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Abstract

The goal of this paper is divided into two parts. We first physically derive and analyse the semi-
geostrophic equations by giving the required physical background information and discussing appropri-
ateness of the applied approximations. In a second part, we turn our attention to the mathematical side.
This consists of first proving existence of global weak solutions. To this aim, the semigeostrophic system
is transformed into a dual system consisting of a transport equation [12]], which can be attacked using
results from optimal transport theory for Z2-periodic measures ([7]]). Finally, we investigate further prop-
erties of the semigeostrophic system: we show existence and uniqueness of smooth solution for short
times [[12] and also draw the connection between the semigeostrophic equations to Euler’s equation by
rescaling the semigeostrophic equations and showing that its solutions are close to the ones of Euler’s
equation [19].
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1 Introduction

Letu : [0,+00) x T> — R? and p : [0, +0) x T> — R be time (¢-coordinate) and space (x-coordinate)
dependent functions on the torus T? := R?/Z2, which correspond to the Earth’s velocity and pressure field.
We will often use the notation u, : T2 — R? and p, : T> — R for the same functions at some fixed
t = 0. These can be identified with Z?-periodic functions (from now on simply called periodic), defined
in the whole R?. Periodicity models the “boundary condition”, that is invariance under a rotation around
the Earth. We assume that initially, p, is given by a function py = p : T> — R. The flat, bidimensional
semigeostrophic (in short, SG) system reads as follows:

DVp+Vip+u=0 in[0,+o0) x T2

div(u) =0 in [0, +00) x T2,

a i (L1
pPo=D in T,
pr+ % is convex vVt = 0,

where we denote with D, := ¢, +u - V the Lagrangian derivative and with V* := (,,, —0,, ) the rotation of
the gradient by 7/2 in clockwise direction. The assumption that u is divergenceless corresponds to incom-
pressibility of the fluid. This follows directly from the continuity equation (2.24), which corresponds to the
mass conservation for a fluid with constant density p. Moreover, as shown in [8| Section 3], the assumption
that for any 7 > 0 the function P, := p, + | - |?/2 is convex is motivated by stability considerations.

Expressing the system in terms off | P : [0, +00) x R? — R? yields

D,VP + (VP —Id)* =0  in[0,+0) x R?,

div(u) =0 in [0, +00) x T?,

Po=p+ L in R?, (1.2)
P, convex vVt =0,

u, and P, — % are periodic V¢ > 0.

We shall first introduce the notion of weak solutions.

Definition 1.1 (Weak solutions to the SG system). A pair of functions (p,u), where p : [0, +0) x T? — R
andu : [0, +00) x T?> — R?, is a weak solution to the SG system if:

(1) The maps t — |ju||p1(r2) and t — || py||wro (r2) are in L2, ((0, +0)) and p, + % is convex Yt = 0.

loc

(2) Vo € CX ([0, +0) x T?),

0
J J (VpD,t,o —Vipp — u<p> dxdt + J Vpyo dx = 0. (1.3)
0 T2 i)

(3) Vo € C*(T?) and for a.e t = 0,

J Vou, dx = 0.
T2

Remark 1.2. The weak formulation can be obtained by multiplying the first and the second equation in (1.1))
with a periodic test function ¢ and integrating by parts over space and time. The regularity assumptions in
point (1) guarantee that the differentials (compare to Proposition[3.8) and integrals are well defined.

Even though P, is not necessarily periodic, since P; — | - |2/2 is, it follows that VP, can be regarded as a periodic function by
projecting it onto T2 (see Remark[3.10). Thus, the first equation of l| could also be understood on T¢.



Remark 1.3. There are many ways to define weak solutions alternatively (compare with Proposition d.2)).
For example, one could forget about the boundary term

J Vpgo dx
T2

in , considering ¢ € CF ((O, +00) X Tz), that is vanishing at t = 0, and separately requiring po = p.
Also, one could consider p;,u; and ¢, as periodic functions on R? instead of functions on T2

As mentioned in [12], the existence theory for this system is very complicated. However, there is a
dual reformulation (Section[d.3)), from which one can construct solutions (Section[5). These can in turn be
used to construct global weak solutions to (I.1)) and (T.2) respectively, which is explained in Section[6} As
we will see, the dual system consists of a transport equation for some periodic measure. This suggests a
deep connection with optimal transport for periodic (tracing back to the periodicity of u, and p;) measures
(Section [3) and on transport equations (Section[d). Having found a pair of weak solutions to the SG system
in Section [6] we shall show in Section [7] that, given enough regularity on the initial data, these solutions
enjoy the same regularity and are unique. Finally, in Section [8] we prove that solutions to the SG system
(after some rescaling) are very close to solutions to Euler’s equation.

However, before we concern ourselves with the mathematical side of the SG system, it is interesting to
see, where the system comes from. In the following (Section [2), we first give a derivation and discuss the
physics behind it.



2 Derivation of the SG equations

In this section, we want to physically analyse and derive the first equation of (I.I)). Originally, it was derived
by Hoskins in 1975 (see [16]). We extend the discussion by introducing physical backgrounds and argue,
whether the approximations made are appropriate. In particular, we focus on the hydrostatic equilibrium.

The SG equations correspond to the motion of a fluid from the point of view of an observer staying
on the Earth’s surface, which is a non-inertial reference frame. This means, it is accelerated itself, causing
fictitious acceleration effects, discussed in Section [2.2] The Coriolis acceleration encountered there will
then be used to derive the semigeostrophic equations via Euler’s equation of hydrodynamics and several
approximations, such as the hydrostatic, Boussinesq and geostrophic approximation. After giving a formal
derivation (Section [2.T)), hereinafter, we will carefully derive and physically argue the approximative steps.
As we shall see, these are valid on rather large scales L of at least of hundreds of kilometers, for which the
Coriolis force becomes a significant effect.

As a main tool, we will use scale analysis (see [[15} Section 2.4]), meaning that we restrict ourselves to
considering typical values for physical quantities, compare the different terms and neglect the ones with the
least significant effect. This is not only useful as it simplifies the mathematics, but also has the advantage of
filtering unwanted types of motion. For convenience, we give an overview over typical scales we consider
(called synoptic scales).

(i) Horizontal lengths L ~ 10°m.

(ii) Horizontal wind speeds Uy ~ 10ms~'.

(iii) Vertical length scales H ~ 10*m.

(iv) Vertical wind speeds: U; ~ 10~ ?ms™.

(v) Horizontal pressure fluctuation scale: i—)P ~ 10°m%s~2.

2.1 Formal derivation
Consider Euler’s equation in three dimensions, namely

v
Du——-L a4, @2.1)
P

which describes the time evolution of a time dependent velocity field u : [0, +o0) x R?* — R3 of a fluid
continuum. In our case, this corresponds to the air of the Earth’s atmosphere. It assumes the fluid to be non
turbulent and non viscous (no energy dissipation due to frictional forces), but in general allows to have a
time and space dependent density p : [0, +00) x R* — (0, +00). However, in this section, p > 0 is assumed
to be a constant. Euler’s equation states that the fluid moves according to the gradient of a pressure field
p : [0,+00) x R? — (0, +00) and some acceleration @ : [0, +00) x R? — R? due to an external force,
which in our case is given by the Coriolis acceleration (for a derivation, see the following section)

all = 20 xu, (2.2)

where Q is the Earth’s rotation frequency vector with magnitude Q ~ 7.3 - 10~°s~!. However, we are
interested in deriving a 2D equation. Hence, we project (2.2)) onto the surface by multiplying with the unit
vectorE] u/|u| x n, where n is a unit surface normal, giving

a = fut, (2.3)

%It is not obvious, why one should project it onto the component orthogonal to u. This issue, in meteorology known as “traditional
approximation”, is touched in Section 2.6



where we introduced the Coriolis parameter
f =2Qsind,

for ¢, the angle of latitude measured from the equator northwards. For the moment, we assume f to be
constant. Moreover, we call u the vector u, rotated by 7/2 in clockwise direction, within the surface of
the Earth.

The key approximative step goes under the
name of geostrophic balance.  As illustrated
in Figure 20| consider an air parcel moving
out of a high pressure area Hi.  This par-
cel will be accelerated towards a low pressure
area Lo by —Vp/p. The Coriolis acceleration,
which is given by (2.3, deviates the parcel ad-
ditionally to the right on the northern hemi-
sphere and to the left on the southern hemi-
sphere.

The geostrophic balance describes the case,
which is controlled by a force equilibrium of the
two, that is

Vp_
o

This means, the wind flows along isobars, perpen-

fut. (2.4)

Figure 2.1: The geostrophic equilibrium considers a . ) !
balance of Coriolis effect (perpendicular to «) and dlcula}r to the pressure g'radlent. Now, we subs.tltute
negative pressure gradient (pointing towards Lo). into the left'h.and side of the rotated version of
This is the case, when u is parallel to isobars. Here, equation @ gving
the deflection due to the Coriolis force corresponds 1 Vip
to the case of the northern hemisphere. See [24] for —thVP +—+ fu=0. (2.5)
more illustrations. p P

It is convenient for the mathematical analysis to set

p = f =1and we get (LI).

2.2 Acceleration in non inertial reference frames

We first want to describe the motion of bodies in accelerated reference frames in larger generality, before
applying it to the case of a rotating sphere. For this, we closely follow [11]]. Consider a coordinate system
K’ with moving basis vectors
bi = (bij)i_ : [0, +0) x R* - R’ fori=1,2,3,

with respect to an inertial reference frame K (see Figure[2.2). Let ry : [0, +00) — R3 denote the position
of the origin of K’ and consider a particle moving along a curve ¥’ = (r})3_, : [0,400) — R? seen from
K’, that is ' = r/b; (using Einstein’s sum convention). The same particle seen from K then moves along r,
which is given by

r=ro+r.
We compute its second derivative{ﬂ

F=ry+ r:b, + 27‘:1), + rl’b, (2.6)

35,- denotes the partial time derivative of b;.



Now define the angular frequency tensor as
w,-j = b,'i)j = b,‘ki?jk.

In physics, one usually considers a rigid basis,
that is b;b is time independent. This case is in par-

ticular interesting as then, w = ((,l)jj)?j:l is anti-
symmetric:
Figure 2.2: The reference frame K’ moves with re- ; ; d
g . . wij+wj,»=b,-bj+bjb,~=—(b,»bj)=0,
spect to an inertial reference frame K along a curve t

ro. ¥’ denotes the trajectory of a particle seen from K’

. and therefore only consists of three independent en-
and r the same particle observed from K. y p

tries and can be written as

0 —Q3 O
w = Q3 0 —Ql
—Q, @ 0

This matrix can be identified by Q := (Qy, Q,, Q3), which allows us to write
wx =Q xx VYxeR. 2.7)

If we assume our basis not only to be rigid, but even orthonormal (i.e b;b; = ¢;;), it is not difficult to
show that (2.7) implies that for any i = 1,2, 3,

Q x b,‘ = i’,‘,
which we can use to rewrite (2.6) as

P =7+ Fb; + 21 (Q x b) + 1/(Q x b;) + /(2 x (Q x b;))
—Fotd +2Qxu)+Qxr +Qx (Qxr),

where we have set @’ := #/b; (corresponding to the acceleration felt in K') and u’ := 7/b; (velocity of the
particle seen from K’). Therefore, an observer moving with the coordinate system K’ feels the acceleration

a = r — Fp —20xu -Qxr—-Qx(Qxr). (2.8)
N—~— —_—— — )
acceleration acceleration Coriolis Azimuthal Centrifugal
of the of the origin acceleration acceleration acceleration
particle in K’ of K’

This result can be interpreted as follows: an observer fixed in a coordinate system K’, which is accelerated
with respect to an inertial coordinate system K, does not just feel the acceleration ¥ he would experience in
K, but additional (called fictitious) accelerations add.

In our case, we are interested in a rotating sphere and use basis vectors (b, b2,b3) = (ey, eg, e,), calling
¢ € [0,27) the angle of longitude (measured eastwards), & € [—n/2,7/2] the angle of latitude (measured
from the equator northwards) and r the distance to the center of the Earth. In this coordinates, we have

0
Q=0 (cos?|:=Q(cost? ey +sintde,),
sin ¢

which is a constant vector pointing northwards along the rotation axis of the Earth and having a magnitude
of Q@ ~ 7.3-1073s~!. Constancy of Q implies vanishing azimuthal acceleration. The other terms in (2.8)



are given by

F=-TM%e,,
cos ¥ u;, — sin u
20 xu' = -20 sin ¢ u:b ,
—cos? u;} 2.9)
0
—Qx (Qxr)=-Q%cos? | sind |,
—cos

for the gravitational constant ' ~ 6.67 - 10~ "'m3kg~'s~2 and the mass of the Earth M ~ 5.97 - 10%*kg.

2.3 The spherical geopotential approximation and consistent approximate models

Let us go back to the 3D Euler equation with a Coriolis term (2.I)) and with a time and space dependent
density p. We first focus on the acceleratiorﬂa = (ay,ag,a,) given by and . It is easy to check
that the gravitational and centrifugal acceleration can be written as (negative) gradients of functions ®g and
@, which are called potentials:

~TMte, = —Vg(r) for ®g(r) := —I'M1,
N . (Qrcos®)?
—Q x (Qxr)=-V0c(d,r) forOc(d,r) = ———5—.

Hence, it is convenient to combine them into the potential of an apparent gravity
(DA = (I)G + (Dc.

The equipotential surfaces of @4 are not perfect spheres, but spheroids (see for example Figure 1 in
[33] for an illustration). The potential ®¢ can be understood as the departure from sphericity. As a re-
sult, the apparent gravity is not perfectly directed toward the center of the Earth and causes the equatorial
radius to be about 21km larger then the polar radius (see [15]). However, compared to the Earth’s radius
R ~ 6.38 - 10°m, this is negligibly small and would complicate things seriously. Hence, in most meteo-
rological models a spherical geopotential approximation is invoked. This consists of separating into
components within and perpendicular to geopotential surfaces. Then one treats them as a perfect spheres,
meaning that we assume @4 is independent of . For details, see [33]]. For this reason, it is most convenient
to choose spherical coordinates (¢, #,r) in order to express Euler’s equation (2.1), which (after a rather
tedious calculation) yields|

Ugplty ugly tan Opp .

