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Abstract

The goal of this paper is divided into two parts. We first physically derive and analyse the semi-
geostrophic equations by giving the required physical background information and discussing appropri-
ateness of the applied approximations. In a second part, we turn our attention to the mathematical side.
This consists of first proving existence of global weak solutions. To this aim, the semigeostrophic system
is transformed into a dual system consisting of a transport equation [12], which can be attacked using
results from optimal transport theory for Z2-periodic measures ([7]). Finally, we investigate further prop-
erties of the semigeostrophic system: we show existence and uniqueness of smooth solution for short
times [12] and also draw the connection between the semigeostrophic equations to Euler’s equation by
rescaling the semigeostrophic equations and showing that its solutions are close to the ones of Euler’s
equation [19].
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1 Introduction
Let u : r0,`8q ˆ T2 Ñ R2 and p : r0,`8q ˆ T2 Ñ R be time (t-coordinate) and space (x-coordinate)
dependent functions on the torus T2 :“ R2{Z2, which correspond to the Earth’s velocity and pressure field.
We will often use the notation ut : T2 Ñ R2 and pt : T2 Ñ R for the same functions at some fixed
t ě 0. These can be identified with Z2-periodic functions (from now on simply called periodic), defined
in the whole R2. Periodicity models the ”boundary condition”, that is invariance under a rotation around
the Earth. We assume that initially, pt is given by a function p0 “ p : T2 Ñ R. The flat, bidimensional
semigeostrophic (in short, SG) system reads as follows:

$

’

’

’

&

’

’

’

%

Dt∇p ` ∇K p ` u “ 0 in r0,`8q ˆ T2,

divpuq “ 0 in r0,`8q ˆ T2,

p0 “ p in T2,

pt `
|¨|2

2 is convex @t ě 0,

(1.1)

where we denote with Dt :“ Bt ` u ¨∇ the Lagrangian derivative and with ∇K :“ pBx2 ,´Bx1 q the rotation of
the gradient by π{2 in clockwise direction. The assumption that u is divergenceless corresponds to incom-
pressibility of the fluid. This follows directly from the continuity equation (2.24), which corresponds to the
mass conservation for a fluid with constant density ρ. Moreover, as shown in [8, Section 3], the assumption
that for any t ě 0 the function Pt :“ pt ` | ¨ |2{2 is convex is motivated by stability considerations.

Expressing the system in terms of1 P : r0,`8q ˆ R2 Ñ R2 yields
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Dt∇P ` p∇P ´ IdqK “ 0 in r0,`8q ˆ R2,

divpuq “ 0 in r0,`8q ˆ T2,

P0 “ p `
|¨|2

2 in R2,

Pt convex @t ě 0,

ut and Pt ´
|¨|2

2 are periodic @t ě 0.

(1.2)

We shall first introduce the notion of weak solutions.

Definition 1.1 (Weak solutions to the SG system). A pair of functions pp,uq, where p : r0,`8q ˆT2 Ñ R
and u : r0,`8q ˆ T2 Ñ R2, is a weak solution to the SG system (1.1) if:

(1) The maps t ÞÑ ||ut||L1pT2q and t ÞÑ ||pt||W1,8pT2q are in L8
loc

`

p0,`8q
˘

and pt `
|¨|2

2 is convex @t ě 0.

(2) @φ P C8
c

`

r0,`8q ˆ T2
˘

,

ż 8

0

ż

T2

´

∇pDtφ ´ ∇K pφ ´ uφ
¯

dxdt `

ż

T2
∇pφ0 dx “ 0. (1.3)

(3) @φ P C8pT2q and for a.e t ě 0,

ż

T2
∇φut dx “ 0.

Remark 1.2. The weak formulation can be obtained by multiplying the first and the second equation in p1.1q

with a periodic test function φ and integrating by parts over space and time. The regularity assumptions in
point (1) guarantee that the differentials (compare to Proposition 3.8) and integrals are well defined.

1Even though Pt is not necessarily periodic, since Pt ´ | ¨ |2{2 is, it follows that ∇Pt can be regarded as a periodic function by
projecting it onto T2 (see Remark 3.10). Thus, the first equation of (1.2) could also be understood on Td .
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Remark 1.3. There are many ways to define weak solutions alternatively (compare with Proposition 4.2).
For example, one could forget about the boundary term

ż

T2
∇pφ0 dx

in (1.3), considering φ P C8
c

`

p0,`8q ˆ T2
˘

, that is vanishing at t “ 0, and separately requiring p0 “ p.
Also, one could consider pt,ut and φt as periodic functions on R2 instead of functions on T2.

As mentioned in [12], the existence theory for this system is very complicated. However, there is a
dual reformulation (Section 4.3), from which one can construct solutions (Section 5). These can in turn be
used to construct global weak solutions to (1.1) and (1.2) respectively, which is explained in Section 6. As
we will see, the dual system consists of a transport equation for some periodic measure. This suggests a
deep connection with optimal transport for periodic (tracing back to the periodicity of ut and pt) measures
(Section 3) and on transport equations (Section 4). Having found a pair of weak solutions to the SG system
in Section 6, we shall show in Section 7 that, given enough regularity on the initial data, these solutions
enjoy the same regularity and are unique. Finally, in Section 8, we prove that solutions to the SG system
(after some rescaling) are very close to solutions to Euler’s equation.

However, before we concern ourselves with the mathematical side of the SG system, it is interesting to
see, where the system comes from. In the following (Section 2), we first give a derivation and discuss the
physics behind it.
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2 Derivation of the SG equations
In this section, we want to physically analyse and derive the first equation of (1.1). Originally, it was derived
by Hoskins in 1975 (see [16]). We extend the discussion by introducing physical backgrounds and argue,
whether the approximations made are appropriate. In particular, we focus on the hydrostatic equilibrium.

The SG equations correspond to the motion of a fluid from the point of view of an observer staying
on the Earth’s surface, which is a non-inertial reference frame. This means, it is accelerated itself, causing
fictitious acceleration effects, discussed in Section 2.2. The Coriolis acceleration encountered there will
then be used to derive the semigeostrophic equations via Euler’s equation of hydrodynamics and several
approximations, such as the hydrostatic, Boussinesq and geostrophic approximation. After giving a formal
derivation (Section 2.1), hereinafter, we will carefully derive and physically argue the approximative steps.
As we shall see, these are valid on rather large scales L of at least of hundreds of kilometers, for which the
Coriolis force becomes a significant effect.

As a main tool, we will use scale analysis (see [15, Section 2.4]), meaning that we restrict ourselves to
considering typical values for physical quantities, compare the different terms and neglect the ones with the
least significant effect. This is not only useful as it simplifies the mathematics, but also has the advantage of
filtering unwanted types of motion. For convenience, we give an overview over typical scales we consider
(called synoptic scales).

(i) Horizontal lengths L « 106m.

(ii) Horizontal wind speeds U∥ « 10ms´1.

(iii) Vertical length scales H « 104m.

(iv) Vertical wind speeds: UK « 10´2ms´1.

(v) Horizontal pressure fluctuation scale: δP
ρ

« 103m2s´2.

2.1 Formal derivation
Consider Euler’s equation in three dimensions, namely

Dtu “ ´
∇p
ρ

` a, (2.1)

which describes the time evolution of a time dependent velocity field u : r0,`8q ˆ R3 Ñ R3 of a fluid
continuum. In our case, this corresponds to the air of the Earth’s atmosphere. It assumes the fluid to be non
turbulent and non viscous (no energy dissipation due to frictional forces), but in general allows to have a
time and space dependent density ρ : r0,`8qˆR3 Ñ p0,`8q. However, in this section, ρ ą 0 is assumed
to be a constant. Euler’s equation states that the fluid moves according to the gradient of a pressure field
p : r0,`8q ˆ R3 Ñ p0,`8q and some acceleration a : r0,`8q ˆ R3 Ñ R3 due to an external force,
which in our case is given by the Coriolis acceleration (for a derivation, see the following section)

a3D
Cor “ ´2Ωˆ u, (2.2)

where Ω is the Earth’s rotation frequency vector with magnitude Ω « 7.3 ¨ 10´5s´1. However, we are
interested in deriving a 2D equation. Hence, we project (2.2) onto the surface by multiplying with the unit
vector2 u{|u| ˆ n, where n is a unit surface normal, giving

a2D
Cor “ f uK, (2.3)

2It is not obvious, why one should project it onto the component orthogonal to u. This issue, in meteorology known as ”traditional
approximation”, is touched in Section 2.6.
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where we introduced the Coriolis parameter

f “ 2Ω sinϑ,

for ϑ, the angle of latitude measured from the equator northwards. For the moment, we assume f to be
constant. Moreover, we call uK the vector u, rotated by π{2 in clockwise direction, within the surface of
the Earth.

Figure 2.1: The geostrophic equilibrium considers a
balance of Coriolis effect (perpendicular to u) and
negative pressure gradient (pointing towards Lo).
This is the case, when u is parallel to isobars. Here,
the deflection due to the Coriolis force corresponds
to the case of the northern hemisphere. See [24] for
more illustrations.

The key approximative step goes under the
name of geostrophic balance. As illustrated
in Figure 2.1, consider an air parcel moving
out of a high pressure area Hi. This par-
cel will be accelerated towards a low pressure
area Lo by ´∇p{ρ. The Coriolis acceleration,
which is given by (2.3), deviates the parcel ad-
ditionally to the right on the northern hemi-
sphere and to the left on the southern hemi-
sphere.

The geostrophic balance describes the case,
which is controlled by a force equilibrium of the
two, that is

∇p
ρ

“ f uK. (2.4)

This means, the wind flows along isobars, perpen-
dicular to the pressure gradient. Now, we substitute
(2.4) into the left hand side of the rotated version of
equation (2.1), giving

1
ρ f

Dt∇p `
∇K p
ρ

` f u “ 0. (2.5)

It is convenient for the mathematical analysis to set
ρ ” f ” 1 and we get (1.1).

2.2 Acceleration in non inertial reference frames
We first want to describe the motion of bodies in accelerated reference frames in larger generality, before
applying it to the case of a rotating sphere. For this, we closely follow [11]. Consider a coordinate system
K1 with moving basis vectors

bi “ pbi jq
3
j“1 : r0,`8q ˆ R3 Ñ R3 for i “ 1, 2, 3,

with respect to an inertial reference frame K (see Figure 2.2). Let r0 : r0,`8q Ñ R3 denote the position
of the origin of K1 and consider a particle moving along a curve r1 “ pr1

iq
3
i“1 : r0,`8q Ñ R3 seen from

K1, that is r1 “ r1
ibi (using Einstein’s sum convention). The same particle seen from K then moves along r,

which is given by

r “ r0 ` r1.

We compute its second derivative3:

:r “ :r0 ` :r1
ibi ` 2 9r1

i
9bi ` r1

i
:bi. (2.6)

3 9bi denotes the partial time derivative of bi.
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Figure 2.2: The reference frame K1 moves with re-
spect to an inertial reference frame K along a curve
r0. r1 denotes the trajectory of a particle seen from K1

and r the same particle observed from K.

Now define the angular frequency tensor as

ωi j :“ bi 9b j “ bik 9b jk.

In physics, one usually considers a rigid basis,
that is bib j is time independent. This case is in par-
ticular interesting as then, ω “ pωi jq

3
i, j“1 is anti-

symmetric:

ωi j ` ω ji “ bi 9b j ` b j 9bi “
d
dt

pbib jq “ 0,

and therefore only consists of three independent en-
tries and can be written as

ω “

¨

˝

0 ´Ω3 Ω2
Ω3 0 ´Ω1

´Ω2 Ω1 0

˛

‚.

This matrix can be identified by Ω :“ pΩ1,Ω2,Ω3q, which allows us to write

ωx “ Ωˆ x @x P R3. (2.7)

If we assume our basis not only to be rigid, but even orthonormal (i.e bib j “ δi j), it is not difficult to
show that (2.7) implies that for any i “ 1, 2, 3,

Ωˆ bi “ 9bi,

which we can use to rewrite (2.6) as

:r “ :r0 ` :r1
ibi ` 2 9r1

ipΩˆ biq ` r1
ip

9Ωˆ biq ` r1
ipΩˆ pΩˆ biqq

“ :r0 ` a1 ` 2pΩˆ u1q ` 9Ωˆ r1 `Ωˆ pΩˆ r1q,

where we have set a1 :“ :r1
ibi (corresponding to the acceleration felt in K1) and u1 :“ 9r1

ibi (velocity of the
particle seen from K1). Therefore, an observer moving with the coordinate system K1 feels the acceleration

a1 “ :r
loomoon

acceleration
o f the

particle in K1

´ :r0
loomoon

acceleration
o f the origin

o f K1

´ 2Ωˆ u1
loooomoooon

Coriolis
acceleration

´ 9Ωˆ r1
looomooon

Azimuthal
acceleration

´ Ωˆ pΩˆ r1q
loooooooomoooooooon

Centri f ugal
acceleration

. (2.8)

This result can be interpreted as follows: an observer fixed in a coordinate system K1, which is accelerated
with respect to an inertial coordinate system K, does not just feel the acceleration :r he would experience in
K, but additional (called fictitious) accelerations add.

In our case, we are interested in a rotating sphere and use basis vectors pb1, b2, b3q “ peϕ, eϑ, erq, calling
ϕ P r0, 2πq the angle of longitude (measured eastwards), ϑ P r´π{2, π{2s the angle of latitude (measured
from the equator northwards) and r the distance to the center of the Earth. In this coordinates, we have

Ω “ Ω

¨

˝

0
cosϑ
sinϑ

˛

‚:“ Ωpcosϑ eϑ ` sinϑ erq,

which is a constant vector pointing northwards along the rotation axis of the Earth and having a magnitude
of Ω « 7.3 ¨ 10´5s´1. Constancy of Ω implies vanishing azimuthal acceleration. The other terms in (2.8)
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are given by
$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

:r “ ´ΓM 1
r2 er,

´2Ωˆ u1 “ ´2Ω

¨

˚

˝

cosϑ u1
r ´ sinϑ u1

ϑ

sinϑ u1
ϕ

´ cosϑ u1
ϕ

˛

‹

‚
,

´Ωˆ pΩˆ r1q “ ´Ω2r cosϑ

¨

˚

˝

0
sinϑ

´ cosϑ

˛

‹

‚
,

(2.9)

for the gravitational constant Γ « 6.67 ¨ 10´11m3kg´1s´2 and the mass of the Earth M « 5.97 ¨ 1024kg.

2.3 The spherical geopotential approximation and consistent approximate models
Let us go back to the 3D Euler equation with a Coriolis term (2.1) and with a time and space dependent
density ρ. We first focus on the acceleration4 a “ paϕ, aϑ, arq given by (2.8) and (2.9). It is easy to check
that the gravitational and centrifugal acceleration can be written as (negative) gradients of functions ΦG and
ΦC , which are called potentials:

#

´ΓM 1
r2 er “ ´∇ΦGprq for ΦGprq :“ ´ΓM 1

r ,

´Ωˆ pΩˆ r1q “ ´∇ΦCpϑ, rq for ΦCpϑ, rq :“ ´
pΩr cosϑq2

2 .

Hence, it is convenient to combine them into the potential of an apparent gravity

ΦA :“ ΦG ` ΦC .

The equipotential surfaces of ΦA are not perfect spheres, but spheroids (see for example Figure 1 in
[33] for an illustration). The potential ΦC can be understood as the departure from sphericity. As a re-
sult, the apparent gravity is not perfectly directed toward the center of the Earth and causes the equatorial
radius to be about 21km larger then the polar radius (see [15]). However, compared to the Earth’s radius
R « 6.38 ¨ 106m, this is negligibly small and would complicate things seriously. Hence, in most meteo-
rological models a spherical geopotential approximation is invoked. This consists of separating (2.1) into
components within and perpendicular to geopotential surfaces. Then one treats them as a perfect spheres,
meaning that we assume ΦA is independent of ϑ. For details, see [33]. For this reason, it is most convenient
to choose spherical coordinates pϕ, ϑ, rq in order to express Euler’s equation (2.1), which (after a rather
tedious calculation) yields5

$

’

’

&

’

’

%

Dtuϕ `
uϕur

r ´
uϕuϑ tanϑ

r “ ´
Bϕp

ρr cosϑ ` 2Ωpsinϑ uϑ ´ cosϑ urq,

Dtuϑ `
uϑur

r `
u2
ϕ tanϑ

r “ ´
Bϑp
ρr ´ 2Ω sinϑ uϕ,

Dtur ´
u2
ϕ`u2

ϑ

r “ ´
Br p
ρ

´ |∇ΦA| ` 2Ω cosϑ uϕ,

(2.10)

where the Lagrangian derivative in spherical coordinates takes the form

Dt “ Bt `
uϕ

r cosϑ
Bϕ `

uϑ
r

Bϑ ` urBr.

4Since our interest is solely the rotating reference frame, we stop writing the primes.
5In dynamic meteorology, (see [15] or [33]), one usually includes an additional vector field, corresponding to all other effects.

Those could for example include friction or be of magnetic nature. These terms are usually very small. For example friction is only
important within a few centimeters above the Earth’s surface and according to [15] is of order νU∥{H2 « 10´12ms´2 for the kinematic
viscosity coefficient of air ν « 1.46 ¨ 10´5m2s´1 for standard atmospheric conditions at sea level. In our discussion, we shall not
include it.
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We additionally find five terms on the left hand sides of (2.10) that behave quadratically in the velocity
components. They arise from the curvature of the sphere and the coordinate system respectively [31]. In
Table 1, the scales and orders of all terms appearing in (2.10) are computed.

