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Abstract

This thesis elucidates the unramified Brauer group as an obstruction to the rationality
of invariant function fields. For a finite group G with faithful representation V' there
is an induced action on the function field £(V'), where k is an algebraically closed field
of characteristic 0. Hence, one can consider the fixed field k(V)“ and ask the following
question: For which groups G is the field of invariants k(V)% not rational (i.e. not purely
transcendental) over k7 Based on Bogomolov’s paper [4] this thesis presents the proof of
how the rationality of k(V)¢ is in fact independent of V. More specifically, Bogomolov
proved that the unramified Brauer group of (V)% is isomorphic to a subgroup of the
second cohomology group of G with coefficients in Q/Z. For this purpose we will introduce
the cohomology groups, the Brauer groups and exhibit proofs for the identification of the
Brauer groups with cohomology groups. Moreover, we present results on the order of the
group. In particular, we derive the minimal order of a p-group with non-rational invariant
field.
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Chapter 1

Introduction

It is a classical question in algebraic geometry to ask whether a variety is rational or not
(c.f. [2], [5]). To date there are several methods to investigate rationality. Some methods
focus on verifying rationality, others are constructed to prove the opposite. But all of them
have their limitations, and the question of rationality remains still open for certain varieties.
One of the mathematicians studying rationality questions was Jakob Liiroth. He posed a
question that was later known as the Liiroth problem: Is any unirational variety necessarily
rational? Roughly speaking a variety is unirational if a dense open subset is parametrized
by a projective space, and it is rational if such parametrization is one-to-one. In 1971-1972
there appeared three different counter-examples to Liiroth’s problem.

e the Clemens-Griffith method [11] uses the intermediate Jacobian to show that a
smooth cubic threefold is not rational

o the Iskovskikh-Manin method [25] uses birational automorphisms on smooth quartic
threefolds to show that those are not rational

e the Artin-Mumford method [1] uses the torsion subgroup of H3(X,Z) to show that a
particular double covering X of P? is not rational

Although these methods appeared around the same time, they are all based on different
ideas and have their own advantages and limitations. It is to be highlighted that they are
still essentially the basic methods to prove non-rationality results. Only recently Claire
Voisin [41] introduced a new method to study stable rationality, another weaker form of
rationality.

There is an equivalent way to discuss rationality of varieties using the language of
fields. That is, a variety X over k is rational if and only if its function field k(X) is purely
transcendental over k. Then another interesting question was posed by Emmy Noether [35]
which concerns the rationality of invariant fields. Let K := Q(x1, .., x,) be a field of rational
functions in n variables with coefficients in QQ such that K is purely transcendental over Q.
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Let G be a finite group acting by automorphisms on K by means of permutations on the
variables. The question that is known as Noether’s problem is whether the fixed subfield
K@ C K is itself a field of rational functions. For a summary of the methods discussing
rationality of fields of invariants the reader can consult [15].

Based on the Artin-Mumford method, Saltman [37]| discussed Noether’s problem (over
k algebraically closed). He constructed groups G' of order p? such that the invariant field
k(G) = k(xg4,g € G)“ was not rational for an algebraically closed field k. He was able to
use a purely algebraic description of the unramified Brauer group of k(G), which coincides
with the Artin-Mumford group, to prove his statements. In fact, the Brauer group of a field
K is a birational invariant in the sense that it can be described starting from any variety
X with function field k(X) = K. The idea of the obstruction is that the unramified Brauer
group is trivial for any (retract) rational function fields. Differently said, if the Brauer
group of k(X) is non-trivial, then the variety X is not rational.

Further contributions on this topic were made by Bogomolov [4]. Let G be a group and
V its faithful representation. It is worth noting that under some circumstances the function
field of the quotient variety V/G is isomorphic to (V). In this manner one can relate
the work of Bogomolov [4] to the results above. He showed for £ = C that the unramified
Brauer group of the function field k£(V/G) can be characterized by purely group-theoretic
means. In particular, he proved that the unramified Brauer group of k£(V/G) is isomorphic
to a specific subgroup of the second cohomology group of G with coefficients in Q/Z. This
subgroup is often denoted by By(G). With his results he was able to show that rationality
of k(V/G) was independent of the representation of the group. So, one can ask the following
question:

For which groups G is the invariant function field (V)¢ not a purely transcendental
extension of k7

Moreover, Bogomolov [4] claimed that the smallest order of a group with non-trivial
invariant is p®. This was falsified by Moravec [31] and Hoshi, Kang and Kunyavskii [23]
who showed that for an odd prime p there existed a group of order p° such that the invariant
was non-trivial.

In this thesis we will focus on the relevant results in Bogomolov’s paper [4] and present
the ideas of the proofs on the minimal order of a group with non-trivial invariant. There
are many more results on groups such that the invariant field (V)¢ is in fact purely
transcendental over k but they will be mostly omitted in this thesis.

As already mentioned above we will focus on varieties X whose function field k(X) is
isomorphic to (V)& for a finite group G and a faithful representation V' over k. There are
techniques to determine for which varieties X we have such equivalence but its discussion
would be out of scope for this thesis. We will only shortly introduce the quotient varieties
to apprehend the relation between [4] and our framework.

This thesis is organized as follows. In chapter 2, we will first introduce the topic of ra-
tionality on curves to have a better understanding of rationality. In chapter 3, we will recall
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preliminary topics such as rational varieties, divisors, quotient varieties, invariant theory
and unramified extension fields. In chapter 4, we will introduce some useful definitions and
properties from group cohomology theory. In particular, we recall some results from Galois
cohomology. We will use them extensively working with Brauer groups. In chapter 5, we
first introduce the Brauer groups of fields. The main results of this section will be the
identification of the Brauer group with certain cohomology groups. Moreover, we introduce
the unramified Brauer group. It plays a crucial role in the main part of this thesis. As a
generalization of the Brauer group of fields, we will give the definition of the Brauer group
of varieties at the end of this chapter. Chapter 6 contains the main results of this thesis.
Following the idea of [4] we present the results on how the unramified Brauer group is an
obstruction in the question of rationality and derive its group-theoretic characterization. In
particular, we exhibit the proof of the isomorphism between the unramified Brauer group
and By(G). In chapter 7 we unfold Bogomolov’s idea of reducing the question of the p-
component of By(G) to a question of the invariant using p-groups. In the last part, we will
come back to the question raised above and discuss the minimal order of the group G in
chapter 8.



Chapter 2

Rationality on curves

This chapter serves as an introduction to the topic of rationality by exploring rationality
on curves. It is based on [40]. Recall that an affine algebraic curve is defined by a non-
constant polynomial f with coefficients in a field k. It consists of the points on the plane
which satisfy the equation
flz,y)=0. (2.1)

The degree of the curve is given by the degree of the polynomial f. In the literature one
finds the term conic for a degree 2 curve and cubic for a degree 3 curve. A curve is called
irreducible if its defining polynomial is an irreducible polynomial. In this section and in
most cases throughout the thesis we will work on an algebraically closed field k. Why?
Take for example £k = R which is not algebraically closed. Then with the definitions above
the coordinate (0,0) defines a curve since it is defined by the equation 2% +y? = 0. But it is
also defined by equations of the form x?" +y?" = 0 for any n € N. So, the notion of degree
of the curve would not be well-defined. Furthermore, observe that for n = 1 the polynomial
x? + y? is irreducible over R whereas for n = 3 the polynomial 2% + 4% is reducible. We
would not encounter such problems when working on an algebraically closed field. Another
reason to work on an algebraically closed field occurs when we look at the intersections
of curves. In this situation it is convenient to use the fact that the number of roots of a
polynomial is equal to the degree. But this holds only for algebraically closed fields. This
does not mean that the study of rationality problems over algebraically non-closed fields
is impossible (e.g. [35]). However, most often one passes in this case to an algebraically
closed field containing the algebraically non-closed field in question.

Let us thus fix an algebraically closed field k. We now give some examples of rational
and non-rational curves.

Definition 2.0.1. Let X be an irreducible algebraic curve defined as in (2.1). Then X
is said to be rational if there exist two rational functions, i.e. ratios of polynomials with
coefficients in k, u(t) and v(t), at least one non-constant, such that

fu(t),v(t)) =0
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Observe that lines (curves of degree 1) and irreducible conics are rational. Thus, let us
have a closer look at curves of degree 3. Consider for example the curve C; of degree 3
given by

y? =% 4 23 (2.2)

|
3
Figure 2.1: Curve C defined by (2.2) (source: [40])

Let us show that this curve is rational, i.e. its points can be written as rational functions
of one parameter. Observe that the line given by y = tx intersects the curve in a single
point. Substituting y = tz in (2.2) yields 22(t* — 2 — 1) = 0. One root is given by (0,0).
The other is given by x = t> — 1. From the equation of the line we then get y = ¢(¢2 — 1).
Thus, we have the parametrization

u(t) =t — 1,0(t) = t(t* — 1)

and we see that the curve given in (2.2) is rational. However, there are examples of curves
of degree 3 that are not rational. Consider the curve C given by

B4y =1 (2.3)
Suppose that Cs is rational with the parametrization x = u(t) and y = v(¢). Then one can

write ) = @ o) @

r(t)” 0 r(t)
where p(t), q(t) and r(t) are polynomials with coefficients in k, relatively prime to each
other. Observe that
P+ (t) — () =0 (2.4)
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must equally hold by (2.3). Now, differentiating it and dividing it by 3 we get that

Pt)-p°(t) +d'(t) - p*(t) — 7' (t) - 12(t) = 0 (2.5)

Solving (2.4) and (2.5) as a system of linear equations one can observe that p?(t), ¢*(t) and
r?(t) are proportional to q(t)r'(t) — r(t)q'(t), r()p'(t) — p(t)r'(t) and p(t)q'(t) — q()p'(t)
respectively. Notice that since p(t), q(t) and r(t) are relatively prime we have
P()la(t)r’ () = r(t)d'(t)
O)lr(t)p'(t) — p(t)r' (1)

r(®)lp(t)d'(t) — a(t)p' (1)
Without loss of generality denoting the degree of p(t), ¢(t) and r(t) by a,b,c witha > b > ¢

the first relation gives that 2a < b+ ¢ — 1. But with the condition of b < a and ¢ < a, we
get a contradiction. So, Cs is not rational. This leads to the following question:

How to determine whether a given algebraic plane curve is rational ?

Interestingly, this question can be reformulated using field theory. Let X be again a curve

defined as in (2.1) and consider two polynomials p(x,y) and ¢(x,y) with coefficients in k

such that ¢ is not divisible by f. We then say that the rational function u(z,y) = f; E;gg is

a rational function on X. Moreover, we say that two rational functions

Pi(y) o0 P2(ey)

q1(z,y) a2(zy)
are equal on X if pi(z,y)q(z,y) — p2(z,y)q1(x,y) is divisible by f. Then the rational
functions, up to equality on X, form a field which we call the function field of X and
denote it by k(X). Observe that if X is a line, say given by y = 0, then any rational
function u(z,y) on X can be written as a rational function u(z,0) in one variable = only.
Hence, the function field of the line X is equal to the field of rational functions in one
variable, i.e.

kE(X) = k(x).
Now, assume that the curve X is rational, i.e. there is a parametrization z = «(t) and
y = B(t) for some rational functions «(t) and f(¢). Consider the substitution

u(z,y) = u(a(t), B()) (2.6)
which takes a rational function u(z,y) = % to a rational function in ¢. This is well-

defined if g(a(t),8(t)) is not identically 0 as a function of t. Indeed, assume g = 0. We
have the following lemma.

Lemma 2.0.2. Let k be an arbitrary field. If f € k[z,y] is an irreducible polynomial
and g € k[z,y] is an arbitrary polynomial not divisible by f, then the system of equations
f(z,y) = g(x,y) = 0 has only finitely many solutions.
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Proof. [40] lemma in chapter 1.1. O

Since k is algebraically closed taking different values for ¢ in k& shows that f(z,y) =0
and ¢(z,y) = 0 have infinitely many common solutions. But by lemma 2.0.2 this is only
possible if f and g have a common factor. This contradicts the assumption that ¢ is
not divisible by f. Moreover, the substitution given in (2.6) takes two rational functions
ui(z,y) and uz(z,y) which are equal on X to the same rational function in k(t). Now,
by Liiroth’s theorem stating that a subfield of the fields of rational functions k(¢) that
contains k£ and is not k itself is isomorphic to the field of rational functions, we can say
that if X is rational, then its function field k(X) is isomorphic to the field of rational
functions k(t). Conversely, if k(X)) is isomorphic to k(t) where x,y correspond to u(t),v(t)
respectively, then the equation f(x,y) = 0 € k(X) is respected by the field isomorphism
and we have f(u(t),v(t)) = 0. Thus, X is rational. Observe that any field K containing k
with transcendence degree 1 over k and generated by two elements x and y is isomorphic
to k(X) for an irreducible algebraic plane curve X. Then the question of rationality of a
plane curve can be reformulated as follows:

When is a field K containing k with transcendence degree 1 over k generated by x and y
isomorphic to the field of rational functions k(t) of one variable?

Now, the rational parametrization is a special case of the more general notion of rational
maps. Let X and Y be two irreducible algebraic plane curves, and let u,v be two rational
functions in k(X). The map ¢(P) = (u(P),v(P)) is defined for all P € X wherever both
uw and v are defined. If ¢(P) lies on Y for every P € X at which ¢ is defined, then ¢ is
called rational map from X to Y. A rational map ¢ : X — Y is called birational if there
exists a rational map ¢ : Y — X such that ¢ o ¢ = idy and ¥ o ¢ = idx. In this case we
say that X and Y are birationally equivalent. Birational equivalence is a fundamental
equivalence relation in algebraic geometry. Oftentimes curves in algebraic geometry are
defined up to birational equivalence. It is worth mentioning that the rational curves are
exactly those that are birational equivalent to the line. As for the notion of rationality
there is a reformulation via the theory of fields for the notion of birational equivalence. Let
X and Y be two birational equivalent irreducible algebraic plane curves with maps between
them given by

(u7v) = (d)(x,y),w(x,y)), ($,y) = (§(u, U),I/(U,U))

Consider the map k(X ) — k(Y') sending the rational function w(z,y) — w(£(u,v), v(u,v))
viewed as a rational function on Y. One can prove that this map is in fact an isomorphism.
Under this isomorphism the elements z,y € k(X)) correspond to &(u,v),v(u,v) € k(Y') and
the rational functions w,v € k(Y) correspond to ¢(x,y), ¥ (z,y) € k(X). And the pairs
¢,y and &, v define birational maps between the curves X and Y. Thus, the curves are
birational if and only if their function fields are isomorphic.

Classifying algebraic curves up to birational equivalence is a geometric aspect of the al-
gebraic problem of classifying finitely generated extension fields of k of transcendence degree
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1 up to isomorphism. More generally, one can consider fields of any finite transcendence
degree which needs the framework of more general varieties instead of curves.



Chapter 3

Preliminaries

This chapter provides a collection of definitions and results used in the thesis. Only the
chapter covering quotient varieties will not be further used in the thesis, but is here to
understand the references and to see the connection between this thesis and their work. We
first recall the definitions concerning rationality of varieties in section 3.1. This is followed
by the introduction of divisors in section 3.2, of quotients of affine varieties in section 3.3, of
invariant theory in section 3.4 and of unramified extension fields in section 3.5. No attempt
at being comprehensive is made.

3.1 Rationality of varieties

The main reference for this section is Hartshorne’s book on algebraic geometry [21]. We are
mainly interested in algebraically closed fields k of characteristic 0. Recall that an affine
algebraic variety is an irreducible closed subset of the affine n-space A}. An open subset
of an affine variety is a quasi-affine variety. A projective algebraic variety is an irreducible
algebraic set in P}, i.e. there exists a set T' of homogeneous polynomials in k[x, ..x,] such
that it is equal to the zero set of 1. A quasi-projective variety is an open subset of a
projective variety. More generally, a variety over k is any affine, quasi-affine, projective or
quasi-projective variety. On varieties we will consider regular functions. For more details
on affine and projective varieties the reader is referred to [21] or the appendix at the end
of the thesis.

Definition 3.1.1. Let Y be a quasi-affine variety in A7. A function f :Y — k is regular
at P €Y if there exists an open neighbourhood U in Y containing P and two polynomials
g,h € k[z1,..,x,] such that h # 0 on U and f = g/h on U. The function f is called regular
on Y if it is regular at every point on Y.

Analogously, one defines regular functions in the projective case.
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Definition 3.1.2. Let Y be a quasi-projective variety in P}!. A function f : Y — k is
regular at P € Y if there exists an open neighbourhood U in Y containing P and two
homogeneous polynomials g, h € k[xg, .., x,] such that h # 0 on U and f = g/h on U. The
function f is called regular on Y if it is regular at every point on Y.

Definition 3.1.3. Let Y be a variety. We denote by O(Y) the ring of all regular
functions on Y.

Definition 3.1.4. Let Y be a variety. If P is a point of Y, we define the local ring of P
on Y, denoted by Oy p or Op, to be the ring of germs of regular functions on Y. Elements
of Op is a pair (U, f) where U is an open subset of Y containing P and f is a regular
function on U. We identify two such pairs (U, f) and (V,g) if f =g on U N V. This is an
equivalence relation.

Note that the maximal ideal m of Op is the set of germs of regular functions which
vanish at P and the residue field Op/ m is isomorphic to k.

Definition 3.1.5. A morphism ¢ : X — Y between two varieties is a continuous map such
that for every open subset V' C Y and every regular function f : V' — k the composition
foo o Y (V) — k is regular.

Since the composition of two morphisms is again a morphism we have a category of
varieties. Let us recall the definition of a function field of a variety.