Duy+ =+ ———— =505+ 2Q(sin® uy — cos ? u,),
st u? tan dop .

Dy + "2 + “o— = == —2Qsin 1} uy, (2.10)
uﬁ+u§

Dy, — = —%”—\V@A\—FZQcosﬁud,,

P
where the Lagrangian derivative in spherical coordinates takes the form

Uy

D; = 0; +
! " rcosd

Uu
s + 7’70,9 + u,0,.

4Since our interest is solely the rotating reference frame, we stop writing the primes.

SIn dynamic meteorology, (see [I3] or [33])), one usually includes an additional vector field, corresponding to all other effects.
Those could for example include friction or be of magnetic nature. These terms are usually very small. For example friction is only
important within a few centimeters above the Earth’s surface and according to [15] is of order vU;;/H 2 & 10~ 2ms~2 for the kinematic
viscosity coefficient of air v ~ 1.46 - 10>m?s~! for standard atmospheric conditions at sea level. In our discussion, we shall not
include it.



We additionally find five terms on the left hand sides of (2.10) that behave quadratically in the velocity
components. They arise from the curvature of the sphere and the coordinate system respectively [31]. In
Table([T] the scales and orders of all terms appearing in (2.10) are computed.

Having applied the spherical geopotential approximation (in short, G), the next step is to apply two
approximations in dynamic meteorology [33]: The hydrostatic approximation (H) and the shallow atmo-
sphere approximation (S), which can be applied independently in order to produce one of the four consistent
approximate models (see Figure 2.3). Consistent in this context means that they formally conserve energy,
angular momentum and potential vorticity. In our case, we are mainly interested in a 2D system, which is
closest (very close, but not quite the same) to the hydrostatic primitive equations (HPE) and applies both H
and S. Hence, we focus on the HPE.

Whereas H (discussed in Section [2.3) consists of neglecting Dyu, in (2.10), S includes several simplifi-
cations (discussed in Section [2.6):

(i) Replacing r by the radius R of the Earth whenever it appears undifferentiated and ¢, with ¢, where
we call z := r — R the height above sea level.

(i1) Omitting all curvature terms not involving tan .

(iii) Omitting all Coriolis terms varying with cos .

We first show how those approximations lead to (2.5). They simplify (2.10) to

Ugplty tan Osp
D,M¢ - (: UR = _pRébosz? + fous,
tan
HPE § Dty + "= = =52 — fyu,, 2.11)
% +g=0,
where we have defined g := |[V®4(R)| ~ 9.8ms~2 and we have put an index # to the Coriolis parameter to

indicate that it depends on the latitude. The shallow Lagrangian derivative now reads

Dt:@-l-

O + 20y + 1,0.. (2.12)

U
Rcos R

Original equations

Non-hydrostatic
deep equations
(NHD)

|

Quasi hydrostatic
equations
(QHE)

Non-hydrostatic
shallow equations
(NHS)

|

Hydrostatic
primitive equations
(HPE)

Figure 2.3: Overview over the four consistent approximate models and the applied approximations. G
stands for the spherical geopotential approximation, S for the shallow atmosphere approximation and H for
the hydrostatic approximation.



angular equations

; ; y ;
¢ equation | Dy | == M = —proc“;’; - 2Qsin? uy | 2Qcos? u,
. Jity ; tan & .
¢ equation | Duy | “Zr i = %op 2Qsind u,
r r or ¢
VZ U2
scales L] S - o JU JUL
order [ms 2] | 10~* | 10=* [ 107° 10~° 1077 10-°

radial equation

requation | Du, u‘”tu"’ = 0;” VD, | 2Q cos  uy
scales G Ui D U
L 3 oH g SU
order [ms—*[ [ 1077 | 1077 10 10" 10~°

Table 1: Scale analysis of the terms in (2.10) for midlatitude synoptic scales. Typical values of the quantities
were given at the beginning of Section [2} The Coriolis parameter f has been evaluated at /4 (midlatitude)
and p := lbar stands for the average pressure at sea level.

Finally, we apply the geostrophic balance (2.4) in spherical coordinates (recall that by approximation
(i), we replaced r by R). This consists of replacing the velocities (i, 15) by the geostrophic wind (ui uf),
defined by

0
Uy ~ Uy = — and ug ~ u® 4 (2.13)

PRfy = PRfycos
The value of the Rossby number Ro justifies, why this should provide a good approximation [8]. It
compares D,u to the Coriolis term fyu in the following fashion:

ipal _ 0y
|fou| — foL’

where we use (midlatitude) synoptic scales mentioned at the beginning of Section 2] For typical velocities
Uy ~ 10ms~" and midlatitude Coriolis frequency Jrja = 10~*s~! we have a small Rossby number for hor-
izontal scales L of hundreds of kilometers or more. For lower L, Ro is larger and hence the approximation
can not be justified. In tornadoes for instance, Ro has a value of around 10°, meaning that the Coriolis force
would even be negligible [[15]. To summarise, the SG equations concerns the case of a dominating Coriolis
force.

Ro

Now, we substitute (2.13) into the D, terms of the angular equations of (2.11)), giving?|

tan Opp
Doy — 2 = — 2P fouy
e R R cos O ’
Zuand o (2.14)
Dt + "5 = %
“g R PR JUP-

Observe that up to now, p could have been space and time dependent. This will not be the case any-
more, if we apply a Boussinesq approximation. This approximation states that density variations are only
important in the vertical component of (2.11) and can be ignored otherwiseﬂ Hence, p > 0 is treated as a

OAs performed in [8]], it would be usual to also replace uy in the tan ¢ curvature term of the first equation and (one of the) uy in the
curvature term of the second equation. However, as our interest is the “flat” equation (see following section), we shall skip this, since
the result would be the same.

71t is important to keep the density dependence in the last equation of . As we shall see in Section it is responsible for
the exponential behaviour of pressure and density.



constant in (2.14). For a more detailed exposition, see [34].

The last equation of (2.T1)) is called hydrostatic equation and represents the condition that the air does
not move vertically since gravity is balanced by the pressure gradient force (see Section [2.5). This makes
our shallow system almost 2D. However, mathematically, we want to further investigate the real 2D system,
which does not include the information of a hydrostatic atmosphere. We also need to omit the term .0, in
, even though its scale of u,0.uy ~ u,0.uy ~ % ~ 1073 ms~2 is of the same order as for example
the tan 6 terms of the equation (see Table/[I)).

2.4 Taking the limit R — +co for the 2D SG system

We fix some latitude 9 and longitude ¢ and finally would like to show that can be seen as the formal
limit of li for the Earth’s radius R tending to 4-c0 for a local coordinate system fixed at ¢ and . We
consider the change of variables

x = RcostH(¢p — ¢), N dp = Rcos 90y,
y =R(®% — 1), 0y = RO, — tan ¥x0,,

which correspond to the arc lengths measured from a reference point (¢, 1_9) in north and east direction
respectively. Then (2.14) writes

1 tan ¢ t
A (00 + gr + g (0 — 2 30, — 42)

R
1 tan ¢ t
(8 o0+ up (8, — B2 x0, — 42)

iy, tan 1

7 = — 50 — UEx0.)p — fouy,

and tan 9 oy
)(—op) + BB o p — el — 22 4 fou,
)(?xp +

where

~

tan ¢
D, = x0; + xug ((7), — %x@;) + ug(1 + x0,).

Note that we have not changed basis, that is, we could call u, = uy and u, = uy and setu := (thy, uy).
Then we let R — 400 while holding the angles ¢ and ¢ (therefore also x) bounded. Hence, the tan
curvature terms in vanish. After having taken the limit, we treat fy ~ f7 = fasa constanlﬂ and end
up with the rotated form of (2.3).

2.5 The hydrostatic approximation and atmosphere stability

The goal of this section is to argue that D,u, is small and analyse the resulting hydrostatic equation. An
often quoted criterion (see for example [8]]) is Dju, ~ %D[l/lﬂ, coming from exploiting div(z) = 0, which
is small since H « L. Or, if preferred, a scale analysis shows that

1

D, ~
L

~ 10" "ms ™2

is small compared to the other terms in Table [l Nevertheless, these scales are not valid when updrafts
vary strongly. It is therefore interesting to establish an analytical framework and a more discriminating
condition, when this approximation is justified. To this aim, we follow the ideas of [30] and decompose
pressure and density into small deviations dp and dp of its horizontal and temporal mean values p and p:

p(¢.9,2,1) = p(z) + 6p(¢, 9,2, 1),
p(9,9,2,1) = p(z) + op(¢, 9, 2, 1),

8This is known as the f-plane model and is valid for length scales of 1000km or time scales of a few days. If the scales were
considerably larger, f should not be treated as a constant. This restricts the range of validity to a rather narrow region of allowed
length scales. An improvement could be achieved by using a -plane model, which consists of Taylor-expanding fy ~ f5 + B¢ for

B=2Q cos ¥ at first order at some latitude  (see [30 Section 6.3]).




where we assume that the deviations are relatively small in the sense of

5p 6 sp 6
PP 1, say L~ 102 (2.15)
PP

P

We now want to express the radial equation of (2.10) in terms of these variations. For simplicity, we
already assume the shallow atmosphere approximation (i) - (iii), even though we discuss it afterwards (for
a general treatment, see [33l Section 11.3]). Then

0 1
D, + g—p + —0,6p = 0.
p P
In order to give a condition for which the hydrostatic approximation is justified, we need
o) 1
Dy, « g—p and Dyu, € —0,0p. (2.16)
p p

Remark that these two conditions are roughly the same since they have similar typical magnitudes of

1 oP 0

-0.6p~ — ~ 107 'ms ™2 » g—'o. (2.17)
p pH p

Hence, we can focus on the first condition in (2.16). This uses some knowledge of thermodynamics and
atmosphere stability, for which we now give a brief introduction following [23]].

The Earth’s atmosphere is not fully described by Euler’s equation of motion, but also behaves according
to the laws of thermodynamics. In thermodynamics, one considers a system, which is described by (possibly
time and space dependent) state variables, namely the temperature 7 with a particular significance and
possibly further variables {¢;}"_, together with associated generalised forces {Q;}"_,. These variables are
interdependent and the dependencies are called equations of state, which can for example be given by
functions Q; = Qi(T,q1,q2,...). This defines the state space I', a subspace of R***!. Let us fix a path y
inside I" and denote with

d
Wy = ZJ QidCIi
i=1vY

the work performed on the system along the patPﬂ y < I'. The usual starting point of describing thermo-
dynamics is the first law of thermodynamics, stating that the (infinitesimal) change of internal energy U of
the system is given by the sum of applied heat 6O and performed work, that is

dU = 6W + 6Q. (2.18)

It is practical to introduce the heat capacity along a patlﬂy cTlas

- (%),

where the index y defines the direction, in which the derivative is taken. Usually, this is specified by holding
a set X of state variables constant. In this case, we write

&Q) .
X

¢ = (57

9The dependence on the path 7 is usually not written anymore. Nevertheless it is crucial and implicitly mentioned in the notation
of using 6W instead of dW in the differential notation.

10The path needs to be specified, as we cannot simply take partial derivatives, because otherwise, we would not necessarily stay in
the state space I'.
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We can express the specific heat with constant generalised forces {Q;}!_, in terms of the specific heat with
constant {g;}"_, as

Cioy, = <Z_?){Q,.}¢ - < ){Q,}" (6_W){Qi -

u 0 « 0
< ){q,}l ;((}q]){q,T},ﬂ((??j){Q,}” Z(aq]){q,T},ﬂ((;;f){Q,

j=1
a .
SRS o [0 B T

We now leave the setting of large generality and consider a system consisting of an air parcel of a
fixed number of n mole of particles (or equivalently of mass m), described by its temperature T, its volume
g1 = V and associate the force Q; = —p, where p is the pressure. The air is often assumed to be an ideal
gas, meaning that particles do not interact with each other. In this case, the equation of state is known as
law of ideal gases, which writes

pV =nR,T or pM,, = pR,T, (2.20)

where R, ~ 8.31 J-mol~'K~! is called the gas constant and M,,,; = m/n ~ 28.96 g‘mol*1 is the molar
weight of air. One can show that for ideal gases, U is only a function of 7. With this, introducing molar
heat capacities cy := %CX, || reduces to

av> —R,. 2.21)

v = (aT

Keeping this equation (called Meyer’s relation) in mind, we now introduce an important quantity in
meteorology, namely the potential temperature

0= T(%)R‘”/C”. (2.22)

We claim that this corresponds to the temperature, an air parcel would have, if it was brought to reference
pressure p &~ lbar adiabatically, that is without exchange of heat (Q being constant). In order to show this,
we use (2.18)), (2.20) and the fact that U is only 7-dependent and write

oI
CydT = dv,

which after an integration gives the adiabatic equations, which describe a path y  I' characterised by
TVR/*v = const. or Tp*RS’/”F = const. (2.23)

Exploiting this constancy between (p,T) and (p, 0), the claim follows. The potential temperature is of
fundamental importance in meteorology as it gives information about stability of the atmosphere (discussed
below) and hence about the existence of updrafts.
We now want to use 6 to rewrite condition (2.16). Using the continuity equation
D,p = —pdiv(u), (2.24)

we can compute

CyD,T = D;U = —pD,V + D,;Q = pe D,p + D,Q = —pVdiv(u) + D,Q.