Having applied the spherical geopotential approximation (in short, G), the next step is to apply two
approximations in dynamic meteorology [33]: The hydrostatic approximation (H) and the shallow atmo-
sphere approximation (S), which can be applied independently in order to produce one of the four consistent
approximate models (see Figure 2.3). Consistent in this context means that they formally conserve energy,
angular momentum and potential vorticity. In our case, we are mainly interested in a 2D system, which is
closest (very close, but not quite the same) to the hydrostatic primitive equations (HPE) and applies both H
and S. Hence, we focus on the HPE.

Whereas H (discussed in Section 2.5) consists of neglecting Dtur in (2.10), S includes several simplifi-
cations (discussed in Section 2.6):

(i) Replacing r by the radius R of the Earth whenever it appears undifferentiated and Br with Bz, where
we call z :“ r ´ R the height above sea level.

(ii) Omitting all curvature terms not involving tanϑ.

(iii) Omitting all Coriolis terms varying with cosϑ.

We first show how those approximations lead to (2.5). They simplify (2.10) to

HPE

$

’

’

&

’

’

%

Dtuϕ ´
uϕuϑ tanϑ

R “ ´
Bϕp

ρR cosϑ ` fϑuϑ,

Dtuϑ `
u2
ϕ tanϑ

R “ ´
Bϑp
ρR ´ fϑuϕ,

Bz p
ρ

` g “ 0,

(2.11)

where we have defined g :“ |∇ΦApRq| « 9.8ms´2 and we have put an index ϑ to the Coriolis parameter to
indicate that it depends on the latitude. The shallow Lagrangian derivative now reads

Dt “ Bt `
uϕ

R cosϑ
Bϕ `

uϑ
R

Bϑ ` uzBz. (2.12)

Figure 2.3: Overview over the four consistent approximate models and the applied approximations. G
stands for the spherical geopotential approximation, S for the shallow atmosphere approximation and H for
the hydrostatic approximation.

7



angular equations

ϕ equation Dtuϕ
uϕur

r
uϕuϑ tanϑ

r = ´
Bϕp

ρr cosϑ 2Ω sinϑ uϑ 2Ω cosϑ ur

ϑ equation Dtuϑ
uϑur

r
u2
ϕ tanϑ

r =
Bϑp
ρr 2Ω sinϑ uϕ

scales V2
∥

L
U∥UK

R
U2
∥

R
δP
ρL f U∥ f UK

order
“

ms´2
‰

10´4 10´8 10´5 10´3 10´3 10´6

radial equation

r equation Dtur
u2
ϕ`u2

ϑ

r =
Br p
ρ

|∇ΦA| 2Ω cosϑ uϕ

scales U∥UK

L
U2
∥

R
p
ρH g f U∥

order
“

ms´2
‰

10´7 10´5 101 101 10´3

Table 1: Scale analysis of the terms in (2.10) for midlatitude synoptic scales. Typical values of the quantities
were given at the beginning of Section 2. The Coriolis parameter f has been evaluated at π{4 (midlatitude)
and p :“ 1bar stands for the average pressure at sea level.

Finally, we apply the geostrophic balance (2.4) in spherical coordinates (recall that by approximation
(i), we replaced r by R). This consists of replacing the velocities puϕ, uϑq by the geostrophic wind pug

ϕ, u
g
ϑ
q,

defined by

uϕ « ug
ϕ :“ ´

Bϑp
ρR fϑ

and uϑ « ug
ϑ

:“
Bϕp

ρR fϑ cosϑ
. (2.13)

The value of the Rossby number Ro justifies, why this should provide a good approximation [8]. It
compares Dtu to the Coriolis term fϑu in the following fashion:

Ro “
|Dtu|

| fϑu|
«

U∥
fϑL

,

where we use (midlatitude) synoptic scales mentioned at the beginning of Section 2. For typical velocities
U∥ « 10ms´1 and midlatitude Coriolis frequency fπ{4 « 10´4s´1 we have a small Rossby number for hor-
izontal scales L of hundreds of kilometers or more. For lower L, Ro is larger and hence the approximation
can not be justified. In tornadoes for instance, Ro has a value of around 103, meaning that the Coriolis force
would even be negligible [15]. To summarise, the SG equations concerns the case of a dominating Coriolis
force.

Now, we substitute (2.13) into the Dt terms of the angular equations of (2.11), giving6

#

Dtu
g
ϑ

´
uϕuϑ tanϑ

R “ ´
Bϕp

ρR cosϑ ` fϑuϑ,

Dtu
g
ϕ `

u2
ϕ tanϑ

R “ ´
Bϑp
ρR ´ fϑuϕ.

(2.14)

Observe that up to now, ρ could have been space and time dependent. This will not be the case any-
more, if we apply a Boussinesq approximation. This approximation states that density variations are only
important in the vertical component of (2.11) and can be ignored otherwise7. Hence, ρ ą 0 is treated as a

6As performed in [8], it would be usual to also replace uϑ in the tanϑ curvature term of the first equation and (one of the) uϕ in the
curvature term of the second equation. However, as our interest is the ”flat” equation (see following section), we shall skip this, since
the result would be the same.

7It is important to keep the density dependence in the last equation of (2.11). As we shall see in Section 2.5, it is responsible for
the exponential behaviour of pressure and density.
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constant in (2.14). For a more detailed exposition, see [34].

The last equation of (2.11) is called hydrostatic equation and represents the condition that the air does
not move vertically since gravity is balanced by the pressure gradient force (see Section 2.5). This makes
our shallow system almost 2D. However, mathematically, we want to further investigate the real 2D system,
which does not include the information of a hydrostatic atmosphere. We also need to omit the term uzBz in
(2.12), even though its scale of uzBzuϕ « uzBzuϑ «

UKU∥
H « 10´5 ms´2 is of the same order as for example

the tan θ terms of the equation (see Table 1).

2.4 Taking the limit R Ñ `8 for the 2D SG system

We fix some latitude ϑ and longitude ϕ and finally would like to show that (2.5) can be seen as the formal
limit of (2.14) for the Earth’s radius R tending to `8 for a local coordinate system fixed at ϕ and ϑ. We
consider the change of variables

#

x “ R cosϑpϕ ´ ϕq,

y “ Rpϑ ´ ϑq,
ñ

#

Bϕ “ R cosϑBx,

Bϑ “ RBy ´ tanϑxBx,

which correspond to the arc lengths measured from a reference point pϕ, ϑq in north and east direction
respectively. Then (2.14) writes

$

&

%

1
ρ fϑ

´

Bt ` uϕBx ` uϑ
`

By ´ tanϑ
R xBx ´ cotϑ

R

˘

¯

p´By pq ` tanϑ
ρ fϑR

rDtBx p ´
uϕuϑ tanϑ

R “ ´
Bx p
ρ

` fϑuϑ,

1
ρ fϑ

´

Bt ` uϕBx ` uϑ
`

By ´ tanϑ
R xBx ´ cotϑ

R

˘

¯

Bx p `
u2
ϕ tanϑ

R “ ´ 1
ρ
pBy ´ tanϑ

R xBxqp ´ fϑuϕ,

where

rDt “ xBt ` xuϑ
´

By ´
tanϑ

R
xBx

¯

` uϕp1 ` xBxq.

Note that we have not changed basis, that is, we could call ux “ uϕ and uy “ uϑ and set u :“ pux, uyq.
Then we let R Ñ `8 while holding the angles ϕ and ϑ (therefore also x) bounded. Hence, the tanϑ
curvature terms in (2.14) vanish. After having taken the limit, we treat fϑ « fϑ ” f as a constant8 and end
up with the rotated form of (2.5).

2.5 The hydrostatic approximation and atmosphere stability
The goal of this section is to argue that Dtuz is small and analyse the resulting hydrostatic equation. An
often quoted criterion (see for example [8]) is Dtuz « H

L Dtuϑ, coming from exploiting divpuq “ 0, which
is small since H ! L. Or, if preferred, a scale analysis shows that

Dtuz «
U∥UK

L
« 10´7ms´2

is small compared to the other terms in Table 1. Nevertheless, these scales are not valid when updrafts
vary strongly. It is therefore interesting to establish an analytical framework and a more discriminating
condition, when this approximation is justified. To this aim, we follow the ideas of [30] and decompose
pressure and density into small deviations δp and δρ of its horizontal and temporal mean values p and ρ:

ppϕ, ϑ, z, tq “ ppzq ` δppϕ, ϑ, z, tq,

ρpϕ, ϑ, z, tq “ ρpzq ` δρpϕ, ϑ, z, tq,

8This is known as the f -plane model and is valid for length scales of 1000km or time scales of a few days. If the scales were
considerably larger, f should not be treated as a constant. This restricts the range of validity to a rather narrow region of allowed
length scales. An improvement could be achieved by using a β-plane model, which consists of Taylor-expanding fϑ « fϑ ` βϑ for
β “ 2Ω cosϑ at first order at some latitude ϑ (see [30, Section 6.3]).
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where we assume that the deviations are relatively small in the sense of

δp
p
,
δρ

ρ
! 1, say

δp
p

«
δρ

ρ
« 10´2. (2.15)

We now want to express the radial equation of (2.10) in terms of these variations. For simplicity, we
already assume the shallow atmosphere approximation (i) - (iii), even though we discuss it afterwards (for
a general treatment, see [33, Section 11.3]). Then

Dtuz ` g
δρ

ρ
`

1
ρ

Bzδp “ 0.

In order to give a condition for which the hydrostatic approximation is justified, we need

Dtuz ! g
δρ

ρ
and Dtuz !

1
ρ

Bzδp. (2.16)

Remark that these two conditions are roughly the same since they have similar typical magnitudes of

1
ρ

Bzδp «
δP
ρH

« 10´1ms´2 « g
δρ

ρ
. (2.17)

Hence, we can focus on the first condition in (2.16). This uses some knowledge of thermodynamics and
atmosphere stability, for which we now give a brief introduction following [23].

The Earth’s atmosphere is not fully described by Euler’s equation of motion, but also behaves according
to the laws of thermodynamics. In thermodynamics, one considers a system, which is described by (possibly
time and space dependent) state variables, namely the temperature T with a particular significance and
possibly further variables tqiu

n
i“1 together with associated generalised forces tQiu

n
i“1. These variables are

interdependent and the dependencies are called equations of state, which can for example be given by
functions Qi “ QipT, q1, q2, ...q. This defines the state space Γ, a subspace of R2n`1. Let us fix a path γ
inside Γ and denote with

Wγ :“
d
ÿ

i“1

ż

γ

Qidqi

the work performed on the system along the path9 γ Ă Γ. The usual starting point of describing thermo-
dynamics is the first law of thermodynamics, stating that the (infinitesimal) change of internal energy U of
the system is given by the sum of applied heat δQ and performed work, that is

dU “ δW ` δQ. (2.18)

It is practical to introduce the heat capacity along a path10 γ Ă Γ as

Cγ :“
´

BQ
BT

¯

γ
,

where the index γ defines the direction, in which the derivative is taken. Usually, this is specified by holding
a set X of state variables constant. In this case, we write

CX “

´

BQ
BT

¯

X
.

9The dependence on the path γ is usually not written anymore. Nevertheless it is crucial and implicitly mentioned in the notation
of using δW instead of dW in the differential notation.

10The path needs to be specified, as we cannot simply take partial derivatives, because otherwise, we would not necessarily stay in
the state space Γ.
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We can express the specific heat with constant generalised forces tQiu
n
i“1 in terms of the specific heat with

constant tqiu
n
i“1 as

CtQiu
n
i“1

“

´

BQ
BT

¯

tQiu
n
i“1

“

´

BU
BT

¯

tQiu
n
i“1

´

´

BW
BT

¯

tQiu
n
i“1

“

´

BU
BT

¯

tqiu
n
i“1

`

n
ÿ

j“1

´

BU
Bq j

¯

tqi,Tui, j

´Bq j

BT

¯

tQiu
n
i“1

´

n
ÿ

j“1

´

BW
Bq j

¯

tqi,Tui, j

´Bq j

BT

¯

tQiu
n
i“1

“ Ctqiu
n
i“1

`

n
ÿ

j“1

”´

BU
Bq j

¯

tqi,Tui, j

´ Qi

ı´Bq j

BT

¯

tQiu
n
i“1

. (2.19)

We now leave the setting of large generality and consider a system consisting of an air parcel of a
fixed number of n mole of particles (or equivalently of mass m), described by its temperature T , its volume
q1 “ V and associate the force Q1 “ ´p, where p is the pressure. The air is often assumed to be an ideal
gas, meaning that particles do not interact with each other. In this case, the equation of state is known as
law of ideal gases, which writes

pV “ nRgT or pMmol “ ρRgT, (2.20)

where Rg « 8.31 J¨mol´1K´1 is called the gas constant and Mmol “ m{n « 28.96 g¨mol´1 is the molar
weight of air. One can show that for ideal gases, U is only a function of T . With this, introducing molar
heat capacities cX :“ 1

nCX , (2.19) reduces to

cp ´ cV “
p
n

´

BV
BT

¯

p
“ Rg. (2.21)

Keeping this equation (called Meyer’s relation) in mind, we now introduce an important quantity in
meteorology, namely the potential temperature

θ :“ T
´ p

p

¯Rg{cp

. (2.22)

We claim that this corresponds to the temperature, an air parcel would have, if it was brought to reference
pressure p « 1bar adiabatically, that is without exchange of heat (Q being constant). In order to show this,
we use (2.18), (2.20) and the fact that U is only T -dependent and write

CVdT “
nRgT

V
dV,

which after an integration gives the adiabatic equations, which describe a path γ Ă Γ characterised by

TVRg{cV “ const. or T p´Rg{cp “ const. (2.23)

Exploiting this constancy between pp,T q and pp, θq, the claim follows. The potential temperature is of
fundamental importance in meteorology as it gives information about stability of the atmosphere (discussed
below) and hence about the existence of updrafts.

We now want to use θ to rewrite condition (2.16). Using the continuity equation

Dtρ “ ´ρdivpuq, (2.24)

we can compute

CV DtT “ DtU “ ´pDtV ` DtQ “
pm
ρ2 Dtρ ` DtQ “ ´pVdivpuq ` DtQ.

11



Using this, (2.20) and (2.21), we can show that

Dtθ “
θ

Tcp
DtQ “ 0,

for adiabatic processes, which we will assume from now on. Let us also divide the potential temperature
into variations of its horizontal and temporal average:

θpϕ, ϑ, z, tq “ θpzq ` δθpϕ, ϑ, z, tq,

where θ is the potential temperature associated to ρ and p. Then

Dtδθ “ ´Dtθ “ ´uz
dθ
dz
. (2.25)

Using (2.20) and (2.23), it follows that

θ

θ
“
ρ

ρ
¨

´ p
p

¯cV {cp

looomooon

«1

,

where cV{cp « 1.4 is called adiabatic coefficient. Hence, relative variations of potential temperature and
density are of the same order in the sense of

δθ

θ
« ´

δρ

ρ
.

Therefore, the condition (2.16) writes

UK

τ
! g

δρ

ρ
« ´g

δθ

θ
« ´τ

g

θ
Dtδθ

p2.25q
“ τ

g

θ
uz

dθ
dz

« τUKN2,

where we introduced the buoyancy frequency (or Brunt-Väissäla frequency)

N :“

d

1

θ

dθ
dz

P C.

This means, we can neglect Dtuz if the Lagrangian time scale τ is much larger than the inverse of the
buoyancy frequency:

τ2 "
1

N2 , (2.26)

and under this assumptions, we are left with the hydrostatic equation

Bz p
ρ

` g “ 0. (2.27)

We now want to further investigate, what the rather abstract condition (2.26) means. The buoyancy
frequency N (Bzθ in particular) has a fundamental importance in meteorology. It gives information about
the stability of the atmosphere: take the logarithm of (2.22) and differentiate it with respect to z, giving,
with use of (2.20) and the hydrostatic equation (2.27),

T
θ

Bzθ “ BzT `
gMmol

cp
.
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In case of no heat exchange (Bzθ “ 0), we have that

´BzT “
gMmol

cp
“: Γd « 9.8˝C ¨ km´1

is constant and called dry adiabatic11 lapse rate. This corresponds to the temperature of an air parcel, if it
moves vertically adiabatically. Defining the atmospheric lapse rate as Γa :“ ´BzT , we find

T
θ

Bzθ “ Γd ´ Γa.

If now N2 ą 0, then Bzθ ą 0 and Γa ă Γd, that is, if a parcel moves upwards, its temperature cools
down faster then the temperature of the ambient air. As a result, it is denser than its environment and gets
pushed down again. Similarly, if it is deflected downwards, its temperature cools less rapidly and therefore
it is pushed up again. This causes oscillations with a period 2π{N [30] and justifies the name for N. So if
N2 ą 0, the atmosphere is called to be stably stratified or statically stable. If on the other hand N2 ă 0,
little displacements of a parcel are enforced as expp|N|tq and the atmosphere is said to be statically unstable.
For N2 “ 0, the atmosphere is called statically neutral. In this case, it is clearly not appropriate to use a
hydrostatic approximation.

Let us investigate a further consequence of (2.27). Under the assumption (2.15), we want to show that
(2.27) approximately follows from the exact hydrostatic balance (see [15])

1
ρ

d
dz

p ` g “ 0, (2.28)

which can be derived from an equilibrium of gravity and pressure gradient. Indeed, since by a first order
Taylor expansion pρ ` δρq´1 « ρ´1

p1 ´ δρ{ρq, we have that

Bz p
ρ

` g «
1
ρ

´

Bzpp ` δpq ´
δρ

ρ
Bzpp ` δpq ` g

¯

p2.28q
“

1
ρ

´

Bzδp ` δρg ´
δρ

ρ
Bzδp

¯

is small due to the typical magnitudes mentioned in (2.17). Equation (2.28) can now easily be solved using
(2.20). Integrating gives the barometric formula

ppzq “ pp0q ¨ e´
Mmolg
RgT z

,

describing an exponential suppression of the hydrostatic pressure with height.