Definition 3.1.6. Let Y be a variety. An element of the function field £(Y) of Y is an
equivalence class (U, f) where U is an open neighbourhood in Y and f is a regular function
on U. Two pairs (U, f) and (V, g) are equivalent if f = g on U N V. Elements of k(Y") are
called rational functions on Y.

Let us check that k(YY) is indeed a field. By definition of a variety we know that Y
is irreducible. So, any two non-empty open sets have non-empty intersection. Thus, one
can define addition and multiplication on k(Y') making it a ring. If an element < U, f >
of k(YY) is such that f is not constant zero, we can restrict f to the open set V = U -
(UNZ(f)) where f does not vanish. So, 1/f is regular on V and < V,1/f > is inverse to
< U, f >. We conclude that k(Y") is indeed a field. Observe moreover that if we replace Y’
by an isomorphic variety, then the function fields are also isomorphic. Hence, k(Y) is an
invariant of Y.

Theorem 3.1.7. Let Y C A™ be an affine variety with coordinate ring A(Y). Then the
function field £(Y) of Y is isomorphic to the quotient field ¢f(A(Y)) of A(Y) and hence

E(Y) is a finitely generated extension field of k, i.e. there exists a subset {x1,..,z,} C k
such that k(Y) = k(x1,..,2,).

Proof. [21] theorem 3.2, d) O

10
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Furthermore, the concept of birational equivalence will be of great importance. Let us
first recall the definition of rational maps.

Definition 3.1.8. Let X, Y be two varieties and U, V two non-empty open subsets of X.
Let ¢y: U — Y and ¢y: V — Y be two morphisms. We define the following equivalence
relation: (U, ¢y) ~ (V,¢y) <= ¢y, ¢v coincide on U N'V. Such an equivalence class is
called a rational map and denoted by ¢: X — Y.

Definition 3.1.9. A rational map ¢: X — Y is called dominant if for some pair (and
hence every) (U, ¢r7) the image ¢ (U) is dense in Y.

Definition 3.1.10. A birational map ¢: X — Y is a rational map that admits an inverse,
i.e. there exists a rational map 1: ¥ — X such that ¢ o ¢ = idx and ¢ oy = idy. If such
a birational map exists between two varieties X and Y, we say that they are birationally
equivalent.

Since one can compose dominant rational maps, the varieties and the dominant rational
maps form a category.

Definition 3.1.11. A variety X is called rational if it is birationally equivalent to P™ for
some n € N.

As we mentioned in the introduction one can reformulate the question of rationality
using field theory. That is, the category of varieties and dominant rational maps is equiv-
alent to the category of finitely generated extension fields of k. Recall that there is a base
of topology consisting of open affine subsets for any variety (c.f. [21], proposition 4.3).
Consider two varieties X and Y. Let ¢ : X — Y be a rational map represented by (U, ¢r)
and denote by f € k(Y) a rational function on Y, represented by (V, f) for an open subset
V of Y and a regular function f on V. Since by definition ¢y (U) is dense in Y, (;561(1/)
is non-empty and open in X. Therefore, the composition f o ¢y is a regular function on
¢p' (V). With this construction we have a homomorphism of k-algebras from k(Y') to k(X).
The following theorem shows the relation between the two notions of rational varieties and
function fields.

Theorem 3.1.12. For any two varieties X and Y the above construction gives a bijection
between

e the set of dominant rational maps from X to Y and
e the set of k-algebra homomorphisms from k(Y') to k(X).
Proof. [21] theorem 4.4 O

This correspondence yields an arrow-reversing equivalence between the category of varieties
and the category of finitely generated field extensions of k.

11
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Corollary 3.1.13. For any two varieties X and Y the following are equivalent.
e X and Y are birationally equivalent.
e There are open subsets U C X and V' C Y such that U is isomorphic to V.
e There is an isomorphism between the function fields k(X) and k(Y).

Definition 3.1.14. A field extension L/K is purely transcendental if there is a subset
{z1,..,x,} C L that is algebraically independent over K and L = K(x1,..,2y,).

By the equivalence above we see that a variety X over k is rational if and only if its function
field k(X)) is purely transcendental over k. Due to this fact the notion of rationality and
pure transcendence is used interchangeably in the wast literature (e.g. [12], [23]).

3.2 Divisors

In this section we recall the definition of divisors of a smooth variety and some of their
properties following [19] and [21]. Let k£ be an algebraically closed field of characteristic
0. We denote by k* the multiplicative group of k. Let X be a smooth variety over k. In
particular, all its local rings are unique factorization domains. Denote by Div(X) the free
abelian group with basis the irreducible closed subvarieties in X that are of codimension 1.
The elements in Div(X) are called (Weil) divisors.

Definition 3.2.1. A divisor D € Div(X) is of the following form

D:ZnyY

where the sum runs over all irreducible closed subvarieties Y of codimension 1 and corre-
sponding coefficients ny € Z.

The union of the Y appearing with non-zero coefficients ny is referred to as support of
D. For a codimension 1 irreducible subvariety ¥ of X, the local ring Ox y is of dimension
1 and it is a unique factorization domain by assumption. So, it is a discrete valuation ring.
Denote by vy: k(X) — Z the associated discrete valuation (see section 3.5 for more details
on discrete valuations).

Lemma 3.2.2. For a given non-zero rational function f € k(X)* there are only finitely
many subvarieties Y C X with the properties defined above such that vy (f) # 0.

Proof. |21] lemma I1.6.1 O

Definition 3.2.3. The divisor of the rational function f € k(X)* is given by
div(f) ==Y vy (f)Y € Div(X)

12
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where the sum runs over all codimension 1 irreducible closed subvarieties Y in X. Since
one can add discrete valuations we get a group homomorphism

div: k(X)* — Div(X)

Then the divisor class group of X is the cokernel of this morphism and is denoted by
Cl(X). Two divisors D; and Dy are linearly equivalent if they have the same class in Cl(X).
Now, recall that for any ringed space X the Picard group of X Pic(X) is formally defined
as group of isomorphism classes of invertible sheaves on X. By corollary 6.16 in [21] there
exists a natural isomorphism between CI(X) and Pic(X) if X is a noetherian, integral,
separated locally factorial scheme. Hence, in our framework the two notions coincide and
we can write the following theorem.

Theorem 3.2.4. Assume X is moreover projective. Then the sequence
1= k* — k(X)* W Div(X) - Pic(X) - 0
is exact.
Proof. [19] proposition A.4.3 O

Proposition 3.2.5. For any smooth variety X over a perfect field, we have an isomorphism
Pic(X) = Pic(X x A'). Hence, Pic(A") = 0 for n > 0.

Proof. [19] proposition A.4.4 O

3.3 Quotient varieties

This section is based on [6], [12] and the references therein. Let k be an algebraically closed
field of characteristic 0. The purpose of this section is to indicate the relation between
results on quotient varieties and the framework in this thesis.

Definition 3.3.1. An algebraic group is a variety G with group structure such that the
multiplication map

pGxG—=G (g,f)~g-f
and the inverse map
1

w: G — G, g g

are morphisms of varieties. The neutral component of G is the connected component
G° C @ that contains the identity element eq of G.

Ezxample:

13
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e Any finite group is algebraic.

e The general linear group G L,,, consisting of all invertible n x n matrices with complex
coefficients, is an affine algebraic group. Indeed, observe that GL,, is the open subset
of the space M, (C) of n x n complex matrices where the determinant A does not
vanish. One can also see this as an affine space of dimension n?. Thus, GL,, is an
affine variety. Its coordinate ring is generated by the matrix coefficients a;j, for 1
< 1,7 <n and by %. Furthermore, observe that the coefficients of the product AB
(resp. of the inverse of A) of two matrices are polynomial functions of the coefficients
of A, B (resp. of the coefficients of A and %) Hence, GL,, is an affine algebraic

group.
e The additive group C and the multiplicative group C* are affine algebraic groups.

Remark: The fact that finite groups are algebraic reveals why we can include references
using more general algebraic groups in this thesis.

Lemma 3.3.2. Any algebraic group G is a smooth variety, and its (connected or irreducible)
components are the cosets ¢gG°, for g € G and G° the connected component from above.
Moreover, G is a closed normal subgroup of G, and the quotient group G /G is finite.

Proof. 6] lemma 1.3 O

Definition 3.3.3. A G-variety is a variety X equipped with an action of the algebraic
group G

aGx X —X,(g,z)»g-x

which is also a morphism of varieties. We call « an algebraic G-action.
An algebraic action induces an action of G on the coordinate ring k[X] given by

(9-N@) = flg~" )
forall g € G, f € k[X] and = € X.

Definition 3.3.4. Given a G-variety X and an element x € X, the orbit G-z C X is the
set of all elements of the form g - z, for ¢ € G. The isotropy group or stabilizer G, C G
is defined as follows

Gy ={9€eG:g-z=ua}

Definition 3.3.5. A linear algebraic group G is reductive if it does not contain any closed
normal unipotent subgroup.

Lemma 3.3.6. Let A be a domain, K its field of fractions, G a finite group acting on A.
Then the field K€ is the field of fractions of A®.

14
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Proof. [12] lemma 2.1 O

Lemma 3.3.7. Let k& be an algebraically closed field of characteristic 0. Let A be an
integral k-algebra of finite type equipped with an (algebraic) action of a linear algebraic
k-group G. Let K be the field of fractions of A and assume that A is a unique factorization
domain. Moreover, assume that the identity component of G has no non-trivial character.
Then K€ is the field of fractions of A%,

Proof. |12] lemma 2.1 O

Proposition 3.3.8. Let k be an algebraically closed field of characteristic 0. Let G be a
linear algebraic group and X a factorial affine variety with a G-action. If G is finite, then
E(X)€ is the field of fractions of k[X]%.

Proof. [12] proposition 2.3 (ii) O
Let us denote by X (k) the set of rational k-points of X.

Proposition 3.3.9. Let 7 : X — Y be a dominant morphism of integral k-varieties. Let
the algebraic k-group G act on X. Assume that for z,y € X (k) the following conditions
are equivalent.

o m(x) =7(y)

e There exists g € G(k) such that gz = y.
Then k(Y) may be identified with the field of invariants k(X)%, i.e. k(Y) = k(X)C.
Proof. [12] proposition 2.4 O

Definition 3.3.10. If G is a reductive k-group and X = SpecA is an affine k-variety with
a G-action, then the algebraic quotient X//G of X by G is the affine scheme SpecA®.

Definition 3.3.11. Let X be an algebraic k-variety equipped with an action of an algebraic
k-group G. A geometric quotient X/G of X by G is a k-variety Y equipped with a k-
morphism ¢ : X — Y such that

e the map ¢ is open, constant on G-orbits and induces a bijection between X (k)/G (k)
and Y (k).

e for any open subset V' C Y the natural morphism k[V] — k[¢~(V)]% is an isomor-
phism.

Be aware that in general such a geometric quotient might not exist. If such a variety Y
exists, then it is unique up to isomorphism. It will then be denoted by Y = X/G. By
proposition 3.3.9 we then have k(Y) = k(X)C.

15
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Definition 3.3.12. Let GG be a linear algebraic k-group. A k-variety X equipped with a G-
action and a faithfully flat k-morphism X — Y is a G-torsor — principal homogeneous space
under G — over Y if the map (g, x) — (gz,z) induces an isomorphism G x; X = X xy X.

Definition 3.3.13. An action of an algebraic k-group G on a integral k-variety X will be
called an almost free action if for all x € U(k) in a non-empty open set U of X the
stabilizer G, C G(k) is trivial.

Theorem 3.3.14. Let X be an affine k-variety and let the reductive k-group G act on X.
If each stabilizer G, © € X(k), is trivial, then X is a G-torsor over X//G. Hence, X/G
exists, and X//G = X/G.

Proof. [12] theorem 2.14 O

3.4 Invariant theory

This section follows [3] and [34]. Let G be a finite group, k a field of coefficients and V a
finite-dimensional k-vector space on which G acts by substitutions. Then k[V] denotes the

ring of polynomials on V, i.e. if V has dimension n as a vector space, and x1,..,z, is a
basis for the dual space V* = Homy(V, k), then

k[V] = kla1, .., 2]

The elements of k[x1, .., x,] are just homogeneous polynomials in the linear forms z, ..,z

with coefficients in k. The group acts on k[V] via (gf)(x) = f(¢9~'z). The ring of

invariants is denoted by k[V]. This induces an action of G on the field of fractions k(')
which is given by g(f1/f2) = (9./1)/(9.f2)-

Proposition 3.4.1. Let V be a finite-dimensional faithful representation of a finite group
G over a field k. Then k(V) is a Galois extension of k(V)¢ with Galois group G. The field
E(V)€ is the field of fractions of k[V]%, and k[V]® is integrally closed in k(V)€.

Proof. |3] proposition 1.1.1 O

Proposition 3.4.2. Let V be a finite-dimensional representation of a finite group G over
a field k of characteristic 0. Then k[V]% is generated by elements of degree at most ord(G).

Proof. [3] corollary 1.5.3 O

Theorem 3.4.3. If G is a linearly reductive algebraic group, then k[V]G is a finitely
generated k-algebra.

Proof. [3] theorem 1.6.3 O
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Remark: The above definition of the action on k[V] is often called linear action in
contrast to the multiplicative action. In this thesis we will mainly focus on the linear
action. For comparison, we will give the definition of the multiplicative action nevertheless,
following [27]: A multiplicative action arises from a presentation G — GL(L) of a group
G on a lattice L. The group algebra of L over the commutative base ring k is denoted by
k[L]. The basis element of k[L]| corresponding to the lattice element m € L is denoted by
x™ such that x* = 1, x™x™ = x™™ and x~™ = (x)~'. Then every element f € k[L]

can be expressed as
e

meL

for l,, € k. Then the action of G on the lattice L can be extended to an action on k[L]
defined by k-algebra automorphism via

g- Zlmxm = Zlmxg(m)

meL meL

This action is usually called multiplicative action. For results on rationality of invariant
function fields using the multiplicative action the reader is referred to [12] and [22].

3.5 Unramified extensions of fields

In this section we will introduce the notion of unramified extensions of fields and state key
results. The content of this section is based on [7] and [39].

Let K be a field and denote by K™ its multiplicative group. Recall that amap v : K — Z
is a discrete valuation if v is surjective when restricted to K*, v(0) = oo and it satisfies
the following two properties v(xz + y) > inf(v(x),v(y)) and v(z - y) = v(z) + v(y) for any
z,y € K*. The set R := {x € K : v(z) > 0} is a discrete valuation ring with field of
fractions K. Moreover, we denote by p := {x € K : v(z) > 0} the unique non-zero prime
ideal of R. We will define x := R/ p, the residue field. Recall that the invertible elements
of R are those elements with trivial valuation. Conversely, one could also have started with
a discrete valuation ring and defined the valuation from there (c.f. [39]).

Remark: For details concerning the translation to the language of "multiplicative"
valuation see e.g. [7], p.2.

It is worth noting the special case of discrete valuations on algebraically closed fields.

Lemma 3.5.1. An algebraically closed field does not admit any non-trivial discrete valu-
ations.

Proof. Let k be an algebraically closed field and denote by v a valuation on k. Fix an
element © € k such that v(xz) > 0. Since k is algebraically closed it is in particular

17
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quadratically closed. Hence, /= belongs to k as well. Using that the valuation satisfies the
equality v(z - y) = v(z) + v(y) for any z,y € k we compute

V(@) = (/3 - V/3) = v(VT) + v(Va) = 2 v(VT)

i.e. v(y/x) = Sv(x). Notice that since /z € k and k is quadratically closed, we can repeat
the step. Hence, k contains elements with arbitrary small valuations. This implies that v
cannot be a discrete valuation. O

Observe that the discrete valuation v gives rise to a short exact sequence
0-U—-K"5%7Z -0

where U is the group of units of R. Moreover, it will be convenient to make use of extensions
of v. For a fixed real number ¢ € (0,1) one can define the following metric

d(z,y) = V@=y)

for x,y € K. With this metric one can consider completions of fields with respect to this
v.

Proposition 3.5.2. A discrete valuation v of K can be uniquely extended to a discrete
valuation on the completion K, of K with respect to v.

Proof. |7] chapter 1, section 1, proposition 1 O

Proposition 3.5.3. Let R be a discrete valuation ring with field of fractions K and maxi-
mal ideal p. Then there is a discrete valuation ring @ with field of fraction K (¢) such that
QNK=R.

Proof. [19] appendix, proposition A.6.12 O

Let more generally R be a Dedekind domain, K its quotient field and L a finite separable
algebraic extension of K. We set S to be the integral closure of R in L, i.e. the elements
of L that are integral over R. To avoid confusion we will denote the corresponding discrete
valuation of a field K by vx. With this notation the proposition above can be stated more
generally as follows.

Proposition 3.5.4. Every discrete valuation vg of K can be extended to a finite separable
extension of L. Moreover, if R is a discrete valuation ring and K is complete w.r.t. the
corresponding discrete valuation vk, then it holds also that S is a discrete valuation and L
is complete w.r.t. vy,.

Proof. [7] chapter 1, section 4 O
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Let us consider two Dedekind domains such that Ry C Re with corresponding fraction
fields K1, K9 and non-zero prime ideals po, p1 := p2 NRi. Observe that we have an
inclusion k1 C kg of the corresponding residue fields.

Definition 3.5.5. The ramification index e is given by the equation
VP2’KT =€ Vp,

Definition 3.5.6. Let K2/K; be an extension of fields. The field K is said to be unram-
ified over K7 if e = 1 and the residue field extension ko is separable over k1.

Lemma 3.5.7. A composite field of two unramified extensions L and L’ of K is again
unramified.

Proof. [7] chapter 1, section 7 O

Definition 3.5.8. The union of all unramified extensions L of K contained in a given
separable closure of K is the maximal unramified extension of K and denoted by K.