11



Using this, (2.20) and (2:21)), we can show that

0
Dtg = _DtQ = 0,
Tc,

for adiabatic processes, which we will assume from now on. Let us also divide the potential temperature
into variations of its horizontal and temporal average:

0(¢,9,2,1) = 0(2) + 66(¢, 9,7, 1),
where @ is the potential temperature associated to p and p. Then
do

D60 = —D,0 = —u. (2.25)

Using (2:20) and (2.23), it follows that

I D
I
Il

where cy/c, ~ 1.4 is called adiabatic coefficient. Hence, relative variations of potential temperature and
density are of the same order in the sense of

50 6p
7 p

Therefore, the condition (2:16) writes

U o) 06
-2+« g—p XN —g— R —T= Dt69 - T uz— ~ tU N?,
T P 0 6 "dz

where we introduced the buoyancy frequency (or Brunt-Viissila frequency)

This means, we can neglect D,u, if the Lagrangian time scale 7 is much larger than the inverse of the
buoyancy frequency:

2 1

> T2k (2.26)
and under this assumptions, we are left with the hydrostatic equation
0
EP 4. (2.27)

We now want to further investigate, what the rather abstract condition (Z:26) means. The buoyancy
frequency N (0z6 in particular) has a fundamental importance in meteorology. It gives information about
the stability of the atmosphere: take the logarithm of (2:22)) and differentiate it with respect to z, giving,
with use of (2:20) and the hydrostatic equation 2.27),

M
ae_aT+g ml

Cp
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In case of no heat exchange (0,6 = 0), we have that

&M 01

Cp

—0.T = =Ty ~9.8°C-km™!

is constant and called dry adiabaticE] lapse rate. This corresponds to the temperature of an air parcel, if it
moves vertically adiabatically. Defining the atmospheric lapse rate as T, := —0,T, we find

T
500 =Ta—T,.

If now N2 > 0, then 0,60 > 0and I'; < Ty, that is, if a parcel moves upwards, its temperature cools
down faster then the temperature of the ambient air. As a result, it is denser than its environment and gets
pushed down again. Similarly, if it is deflected downwards, its temperature cools less rapidly and therefore
it is pushed up again. This causes oscillations with a period 27/N [30] and justifies the name for N. So if
N? > 0, the atmosphere is called to be stably stratified or statically stable. If on the other hand N> < 0,
little displacements of a parcel are enforced as exp(|N|r) and the atmosphere is said to be statically unstable.
For N> = 0, the atmosphere is called statically neutral. In this case, it is clearly not appropriate to use a
hydrostatic approximation.

Let us investigate a further consequence of (2.27). Under the assumption (2.15), we want to show that
(2.27) approximately follows from the exact hydrostatic balance (see [15]])

1d_
=—p+g=0, (2.28)
pdz
which can be derived from an equilibrium of gravity and pressure gradient. Indeed, since by a first order
Taylor expansion (5 + 6p) ' ~p (1 — 6p/p), we have that

o.p | 0p @23 1 op

—tg~ = (az(p +06p) — =0(p+p) + g) =" = (5z6p + 0pg — :51617)

P p p p p

is small due to the typical magnitudes mentioned in (2.17). Equation (2.28) can now easily be solved using
(2.20). Integrating gives the barometric formula

Mpol8

p(z) =p(0)-e &7,

describing an exponential suppression of the hydrostatic pressure with height.

2.6 The shallow atmosphere approximation

In this section, we briefly introduce the problem of performing a shallow atmosphere approximation (i) -
(iii), which has been applied to (2.10) and give some reference for interested readers. Mainly, we follow
[30] and [33]].

Compared to the Earth’s radius R ~ 6378km, the atmosphere with thickness about 10km is shallow.
Hence, it makes sense to apply the approximation (i) and replace r by R. The replacement ¢, by 0, is
a tautology, if we define z := r — R. This is known as the basic shallow approximation. Nevertheless,
one should keep in mind that wind speeds and directions can vertically differ strongly, depending on the
stratification, discussed above. Moreover, the Earth is not shallow, if compared to the Earth’s topography,
since mountains rise up to heights of 8km. Therefore, there are cases, in which it is worth using the more
sophisticated deep model (NHD or QHD) instead of applying a shallow atmosphere approximation [30].

""No condensation of water is considered. This would release energy and is called the wet-adiabatic case, even though strictly
speaking, this is not adiabatic anymore. Hence, we assume the relative humidity stays below 100%.
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Approximation (ii) is done by scale analysis (see Table[I]and [I5])). With typical values of the order of
10~3ms 2 for the angular equations and 10~>ms~2 for the radial equation respectively, these terms have a
slight effect on the movement of the air.

Omission (iii) is called traditional approximation, and was introduced by Eckart in 1960 in [9]]. For
non-hydrostatic models, it is the most controversial approximation among the above and has been under in-
tense examination in dynamic meteorology for many years. The key factor of determining appropriateness
of the traditional approximation is stratification [20]. More precisely, the cos J-terms are small if 2Q <« N
(see [31] and [27]). With typical values of N ~ 10~2s~! and 2Q ~ 10~*s~!, this is in general well satis-
fied. However, N can also vary widely and this approximation is not satisfactory, especially for equatorial
regions. For example [32] shows the importance of the terms in planetary scale motions (scales of a few
thousands of kilometers and a few weeks) and tropical (cos ¢ ~ 1) synoptic scales. Nevertheless, the inclu-
sion of the terms seem to make a little difference to numerical weather prediction and climate simulation
[31]. From a mathematical point of view, the following is interesting: it can be shown that, if a basic shal-
low approximation is performed, the traditional approximation need to be made simultaneously in order to
preserve angular momentum and potential vorticity ([25] and [32]]).
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3 Optimal transport on the torus

We now leave the physical discussions behind and turn to the mathematical discussion of (I.I). Talking
about existence of solutions requires the language and powerful tools of optimal transport theory, which we
will introduce in this section.

3.1 Introduction to optimal transport

Optimal transport theory goes back to Gaspard Monge in 1781 (see [22]). Following [14]], it addresses the
problem of transporting a measure ¢ on some (nice enough) measure space X into a measure v on another
measure space ¥ whilst minimising a function ¢ : X x ¥ — R u {+0o0}, which is called cost. To be more
precise, consider the following definitions.

Definition 3.1 (Transport maps). A measurable map (called a transportmap) T : X — Y is said to transport
a measure y on X (not necessarily a probability measure) to another measure v on Y if

v(B) = u(T~"(B)) for all v — measurable sets B < Y. 3.D

In this case, one writes v = Tyu and calls it the push-forward measure of y under the map T.

Remark 3.2. One can show that is equivalent to

LMVZL(WT) du Ve e CP(X).

Definition 3.3 (Monge’s formulation of the optimal transport problem). Given a costc: X x Y — [0, +0]
and two probability measures y € P(X) and v € P(Y), we want to find a transport map T that minimises

M, v,c) = inf{ f

Xc(x,S(x)) du(x) | v = S#y}. (3.2)

In the 1940s, Kantorovich generalised this problem. Whereas in Monge’s formulation, some mass at
x € X is considered to be transported to a unique location S (x) € Y, Kantorovich allowed x € X to distribute
to several locations y € Y. In order to formalise this problem, we first introduce the notion of marginals and
transport plans.

Definition 3.4 (Transport plans and marginals). Let u and v be measures on spaces X and Y respectively.
A measure y on X x Y is called a transport plan (in case of probability measures often called a coupling)

of wandv, if
(mx)wy = p and (my)sy =,

where rtx and my denote the projections of X x Y onto X and Y respectively. Equivalently, one could ask
that for all measurable sets A € X and BS Y

Y(A x Y) = u(A) and y(X x B) = v(B).

Moreover, yu and v are called marginals of y and one denotes with T'(u,v) the set of all transport plans of p
and v.

Definition 3.5 (Kantorovich’s formulation of the optimal transport problem). Givenc: X x Y — [0, +0],

u € P(X)andv e P(Y), minimise

K(u,v,c) = inf{J

XxY

c(x,) dy(x.y) |y € D) }. (3.3)
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Remark 3.6. Kantorovich being a generalisation of Monge can be understood in the following sense: to
every transport map S, we can associate a transport plan ys := (Id x S )uu € T'(1u, v) with the same cost

| ctes) dut) = | ctey) drsten).

X XxY

In other words, every minimiser of Monge’s formulation induces a minimiser in the sense of Kantorovich
and we have K (u,v,c¢) < M(u,v,c).

In our case, we are mainly concerned with the case of quadratic cost (L*-cost), meaning that ¢(x,y) =
|x — y|?/2. An important result in optimal transport theory is the proof of the existence of a solution 7 to
Monge’s problem in this case of X = ¥ = R?. This result is due to Brenier (see for example [14, Theorem
2.5.10] for a proof).

Theorem 3.7 (Brenier’s Theorem). Let X = Y = R? and c(x,y) = |x72y|2. Let u,v € P(RY) such that y is
absolutely continuous with respect to the Lebesgue measure and both, u and v have finite second moments:

f |x|? du(x) + J ly|> dv(y) < +o0. (3.4)
Rd R‘I

Then there is a unique solution T : RY — R? of Monge’s formulation . Moreover, T = VO for some
convex function ® : R — R U {4+w0}.

Observe that @ being convex implies that it is differentiable almost everywhere. Hence, V® is well
defined almost everywhere. As this fact is going to be used later, we formulate it as a proposition. A proof
can be found in [29].

Proposition 3.8. Let Q < R? be an open, convex set and f : Q — R be a convex function. Then, f is
locally Lipschitz (and hence differentiable almost everywhere).

However, in our case, we will not deal with probability measures on R? as in Brenier’s Theorem above,
but rather with periodic measures having unit measure on [0, 1)¢, which can be identified with probability
measures on T¢. This is why we will not be able to make use of Brenier’s Theorem. Instead, we will concern
with its equivalent on T¢. This result is due to Erausquin and can be found in [7]. Since this theorem is of
fundamental importance for finding solutions to the SG system, we shall prove it in Section [3.3]

Theorem 3.9 (Optimal transport on the torus). Let u, v € P(T) such that u = fdx for some f > 0 a.e
(denoting with dx the Lebesgue measure on the torus here). Then, there is a unique solution T : T¢ — T¢
of Monge’s formulation (hence v = Tyu) for the L*> — cost on the torus defined by

2 2
(@i b o= LDl lrmy el 65

pezZd
where for two equivalence classes [x], [y] € T¢ of two points x,y € R? respectively, we have set

[x]

. .= inf |x + p|.

Td pEZd ‘ p|

Moreover T = [V®] for some convex function ® : RY — R U {+00} with the properties that
a.) |[V® — Id| < diam(T9) = ‘/TE a.einRY,

b.) ® — | - |*/2 is periodic.

Remark 3.10. Observe that property b.) ensures that T = [V®] can be seen as a function T : T¢ — T¢.
Indeed, for any p € 7¢,

T(x+p) = [VO(r+ p) — (x+p) + (x+ p)] 2 [VO@) = x+ (x+ p)] = [VO)] = T(x).
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3.2 Optimality criteria

The goal of this section is to investigate criteria for the existence of Kantorovich solutions, which will in
turn be used for the proof of Theorem [3.9] For this, we mainly follow [14] and work with a general cost
function ¢ : X x Y — R (finite for this section) and arbitrary (for simplicity complete, separable and locally
compact) metric spaces X and Y. We will also draw the link to the L2-cost on R¢ and T¢, denoted by

2] = D[
—

=P
cr(x,y) := 3

and cr([x],[y]) :=

Instead of cg, observe that given the assumption of finite second moments (3.4), we could equally well
consider the cost function ¢(x,y) = —x - y. Indeed,

— 2 2 2
f f =o1 dy(x,y) = f Lis du(x) + J b dv(y) + J f —x-ydy(x.y), (3.6)
R4 JRd 2 R4 2 R4 2 R JRY

where the first two integrals on the right hand side are just a finite numbers, independent of y. This means,
they are not relevant, if one is interested in minimising the above quantity.

First of all, let us generalise the concept of convexity and differentiability.

Definition 3.11 (Convexity and subgradient). A function ® : X — Ru {40} is called c-convex, if ® # +o0
and for some {A;},ey € R U {—0},

O(x) = sup{ —c(x,y) + 4,} VxeX. (3.7
yey

In this case, we define the c-subgradient (or c-subdifferential) of ® at x € X as the set
0:0(x):={yeY |VzeX: D(z) = —c(z.y) + c(x,y) + D(x)}.
The subgradient of @ is defined as
0@ :={(x,y) eX XY |VzeX:D(z) = —c(z,y) + c(x,y) + D(x)}. (3.8)

For the (—x - y)-cost (by 1i “equivalent” to cg), from the above definition, we can retrieve the usual
notion of convexity and the subgradient, which we denote by

00(x) :={yeY|VzeX: 0(z) > (z— x)y + O(x)}.

This set contains all possible slopes of affine functions, touching @ at x from below. Therefore, it makes
sense that this generalises the gradient as follows (see [[14, Lemma 2.5.2] for a proof).

Proposition 3.12. Assume ® : R? — R U {+o0} is convex and differentiable at x € R?. Then 0®(x) =
{V®(x)} and VO is continuous at ,\H

Another main concept is the one of the Legendre transform, which we can extend to what is called the
c-Legendre transform.

Definition 3.13 (c-Legendre transform). Ler @ : X — R u {+m} be a c-convex function. We define its
c-Legendre transform as the function ®° : Y — R U {+ 0} given by

©(y) = sup { — c(x.y) — D(x)}.

xeX

12This follows from Propositionand the continuity of the subgradient: since @ is differentiable a.e in
dom(®) := {x e R? | ®(x) < +o0},

we can find a sequence x, — x in the dense set dom(V®) < dom(®). Due to Lipschitzness of @, up to a subsequence, VO(x;,)
converges to some y. It then easily follows that y € d®(x), that is V®(x,) — y = VO(x).
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In case of the (—x - y)-cost, this coincides with the usual notation of the Legendre transform, which we
denote by

O*(y) := sup {x-y—d(x)}

This function is in particular interesting because of the following properties.
Proposition 3.14 (Properties of the Legendre transformation). The following holds.

(1) Being a supremum of linear functions, the Legendre transformation is convex as well. This allows us
to take the transform multiple times. One can show that the Legendre transformation is an involution,
that is ®** = O,

(2) On points where both ® and ®* are differentiable (which due to Proposition is true a.e), their
gradients are inverse to each other:

VO o VO* = VO* o VO = Id. (3.9)

Let us now give an important link between the above tools in the case of L?-cost and its standard notions.
The proof is left to the interested reader.