2.6 The shallow atmosphere approximation
In this section, we briefly introduce the problem of performing a shallow atmosphere approximation (i) -
(iii), which has been applied to (2.10) and give some reference for interested readers. Mainly, we follow
[30] and [33].

Compared to the Earth’s radius R « 6378km, the atmosphere with thickness about 10km is shallow.
Hence, it makes sense to apply the approximation (i) and replace r by R. The replacement Br by Bz is
a tautology, if we define z :“ r ´ R. This is known as the basic shallow approximation. Nevertheless,
one should keep in mind that wind speeds and directions can vertically differ strongly, depending on the
stratification, discussed above. Moreover, the Earth is not shallow, if compared to the Earth’s topography,
since mountains rise up to heights of 8km. Therefore, there are cases, in which it is worth using the more
sophisticated deep model (NHD or QHD) instead of applying a shallow atmosphere approximation [30].

11No condensation of water is considered. This would release energy and is called the wet-adiabatic case, even though strictly
speaking, this is not adiabatic anymore. Hence, we assume the relative humidity stays below 100%.

13



Approximation (ii) is done by scale analysis (see Table 1 and [15]). With typical values of the order of
10´8ms´2 for the angular equations and 10´5ms´2 for the radial equation respectively, these terms have a
slight effect on the movement of the air.

Omission (iii) is called traditional approximation, and was introduced by Eckart in 1960 in [9]. For
non-hydrostatic models, it is the most controversial approximation among the above and has been under in-
tense examination in dynamic meteorology for many years. The key factor of determining appropriateness
of the traditional approximation is stratification [20]. More precisely, the cosϑ-terms are small if 2Ω ! N
(see [31] and [27]). With typical values of N « 10´2s´1 and 2Ω « 10´4s´1, this is in general well satis-
fied. However, N can also vary widely and this approximation is not satisfactory, especially for equatorial
regions. For example [32] shows the importance of the terms in planetary scale motions (scales of a few
thousands of kilometers and a few weeks) and tropical (cosϑ « 1) synoptic scales. Nevertheless, the inclu-
sion of the terms seem to make a little difference to numerical weather prediction and climate simulation
[31]. From a mathematical point of view, the following is interesting: it can be shown that, if a basic shal-
low approximation is performed, the traditional approximation need to be made simultaneously in order to
preserve angular momentum and potential vorticity ([25] and [32]).
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3 Optimal transport on the torus
We now leave the physical discussions behind and turn to the mathematical discussion of (1.1). Talking
about existence of solutions requires the language and powerful tools of optimal transport theory, which we
will introduce in this section.

3.1 Introduction to optimal transport
Optimal transport theory goes back to Gaspard Monge in 1781 (see [22]). Following [14], it addresses the
problem of transporting a measure µ on some (nice enough) measure space X into a measure ν on another
measure space Y whilst minimising a function c : X ˆ Y Ñ R Y t`8u, which is called cost. To be more
precise, consider the following definitions.

Definition 3.1 (Transport maps). A measurable map (called a transport map) T : X Ñ Y is said to transport
a measure µ on X (not necessarily a probability measure) to another measure ν on Y if

νpBq “ µpT ´1pBqq for all ν ´ measurable sets B Ď Y. (3.1)

In this case, one writes ν “ T#µ and calls it the push-forward measure of µ under the map T.

Remark 3.2. One can show that (3.1) is equivalent to
ż

X
φ dν “

ż

X
pφ ˝ T q dµ @φ P C8

c pXq.

Definition 3.3 (Monge’s formulation of the optimal transport problem). Given a cost c : X ˆ Y Ñ r0,`8s

and two probability measures µ P PpXq and ν P PpYq, we want to find a transport map T that minimises

Mpµ, ν, cq :“ inf
!

ż

X
cpx, S pxqq dµpxq

ˇ

ˇ ν “ S #µ
)

. (3.2)

In the 1940s, Kantorovich generalised this problem. Whereas in Monge’s formulation, some mass at
x P X is considered to be transported to a unique location S pxq P Y , Kantorovich allowed x P X to distribute
to several locations y P Y . In order to formalise this problem, we first introduce the notion of marginals and
transport plans.

Definition 3.4 (Transport plans and marginals). Let µ and ν be measures on spaces X and Y respectively.
A measure γ on X ˆ Y is called a transport plan (in case of probability measures often called a coupling)
of µ and ν, if

pπXq#γ “ µ and pπYq#γ “ ν,

where πX and πY denote the projections of X ˆ Y onto X and Y respectively. Equivalently, one could ask
that for all measurable sets A Ď X and B Ď Y

γpA ˆ Yq “ µpAq and γpX ˆ Bq “ νpBq.

Moreover, µ and ν are called marginals of γ and one denotes with Γpµ, νq the set of all transport plans of µ
and ν.

Definition 3.5 (Kantorovich’s formulation of the optimal transport problem). Given c : X ˆ Y Ñ r0,`8s,
µ P PpXq and ν P PpYq, minimise

Kpµ, ν, cq :“ inf
!

ż

XˆY
cpx, yq dγpx, yq | γ P Γpµ, νq

)

. (3.3)
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Remark 3.6. Kantorovich being a generalisation of Monge can be understood in the following sense: to
every transport map S , we can associate a transport plan γS :“ pId ˆ S q#µ P Γpµ, νq with the same cost

ż

X
cpx, S pxqq dµpxq “

ż

XˆY
cpx, yq dγS px, yq.

In other words, every minimiser of Monge’s formulation induces a minimiser in the sense of Kantorovich
and we have Kpµ, ν, cq ď Mpµ, ν, cq.

In our case, we are mainly concerned with the case of quadratic cost (L2-cost), meaning that cpx, yq “

|x ´ y|2{2. An important result in optimal transport theory is the proof of the existence of a solution T to
Monge’s problem in this case of X “ Y “ Rd. This result is due to Brenier (see for example [14, Theorem
2.5.10] for a proof).

Theorem 3.7 (Brenier’s Theorem). Let X “ Y “ Rd and cpx, yq “
|x´y|2

2 . Let µ, ν P PpRdq such that µ is
absolutely continuous with respect to the Lebesgue measure and both, µ and ν have finite second moments:

ż

Rd
|x|2 dµpxq `

ż

Rd
|y|2 dνpyq ă `8. (3.4)

Then there is a unique solution T : Rd Ñ Rd of Monge’s formulation (3.2). Moreover, T “ ∇Φ for some
convex function Φ : Rd Ñ RY t`8u.

Observe that Φ being convex implies that it is differentiable almost everywhere. Hence, ∇Φ is well
defined almost everywhere. As this fact is going to be used later, we formulate it as a proposition. A proof
can be found in [29].

Proposition 3.8. Let Ω Ď Rd be an open, convex set and f : Ω Ñ R be a convex function. Then, f is
locally Lipschitz (and hence differentiable almost everywhere).

However, in our case, we will not deal with probability measures on Rd as in Brenier’s Theorem above,
but rather with periodic measures having unit measure on r0, 1qd, which can be identified with probability
measures on Td. This is why we will not be able to make use of Brenier’s Theorem. Instead, we will concern
with its equivalent on Td. This result is due to Erausquin and can be found in [7]. Since this theorem is of
fundamental importance for finding solutions to the SG system, we shall prove it in Section 3.3.

Theorem 3.9 (Optimal transport on the torus). Let µ, ν P PpTdq such that µ “ f dx for some f ą 0 a.e
(denoting with dx the Lebesgue measure on the torus here). Then, there is a unique solution T : Td Ñ Td

of Monge’s formulation (hence ν “ T#µ) for the L2 ´ cost on the torus defined by

cprxs, rysq :“

ˇ

ˇrxs ´ rys
ˇ

ˇ

2
Td

2
“ inf

pPZd

|x ´ y ` p|2

2
, (3.5)

where for two equivalence classes rxs, rys P Td of two points x, y P Rd respectively, we have set
ˇ

ˇrxs
ˇ

ˇ

Td :“ inf
pPZd

|x ` p|.

Moreover T “ r∇Φs for some convex function Φ : Rd Ñ RY t`8u with the properties that

a.) |∇Φ´ Id| ď diampTdq “
?

d
2 a.e in Rd,

b.) Φ´ | ¨ |2{2 is periodic.

Remark 3.10. Observe that property b.) ensures that T “ r∇Φs can be seen as a function T : Td Ñ Td.
Indeed, for any p P Zd,

T px ` pq “ r∇Φpx ` pq ´ px ` pq ` px ` pqs
b.q
“ r∇Φpxq ´ x ` px ` pqs “ r∇Φpxqs “ T pxq.
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3.2 Optimality criteria
The goal of this section is to investigate criteria for the existence of Kantorovich solutions, which will in
turn be used for the proof of Theorem 3.9. For this, we mainly follow [14] and work with a general cost
function c : X ˆ Y Ñ R (finite for this section) and arbitrary (for simplicity complete, separable and locally
compact) metric spaces X and Y . We will also draw the link to the L2-cost on Rd and Td, denoted by

cRpx, yq :“

ˇ

ˇx ´ y
ˇ

ˇ

2

2
and cT prxs, rysq :“

ˇ

ˇrxs ´ rys
ˇ

ˇ

2
Td

2
.

Instead of cR, observe that given the assumption of finite second moments (3.4), we could equally well
consider the cost function cpx, yq “ ´x ¨ y. Indeed,

ż

Rd

ż

Rd

|x ´ y|2

2
dγpx, yq “

ż

Rd

|x|2

2
dµpxq `

ż

Rd

|y|2

2
dνpyq `

ż

Rd

ż

Rd
´x ¨ y dγpx, yq, (3.6)

where the first two integrals on the right hand side are just a finite numbers, independent of γ. This means,
they are not relevant, if one is interested in minimising the above quantity.

First of all, let us generalise the concept of convexity and differentiability.

Definition 3.11 (Convexity and subgradient). A functionΦ : X Ñ RYt`8u is called c-convex, ifΦ ı `8

and for some tλyuyPY Ď RY t´8u,

Φpxq “ sup
yPY

␣

´ cpx, yq ` λy
(

@x P X. (3.7)

In this case, we define the c-subgradient (or c-subdifferential) of Φ at x P X as the set

BcΦpxq :“
␣

y P Y | @z P X : Φpzq ě ´cpz, yq ` cpx, yq ` Φpxq
(

.

The subgradient of Φ is defined as

BcΦ :“
␣

px, yq P X ˆ Y | @z P X : Φpzq ě ´cpz, yq ` cpx, yq ` Φpxq
(

. (3.8)

For the p´x ¨ yq-cost (by (3.6) ”equivalent” to cR), from the above definition, we can retrieve the usual
notion of convexity and the subgradient, which we denote by

BΦpxq :“
␣

y P Y | @z P X : Φpzq ě pz ´ xqy ` Φpxq
(

.

This set contains all possible slopes of affine functions, touching Φ at x from below. Therefore, it makes
sense that this generalises the gradient as follows (see [14, Lemma 2.5.2] for a proof).

Proposition 3.12. Assume Φ : Rd Ñ R Y t`8u is convex and differentiable at x P Rd. Then BΦpxq “

t∇Φpxqu and ∇Φ is continuous at x12.

Another main concept is the one of the Legendre transform, which we can extend to what is called the
c-Legendre transform.

Definition 3.13 (c-Legendre transform). Let Φ : X Ñ R Y t`8u be a c-convex function. We define its
c-Legendre transform as the function Φc : Y Ñ RY t`8u given by

Φcpyq :“ sup
xPX

␣

´ cpx, yq ´ Φpxq
(

.

12This follows from Proposition 3.8 and the continuity of the subgradient: since Φ is differentiable a.e in

dompΦq :“ tx P Rd | Φpxq ă `8u,

we can find a sequence xn Ñ x in the dense set domp∇Φq Ď dompΦq. Due to Lipschitzness of Φ, up to a subsequence, ∇Φpxnq

converges to some y. It then easily follows that y P BΦpxq, that is ∇Φpxnq Ñ y “ ∇Φpxq.
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In case of the p´x ¨ yq-cost, this coincides with the usual notation of the Legendre transform, which we
denote by

Φ˚pyq :“ sup
xPX

␣

x ¨ y ´ Φpxq
(

.

This function is in particular interesting because of the following properties.

Proposition 3.14 (Properties of the Legendre transformation). The following holds.

(1) Being a supremum of linear functions, the Legendre transformation is convex as well. This allows us
to take the transform multiple times. One can show that the Legendre transformation is an involution,
that is Φ˚˚ “ Φ.

(2) On points where both Φ and Φ˚ are differentiable (which due to Proposition 3.8 is true a.e), their
gradients are inverse to each other:

∇Φ ˝ ∇Φ˚ “ ∇Φ˚ ˝ ∇Φ “ Id. (3.9)

Let us now give an important link between the above tools in the case of L2-cost and its standard notions.
The proof is left to the interested reader.

Lemma 3.15. a.) A function Φ : Rd Ñ RY t`8u is convex if and only if

rΦ :“ Φ´
| ¨ |2

2
is cR-convex. In this case,

rΦc “ Φ˚ ´
| ¨ |2

2
and BcR

rΦ “ BΦ˚.

b.) If moreover rΦ is periodic, also rΦc is periodic and one can replace cR with cT above. To be precise,
the equality of the subgradients holds up to choosing an appropriate representative: assuming y P Rd is a
representative of rys P Td, which is closest to some representative x P Rd, we have

y P BΦpxq ðñ rys P BcrΦprxsq. (3.10)

We now want to use the above introduced notions to formulate criteria for being a Kantorovich solution.
Consider a c-convex function Φ : Rd Ñ RY t`8u. It follows from Definition 3.13 that

cpx, yq ě ´Φpxq ´ Φcpyq @px, yq P X ˆ Y. (3.11)

If px, yq P BΦ, by definition of the subgradient (3.8), the other inequality holds as well and we get13

cpx, yq “ ´Φpxq ´ Φcpyq @px, yq P BΦ. (3.12)

This is already enough to formulate a criterion for optimality for some measure γ P Γpµ, νq. If we assume
that px, yq P BΦ γ-a.e, we can conclude for any arbitrary rγ P Γpµ, νq14,

ż

X

ż

Y
cpx, yq drγpx, yq

p3.11q

ě

ż

X

ż

Y

´

´ Φpxq ´ Φcpyq

¯

drγpx, yq “

ż

X
´Φpxq dµpxq `

ż

Y
´Φcpyq dνpyq

p3.12q
“

ż

X

ż

Y
cpx, yq dγpx, yq.

In other words, if supppγq Ď BΦ, then γ is optimal. Let us recall the definition of the support of a measure.
13 Since by definition Φ ı `8, we can assume that Φpxq ă `8, as otherwise, by (3.8), BΦ “ Ø and the statement would be

empty.
14To be precise, in the second step, one would need to make sure thatΦ andΦc are integrable in order to apply Fubini. Alternatively,

one could argue as follows: if the cost function is bounded uniformly, due to (3.11), Φ and Φc (without loss of generality, both not
being identically `8) are uniformly bounded from below. Hence, up to adding a suitable constant, they are non negative and we
could therefore approximate them by monotonically from below by measurable, bounded (hence integrable) functions. The claim then
follows by taking the limit. For details, also compare to [12, footnote 10].
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Definition 3.16. Let λ be a measure on some space X. We define the support of λ as

supppλq :“
␣

x P X | for all open neighbourhoods Nx of x, λpNxq ą 0
(

.

As a result, we have the following lemma.

Lemma 3.17. Assume the cost function c P C0pX ˆ Yq is such that we exclude the case, when every γ is a
minimiser, that is, we assume

inf
γ̃PΓpµ,νq

ż

XˆY
c dγ̃ ă `8.

Then, if for a c-convex function Φ : X ˆ Y Ñ R Y t`8u, we have supppγq Ď BΦ, then γ is a solution to
Kantorovich’s formulation (3.3).

As we will see in Theorem 3.19, the inverse is also true: if γ is optimal, then there is a c-convex function
such that supppγq Ď BΦ. For this, we introduce the concept of c-cyclical monotonicity.

Definition 3.18. A set S Ď XˆY is called c-cyclically monotone, if for any finite set of points tpxi, yiqun
i“1 Ď

S and for any permutation π of t1, 2, ..., nu we have

n
ÿ

i“1

cpxi, yiq ď

n
ÿ

i“1

cpxπpiq, yiq. (3.13)

In the case of p´x ¨ yq-cost or equivalently cR-cost15 one calls S simply cyclically monotone.

This condition reminds of optimality in the sense that taking a finite sets of pairs in S , permuting the
order of points can only increase the cost. We now want to use this concept to show the two following
characterisations of optimality, which can be found in [14].

Theorem 3.19. Let c P C0pX ˆ Yq be bounded from below, µ P PpXq, ν P PpYq and assume that

inf
rγPΓpµ,νq

ż

XˆY
c drγ ă `8.

Then, for any γ P Γpµ, νq, the following statements are equivalent.

(1) γ is optimal, that is a solution to Kantorovich’s formulation (3.3),
(2) supppγq is c-cyclically monotone,
(3) supppγq Ď BcΦ for some c-convex function Φ : X Ñ RY t`8u.

Proof. p3q ñ p1q: This implication is given by Lemma 3.19.

p1q ñ p2q: We argue by contraposition and assume, S :“ supppγq is not c-cyclically monotone. This
means, there exist ε ą 0, n P N, a permutation π of t1, 2, ..., nu and tpxi, yiqun

i“1 Ď S such that

n
ÿ

i“1

cpxi, yiq ą

n
ÿ

i“1

cpxπpiq, yiq ` ε. (3.14)

By continuity of c, there are neighbourhoods Ui of xi and Vi of yi such that

|cpx, yq ´ cpxi, yiq| ď
ε

4n
@px, yq P Ui ˆ Vi,

|cpx, yq ´ cpxπpiq, yiq| ď
ε

4n
@px, yq P Uπpiq ˆ Vi.