Remark: The abbreviation nr comes from the word non-ramified which is sometimes
used instead of unramified.
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Chapter 4

Group cohomology

In this chapter we introduce the theory of group cohomology. In particular, we will derive
the definitions of the first and second cohomology group of a finite group G with coefficients
in a G-module A since we will mainly work with those. Moreover, we will introduce some
special maps between cohomology groups and state some results on Galois cohomology.
Notice that we restricted to the case of finite groups, whereas the statements in the ref-
erences hold more generally for profinite groups. We can do this by observing that finite
groups are profinite. This chapter mainly follows [19] and [33].

Recall that a (left) G-module is an abelian group A equipped with a left action of G. We
will denote the G-action by ¢ - a or ga for g € G and a € A. This can also be reformulated
as giving a left module over the integral group ring Z[G] by defining the multiplication
(>-ngg)a ==Y ng(g-a) for Y ngg € Z|G] and a € A. On the other hand a Z[G]-structure
implies the existence of 'multiplication-by-¢g’ maps on A for all ¢ € G. A G-module A is
called a trivial G-module when G acts trivially on A, i.e. g-a = a for all g € G, a € A.

The cohomology of a finite group G arises from the diagram

. > GE@XxGEXxGE—=GExGE— G,
the arrows being the projections
di: GM = G" i=0,1,..n
given by omitting the ¢-th entry, i.e.
di(90s - Gn) = (905 s Gi—1, Git1; - Gn)-

Moreover, GG acts on G™ by left multiplication.
For every (discrete) G-module A we form the abelian group

X" = X"(G,A) = Map(G"*, A)
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of all maps z: G"*1 — A, i.e. of all functions x(go, .., g,) with values in A. Then X" is a
G-module given by

(g . $)(g0, 7gn) =g- x(gilg()a "7971971)'
Remark: In the more general case of profinite groups one needs to additionally assume that
the functions x € X" are continuous. Since we are in the finite case, topology is irrelevant.

The maps d;: G"™' — G™ induce G-homomorphisms ;. X =1 5 X" and we define
the alternating sum for n > 1

o= (-1)idy : X" X"
=0

For z € X" 1 n > 1, 0"z is the function

n

(0"x) = Z(_l)ix(goa"7gi—179i+17--agn) (4.1)
i=0

Moreover, we have the G-homomorphism 0°: A — X° sending a to the constant function
x(go) = a. Given these definitions we have the following result.

Proposition 4.0.1. The sequence
0 1 2
0545 x0% x1 %
is exact.

Proof. We first show that the sequence is a chain complex, i.e. a sequence of abelian groups
A, X% X' ... and a sequence of homomorphisms (9"),, such that 9"*! o 9" = 0 for all
n > 0. Starting with n = 0 we obtain 9! 0 3° = 0 by easy computations. For any element
a contained in A we have

(0" 0 8")(a) = 91(8"(a)) = 9" (2(g0)) = (9'x)(90,91) = 2(g0) — 2(91) =a—a =0

where € X is the constant function with value a. Let us fix x € X", Applying 0" *!
to the definition of 0" in (4.1), one can observe that the summands are of the form

33(907 ~y Gi—15Gi+15 -+, 95—15,Gj+1, 7gn)

with certain signs. Each of these summands arises twice. It appears once when first g; and
then g; is omitted and again when first g; and then g; is omitted. The first time the sign is
(=1)/(—1)7 and the second time (—1)i(—1)7~1. This can be checked easily by writing out
the sums. Hence, the summands cancel out and thus 0"t o 9" = 0.

To check exactness consider the map
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D71 X0 — A given by D™z = (1)
and for n > 0 the maps

In other words, the function x will be sent to a function called D"z such that when the
first coordinate of x is 1 it is equal to D"x. Observe that these are homomorphisms of
Z-modules and not of G-modules. Moreover, by simple calculations one notices that

D" o™ 49" o D" =idy,.

Now take € ker(9™!). Then D™ o "'z = 0 and hence from the equation above we get
x = 0" o D" . Since x was taken arbitrarily, this shows that ker(0"*!) is contained in
im(0™). On the other hand since 9"+ o 9" = 0 we have in fact im(0") = ker(0™*!). This
shows the exactness of the sequence. O

Definition 4.0.2. An exact sequence of G-modules 0 = A — X% — X! — ... is called a
resolution of A and often denoted by A°.

For explicit calculations of the cohomology groups of a finite group G with coefficients
in a G-module A one needs to consider explicit resolutions. Different resolutions lead to
different calculations of cohomology groups. The above resolution is called the standard
resolution. We will stick with the standard resolution throughout the thesis. For a more
general approach on cohomology groups one can consult e.g. [19].

Let us now introduce homogeneous and inhomogeneous n-cochains that we will later
use to define the cohomology groups. For n > 0 consider the subgroup

™G, A) = X"(G, A)C
i.e. C"(G, A) consists of functions z: G"*1 — A such that
w(g “ 90,9 gn) =g x(907 7gn)

for all g in G. These functions are called the (homogeneous) n-cochains of G with
coefficients in A. From the standard resolution above we obtain the following sequence

oo, A L eva, a) S ez s

This sequence need not be exact anymore, but it is a chain complex and is called
homogeneous cochain complex of G with coefficients in A. Let us furthermore define
the following sets

n n ontl n—+1
Z7(G, A) == ker(C™(G, A) 75 c (G, A))
B™(G, A) := im(C" 4G, A) & (G, A))
where BY(G, A) = 0.
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Definition 4.0.3. The elements of Z"(G, A) and B"(G, A) are called (homogeneous)
n-cocycles and (homogeneous) n-coboundaries respectively.

Observe that since it holds that 0"t o0 9" = 0 for any n > 0 we have the inclusion
B"(G,A) Cc Z™"(G,A). With this fact the following definition of the group cohomology of
G is well-defined.

Definition 4.0.4. For n > 0 the n-dimensional cohomology group of G with coeffi-
cients in A is defined as

H™(G, A) := Z"(G, A)/B"(G, A)

In the following we will establish the tools to prove the following three properties of the
cohomology groups.

1. HY(G,A) = A€ for all G-modules A.
2. For all G-homomorphisms A — B there exist canonical maps
H™"(G,A) - H"(G,B)
for all n > 0.
3. Given a short exact sequence
0—-A—-B—-C—=0
of G-modules, there exists an infinite long exact sequence
- — HY(G,A) - HY(G,B) — H"(G,C) — H" "G, A) — ---

of abelian groups, starting from n = 0.

Sometimes it is easier to use inhomogeneous n-cochains instead of homogeneous ones.
Therefore, we establish the identification via inhomogeneous n-cochains as well. Define
C°(G,A) = A and let C*(G, A) be the abelian group of all functions y : G — A for n > 1.
Elements of the sets C"(G, A) are called inhomogeneous n-cochains. For n = 0, we have
the isomorphism C%(G, A) — C%(G, A) given by

2(g) = x(1)
For n > 1 the map C™(G, A) — C™*(G, A) given by

33(907 7971) — y(gla 7gn) = x(]-?glvgng? -y g1 gn)
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with the inverse given by

Y(G15 s Gn) = 2(G0s s n) = 90y(go 5 91 925 r G 190

is an isomorphism. So, C"(G, A) and C"(G, A) are isomorphic. With these isomorphisms
the coboundary operators 9" C"(G, A) — C" (G, A) defined in (4.1) are transformed
into the homomorphisms

ot cv (G, A) — CTHG, A)
given by

(0*a)(g1) = ga —a fora € A = C°(G, A)
(0*y)(91, 92) = 919(92) — y(g9192) + y(g1) for y € C'(G, A)
(an+1y)(gla "7.gn+1) = gly(QQ, X gn+1)

n
+ ) (=1)'Y(G1, s 9im1, it 1, Git2, s Ins1)
1=1
+ (_1)n+1y(glv 7gn) for RS CN(G,A)

Analogously to the homogeneous part we define the following sets

8n+1

Z(G, A) = ker(C™(G,A) = ¢"TH(G, A))
B"(G, A) == im(C" (G, A) & (G, A))

Definition 4.0.5. The elements of Z"(G, A) and B"(G, A) are called inhomogeneous
n-cocycles and inhomogeneous n-coboundaries respectively.

The isomorphism above between C™(G, A) and C"(G, A) induces the following isomor-
phism
H"(G,A) = Z"(G,A)/B" (G, A) (4.2)

Let us have a closer look at cohomology groups for n = 0, 1 and 2 since we will be
working predominantly with them.

The group H°(G, A): We have a natural isomorphism C°(G, A) — A given by x
x(1) where we identify C°(G, A) with A. For a € A it follows that in the homogeneous
setting

(8*a)(go, 1) = gra — goa

or in the inhomogeneous setting

(0'a)(g) = ga—a
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so that we have a € ker(9') for all a € AY. Recall that BY(G,A) = 0 and Z°(G, A) =
ker(d'). Hence, by (4.2) we obtain

HY(G,A) = A%,

The group H'(G, A): The inhomogeneous 1-cocycles are the functions z : G — A
such that

z(gh) = z(g) + gz(h)

for all g,h € G. Such functions are also known as crossed homomorphisms. On the
other hand the inhomogeneous 1-coboundaries are the functions

z(g9) =ga—a
for a fixed a € A. If A is a trivial G-module, then
HY(G,A) = Hom(G, A) (4.3)
The group H?(G, A): The inhomogeneous 2-cocycles are the functions
réGxG—4A4

such that o' = 0, i.e.

I'(fg,h) +T(f,9) = T(f, gh) + fT(g, h) (4.4)

for all f,g,h € G. Among these we find the inhomogeneous 2-coboundaries to be the
functions

['(g,h) = x(g9) — z(gh) + gz(h)

for an arbitrary 1-cochain z : G — A.
Another approach on the second cohomology group is given by central extensions of
groups. The following and further details on central extension can be found in [42].

Definition 4.0.6. A group extension of G by A is the following short exact sequence
0A—-ESG—1

of groups for abelian groups A. By convenience we write the group operation of A by
addition, whence the term 0. The sequence is said to split if the map 7 : £ — G has a
section 0 : G — FE.

Given a group extension of G by A, the group G acts by conjugation on A in E. This
induced action makes A into a G-module. We can define an equivalence relation on central
extensions.
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Definition 4.0.7. Two central extensions
0A—E 5G—1,i=1,2
are equivalent if there exists an isomorphism ¢ : Fy — FEs.

Theorem 4.0.8. The equivalence classes of central extensions are in one-to-one correspon-
dence with the elements of H%(G, A).

Proof. 42| theorem 6.6.3 O
In what follows we will list some results of cohomology groups.

Lemma 4.0.9. Let G be a finite group of order m. Then the elements of H" (G, A) have
finite order dividing m for all G-modules A and integers n > 0.

Proof. |19] corollary 3.3.8 O

Recall that for a prime p a p-group is a group in which every element has order a power
of p. For a finite group it is equivalent to say that the order of the group is a power of p.
An abelian p-group is sometimes called p-primary group.

Proposition 4.0.10. For a finite group G and a G-module A the groups H"(G, A) are
torsion abelian groups for all n > 0. Moreover, if G is a group such that for any open
normal subgroup N of G the quotient G/N is a p-group, then the groups H"(G, A) are
p-primary torsion groups.

Proof. [19], prop. 4.2.6 O

Corollary 4.0.11. Let G be a finite group and V a Q-vector space equipped with a
continuous G-action. Then H"(G,V) =0 for all n > 0.

Proof. One can check that here H"(G, V') are Q-vector spaces by construction of cohomol-
ogy. From the previous proposition we know that they are torsion as well. This means
for every element x € H"(G,V) there exists a non-zero divisor of ¢ € QQ that annihilates
x,i.e. ¢-x = 0. But since Q has no torsion elements we deduce that H"(G, V) must be
trivial. O

Another useful result is called Shapiro’s lemma. It is a corollary of the following lemma.
Our setting is as follows: Let G be a finite group, H a subgroup of G. Recall that Z[G] is
an H-module as well with its G-action.

Lemma 4.0.12. Let A, B be two G-modules. We have a canonical isomorphism

Homg(A, Homy(Z|G], B)) — Homp (A, B)
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Proof. [19] lemma 3.3.1 O

Corollary 4.0.13. (Shapiro’s lemma) Let A be an H-module. We have canonical isomor-
phisms
H"(G,Homg(Z|G]|,A)) - H"(H, A)

for all m > 0.

Ezxample: We will give an example of the cohomology of cyclic groups. Denote by o the
generator of the cyclic group G. If G is of order m, then we denote the norm in Z[G] by
the element N =1+ 0 + 02 +---0™ 1. Hence, 0 = (¢ — 1)N in Z[G].

Lemma 4.0.14. For a cyclic group G and a G-module A the following holds

AC itn=20
H"(G,A)=<{a€ A: Na=0}/(c —1)A ifn=13,5--- (4.5)
AG/NA ifn =246, -
Proof. 42| theorem 6.2.2 O

If G is a cyclic group of order m and A = 7Z it follows that
Z ifn=20
H"(G,Z)=<0 ifn=1,3,5,--- (4.6)
Z/m ifn=24,6,---

4.1 Change of module and group in H"(G, A)

We first examine the consequences of changes in the G-module of a cohomology group. Let
f A — B be a homomorphism of G-modules, i.e. a homomorphism such that f(ga) =
gf(a) for a € A and g € G. Then there is an induced homomorphism
f: C"(G,A) - C"(G,B)
ZL‘(90> ) gn) = f:I"(gOa ) gn)
and the commutative diagram
oG, A) — 2 ont(G, A)

C"(G, B) powe C"t(@G, B)

So, f: A — B induces a homomorphism of complexes
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f: C*(G,A) — C*(G,B)
By taking cohomology groups of these chain complexes, we obtain the homomorphisms
f: H"(G,A) — H"(G, B).

Another important homomorphism between cohomology groups is the so-called con-
necting homomorphism. Before introducing it we recall the following lemma.

Lemma 4.1.1 (Snake lemma). Let the following diagram

A : B J C 0

0 A ~ B’ " c’
i J
be a commutative diagram of abelian groups with exact rows. Then we have a canonical

exact sequence

ker(i) —— ker(«) s ker(B) SEEAN ker(v)

I

coker(j') <—— coker(y) <—— coker(3) <—— coker ()

2 K3
Proof. |19] lemma 3.1.2 O
Consider the following commutative diagram
0 C"(G,A) C"(G,B) c"(G,0) 0
R op dc
0 cHli(@, A) c"t(G, B) cHl(@, 0) 0

which is exact. Then by the snake lemma there is a homomorphism
0: ker(0c) — coker(04)

Theorem 4.1.2. For every exact sequence 0 - A — B — C' — 0 of G-modules, the above
homomorphism ¢ induces a homomorphism

5. HYW(G,C) — H"(G, A)

and we obtain an exact sequence

28



CHAPTER 4. GROUP COHOMOLOGY

0 — A® — BG — ¢ % HY(G,A) — -
.- = HY(G, A) — H"(G,B) - H'(G,C) % H"™ (G, A) — - --

Proof. Let us write C"' (G, A) := C"(G, A)/B"(G, A) and analogously for the groups B and
C instead of A. From the above diagram we obtain the commutative diagram

(@G, A) C"(@G,B) (@G, 0) 0
8A 8B ac
0 Z"(G, A) Z" (G, B) Z" (G, O)

which is exact. Observe that H"(G, A) = ker(94) and H""1(G, A) = coker(94). Then
using the snake lemma we get the exact sequence

- = H"(G,A) - H"(G,B) — H"(G,C) % H"™(G, A) - H" (G, B) — ---

Let us pay special regards to the following short exact sequence
0—->72Z—Q—Q/Z—0.
By theorem 4.1.2 this short exact sequence induces a cohomology exact sequence
= HY(G,Q) - HY(G,Q/Z) — H" (G, Z) — H"™Y(G,Q) — - --

For a finite group G, the order of G is invertible in Q as a trivial G-module and hence
H"(G,Q) = 0 for n > 0 and we get

H"Y(G,Q/Z) = H""Y(G,Z) (4.7)

We now examine a change of the group in the cohomology groups. Let G and G’
be two finite groups, A a G-module and A’ a G’-module. Moreover, let us consider two
homomorphisms

b G — G, fr A— A

such that f(¢(g')a) = ¢'f(a) for ¢ € G’ and a € A. Such a pair of homomorphisms then
induces the following homomorphism

C"(G,A) - C"(G" A,z foxzog (4.8)

Recall the definition of the maps 0" and consider the diagram where horizontal arrows are
given by 0 and vertical arrows being the homomorphisms from (4.8).
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C"-1(G, A) (G, A)

(G, A)

cri(@, A oG A crHi(@r, A
Then one can see that the map 0 commutes with the homomorphism above and induces

the homomorphism
H"(G,A) — H"(G', A).

Analogously one can consider the composite homomorphisms G” — G’ — G and A —
A" — A" and observe that the cohomology groups H"(G, A) are functorial in G and A
simultaneously.

4.2 Special maps

In this section we introduce special cases of group and module changes of the cohomology
groups which will be useful in the context later.

Definition 4.2.1. Let G be a finite group, H be a normal subgroup of G and A a G-module.
Then A" is a G/H-module. The projection and injection

G - G/H, AR A
form a compatible pair of homomorphisms which induces a homomorphism
infS™M: HMG/H, AH) - H™(G, A)

This homorphism is called inflation map. When the groups are clear we often just denote
the inflation map by ¢nf. The inflation map is transitive.