Lemma 3.15. a.) A function ® : R — R U {+00} is convex if and only if
D=0 — LE
' 2
is cg-convex. In this case,
= |- P

O = @* — 11— and 0,® = 0D*.

b.) If moreover @ is periodic, also Q° is periodic and one can replace cg with ct above. To be precise,
the equality of the subgradients holds up to choosing an appropriate representative: assuming y € R? is a
representative of [y] € T¢, which is closest to some representative x € R%, we have

yED(x) — [y] € a.D([x]). (3.10)

We now want to use the above introduced notions to formulate criteria for being a Kantorovich solution.
Consider a c-convex function @ : R? — R U {+00}. It follows from Definition that

c(xy) = —®(x) = ®(y) V(r,y) X x Y. (3.11)
If (x,y) € 0@, by definition of the subgradient (3.8), the other inequality holds as well and we geﬁ
c(x,y) = —®(x) — ®°(y) VY(x,y) € 0. (3.12)

This is already enough to formulate a criterion for optimality for some measure y € T'(u, v). If we assume
that (x,y) € 0® y-a.e, we can conclude for any arbitrary ¥ € I'(u, V)EI,

[ et arwn S [ [ (~ow-00) dt = [ 0w a0+ [ o0 av
L L c(x,y) dy(x.y).

In other words, if supp(y) S 0@, then vy is optimal. Let us recall the definition of the support of a measure.

13 Since by definition ® # +00, we can assume that ®(x) < +00, as otherwise, by , 0D = @ and the statement would be
empty.

14To be precise, in the second step, one would need to make sure that ® and @¢ are integrable in order to apply Fubini. Alternatively,
one could argue as follows: if the cost function is bounded uniformly, due to (@), @ and ©° (without loss of generality, both not
being identically +00) are uniformly bounded from below. Hence, up to adding a suitable constant, they are non negative and we
could therefore approximate them by monotonically from below by measurable, bounded (hence integrable) functions. The claim then
follows by taking the limit. For details, also compare to [[12| footnote 10].
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Definition 3.16. Let A be a measure on some space X. We define the support of A as
supp(2) := {x € X | for all open neighbourhoods N of x, A(Ny) > 0}.
As aresult, we have the following lemma.

Lemma 3.17. Assume the cost function ¢ € C°(X x Y) is such that we exclude the case, when every vy is a
minimiser, that is, we assume

inf f cdy < +o0.
yel(wy) Jxxy

Then, if for a c-convex function ® : X x Y — R u {+0}, we have supp(y) S 0, then vy is a solution to
Kantorovich’s formulation (3.3).

As we will see in Theorem[3.19] the inverse is also true: if y is optimal, then there is a c-convex function
such that supp(y) € 0®. For this, we introduce the concept of c-cyclical monotonicity.

Definition 3.18. A set S < X xY is called c-cyclically monotone, if for any finite set of points {(x;,y;)}!_, S
S and for any permutation nt of {1,2, ...,n} we have

n n

D el yi) < D (i vi)- (3.13)

i=1 i=1
In the case of (—x - y)-cost or equivalently CR-COS one calls S simply cyclically monotone.

This condition reminds of optimality in the sense that taking a finite sets of pairs in S, permuting the
order of points can only increase the cost. We now want to use this concept to show the two following
characterisations of optimality, which can be found in [14].

Theorem 3.19. Let ¢ € C°(X x Y) be bounded from below, u € P(X), v € P(Y) and assume that

inf J cdy < 4.
yer(uy) Jxxy

Then, for any y € T'(u,v), the following statements are equivalent.

(1) y is optimal, that is a solution to Kantorovich’s formulation (3.3),
(2) supp(y) is c-cyclically monotone,
(3) supp(y) < 0.® for some c-convex function ® : X — R U {+00}.

Proof. (3) = (1): This implication is given by Lemma|3.19

(1) = (2): We argue by contraposition and assume, S := supp(y) is not c-cyclically monotone. This
means, there exist € > 0, n € N, a permutation r of {1,2,....,n} and {(x;,y;)}?_, € S such that

i=1 =
n
Z c(xiyi) > ) c(Xn@y>yi) + & (3.14)
i=1 i=1

By continuity of ¢, there are neighbourhoods U; of x; and V; of y; such that

&

y) V(x,y) e U; x V;,

|C(X,)’) - C(-xi9yi)| <
e (3.15)
|C(x7y) - C(xn(i)’yi)| < E V(x,y) € Urr(i) x Vi.

15 Also, we have equivalence to the cz-cyclical monotonicity up to choosing an appropriate representative, similarly to (3.10).
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Owing to Definition [3.16) we have that all 6; := y(U; x V;) > 0, Vi € {1,...,n}. Let & be the smallest of
them and define

Y(A4) i= Sv(A 0 (U x V)

l

Hi 2= (7x)#Yis
Vi i= (7y)#Yis

Y= Hxr(i) X Vi,
6 n

7’?7—;2(%—%)

i=1

By choice of 6, it is not hard to see that ' > 0 and y’ € T'(g, v), so we are left to show that

J cdy’<f cdy
XxY XxY

in order to show that vy can not be optimal. Indeed,

nycd@’—?’/) = glzn] (nycdyi —nycdyf)

1

6 n
= - (f cdy,v—f cd)/i’)
niz UixV; Uriy X Vi

((c(xi,yi) — %) — (% + C(xn(i),)’i)))

— ﬁZ (C(xi,)’i) - c(x,,(,-),)’i))) N (Zs_i

(2) = (3): The proof of this implication closely follows [12] and [26l Theorem 1]. We will show the
statement for general sets S € X X Y, so in particular, it holds for § = supp(y). Assume that S (without
loss of generality nonempty) is c-cyclically monotone and for some fixed (xo,yo) € S, consider the function
®: X — R u {+w} given by

O(x) := sup ( —c(x,y2) + (X, yn) = (X, Yu—1) + €(Xn—1,Yn—1) = €(Xn—1,Yn—2) + ..
{(x,-,y,-)}é:,gs
ne

oo —c(x1,y0) + C(Xo,)’o))'

Separating y, from the supremum, one can show that this function can be written in the form of (3.7) (see
[28, page 77 ft.] for details). Moreover, we claim tha ®(xp) < 0, so in particular @ # +o00. This is the
only point, where we make use of c-cyclical monotonicity of S: for any finite set {(x;,y;)}!_, < S,

—c(x0,yn) + (X0, yn) — ¢(Xns Yu—1) + c(Xn—1,Yn—2) — .. + c(x0,¥0) <O.

Hence, @ is c-convex. Now take an arbitrary (x,y) € S. If we can show that Vo < ®(x) and Vz € X,
we have ®(z) > —c(z,y) + ¢(x,y) + @, we can then take the supremum over all such «, implying that
y € 0®(x), or respectively (x,y) € 0P, and we have finished the proof.

16 Actually, even ®(xp) = 0, which can be seen choosing n = 1 and (x1,y1) = (x0,0).
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So let @ < ®(x). By definition of @, there exists a finite set of points {(x;,y;)}'_, S S such that

a < *C(x7yn) + C(xnayn) - C(xmyn—l) + C(xn—l,yn—l) — ..t C(XOsyO)-

Therefore, letting x,,+; := x and y, | := y, we conclude that Vz € X,

O(z) = —c(z,y) + c(x,y) = c(x,yn) + (X, yn) — - + (%0, 30)
> —c(z,y) +c(x,y) + .

3.3 Proof of the optimal transport theorem on the torus
The goal of this section is to prove Theorem For this, we follow [7]].

Lemma 3.20. Let {x;}"_, be points in [0,1)? and {y;}"_, representants of points {[y;]}"_, in T, which are
closest to the x; (so |[x;] — [yi] |Td = |x; — yi|). Assume moreover, the points fulfil the assumption

Z |[x] — [y,-]|%, < Z B [yi]‘qzrd for all permutations nt of {1, ...,n}. (3.16)
i=1 i=1

Then, defining x;, := x; + p, the set
D = {(xip,yip) | i€ {l,...n}and p € Zd} (3.17)
is cyclically monotone.

Proof. Take {x;}"_, and {y;}!_ as above consider a finite subset

{(xip-yip) |ielLLpeP} =D

for some sets I < {1,...,n} and P < Z¢ finite. Let x be an arbitrary permutation of I x P. We then want to
show that (3.13)) holds for cg. To this aim, define

1
aij .

= m‘{peP | 3¢ € P with n(i, p) = (J,q)}|

and denote with y , the characteristic function of a set A. Then we compute

2 . 2
Z |x7r(i,[7) _yi517| = Z X{(LQ)e]XP‘ﬂ(i’p):(]’Q)}(]’ C]) ’ |xﬂ(i,l’) _yis["

iel,peP i.jel.p.qeP
J— / 2
= D x (Q)erxp | x(ip)=(1.0)) U 9) * [¥ig = Vil
i,jel,p,qeP
. 2
> D0 Xuoerr | sip—opy U @) - 116 = Dl
i,jel,p,qeP
. 2
N Z 2.X U et rti=y ) 1] = Dl
i,jel peP QeP
2
= > 1P| aij - |[x] = il -
i,jel

Observing that the matrix a;; is bistochastic, meaning that

Zaij =Zaij =1

i€l Jjel
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we can apply Birkhoff’s Theorem, stating that we can write g;; as a convex combination of permutation

matrices, that is, there are b; > 0 for [ = 1,2, ..., N and permutation matrices pfj)

permutations o7 of I such that

= 0g,(i),j Tor i, j € I and

N N
Zbl =landg;; = Zb,'pl.(j).
=1 I=1

Therefore, we can continue the above calculation and conclude

1P |[x] = il = szz 1P| 6oy |37 = il = szZ\P\ (o] = Dl e

i,jel 1= i,jel i€l

Gig Y

> ZbIZlPI - [yi]|P2]I‘d

= iel

—ZIP\ il

i€l

= > [l - bl

Td

Td
iel,peP

2

= Z |[Xip = Vipl™-
iel,peP

]

The following proposition (compare to [21, Theorem 10] or [14, Theorem 2.5.10]) is key for the proof
of Theorem It shows under which assumption, a solution to the optimal transport problem in Kan-
torovich’s sense is also a solution in the sense of Monge.

Proposition 3.21. Let p, v be measures on RY with u = fdx for some function f > 0 a.e and y € T'(u,v).
Moreover; for some convex function ® : RY — R U {+00}, let y be supported on the subgradient of ®, that
is supp(y) < 0®. Then, we have

= (Id x VO®)up,
and hence v = (VO)yu.

Proof. By definition of 0®, whenever (x,y) € supp(y) S 0®, we have ®(x) < +oo (see footnote [13)).
Since y € I'(u, v), we have ® < +00 u-a.e and by absolute continuity of g,

O < +0 ae. (3.18)

Due to Proposition [3.8] ® must be differentiable almost everywhere in the interior of its domain (where it
is finite), hence by (3.18) almost everywhere in R?. Let A = R be the null set of points where V® is not
differentiable. Fixing (x,y) € supp(y) S 0® such that x € R¥\A, by Proposition we have y = VO(x).
As a result,

supp(y) N (RN\A x RY) < graph(V®).
Since y(A x RY) = 0, we can say that
(x,y) € graph(V®) y — a.e. (3.19)
Therefore, we conclude for any measurable set B © R? x R,

¥(B) = y(B n graph(V®)) = y((Id x V®)~'(B) x RY) = u((Id x V®)~'(B)) = (Id x VO)4u(B).
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The idea for the proof of Theorem [3.9]is to approximate u and v by Dirac measures, which are much
more convenient to handle. We therefore introduce the notion of weak convergence of measures and show
a lemma, which allows to transfer properties of a sequence of a measure to its limit.

Definition 3.22. Let M be the set of all positive Radon measures on R, which by the Riesz-Markov-
Kakutani Theorem can be seen as linear functionals on the space of test functions: M = C*(R)*. We say
that a sequence (A,)nert in M converges weakly to A and write A, —* A, if Vo € C*(RY),

J ¢ da, 2 @ da.
R Rd

Lemma 3.23 (Approximation of supports). Let 4, —* Ain M. Then for any x € supp(Q) there is a
subsequence ny and a sequence xy, € supp(Ay,, ) such that x; — x.

Proof. Let x € supp(2) and B,(x) an open ball of radius r around x. For every k € N, consider the sequence
of functions ¢; € C*(R?) given by

L yekal(x),
ek(y) = 0 veB(x).

Then Vk € N, we have

1 (x)) > 0.

k+1

J (pkd/ln — J (,Dkd/l = /l(B
R4 R4

For any fixed k € N, we can therefore find some n;, € N large enough (without loss of generality ny > n;_1),
such that

1, (B1 (x) > J ey, > 0.
Rd

3
This means 3x; € supp(4,, ) with x, — x. m}

Now we are ready to prove Theorem[3.9]

Proof of Theorem[3.9] Let u and v be as in Theorem We can see them as periodic measures on R¢ and
find approximative measures (see [4, Example 8.1.6] or also compare with [21, Lemma 7])

1 & 1 &
Hn = ; Z Z 6x,5")+p and v, = ; Z Z 5y,5”)+p’

k=1 pezd k=1 pezd

such that g, —* p and v, —* v for some xi"), y]E") € R? and §, the Dirac measure at x € R?. Without loss
of generality, we can assumg’|x; € [0, 1)¢ and y; are closest to the x;. Up to reordering the x; and yy, they

can also be assumed to fulfil (3.16). This allow to apply Lemma[3.20]and we deduce that the measures

1 &
Yn = Z Z Z 6(Xk+Ps Ye+p)

k=1 pezd

*

have cyclically monotone supports. Moreover y, € ['(u,.v,). Remark that y, not probability measures,
neither on RY, nor on T¢, but only Radon measures. However, they are bounded on compact subsets of
RY x RY, uniformly in n € N, which allows to extract a subsequence, weakly converging to some Radon
measure 7.