(3.15)

15Also, we have equivalence to the cT -cyclical monotonicity up to choosing an appropriate representative, similarly to (3.10).

19



Owing to Definition 3.16, we have that all δi :“ γpUi ˆ Viq ą 0, @i P t1, ..., nu. Let δ be the smallest of
them and define

γipAq :“
1
δi
γpA X pUi ˆ Viqq,

µi :“ pπXq#γi,

νi :“ pπYq#γi,

γπi :“ µπpiq ˆ νi,

γ1 :“ γ ´
δ

n

n
ÿ

i“1

pγi ´ γπi q.

By choice of δ, it is not hard to see that γ1 ě 0 and γ1 P Γpµ, νq, so we are left to show that
ż

XˆY
c dγ1 ă

ż

XˆY
c dγ

in order to show that γ can not be optimal. Indeed,

ż

XˆY
c dpγ ´ γ1q “

δ

n

n
ÿ

i“1

´

ż

XˆY
c dγi ´

ż

XˆY
c dγπi

¯

“
δ

n

n
ÿ

i“1

´

ż

UiˆVi

c dγi ´

ż

UπpiqˆVi

c dγπi
¯

p3.15q

ě
δ

n

n
ÿ

i“1

´

pcpxi, yiq ´
ε

4n
q ´ p

ε

4n
` cpxπpiq, yiqq

¯

“
δ

n

n
ÿ

i“1

´

cpxi, yiq ´ cpxπpiq, yiqq

¯

´
δε

2n

p3.14q

ą
δε

n
´
δε

2n
“
δε

2n
ą 0.

p2q ñ p3q: The proof of this implication closely follows [12] and [26, Theorem 1]. We will show the
statement for general sets S Ď X ˆ Y , so in particular, it holds for S “ supppγq. Assume that S (without
loss of generality nonempty) is c-cyclically monotone and for some fixed px0, y0q P S , consider the function
Φ : X Ñ RY t`8u given by

Φpxq :“ sup
tpxi,yiqun

i“1ĎS
nPN

´

´ cpx, ynq ` cpxn, ynq ´ cpxn, yn´1q ` cpxn´1, yn´1q ´ cpxn´1, yn´2q ` ...

... ´ cpx1, y0q ` cpx0, y0q

¯

.

Separating yn from the supremum, one can show that this function can be written in the form of (3.7) (see
[28, page 77 ff.] for details). Moreover, we claim that16 Φpx0q ď 0, so in particular Φ ı `8. This is the
only point, where we make use of c-cyclical monotonicity of S : for any finite set tpxi, yiqun

i“1 Ď S ,

´cpx0, ynq ` cpxn, ynq ´ cpxn, yn´1q ` cpxn´1, yn´2q ´ ... ` cpx0, y0q ď 0.

Hence, Φ is c-convex. Now take an arbitrary px, yq P S . If we can show that @α ă Φpxq and @z P X,
we have Φpzq ě ´cpz, yq ` cpx, yq ` α, we can then take the supremum over all such α, implying that
y P BΦpxq, or respectively px, yq P BΦ, and we have finished the proof.

16Actually, even Φpx0q “ 0, which can be seen choosing n “ 1 and px1, y1q “ px0, y0q.
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So let α ă Φpxq. By definition of Φ, there exists a finite set of points tpxi, yiqun
i“1 Ď S such that

α ă ´cpx, ynq ` cpxn, ynq ´ cpxn, yn´1q ` cpxn´1, yn´1q ´ ... ` cpx0, y0q.

Therefore, letting xn`1 :“ x and yn`1 :“ y, we conclude that @z P X,

Φpzq ě ´cpz, yq ` cpx, yq ´ cpx, ynq ` cpxn, ynq ´ ... ` cpx0, y0q

ą ´cpz, yq ` cpx, yq ` α.

□

3.3 Proof of the optimal transport theorem on the torus
The goal of this section is to prove Theorem 3.9. For this, we follow [7].

Lemma 3.20. Let txiu
n
i“1 be points in r0, 1qd and tyiu

n
i“1 representants of points tryisu

n
i“1 in Td, which are

closest to the xi (so
ˇ

ˇrxis ´ ryis
ˇ

ˇ

Td “ |xi ´ yi|). Assume moreover, the points fulfil the assumption

n
ÿ

i“1

ˇ

ˇrxis ´ ryis
ˇ

ˇ

2
Td ď

n
ÿ

i“1

ˇ

ˇrxπpiqs ´ ryis
ˇ

ˇ

2
Td for all permutations π of t1, ..., nu. (3.16)

Then, defining xi,p :“ xi ` p, the set

D :“
␣

pxi,p, yi,pq | i P t1, ..., nu and p P Zd( (3.17)

is cyclically monotone.

Proof. Take txiu
n
i“1 and tyiu

n
i“1 as above consider a finite subset

␣

pxi,p, yi,pq | i P I, p P P
(

Ă D

for some sets I Ď t1, ..., nu and P Ă Zd finite. Let π be an arbitrary permutation of I ˆ P. We then want to
show that (3.13) holds for cR. To this aim, define

ai j :“
1

|P|

ˇ

ˇ

ˇ

␣

p P P | Dq P P with πpi, pq “ p j, qqu

ˇ

ˇ

ˇ
,

and denote with χA the characteristic function of a set A. Then we compute
ÿ

iPI,pPP

|xπpi,pq ´ yi,p|2 “
ÿ

i, jPI,p,qPP

χ
tpJ,QqPIˆP | πpi,pq“pJ,Qqu

p j, qq ¨ |xπpi,pq ´ yi,p|2

“
ÿ

i, jPI,p,qPP

χ
tpJ,QqPIˆP | πpi,pq“pJ,Qqu

p j, qq ¨ |x j,q ´ yi,p|2

ě
ÿ

i, jPI,p,qPP

χ
tpJ,QqPIˆP | πpi,pq“pJ,Qqu

p j, qq ¨
ˇ

ˇrx js ´ ryis
ˇ

ˇ

2
Td

“
ÿ

i, jPI

ÿ

pPP

χ Ť

QPP
tJPI | πpi,pq“pJ,Qqu

p jq ¨
ˇ

ˇrx js ´ ryis
ˇ

ˇ

2
Td

“
ÿ

i, jPI

|P| ¨ ai j ¨
ˇ

ˇrx js ´ ryis
ˇ

ˇ

2
Td .

Observing that the matrix ai j is bistochastic, meaning that
ÿ

iPI

ai j “
ÿ

jPI

ai j “ 1,
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we can apply Birkhoff’s Theorem, stating that we can write ai j as a convex combination of permutation
matrices, that is, there are bl ě 0 for l “ 1, 2, ...,N and permutation matrices pplq

i j :“ δσlpiq, j for i, j P I and
permutations σl of I such that

N
ÿ

l“1

bl “ 1 and ai j “

N
ÿ

l“1

bl ¨ pplq
i j .

Therefore, we can continue the above calculation and conclude

ÿ

i, jPI

|P| ¨ ai j ¨
ˇ

ˇrx js ´ ryis
ˇ

ˇ

2
Td “

N
ÿ

l“1

bl

ÿ

i, jPI

|P| ¨ δσlpiq, j ¨
ˇ

ˇrx js ´ ryis
ˇ

ˇ

2
Td “

N
ÿ

l“1

bl

ÿ

iPI

|P| ¨
ˇ

ˇrxσlpiqs ´ ryis
ˇ

ˇ

2
Td

p3.16q

ě

N
ÿ

l“1

bl

ÿ

iPI

|P| ¨
ˇ

ˇrxis ´ ryis
ˇ

ˇ

2
Td

“
ÿ

iPI

|P| ¨ |rxis ´ ryis
ˇ

ˇ

2
Td

“
ÿ

iPI,pPP

ˇ

ˇrxis ´ ryis
ˇ

ˇ

2
Td

“
ÿ

iPI,pPP

|xi,p ´ yi,p|2.

□

The following proposition (compare to [21, Theorem 10] or [14, Theorem 2.5.10]) is key for the proof
of Theorem 3.9. It shows under which assumption, a solution to the optimal transport problem in Kan-
torovich’s sense is also a solution in the sense of Monge.

Proposition 3.21. Let µ, ν be measures on Rd with µ “ f dx for some function f ą 0 a.e and γ P Γpµ, νq.
Moreover, for some convex function Φ : Rd Ñ RY t`8u, let γ be supported on the subgradient of Φ, that
is supppγq Ď BΦ. Then, we have

γ “ pId ˆ ∇Φq#µ,

and hence ν “ p∇Φq#µ.

Proof. By definition of BΦ, whenever px, yq P supppγq Ď BΦ, we have Φpxq ă `8 (see footnote 13).
Since γ P Γpµ, ν), we have Φ ă `8 µ-a.e and by absolute continuity of µ,

Φ ă `8 a.e. (3.18)

Due to Proposition 3.8, Φ must be differentiable almost everywhere in the interior of its domain (where it
is finite), hence by (3.18) almost everywhere in Rd. Let A Ă Rd be the null set of points where ∇Φ is not
differentiable. Fixing px, yq P supppγq Ď BΦ such that x P RdzA, by Proposition 3.12 we have y “ ∇Φpxq.
As a result,

supppγq X pRdzA ˆ Rdq Ď graphp∇Φq.

Since γpA ˆ Rdq “ 0, we can say that

px, yq P graphp∇Φq γ ´ a.e. (3.19)

Therefore, we conclude for any measurable set B Ď Rd ˆ Rd,

γpBq “ γ
`

B X graphp∇Φq
˘

“ γ
`

pId ˆ ∇Φq´1pBq ˆ Rd˘ “ µ
`

pId ˆ ∇Φq´1pBq
˘

“ pId ˆ ∇Φq#µpBq.

□
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The idea for the proof of Theorem 3.9 is to approximate µ and ν by Dirac measures, which are much
more convenient to handle. We therefore introduce the notion of weak convergence of measures and show
a lemma, which allows to transfer properties of a sequence of a measure to its limit.

Definition 3.22. Let M be the set of all positive Radon measures on Rd, which by the Riesz-Markov-
Kakutani Theorem can be seen as linear functionals on the space of test functions:M “ C8

c pRdq˚. We say
that a sequence pλnqnPN inM converges weakly to λ and write λn á˚ λ, if @φ P C8

c pRdq,
ż

Rd
φ dλn

nÑ`8
ÝÑ

ż

Rd
φ dλ.

Lemma 3.23 (Approximation of supports). Let λn á˚ λ in M. Then for any x P supppλq there is a
subsequence nk and a sequence xk P supppλnk q such that xk Ñ x.

Proof. Let x P supppλq and Brpxq an open ball of radius r around x. For every k P N, consider the sequence
of functions φk P C8

c pRd) given by

φkpyq “

#

1 y P B 1
k`1

pxq,

0 y < B 1
k
pxq.

Then @k P N, we have
ż

Rd
φkdλn Ñ

ż

Rd
φkdλ ě λpB 1

k`1
pxqq ą 0.

For any fixed k P N, we can therefore find some nk P N large enough (without loss of generality nk ą nk´1),
such that

λnk pB 1
k
pxqq ě

ż

Rd
φkdλnk ą 0.

This means Dxk P supppλnk q with xk Ñ x. □

Now we are ready to prove Theorem 3.9.

Proof of Theorem 3.9. Let µ and ν be as in Theorem 3.9. We can see them as periodic measures on Rd and
find approximative measures (see [4, Example 8.1.6] or also compare with [21, Lemma 7])

µn “
1
n

n
ÿ

k“1

ÿ

pPZd

δxpnq

k `p and νn “
1
n

n
ÿ

k“1

ÿ

pPZd

δypnq

k `p,

such that µn á˚ µ and νn á˚ ν for some xpnq

k , ypnq

k P Rd and δx the Dirac measure at x P Rd. Without loss
of generality, we can assume17 xk P r0, 1qd and yk are closest to the xk. Up to reordering the xk and yk, they
can also be assumed to fulfil (3.16). This allow to apply Lemma 3.20 and we deduce that the measures

γn :“
1
n

n
ÿ

k“1

ÿ

pPZd

δpxk`p, yk`pq

have cyclically monotone supports. Moreover γn P Γpµn.νnq. Remark that γn not probability measures,
neither on Rd, nor on Td, but only Radon measures. However, they are bounded on compact subsets of
Rd ˆ Rd, uniformly in n P N, which allows to extract a subsequence, weakly converging to some Radon
measure γ.

17For convenience we omit the n-dependence in xpnq

k and ypnq

k in the following.
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The idea is now to transfer the properties of γn to γ (compare to [21], Lemma 9). As a direct consequence
of the approximation of supports (see Lemma 3.23), also γ has a cyclical monotone support. Moreover, by
choice of the xk and yk together with Lemma 3.23,

px, yq P supppγq ñ |x ´ y| ď

?
d

2
. (3.20)

Using an approximative test function inRd, one can show that γ P Γpµ, νq. Even though γ is not a probability
measure on Rd ˆ Rd, we have shown the implication 2.q ñ 3.q in Theorem 3.19 for general sets, so there
is a convex function Φ (by definition Φ ı `8q, such that supppγq Ď BΦ. So by Proposition 3.21, we
conclude that

γ “ pId ˆ ∇Φq#µ. (3.21)

However, since γ is not necessarily a probability measure on the torus yet, this result should a priori be
understood in Rd. In order to understand (3.21) in Td, we need periodicity of ∇Φ ´ Id (see Remark 3.10),
so we first concern with properties a.) and b.), namely

a.) |∇Φ´ Id| ď diampTdq “
?

d
2 a.e in Rd,

b.) Φ´ | ¨ |2{2 is periodic.

To arrive there, we first claim that

x P supppµq ñ px,∇Φpxqq P supppγq. (3.22)

Indeed, because Φ ă `8 almost everywhere (see 3.18)), Φ is differentiable almost everywhere with
continuous gradient (see footnote 12). This means that for any open neighbourhood N of px,∇Φpxqq,
pId ˆ ∇Φq´1pNq is an open neighbourhood of x. As a result,

γpNq “ µ
`

pId ˆ ∇Φq´1pNq
˘

ą 0,

giving (3.22). Combining (3.20) and (3.22), we deduce that for any x P supppµq,

|∇Φ´ Id| ď

?
d

2
,

hence, by absolute continuity of µ, this holds almost everywhere in Rd and yields property a.).

Concerning b.), we claim that for almost every x P Rd and for all p P Zd,

∇Φpx ` pq “ ∇Φpxq ` p. (3.23)

For this, take x P supppµq. Since also x ` p P supppµq, due to (3.22), both px,Φpxqq and px ` p,∇Φpx ` pqq

are in supppγq. Taking another time some approximating sequences in supppγnq, it follows that their dif-
ference must be pp, pq and (3.23) follows. This implies that ∇Φ ´ Id is periodic up to redefining ∇Φ on
a null set, which is however not the same as saying Φ ´ | ¨ |2{2 is periodic, as claimed in b.), but only its
gradient. We can resolve this problem, if we redefine Φ by adding a function, which is piecewise constant
on the cubes r0, 1qd ` p. This leaves ∇Φ invariant almost everywhere and hence, also b.) is done.

We are now ready to give the proof of the fact that T “ r∇Φs is the unique optimal map on the torus,
transporting µ to ν (now seen as measures on Td). Let us extend the measure γ (up to now only supported
on the diagonal cubes r0, 1qd ˆ r0, 1qd ` pp, pq, for p P Zd) periodically to the whole Rd ˆ Rd and call it
γ. Due to (3.10) and our choice of xk and yk, we arrive at supppγq Ď BcT

rΦ for the cT -convex and periodic
function

rΦ :“ Φ´
| ¨ |2

2
.
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Thanks to Theorem 3.19, we follow that γ is optimal on the torus for the L2-cost. A calculation shows that
as expected, (3.21) promotes to its equivalence on the torus:

γ “ pId ˆ r∇Φsq#µ,

which means T “ r∇Φs is the optimal map such that ν “ T#µ (see Remark 3.6).

Concerning uniqueness, assume that we have two optimal transport plans γ1 and γ2. Then,

γ3 :“
γ1 ` γ2

2
P Γpµ, νq

is optimal as well. By Theorem 3.19, we know that they must be supported on some cT -convex functions
Φ1, Φ2 and Φ3 respectively. By Proposition 3.21 it hence holds for any i “ 1, 2, 3 that γi “ pId ˆ ∇Φiq#µ
and (see 3.19)

px, yq P graphp∇Φiq γi ´ a.e.

Moreover, by definition of γ3, it is also true that px, yq P graphp∇Φ3q γ1 ´ a.e, giving

px,∇Φ1pxqq “ px,∇Φ3pxqq γ1 ´ a.e.

But because γ1 P Γpµ, νq, we follow that ∇Φ1 “ ∇Φ3 µ ´ a.e. The same arguments for γ2 give ∇Φ1 “

∇Φ3 “ ∇Φ2 µ-a.e and hence γ1 “ γ2. □
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4 The dual SG system

4.1 Transport equations
In this section, we want to consider transport equations in slightly larger generality, which we then can
apply to our case. As the dimension is not important, we work with Rd. Let ra, bs Ď R be a closed interval
allowing b “ `8, in which case one replaces ra, bs with ra,`8q. Given an initial measure σ on Rd, the
transport equation for a divergence-free velocity field v : ra, bs ˆ Rd Ñ Rd and a measure of the form18

σ “ σt ˆ dt, where σt is a time dependent measure on Rd, reads as
$

’

&

’

%

Btσ ` divpvσq “ 0 in ra, bs ˆ Rd,

divpvq “ 0 in ra, bs ˆ Rd,

σa “ σ in Rd.