Definition 4.2.2. Let G be a finite group and H a closed subgroup of G and A a G-module.
Consider the inclusion map and the identity map

H™a A4 4

On the cochains they induce the restriction maps and we obtain the homomorphisms on
the cohomology

res$: H"(G,A) — H"(H,A)

It is called restriction map and sometimes denoted by res whenever the groups are clear
from the context. The restriction map is transitive.
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Theorem 4.2.3. Let GG be a finite group, H a normal subgroup of G and A a G-module.
Then there is a canonical homomorphism

tr: HY(H, A)¢/" — H?*(G/H, AY)

which is called transgression map. It is given as follows:
If z: H — A is an inhomogeneous 1-cocycle in a class [z] € H'(H, A)%/H | there exists
a l-cochain y: G — A such that

® Yy ==z

e (0%y)(g1,92) is contained in A" and depends only on the cosets g1 H, goH, i.e. may
be regarded as cocycle of G/H.

For each cochain y,
trlz] = [9y]
Proof. [33] Proposition 1.6.6 O

This map fits into an exact sequence known as restriction-inflation exact sequence or
Hochschild-Serre 5-term exact sequence (e.g. [33]).

Theorem 4.2.4 (restriction-inflation exact sequence). Let G be a finite group, H a normal
subgroup of G and A a G-module. Then we have the following exact sequence

0 — HY(G/H, A" ™ HY(G, A) ™S HY(H, A)C/H % g2(G/H, A) ™ H2(G, A)
Moreover, if H'(H, A) =0 for i = 1,..,n — 1, then we have the following exact sequence
0 — H™(G/H, AT ™ gn(G, A) ™S H (H, A)S/H 5 gn+l(G/H, A) ™ H7+(G, A)
Proof. |33] Proposition 1.6.7 O

Let p be a prime number. Recall that if p*, for some integer k, is the highest power of
a prime p dividing the order of a finite group G, then a subgroup of G of order p* is called
a Sylow p-subgroup of G and denoted by G),. Recall that if p does not divide the order
of G, then G, is trivial.

Theorem 4.2.5. Let A be a discrete G-module and G, be a Sylow p-subgroup of G.
We denote by H"(G, A) ) the p-primary part of the abelian group H"(G, A). Then the
homomorphism

res: H'(G,A)p) — H"(Gp, A)
is injective.
Proof. [33] proposition 1.6.10 O

Corollary 4.2.6. Let G be a finite group. If H"(G,, A) = 0 for all prime numbers p
(dividing the order of G), then

H™(G, A) = 0.
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4.3 Galois cohomology

The study of group cohomology with Galois groups is called Galois cohomology. Recall
that a Galois extension is an algebraic extension of fields that is normal and separable.
An extension of fields K /k is normal if every irreducible polynomial in & which has a root
in K, splits into linear factors in K. An extension of fields K/k is separable if for every
element [ € K the minimal polynomial of [ over k has no repeated roots in any extension
field. The automorphism group Aut(K/k) of a Galois extension K /k is then called Galois
group and denoted by Gal(K/k). In particular, the group Gal(K/k) is called absolute
Galois group if K is the separable closure of k. Let us state some results from Galois
theory. The proofs thereof can be found in e.g. [7], [30] and [39].

Theorem 4.3.1. For an extension of fields K /k the following are equivalent.
e K is Galois over k.
e K is a splitting field of a separable polynomial f € k[z].
e K is a finite extension over k and k = KAut(K/k),
e k= KC for some finite group G of an automorphism of K.
Proof. [30] theorem 3.10 O

Corollary 4.3.2. Every finite separable extension K of k is contained in a Galois extension.

Corollary 4.3.3. Let k C K’ C K be a tower of fields. If K is Galois over k, then K is
Galois over K.

Lemma 4.3.4. Let G be a finite group of automorphisms of a field K. Denote by K¢ the
fixed field of K. Then
G = Aut(K/K%)

Proof. |30] corollary 3.5 O

Theorem 4.3.5 (Fundamental theorem of Galois theory). Let K/k be a Galois extension
with group Gal(K/k). Then we have a bijection

{subgroups H of Gal(K/k)} LN {subextensions K’ of K containing k}
Moreover, the following holds
o If H, C Hy, then K2 c K1,
e H is normal in Gal(K/k) if and only if K* is normal (hence Galois) over k. In this

case Gal(KH /k) = Gal(K/k)/H.

32



CHAPTER 4. GROUP COHOMOLOGY

Proof. [30] theorem 3.17 O

We will work to a large extent with unramified field extensions. Notice that if the
extension is unramified, then the corresponding two discrete valuations have the same
uniformizer (the element with valuation 1). Moreover, if an extension of fields L/K is
unramified, then by definition the residue field extension k1, /kx is separable. But one can
conversely show that each separable extension of kg can be lifted uniquely to an unramified
extension of K (in a functorial sense).

Theorem 4.3.6. Let K be a finite, separable, algebraic extension of kg . Then there exists
a finite separable, algebraic extension L = L(R) of K such that the following properties are
satisfied.

e We have the isomorphism g = k..
e [ is unramified over K.
o Hom®™(L,L') = Hom"(kr, k1) is bijective for all extensions L’ of L.
Proof. |7] chapter I, section 7, theorem 1 O

Corollary 4.3.7. L(%) is normal over K if and only if & is normal over k. In this case,
we have the isomorphism
Gal(L(R)/K) = Gal(F/kK)

Theorem 4.3.8. Let K'/K be a finite unramified extension with residue extension x’/x.
Let K”/K be an arbitrary finite extension with residue extension k”/k. The set of K-
isomorphisms of K’ into K" is then a one-to-one correspondence (by reduction) with the
set of k-isomorphisms of " into &”.

Proof. [39], chapter III, cor. 1 to theorem 3 O

Corollary 4.3.9. Let x4 be the separable closure of «, i.e. the largest separable extension
of k contained in a given algebraic closure of k. Then K, is Galois over K with residue

field ksep and Gal(Ky,r/K) = Gy, := Gal(ksep/K).
Lemma 4.3.10. Every finite extension of K in K, is unramified.
Proof. |7] chapter I, section 7, corollary 2 to theorem 2 O

Lemma 4.3.11. Let K be the field of fractions of a complete discrete valuation ring A.
Denote by K the algebraic closure of K. Then we have the following isomorphism

H*(Gal(Kn/K),K!,) — H*(Gal(K/K),K")

Proof. |12] p.25 O
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Let us introduce two groups related to the Galois group. Consider a Galois extension
L/K with Galois group Gal(L/K). Let A be a noetherian integrally closed domain with
field of fractions K. Denote by kg the residue field of K and by xy, the residue field of L.
Let B be the integral closure of A in L and denote by b a non-zero prime ideal of B. We
define p = b N A.

Definition 4.3.12. Denote by Dy (L/K) (or simply D if it is clear which non-zero prime
ideal is meant) the subgroup of Gal(L/K) that fixes b, i.e. for s € Gal(L/K)

seD < s(b)=>b
D is called decomposition group.

By the fundamental theorem above D corresponds to an extension Kp of K in L. An
element s € D defines by passing to the quotient a kx-automorphism s of ;. We then
obtain a homomorphism

e: D — Gal(kr/kK)

Definition 4.3.13. Denote by I, or simply I the kernel of the map €. [ is called inertia
group of b.

The inertia group corresponds to a Galois extension k;/kp with Galois group D/I.
Proposition 4.3.14. The residue extension k1, /kx is normal and the homomorphism
e D — Gal(kr/kK)
defines an isomorphism of D /I onto Gal(kL/kK).
Proof. [39] chapter I, proposition 20 O

Lemma 4.3.15. Consider the additive group Q/Z and the multiplicative group C*. The
group of roots of unity in C* is isomorphic to Q/Z.

Proof. Define the map ¢ : Q/Z — C* sending g + Z — 19. First, we check that this map is
well-defined. Assume g + Z = r + Z. Then ¢ = r + n for some integer n. And we have

Pg+2)=1"=1""=1"1"=1" = ¢(r + Z)
Secondly, we check that ¢ is indeed a homomorphism.
¢((q+Z)+ (r+Z)) = d((g+7) + Z) =177 = 17-1" = §(q + Z)$(r + Z)

Next, we check injectivity of ¢. Assume that ¢(q¢ + Z) = ¢(r + Z), i.e. 12 =1". Hence, 1
=171 = % Then either r = 0, and in this case we have q = 0orq =1, orr = q. But in
both cases r +Z = q + Z.

Finally, since every root of unity in C* is of the form 17 for some rational ¢ in [0,1) we
deduce our claim. O
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The Brauer group

Brauer groups were first introduced by the German-American mathematician Richard
Brauer to classify central division algebras over a field. He used the language of cen-
tral simple algebras to define the Brauer group. Later results showed that Brauer groups
of a field were isomorphic to certain cohomology groups. Despite having just introduced
the cohomology theory we will start with central simple algebras in section 5.1 since they
will be used again in the cohomological description in section 5.2. After that we introduce
an important subgroup in section 5.3, the unramified Brauer group. Finally, in section 5.4
the reader can find a generalization to Brauer groups of a scheme.

5.1 The Brauer group of a field via central simple algebras

Let k£ be a field of characteristic 0, not necessarily algebraically closed. Recall that for two
vector spaces V and W over k we define V ®; W to be the linear span of v @ w, v € V and
w € W, such that any elements vy, v9 € V, wy, wo € W and ¢ € k satisfy the following
axioms.

(v +v2) QW =v QW+ V2 W

v® (w1 +ws2) =v@w; +v®wsy

cv@w)=(cv) ®w =v® (cw)
So, V ®, W is a k-vector space. If (e;)ics is a basis for V and (f;j);jcs is a basis for W,
then (e; ® f;) is a basis for V'@ W. Moreover, given a third k-vector space U we recall
that the vector spaces (V @, W) @, U and V ®; (W & U) are isomorphic to each other.

Recall that a k-algebra is a vector space over k equipped with a bilinear product. Given
two k-algebras A and B one can define the k-algebra A ®; B by the multiplication

(a®b)-(d @) = (ad") @ (bV).
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Moreover, a k-algebra is called a division algebra if every non-zero element has a multi-
plicative inverse. We will assume that the k-algebras are finite-dimensional. The content
of this section is based on [13] and [19].

Definition 5.1.1. An associative k-algebra A is called simple if A is non-trivial and the
only two-sided ideals of A are 0 and itself. An associative k-algebra A is called central if
its center is k. A central simple algebra over k is a finite-dimensional k-algebra that is
both central and simple. We will abbreviate it by C'S Ag.

Ezxample:

e The matrix algebra M, (k) of n X n matrices over k forms a central simple algebra
over k. Recall that we have the following isomorphism for integers m and n

e A division algebra D is a central simple algebra over Z(D).
e If D is a division algebra over k, then M, (D) is a central simple algebra over Z (D).

e If D is a central division algebra over k, then M, (D) is a central simple algebra over

k.
Recall the following property for matrix algebras.

Proposition 5.1.2. Automorphisms of the k-algebra M, (k) are induced by conjugation
of invertible matrices.

Proof. [19] lemma 2.4.1 O

Division algebras can be used to describe the structure of central simple algebras. This
can be seen in the next theorem.

Theorem 5.1.3 (Wedderburn). Let A be a finite-dimensional k-algebra. Then there exist
an integer n and a division algebra D containing k such that we have an isomorphism

A= M, (D).
The division algebra D is unique up to isomorphism and n is unique.
Proof. [19] theorem 2.1.3 O

Note that we have the isomorphism M, (D) = D ®j, M, (k). From this the next result
follows.

Corollary 5.1.4. Assume that k is moreover algebraically closed. Then any CSA; A is
isomorphic to a matrix algebra M, (k) for some integer n.
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The following results show a condition for k-algebras to be both central and simple.

Lemma 5.1.5. Let k be a field, K an algebraic extension field of £ and A a finite-
dimensional k-algebra. Then the algebra A is a C'SAy if and only if A ®; K is a CSAk.

Proof. [19] lemma 2.2.2 O
By noting that a finite extension is algebraic this lemma leads to the following theorem.

Theorem 5.1.6. Let k& be a field and A a finite-dimensional k-algebra. Then A is a
CS Ay if and only if there exists an integer n and a finite field extension K/k such that
A K = M,(K).

Proof. [19] theorem 2.2.1 O
Corollary 5.1.7. The dimension over k of a CSAy A is a square.

Definition 5.1.8. Let A be a C'SA; and let K be a field containing k. Then K is called
splitting field for A if A ®; K = M, (K) for some integer n. It is also common to say
that A splits over K or that K splits A.

Definition 5.1.9. Let A be a C'SAy. The degree of A is defined by the integer /dimy(A).

Lemma 5.1.10. Let & be a field and let K be an extension field of k. If A and B are two
CS Ay split by K, then so is A ® B.

Proof. [19] lemma 2.2.5 O

Theorem 5.1.11. Every central division algebra D of degree n over an infinite field & is
split by a separable extension field K of degree n containing k. Moreover, such an extension
field K may be found among the k-subalgebras of D.

This is a consequence of the following two propositions.

Proposition 5.1.12. If a C'S Ay A of degree n contains a k-subalgebra K which is a degree
n field extension of k, then K is a splitting field of A.

Proof. [19] proposition 2.2.9 O

Proposition 5.1.13. Let D be a central division algebra of degree n over an infinite field
k. Then D contains an element d € D such that the field extension k(d)/k is separable of
degree n.

Proof. |19] proposition 2.2.10 O
Corollary 5.1.14. A C'S A has a splitting field that is finite and separable over k.

Then focusing on finite Galois extension one can deduce the following corollary.
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Corollary 5.1.15. Let A be a finite-dimensional k-algebra. Then A is a C'S Ay, if and only
if there exists an integer n and a finite Galois field extension K containing k such that

Ay K = M,(K).

Now we have set the basis for the theory of Brauer groups. Let us define the following
equivalence relation for C'S Ag.

Definition 5.1.16. Two CSA; A and B are equivalent if there exist two positive integers
m and n such that we have the following isomorphism

We denote such an equivalence class of A by [A].

Notice that every equivalence class contains a unique central division algebra. Moreover,
if two C'SAj from the same equivalence class have the same dimension, then they are
isomorphic.

Definition 5.1.17. Let A be a C'SA,. The opposite algebra A° has the same underlying
k-vector space, but its bilinear product is given by reversing the multiplication in A.

Theorem 5.1.18. The tensor product equips the set of equivalence classes of central simple
algebras over k described above with the structure of an abelian group.

Proof. Let us check the group axioms.
o Associativity: This follows from associativity of the tensor product.

o Commutativity: This follows from the isomorphism A ®; B — B ®; A defined by
YRQT — QY.

o [dentity element: This is the class of M, (k). We need to check that [M, (k)] - [B]
= [B] = [B] - [Mp(k)] for any C'SA;, B. Using the properties of the tensor product
one can show that B and M, (k) ® B are in the same equivalence class. Indeed, by
definition they are equivalent if there exist s,¢ € N such that B @) Ms(k) = (B ®p
M, (k)) @k My(k). But the latter is equal to B ®y (M, (k) @ Mi(k)) = B @5, My (k).
The arguments are analogous for M, (k) ® B.

e Inverse element: The inverse element of the class of A is the class of the opposite
algebra A°P. Indeed, A ®; AP is a CSA, and there is a non-zero homomorphism
A Ry AP — Endi(A) sending a ® b to x — axb. It is injective since a C'SAy has
no proper two-sided ideal, and hence is an isomorphism by dimension count. Thus,
A ®j, A°P is isomorphic to the matrix algebra M,,2(k) where n is the degree of A.

O
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Definition 5.1.19. The group from the previous theorem is called the Brauer group
Br(k) of the field k

Br(k) := {[A] : A is a central simple k-algebra}
with group structure given by
[A] - [B] := [A @y, B

For the ease of notation we will drop the brackets and just keep in mind that we are
working on equivalence classes. Recall that by corollary 5.1.4 any C'S Ay, is isomorphic to a
matrix algebra M, (k) for an algebraically closed field k. For Brauer groups we then deduce
another corollary from Wedderburn’s theorem.

Corollary 5.1.20. If k is algebraically closed, then Br(k) = 0.

Proof. This holds since all the central simple algebras over k are in the same equivalence
class as the identity element of Br(k). O

Definition 5.1.21. Let K be an arbitrary extension field of k. The natural restriction
map
resgy : Br(k) — Br(K)

is given by sending a C'SAj A to the CSAx A K.

Definition 5.1.22. With the same notation as above we define the relative Brauer
group as the kernel of the restriction map

Br(K/k) := ker(resg i)

The relative Brauer group thus consists of elements A of Br(k) such that the K-algebra
A ® K is a matrix algebra. Recall that by definition of a splitting field, it is equivalent
to say that the relative Brauer group Br(K/k) consists of elements of Br(k) split by K.
With the notion of the relative Brauer group we have the following result.

Theorem 5.1.23. We have the following equation
Br(k) = Br(K/k) (5.1)

where the union runs over all finite extensions K of k contained in some fixed algebraic
closure k of k.

Proof. It is clear that the right-hand side is contained in Br(k) since Br(K/k) consists of
elements of Br(k).

For the other inclusion fix an element A € Br(k). The goal is to show that A is split
by some finite extension of k. For k C k it follows by theorem 5.1.6 that A @, k = M,,(k).
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Consider the basis (Ejj)1<ij<n for My(k), where E;; is the matrix with 1 in the (7, j)-th
position and zero else, such that E;; K, = 01 F;, for all i,7,1,m, and dj; is equal to 1 if
j = [l and 0 else. By the isomorphism we can identify a basis for A ®j k with the same
indices as (E;;). Since

A®kE:UA®kK,

where the union runs over all finite extensions K over k, the Ej; all lie in A ®; K for some
K. Hence, A®, K = M,(K). O

Remark: Br(k) is also equal to the union of relative Brauer groups Br(K/k) for finite
Galois extensions K contained in a fixed separable algebraic closure of k (c.f. [29] corollary
3.10).