17For convenience we omit the n-dependence in x,gn) and y,E") in the following.
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The idea is now to transfer the properties of y, to y (compare to [21], Lemma 9). As a direct consequence
of the approximation of supports (see Lemma [3.23)), also y has a cyclical monotone support. Moreover, by
choice of the x; and y; together with Lemma[3.23]

d
(x,y) € supp(y) = |x —y| < % (3.20)

Using an approximative test function in R, one can show that y € I'(u, v). Even though y is not a probability
measure on R? x R, we have shown the implication 2.) = 3.) in Theorem for general sets, so there
is a convex function @ (by definition ® # +0), such that supp(y) € 0®. So by Proposition we
conclude that

y = (Id x VO)yp. (3.21)

However, since y is not necessarily a probability measure on the torus yet, this result should a priori be
understood in RY. In order to understand (3.21) in T¢, we need periodicity of V® — Id (see Remark 3.10)),
so we first concern with properties a.) and b.), namely

a.) |V® — Id| < diam(T?) = %”j a.einRY,
b.) ® — | - |>/2 s periodic.

To arrive there, we first claim that

x € supp(u) = (x, VO(x)) € supp(y). (3.22)

Indeed, because @ < 400 almost everywhere (see [3.18)), @ is differentiable almost everywhere with
continuous gradient (see footnote [12). This means that for any open neighbourhood N of (x, VO(x)),
(Id x V®)~!(N) is an open neighbourhood of x. As a result,

YIN) = ((1d % V0) (A1) > 0,
giving (3.22). Combining (3.20) and (3.22)), we deduce that for any x € supp(u),

d

VO — 1d| < vd.
2

hence, by absolute continuity of , this holds almost everywhere in R and yields property a.).

Concerning b.), we claim that for almost every x € R? and for all p € Z¢,
VO(x + p) = VO(x) + p. (3.23)

For this, take x € supp(u). Since also x + p € supp(u), due to (3.22), both (x, ®(x)) and (x+ p, VO(x + p))
are in supp(y). Taking another time some approximating sequences in supp(y,), it follows that their dif-
ference must be (p, p) and follows. This implies that V& — Id is periodic up to redefining VO on
a null set, which is however not the same as saying ® — | - |*/2 is periodic, as claimed in b.), but only its
gradient. We can resolve this problem, if we redefine ® by adding a function, which is piecewise constant
on the cubes [0, l)d + p. This leaves V® invariant almost everywhere and hence, also b.) is done.

We are now ready to give the proof of the fact that T = [V®] is the unique optimal map on the torus,
transporting y to v (now seen as measures on T¢). Let us extend the measure 7y (up to now only supported
on the diagonal cubes [0, 1)¢ x [0, 1)¢ + (p, p), for p € Z%) periodically to the whole RY x R¢ and call it
Y. Due to (3.10) and our choice of x; and y;, we arrive at supp(y) < GCT(T) for the cy-convex and periodic
function
D=0 — ﬁ
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Thanks to Theorem [3.19] we follow that ¥ is optimal on the torus for the L?-cost. A calculation shows that
as expected, (3.21) promotes to its equivalence on the torus:

¥ = (1d x [VO])un,

which means T = [V®] is the optimal map such that v = Tyu (see Remark 3.6).

Concerning uniqueness, assume that we have two optimal transport plans y; and y,. Then,

JF
o Y1 T2 c

Y3 7 L(u,v)

is optimal as well. By Theorem [3.19] we know that they must be supported on some cz-convex functions
®;, O, and ®j respectively. By Proposition it hence holds for any i = 1,2,3 that y; = (Id x V®;)su

and (see[3.19)
(x,y) € graph(V®;) y; — a.e.
Moreover, by definition of v, it is also true that (x,y) € graph(V®3) y; — a.e, giving
(x, VO;(x)) = (x,VD3(x)) y1 — a.e.

But because y; € I'(u,v), we follow that V®; = V®; u — a.e. The same arguments for y, give VO, =
VO; = VO, p-a.e and hence y; = y». m
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4 The dual SG system

4.1 Transport equations

In this section, we want to consider transport equations in slightly larger generality, which we then can
apply to our case. As the dimension is not important, we work with RY. Let [a,b] < R be a closed interval
allowing b = +00, in which case one replaces [a, b] with [a, +00). Given an initial measure o on R4, the
transport equation for a divergence-free velocity field v : [a,b] x R? — R and a measure of the fornrp;g]
o = 0, x dt, where 07 is a time dependent measure on R, reads as

0,0 +div(ve) =0 in [a,b] x RY,

diviv) =0 in [a,b] x R4, 4.1

o,=0 in RY.
In order to give a meaning to this equation, consider the following definition.

Definition 4.1. A pair (0, v) of a measure of the form o = o, x dt on [a,b] x RY and a time dependent
vector field v : [a,b] x R? — R? (or replace [a,b] by [a, +0)) are called a weak solution to [{.1)), if the
following three properties are satisfied.

(1) The map t — ||v,|| 1 (re, o) is in L' ([a, b]),

(2) Vg € CF([a,b) x RY)
b
J J (8,(,0+V<,0-v> do--i—f 0o dT = 0,
a JR4 R4

(3) Yo € C*(RY) and for a.et € [a,b)

f Vov, dx = 0.
R4
There are many ways to describe weak solutions equivalently. Let us collect some further possibilities
in a proposition.
Proposition 4.2. The following holds.
(i) Equivalently to (2) in Deﬁnition one could separately require o, = o and Yy € C* ((a, b) x Rd)

(now also vanishing at t = a),
b
f J ((9,90+Vt,0~v> do = 0.
a JR

(ii) Equivalently to (1) and (2) in Definition one could require o, = T, the map t — SRI, ¢ doy is
absolutely continuous Y € C* (R?) and
d
— | ¢do, = Vov, do, fora.ete€ |[a,b]. 4.2)
dt Jpa RY
To be precise, for the "=" direction, the statement would be: there exists 0; = o for a.e t € [a, b]
such that the above holds.

(iii) Assume v, and o, are periodic and identify them with a function (a measure respectively) on T¢.
Equivalently to Definition cmd (i) and (ii) above, one could replace R? with T¢ everywhere. Note
that compact support on T¢ is an empty condition.

18With this formal notation, we mean that for any integrable function f we have S[ ap]xrd f do = Ss Spa f(x,1) doy(x)dt.
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4.2 Solution to the transport equation

Let us now try to find a solution to (4.1)). For the moment, we assume v is smooth in the space variable and
at least continuous in time. Then we can apply the Picard-Lindel6f Theorem (Lipschitz in space, uniformly
with respect to time would be enough) to find a unique function Y : [a,b] x RY — RY (called flow for v)
such tha(”’]

{(}IY A 43)

Y,=1d in RY.

We claim that the measure o, := (Y;)40 solves the transport equation (4.1). Indeed, o7, = o and for an
arbitrary ¢ € C*(R9) and for a.e t € [a, b] we have

d

d
7 goda',=—t (poY)do=| (VeoY,)-0Y,do=| (VpoY,): -(v,0Y,)do
R4

d R4 R4 R4

= J Vo v, do,, “4.4)
Rd

which is (@.2).

We now show that Y, is invertible for any fixed 7 € [a,b]. Injectivity follows by inverting the flow: if
Y,(y1) = Y,(y2) = A,, we can set Y?(A,) := Y,_,(y1,) for any s € [0,7 — a], which both fulfil a time
reversed ODE

O Yi2(A) = —v,_(Ya*(A)) Vse[0,t—al,
Yy (Ar) = Ay

and hence by uniqueness of ODE’s are the same. In particular, for the time s = f — a we can conclude
y1 = y2. Moreover, we claim that det DY,(y) = 1, which then gives local invertibility of ¥, and hence in-
vertibility. Indeed, by differentiating (4.3) with respect to y (see for example [17, Section XIV] for regularity
assumptions in the initial data y), we have det DY,(y) = 1 and for any 7 € [a, b],

%(det DY,(y)) = l‘i’% det DYt+a()’)g— det DY,(y)
= lim det (DY, (y) + &4 DY,(y) + o(¢)) — det DY,(y)
e—0 c
Lt (DY) + &Dw(¥,(3)) - DY,(3)) — det DY,(y) + o(2)
e—0 P
= 2l det (DY) + o) - DY)

= det (DYt(y)) . div(vt)[Yt(y)] =0,
where in the last line, for some matrix A, we used

d
det(l; + €A)

=0 de

de

g:O(l +e-t(A) + o(«e)) = tr(A).

19Tn the following, composition is always understood in a spatial sense, that is v o Y is the function (z,y) +— v,(¥;(y)).
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We can now use invertibility to show that our solution o is even unique. Considering an arbitrary
solution o, of (4.1)), we can set &, := (¥;" )40, and compute for an arbitrary ¢ € C*(R?),

d ~ d _ &2) _ _ _
7 pdo,=—| (poY, l)d(rt V(po?, ')-v,da',zf (VpoY, ')-a,Y,I-v,dO',
t R4 dt R4

R R4
VSD (a,Y;l OY[) 'a[Y[ da-t
R4
_ f Vo8 (Y~ oY) d&F — 0.
R4 —
ldga

Therefore 0,04, = 0 = 0, = 07, and
1 ~ ~ — —
(YT wor=0r=0,=0,=0 = o,= (Y40,

proving uniqueness of 0.

In our case, the initial measure o will be absolutely continuous with respect to the Lebesgue measure
(let us abuse notation and call its density still o). Then we can express our solution o, more explicitly as
follows: performing a variable transformation z(y) := Y;(y) and recalling that det DY, = 1, we can rewrite
Vo € CZ(RY),

J @ do, = J (poY,) - Tdy = f ¢ (FoY, dz,
Rd R R
and deduce that also o, = (o o Yt_') is absolutely continuous. So we have
ogo0Y, =0. 4.5)
The following remark, following directly from (@.5), will be very useful later.
Remark 4.3. Bounds are preserved in time: considering the measure o as a function on [a, b] x RY, we get

A<oc<A=A1<0<A.

4.3 Formal derivation of the dual SG system

We are now equipped with the tools needed to attack the problem of finding weak solutions to the SG
equations (I.2). We first want to show the connection between the transport equation and the SG system.
Recall Brenier’s Theorem (Theorem [3.7), stating that optimal maps are given by the gradient of convex
functions. In fact, there also exists an inverse statement, which can for example be studied in [[14, Corollary
2.5.12]: if a map, pushing forward a measure y into v, is given by the gradient of a convex function, it is
optimal. Motivated by this, it is therefore interesting to study the behaviour of the push-forward measure of
the Lebesgue measure under the gradient of P, (being convex), namely

pr = (VP,)udx, (4.6)
which can be identified with a probability measure on T? (compare to Remark [3.10).

Let us now investigate the time evolution of p,. We do a formal computation (assuming enough regular-
ity on P, and u,). For an arbitrary ¢ € C°(R?), we have

d

d
— = — vp
di Rz‘)"dpr ar JRZ(SDO 1) dx

= f (Voo VP,) - 0,VP, dx
RZ

- J (Voo VP,) - (u, - V)VP, dx — J (Voo VP) - (VP — Id)*dx.  (4.7)
R2? R2?
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Notice that for the first integral in (4.7), using div(u,) = 0, we find

fRZ(VsooVP,).(ut.V)VPt dx:J

(Voo VP,) - (D*P, -u,) dx = f V(poVP,) -u, dx = 0.
R2

R2

Using the invertibility property of the Legendre transformation (3.9), we can continue our computation in

and write

d
@ ) ? dp, = — fRz(vgo oVP,) - (VP, — VP oVP) dx = — JR Ve (1d - VP Ldp,. (4.8)

We defind™)|

U:= (VP* — Id)*, 4.9)
which due to part b.) of Lemmadeﬁnes a function on T? and arrive at the weak formulation of

op + div(Up) = 0.

Hence, assuming enough regularity on (P,u), we found a pair (P*, p), which satisfies the following dual
SG system:

o + div(Up) =0 in [0, +00) x T2,
U= (VP* —Id)* in[0,+0) x T2,
dx = (VP¥)sp, in [0, +o0) x T2,
pPo=p in T,

(4.10)

where in order to decouple the system from P, we introduced p as an absolutely continuous measure on
T? replacing (VPy)#dx and we have used the invertibility property of the gradient of the Legendre transfor-
mation (3.9) to also express the third equation in terms of P;"Erl Remark that since U can be written as a
rotated gradient, div(U) = 0. So we found a dual system, consisting of a transport equation in the form of
(@.1), for which we at least formally found a solution in the previous section. However, we can not apply
this directly, since the velocity field U is not simply given, but depends on the solution P*. This problem is
resolved in the following section.

2014 always denotes the identity with respect to the space variable and is independent of time.
2IHere we slightly abuse notation: VP is not necessarily a function on T2, however due to Lemmam VP¥ — Id is periodic,
hence by Remark [3.T0] we can consider its projection on the torus.
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5 Existence of solutions to the dual SG system

In this section we want to apply the theory developed in Section[d.2]in order to construct a solution to (4.10).
For this, we follow [12]]. Assume the initial measure p is absolutely continuous and for constants A and A,

0<A<p<A.

The procedure is not that easy as in Section 4.2} since U, which we need to construct solutions, depends on
the solution P* itself. We therefore try to solve the system stepwise by constructing approximate solutions
on small intervals of width & > 0. After that, we tend ¢ — 0 and prove that the constructed piecewise
solutions converge in some sense to solutions to the dual SG system (@.10).

5.1 Construction of approximate solutions

Step 1: fix a small timestep € > 0, let § > 0 be a regularisation parameter and set

xs(y) = 5 ((XS) for some y € C*(R?).

Since by assumption, p is an absolutely continuous measure on the torus, we can apply Theorem [3.9]to find
a convex functioﬂ P¥, such that

dx = (VP{)4p.

For later convenience, we let P} evolve over the small &-interval by setting P}’ 0 Pj forall z € [0,&].
Notice constancy in #,& and 6: no mollification in ¢ has been done yet. V¢ € [0, ], we now define the
regularisation

U () = (VPG5 — 1) #x5) (v) = JRZ(VPS‘ —1d)*(2) xs(y — 2)dz,

which is C*(R?) with vanishing divergence and constant (hence continuous) in 7. So we can go on as in
Section 4.2and find a flow Y*° for U #*:

QY = U oy* in[0,e] x B2,
Yg,é = Id in R?,

which we use to define Vz € [0, £],
pr = (Y70)up.
By the calculation done in {.4) and the propagation of bounds (Remark [4.3)) we have

0P +div(Up™) =0 in[0.e] x B2,
U£,§ — (VP*,S,(S _ Ici)L *X& in [O, 8] X RZ»

dx = (VPF0)4p5" in [0, &] x R?,
o =p in B2,
0<A<p™ <A in [0, &] x R2.