(4.1)

In order to give a meaning to this equation, consider the following definition.

Definition 4.1. A pair pσ, vq of a measure of the form σ “ σt ˆ dt on ra, bs ˆ Rd and a time dependent
vector field v : ra, bs ˆ Rd Ñ Rd (or replace ra, bs by ra,`8q) are called a weak solution to (4.1), if the
following three properties are satisfied.

(1) The map t ÞÑ ||vt||L1pRd , σtq is in L1
`

ra, bs
˘

,
(2) @φ P C8

c

`

ra, bq ˆ Rd
˘

ż b

a

ż

Rd

´

Btφ ` ∇φ ¨ v
¯

dσ `

ż

Rd
φa dσ “ 0,

(3) @φ P C8
c pRdq and for a.e t P ra, bs

ż

Rd
∇φvt dx “ 0.

There are many ways to describe weak solutions equivalently. Let us collect some further possibilities
in a proposition.

Proposition 4.2. The following holds.

(i) Equivalently to (2) in Definition 4.1, one could separately require σa “ σ and @φ P C8
c

`

pa, bq ˆRd
˘

(now also vanishing at t = a),
ż b

a

ż

Rd

´

Btφ ` ∇φ ¨ v
¯

dσ “ 0.

(ii) Equivalently to (1) and (2) in Definition 4.1, one could require σa “ σ, the map t ÞÑ
ş

Rd φ dσt is
absolutely continuous @φ P C8

c pRdq and

d
dt

ż

Rd
φ dσt “

ż

Rd
∇φvt dσt for a.e t P ra, bs. (4.2)

To be precise, for the ”ñ” direction, the statement would be: there exists rσt “ σt for a.e t P ra, bs

such that the above holds.

(iii) Assume vt and σt are periodic and identify them with a function (a measure respectively) on Td.
Equivalently to Definition 4.1 and (i) and (ii) above, one could replace Rd with Td everywhere. Note
that compact support on Td is an empty condition.

18With this formal notation, we mean that for any integrable function f we have
ş

ra,bsˆRd f dσ “
şb

a

ş

Rd f px, tq dσtpxqdt.
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4.2 Solution to the transport equation
Let us now try to find a solution to (4.1). For the moment, we assume v is smooth in the space variable and
at least continuous in time. Then we can apply the Picard-Lindelöf Theorem (Lipschitz in space, uniformly
with respect to time would be enough) to find a unique function Y : ra, bs ˆ Rd Ñ Rd (called flow for v)
such that19

#

BtY “ v ˝ Y in ra, bs ˆ Rd,

Ya “ Id in Rd.
(4.3)

We claim that the measure σt :“ pYtq#σ solves the transport equation (4.1). Indeed, σa “ σ and for an
arbitrary φ P C8

c pRdq and for a.e t P ra, bs we have

d
dt

ż

Rd
φ dσt “

d
dt

ż

Rd
pφ ˝ Ytq dσ “

ż

Rd
p∇φ ˝ Ytq ¨ BtYt dσ “

ż

Rd
p∇φ ˝ Ytq ¨ pvt ˝ Ytq dσ

“

ż

Rd
∇φ ¨ vt dσt, (4.4)

which is (4.2).

We now show that Yt is invertible for any fixed t P ra, bs. Injectivity follows by inverting the flow: if
Ytpy1q “ Ytpy2q ” At, we can set Y1,2

s pAtq :“ Yt´spy1,2q for any s P r0, t ´ as, which both fulfil a time
reversed ODE

#

BsY
1,2
s pAtq “ ´vt´spY1,2

a pAtqq @s P r0, t ´ as,

Y1,2
0 pAtq “ At,

and hence by uniqueness of ODE’s are the same. In particular, for the time s “ t ´ a we can conclude
y1 “ y2. Moreover, we claim that det DYtpyq ” 1, which then gives local invertibility of Yt and hence in-
vertibility. Indeed, by differentiating (4.3) with respect to y (see for example [17, Section XIV] for regularity
assumptions in the initial data y), we have det DYapyq ” 1 and for any t P ra, bs,

d
dt

pdet DYtpyqq “ lim
εÑ0

det DYt`εpyq ´ det DYtpyq

ε

“ lim
εÑ0

det
`

DYtpyq ` ε d
dt DYtpyq ` opεq

˘

´ det DYtpyq

ε

p4.3q
“ lim

εÑ0

det
´

DYtpyq ` εDvtpYtpyqq ¨ DYtpyq

¯

´ det DYtpyq ` opεq

ε

“
d
dε

ˇ

ˇ

ˇ

ε“0
det

´

DYtpyq ` εDvtpYtpyqq ¨ DYtpyq

¯

“ det
`

DYtpyq
˘

¨ divpvtq
“

Ytpyq
‰

“ 0,

where in the last line, for some matrix A, we used

d
dε

ˇ

ˇ

ˇ

ε“0
detpId ` εAq

p7.19q
“

d
dε

ˇ

ˇ

ˇ

ε“0

´

1 ` ε ¨ trpAq ` opεq

¯

“ trpAq.

19In the following, composition is always understood in a spatial sense, that is v ˝ Y is the function pt, yq ÞÑ vtpYtpyqq.
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We can now use invertibility to show that our solution σt is even unique. Considering an arbitrary
solution σt of (4.1), we can set rσt :“ pY´1

t q#σt and compute for an arbitrary φ P C8
c pRdq,

d
dt

ż

Rd
φ drσt “

d
dt

ż

Rd
pφ ˝ Y´1

t q dσt
p4.2q
“

ż

Rd
∇pφ ˝ Y´1

t q ¨ vt dσt “

ż

Rd
p∇φ ˝ Y´1

t q ¨ BtY´1
t ¨ vt dσt

p4.3q
“

ż

Rd
∇φ ¨ pBtY´1

t ˝ Ytq ¨ BtYt drσt

“

ż

Rd
∇φ ¨ Bt pY´1

t ˝ Ytq
loooomoooon

IdRd

drσt “ 0.

Therefore Btrσt “ 0 ñ rσt “ rσa and

pY´1
t q#σt “ rσt “ rσa “ σa “ σ ñ σt “ pYtq#σ,

proving uniqueness of σt.

In our case, the initial measure σ will be absolutely continuous with respect to the Lebesgue measure
(let us abuse notation and call its density still σ). Then we can express our solution σt more explicitly as
follows: performing a variable transformation zpyq :“ Ytpyq and recalling that det DYt ” 1, we can rewrite
@φ P C8

c pRdq,
ż

Rd
φ dσt “

ż

Rd
pφ ˝ Ytq ¨ σdy “

ż

Rd
φ ¨ pσ ˝ Y´1

t qdz,

and deduce that also σt “ pσ ˝ Y´1
t q is absolutely continuous. So we have

σt ˝ Yt “ σ. (4.5)

The following remark, following directly from (4.5), will be very useful later.

Remark 4.3. Bounds are preserved in time: considering the measure σ as a function on ra, bs ˆRd, we get

λ ď σ ď Λñ λ ď σ ď Λ.

4.3 Formal derivation of the dual SG system
We are now equipped with the tools needed to attack the problem of finding weak solutions to the SG
equations (1.2). We first want to show the connection between the transport equation and the SG system.
Recall Brenier’s Theorem (Theorem 3.7), stating that optimal maps are given by the gradient of convex
functions. In fact, there also exists an inverse statement, which can for example be studied in [14, Corollary
2.5.12]: if a map, pushing forward a measure µ into ν, is given by the gradient of a convex function, it is
optimal. Motivated by this, it is therefore interesting to study the behaviour of the push-forward measure of
the Lebesgue measure under the gradient of Pt (being convex), namely

ρt :“ p∇Ptq#dx, (4.6)

which can be identified with a probability measure on T2 (compare to Remark 3.10).

Let us now investigate the time evolution of ρt. We do a formal computation (assuming enough regular-
ity on Pt and ut). For an arbitrary φ P C8

c pR2q, we have

d
dt

ż

R2
φ dρt “

d
dt

ż

R2
pφ ˝ ∇Ptq dx

“

ż

R2
p∇φ ˝ ∇Ptq ¨ Bt∇Pt dx

p1.2q
“ ´

ż

R2
p∇φ ˝ ∇Ptq ¨ put ¨ ∇q∇Pt dx ´

ż

R2
p∇φ ˝ ∇Ptq ¨ p∇Pt ´ IdqKdx. (4.7)
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Notice that for the first integral in (4.7), using divputq “ 0, we find
ż

R2
p∇φ ˝ ∇Ptq ¨ put ¨ ∇q∇Pt dx “

ż

R2
p∇φ ˝ ∇Ptq ¨ pD2Pt ¨ utq dx “

ż

R2
∇pφ ˝ ∇Ptq ¨ ut dx “ 0.

Using the invertibility property of the Legendre transformation (3.9), we can continue our computation in
(4.7) and write

d
dt

ż

R2
φ dρt “ ´

ż

R2
p∇φ ˝ ∇Ptq ¨ p∇Pt ´ ∇P˚

t ˝ ∇Ptq
Kdx “ ´

ż

R2
∇φ ¨ pId ´ ∇P˚

t qKdρt. (4.8)

We define20

U :“ p∇P˚ ´ IdqK, (4.9)

which due to part b.) of Lemma 3.15 defines a function on T2 and arrive at the weak formulation of

Btρ ` divpUρq “ 0.

Hence, assuming enough regularity on pP,uq, we found a pair pP˚, ρq, which satisfies the following dual
SG system:

$

’

’

’

&

’

’

’

%

Btρ ` divpUρq “ 0 in r0,`8q ˆ T2,

U “ p∇P˚ ´ IdqK in r0,`8q ˆ T2,

dx “ p∇P˚
t q#ρt in r0,`8q ˆ T2,

ρ0 “ ρ in T2,

(4.10)

where in order to decouple the system from P, we introduced ρ as an absolutely continuous measure on
T2 replacing p∇P0q#dx and we have used the invertibility property of the gradient of the Legendre transfor-
mation (3.9) to also express the third equation in terms of P˚

t
21. Remark that since U can be written as a

rotated gradient, divpUq “ 0. So we found a dual system, consisting of a transport equation in the form of
(4.1), for which we at least formally found a solution in the previous section. However, we can not apply
this directly, since the velocity field U is not simply given, but depends on the solution P˚. This problem is
resolved in the following section.

20Id always denotes the identity with respect to the space variable and is independent of time.
21Here we slightly abuse notation: ∇P˚

t is not necessarily a function on T2, however due to Lemma 3.15, ∇P˚
t ´ Id is periodic,

hence by Remark 3.10 we can consider its projection on the torus.
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5 Existence of solutions to the dual SG system
In this section we want to apply the theory developed in Section 4.2 in order to construct a solution to (4.10).
For this, we follow [12]. Assume the initial measure ρ is absolutely continuous and for constants λ and Λ,

0 ă λ ď ρ ď Λ.

The procedure is not that easy as in Section 4.2, since U, which we need to construct solutions, depends on
the solution P˚ itself. We therefore try to solve the system stepwise by constructing approximate solutions
on small intervals of width ε ą 0. After that, we tend ε Ñ 0 and prove that the constructed piecewise
solutions converge in some sense to solutions to the dual SG system (4.10).

5.1 Construction of approximate solutions
Step 1: fix a small timestep ε ą 0, let δ ą 0 be a regularisation parameter and set

χδpyq :“
1
δ2 χp

y
δ

q for some χ P C8
c pR2q.

Since by assumption, ρ is an absolutely continuous measure on the torus, we can apply Theorem 3.9 to find
a convex function22 P˚

0 , such that

dx “ p∇P˚
0 q#ρ.

For later convenience, we let P˚
0 evolve over the small ε-interval by setting P˚,ε,δ

t “ P˚
0 for all t P r0, εs.

Notice constancy in t, ε and δ: no mollification in δ has been done yet. @t P r0, εs, we now define the
regularisation

U ε,δ
t pyq :“

`

p∇P˚
0 ´ IdqK ˚ χδ

˘

pyq :“
ż

R2
p∇P˚

0 ´ IdqKpzq ¨ χδpy ´ zqdz,

which is C8pR2q with vanishing divergence and constant (hence continuous) in t. So we can go on as in
Section 4.2 and find a flow Yε,δ for U ε,δ:

#

BtYε,δ “ U ε,δ ˝ Yε,δ in r0, εs ˆ R2,

Yε,δ
0 “ Id in R2,

which we use to define @t P r0, εs,

ρε,δt :“ pYε,δ
t q#ρ.

By the calculation done in (4.4) and the propagation of bounds (Remark 4.3) we have
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btρ
ε,δ ` divpU ε,δρε,δq “ 0 in r0, εs ˆ R2,

U ε,δ “ p∇P˚,ε,δ ´ IdqK ˚ χδ in r0, εs ˆ R2,

dx “ p∇P˚,ε,δ
t q#ρ

ε,δ
0 in r0, εs ˆ R2,

ρε,δ0 “ ρ in R2,

0 ă λ ď ρε,δ ď Λ in r0, εs ˆ R2.

Step 2: since ρε,δε is absolutely continuous (see (4.5)), we can again apply Theorem 3.9 to find a convex
function P˚,ε,δ

ε (overwriting P˚,ε,δ
t from Step 1 at t “ ε) such that

dx “ p∇P˚,ε,δ
ε q#ρ

ε,δ
ε .

22Due to the invertibility property (3.9), this function will take the role of the Legendre transformation of P0.

30



As before, for all t P rε, 2εs we set P˚,ε,δ
t :“ P˚,ε,δ

ε and (again overwriting it at t “ ε)

U ε,δ
t :“ p∇P˚,ε,δ

ε ´ IdqK ˚ χδ.

Picard Lindelöf again provides us a solution Yε,δ to
#

BtYε,δ “ U ε,δ ˝ Yε,δ in rε, 2εs ˆ R2,

Yε,δ
ε “ Id in R2.

Defining for t P rε, 2εs,

ρε,δt :“ pYε,δ
t q#ρ

ε,δ
ε ,

we arrive at
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btρ
ε,δ ` divpU ε,δρε,δq “ 0 in rε, 2εs ˆ R2,

U ε,δ “ p∇P˚,ε,δ ´ IdqK ˚ χδ in rε, 2εs ˆ R2,

dx “ p∇P˚,ε,δ
t q#ρ

ε,δ
ε in rε, 2εs ˆ R2,

ρε,δ0 “ ρ in R2,

0 ă λ ď ρε,δ ď Λ in rε, 2εs ˆ R2.

With ρε,δ2ε again being absolutely continuous, we repeat this process infinitely many times and finally get
an approximate solution to the dual SG system (4.10), namely for any k P N0,

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Btρ
ε,δ ` divpU ε,δρε,δq “ 0 in r0,`8q ˆ R2,

U ε,δ “ p∇P˚,ε,δ ´ IdqK ˚ χδ in r0,`8q ˆ R2,

dx “ p∇P˚,ε,δ
t q#ρ

ε,δ
kε in rkε, pk ` 1qεq ˆ R2,

ρε,δ0 “ ρ in R2,

0 ă λ ď ρε,δ ď Λ in r0,`8q ˆ R2.

(5.1)

5.2 Taking the limit of approximate solutions
The next step is to show that we can pass to the limit in (5.1). For this, we need some theory of fractional23

Sobolev spaces, for which we refer to [3, Chapter 6] and [1]. In particular, we use the following two results.

Proposition 5.1 (Fractional Sobolev embedding). Let 1 ă p ď q ă `8 and let s, t P R with

s ´
d
p

“ t ´
d
q
.

Then, we have the embedding

W s,ppRdq ãÑ W t,qpRdq.

Moreover for p , q, the embedding is compact.

Lemma 5.2 (Aubin Lions Lemma). Let X, Y and Z be three Banach spaces with X ãÑ Y a compact and
Y ãÑ Z a continuous embedding. Moreover for any p P r1,`8q and q P r1,`8s let

A :“
␣

f P Lp`r0,T s; X
˘

| Bt f P Lq`r0,T s; Z
˘(

.

Then the embeddingA ãÑ Lp
`

r0,T s; Y
˘

is compact.

23The idea is to define fractional derivatives with the use of the Fourier transform, which has the property that it transforms deriva-
tives into multiplications (see for example [18, Section 7.9]) and as a result can be well understood for non integers.
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Fix some arbitrary T,R ą 0 and let BR Ă R2 be the ball of radius R centered at the origin. Thanks to
property a.) in Theorem 3.9, namely

|U ε,δ| “ |∇P˚,ε,δ ´ Id| ď

?
2

2
a.e in r0,`8q ˆ R2, (5.2)

we have that

U ε,δ P L8
`

r0,`8q ˆ R2;R2˘ Ă L8
`

r0,T s ˆ BR;R2˘ “ L1`r0,T s ˆ BR;R2˘˚

is bounded uniformly in ε and δ. Recall that the analogous statement holds for ρε,δ by the last equation of
(5.1). By Banach-Alaoglu, up to extracting subsequences of ε, δ Ñ 0, we can find limits

U ε,δ á˚ U in L8
`

r0,T s ˆ BR;R2˘,

ρε,δ á˚ ρ in L8
`

r0,T s ˆ BR
˘

.

In order to pass to the limit in (5.1), the first three equations need some work, as for example is not true
in general that the product U ε,δρε,δ of two converging sequences converges as well. However, in our case
we have them solving a transport equation, which provides us some additional regularity. This will be done
in a first step.

Claim 1: U ε,δρε,δ á˚ Uρ in L8pr0,T s ˆ BR;R2q.