Let us introduce the Cy property of a field to give some examples of a Brauer group.

Definition 5.1.24. A field k is called C] or quasi-algebraically closed if every homo-
geneous polynomial f € k[zq,..,z,] of degree d < n has a non-trivial zero in k".

Theorem 5.1.25. If k is a C field, then Br(k) = 0.

Proof. [13] theorem 1.2.12 O
Lemma 5.1.26. If k£ is a C field, then so is every finite extension of k.

Proof. [19] lemma 6.2.4 O

Corollary 5.1.27. If k is a ('} field, then the Brauer group of every finite extension K of
k is trivial.

Lemma 5.1.28. Let K be a field complete w.r.t a discrete valuation with perfect residue
field. Denote by K, the maximal unramified extension of K. Then its Brauer group
Br(K,,) is trivial.

Proof. [39] chapter X, section 7, example 7 O

5.2 The Brauer group of a field via cohomology theory

As before we fix a base field k. We will denote by k* the multiplicative group of k& and
by k a fixed algebraic closure of k. Recall that the separable closure of k is the largest
separable extension of k within k. The separable closure is denoted by ksep. The Brauer
group of a field can be identified with a second cohomology group. Moreover, for finite
Galois extensions there exists a cohomological description of the relative Brauer group.
The main goal of this section is to prove the following two isomorphisms

Br(k) = H*(Gal(ksep/k), kL.,) and Br(K/k) = H*(Gal(K/k), K*)

*
sep
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for a finite Galois extension K/k. With this identification one can exploit the theory of
cohomology groups which will be useful for some proofs. Notice that if k has characteristic
0, then every algebraic extension is separable. Thus, some authors use the notation of k
instead of ksep (c.f. [29]). The idea of proving the isomorphisms is to introduce a specific
class of central simple algebras A and to show that it is isomorphic to both the Brauer group
and the second cohomology group to conclude. For a Galois extension of fields K/k with
Galois group Gal(K/k) set H*(K/k) := H?*(Gal(K/k), K*). This section mainly follows
[29] chapter IV. For a different approach of the Brauer group and/or more details one can
consult [19], [39] or [20].

Br(K/k) H?(K/k)

~

A(K/F)

Theorem 5.2.1 (Noether-Skolem). Let A, B be two k-algebras and let o,7: A — B be
two k-algebras homomorphisms. If A is simple and B is both central and simple, then there
exists an invertible element b € B such that

7(a) = bo(a)b!
for all @ € A, i.e. 7 and o differ by an inner automorphism of B.

For a k-algebra A we will denote its degree by [A : k], i.e. the cardinality of the basis
of A seen as a k-vector space. Recall that the centralizer C4(S) of a subalgebra S of a
k-algebra A is given by

Ca(S) :={a€ A:as=sa,Vs €S}

Theorem 5.2.2. Let A be a CSA; and B be a simple k-subalgebra of A. Then the
centralizer C'(B) of B in A is simple, and B is the centralizer of C(B). Moreover,

[B:k]-[C(B): k] =[A: k]

Corollary 5.2.3. Let A be a CSAg. Let K be a field of finite degree over k. Then K
splits A if and only if there exists an algebra B equivalent to A, containing K and such
that [B : K] = [K : k]?. In particular, every subfield K of A with degree [A : k]'/? over k
splits A.

Definition 5.2.4. Define A(K/k) to be the class of central simple algebras A over k
containing K and of degree [A: k] = [K : k]%.

Fix the elements A € A(K/k) and g € G. Observe that K is a simple k-algebra
since it is a field and A is a C'S Ay containing K. By the Noether-Skolem theorem taking
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T =1Tg: K — A defined by [ — gl and 0: K — A defined by [ — [ it follows that for any
element g € G there exists an element a4 € A such that

gl = aglag_1 (5.2)

for all I € K. Or equivalently,
glag = ag4l (5.3)

Moreover, the element a4 is determined by the equation above up to multiplication by
an element of K. If the element b, has the same property, then bglbg_1 and aglag_1 both
are equal to gl (and hence equal to each other) and easy computations yield

-1 -1 _ 3—1,—1
by a, " =by a,l
for all [ € K. Hence, the product b;lag centralizes K. Notice that for two elements

f,9 € G, the product agar has property (5.2) for the element fg € G. Indeed, by the
Noether-Skolem theorem for fg € G we have ay, € A such that

fgl = aggla;} (5-4)
for all [ € K. On the other hand, we have
fol = f(gl) = flaglag™) = as(aglag )a;' = (asag)l(apag) ™" (5.5)

for all I € K. Comparing (5.4) with (5.5) and having uniqueness up to multiplication with
an element in K* we see that for some element I'(f, g) € K* we have

arag =T(f,9)as,. (5.6)

Observe that I' satisfies the condition of a 2-cocycle. Indeed, for f,g,h € G using multi-
plicative notation we deduce

an(agag) X an(C(f, 9)as) E nO(f 9)aggan E h0(F, T (B, f)ansy  (5.7)

and
(anap)ag ' (O(h, Fang)ag = T(h, lansag) 2 T(h, VS, Q)ansg.  (5.8)
Hence,

hU(f,9)T(h, fg) = T(h, /)T(R], g) (5.9)

and T satisfies the condition for a 2-cocycle in (4.4). Observe that for a; = 1 we have that
I'(1,1) =1, i.e. I' is a normalized 2-cocycle. Moreover, taking a different element a, gives
a cohomologous 2-cocycle, i.e. a 2-cocycle that is in the same equivalence class as I' in
H?(K/k). Thus, we have a well-defined map
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A s v(A): AK/k) — H2(K/K).

Theorem 5.2.5. The map v: A(K/k) — H?(K/k) is surjective and its fibres are the
isomorphism classes.

To prove this statement we need a lemma.

Lemma 5.2.6. Fix A € A(K/k) and define the element a4 to satisfy (5.2). The set (ag)geca
forms a basis for A as left vector space over K.

Proof. Since dimg(A) = jfgzk(A) = n, it is enough to show that the elements in the set
K (K)

(ag)geq are linearly independent. We prove this by contradiction. Assume that the elements

are not linearly independent and denote by J the index of the maximal linearly independent

set. If h & J, then aj can be written as the sum

an = lyag (5.10)

geJ

for some I, € K. Now fix an element | € K. We can compute the product al in two
different ways

anl = niay, 27 hitga,

geJ
anl "2 S 1agl S ygla,
gedJ geJ

Comparing the two sums shows that hil, = l4gl for all g € J. Since we have that for at
least one index g € J the corresponding coefficient l; # 0 we deduce that h = g. But this
contradicts that h ¢ J and hence we conclude J = G. O

Observe that an element A of A(K/k) is determined by these three properties: (i)
K C A, (ii) (ag)gec forms a basis for A as a K-vector space, (iii) multiplication in A satisfies
(5.2) and (5.6). Now take A’ € A(K/k) and suppose that v(A) = v(A’). This means that
we can choose two bases (ag)yec and (ay)geq for A and A’ respectively satisfying (5.2)
and (5.6) with the same 2-cocylce I' (recall that every class in H?(K/k) is represented
by a normalized 2-cocycle). Considering an element ) lja, in A where [, is an element
in K corresponding to the base-element a, we see that the map 7 : A — A’ given by
> lgag — ) liay is an isomorphism of k-algebras.

With this isomorphism we can define isomorphism classes. Let A and A’ be isomorphic
in the class A(K/k). Recall that by the Noether-Skolem theorem (theorem 5.2.1) we have
for the map 7 just defined and any homomorphism o: A — A’ that there exists an invertible
element o’ € A’ such that 7(a) = a’o(a)(a’)~! for all a € A. This allows us to choose an
isomorphism o: A — A’ such that o(K) = K and o|g = id. If a4 satisfies (5.6) for A, then
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it follows that o(a,) satisfies (5.6) for A’. With the choices (aq) and (o(ay)) it follows that

A and A’ define the same cocycle. This shows that the map sending A to v(A) induces an
injection

A(K k) ~— H*(K/k). (5.11)

To show that this map is surjective we construct the inverse. Let I' : G x G — K be

a normalized 2-cocycle. Define A(I") to be the K-vector space with a basis (ay)secq Where

multiplication is given by (5.2) and (5.6). Notice that a; defines an identity element for

this multiplication. The cocycle condition shows that this multiplication is associative, i.e.

(arag)an, = af(agap). (5.12)
So, A(T') defines a k-algebra.
Lemma 5.2.7. A(T) is a central simple k-algebra.
Proof. [29] lemma 3.13 O

Now consider two cohomologous 2-cocycles I and IV, i.e. they are in the same equiva-
lence class in H?(K/k). Say

v(g)gv(h)T"(g, h) = v(gh)T'(g, h) (5.13)

for some 1-cochain v : G — K. Let (ag)4eq resp. (ay)gec be the basis of A(T) resp.
A(T).

Theorem 5.2.8. The K-linear map ¥: A(T') — A(I") sending ay to v(g)ay, is a k-algebra

isomorphism.
Proof. Let us first check that W defines a homomorphism, i.e. ¥(agap) = ¥(ay)¥(ayp) for
any basis elements ag4, ap, € A(T'). Recall that we have the following identities
agay, = T'(g,h)agy and gl = aglay?
agyay, = I'(g, h)ay, and gl = aflal ™"
for g,h € G,l € K. Then,

U(agan) ZU(T(g, h)agn) “ =" T(g, 1) W(agn) “L" T(g, h)v(gh)al,

5.13 *!
—o(gh)T(g, Wby, "= v(g)gu()T (g, h)aly, = v(g)gu(h)d)d)

:v(g)a’gv(h)a'g_la;az = v(g)a’gv(h)a'h = V(ag)¥(ap).

Thus, we showed that ¥ is indeed a homomorphism of k-algebras.
Observe that basis elements of A(T") and A(I”) run over the same finite index set G.
Bijectivity then follows from the construction of the map. O
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We have constructed the map

H*(K/k) — A(K/k)] ~
I'— A(T)

which is inverse to A — v(A). This ends the proof of the theorem. We can finally state
the main result of this section.

Theorem 5.2.9. For every finite Galois extension K /k, the mapping I" — [A(T")] defines
an isomorphism of abelian groups

H*(K/k) — Br(K/k).

Proof. Recall that A(K/k)/~ and H?(K/k) are isomorphic. To prove this theorem it is
enough to show that the map A — [A]: A(K/k)/~ — Br(K/k) is bijective. Let us first
show injectivity. Let A and A’ be in the same equivalence class in Br(K/k), i.e. there exist
integers n, m such that

A @y My (k) =2 A" @ Mp,(k). (5.14)

Recall that by Wedderburn’s theorem 5.1.3 we have the following isomorphism for A

A= My(D) =D ®y Ms(k) (5.15)

~

where this integer s is uniquely defined. Observe that A" = M;(D) for some possibly
different integer ¢ but the same division algebra D as in the case for A. Indeed, putting
together (5.14) and (5.15) we get the following isomorphisms

(5.15)
A" @k My (k) 2 A@y My(k) = D ®p Mg(k) @ My, (k) =2

where we used without loss of generality that sn = m + [ for some integer [. Comparing
the first and the last term, we conclude that A = M;(D). But if [A : k] = [A" : k], then [
= s since these integers are unique. Then we see that A = A’ since both are isomorphic to
M;(D). This holds in particular if A, A" € A(K/k),ie. [A:k]=[A":k] =K : k> So,
the map A(K/k)/ ~— Br(K/k) is injective. To see surjectivity remember that Br(K/k)
contains elements of Br(k) split by K. Then corollary 5.2.3 and the definition of A(K/k)
immediately yield surjectivity. O

For the last step of this section we want to establish the cohomological description of
Br(k). The canonical isomorphism Br (k) — H?(ksep/k) for any separable algebraic closure
ksep of k is a consequence of the following result.

Lemma 5.2.10. For two 2-cocycles I', I, we have A(I'+T") = A(T") ®; A(I).
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Proof. [29] lemma 3.15 O

Corollary 5.2.11. For every separable algebraic closure kg, of k£ there is a canonical
isomorphism
Br(k) — H?(ksep/k).

Proof. We want to use the following identities

= UBT K/k)
Sep/k; U E* (K

where the unions run over all finite Galois extensions of k. Hence, we can conclude by
considering the following commuting diagram for a tower of Galois extensions k C K C L

H(K k) — L B2 (L)
Br(K/k) pr Br(L/k)
where the vertical maps are the isomorphisms from theorem 5.2.9. [

5.3 The unramified Brauer group of a field

Let k be a field of characteristic 0, not necessarily algebraically closed, and let K be a
finitely generated extension field of k. All fields considered will be of characteristic 0. In
this section we will introduce a special subgroup of the Brauer group of K. This subgroup
is called the unramified Brauer group. It will be later used to study rationality of invariant
fields. We define the unramified Brauer group following the construction of [20], section
4.3. To define the unramified Brauer group we need to introduce the residue map. Let
us fix a valuation v of K. Recall that by lemma 3.5.1 it follows that v(x) = 0 for any
element x € k if k is assumed to be algebraically closed. Denote by K, the completion
of K w.r.t. v. Moreover, K., denotes a separable extension of K, and K, denotes the
largest subextension in K., unramified over K,. The residue map r, is then defined as
the composition of the maps shown in the diagram. We will explain each map one by one.

Br(K,) i Hom(Gy,,Q/7Z)

1 @5

Br(K,./K,) ﬁ)QHQ(Gal(KW/KV%K,’; )¢? H?(G,, K},)
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Recall that the relative Brauer group Br(K,,/K,) contains elements of Br(K,) split
by K. The following theorem gives the first map ¢1.

Theorem 5.3.1. Let K, be a complete discrete valuation field. Suppose that its residue
field is perfect. Then each element of the Brauer group of K, is split by a finite unramified
extension of K.

Proof. Recall from lemma 5.1.28 that the Brauer group Br(K,,) of the maximal unramified
extension K, of K, is trivial. Then any element A € Br(K,) will be sent to zero by the
restriction map

TeSK,, /K Br(K,) — Br(Ky,)

Since K, is the union of finite unramified extensions K, of K, we conclude that the image
of A by resg x, is zero as well for one of the finite unramified extensions K ! of K.
O

In particular, for a perfect residue field k, every element of Br(K,) is split by K,,,
ie. res(A) = 0 for any A € Br(K,), and hence A € Br(K,,/K,) as well. From this
theorem we deduce that the natural map ¢ is in fact an isomorphism. The second map
¢2 : Br(Kn./K,) = H*(Gal(K,./K,), K},) follows by the cohomological description of
the Brauer group and is thus an isomorphism as seen in the previous section. The third
map ¢3 : H*(Gal(Kn/K,),K},) — H?*(Gy,,K},) follows by corollary 4.3.9 from the
isomorphism between Gal(K,,/K,) and the absolute Galois group Gy, of k,, the residue
field of K,. For the fourth map ¢4 : H*(Gy,, K},) — H?*(G,,Z) notice that the discrete
valuation v : K} — 7Z extends to vy, : K}, — Z respecting the Gal(Ky,/K,)-action.
We obtain ¢4 by taking group cohomology. Finally, the fifth map ¢5 : H?(G.,,Z) —
Hom(Gy,,Q/Z) follows from (4.7) and the fact that H'(G,,,Q/Z) = Hom(G.,,,Q/Z).
For a (not necessarily complete) field K we define the residue map to be the composition
of the maps Br(K) "% Br(K,) and Br(K,) ™% Hom(G,,, Q/Z). We will denote it by 7,
as well.

Definition 5.3.2. The unramified Brauer group of K is defined as the intersection of the
kernel of the residue maps

Bry,.(K) = ﬂker(rl,)

where the intersection runs over all discrete valuations of K that are trivial on k.

Be aware that some authors use a different definition, which is equivalent to the above
(c.f. [4], [12]). The notation of the unramified Brauer group can vary as well. Sometimes
it is denoted as Bry,,(K/k) to emphasize the base field k. This is in particular important
when not working over an algebraically closed base field & since in this case by lemma 3.5.1
the elements of k do not necessarily have trivial valuation. This notation should not to be
confused with the relative Brauer group Br(K/k) which is a subgroup of Br(k). We will
use both notations in our thesis and always work over the base field £ when not indicated
in the unramified Brauer group.
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5.4 The Brauer group of a scheme

There are two ways to generalize the Brauer groups of fields to Brauer groups of schemes.
The definition of Brauer groups of fields via central simple algebras extends to the so-
called Brauer-Azumaya group (c.f. [13]). Whereas the cohomological description extends
to the Brauer-Grothendieck group. One can show that under certain circumstances both
are equivalent (c.f. e.g. [13| theorem 4.2.1). The description of the Brauer-Grothendieck
group uses the theory of étale cohomology. Introducing this theory would be out of scope
for this thesis. Hence, we focus on the Brauer-Azumaya group and denote it by Br(X). As
main reference for this section we use [13] and the references therein.

Theorem 5.4.1. Let X be a scheme, Ox its structure sheaf and let A be an Ox-algebra
which is a finite locally free O x-module. The following conditions are equivalent.

e For each x € X the fibre A ® k(x) is a central simple algebra over the residue field
e The natural map A ®o, A”” — Endo, —moed(A) is an isomorphism.

e For each z € X there exists an integer n > 1, a Zariski open set U C X containing
x and a surjective étale morphism U’ — U such that we have Ay = M, (Opyr).

e For each z € X there exists an integer n > 1, a Zariski open set U C X containing
x and a surjective finite étale morphism U’ — U such that we have Ay = M, (Op).

An Ox-algebra A satisfying these conditions is called an Azumaya algebra. One can
then define the following equivalence relation.