Step 2: since p2° is absolutely continuous (see ), we can again apply Theorem to find a convex
function P}*° (overwriting P*° from Step 1 at # = &) such that

dx = (VPF9),p%0,

22Due to the invertibility property , this function will take the role of the Legendre transformation of Py.
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As before, for all 7 € [, 2¢] we set P} 0 .— P¥¥9 and (again overwriting it at 1 = &)
U = (VP50 — Id)* % ys.

Picard Lindelof again provides us a solution Y9 to

OY® =U oY* in [g,2¢] x R?,

Y3 = Id in R2.
Defining for 7 € [, 2¢],

prl = (Y70)upl?,

we arrive at

0p™ +div(U™p*) =0 in [e,26] x R,
U™ = (VP*9 — [d)+ « x5 in [g,28] x R,

dx = (VPF0) 20 in [,2¢] x R?,
o5’ =p in R?,
0<A<p™ <A in [£,2¢] x R%.

With pzf again being absolutely continuous, we repeat this process infinitely many times and finally get
an approximate solution to the dual SG system ([#.10), namely for any k € Ny,

0p™ +div(U*°p™%) =0 in [0,+o0) x R,
U = (VP59 — Ld) s in[0, +0) x B2,

dx = (VP50)yp% in [ke, (k + 1)g) x R, (5.1)
0 =p in R2,
0<A<p™ <A in [0, +00) x R2.

5.2 Taking the limit of approximate solutions

The next step is to show that we can pass to the limit in (5.1). For this, we need some theory of fractiona@
Sobolev spaces, for which we refer to [3, Chapter 6] and [1]]. In particular, we use the following two results.

Proposition 5.1 (Fractional Sobolev embedding). Let 1 < p < g < +00 and let s,t € R with

d d
s——=t——.
p q

Then, we have the embedding
WP (RY) < W (RY).
Moreover for p # q, the embedding is compact.

Lemma 5.2 (Aubin Lions Lemma). Let X, Y and Z be three Banach spaces with X — Y a compact and
Y — Z a continuous embedding. Moreover for any p € [1,+00) and q € [1, +0] let

A:={fel([0,T];X) | ofeL([0,T];Z)}.

Then the embedding A — LP([0,T;Y) is compact.

23The idea is to define fractional derivatives with the use of the Fourier transform, which has the property that it transforms deriva-
tives into multiplications (see for example [18l Section 7.9]) and as a result can be well understood for non integers.
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Fix some arbitrary 7, R > 0 and let B — R? be the ball of radius R centered at the origin. Thanks to
property a.) in Theorem [3.9] namely

s , 2
|U*%| = |[VP**° — Id| < % aein [0, +o0) x R?, (5.2)
we have that
U e L ([0, +o0) x R%R?) < L ([0,T] x Bg;R?) = L'([0,T] x Bp; R*)"

is bounded uniformly in & and 6. Recall that the analogous statement holds for p*° by the last equation of
(5.1). By Banach-Alaoglu, up to extracting subsequences of €, § — 0, we can find limits

U —*U in L*([0,T] x Br;R?),
P —* p in L ([0,T] x Bg).

In order to pass to the limit in (5.1)), the first three equations need some work, as for example is not true
in general that the product U #°p>° of two converging sequences converges as well. However, in our case
we have them solving a transport equation, which provides us some additional regularity. This will be done
in a first step.

Claim 1: U%°p®° —* Upin L*([0,T] x Bg;R?).

By arbitrariness of R and T this convergence is enough to pass to the limit in the first equation of (5.1)) and
we have d,p+div(Up) = 0 in the weak sense of Definition . The second and third equation, we can
simultaneously show in a second step: if VP is the convex function sending p; into dx (which exists by
Theorem 3.9), we have that U = (VP* — Id)*.

Claim 2: dx = (VP¥)yp, = U, = (VP¥ — Id)* forae > 0.

Proof of Claim 1. We first concentrate on the functions p*°. They are differentiable a.e in the ¢ variable (in
fact, they are piecewise constant). Moreover, p%° and U®° are uniformly bounded in & and . Therefore, we
can write Yo € C*(Bg) and for a.e r € [0, T,

&pf’éso dx = _J- V‘,DUtszﬁ dx < CHS"HW“(BR)'

B Bg
This means that we can conside™]
0p™° € L7 ([0, T]; W (Br)*) = LP([0,T]; W4(Bg)*),
for any p, g € 1, +00]. Hence, we can apply Aubin Lions (Lemma to the compact embeddings
LY(Bg)* = WO(Bg)* — W™I(Bg)* — W"9(Bg)*,
for all s € (0, 1) and deduce that the embedding
A= {feLP([0,T];L!(Br)*) | o.f € L ([0, T]; W"4(Bg)*) } — LP([0,T]; W*4(Bg)*)

is compact for any s € (0,1), p € [1,+00) and g € (1, +0]. Also recall that p>° are uniformly bounded in
€ and d, particularly, seen as functions in A. Therefore we can extract a subsequence such that

™ — p in LP ([0, T]); W™(Bg)*) forany s € (0,1), p € [1,+m),q € (1, +0]. (5.3)

24Remember that inclusions are reversed for dual spaces.
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Let us now turn our attention to U*°. Using the Divergence Theorem and the fact that we can orthogo-
nally diagonalise a symmetric matrix and hence bound the norm by its trace,

f |DU|| dx = J ||D*P*0| dx < J AP** dx = f VP*5 dx.
Bg Br Br OBy
Now use (5.2) again to get

f |DUS|| dx < J (|V(P*"€’5 —Id)| + R) dx < Cy.

Br Bg

This means that due to the fractional Sobolev embedding (Proposition[5.1), we find a compact embedding
U= € L ([0, +o0); W' (Bg)) — L* ([0, +00); W™ (Bg)),

2

uniformly in £ and 6 and for any s € (0,1) and g € [1, s

therefore extract a subsequence such that

). In particular for s = 1/2 and g = 5/4, we can

U*® —* U in L ([0, +00); W'/25/4(R?)). (5.4)
Performing a triangle inequality argument, using (5.3) and (5.4), one arrives at Claim 1. O

Proof of Claim 2. Thanks to li and uniform boundedness of p7, it follows that for any f € L (Bg) and
foraetr >0,

foit dx— | for dx.
BR BR

Hence, by stability of transport maps (see for example [28, Corollary 5.23]), the optimal transport maps
VP} 0 of p©° converge to the unique optimal transport map VP of p; in probability. By the domination of
VP¥%% in (5.2), the convergence also holds in L' (Bg): for a.e > 0,

VP — VP! in L' (Bg),
Thus for a.e t = 0,
US = (VPE0 — Id) « x5 — (VPF — 1d)* in L' (By),

and we conclude Claim 2 by uniqueness of the limit. O
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6 Transforming back from dual SG to SG

The goal of this section to use the solution to the dual system to construct a weak solution to the SG system.

Theorem 6.1 (Global weak solution to the SG system). Let p : R? — R be periodic such that p + | - |*/2 is
convex. Assume p := (Vp + Id)udx is absolutely continuous with respect to the Lebesgue measure dx and
for some numbers A and A satisfies

0<a<p<A. 6.1)
Then, given a solution (P*,p) of the dual system (@) with p being absolutely continuous and satisfying

0<A<p <A, 6.2)
there exists a weak solution (p,u) to the SG system (|1.1)).

Before giving a proof, we shall first do a formal calculation to get an expectation of how p and u should
look like.

6.1 Formal construction of the weak solutions

Recall the procedure we used to derive the dual system (Section 4.3) and the fact that the Legendre trans-
formation is an involution (3.14). Then the formal construction of p is immediate: by construction, P* is
convex, SO we can set

2
P,(x) = suplix-y — PY(y)} and p, = P, — oL 63)
yeR?
. sk 2 . . . . . . .
Since P; — | - |?/2 is periodic (by b.) in Theorem , one can show that p, is also periodic (Lemma3.15).

The formula for u is more involved. Since spacial derivatives can be interchanged, we can rewrite the
first equation of (I.2)) as

D*P-u= (u-V)(VP) = —0,VP — (VP — Id)™. (6.4)

Hence, we would like to invert the Hessian D*P. To this aim, differentiating (3.9) with respect to the space
coordinate gived™)|

(D*P* o VP) - D*P = I,
with I, the 2 x 2 identity matrix. Therefore, multiplying (6.4) with the corresponding inverse yields
u = —(D*P*oVP)-0,VP — (D*P* o VP) - (VP — Id)*.
This equation can be simplified, differentiating (3.9) also with respect to r:
(6,VP*) o VP + (D*P* 0 VP) - 9,VP = 0,
which results in
u = (0,VP*) o VP — (D*P* 0 VP) - (VP — Id)*. (6.5)

As a composition of periodic functions, u is periodic (provided that it is well defined). However, this
calculation was purely formal and it is not obvious, that this expression makes sense at all. Showing the
required regularity is highly nontrivial, so we will only give the key steps without proof and refer to [12,
Section 4] for a more comprehensive study.

25Composition is understood in a spatial sense (see footnote .
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6.2 Regularity considerations for P*

Before one can show that u together with p, defined in (6.5) and (6.3) is indeed a solution to the SG system
(1.1), one needs to talk about its well-definedness. For example, in order to compose D?P* with functions
(here, with VP), one needs to show that D?>P* is a function itself. But a priori, the derivative could only been
understood in a weak sense. Hence, we need to get enough regularity on P*. As the following discussion
shows, this leads to the problem of regularity of solutions to the Monge-Ampere equation.

Again recall Brenier’s Theorem (Theorem . Given two probability measures u = fdx and v on R?
(or T), we can find an optimal transport map 7', pushing forward u to v and which is given by the gradient
of a convex function ®. Assume for the moment, also v = gdy is absolutely continuous and that ® € C?(R9)
with an invertible gradient. Then a change of variables gives V¢ € C°(R9),

J (po VO)fdx = J pgdy = J (¢ 0 VD) (g o VD)| det(D*®)|dx.
R4 R4 R4
Hence, by arbitrariness of ¢, we arrive at what is known as the Monge-Ampére equation
f = (g o V®)|det(D*®)|. (6.6)

However, in our case, we do not have any smoothness assumptions on the transport map P*. This motivates
to give a meaning to (6.6) in a more general case setting (see for example [13])).

Definition 6.2 (Monge-Ampere-measures). Let ® : R — R be convex. Then we set the Monge-Ampére
measure of © as the Lebesgue measure of its subdifferential, that is

Ap(A) 1= [0D(A)] := | U 0®(x)| for any Borel set A < RY.

x€EA

Observe that in the case of ® € C?(R¢) with invertible gradient, we get, again with a change of variables,

2
Ap(A) = fRan‘D(A)dx = JR(,XW’(A)dx = LdetD O dx.

Therefore, we can give a sense to det D’®, by setting it equal to Ag.

Definition 6.3 (Alexandrov solutions to the Monge-Ampere equation). Given a measure p, a convex func-
tion @ : R? — R is said to be an Alexandrov solution to the Monge-Ampére equation

det D*® = p,
if in the sense of measures
Ao = P

In our case, we have dx = (VP{)sdp, with P; convex. Therefore, we can conclude that P is an
Alexandrov solution to the Monge-Ampere equation

detDPF () ™ s (4) = | xoppond = | xa(VR()dx = pi(4). 6.7)

Moreover, P¥ — | - |?/2 is periodic and due to (6.2)),
A< detD’PF <A,

for some constants 0 < 4 < A. Hence, we can apply the following proposition, which is proven by Figalli
in [12, Section 4.1].
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Proposition 6.4. Let ® : R — R be a convex function such that ® — | - | /2 is periodic. Assume for some
0<A<A

A < det(D*®) < A.

Then ® € W='* for some a = a(d, A, A) > 0.

loc

We now show that this is enough to make sense of the second term in (6.3]). Apart from the multiplication
with (VP — Id)*, which is uniformly bounded anyway (see (5.2)), we claim that

D*P* o VP e L™ ((0, +0), L, *(R?)).

loc

Indeed, let R > 0 and use that VP = VP —Id + Id < C + Id. Hence, we can embed VP;(Br) S Bcir © R2
and write

J |D>P¥ o VP, | dx = J ||D?P¥||" T p,dx < AJ |ID?P}||"T*dx < +o0,  (6.8)
Bg VP,(Bg) Beyr

where the last step is justified by Proposition[6.4]and for some matrix A we have used the operator norm

The first term in (6.5]) can be treated very similarly by using the following result.

Proposition 6.5. Let P* and p be as in Section Then, there is a constant C = C(d, A) such that
J |0,VP¥|"Pdp, < C fora.et >0,
T2

where := 5¢= > 0, for a as in Proposition
This result can also be found in [[12, Section 4.2]. Analogous to @[) we can deduce that

OVP* o VP e L*((0, +0), L, P (R?)).

> Zloc

Since @ > f3, we end up with u € L% ((0, +0) LHﬁ(RZ)).

> Zloc

6.3 Conclusion of the existence of weak solutions to SG

Equipped with a well-defined pair (p, u), which we expect to solve (1.1]), we can finally conclude the proof
of Theorem Take an arbitrary ¢ € C((0, +o0) x T?) and consider

@ := (VP* —Id)* - (¢ o VP*) = J(VP* — Id) - (¢ o VP¥),
where we introduced the rotation matrix given by
0 1
J- <1 0) .
Observe that ¢ is a Vector-Value function (¢, 90(2)) e WH((0, +00) x T2;R?). Even though, it is not

CX, by a density argument, one can consider this function as being admissible for the weak formulation of
the transport equation. Hence, we can use (iii) in Propositionto write for j = 1,2,

o0
J J (a,go(j) + Vo) . U)dp =0,
0 Jre

26Recall that we want to construct the vector-valued SG equation out of the scalar transport equation.
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2

for p = p; x dt, or formulated as a vector equation, using Dy = ((3i<p(f))i,j= 1

LOO J;TZ ((9,50 + (Dp)T - U) dp = 0.