By arbitrariness of R and T this convergence is enough to pass to the limit in the first equation of (5.1) and
we have Btρ`divpUρq “ 0 in the weak sense of Definition (4.1). The second and third equation, we can
simultaneously show in a second step: if ∇P˚

t is the convex function sending ρt into dx (which exists by
Theorem 3.9), we have that U “ p∇P˚ ´ IdqK.

Claim 2: dx “ p∇P˚
t q#ρt ñ Ut “ p∇P˚

t ´ IdqK for a.e t ě 0.

Proof of Claim 1. We first concentrate on the functions ρε,δ. They are differentiable a.e in the t variable (in
fact, they are piecewise constant). Moreover, ρε,δ and Uε,δ are uniformly bounded in ε and δ. Therefore, we
can write @φ P C8

c pBRq and for a.e t P r0,T s,
ż

BR

Btρ
ε,δ
t φ dx “ ´

ż

BR

∇φUtρ
ε,δ
t dx ď C||φ||W1,1pBRq.

This means that we can consider24

Btρ
ε,δ P L8

`

r0,T s; W1,1pBRq˚
˘

Ă Lp`r0,T s; W1,qpBRq˚
˘

,

for any p, q P r1,`8s. Hence, we can apply Aubin Lions (Lemma 5.2) to the compact embeddings

LqpBRq˚ “ W0,qpBRq˚ ãÑ W s,qpBRq˚ ãÑ W1,qpBRq˚,

for all s P p0, 1q and deduce that the embedding

A :“
␣

f P Lp`r0,T s; LqpBRq˚
˘

| Bt f P Lp`r0,T s; W1,qpBRq˚
˘(

ãÑ Lp`r0,T s; W s,qpBRq˚
˘

is compact for any s P p0, 1q, p P r1,`8q and q P p1,`8s. Also recall that ρε,δ are uniformly bounded in
ε and δ, particularly, seen as functions inA. Therefore we can extract a subsequence such that

ρε,δ Ñ ρ in Lp`r0,T s; W s,qpBRq˚
˘

for any s P p0, 1q, p P r1,`8q, q P p1,`8s. (5.3)

24Remember that inclusions are reversed for dual spaces.
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Let us now turn our attention to Uε,δ. Using the Divergence Theorem and the fact that we can orthogo-
nally diagonalise a symmetric matrix and hence bound the norm by its trace,

ż

BR

||DUε,δ|| dx “

ż

BR

||D2P˚,ε,δ|| dx ď

ż

BR

∆P˚,ε,δ dx “

ż

BBR

∇P˚,ε,δ dx.

Now use (5.2) again to get
ż

BR

||DUε,δ|| dx ď

ż

BBR

´

|∇pP˚,ε,δ ´ Idq| ` R
¯

dx ď CR.

This means that due to the fractional Sobolev embedding (Proposition 5.1), we find a compact embedding

Uε,δ P L8
`

r0,`8q; W1,1pBRq
˘

ãÑ L8
`

r0,`8q; W s,qpBRq
˘

,

uniformly in ε and δ and for any s P p0, 1q and q P
“

1, 2
1`s

˘

. In particular for s “ 1{2 and q “ 5{4, we can
therefore extract a subsequence such that

Uε,δ á˚ U in L8
`

r0,`8q; W1{2,5{4pR2q
˘

. (5.4)

Performing a triangle inequality argument, using (5.3) and (5.4), one arrives at Claim 1. □

Proof of Claim 2. Thanks to (5.3) and uniform boundedness of ρε,δt , it follows that for any f P L8pBRq and
for a.e t ě 0,

ż

BR

fρε,δt dx Ñ

ż

BR

fρt dx.

Hence, by stability of transport maps (see for example [28, Corollary 5.23]), the optimal transport maps
∇P˚,ε,δ

t of ρε,δt converge to the unique optimal transport map ∇P˚
t of ρt in probability. By the domination of

∇P˚,ε,δ
t in (5.2), the convergence also holds in L1pBRq: for a.e t ě 0,

∇P˚,ε,δ
t Ñ ∇P˚

t in L1pBRq,

Thus for a.e t ě 0,

Uε,δ
t “ p∇P˚,ε,δ

t ´ IdqK ˚ χδ Ñ p∇P˚
t ´ IdqK in L1pBRq,

and we conclude Claim 2 by uniqueness of the limit. □
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6 Transforming back from dual SG to SG
The goal of this section to use the solution to the dual system to construct a weak solution to the SG system.

Theorem 6.1 (Global weak solution to the SG system). Let p : R2 Ñ R be periodic such that p ` | ¨ |2{2 is
convex. Assume ρ :“ p∇p ` Idq#dx is absolutely continuous with respect to the Lebesgue measure dx and
for some numbers λ and Λ satisfies

0 ă λ ď ρ ď Λ. (6.1)

Then, given a solution pP˚, ρq of the dual system (4.10) with ρ being absolutely continuous and satisfying

0 ă λ ď ρ ď Λ, (6.2)

there exists a weak solution pp,uq to the SG system (1.1).

Before giving a proof, we shall first do a formal calculation to get an expectation of how p and u should
look like.

6.1 Formal construction of the weak solutions
Recall the procedure we used to derive the dual system (Section 4.3) and the fact that the Legendre trans-
formation is an involution (3.14). Then the formal construction of p is immediate: by construction, P˚ is
convex, so we can set

Ptpxq :“ sup
yPR2

tx ¨ y ´ P˚
t pyqu and pt :“ Pt ´

| ¨ |2

2
. (6.3)

Since P˚
t ´ | ¨ |2{2 is periodic (by b.) in Theorem 3.9), one can show that pt is also periodic (Lemma 3.15).

The formula for u is more involved. Since spacial derivatives can be interchanged, we can rewrite the
first equation of (1.2) as

D2P ¨ u “ pu ¨ ∇qp∇Pq “ ´Bt∇P ´ p∇P ´ IdqK. (6.4)

Hence, we would like to invert the Hessian D2P. To this aim, differentiating (3.9) with respect to the space
coordinate gives25

pD2P˚ ˝ ∇Pq ¨ D2P “ I2,

with I2, the 2 ˆ 2 identity matrix. Therefore, multiplying (6.4) with the corresponding inverse yields

u “ ´pD2P˚ ˝ ∇Pq ¨ Bt∇P ´ pD2P˚ ˝ ∇Pq ¨ p∇P ´ IdqK.

This equation can be simplified, differentiating (3.9) also with respect to t:

pBt∇P˚q ˝ ∇P ` pD2P˚ ˝ ∇Pq ¨ Bt∇P “ 0,

which results in

u “ pBt∇P˚q ˝ ∇P ´ pD2P˚ ˝ ∇Pq ¨ p∇P ´ IdqK. (6.5)

As a composition of periodic functions, u is periodic (provided that it is well defined). However, this
calculation was purely formal and it is not obvious, that this expression makes sense at all. Showing the
required regularity is highly nontrivial, so we will only give the key steps without proof and refer to [12,
Section 4] for a more comprehensive study.

25Composition is understood in a spatial sense (see footnote 19).
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6.2 Regularity considerations for P˚

Before one can show that u together with p, defined in (6.5) and (6.3) is indeed a solution to the SG system
(1.1), one needs to talk about its well-definedness. For example, in order to compose D2P˚ with functions
(here, with ∇P), one needs to show that D2P˚ is a function itself. But a priori, the derivative could only been
understood in a weak sense. Hence, we need to get enough regularity on P˚. As the following discussion
shows, this leads to the problem of regularity of solutions to the Monge-Ampère equation.

Again recall Brenier’s Theorem (Theorem 3.7). Given two probability measures µ “ f dx and ν on Rd

(or Td), we can find an optimal transport map T , pushing forward µ to ν and which is given by the gradient
of a convex functionΦ. Assume for the moment, also ν “ gdy is absolutely continuous and thatΦ P C2pRdq

with an invertible gradient. Then a change of variables gives @φ P C8
c pRdq,

ż

Rd
pφ ˝ ∇Φq f dx “

ż

Rd
φgdy “

ż

Rd
pφ ˝ ∇Φqpg ˝ ∇Φq| detpD2Φq|dx.

Hence, by arbitrariness of φ, we arrive at what is known as the Monge-Ampère equation

f “ pg ˝ ∇Φq| detpD2Φq|. (6.6)

However, in our case, we do not have any smoothness assumptions on the transport map P˚. This motivates
to give a meaning to (6.6) in a more general case setting (see for example [13]).

Definition 6.2 (Monge-Ampère-measures). Let Φ : Rd Ñ R be convex. Then we set the Monge-Ampère
measure of Φ as the Lebesgue measure of its subdifferential, that is

λΦpAq :“ |BΦpAq| :“ |
ď

xPA

BΦpxq| for any Borel set A Ď Rd.

Observe that in the case ofΦ P C2pRdq with invertible gradient, we get, again with a change of variables,

λΦpAq “

ż

Rd
χ

BΦpAq
dx “

ż

Rd
χ
∇ΦpAq

dx “

ż

A
det D2Φ dx.

Therefore, we can give a sense to det D2Φ, by setting it equal to λΦ.

Definition 6.3 (Alexandrov solutions to the Monge-Ampère equation). Given a measure ρ, a convex func-
tion Φ : Rd Ñ R is said to be an Alexandrov solution to the Monge-Ampère equation

det D2Φ “ ρ,

if in the sense of measures

λΦ “ ρ.

In our case, we have dx “ p∇P˚
t q#dρt with P˚

t convex. Therefore, we can conclude that P˚
t is an

Alexandrov solution to the Monge-Ampère equation

det D2P˚
t pAq

De f
“ λP˚

t
pAq “

ż

R2
χ∇P˚

t pAqdx “

ż

R2
χAp∇Ptpxqqdx “ ρtpAq. (6.7)

Moreover, P˚
t ´ | ¨ |2{2 is periodic and due to (6.2),

λ ď det D2P˚
t ď Λ,

for some constants 0 ă λ ď Λ. Hence, we can apply the following proposition, which is proven by Figalli
in [12, Section 4.1].
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Proposition 6.4. Let Φ : Rd Ñ R be a convex function such that Φ ´ | ¨ |{2 is periodic. Assume for some
0 ă λ ď Λ,

λ ď detpD2Φq ď Λ.

Then Φ P W2,1`α
loc for some α “ αpd, λ,Λq ą 0.

We now show that this is enough to make sense of the second term in (6.5). Apart from the multiplication
with p∇P ´ IdqK, which is uniformly bounded anyway (see (5.2)), we claim that

D2P˚ ˝ ∇P P L8
`

p0,`8q, L1`α
loc pR2q

˘

.

Indeed, let R ą 0 and use that ∇P “ ∇P´ Id ` Id ď C ` Id. Hence, we can embed ∇PtpBRq Ď BC`R Ă R2

and write
ż

BR

||D2P˚
t ˝ ∇Pt||

1`αdx “

ż

∇PtpBRq

||D2P˚
t ||1`αρtdx ď Λ

ż

BC`R

||D2P˚
t ||1`αdx ă `8, (6.8)

where the last step is justified by Proposition 6.4 and for some matrix A we have used the operator norm

||A|| :“ sup
xPRd

|Ax|

|x|
.

The first term in (6.5) can be treated very similarly by using the following result.

Proposition 6.5. Let P˚ and ρ be as in Section 5.2. Then, there is a constant C “ Cpd, λq such that
ż

T2
|Bt∇P˚

t |1`βdρt ď C for a.e t ě 0,

where β :“ α
2`α

ą 0, for α as in Proposition 6.4.

This result can also be found in [12, Section 4.2]. Analogous to (6.8), we can deduce that

Bt∇P˚ ˝ ∇P P L8
`

p0,`8q, L1`β
loc pR2q

˘

.

Since α ą β, we end up with u P L8
`

p0,`8q, L1`β
loc pR2q

˘

.

6.3 Conclusion of the existence of weak solutions to SG
Equipped with a well-defined pair pp,uq, which we expect to solve p1.1q, we can finally conclude the proof
of Theorem 6.1. Take an arbitrary ϕ P C8

c

`

p0,`8q ˆ T2
˘

and consider

φ :“ p∇P˚ ´ IdqK ¨ pϕ ˝ ∇P˚q “ Jp∇P˚ ´ Idq ¨ pϕ ˝ ∇P˚q,

where we introduced the rotation matrix given by

J “

ˆ

0 1
´1 0

˙

.

Observe that φ is a vector-valued26 function (φp1q, φp2qq P W1,1pp0,`8q ˆ T2;R2). Even though, it is not
C8

c , by a density argument, one can consider this function as being admissible for the weak formulation of
the transport equation. Hence, we can use (iii) in Proposition 4.2 to write for j “ 1, 2,

ż 8

0

ż

T2

´

Btφ
p jq ` ∇φp jq ¨ U

¯

dρ “ 0,

26Recall that we want to construct the vector-valued SG equation out of the scalar transport equation.
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for ρ “ ρt ˆ dt, or formulated as a vector equation, using Dφ “ pBiφ
p jqq2

i, j“1,

ż 8

0

ż

T2

´

Btφ` pDφqT ¨ U
¯

dρ “ 0.

Plugging in the corresponding derivatives

Btφ “ pBt∇P˚qKpϕ ˝ ∇P˚q ` p∇P˚ ´ IdqK ¨

´

pBtϕq ˝ ∇P˚ ` p∇ϕ ˝ ∇P˚q ¨ Bt∇P˚
¯

,

pDφqT “ JpD2P˚ ´ I2q ¨ pϕ ˝ ∇P˚q `
“

Jp∇P˚ ´ Idq
‰

b
“

p∇ϕ ˝ ∇P˚q ¨ D2P˚
‰

,

and using U “ p∇P˚ ´ IdqK, ρt “ p∇P˚
t q#dx and the vector identity pa b bq ¨ c “ a ¨ pb ¨ cq, we can write

0 “

ż 8

0

ż

T2

"

pBt∇P˚qKpϕ ˝ ∇P˚q ` p∇P˚ ´ IdqK ¨

´

pBtϕq ˝ ∇P˚ ` p∇ϕ ˝ ∇P˚q ¨ Bt∇P˚
¯

`JpD2P˚ ´ I2q ¨ pϕ ˝ ∇P˚q ¨ p∇P˚ ´ IdqK `
“

Jp∇P˚ ´ Idq
‰

b
“

p∇ϕ ˝ ∇P˚q ¨ D2P˚
‰

¨ p∇P˚ ´ IdqK

*

dρ

“

ż 8

0

ż

T2

"

pBt∇P˚ ˝ ∇PqKϕ ` pId ´ ∇PqK ¨

´

Btϕ ` ∇ϕ ¨ pBt∇P˚ ˝ ∇Pq

¯

`J
`

pD2P˚ ˝ ∇Pq ´ I2
˘

¨ ϕ ¨ pId ´ ∇PqK ` JpId ´ ∇Pq ¨
“

∇ϕ ¨ pD2P˚ ˝ ∇Pq ¨ pId ´ ∇PqK
‰

*

dx dt.

Rearranging the terms and using the expression for p and u in (6.3) and (6.5), we arrive at

0 “

ż 8

0

ż

T2

´

´ ∇K pDtϕ ´ ∇pϕ ` uKϕ
¯

dx dt,

which is the rotated version of (1.3).

Similarly, one obtains divpuq “ 0 through defining

φ :“ ψ ¨ pϕ ˝ ∇P˚q,

for arbitrary test functions

ψ P C8
c

`

p0,`8q
˘

and ϕ P C8pT2q.

This gives

0 “

ż 8

0

ż

T2

´

Btφ ` ∇φ ¨ U
¯

dρ

“

ż 8

0

ż

T2

´

Btψpϕ ˝ ∇P˚q ` ψp∇ϕ ˝ ∇P˚qBt∇P˚ ` ψp∇ϕ ˝ ∇P˚qD2P˚p∇P˚ ´ IdqK
¯

dρ

“

ż 8

0

ż

T2

´

Btψϕ ` ψ∇ϕpBt∇P˚ ˝ ∇Pq ` ψ∇ϕpD2P˚ ˝ ∇PqpId ´ ∇PqK
¯

dx dt.

The first term vanishes and for the remaining term, thanks to arbitrariness of ψ P C8
c pp0,`8qq one can

conclude that for a.e t ě 0,

0 “

ż

T2
∇ϕ

´

pBt∇P˚
t ˝ ∇Ptq ` pD2P˚

t ˝ ∇PtqpId ´ ∇Ptq
K
¯

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

“ut

dx.

This concludes the proof of Theorem 6.1.
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7 Short time regularity and uniqueness
The goal of this section is to prove the following Theorem on short time regularity and uniqueness of solu-
tions to the dual SG system (4.10), for which we follow Figalli [12]. Making use of the close correspondence
to the SG system, it is possible to show that these results propagate to (1.1).

Theorem 7.1 (Short time regularity and uniqueness). Let α P p0, 1q and ρ P C0,αpT2q such that for some
0 ă λ ď Λ, we have λ ď ρ ď Λ. Then, for some T “ T pλ,Λ, ||ρ||C0,αpT2qq ą 0, there is a unique27 solution
pρ, P˚q of the dual SG system (4.10) such that

λ ď ρ ď Λ, ρ P L8pr0,T s; C0,αpT2qq and P˚ P L8pr0,T s; C2,αpT2qq. (7.1)

The proof of Theorem 7.1 is strongly based on Caffarelli’s regularity results for the Monge-Ampère
equation. Let g be a convex function defined on some convex domain28 Ω Ď Rd and f a solution to the
Monge-Ampère equation

detpD2 f q “ g.