Definition 5.4.2. Let A, B be two Azumaya algebras. They are in the same equivalence
class if there exist two locally free Ox-modules P, @) and an isomorphism of Ox-algebras

A Koy E?’LdOX—mod(P) =B Rox End(ﬂx—mod(Q)

The tensor product forms the set of equivalence classes of Azumaya Ox-algebras to an
abelian group.

Definition 5.4.3. The set of equivalence classes of Azumaya Ox-algebras is called the
Brauer-Azumaya group Br(X).

Theorem 5.4.4. Let X be a proper, integral regular variety over a field k with function
field k(X). Then the natural inclusion Br(X) C Br(k(X)) induces an isomorphism

Bry,(k(X)) = Br(X)
Proof. [13] proposition 6.2.7 O

Corollary 5.4.5. If the two integral varieties X and Y are birationally equivalent, then

Broy(k(X)) & Br,(k(Y))
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Main results

Let k be the base field as usual, not necessarily algebraically closed, and all fields considered
are of characteristic 0. We want to discuss rationality of a variety using the unramified
Brauer group. Recall that a variety over k is rational if and only if its function field is
purely transcendental over k. In particular, we focus on varieties whose function field is
isomorphic to fields of invariants k(V)% for a finite group G and a faithful representation
V. The main goal in this section is to show the following two claims:

o Bru.(E(V)¥) # 0 = k(V)% is not a purely transcendental extension over k.
e Triviality of Br,,(k(V)) is independent of the representation V.

The second statement was proved by Bogomolov [4]. He showed that the unramified Brauer
group is isomorphic to a subgroup Bo(G) of H?(G,Q/Z) which is only depending on the
group GG. So, the second claim can be reformulated to the following isomorphism

Bro(k(V)%) 2 By(G).

Recall that the intersection in the definition of the unramified Brauer group runs over
all discrete valuations v which are trivial on k. Observe that to each such v there exists
a corresponding discrete valuation ring A containing k and with field of fractions K. So,
sometimes it is convenient to take the discrete valuation ring as subscript and write r4
instead of r,. We will use both notations. This section mainly follows [12] and [19].

Lemma 6.0.1. The restriction map Br(k) — Br(K) sends Br(k) into Bry,(K/k).

Proof. Denote by r4 the residue map corresponding to a discrete valuation ring A. The
goal is to prove that the composition of r4 ores: Br(k) — Hom(G,Q/Z) is zero for any A
considered in the unramified Brauer group with corresponding residue field . By definition
of the unramified Brauer group it is enough to prove the statement when K is the field of
fractions of a complete discrete valuation ring A containing k. By Serre [39] II.4 theorem
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2 we can identify A = k[[t]] and K = k((t)) where k C k. Then consider the composition
map
E—=®(@) =K, 57

where the first map is an embedding. Notice that it is zero. Indeed, observe that ks
contained in the multiplicative group of invertible elements of A and thus also contained in
any multiplicative group of the discrete valuation ring corresponding to K. which contains
A. By definition the valuation of invertible elements is zero. So, the composition above is
zero. Now consider the following composition

Gal(k/k) = Gal(Kp,/K) — Gal(k/k).
The two compositions induce the composition map on cohomology groups
H*(Gal(k/k), k") — H*(Gal (K /K), K¥,) — H*(Gal(R/k),Z) = Hom(Gal(R/k),Z).

Using the construction of cohomology groups with group and module changes in section
4.1 we see that this composition is zero as well. Notice that the first term is isomorphic
to Br(k) and the second is isomorphic to H?(Gal(K/K), K ') = Br(K) by lemma 4.3.11
since we assumed A is complete. Hence, the composition 4 ores is zero. Since this discrete
valuation ring A was arbitrary we can conclude that Br(k) lies in the intersection of ker(r,)
for any such A which is by definition Bry,,(K/k). O

Lemma 6.0.2. Let K C L be function fields over k. The restriction map Br(K) — Br(L)
induces a map Bry,(K/k) — Brp,(L/k).

Proof. The idea is to show that the subgroup Br,,(K/k) of Br(K) will be mapped into
Brp,(L/k). Fix an element o € Bry,(K/k). Recall that by definition of the unramified
Brauer group

a € ker(ra) for any A discrete valuation ring containing k with field of fractions K.

Denote by «y, its image in Br(L) by the restriction map Br(K) — Br(L). We want to
show that «y, lies in the subgroup Bry,,(L/k), i.e.

ay, € ker(rp) for any B discrete valuation ring containing k with field of fractions L.

Let B be a discrete valuation ring containing k with field of fractions L and define A :=
BN K. Observe that A contains k since k is contained in both B and K.

Case 1. Assume A = K. Observe that by definition of A we have that A = K C B.
One can use lemma 6.0.1 which says that Br(K) is sent into Bry,(L/K). In other words,
ay, € ker(re) for any discrete valuation ring C' containing K and having field of fractions
L. Observe that B satisfies all of this properties and hence rp(ayr) = 0. It is left to show
that ay, is not only in Br,,(L/K) but also contained in its subgroup Bry,(L/k). But this
is easy since by assumption k is contained in B. So, aj, € Bry,(L/k).
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Case 2. Assume A # K. Then A is a discrete valuation ring with field of fractions K
and we have the inclusion of the residue fields k4 C xkp. Let 7 be a uniformizing parameter
of A and define e := vp (), the valuation of 7 in B. The result follows from the following
commutative diagram

Br(L) "2 Hom(Gal(rg/kB), Q/Z)
Tesr /K ETESkp [k 4
Br(K) Hom(Gal(Fa/ka),Q/Z)

A
where the horizontal maps are the corresponding residue maps, the left vertical map is
the natural restriction map sending a to ay, and the right vertical map e - res,, /., is e
times the restriction map induced by the inclusion k4 C kp. Recall that a was chosen in
Brp.(K/k), i.e. ma(a) = 0. So, since e - res,, /., (ra(a)) = e res,, .,(0) = 0 we must
have by commutativity of the diagram that «ay is also sent into 0 by the residue map rp.
Since B was arbitrary this result holds for any such B. Thus, we can conclude that oy, lies
in the kernel of all such residue maps rp and hence in Bry,,(L/k) as needed. O

Lemma 6.0.3. If K := k(t) is the rational field in one variable over k, then the natural
map Br(k) — Bry,(K/k) is an isomorphism.

Proof. [12] lemma 5.6 0

Proposition 6.0.4. Let K be a function field over the field k and let ¢ be an indeterminate.
The restriction map from Br(K) to Br(K(t)) induces an isomorphism

Brn,(K/k) = Br,,(K(t)/k).

In particular, if K is purely transcendental over k, then the natural map from Br(k) to
Bry,(K/k) is an isomorphism.

Proof. It is enough to prove the isomorphism Bry,(K/k) = Br,.(K(t)/k). By lemma
6.0.3 we know that Br(K) = Bry,(K(t)/K) which is a subgroup of Br(K (t)). Hence, the
map Br(K) — Br(K(t)) is injective. Then the induced map Bry,(K/k) — Bru,(K(t)/k)
from lemma 6.0.2 is injective as well. It is left to show surjectivity. Fix an element o €
Brp, (K (t)/k). Observe that by the definition of the unramified Brauer group

Brp(K(t)/k) := [ ker(ra) where the intersection runs over all discrete valuation rings A
containing k with field of fractions K (t)
Bru,(K(t)/K) :=(ker(ra) where the intersection runs over all discrete valuation rings
A containing K with field of fractions K (t)
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we have the inclusion Bry, (K (t)/k) C Bru,(K(t)/K). Thus, any element of Bry, (K (t)/k)
belongs also to Bry,(K(t)/K) which is also isomorphic to Br(K) by lemma 6.0.2. So, «
can be identified with o/ € Br(K). It is enough to show that o' is unramified over k,
ie. o € ker(ry) for any residue map r4 corresponding to a discrete valuation ring A
containing k with field of fractions K. But for such an A one may find by proposition 3.5.3
a discrete valuation ring B containing k with field of fractions K (¢) such that A = BN K.
This is possible by continuing the discrete valuation v4 to a discrete valuation v on K (t)
by defining vp(t) = 0. Observe the associated ramification index is 1. Then consider the
commutative diagram

Br(K(t)) "5 Hom(Gal(R5/kB),Q/Z)
TeSK(t)/K T€Skp/k
Br(K) Hom(Gal(Fx/k4), Q/Z)

TA
Recall that by assumption « € ker(rg) and hence for the corresponding o’ it holds that
rp(resg k(') = 0. By commutativity of the diagram it follows that res,. /., (ra(a’)) =
0 as well. By injectivity of the restriction map it follows that o € ker(r4). Since A was
arbitrarily chosen we can deduce the statement. O

Corollary 6.0.5. Let k be additionally algebraically closed. If K is purely transcendental
over k, then the unramified Brauer group Br,,(K/k) is trivial.

Proof. Indeed, by proposition 6.0.4 above Bry, (K /k) is isomorphic to Br(k) which is trivial
for any algebraically closed k by corollary 5.1.4. O

This corollary proves our first claim. With the above proposition and corollary we
deduce that for an algebraically closed field k if the Brauer group is not trivial, then the
function field is not purely transcendental over k. Notice that the assumption of k being
algebraically closed and of characteristic 0 is crucial to deduce the first claim.

Let us now address the second claim stated in the beginning of the section. The next
theorem shows why we can focus on non-abelian groups. Originally proved by [16] we adapt
the proof of [19].

Theorem 6.0.6. Let k be additionally algebraically closed. Assume that a finite abelian
group G acts k-linearly and faithfully on a finite-dimensional k-vector space V. Then the
field of invariants k(V)% is purely transcendental over k.

Proof. Let us denote by k[G] the algebra of G over k. Let p : G — GL(V) be the rep-
resentation of G in V and set g -v = p(g)v. By linearity this defines f(v) for f € k[G]
and v € V. Thus, V is endowed with a structure of a k[G]-module. Since k is of charac-
teristic 0, the vector space V' seen as a k[G]-module is semisimple (c.f. [38], chapter 6.1),

92



CHAPTER 6. MAIN RESULTS

i.e. it is the sum of simple subrepresentations. So, it can be decomposed as direct sum of
1-dimensional sub-k[G]-modules V; such that on V; the G-action is given by g-v = xi(g)v
for some character y;: G — k*. Let v; be a non-zero vector in V; for each i and denote by
X the subgroup of k(V) generated by the v;. Observe that X is a free abelian group since
v; are linearly independent. Consider the homomorphism ¢ : X — G given by v; — xi,
where G is the character group of G. Notice that ker(¢) is contained in k(V)¢. Indeed,
we can show that for z € ker(¢) the G-action yields g -z = x for any g € G. Since z is
an element in the kernel of ¢ we know that x will be mapped to the principal character f;
(identity element) of G (see appendix). Hence, we get

g-r=(9(x)(9)r = filg)r =1z =2

and z lies in k(V)“. Since x was chosen randomly we conclude that ker(¢) C k(V)%.
Recall that for a finite abelian group G of order n there exist exactly n characters. Thus,

the index of ker(¢) in X is at most ord(G) = ord(G). So, the field index [k(V) : k(ker(¢))]
is at most ord(G). This holds due to the general fact that for two groups N and M with
group homomorphism a: M — N we have [M : ker(«)] = [im(a)]. In our case, [X : ker(¢)]
= [im(¢)] < ord(G). But [k(V) : (V)] = ord(G) as this extension is Galois with group
G. We conclude that k(ker(¢)) = k(V)% since it holds that ord(G) > [k(V) : k(ker())]
> [k(V) : k(V)¥] = ord(G). Since ker(¢) is a subgroup of the free abelian group X it
is in particular a free abelian group itself, i.e. it has a basis. So, we can write k(ker(¢))
= k(z1,..,m,) for a basis z1,..,z, of ker(¢). We conclude that k(V)¢ = k(ker(¢)) =
k(z1,..,xy) is purely transcendental over k. O

To show that triviality of the unramified Brauer group is independent of the representa-
tion V we will show that it is isomorphic to another invariant depending only on the group
G. Recall that an abelian group generated by at most two elements is called a bicyclic

group.

Theorem 6.0.7. Let k be additionally algebraically closed. Let V' be a finite-dimensional
k-vector space. Let G be a finite group acting k-linearly and faithfully on V. Then

Broy(k(V)€) = ker(Br(k(V)¥) = [ Br(k(V)™)) (6.1)
HeBg

where Bg denotes the set of bicyclic subgroups of G.

Remark: Due to Fischer’s theorem one can replace Bg by the set of all abelian subgroups
of G.

Proof. We show both inclusions. Fix an element o € Bry,,.(k(V)%). By lemma 6.0.2 the
image of Bry,,(k(V)%) by the restriction map resy : Br(k(V)%) — Br(k(V)H) lies in the
subgroup Brp,(k(V)H). By theorem 6.0.6 this subgroup is trivial as H is abelian. So,
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a € ker(resy) for any such H and thus the left-hand side is contained in the right-hand
side.

For the converse fix an element a € Br(k(V)*) such that r4(«) # 0 for some discrete
valuation ring A containing k with field of fractions k(V)%, i.e. & & Brp,(k(V)¥). The goal
is to show that there exists a bicyclic subgroup H of G such that resg(«) # 0. Recall that
there exists a discrete valuation ring B of k(V')/k lying over A. As in section 4.3 denote
by D the decomposition group of B and by I the inertia group of B. By [39] chapter IV,
corollary 2 of proposition 7 the inertia group I is cyclic and it is central in D. Moreover,
recall that since by theorem 4.3.1 k(V)/k(V)% is a Galois extension we also have that the
residue extension kp/k4 is Galois as well (corollary 4.3.7).

If o & ker(resy) for resy : Br(k(V)Y) — Br(k(V)!), then its image of resy for any
H € B¢ containing I is non-trivial as well and we are done. Thus, assume that res;(a) =0
and consider the following diagram.

)

0 Br(k(V)! /k(V)¢) — Br(k(V)%) = Br(k(V)")
0 Hl(Gal(’%B//iA)a Q/Z) inf HI(GHA ) Q/Z> res o' (GKB ) Q/Z)

The rows are restriction-inflation sequences, and the map r¢ is the residue map associ-
ated to the discrete valuation ring C' := BNk(V)! which has the same residue field x5 as B.
By exactness of the rows « lies in the image of the inflation map. Thus, it comes from an
element in Br(k(V)!/k(V)). Recall that by proposition 4.3.14 the quotient D/T is isomor-
phic to Gal(kp/rka). Then r4(a) can be identified with a homomorphism ¢, : D/I — Q/Z.
Let d € D be an element such that its image d € D/I satisfies ¢, (d) # 0. Since I is central
cyclic in D, the subgroup Hy; C D generated by I and d is bicyclic. Denote by By the
discrete valuation ring B N k(V)H and consider the following diagram.

Br(k(V)©)
0 Br(k(V)! /k(v)Ha) — 1 Br(k(V)Ma) Br(k(V)")
0 HY(Gal(kp/kq),Q/Z) HY(Gy,,Q/Z) HY (G, Q/Z)

inf

Recall that we have by assumption that resg(resg(a)) = 0. By exactness of the rows
the element 7esy(a) comes from an element of Br(k(V)!/k(V)H4). By similar arguments
as above rp,(resg(a)) can be identified with a homomorphism ¢4 : Hq/I — Q/Z. But
this is the restriction of ¢, to Hy/I. By the choice of d and the construction of H this
homomorphism ¢, is non-zero and so is rp,(resg(c)). Thus, resy(a) is non-zero as well.

o4



CHAPTER 6. MAIN RESULTS

In conclusion, H is a bicyclic subgroup of G such that a does not belong to the kernel of
resy.
O

Bogomolov [4] showed that rationality of k(V)® is independent of V. The following
theorem shows the second claim from the beginning of this section. The proof follows [19].

Theorem 6.0.8. Let k(V), G and B¢ be as in the theorem above. Then one has the
following isomorphisms

Bro (k(V)9) = ker(H*(G, k") S [ H*(H,k"))
HeBg
> ker(H*(G,Q/Z) ™% [] H*(H,Q/Z)) =: Bo(G)

HeBg

Proof. This proof is divided into three steps.
Step 1. The first step is to show the following isomorphism

Bro (k(V)%) 2 ker(H*(G, k(V)*) — H H?(H, k(V)*))
HeBg

Recall that Gal(k(V)/k(V)%) = G by lemma 4.3.4 and that from the cohomological de-
scription of a relative Brauer group of a field we have

Br(k(V)/k(V)?) = H*(Gal(k(V)/E(V)), k(V)").
Combining these facts yields the following isomorphisms
Br(k(V)/K(V)™) = H*(H,k(V)")
Br(k(V)/k(V)) = H*(G,k(V)*)

for H € Bg. Thus, instead of discussing the kernel of the map H?(G, k(V)*) — H?(H, k(V)*)
it is equivalent to study the kernel of the map g : Br(k(V)/k(V)) — Br(k(V)/k(V)H)
for a fixed H € Bg. Consider the following diagram given by two restriction-inflation exact
sequences for the group G defined in the theorem and a bicyclic subgroup H of G.

0 L Br(e(vV)k(V)H) =21 Br(l(V)H) — S Br(k(V))
Yy bu
0 5 Br(b(V)/K(V)®) — s Br(k(V)9) > Br(k(V))
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The maps ¢ and 95 are the corresponding restriction maps. Now fix o € Bry,,.(k(V)%).
Recall that Br,,(k(V)) is trivial as k(V) is purely transcendental over k. By lemma 6.0.2 the
image of Bry,,(k(V)%) by the restriction map resg lies in Brp,(k(V)). Thus, the element
a belongs to the kernel of resg. By exactness of the rows, i.e. im(infg) = ker(resg),
the element o comes from an element ag € Br(k(V)/k(V)%). By the choice of a and
the previous theorem it follows that ¢ (infg(ag)) = 0. As the composition ¢p o infg
factors through Br(k(V)/k(V)H) it follows that infg (v (ag)) = 0 as well. Observe that
by exactness of the rows the inflation map infy is injective. Hence, ¥g(ag) = 0 and
ag € ker(vpy). As a and H were arbitrarily chosen one can deduce the first claim.