Plugging in the corresponding derivatives
O = (O,VP*) (¢ o VP*) + (VP* — Id)* - ((a,¢) o VP* 4 (Vg o VP¥) . a,vp*),
(Dp)" = J(D*P* — L) - (¢ 0 VP*) + [J(VP* — Id)| ® [ (V¢ 0 VP*) - D*P*],
and using U = (VP* — Id)*, p; = (VP¥)sdx and the vector identity (a ® b) - ¢ = a - (b - ¢), we can write
a0
0= f f {(a,vp*)i(qs o VP*) 4 (VP* — Id)*- - ((at¢) o VP* + (V¢ o VP*) - a,vp*)
0o Jr
+J(D*P* — L) - (po VP*) - (VP* — Id)* + [J(VP* — 1d)| ® [(V¢ o VP*) - D*P*] - (VP* — Id)i} dp
o0
= f f {(@VP* oVP) ¢ + (Id — VP)* - (a,¢ + V- (8,VP* o VP))
o Jr
+J((D*P*oVP) — L) - ¢- (Id — VP)* + J(Id — VP) - [V$ - (D*P* o VP) - (Id — VP)L]} dx dt.
Rearranging the terms and using the expression for p and u in and (6.5)), we arrive at
0
0= f f ( —VipDip — Vpo + ul¢) dx dt,
o Jr
which is the rotated version of (1.3]).

Similarly, one obtains div(z) = 0 through defining
¢ =y (poVP¥),
for arbitrary test functions
g e CP((0,+0)) and ¢ € C*(T?).

This gives

O:L:Lz (6,90+V¢-U) dp
J, L.(

_ f f (09 + UVH@IP* 0 VP) + yVo(D*P* o VP)(1d ~ VP)* ) dxdt.
0 T2

GW(9 0 VP¥) + (Vg 0 VP*)OVP* + (Ve o VP*)D2P*(VP* — 1d)*) dp

The first term vanishes and for the remaining term, thanks to arbitrariness of ¢ € C*((0, +0)) one can
conclude that fora.et > 0,

0= J Vo ((a,VP;" o VP,) + (D*P* o VP,)(Id — VPt)L) dx.
Tz

<

=u,

This concludes the proof of Theorem [6.1]
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7 Short time regularity and uniqueness

The goal of this section is to prove the following Theorem on short time regularity and uniqueness of solu-
tions to the dual SG system (#.10), for which we follow Figalli [12]. Making use of the close correspondence
to the SG system, it is possible to show that these results propagate to (1.1).

Theorem 7.1 (Short time regularity and uniqueness). Let a € (0, 1) and p € C**(T?) such that for some
0 <A< A wehave < p < A. Then, for some T = T (A, A, ||p||co«(T?)) > 0, thereis a uniqu@solution

(o, P*) of the dual SG system such that
A< p <A, peL™([0,T];C"(T?)) and P* € L*([0, T]; C**(T?)). (7.1)

The proof of Theorem is strongly based on Caffarelli’s regularity results for the Monge-Ampere
equation. Let g be a convex function defined on some convex domairf"| Q < R? and f a solution to the
Monge-Ampere equation

det(D*f) = g.
Then regularity propagates from g to f as follows:

ge C™(Q) = feC>(Q). (7.2)

7.1 Existence of regular solutions

In a first step, we turn our attention to the existence part of Theorem For this, we reproduce the con-
struction from Section but can now omit the regularisation in space since p € C%*(T?). Let T > 0
(which we will fix later) and divide the interval [0, 7] into j pieces. In the following, any constant C; (as
well as T') will be understood to depend only on A, A and |[p]|co(r2).

Step 1: For any 7 € [0, %], let P,"< ’j (constant in #) be the convex function sending p into dx, which is a
solution to the Monge-Ampere equation (6.7). Hence, due to (7.2),

ID* P} || coa(ry < Ci,

‘ L
where we remark that D>P;/ is periodic due to periodicity of P}/ — % Therefore, the vector field

U/ = (VP* — Id)* fulfils
||DU]| |02y < C1 + 1 =2 Co. (1.3)

Consider the flow for Uy,

oY =U/ oyl in[0,L] xR2,
j e (7.4)
Y = Id in R2,
and define
ol = (Y))4p,
which due to absolute continuity of p will satisfy (see Remark [4.3))
- T
0<A<p/ <A Vie|0, =] (7.5)

J

?Strictly speaking, P* is only unique up to constant.
28We are only interested in the case Q = T4. See [6] for more general Q.
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Using the reversed triangle inequality (*), differentiating (7.4) yields

@HDY,’(Y)H‘ < [loDY] )| < (DU o Y ()DY] )|l '< Co|IDY/ )| V(1) € [0, 7] x B2,
IDY; )] = [|L] =1 Vy € R2.

Hence, by Gronwall’s Lemma, we have V(1,y) € [0, 7] x R?,

e < IDY)(y)]] < .

We can now choose T such that for example ¢ < 2. Then V¢ € [0, %],

lo! | coarzy = ([P0 (Y)Y |coaqry < €“'|[]]cour2y < 2[[P]|coa(r) =1 C3. (1.6)
Step 2: Thanks to 1) and li we can repeat Step 1 by replacing p by p,T/ 7 and get Vt e [% 2%]

Cz(l*

i T j _r T, —
o7l coa(r2y < € j)||ptT/j||C°~“(T2) <l f>€c2’||ﬂ\|c°«r(T2) < Cs.

Hence, we found a sequence of solutions (p/, P*+/) satisfying the approximate dual SG system (5.1)), with
the additional properties

HDth*’jHCQ”(TZ) < Cj and Hp{HCOu(TZ) < C; Vre[0,T],VjeN.

Up to subsequences, they can be shown to converge to a solution to the dual SG system (@.10), enjoying the
regularity (7.1) (compare with Section[5.2).

7.2 Uniqueness of regular solutions

We now prove uniqueness of the solutions found above. Let (o), P*(1)) and (p®), P*(?)) be two pairs
of solutions to the dual SG system @.10), satisfying (7.I). In Section .2 we have shown that a transport
equation has a unique solution given by a push forward measur So due to Lipschitzness of U 0 .=
(VPO — Id)* (see ) we can say that fori = 1,2,

o) = (v Vp, (1.7)

for Y,(i), the flow for U,(i). Hence, if we can show Yt(l) = Yt(z), also pt(l) = pt(z) and due to uniqueness of

optimal transport maps (Theorem , also VPt* (M = VPt* ’(2), so we are done. Thus, we want to prove
Y,(l) =Y, t(z)’ again making use of Gronwall’s Lemma.
if |Yt(]) - Yt(2)|2 dx = 2] (Yt(l) - Yt(Z)) ! (Ut(]) © Yt(]) - Ut(Z) © Yt(Z)) dx
dt T2 T2
- 2J D —y®y @M oy — v o ¥y dx
TZ
+ 2[ M —¥?). 0" ov® —U? 0 ¥?) dx
T2

1 1 2
< 2/|vU! >|\Lm(Tz) Lz YD Zy@P gy

+J Y y®p d”f 0D 0 ¥® — @ o y®P gy,
42 T2

29This does not mean p(l) = p(z) yet, as they could be solutions to a transport equation with different velocity fields v =
(VvP*0) — 1a)t,
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where we used the inequality 2ab < a®> + b? in the last step. For the last term above, we write

@1
U0 oY@ _p® o yPp ax B _J U0 0 ¥® _ @ 6 YD gp@
T2

f\ v?P ap®

1 A N
!;LZ\U,( —UY)? ax

A
- JT ve) —vpER 2 gy,
Hence, we are left by showing the estimate
VPR —vPED || ey < Y = Y|y, (7.8)
where we do not keep trace of the constant C. Using Gronwall’s Lemma and (7.8)), we could then conclude

1 2 1 2
||Yz( ) _ Yz( )||i2(1r2) < . HY(E ) _ YO( )2

||L2(T2) =0.

However, in order to show li there is still a way to go. The idea is to interpolate between VPt* (1)
and VPt>l< @ by some function VP;’"(O) for 8 € [1,2]. Then, using Holder’s inequality and Fubini,

2 2
[VPED — 9@ ) — H f 0, VP* 1 dg <J 16695V | 2oy dB. (1.9)
1 1

12(T2)

To continue this estimate, we should first construct such a function Pt* ()

Py ) sends pl(i) to dx, it is natural to set P @ to be the function that sends some interpolating measure
pl(e) to dx. Keeping this in mind for a moment, we first focus on how to define pt(a) and consider the map
S; = Y,(z) o Yt(l), which by transports pl(l) to pl(z). But by Theorem we may also consider the
optimal map 7, with this property (p,(z) = (Tt)#pl(l)), which additionally minimises the L? cost on the torus.
Recall that 7, = VO for some convex function ®* : R? — R2 U {+a0} such that @ — | - [2/2 is

periodic. Now let us interpolate between the measures pl( ) and p(z) by setting

. Since fori = 1,2, we know that

o\ = (1d + (0 — V)(T, — 1d)),, p" = (VO{")4p(",

for all § € [1,2] and where we define (Dt(e) as the interpolation from | - |>/2 to (I)l(2), that is

|- P

o = (2—g L 5 + (- 10,

Observe that due to optimality of 7;, we have

[ 1= tap apt < [ 15,0 apl = [ v o1 - 1ap apf”
T T

= sz ‘Yz@) - Yt(1)|2 dp

(7.1
D AJTZ Y — vy D2 ax. (7.10)

Given now, as anticipated, dx = (VP ’(6))#pt (existence by Theorem [3.9), showing li reduces

to filling in the gap between and (7.10). Before we arrive there, let us ﬁrst check the interpolating

measure also satisfies the assumptions of p,(]) and pt(z), namely

ClaimI: C, <p” <C, and |[|p{”||con(re) < C. (7.11)
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Proof of Claim 1. Since Vfl)l(z) pushes forward pt(l) to pl(z) (recall that both are absolutely continuous and
bounded away from zero), we get for any measurable set A,

2
det D?® (A) = J

(2),% dp.” pl)
— B 3 _ t
RzXV‘D,(Z) 4) (x) dx = J X, 0 VO, o Lp—(z) dx, (7.12)

R2 P ovo?

which is not only an absolutely continuous measure, but might be considered as a Holder-continuous func-
tion. Hence, we can apply Caffarelli’s regularity result (7.2) to deduce that

1D | cou oy < C. (7.13)
Moreover, we can also give a bound on the inverse as follows: recall that DZ(DI(Z) (y) (as well as its inverse)
is symmetric and positive definite and hence, its norm is given by the spectral radius, that is the largest

eigenvalue value in modulus (here positive anyway). Let us denote these eigenvalues by the functions
@; : [0, +00) x T?> — R, fori = 1,2. Then, due to 1| forpl(l),

(1)
1
vy = detp?@® 2 P L >0,

t o o vy

Thus, we can bound both eigenvalues from below by

A (13)
a=— = C>0.
Aozj

As the eigenvalues of the inverse are given by the inverse of the eigenvalues a;l,

[(D*DE) | o) < C. (7.14)
These bounds propagate to DZCD,(Q) =02-0L+ (80— l)DZ(I),(Z), giving
1
det D*0? ¢ [E,C]. (7.15)

Therefore, we conclude the first inequality in ll using boundedness of p,( Y and (7.12),

(1)
O L yep®* e [3 g].

T detpo® C’A
In order to show the second one, observe that apart from property (7.13), also the Holder continuity

from 1| propagates to D2<I>t(9), which together with li yields

H ol

—A <
det chDt(H) CU,(Y(TZ)

Moreover, due to (7.14), we have that V(I)l(g)’* = (V(I)l(e))’1 is uniformly Lipschitz, giving the second

inequality of (7.TT):

1
"

()%
P ve
detp20®

<C
COa (TZ)

2
ooy = ||
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Equipped with p( ) and its bounds in li we turn our attention to P (©) again, which is the map
whose gradient sends pt( ) to dx. Similarly to the arguments used for 1| and 1| we can say that
1D?P ey < € and [[(D*PF )|y < C. (7.16)

We observe that pt(e) obeys a transport equation for the velocity ﬁel

VO .= (T, - 1d) o VO

t

Indeed, for any ¢ € C*(T?),

d d
— f %) dp(g) — J po V(D(g) dp(l) J (Voo V(D(g) - Og V<I)(9) dp(l)
do do 2

=

J (Voo Vo) . (T, — Id) dp"

=
)

2

v d (9)
- Jre

J (Voo Vo). (v? o vo®) 4p)

=

which is the weak formulation of
20 + div(v@p?) =0 in[1,2] x R (7.17)

This can be used to derive the following bound, which closes the gap between (7.9) and (7.10) and hence
gives the final estimate in (7.8).

Claim 2:  ||0,VP"|| oy < f T, — 1d? dp". (7.18)
Proof of Claim 2. Let us denote with M(A) the cofactor matrix of A with entries a;;, that is
ddet(A
M(A) = (ﬂ) = det(A) - (A7), (7.19)
aij /ij

which for a differentiable function f : RY — R¢ obeys the divergence-free property (see for example [10,
page 462 ff.])

d
DloMi(Df) =0 Vj=1,..d. (7.20)
i=1

We only give a formal proof of Claim 2, referring to [2, Section 3] for a detailed regularisation argument.
First, we compute

—div(V?p ") B2 0,0 = 3y det D> P

2
=3 my(D*PF ) oy0,0,PF

ij=1

2
Z (Mi;(D*PF)o,0,PF )

S5}

=1
22: ( «(D*P *(0 Z *(9) agajP,*'(@)>

— div(p"( 169VP,*’(9)).

30Notice that now 6 corresponds to the time variable, whereas ¢ is just fixed.
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Using 69 ) as a test function itself, this can be written as
- j VO o,vpr0p0) gy — j p P agvp® (D2 PO -1 5w PO gy (7.21)
T2 T2
Moreover, observe that (7.16) implies

1
4 (0
1?2 ey = 10PNk ) > &

and recall that for symmetric, positive definite matrices, we can define its square root matrix, which is
symmetric and invertible as well. As a result,

f |(D*P; BREREN Y 2 |2p,(6) dx
= JT VPO (DR v P Op dx

_ ZVI@ (D?PHO) 12 (D2 p Oy =125,y p*0) ,0)
T

Holder 1/2
< ( (D*P (9))1/2 V(H)‘Z © gx ) (J (DZP;"’(G))*I/Z-89VP;"’(9)]2p,(9) dx) .