Then regularity propagates from g to f as follows:

g P C0,αpΩq ñ f P C2,αpΩq. (7.2)

7.1 Existence of regular solutions
In a first step, we turn our attention to the existence part of Theorem 7.1. For this, we reproduce the con-
struction from Section 5.1, but can now omit the regularisation in space since ρ P C0,αpT2q. Let T ą 0
(which we will fix later) and divide the interval r0,T s into j pieces. In the following, any constant Ci (as
well as T ) will be understood to depend only on λ,Λ and ||ρ||C0,αpT2q.

Step 1: For any t P r0, T
j s, let P˚, j

t (constant in t) be the convex function sending ρ into dx, which is a
solution to the Monge-Ampère equation (6.7). Hence, due to (7.2),

||D2P˚, j
t ||C0,αpT2q ď C1,

where we remark that D2P˚, j
t is periodic due to periodicity of P˚, j

t ´
|¨|2

2 . Therefore, the vector field
U j

t :“ p∇P˚, j
t ´ IdqK fulfils

||DU j
t ||L8pT2q ď C1 ` 1 “: C2. (7.3)

Consider the flow for Ut,
#

BtY j “ U j
t ˝ Y j in r0, T

j s ˆ R2,

Y j
0 “ Id in R2,

(7.4)

and define

ρ
j
t “ pY j

t q#ρ,

which due to absolute continuity of ρ will satisfy (see Remark 4.3)

0 ă λ ď ρ
j
t ď Λ @t P r0,

T
j

s. (7.5)

27Strictly speaking, P˚ is only unique up to constant.
28We are only interested in the case Ω “ Td . See [6] for more general Ω.
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Using the reversed triangle inequality (*), differentiating (7.4) yields
$

&

%

ˇ

ˇ

ˇ
Bt||DY j

t pyq||

ˇ

ˇ

ˇ

˚

ď ||BtDY j
t pyq|| ď ||pDU j

t ˝ Y j
t pyqDY j

t pyq||
p7.3q

ď C2||DY j
t pyq|| @pt, yq P r0, T

j s ˆ R2,

||DY j
0pyq|| “ ||I2|| “ 1 @y P R2.

Hence, by Gronwall’s Lemma, we have @pt, yq P r0, T
j s ˆ R2,

e´C2t ď ||DY j
t pyq|| ď eC2t.

We can now choose T such that for example eC2T ď 2. Then @t P r0, T
j s,

||ρ
j
t ||C0,αpT2q “ ||ρ ˝ pY j

t q´1||C0,αpT2q ď eC2t||ρ||C0,αpT2q ď 2||ρ||C0,αpT2q “: C3. (7.6)

Step 2: Thanks to (7.5) and (7.6), we can repeat Step 1 by replacing ρ by ρT{ j
t and get @t P r T

j , 2
T
j s,

||ρ
j
t ||C0,αpT2q ď eC2pt´ T

j q
||ρ

T{ j
t ||C0,αpT2q ď eC2pt´ T

j qeC2
T
j ||ρ||C0,αpT2q ď C3.

Hence, we found a sequence of solutions pρ j, P˚, jq satisfying the approximate dual SG system (5.1), with
the additional properties

||D2P˚, j
t ||C0,αpT2q ď C1 and ||ρ

j
t ||C0,αpT2q ď C3 @t P r0,T s,@ j P N.

Up to subsequences, they can be shown to converge to a solution to the dual SG system (4.10), enjoying the
regularity (7.1) (compare with Section 5.2).

7.2 Uniqueness of regular solutions
We now prove uniqueness of the solutions found above. Let pρp1q, P˚,p1qq and pρp2q, P˚,p2qq be two pairs
of solutions to the dual SG system (4.10), satisfying (7.1). In Section 4.2, we have shown that a transport
equation has a unique solution given by a push forward measure29. So due to Lipschitzness of Upiq :“
p∇P˚,piq ´ IdqK (see (7.3)) we can say that for i “ 1, 2,

ρ
piq
t “ pYpiq

t q#ρ, (7.7)

for Ypiq
t , the flow for Upiq

t . Hence, if we can show Yp1q

t “ Yp2q

t , also ρp1q

t “ ρ
p2q

t and due to uniqueness of
optimal transport maps (Theorem 3.9), also ∇P˚,p1q

t “ ∇P˚,p2q

t , so we are done. Thus, we want to prove
Yp1q

t “ Yp2q

t , again making use of Gronwall’s Lemma.

d
dt

ż

T2
|Yp1q

t ´ Yp2q

t |2 dx “ 2
ż

T2
pYp1q

t ´ Yp2q

t q ¨ pUp1q

t ˝ Yp1q

t ´ Up2q

t ˝ Yp2q

t q dx

“ 2
ż

T2
pYp1q

t ´ Yp2q

t q ¨ pUp1q

t ˝ Yp1q

t ´ Up1q

t ˝ Yp2q

t q dx

` 2
ż

T2
pYp1q

t ´ Yp2q

t q ¨ pUp1q

t ˝ Yp2q

t ´ Up2q

t ˝ Yp2q

t q dx

ď 2||∇Up1q

t ||L8pT2q

ż

T2
|Yp1q

t ´ Yp2q

t |2 dx

`

ż

T2
|Yp1q

t ´ Yp2q

t |2 dx `

ż

T2
|Up1q

t ˝ Yp2q

t ´ Up2q

t ˝ Yp2q

t |2 dx,

29This does not mean ρp1q “ ρp2q yet, as they could be solutions to a transport equation with different velocity fields Upiq “

p∇P˚,piq ´ IdqK.
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where we used the inequality 2ab ď a2 ` b2 in the last step. For the last term above, we write
ż

T2
|Up1q

t ˝ Yp2q

t ´ Up2q

t ˝ Yp2q

t |2 dx
p7.1q

ď
1
λ

ż

T2
|Up1q

t ˝ Yp2q

t ´ Up2q

t ˝ Yp2q

t |2 dρp2q

t

p7.7q
“

1
λ

ż

T2
|Up1q

t ´ Up2q

t |2 dρp2q

p7.1q
“
Λ

λ

ż

T2
|Up1q

t ´ Up2q

t |2 dx

“
Λ

λ

ż

T2
|∇P˚,p1q

t ´ ∇P˚,p2q

t |2 dx.

Hence, we are left by showing the estimate

||∇P˚,p1q

t ´ ∇P˚,p2q

t ||L2pT2q ď C||Yp1q

t ´ Yp2q

t ||L2pT2q, (7.8)

where we do not keep trace of the constant C. Using Gronwall’s Lemma and (7.8), we could then conclude

||Yp1q

t ´ Yp2q

t ||2L2pT2q
ď eCt ¨ ||Yp1q

0 ´ Yp2q

0 ||2L2pT2q
“ 0.

However, in order to show (7.8), there is still a way to go. The idea is to interpolate between ∇P˚,p1q

t

and ∇P˚,p2q

t by some function ∇P˚,pθq
t for θ P r1, 2s. Then, using Hölder’s inequality and Fubini,

||∇P˚,p1q

t ´ ∇P˚,p2q

t ||L2pT2q “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż 2

1
Bθ∇P˚,pθq

t ¨ 1 dθ
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L2pT2q
ď

ż 2

1
||Bθ∇P˚,pθq

t ||L2pT2q dθ. (7.9)

To continue this estimate, we should first construct such a function P˚,pθq
t . Since for i “ 1, 2, we know that

P˚,piq
t sends ρpiq

t to dx, it is natural to set P˚,pθq
t to be the function that sends some interpolating measure

ρ
pθq
t to dx. Keeping this in mind for a moment, we first focus on how to define ρpθq

t and consider the map
S t :“ Yp2q

t ˝ Yp1q

t , which by (7.7) transports ρp1q

t to ρp2q

t . But by Theorem 3.9, we may also consider the
optimal map Tt with this property (ρp2q

t “ pTtq#ρ
p1q

t ), which additionally minimises the L2 cost on the torus.
Recall that Tt “ ∇Φ

p2q

t for some convex function Φp2q

t : R2 Ñ R2 Y t`8u such that Φp2q

t ´ | ¨ |2{2 is
periodic. Now let us interpolate between the measures ρp1q

t and ρp2q

t by setting

ρ
pθq
t :“

`

Id ` pθ ´ 1qpTt ´ Idq
˘

# ρ
p1q

t “ p∇Φ
pθq
t q#ρ

p1q

t ,

for all θ P r1, 2s and where we define Φpθq
t as the interpolation from | ¨ |2{2 to Φp2q

t , that is

Φ
pθq
t :“ p2 ´ θq

| ¨ |2

2
` pθ ´ 1qΦ

p2q

t .

Observe that due to optimality of Tt, we have
ż

T2
|Tt ´ Id|2 dρp1q

t ď

ż

T2
|S t ´ Id|2 dρp1q

t “

ż

T2
|Yp2q

t ˝ Yp1q

t ´ Id|2 dρp1q

t

“

ż

T2
|Yp2q

t ´ Yp1q

t |2 dρ

p7.1q

ď Λ

ż

T2
|Yp2q

t ´ Yp1q

t |2 dx. (7.10)

Given now, as anticipated, dx “ p∇P˚,pθq
t q#ρ

pθq
t (existence by Theorem 3.9), showing (7.8) reduces

to filling in the gap between (7.9) and (7.10). Before we arrive there, let us first check the interpolating
measure also satisfies the assumptions of ρp1q

t and ρp2q

t , namely

Claim 1: C1 ď ρ
pθq
t ď C2 and ||ρ

pθq
t ||C0,αpT2q ď C. (7.11)
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Proof of Claim 1. Since ∇Φp2q

t pushes forward ρp1q

t to ρp2q

t (recall that both are absolutely continuous and
bounded away from zero), we get for any measurable set A,

det D2Φ
p2q

t pAq “

ż

R2
χ
∇Φ

p2q
t pAq

pxq dx “

ż

R2
χA ˝ ∇Φ

p2q,˚
t

dρp2q

t

ρ
p2q

t

“

ż

A

ρ
p1q

t

ρ
p2q

t ˝ ∇Φ
p2q

t

dx, (7.12)

which is not only an absolutely continuous measure, but might be considered as a Hölder-continuous func-
tion. Hence, we can apply Caffarelli’s regularity result (7.2) to deduce that

||D2Φ
p2q

t ||C0,αpT2q ď C. (7.13)

Moreover, we can also give a bound on the inverse as follows: recall that D2Φ
p2q

t pyq (as well as its inverse)
is symmetric and positive definite and hence, its norm is given by the spectral radius, that is the largest
eigenvalue value in modulus (here positive anyway). Let us denote these eigenvalues by the functions
αi : r0,`8q ˆ T2 Ñ Rą0, for i “ 1, 2. Then, due to (7.1) for ρp1q

t ,

α1α2 “ det D2Φ
p2q

t
p7.12q

“
ρ

p1q

t

ρ
p2q

t ˝ ∇Φ
p2q

t

ě
λ

Λ
ą 0.

Thus, we can bound both eigenvalues from below by

αi ě
λ

Λα j

p7.13q

ě C ą 0.

As the eigenvalues of the inverse are given by the inverse of the eigenvalues α´1
i ,

||pD2Φ
p2q

t q´1||L8pT2q ď C. (7.14)

These bounds propagate to D2Φ
pθq
t :“ p2 ´ θqI2 ` pθ ´ 1qD2Φ

p2q

t , giving

det D2Φ
pθq
t P

” 1
C
,C

ı

. (7.15)

Therefore, we conclude the first inequality in (7.11): using boundedness of ρp1q

t and (7.12),

ρ
pθq
t “

ρ
p1q

t

det D2Φ
pθq
t

˝ ∇Φ
pθq,˚
t P

” λ

C
,

C
Λ

ı

.

In order to show the second one, observe that apart from property (7.15), also the Hölder continuity
from (7.13) propagates to D2Φ

pθq
t , which together with (7.1) yields

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ρ
p1q

t

det D2Φ
pθq
t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

C0,αpT2q
ď C.

Moreover, due to (7.14), we have that ∇Φpθq,˚
t “ p∇Φ

pθq
t q´1 is uniformly Lipschitz, giving the second

inequality of (7.11):

||ρ
pθq
t ||C0,αpT2q “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ρ
p1q

t

det D2Φ
pθq
t

˝ ∇Φ
pθq,˚
t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

C0,αpT2q
ď C.

□
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Equipped with ρ
pθq
t and its bounds in (7.11), we turn our attention to P˚,pθq

t again, which is the map
whose gradient sends ρpθq

t to dx. Similarly to the arguments used for (7.13) and (7.14), we can say that

||D2P˚,pθq
t ||L8pT2q ď C and ||pD2P˚,pθq

t q´1||L8pT2q ď C. (7.16)

We observe that ρpθq
t obeys a transport equation for the velocity field30

Vpθq
t :“ pTt ´ Idq ˝ ∇Φ

˚,pθq
t .

Indeed, for any φ P C8pT2q,

d
dθ

ż

T2
φ dρpθq

t “
d
dθ

ż

T2
φ ˝ ∇Φ

pθq
t dρp1q

t “

ż

T2
p∇φ ˝ ∇Φ

pθq
t q ¨ Bθ∇Φ

pθq
t dρp1q

t

“

ż

T2
p∇φ ˝ ∇Φ

pθq
t q ¨ pTt ´ Idq dρp1q

t

“

ż

T2
p∇φ ˝ ∇Φ

pθq
t q ¨ pVpθq

t ˝ ∇Φ
pθq
t q dρp1q

t

“

ż

T2
∇φ ¨ Vpθq

t dρpθq
t ,

which is the weak formulation of

Bθρ
pθq
t ` divpVpθq

t ρ
pθq
t q “ 0 in r1, 2s ˆ R2. (7.17)

This can be used to derive the following bound, which closes the gap between (7.9) and (7.10) and hence
gives the final estimate in (7.8).

Claim 2: ||Bθ∇P˚,pθq
t ||L2pT2q ď C

ż

T2
|Tt ´ Id|2 dρp1q

t . (7.18)

Proof of Claim 2. Let us denote with MpAq the cofactor matrix of A with entries ai j, that is

MpAq :“
´

B detpAq

ai j

¯

i j
“ detpAq ¨ pA´1qT , (7.19)

which for a differentiable function f : Rd Ñ Rd obeys the divergence-free property (see for example [10,
page 462 ff.])

d
ÿ

i“1

BiMi jpD f q “ 0 @ j “ 1, ..., d. (7.20)

We only give a formal proof of Claim 2, referring to [2, Section 3] for a detailed regularisation argument.
First, we compute

´divpVpθq
t ρ

pθq
t q

p7.17q
“ Bθρ

pθq
t “ Bθ det D2P˚,pθq

t

“

2
ÿ

i, j“1

Mi jpD2P˚,pθq
t qBθBiB jP

˚,pθq
t

p7.20q
“

2
ÿ

i, j“1

Bi
`

Mi jpD2P˚,pθq
t qBθB jP

˚,pθq
t

˘

p7.19q
“

2
ÿ

i“1

Bi

´

detpD2P˚,pθq
t q

2
ÿ

j“1

pD2P˚,pθq
t q

´1
ji BθB jP

˚,pθq
t

¯

“ div
´

ρ
pθq
t pD2P˚,pθq

t q´1Bθ∇P˚,pθq
t

¯

.

30Notice that now θ corresponds to the time variable, whereas t is just fixed.
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Using BθP
˚,pθq
t as a test function itself, this can be written as

´

ż

T2
Vpθq

t Bθ∇P˚,pθq
t ρ

pθq
t dx “

ż

T2
ρ

pθq
t Bθ∇P˚,pθq

t ¨ pD2P˚,pθq
t q´1 ¨ Bθ∇P˚,pθq

t dx. (7.21)

Moreover, observe that (7.16) implies

||pD2P˚,pθq
t q´1||L8pT2q “ ||D2P˚,pθq

t ||
´1
L8pT2q

ě
1
C
,

and recall that for symmetric, positive definite matrices, we can define its square root matrix, which is
symmetric and invertible as well. As a result,

ż

T2

ˇ

ˇpD2P˚,pθq
t q´1{2 ¨ Bθ∇P˚,pθq

t

ˇ

ˇ

2
ρ

pθq
t dx

“

ż

T2
Bθ∇P˚,pθq

t ¨ pD2P˚,pθq
t q´1 ¨ Bθ∇P˚,pθq

t ρ
pθq
t dx

p7.21q
“ ´

ż

T2
Vpθq

t pD2P˚,pθq
t q1{2pD2P˚,pθq

t q´1{2Bθ∇P˚,pθq
t ρ

pθq
t dx

Hölder
ď

´

ż

T2

ˇ

ˇpD2P˚,pθq
t q1{2 ¨ Vpθq

t

ˇ

ˇ

2
ρ

pθq
t dx

¯1{2
¨

´

ż

T2

ˇ

ˇpD2P˚,pθq
t q´1{2 ¨ Bθ∇P˚,pθq

t

ˇ

ˇ

2
ρ

pθq
t dx

¯1{2
.

The second factor can be taken onto the left hand side, which after squaring yields
ż

T2

ˇ

ˇpD2P˚,pθq
t q´1{2 ¨ Bθ∇P˚,pθq

t

ˇ

ˇ

2
ρ

pθq
t dx ď

ż

T2

ˇ

ˇpD2P˚,pθq
t q1{2 ¨ Vpθq

t

ˇ

ˇ

2
ρ

pθq
t dx. (7.22)

Remember that the square root matrix is also positive definite with eigenvalues
?
αi and hence fulfils the

same properties (7.16). So we have31

||Bθ∇P˚,pθq
t ||L2pT2q ď

C
λ

ż

T2

ˇ

ˇpD2P˚,pθq
t q´1{2 ¨ Bθ∇P˚,pθq

t

ˇ

ˇ

2
ρ

pθq
t dx

p7.22q

ď
C
λ

ż

T2

ˇ

ˇpD2P˚,pθq
t q1{2 ¨ Vpθq

t

ˇ

ˇ

2
ρ

pθq
t dx

p7.16q

ď
C
λ

ż

T2

ˇ

ˇVpθq
t

ˇ

ˇ

2
ρ

pθq
t dx

“
C
λ

ż

T2

ˇ

ˇpTt ´ Idq ˝ ∇Φ
˚,pθq
t

ˇ

ˇ

2 dρpθq
t

“
C
λ

ż

T2

ˇ

ˇTt ´ Id|2 dρp1q

t .

