maximal value of the nite element

function over all elements is determined,MaxEta = Eta[ ].max, and each entry of Eta] ] is com-

pared to it. The indices of all those elements and degrees of freedom with a value larger than
MaxEtafor some0O< < 1 are stored.

In the last step, re ning, the new required mesh size is computed. The way the mesh re ning
function in FreeFEM works, is to assign the intended mesh size for each degree of freedom. For
us this means that rstly, we compute the current mesh size for each degree of freedom. This is a
nite element function Vh hon the spacefespace Vh(Th,Pk) wherePkis of polynomial degreek.

In order to re ne, we want to lower the mesh size associated to those degrees of freedom which lie
on an element that was marked. Thus the value of the nite element function h is halved in the
points that are on a marked element. The other values are left as they were. Then this function
h together with the mesh Th is passed to the re ning function and as output we get a new mesh
with approximately the element sizes as speci ed.

To make all of this more comprehensible, consider the following qualitative gures:
In Figure 5.3 see the initial uniform mesh, generated based on Delaunay-Voronoi algorithm.

Figure 5.3: Initial uniform annulus mesh

In Figure 5.4 see the rst adaptation: The error estimator has its largest values on the two
boundaries, hence the marked triangles to be re ned are those on the boundary.

(a) Error estimator (b) Triangles to be re ned marked in red

Figure 5.4: First re nement adaptation of annulus mesh

In Figure 5.5 see the second adaptation: It is clearly visible that the mesh has been re ned around
the two boundaries as we expect from the marking in the previous step. Now the error estimator
has its largest values still on the boundary, but also some triangles in the interior have a big enough
error estimate to be marked.
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(a) Error estimator (b) Triangles to be re ned marked in red

Figure 5.5: Second re nement adaptation of annulus mesh

In Figure 5.6 see the third adaptation: Again the re nement is visible. Especially note the ner
mesh in the interior where in the previous step it was marked red. Still many boundary triangles
are marked for re nement, but now also quite a few in the interior.

(a) Error estimator (b) Triangles to be re ned marked in red

Figure 5.6: Third re nement adaptation of annulus mesh

In Figure 5.7 see the fourth adaptation: It is easily observable that the triangles that have not
been re ned yet, but are located between those which already have been re ned, now feature the
largest error estimate.

(a) Error estimator (b) Triangles to be re ned marked in red

Figure 5.7: Fourth re nement adaptation of annulus mesh
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Experiments show that setting = 1, the number of triangles stays approximately constant and
setting = 0, the number of triangles quadruples. This is the expected behaviour, because no
element has a larger error estimate than the maximal value and all elements have a larger error
estimate than zero.

The algorithm in three dimensions is essentially the same, it is just not as easy to visualise.

5.5 Numerical Example

In this section, concrete results for xed parameters are analysed in the cases of the annulus and
the pipe.
Fixri=0:5r,=1:0and L =5:0.

5.5.1 Two-Dimensional Annulus

The exact eigenvalues for the annulus corresponding to given, computed with Mathematica from
problem (5.6), are the roots of the functionsg( ) displayed in Figure 5.8 and the smallest eight
zeros are in Table 5.1.

Figure 5.8: Graphs for di erent n whose roots are the eigenvalues on the annulus

n 0 1 2 3 4 5 6 7 8
EV 39013 40872 46428 55618 68339 84457 103814 126241 151568

To get an idea of the eigenfunctions see the plots in Figure 5.9.

Note that the rst six images show eigenfunctions with an increasing number of "bumps" in angular
direction as n grows larger up ton = 8. These functions correspond to the eigenvalues which are
the rst zero in the respective graph in Figure 5.8.

The next few larger eigenvalues, or equivalently roots of the graphs in Figure 5.8, are the second
zeros of the graphs corresponding ton = 0; 1;2;::: Accordingly, the last two plots in Figure 5.9
both have two "bumps" in radial direction and the same number of "bumps" in angular direction
as before for the samen.
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5.5. Numerical Example

Figure 5.9: Images of eigenfunctions on the annulus
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Figure 5.9: Images of eigenfunctions on the annulus
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