The second factor can be taken onto the left hand side, which after squaring yields
|D2 PHOY12 0 upr O gy <J (D22 YO0 g (7.22)
l t : °

Remember that the square root matrix is also positive definite with eigenvalues /a; and hence fulfils the
same properties (7.16). So we havﬂ

C 22) C
||89th*’(9)||L2(T2) < 7 Lz ‘(DZPZ*’(@))A/Z . aQVPZ*,(e)}zpt(e) dx ? 7 Lz ‘(DZPZ*’@))I/Z . V,(g) Zpt(g) dx

719 ¢
e R
Tz

C 2
- L (1~ 1a)o v gp®

c
—J T, — 1d? dp!"
/l T2

This concludes Claim 2 and finishes the proof of Theorem [7.1]

31For the first step, note the following: if for an invertible matrix A, ||A|| < C, we have |Ax| < C|x|. Replacing x — A~ x, we can
also write |x| < C|A™!x| for any x.
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8 Convergence of the SG equations to Euler’s equation

In this last section, we want to present two theorems, which show the connection between Euler’s equation
and the dual SG equation in the sense that the first can be seen as a limit of the latter for a density p close to
one. For this, we follow Loeper [19, Section 6]. However, before giving a rigorous statement, we first want
to justify, why one should expect such kind of results.

8.1 The rescaled SG system

Recall the dual system ( | Setting y, := P} — LE | , Where dx = (VP*)#dp,, we have that Vg = U is
divergenceless and using the Monge-Ampere- formulatlon (©.7), @.10) reads

. n _ . 2
{&,p +div(pV+ty) =0 in [0, +0) x T?, @.1)

det(l, + D*y) =p in [0, +00) x T2

We would like to compare (8.1) to Euler’s equation (2.1)) of an incompressible fluid with unit density and
vanishing external forces in two dimensions:

Du+Vp=0 in0,+0) x T2, 82)

div(u) =0 in [0, +00) x T2 '

By the Helmholtz-decomposition, we can decompose any smooth vector field into a divergenceless and a

curl-free part. Therefore, # be written as the curl of some function ¢ : T2 - R, thatisu = lep. Hence,
taking V* of (8.2) and calling p := V-u, a calculation gives

0 + div(pVty) =0 in [0, T?,
Euter - {00 T AVPVTY) =0 in [0,+o0) T 83)
Ay =p in [0, +o0) x T~
If the density p in (8.1)) is close to one, i should be small and we can expand
det(l, + D*y) = 1+ Ay + O(||D*y|?), (8.4)
meaning that p ~ p — 1 and ¥ ~  should solve 1i To make this more precise, let us rescale 1i
of=1(oy—1) < p=1+eps,
l//zg = él!/l/a < lr//t = 8‘!’2:'
The corresponding system, we call SG, and reads
G. - 0% + div(p’V4y®) =0 in [0, +00) x T2, .5
“7 | det(l, + eD*y?) = 1 + gp® in [0, +0) x T2, '

Before making precise the convergence of SG, to Euler’s equation for ¢ — 0 (Theorem [8.2)), we con-
sider energies associated to the two systems and show that they are conserved in time. This will be used in
the sequel.

Lemma 8.1 (Energy conservation). Let (0°,y*) be a C 2( 0,T] x T2 solution to the SG-system (.) up to
a finite time T > 0 and (p,) a C>([0, T x T2) solution to Euler (8.3). Let P, be given by (H) that is the
Legendre transform of P¥ =y, + | - |*/2. Then the energies defined b

1 ~
E(t J VP> dx and E(i):= zf IV, | dx
are conserved in time. Hence, we have E(t) = E and E(1) = E.

44



Proof. Let us start with the Euler energy:

d ~ ~ ~ RSN ~ ~
ZE(0) = J Vi, - 0, Vdx. = — lﬁ, aadidx & lﬁ, div(p, Vi )dx = — J Vi, - VEg.dp, = 0.
2 T
For the SG-energy we have
d 12 12
—E(1) = J. - Oy dx — udiV(VLlﬁp,) dx = J Id - V*'yp, dx
dt T2 2 T2 2 T2

J VP, - (Viy o VP,) dx
']I*Z

|- P

—JTVP, vi( 5

—P,)d —0.

8.2 Convergence of SG, to Euler: weak version

Theorem 8.2 (Convergence of weak solutions to SG, to Euler). Let (p°,¢°) be a weak solution to SG
up to a finite time T > 0 and (p, ) € C* ([O, T] x Tz) a solution to Euler . Let us also rescale P
according to

Pe = g(% _ P,/g) = oyp L (VP;'; d) oVP,, = éw,t/s 0 VP, = VYF 0 VP,,. (8.6)
Then for any € € (0, 1],
HE(1) := % JTZ |VP? — Vi, | dx (8.7)
is bounded by
HE(1) < (HP(0) + Ce*(1 + 1)) e, (8.8)

where C is a constant, depending on sup ||D3i,]| (12) and sup |[D20,b]| 10 (1)
s€[0,T] s€[0,T]

Proof. Let us denote with C a constant, which only depends on the quantities mentioned above and may
change from line to line. Moreover, through the whole proof, we consider O < 7 < T. Define the energy of
the rescaled system as

: 1
ES(f) := 3 J |VP?|? dx.

Using Lemma.and the fact that, by definition of P?, we also have E*(¢) = E® is conserved in timeEI, we
can express the time derivative of (8.7) as

d d ~
—H(t) = —— VP -V, dx. 8.9
dt (t) dt - t Wt X ( )

In the following, we will use a Taylor expansion with rest term: for any ¢ : [0,7] x T?> — R smooth
enough, we have

1 1 1
f pprdx = — J (@ir)e — @r)dx = — J (@10 VP — @ )dx = — f (¢r0 (Id — eVP)) — @) dx
e E T2 E T2 E T2

Taylor _ J VP! - Vo, dx + Q5(1), (8.10)

32Here, we actually have only weak solutions to SG,, but Lemmaconsiders strong solutions. The fact that it also holds for weak
solutions is nontrivial and explained in [5].

45



where we have summarised the second order Taylor rest term to
1
0, (1) = SJ ‘[ VP? . D*p, 0 (Id — esVP?) - VP? - (1 — s) ds dx.
2 Jo

Observe that

|05(1)] < eE° - sup ||D*@y||ro0 (12, (8.11)
s€[0,T]

where we can use the Peter-Paul inequality to bound
~ 1 -
E* = H*(t) — E + f VP -V, dx < H°(t) — E + —f |VP?)? dx + J |V, |* dx.
T2 4 T2 T2
Therefore
E° <2(H*(t) + E). (8.12)

We can now use (8.10)) for ¢ = i, where we call Q°(r) := Q;(z), and to write

d d ~ ~ ~
= (Hg(t) + Qg(t)) = EJ Uipf dx = O, - pf dx + J Y- Opf dx
T2 T T2

—— [ vervad ax 00+ [ Eeviean
T2 i T2

—_—
=T (1) =:T1(1)

where for the last step, we used li again (but this time for ¢ = o) and the weak formulation of li
For T, we use (8.2)) foru = V-4 (which is divergenceless) to obtain

vy = Vip — DYV,
Therefore
Ti(1) = f VPEDX, VY, dx.
TZ

For T,(¢), similarly to l) , we apply a Taylor expansion for Vi, (however only of first order):

1 ~ ! ~
o & 1 f Vi, o (Id — eVPF) - V- PF dx = — J f VPE[D?J, o (Id — esVP)|V-PE dx ds
€ Jr 12 Jo

S L 2 VPED g,V PE dx + A(1),
where the rest term A is given by
A1) == f VPeK(-, 1)V P? dx,
T2

for

1
K(-,1) := D*j, — J [D*, o (I1d — esVP?)] ds. (8.13)
0

For A, we claim the following bound, which we show at later point:

|A(r)| < C(E°s* + H?(1)). (8.14)

46



Assuming for a moment that this bound is true, we can conclude our Gronwall argument. First observe that
for any ¢ : [0,T] x T> — R, regular enough, we have

~ ~ 1 _~
J Vi, DXVt dx = J V(5 |V¥: ) Ve dx = 0.
TZ TZ 2

Using this and (8.11), we have for any ¢ € (0, 1],

jt( (1) + 0°(1)) < f VP Dy, (VY g, — VEP?) dx + CE®s*? + CH®(1)
']I*Z

- L Z(VJ/, — VP?) DX, (Vg — VEP?) dx + CE®€*3 + CH®(1)
< C(H*(1) + Q°(1) + E&*°)
C(H®(1) + Q°(1) + /7).
By Gronwall’s Lemma, we have
HE(1) + Q°(1) < (HP(0) + Q°(0) + Ce¥r) e

Up to replacing by sup,jo, O°(s), we can assume that Q°(f) is non-decreasing. Then, using again the
bounds in (:11) and forz = 0, that is

0°(0) < Ce(1 + H?(0)),
and the fact that x < e* — 1 < xe*, we can conclude for any ¢ € (0, 1],

HE(r) < (HE(0) + Ce*1) e + 0%(0) (e — 1) < Ce¥3 (1 + 1)e + (1 + CH)H®(0)e"
< (H*(0) + C¥3(t+ 1))

Hence, we are left by showing (8:14). To this aim, observe that for K defined in (8:13) we do not only
have the bound ||K (-, #)||,(12) < C, but also the pointwise estimate

IK(0)]| = HDzlﬂt Jl [D20, 0 (Id — sV P?)] dsH

— HJ J Z oD*J, o (Id — srsVPf)ssaka] ds dr
0 {

For any R > 0 it therefore holds that
IA()] < CeR J VPR dx 4 K ()| o f VP2 dx
|[VPE|<R |VP¢|>R
< CeRE® + C J |VP?|? dx. (8.15)
VP |>R

The last term can be handled as follows: since % §p2 [VP?|?dx = E¥, we have

s

4 t ep—2
|{|VP?| >R}| :J?EZX|VP5‘2>R2 dng:]y? R dx < E°R™".
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Therefore
VP dx < f VP — Vi dx + f |V [? dx < 2H®(t) + CE°R ™.
|VP?|>R |VPS|>R |VP?|>R

1/3 we conclude

Plugging this into (8.15]) and choosing R = &~
|A()] < C(E®s*? + HA(r)),

which shows the claim (8.14). i

8.3 Convergence of SG, to Euler: strong version

The following theorem gives an analogous result to Theorem We only sketch to proof and refer to [19]
for the details.

Theorem 8.3 (Convergence of strong solutions to SG, to Euler). Let T > 0 and (p, LZ) be a solution to
Euler’s equation such that p € C*([0,T] x T?). Also assume that there exists a pair of weak solutions
(0%, ¥%) for SG (8.3). Let us expand the solution in terms of Euler’s solution, namely

p°=p+e0’,
W=+ e,
assuming that o, is bounded in W"* (T?). Then there exists a e such that uniformly in € € (0, 1),
o®,Vx* € L* ([0, T]; W (T?)).
Sketch of proof. First observe that by a Schauder estimate, we have that at least
g e L7([0,T]; C(T?)).
Let us rewrite the first equation of SG, (8.3) in terms of o and y*: using for matrices A and B the identity

det(A + B) = det(A) + det(B) + tr(adj(A)B),

for adj(A), the adjugate matrix (transpose of the cofactor matrix) of A = (g; ,)12 j—1» given by
. d  —dazi
adj(A) := )
i(4) <—a12 ai )
we get
0,0° + (Vi + eVy®) 1 Vo® = —VH2Vp, (8.16)
AY* + & - tr(adj(D*x*)D*Y) + &* det(D*x*) = o — det(D*Y). (8.17)

As shown in [19], (8.17) can be used to apply a Schauder estimate and deduce that
Ixfllet ey < C(1+ [|of]|cor(ry), (8.18)

where the constant C depends on ¢. Differentiating (8.16) with respect to space and using the identity
V(V+aVb) = V+aD?b — D*aV+b gives the following transport equation with source term:

o,Vo® + ((V(Z + sVXs)lV) Voo = (D*) + eD}*)Vo® — VD’ + D**Vp.
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Using (8-I8)), we can therefore bound
d & & & 112
EHVO'[HLOO(TZ) < |10,V |e 2y < C(0) (1 + |[Vo7 10 (2) + €l VOf || 29 )

where C() depends on ||¢||c2(r2) and [|9;]|c2(r) and is bounded on [0, T]. By applying a variation of
Gronwall’s Lemmﬂ we conclude that for £ small enough (depending on the choice of T'), 0¥ remains
bounded in W!*(T?), uniformly in ¢ € [0, 7] and &. Using (8.18), we can transfer the argument to Vx* and

finish the proof.
O

33For example divide by the bracket on the right hand side and integrate.
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9 Conclusions

We have seen that the semigeostrophic system (I.1)) is a model used in meteorology to describe the Coriolis
dominated movement of the air of the atmosphere for rather large scales of several hundreds to thousands
of kilometers. Its validity is limited if stratification, which can be described by the buoyancy frequency, is
too weak or if one approaches the equator.

Mathematically, the system is not that easy to deal with, in spite of the various approximations and
simplifications it contains. However, it can be transformed into a transport equation (.10), which allows to
find weak solutions using the language from optimal transport theory. In particular, we used and proved a
variation of Brenier’s Theorem, which guarantees the existence of a unique map transporting a measure on
the torus into another, while minimising the L?-cost (Theorem . Moreover, this optimal transport map
can be written as the gradient of some convex function. Solutions to the transport equation can be used to
construct weak solutions to the semigeostrophic system.

Given enough regularity on the initial data, these solutions must even be strong solutions up to some
finite time and are moreover unique (Theorem[7.T)). Furthermore, the semigeostrophic system can be shown
to in some sense converge to the Euler system for small velocity fields (or a density close to one), meaning
that if one rescales the semigeostrophic system, its solutions stay close to solutions to the Euler equation
(Theorem [8.2]and Theorem [8.3).
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