Step 2. The goal is to replace k£(V)* by k* and hence to show the following isomorphism

Bro (k(V)9) = ker(H*(G, k") —» [ H*(H. k"))
HeBg

Consider k£(V') as the function field of affine n-space A}'. By proposition 3.2.5 we know
that its Picard group is trivial. So, we have an exact sequence

0— k¥ — k(V)* = Div(Af) — 0.

Therefore, taking cohomology groups one gets by theorem 4.1.2 an exact sequence

.. = HYG, Div(AD)) — H*(G,k*) — H*(G,k(V)*) = H*(G, Div(A})) — - - -

Let us denote by W the affine variety with coordinate ring k[t1,..,%,]¢. By [19] lemma
5.4.5 we have a direct sum decomposition

Div(A}) = €D Home,(Z[G),Z) (6.2)
Pewtl

where W1 denotes the set of codimension 1 irreducible subvarieties of W and Gp is the
stabilizer of an irreducible component lying over the codimension 1 subvariety P. With
the isomorphism in (6.2) and Shapiro’s lemma (corollary 4.0.13) we can rewrite the exact
sequence above as follows

@ H'(Gp,2) » HX G, k) 5 HAG,KV)) S D HXGp.Z) (6.3)

pPew! Pew!
Observe that the groups H*(Gp,Z) = Hom(Gp,Z) are trivial since Gp is finite and Z is
torsion-free and thus all homomorphisms Gp — Z are zero. So, f is injective. Let us now
consider the last term of the exact sequence in (6.3). Recall that we have the isomorphisms
H?(Gp,7) = HY(Gp,Q/Z) = Hom(Gp,Q/Z), where the first isomorphism comes from
(4.7) and the second from (4.3). For cyclic subgroups < g > of Gp we then have injective
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maps ¢p : Hom(Gp,Q/Z) — @ Hom(< g >,Q/Z). Now take an element in Br,, (k(V)%).
By step 1 this element corresponds to an element o € H?(G, k(V)*) whose restriction to
every bicyclic subgroup of G is trivial. Then the same must hold for the restriction to every
cyclic subgroup of G and thus all components of g(a) € @ Hom(Gp,Q/Z) must be sent to
0 by the various ¢p. Hence, g(a) = 0 and « lies in the kernel of g. Since im(f) = ker(g)
by exactness of the sequence in (6.3) we deduce that o comes from H?(G,k*) and the
composite map H?(G,k*) — H*(G,k(V)*) — H?*(H,k(V)*) sends « to zero. Notice that
the map H?(G,k*) — H?(H,k(V)*) factors through H?(H,k*). By analogous arguments
where we deduced that f is injective we see that the map H2(H,k*) — H?(H,k(V)*) is
injective. In conclusion, the map H?(G,k*) — H?(H, k*) must send a € H%(G, k*) to zero.
This concludes step 2.

H?(G, k) H2(G,k(V)*) H?(H, k(V)*)

H2(H, k*)

Step 3. The last step is to show the following isomorphisms
HY(G, k") = HY(G,Q/Z) and H*(H, k") = HX(H,Q/Z)

for all bicyclic subgroups H of G. Recall that the multiplicative group k* is divisible, i.e.
for every g € k* and integer n there exists an element h € k* such that n-h = ¢g. Moreover,
its torsion subgroup, i.e. the group of all roots of unity in &, is isomorphic to Q/Z by lemma
4.3.15. So, the quotient k*/(Q/Z) is a Q-vector space. Now consider the following exact
sequence of trivial G-modules

0—-Q/Z - k*— k*/(Q/Z) — 0.
This induces an exact sequence of cohomology groups.
o BTG K (Q/Z) > HY(GLQ/Z) = HY (G, K) = HY (G, /(7)) = -

Finally, we can conclude since by corollary 4.0.11 it follows that H"(G, k*/(Q/Z)) = 0.
This statement holds analogously for H € Bg and we are done.
O

Remark: The subgroup By(G) is sometimes called Bogomolov multiplier (c.f. [22]).

Remark: One could ask whether the non-triviality of the invariant By(G) is sufficient. The
next theorem shows that this is not the case. Colliot-Théléne and Ojanguren [14] generalized
the notion of unramified Brauer group to higher dimensional unramified cohomology groups.
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With this Peyre [36] was able to compute a counter-example. Let us shortly introduce the
unramified cohomology groups. Denote by u; the i-th root of unity in k. For j € Z define

pd @ ifj>1
p? =S 1)il ifj=0 (6.4)
Hom(u? \2./iZ) it j <0
For a field K write H" (K, ,u;@j) = H"(Gal(K /K), ,uZ@j) and define the direct limit
H™(K,Q/Z(j)) := lim H"(K, ;")

Let A be a discrete valuation ring A of rank 1 such that k C A C K and ¢f(A) = K with
residue field k4. The set of such discrete valuation rings is denoted by P(K/k). Then the
residue map is defined as follows

Oa - H" (K, 1i") = H" (a7 )
This induces the residue map
Oa+ H(Q/Z(3)) = H" (54, Q/Z(3))

Definition 6.0.9. The unramified cohomology group is given by

Hy (K, Q/Z(j) =[] ker(da)

AEP(K/k)

In particular, if &k is algebraically closed and K is a (stably) rational extension of £,
then H? (K, ;i) = 0.

Theorem 6.0.10. Let p be any odd prime. Then there exists a p-group of order p'? such
that Bo(G) = 0 and H32,(C(G),Q/Z) # 0. In particular, C(G) is not purely transcendental
over C.

Proof. [36] theorem 6.1 O
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Chapter 7

Reduction to p-groups

Let p be a prime number. Bogomolov [4] explained in his paper how the question of the
p-components of the invariant By(G) can be reduced to the study of By(G) for p-groups.
Let us first examine some results on the structure of the invariant By(G). In what follows
p will always denote a prime number.

Definition 7.0.1. Let G be a finite group and fix a non-zero element I' € H?(G,Q/Z).
Then G is called I'-minimal if the restriction to any proper subgroup of G is trivial.

For further investigation it will be crucial that the element I' is non-zero. Observe
that for a non-zero element I" € By(G) there always exists a non-trivial subgroup H C G
(not necessarily proper) such that I'|g # 0 and H is I-minimal. Either there exists a
proper subgroup of G satisfying the above properties or otherwise it is G itself. Indeed,
let ' € By(G) be a non-zero element. If the restriction of I' to any proper subgroup of G
is trivial, then G as a non-proper subgroup of itself is I-minimal by definition (here it is
crucial that I" is non-zero). Moreover, I'|iy € Bo(H). The following results show that the
description of the I'-minimal subgroups of G allows to describe the invariant By(G).

Lemma 7.0.2. Fix I' € H?(G,Q/Z). If all the I'-minimal subgroups of G are non-abelian,
then I' belongs to By(G).

Proof. The statement is proved by contraposition. Fix an element I' € H?(G,Q/Z) not
belonging to By(G). We will show that there exists an abelian I'-minimal subgroup of G.
Observe that since I' does not belong to By(G) := ker(H*(G,Q/Z) — [[H%*(H,Q/Z))
where the product runs over all abelian subgroups of G, the restriction of I' to at least one
abelian subgroup is non-trivial. Let us denote it by A. If this A is [-minimal, then we
are done. If A is not I'-minimal, then by definition of I'-minimality there exists a proper
subgroup A; of A such that I'|4, # 0. Since A is abelian A; is abelian as well. So, we can
examine whether A is I'-minimal. Repeating this step one can find a I'-minimal subgroup
of G which is abelian. We know that this process will stop eventually since G is finite and
the claim follows. O
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But the converse is also true: For an element I' € By(G) a I'-minimal subgroup H of G
cannot be abelian because by definition of I'-minimality we have that I" restricted to H is
non-zero. Here it is again crucial that we take a non-zero element in the definition! If H
was abelian, it would contradict the fact that I' belonged to By(G) which contains elements
that are trivial when restricted to abelian subgroups of GG. In conclusion, we have that for
I' € H?(G,Q/Z) the element I' belongs to By(G) if and only if all T-minimal subgroups of
G are non-abelian. Hence, a description of the minimal subgroups of a certain group allows
us to describe By(G). This discussion can be summarized in the following theorem.

Theorem 7.0.3. Let G be a finite group and fix an element I' € H?(G, Q/Z). Then

I' € By(G) <= All I'-minimal subgroups of G are non-abelian.
The following result shows why one can focus on p-groups when studying the invariant.
Lemma 7.0.4. A I'-minimal group is a finite p-group.

Proof. Let G be a I'-minimal group for a non-zero element I' € H?(G,Q/Z). Observe that I
lies in one of the p-components of H?(G,Q/Z). Without loss of generality let I' be contained
in H%(G,Q/ Z)(p) for some prime p. Since I' is non-zero, we know from the discussion in
section 4.2 that p divides the order of G' and hence there exists a Sylow p-subgroup G, in G.
Indeed, if p did not divide ord(G), then G, would be trivial. Hence, H?(G,, Q/Z) would be
trivial as well. But the restriction res : H*(G,Q/Z),) — H*(Gp, Q/Z) is injective which
would conflict the assumption that I" was non-zero.

Now, assume by contradiction that G is not a p-group. Then G}, must be a proper
subgroup of GG. By the choice of I' and the assumption that G is I'-minimal we know that
H?(G,Q/Z) has at least two distinct elements: I and the identity element 0. Recall that
by theorem 4.2.5 we have a monomorphism @5: H*(G,Q/Z),) — H*(G,,Q/Z) on the p-
component of the cohomology group of G where we send an element I' € H?(G,Q/ Z)(p)
to its restriction by G, in H 2(Gp, Q/Z). Since the map i, i @ monomorphism taking any
two distinct elements I' and I" in H?*(G,Q/Z) ;) we have that i5(I') # i%(I"). But since G
is I'-minimal the restriction of I to any proper subgroup is trivial. Thus, i;(I') = I'|g, =
i%(0). This is a contradiction to the monomorphism and hence we can conclude that G is

P
a p-group. ]

Recall that every non-trivial character x : H — Q/Z of a p-group H corresponds to a
subgroup H, := ker(x), and every proper subgroup of H is contained in one of the H,. To
verify that a p-group is [-minimal it is thus enough to check that I' has trivial restriction
to all subgroups H,. For more details on how to construct a series of I'-minimal subgroups
starting from one, the reader can consult [4].

In conclusion, to check whether an element I' € H?(G, Q/Z) belongs to By(G) one can
study the p-subgroups of G. One possible application is the following. If the I'-minimal
subgroups among those are all non-abelian, then certainly I' € By(G). If at least one of the
I-minimal subgroups among them is abelian, then one can deduce that I' € By(G).
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Chapter 8

The minimal order for a non-rational
invariant field

Recall that we want to know for which groups G (with a representation V') the invariant
function field (V)¢ is not purely transcendental over k. With the results obtained in the
previous section, a natural question is to ask for which groups G we have a non-trivial
invariant By(G). Some proofs have been conducted using p-groups. In particular, we want
to prove the minimal order of a p-group for which the invariant By(G) is non-trivial. Let
us assume that k = C. Some proofs were originally written for a more general statement,
e.g. [8] proves for a more general field k. The following theorem gives one restriction on
the field when looking for a non-trivial invariant.

Theorem 8.0.1. Let G be a p-group and k be a field of characteristic p > 0. Then k(G)
is a purely transcendental extension of k.

Proof. 18] O

As a first step examining minimality of the order we will compute the invariant for the
groups of order p and p?. Let G be a group of order p and let A be a G-module. Then G is
isomorphic to the cyclic group Z,, which is abelian and has no non-trivial subgroups (c.f.
[24]). By Fischer’s theorem we then deduce that k(V)% is purely transcendental over k.

Remark: Tt is not possible to deduce non-rationality of (V) for groups of order p
by computing the invariant By(G). Indeed, observe that By(G) is trivial if and only if
for any non-trivial element I' € H?(G, A) the restriction to every bicyclic subgroup of G
is non-trivial. But this is given by the choice of G. Hence, the only element in By(G) is
indeed the trivial element and By(G) = 0.

Let now G be of order p?. There are up to isomorphism only two groups of this order:
the cyclic group of prime-square order and the elementary abelian group of prime-square
order. Both are abelian (c.f. [24]). Again by Fischer’s theorem one can conclude that
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for both groups the corresponding function field (V)¢ is purely transcendental over k.
Furthermore, Chu and Kang [8] proved the cases for the order of p* and p*.

Theorem 8.0.2. Let G be a p-group of order < p*. Then the field of invariants k(V)¢ is
purely transcendental over k.

Proof. [8] theorem 1.6 for groups of order p* and p?. O

The proof of this theorem is based on case study. The idea is to prove for certain
representations that the invariant field is irrational and then use the fact that some rep-
resentations are a direct sum of irreducible representations. Let us give a brief outline.
Denote by [G, G| the commutator subgroup of G. For two elements o, 7 € G denote 7~ 1o

by o7. We define the matrix

1 0 0
P = 1 0 € GL,(k).
1 0

Chu and Kang [8] listed the following results on group representations for groups of order
p® and p*. Due to Fischer’s theorem the authors focused on non-abelian groups.

Lemma 8.0.3. Let G be a non-abelian group of order p®. Then ord([G,G]) = p and G has
p? linear representations of degree 1 over k and p — 1 irreducible representations of degree
p over k.

Proof. [8] lemma 2.1 O

Lemma 8.0.4. For p # 2 there are only two non-isomorphic non-abelian groups of order
p3. These groups and all of their irreducible representations of degree p, p — 1 in total for
each, are listed as follows

e G=<o,7: oP’ = 7P = 1,07 = 0P~ > where the representation p : G — GL,(k) is
W

wi(l‘i’p)
given by p(7) = P and p(o0) =
Wi+ (p—1)p)

where w € k is a primitive p?-th root of unity of k and 1 <i < p — 1.
e G=<0,7,\:0P =7 =) 07 =0 =0,7" =07 > where p: G — GL,(k) is given
1 ¢t

‘ woy = | =P

¢ie=1) ¢t

by p(7) =
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For p = 2 the only non-abelian groups of order 8 are the dihedral group and the
quaternion group. For their irreducible representation of degree 2, one replaces the second
representation from above with the following.

4 2

,07 = 03 >, the quaternion group, with representa-

tion p : G — GLa(k) given by p(c) — (‘T ¢%> and p(r) — (? 01>.

e G=<o,7:0'=7"=1,02=71

Proof. |8] theorem 2.3 O

Lemma 8.0.5. Let G be a non-abelian group of order p*. Then the order of [G,G] is
either p or p?. In the first case G has p? linear representations of degree 1 over k and
p? — p irreducible representations of degree p over k. In the second case G has p? linear
representations of degree 1 over k and p? — 1 irreducible representations of degree p over k.

Proof. 8] lemma 3.1 O
For the case of groups of order p* we have the following results.

Lemma 8.0.6. If p = 2, there are 9 non-isomorphic non-abelian groups of order 16.

Proof. 8] theorem 3.4 O

Lemma 8.0.7. If p > 3, there are 10 non-isomorphic non-abelian groups of order p?.

Proof. |8] theorem 3.2 and theorem 3.3 O

The representations for groups of order p* can be found in [8]. The proof of theorem
8.0.2 is then done by case study, checking for each representation that k:(V)G is purely
transcendental over k£ by computations. This shows that the minimal order of a p-group
with a non-trivial invariant must be at least p°.

For higher order groups it is useful to group certain groups together. Let us introduce the
notion of isoclinism families. We use the following notation for f,g € G: [g, f] = g~ ' fgf
and < g, f > denotes the group generated by g and f.

Definition 8.0.8. Let G and H be two p-groups with center Z(G) resp. Z(H). Again
[,] denotes the commutator subgroup of a group. Then two groups G and H are called
isoclinic if there exist group isomorphisms

0: G/Z(G) - H/Z(H) and ©:[G,G| — [H, H|
such that ©([g, ¢']) = [h, '] for any g,¢' € G with h € 0(9Z(G)) and b’ € 0(¢'Z(G)).
Theorem 8.0.9. If two groups G; and Gy are isoclinic, then By(G1) = Bo(Ga2).

Proof. |32] theorem 1.2 O
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In discussing the triviality of the invariant it is useful to group isoclinic groups together
from this theorem. For a prime number p and a fixed integer n, denote by G, (p) the set
of all non-isomorphic groups of order p". We define an equivalence relation in Gy, (p): Two
groups G and H in G, (p) are equivalent if they are isoclinic. Each equivalence class of
Gn(p) is called an isoclinism family. An isoclinism family of p-groups will be denoted
by ®, where the index s is an integer denoting the ordering of the isoclinism family (see
[26] for more details on the ordering). James [26] classified p-groups up to order p® using
isoclinism families. Whenever authors used his notation we will additionally write the group
by generators and relations when needed.

Only for p-groups up to order p* there are general results as stated above. For further
investigation we need to distinguish two cases: the odd and the even case.

8.1 The odd case

In this section we list the results known for odd primes. Let p denote an odd prime for this
entire section. Saltman [37] first proved the following theorem using the unramified Brauer

group.

Theorem 8.1.1. There exists a group G of order p? such that the invariant By(G) is
non-trivial.