This concludes Claim 2 and finishes the proof of Theorem 7.1.
□

31For the first step, note the following: if for an invertible matrix A, ||A|| ď C, we have |Ax| ď C|x|. Replacing x Ñ A´1 x, we can
also write |x| ď C|A´1 x| for any x.
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8 Convergence of the SG equations to Euler’s equation
In this last section, we want to present two theorems, which show the connection between Euler’s equation
and the dual SG equation in the sense that the first can be seen as a limit of the latter for a density ρ close to
one. For this, we follow Loeper [19, Section 6]. However, before giving a rigorous statement, we first want
to justify, why one should expect such kind of results.

8.1 The rescaled SG system

Recall the dual system (4.10). Setting ψt :“ P˚
t ´

|¨|2

2 , where dx “ p∇P˚
t q#dρt, we have that ∇Kψ “ U is

divergenceless and using the Monge-Ampère-formulation (6.7), (4.10) reads
#

Btρ ` divpρ∇Kψq “ 0 in r0,`8q ˆ T2,

detpI2 ` D2ψq “ ρ in r0,`8q ˆ T2.
(8.1)

We would like to compare (8.1) to Euler’s equation (2.1) of an incompressible fluid with unit density and
vanishing external forces in two dimensions:

#

Dtu ` ∇p “ 0 in r0,`8q ˆ T2,

divpuq “ 0 in r0,`8q ˆ T2.
(8.2)

By the Helmholtz-decomposition, we can decompose any smooth vector field into a divergenceless and a
curl-free part. Therefore, u be written as the curl of some function rψ : T2 Ñ R, that is u “ ∇K

rψ. Hence,
taking ∇K of (8.2) and calling rρ :“ ∇Ku, a calculation gives

Euler :

#

Btrρ ` divprρ∇K
rψq “ 0 in r0,`8q ˆ T2,

∆rψ “ rρ in r0,`8q ˆ T2.
(8.3)

If the density ρ in (8.1) is close to one, ψ should be small and we can expand

detpI2 ` D2ψq “ 1 ` ∆ψ ` O
`

||D2ψ||2
˘

, (8.4)

meaning that rρ « ρ ´ 1 and rψ « ψ should solve (8.3). To make this more precise, let us rescale (8.1):
#

ρεt :“ 1
ε

`

ρt{ε ´ 1
˘

ô ρt “ 1 ` ερεεt,

ψεt :“ 1
ε
ψt{ε ô ψt “ εψεεt.

The corresponding system, we call SGε and reads

SGε :

#

Btρ
ε ` divpρε∇Kψεq “ 0 in r0,`8q ˆ T2,

detpI2 ` εD2ψεq “ 1 ` ερε in r0,`8q ˆ T2.
(8.5)

Before making precise the convergence of SGε to Euler’s equation for ε Ñ 0 (Theorem 8.2), we con-
sider energies associated to the two systems and show that they are conserved in time. This will be used in
the sequel.

Lemma 8.1 (Energy conservation). Let pρε, ψεq be a C2
`

r0,T s ˆ T2
˘

solution to the SG-system (8.1) up to
a finite time T ą 0 and prρ, rψq a C3

`

r0,T s ˆ T2
˘

solution to Euler (8.3). Let Pt be given by (6.3), that is the
Legendre transform of P˚

t “ ψt ` | ¨ |2{2. Then the energies defined by

Eptq :“
1
2

ż

T2
|∇Pt|

2 dx and rEptq :“
1
2

ż

T2
|∇rψt|

2 dx

are conserved in time. Hence, we have rEptq ” rE and Eptq ” E.
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Proof. Let us start with the Euler energy:

d
dt

rEptq “

ż

T2
∇rψt ¨ Bt∇rψtdx. “ ´

ż

T2

rψt ¨ Bt∆rψtdx
p8.3q
“

ż

T2

rψt ¨ divprρt∇
K
rψtqdx “ ´

ż

T2
∇rψt ¨ ∇K

rψtdrρt “ 0.

For the SG-energy we have

d
dt

Eptq “

ż

T2

| ¨ |2

2
Btρt dx

p8.1q
“ ´

ż

T2

| ¨ |2

2
div

`

∇Kψρt
˘

dx “

ż

T2
Id ¨ ∇Kψρt dx

“

ż

T2
∇Pt ¨ p∇Kψ ˝ ∇Ptq dx

“ ´

ż

T2
∇Pt ¨ ∇K

´

| ¨ |2

2
´ Pt

¯

dx “ 0.

□

8.2 Convergence of SGε to Euler: weak version
Theorem 8.2 (Convergence of weak solutions to SGε to Euler). Let pρε, ψεq be a weak solution to SGε

(8.5) up to a finite time T ą 0 and prρ, rψq P C3
`

r0,T s ˆ T2
˘

a solution to Euler (8.3). Let us also rescale P
according to

Pε
t :“

1
ε

´

| ¨ |2

2
´ Pt{ε

¯

ñ ∇Pε
t “

1
ε

´

∇P˚

t{ε ´ Id
¯

˝ ∇Pt{ε “
1
ε
∇ψt{ε ˝ ∇Pt{ε “ ∇ψεt ˝ ∇Pt{ε. (8.6)

Then for any ε P p0, 1s,

Hεptq :“
1
2

ż

T2
|∇Pε

t ´ ∇rψt|
2 dx (8.7)

is bounded by

Hεptq ď
`

Hεp0q ` Cε2{3p1 ` tq
˘

eCt, (8.8)

where C is a constant, depending on sup
sPr0,Ts

||D3
rψs||L8pT2q and sup

sPr0,Ts

||D2Btrψs||L8pT2q.

Proof. Let us denote with C a constant, which only depends on the quantities mentioned above and may
change from line to line. Moreover, through the whole proof, we consider 0 ď t ď T . Define the energy of
the rescaled system as

Eεptq :“
1
2

ż

T2
|∇Pε

t |2 dx.

Using Lemma 8.1 and the fact that, by definition of Pε
t , we also have Eεptq ” Eε is conserved in time32, we

can express the time derivative of (8.7) as

d
dt

Hεptq “ ´
d
dt

ż

T2
∇Pε

t ¨ ∇rψt dx. (8.9)

In the following, we will use a Taylor expansion with rest term: for any φ : r0,T s ˆ T2 Ñ R smooth
enough, we have
ż

T2
φtρ

ε
t dx “

1
ε

ż

T2
pφtρt{ε ´ φtqdx “

1
ε

ż

T2
pφt ˝ ∇Pt{ε ´ φtqdx “

1
ε

ż

T2

`

φt ˝ pId ´ ε∇Pε
t q ´ φt

˘

dx

Taylor
“ ´

ż

T2
∇Pε

t ¨ ∇φt dx ` Qε
φptq, (8.10)

32Here, we actually have only weak solutions to SGε, but Lemma 8.1 considers strong solutions. The fact that it also holds for weak
solutions is nontrivial and explained in [5].
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where we have summarised the second order Taylor rest term to

Qε
φptq :“ ε

ż

T2

ż 1

0
∇Pε

t ¨ D2φt ˝ pId ´ εs∇Pε
t q ¨ ∇Pε

t ¨ p1 ´ sq ds dx.

Observe that

|Qε
φptq| ď εEε ¨ sup

sPr0,Ts

||D2φs||L8pT2q, (8.11)

where we can use the Peter-Paul inequality to bound

Eε “ Hεptq ´ E `

ż

T2
∇Pε

t ¨ ∇rψt dx ď Hεptq ´ E `
1
4

ż

T2
|∇Pε

t |2 dx `

ż

T2
|∇ψ̃t|

2 dx.

Therefore

Eε ď 2
`

Hεptq ` E
˘

. (8.12)

We can now use (8.10) for φ “ rψ, where we call Qεptq :“ Qε
rψ
ptq, and (8.9) to write

d
dt

`

Hεptq ` Qεptq
˘

“
d
dt

ż

T2

rψtρ
ε
t dx “

ż

T2
Btrψt ¨ ρεt dx `

ż

T2

rψt ¨ Btρ
ε
t dx

“ ´

ż

T2
∇Pε

t ¨ ∇Btrψt dx
looooooooooomooooooooooon

“:T1ptq

` Qε

Btrψ
ptq `

ż

T2
∇rψtρ

ε
t∇

Kψεt dx
loooooooooomoooooooooon

“:T2ptq

,

where for the last step, we used (8.10) again (but this time for φ “ Btrψ) and the weak formulation of (8.5).
For T1, we use (8.2) for u “ ∇K

rψ (which is divergenceless) to obtain

Bt∇rψ “ ∇K p ´ D2
rψ∇K

rψ.

Therefore

T1ptq “

ż

T2
∇Pε

t D2
rψt∇

K
rψt dx.

For T2ptq, similarly to (8.10), we apply a Taylor expansion for ∇rψt (however only of first order):

T2ptq
p8.6q
“

1
ε

ż

T2
∇rψt ˝ pId ´ ε∇Pε

t q ¨ ∇KPε
t dx “ ´

ż

T2

ż 1

0
∇Pε

t

“

D2
rψt ˝ pId ´ εs∇Pε

t q
‰

∇KPε
t dx ds

“ ´

ż

T2
∇Pε

t D2
rψt∇

KPε
t dx ` ∆ptq,

where the rest term ∆ is given by

∆ptq :“
ż

T2
∇Pε

t Kp¨, tq∇KPε
t dx,

for

Kp¨, tq :“ D2
rψt ´

ż 1

0

“

D2
rψt ˝ pId ´ εs∇Pε

t q
‰

ds. (8.13)

For ∆, we claim the following bound, which we show at later point:

|∆ptq| ď C
`

Eεε2{3 ` Hεptq
˘

. (8.14)
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Assuming for a moment that this bound is true, we can conclude our Gronwall argument. First observe that
for any φ : r0,T s ˆ T2 Ñ R, regular enough, we have

ż

T2
∇rψtD2

rψt∇
Kφ dx “

ż

T2
∇
`1

2
|∇rψt|

2˘∇Kφ dx “ 0.

Using this and (8.11), we have for any ε P p0, 1s,

d
dt

`

Hεptq ` Qεptq
˘

ď

ż

T2
∇Pε

t D2
rψtp∇

K
rψt ´ ∇KPε

t q dx ` CEεε2{3 ` CHεptq

“ ´

ż

T2
p∇rψt ´ ∇Pε

t qD2
rψtp∇

K
rψt ´ ∇KPε

t q dx ` CEεε2{3 ` CHεptq

ď CpHεptq ` Qεptq ` Eεε2{3q

p8.12q

ď CpHεptq ` Qεptq ` ε2{3q.

By Gronwall’s Lemma, we have

Hεptq ` Qεptq ď
`

Hεp0q ` Qεp0q ` Cε2{3t
˘

eCt.

Up to replacing by supsPr0,ts Qεpsq, we can assume that Qεptq is non-decreasing. Then, using again the
bounds in (8.11) and (8.12) for t “ 0, that is

Qεp0q ď Cε
`

1 ` Hεp0q
˘

,

and the fact that x ď ex ´ 1 ď xex, we can conclude for any ε P p0, 1s,

Hεptq ď
`

Hεp0q ` Cε2{3t
˘

eCt ` Qεp0qpeCt ´ 1q ď Cε2{3pt ` 1qeCt ` p1 ` CtqHεp0qeCt

ď
`

Hεp0q ` Cε2{3pt ` 1q
˘

eCt.

Hence, we are left by showing (8.14). To this aim, observe that for K defined in (8.13) we do not only
have the bound ||Kp¨, tq||L8pT2q ď C, but also the pointwise estimate

||Kp¨, tq|| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
D2

rψt ´

ż 1

0

“

D2
rψt ˝ pId ´ εs∇Pε

t q
‰

ds
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż 1

0

ż 1

0

2
ÿ

k“1

“

BkD2
rψt ˝ pId ´ εrs∇Pε

t qεsBkPε
t

‰

ds dr
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cε|∇Pε
t |.

For any R ą 0 it therefore holds that

|∆ptq| ď CεR
ż

|∇Pεt |ďR

|∇Pε
t |2 dx ` ||Kp¨, tq||L8pT2q

ż

|∇Pεt |ąR

|∇Pε
t |2 dx

ď CεREε ` C
ż

|∇Pεt |ąR

|∇Pε
t |2 dx. (8.15)

The last term can be handled as follows: since 1
2

ş

T2 |∇Pε
t |2dx “ Eε, we have

ˇ

ˇt|∇Pε
t | ą Ru

ˇ

ˇ “

ż

T2
χ

|∇Pεt |2ąR2 dx ď

ż

T2

|∇Pε
t |2

R2 dx ď EεR´2.
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Therefore
ż

|∇Pεt |ąR

|∇Pε
t |2 dx ď

ż

|∇Pεt |ąR

|∇Pε
t ´ ∇rψt|

2 dx `

ż

|∇Pεt |ąR

|∇rψt|
2 dx ď 2Hεptq ` CEεR´2.

Plugging this into (8.15) and choosing R “ ε´1{3 we conclude

|∆ptq| ď C
`

Eεε2{3 ` Hεptq
˘

,

which shows the claim (8.14). □

8.3 Convergence of SGε to Euler: strong version
The following theorem gives an analogous result to Theorem 8.2. We only sketch to proof and refer to [19]
for the details.

Theorem 8.3 (Convergence of strong solutions to SGε to Euler). Let T ą 0 and prρ, rψq be a solution to
Euler’s equation (8.3) such that rρ P C2

`

r0,T s ˆT2
˘

. Also assume that there exists a pair of weak solutions
pρε, ψεq for SGε (8.5). Let us expand the solution in terms of Euler’s solution, namely

ρε “ rρ ` εσε,

ψε “ rψ ` εχε,

assuming that σε0 is bounded in W1,8pT2q. Then there exists a εT such that uniformly in ε P p0, εT q,

σε,∇χε P L8
`

r0,T s; W1,8pT2q
˘

.

Sketch of proof. First observe that by a Schauder estimate, we have that at least

rψ P L8
`

r0,T s; C3pT2q
˘

.

Let us rewrite the first equation of SGε (8.5) in terms of σε and χε: using for matrices A and B the identity

detpA ` Bq “ detpAq ` detpBq ` tr
`

adjpAqB
˘

,

for adjpAq, the adjugate matrix (transpose of the cofactor matrix) of A “ pai jq
2
i, j“1, given by

adjpAq :“
ˆ

a22 ´a21
´a12 a11

˙

,

we get

Btσ
ε ` p∇rψ ` ε∇χεqK∇σε “ ´∇Kχε∇rρ, (8.16)

∆χε ` ε ¨ tr
`

adjpD2χεqD2
rψ
˘

` ε2 detpD2χεq “ σε ´ detpD2
rψq. (8.17)

As shown in [19], (8.17) can be used to apply a Schauder estimate and deduce that

||χεt ||C1,1pT2q ď Cp1 ` ||σεt ||C0,1pT2qq, (8.18)

where the constant C depends on rψ. Differentiating (8.16) with respect to space and using the identity
∇p∇Ka∇bq “ ∇KaD2b ´ D2a∇Kb gives the following transport equation with source term:

Bt∇σ
ε `

´

p∇rψ ` ε∇χεqK∇

¯

∇σε “ pD2
rψ ` εD2χεq∇Kσε ´ ∇KχεD2

rρ ` D2χε∇K
rρ.
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Using (8.18), we can therefore bound

d
dt

||∇σεt ||L8pT2q ď ||Bt∇σ
ε
t ||L8pT2q ď Cptq

`

1 ` ||∇σεt ||L8pT2q ` ε||∇σεt ||2L8pT2q

˘

,

where Cptq depends on ||rψt||C2pT2q and ||rρt||C2pT2q and is bounded on r0,T s. By applying a variation of
Gronwall’s Lemma33, we conclude that for ε small enough (depending on the choice of T ), σεt remains
bounded in W1,8pT2q, uniformly in t P r0,T s and ε. Using (8.18), we can transfer the argument to ∇χε and
finish the proof.

□

33For example divide by the bracket on the right hand side and integrate.
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9 Conclusions
We have seen that the semigeostrophic system (1.1) is a model used in meteorology to describe the Coriolis
dominated movement of the air of the atmosphere for rather large scales of several hundreds to thousands
of kilometers. Its validity is limited if stratification, which can be described by the buoyancy frequency, is
too weak or if one approaches the equator.

Mathematically, the system is not that easy to deal with, in spite of the various approximations and
simplifications it contains. However, it can be transformed into a transport equation (4.10), which allows to
find weak solutions using the language from optimal transport theory. In particular, we used and proved a
variation of Brenier’s Theorem, which guarantees the existence of a unique map transporting a measure on
the torus into another, while minimising the L2-cost (Theorem 3.9). Moreover, this optimal transport map
can be written as the gradient of some convex function. Solutions to the transport equation can be used to
construct weak solutions to the semigeostrophic system.

Given enough regularity on the initial data, these solutions must even be strong solutions up to some
finite time and are moreover unique (Theorem 7.1). Furthermore, the semigeostrophic system can be shown
to in some sense converge to the Euler system for small velocity fields (or a density close to one), meaning
that if one rescales the semigeostrophic system, its solutions stay close to solutions to the Euler equation
(Theorem 8.2 and Theorem 8.3).
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