Proof. [37] theorem 3.6 O

After this Bogomolov [4] claimed that there existed a smaller group of order p® with
non-trivial invariant and that this was the minimal order. This was later disproved by
Moravec [31] by computational means and by Hoshi et al. [23] by theoretical means. We
will present here the idea of Hoshi et al. [23]. Recall that by theorem 8.0.2 the fields of
invariants k:(V)G is purely transcendental over k for p-groups up to order p*. The following
theorem shows that the minimal order of a p-group for odd primes with non-trivial invariant
By(G) is p°. By [26] there are 10 isoclinism families for groups of order p°.

Theorem 8.1.2. Let G be a group of order p®. Then the invariant By(G) is non-trivial if
and only if G belongs to the 10th isoclinism family.

The proof of this theorem follows from the following two lemmas which can be found in
[23]. We state the proofs to demonstrate that Bogomolov’s claim of p% to be the minimal
order was wrong.

Lemma 8.1.3. Let G be a finite group, H be a normal subgroup of G. Assume the
following two properties.

e The transgression map tr: H'(H,Q/Z) — H?(G/H,Q/Z) is not surjective.

e For any bicyclic subgroup A of G, the group AH/H is a cyclic subgroup of G/H.
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Then By(G) is non-trivial.
Proof. Recall the definition of the Hochschild-Serre 5-term exact sequence
0— HY(G/H,Q/Z) - H'(G,Q/Z) — H'(H,Q/Z)¢ LN H?(G/H,Q/Z) nf H?(G,Q/Z)

where inf denotes the inflation map. Recall that By(G) is a subgroup of H?(G,Q/Z). The
goal is to show that the image of the inflation map inf is not zero and contained in By(G).
By exactness it holds that im(tr) = ker(inf). If inf is the zero-map, then ker(inf) =
H?(G/H,Q/Z) = im(tr). But this contradicts the assumption that the transgression map
is not surjective. So, we can conclude that the inflation map inf is not the zero-map and
hence the image of inf is not trivial. It is left to show that this image is contained in
By(G). By the definition of By(G) is it enough to show that the following composition

H*(G/H,Q/z) ™ H2(G,Q/2)"S H*(4,Q/2)

is the zero-map for any bicyclic subgroup A of G. For this consider the commutative
diagram

H2(G/H,Q/z) —L

H*(G,Q/Z) = H?(A,Q/Z)

o 1

H?(AH/H,Q/7) H?(AJANH,Q/7)

¢/
where ¢ is the restriction map, ¢; is the inflation map and ¢’ is the natural isomorphism.

Since AH/H is cyclic by assumption, we can write AH/H = C,, for some integer n.
Recall that by (4.6) we have H?(C,,Q/Z) = 0 and hence ¢p = 0. From the diagram it
follows that ¢1 o ¢’ o ¢9 = 0 and thus res o inf = 0 for any A. We conclude that the
non-trivial image of inf is contained in By(G) and hence By(G) is non-trivial. O

Lemma 8.1.4. Let G be a finite group of order p® with five generators f;, 1 < i < 5,
satisfying the following properties.

o S fP =1, f5 e Z(Q).
o f3=1[f2, fil, fa = [fs, f1l, f5 = [[fa, f1] = [f3, f2], f1 = [fa, fo] = [fa, f3)-

o < fa,fs >=C, x Cp and G/ < fu, fs > is a non-abelian group of order p® and of
exponent p.

Then By(G) is non-trivial.

65



CHAPTER 8. THE MINIMAL ORDER FOR A NON-RATIONAL INVARIANT FIELD

Proof. The goal is to check that the conditions in the previous lemma are satisfied for
H :=< f4, f5 > to conclude that By(G) # 0.

Step 1. We check the first condition. Since H is by assumption isomorphic to C), x C), we
have that H'(H,Q/Z) = C, x C,. Moreover, define I'y, 'y € H'(H,Q/Z) = Hom(H,Q/Z)
by

I1(fa) = 1/p, T1(f5) = 0, T2(fa) = 0 and T'2(f5) = 1/p.

Observe that H'(H,Q/Z) is generated by I'y and I's. The action of G on I'; and I' is
given by

A1) = Ta(f7  faf1) = Di(falfas A1) = Ti(fafs) = Ti(fa) +Ta(fs5) = 1/p
AT1(f) =Ta(f; s f1) =Ti(f5) =0

where we used that f; € Z(G) by assumption and hence fifs = f5f1. Observe that
fil'1 = I'1. By analogous computations we get

fila(fs) = 1/p and fil'a(f5) = 1/p
and thus fiT'y = I'y + I's. Since H'(H,Q/Z) = <I';,I'y> & Cp x Cp, we can write I' =
n1l1 + nols for T' € HY(H,Q/Z) and some integers ni, no (mod p). Moreover, with

[T = fi(niT'1 + nol'e) = ni(fiT'1) + na(fil2)
=n1l1 +ne(l1 +T2) = (n1 + n2)I'1 + nal'y

we find that f; I' = T' if and only if ng = 0, i.e. I' €< I'y >. Furthermore, we have that
foI't =T’y = f3 I'1. Indeed, by similar arguments as above we have

foT1(fa) = Ta(fy ' fafo) = Ta(falfas fol) = Ta(fa) = 1/p,

foli(fs) =T1(f3  fofo) = T1(fs) =0,

f301(f1) = Ta(f5 " fafs) = Ta(falfa, f3]) = Ta(fa) = 1/p,
fsT1(fs) =T1(f5 " fsfs) =T1(f5) = 0.

Therefore, T'y € HY(H,Q/Z)¢ and we find H'(H,Q/Z)¢ =< Ty >= C,. Since G/H is
non-abelian of order p® and of exponent p, it follows that H2(G/H,Q/Z) = C,, x C,. Thus,
the transgression map tr: H'(H,Q/Z)% — H?(G/H,Q/Z) is not surjective. So, the first
condition of the previous lemma is satisfied.

Step 2. Let us check the second condition, i.e. for any bicyclic subgroup A of G, AH/H
is a cyclic group. By computations one can check the following relations for 1 <1i,5 < p—1.

° fzifl f1f4 )
o fifi = fififi e

66



CHAPTER 8. THE MINIMAL ORDER FOR A NON-RATIONAL INVARIANT FIELD

i

° f%ff _ ff f% §]f4 (2) f5 (3) (2)
where (‘Z) denotes the binomial coefficients if @ < b < 1 and the authors use the convention

that (3) = 0if 1 < a < b. Moreover, in G/H, let us write (fif2) = ???3752)'” for
1<¢,7<p—1land1<e<p.

Let A =< h1, hy > be a bicyclic subgroup of G generated by hi and ho for any hi, he €
G. The goal is to show that AH/H is cyclic in G/H.

Recall that G is non-abelian. It follows that G/H is non-abelian as well and by as-
sumption of order p3. Since AH/H is abelian we find that it is a proper subgroup of G/H.
If the order of AH/H is smaller or equal to p, then AH/H is cyclic and we are done.

We are then left to show the case of order p?. The goal is to find a contradiction. Recall
that H := < fy, f5 > and that G/H is generated by f;, f, and f;. In G/N, let us write
hy = ??1?;2?? and hy = 7{11?;”2?;”3 for some integers n;, m;. We will show that there
are only three possibilities for the combination of these integers.

If ny = mq = 0, then <hy,hy> = <?;2f§3 ,?;"2?;”% = <fo,f3>. Thus, after changing
the generating elements hi, ha, we may assume hy = fo and hy = f4. This is the first
possibility.

If ny # 0 or my # 0 (mod p), we may assume 0 < ny < p—1. Find an integer e such that
1 <e<p-—landnie =1 (modp). Using the formulae above we get ﬁi = ?17§2T§3. Observe
that < hy, hg >=< h$, hy >. Without loss of generality we may assume h; = 7172127;3,
i.e. ny = 1 from the beginning. Moreover, < hy, hy >=< hq, (h’lnl)_lhg >. Hence, we may
assume hy = ?1?32?;3 and hy = ??2??3 If 1 < my < p-—1, then choose an integer ¢’
with 1 <€ <p—1and mie’ =1 (mod p). Then use the generating set < hy, h;l > for A.
Thus, we may assume h; = ?1?;3 and hy = ?2??3. This is the second possibility.

If my = 0 (mod p), then hy = f fo f3° and hy = f5°. If mg = 0, then AH/H is cyclic.
We may thus assume ms3 # 0 (mod p). Changing the generators again, we may assume
hi1 = f1fs° and hy = f3. This is the third possibility.

But in fact all three possibilities lead to a contradiction. Suppose h1 = f, and hy = f.
Since f5 € Z(G) we can write hy = fof)" f3® and hy = f3f)"* f3"°. Since hihy = hohi we
get fofyt fafi™ = faf)"* faf*. Using the formulae in the beginning of this step we get
Fofafiit™ = fofsfi*T™ f5 which is a contradiction.

Suppose the second possibility for h; and he. In G/H it holds that hihs = hohy. But
on the other hand 71?313 and fzfgbs do not commute.

Suppose the third possibility. Observe that h1 = fif32f,* fi® and hy = f3fi" f3"°.
Using the same argument as in the second case one derives a contradiction.

We conclude that AH/H is of order at most p and hence cyclic. Having proved both
conditions from the last lemma we can conclude. O

Theorem 8.1.5. Let G be a finite group of order p® belonging to the 10th isoclinism family
®19. Then By(G) is non-trivial.
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Proof. By applying the lemma above it is enough to show that any group of the 10th
isoclinism family satisfies the three conditions in the lemma. The proof has two parts
corresponding to p = 3 and to p > 5.

Case 1. Let p = 3. By [26] there are three groups of order 3° belonging to ®1q. Using the
notation of [26] the groups ®10(1°), ®19(2111),, and ®19(2111),, in @19 have the following
relations: All groups are generated by five elements f;, i = 1,2,3,4,5, that satisfy

< fs >=Z(Q)

[fo.f1] = f3, [f3.f1] = fas [fa f1] = [f3.0e] = f5, [faofo] = [farf3] = 1

with the following specific conditions on each group

B=R=E=05="7=f" for®,(1°)
Fi=0B=1LF=F0E=0" 1= for ®1(2111)
B=R=01=K"05=05= " for @111,
Case 2. Let p > 5. The group G = ®10(1°) in [26] is defined by
G=<fii=12345> <fs>=2(G), ff=1fori=1,.5

[fo. fil = fso [fo il = fa, [faful = fs.fol = f5, [fanfol = [fa.fs] = 1
The group G = ®1¢(2111)a, in [26] is defined as
G=<f,i=1,2345> <fs>=Z(Q), fl =, ff =1fori=2,3,4,5

1

[f2,f1] = f3, [fo, ol = fa, [fa 1l = [f3.f2] = f5, [fasfol = [farf3] = 1

where « is the smallest positive integer which is a primitive root (mod p) and 0 < r <
ged(3,p—1) — 1.
The group G = ®1(2111)b, in [26] is defined as

G=<fi,i=1,2,3,45> <fs>=2(G), f} = f&, fI = ff fori =3,4,5
[f2,f1] = f3, [fa, ol = fas [fa o] = [fs.fol = S5, [fa.fo] = [fafs] = 1

where « is the smallest positive integer which is a primitive root (mod p) and 0 < r <
ged(3,p—1) — 1. O

The reverse implication that for a group G with non-trivial invariant we have G € &y is
shown in [23] by proving the negation for each case, i.e. for the elements in each isoclinism
family ®; for 1 < i < 9 we have trivial By(G). So, we conclude the proof of theorem 8.1.2.
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8.2 The even case

In this section we list the results known for the even case. Let p = 2. Recall that we have
already seen the case of order up to 2*. Chu et al. [10] proved the case for groups of order
25 by listing the 51 non-isomorphic groups of order 2° and used a case-by-case approach.
Their findings can be summarized in the following theorem.

Theorem 8.2.1. Let G be a group of order 2°. The field of invariants (V)% is purely
transcendental over k.

Proof. [10] theorem 1.5 O
The next result shows minimality of the order 26 in the case of the even prime.
Theorem 8.2.2. Let G be a group of order 26. The following are equivalent.

e The invariant By(G) is non-trivial.

o Z(G) = (3, [G,G] = Cy x O, G/|G,G] = C3, G has no abelian subgroup of index

2 and G has no faithful 4-dimensional representation over C.
e (G belongs to the 16th isoclinism family.
Proof. 9] theorem 1.8 O

There are 267 non-isomorphic groups of order p® (c.f. [17]). The idea of the proof is
to first consider groups G such that Z(G) % C2 or Z(G) = O3 with [G,G] 2 Cyx Cy and
show that then k(V)% is purely transcendental over k. Note that for five groups in the
second case in 9] the authors were only able to show that By(G) = 0, but the rationality of
the corresponding function fields is still an open question. For the last part they considered
groups G such that Z(G) = C% with [G,G] & Cyx Cy. There are exactly 53 groups
satisfying these conditions. In particular, the groups of the 16th isoclinism family satisfy
these conditions. Chu et al. [9] proved with the help of GAP that exactly those and none
other have a non-trivial invariant By(G).
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Appendix

In this chapter we recall some basic definitions and theorems on important subjects of
algebraic geometry. For more details see [21] or [28].

9.1 Affine (algebraic) variety

Let k be an algebraically closed field and denote by A} = k™ (as a set) the affine n-space.
We denote by A := k[x1,..,x,]| the polynomial ring. One can interpret elements in A as
functions

FrA? k.

Definition 9.1.1. For a finite set T of polynomials in A let us define the zero-set of T" as
follows

Z(T)={pe Ay : f(p) =0,Vf €T}
Note that T ¢ T" = Z(T") c Z(T).

Definition 9.1.2. A subset Y C A is called an algebraic set if there exists a finite set
of polynomials 7' C A such that Y = Z(T).

Ezxample:

e A non-zero constant polynomial has no zeros and hence the empty set is algebraic.

2

e The zero-set of the equation 22 = z? | y? is a cone.

Recall that the open sets in the Zariski topology are the complements of the algebraic
sets. We say that a non-empty subset Y of a topological space X is irreducible if it cannot
be expressed as union Y = Y; U Y5 of two proper subsets, each one of which is closed in Y.
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Definition 9.1.3. An affine (algebraic) variety is an irreducible closed subset of A}
with the induced topology. An open subset of an affine variety is called a quasi-affine
variety.

Definition 9.1.4. Let Y be a subset of A}. We denote by I(Y) the set of polynomials in
A that are zero on Y, i.e.

I(Y):={feA: f(p)=0,¥peY}
This is an ideal in A.

Definition 9.1.5. Let Y be an affine algebraic subset of A”. The affine coordinate
ring of Y is defined by
AY) :=A/1(Y)

9.2 Projective variety

Recall that the projective n-space P} over k is (as a set) the set of equivalence classes of
(n + 1)-tuples with the equivalence relation

(20, -y ) ~ ANZ0, -y Tp)

for A € k, A # 0. We denote an equivalence class by [zq : .. : z,]. In the projective case we
will only consider homogeneous polynomials, i.e. for f € k[zo, .., x,] such that

FOzo, .. Axp) = X9 f (0, .., )
for A € k, A # 0. Then one can also talk about the zero-sets.

Definition 9.2.1. For a finite set of homogeneous polynomials 7" in k[x, .., x,| we define
the zero-set of T by
Z(T) ={pePy: f(p)=0,Vf T}

Definition 9.2.2. A subset Y C P} is called algebraic set if there is a finite set of
homogeneous polynomials T C k[zg, .., ] such that Y = Z(T).

Definition 9.2.3. A projective (algebraic) variety is an irreducible algebraic set in P}
with the induced topology.
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9.3 Group representation

This section follows [38|. Let G be a finite group and V' a vector space over C. We denote
by GL(V') the group of isomorphisms of V onto itself. When V" has a finite basis (¢;)i=1,..n
of n elements, each linear map a : V' — V is defined by a square matrix (a;;) of order n,

where a;; € C. We have
ale)) =Y _aijei
i

Observe that the linear map « is an isomorphism if and only if the determinant of (a;;) is
not zero. Hence, the group GL(V') may be identified with the group of invertible matrices
of order n.

Definition 9.3.1. A linear representation of G in V' is a homomorphism p from G into
GL(V).

Remark: The vector space V is then called representation space. Oftentimes, one can
find that authors simply call V' the representation.

Definition 9.3.2. A linear representation p : G — GL(V) is called irreducible or simple
if V' is not 0 and if no vector subspace of V is stable under G, except from 0 and V.

This is equivalent to say that V' is not the direct sum of two representations (except
from the trivial one).

Theorem 9.3.3. Every representation is a direct sum of irreducible representations.

Proof. [38] section 1.4, theorem 2 O

Definition 9.3.4. Let V be a again a finite-dimensional vector space of dimension n.
Denote by (a;;) the matrix corresponding to a linear map a: V' — V. The trace is defined

by
Tr(a) = Za”
i
i.e. the sum of the eigenvalues of a. This is independent of the choice of basis of V.

Definition 9.3.5. A character y: G — k* of a representation p: G — GL(V') of a group
on a finite-dimensional vector space V over a field £* is the trace of the representation p,
ie. xp(9) = Tr(p(g))

Definition 9.3.6. The principal character y; is defined by x1(g) = 1 for all g € G.
Definition 9.3.7. Let G be an abelian group. The set of characters x; form an abelian

group called the character group of G denoted by G where we define the product of two
characters x; and x; by

(xaxi)(9) = x;(9)xi(9)
for ¢ € G. The identity element of the character group is the principal character.
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Definition 9.3.8. Let G be a group and let R be a ring. Then the algebra R[G] of G
over R has a basis indexed by G. So, one can also identify it with G. Then each element
f € R[G] can be uniquely expressed as

f= Zagg

geG
for a; € R and multiplication extends that in G.

We set g-v = p(g)v for g € G and v € V. Then this defines by linearity fov for f € R[G]
and v € V. Thus, V is endowed with a structure of a left R[G]-module.
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