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1 Abstract
This master’s thesis focuses on the embedding of the leverage exchange-traded
fund in the time-continuous Black-Scholes option pricing model. The interest
rate, expense fee, drift, and volatility are all assumed to be constant.
Leverage exchange-traded funds are liquidly traded financial products that pro-
vide (positive and negative) multiples of daily returns on some underlying index
or benchmark. The leverage mechanism stems from derivatives used in the fund.
The risky asset in the model, an Itô process, represents the underlying of the
leveraged fund. The study of random dynamics of the risky asset requires the
Wiener process, the stochastic (Itô) integral, and the Itô formula. This back-
ground allows the construction of the Black-Scholes model. The Black-Scholes
formula enables the pricing of the European put and call option on the leveraged
fund.
The main object of interest is the analytical search for ranges of admissible
leverage ratios. The first admissible range contains all leverage ratios with non-
negative median returns and non-negative expected growth rates. Simple exam-
ples of daily returns demonstrate the probability of negative leveraged returns
while recording positive returns of the underlying. This probability provides an
admissible range of positive leverage ratios. The probability of leveraged return
losses exceeding a specified level gives an admissible range for negative leverage
ratios.
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3 Introduction
A comparatively new financial product liquidly traded in major exchanges is the
leveraged exchange-traded fund (abbr. LETF). In recent years, they recorded
rapid growth in the volume of assets under management (abbr. AUM). Numer-
ous investors regard LETFs as highly accessible and liquid instruments. LETFs
tend to show strong performance in periods of high momentum accompanied by
low volatility. Despite its potential to create significant large returns, it drew
much criticism. Even over manageable investment horizons, say quarterly or
annual, LETF returns are likely to underperform in contrast to the multiple
returns of the underlying. One of the factors causing such issues has been as-
signed to the compounding of returns for instance [1].
Cheng and Madhavan show in [2] that as a consequence of the realized variance
of the underlying, the value of the LETF may suffer from decay in value. Short
and long LETFs are only intended for experienced investors who are aware of
the risk of investments in products with leveraged exposures. In contrast to
investments that do not consider such strategies, the leverage ratio can en-
hance potential negative LETF returns [3]. Guido Giese highlights in [4] the
beneficial properties of the leverage ratio with optimal expected growth rate.
In [1], Tim Leung and Marco Santoli discuss the range of admissible leverage
ratios by analytical computation of the value-at-risk in the Black-Scholes model.

In fixed management periods, different leverage ratios are accompanied by differ-
ent levels of risk. For that purpose, we implement the notion of an admissible
range of leverage ratios. The corresponding LETFs satisfy given risk constraints,
for instance, attaining a low probability of recording negative returns. This no-
tion can help investors to classify certain LETFs as too risky [1].
The main focus of this thesis lies in the following: The analytical search for
admissible leverage ratios provided by the distribution of LETF returns in the
time-continuous Black-Scholes option pricing model. We assume constant drift,
volatility, risk-free interest rate, expense fee, and (mostly) finite management
periods. We obtain an admissible range for both negative and positive leverage
ratios attaining non-negative median returns and non-negative expected growth
rates. To receive an admissible range for positive leverage ratios, we derive the
probability of the event of negative LETF returns when the underlying records
positive returns. The probability of LETF losses surpassing a level z ∈ [0, 1]
delivers the admissible range for negative leverage ratios. As a byproduct, we
state the no-arbitrage price of the European put and call option on the lever-
aged fund, where we utilize the derivation of the Black-Scholes formula.

The Black-Scholes model provides a useful ground to understand random as-
set dynamics in continuous time. In financial mathematics, asset dynamics are
often embodied by stochastic differential equations (abbr. SDE). The main SDE
in target is that of the dynamics of LETF value:

dL(t)
L(t) = β

dS(t)
S(t) − ((β − 1)r + c)dt. (1)

We are eager to solve the above equation. This allows us to define the process
following leveraged dynamics. For that purpose, we need to gain various back-
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ground knowledge about the Wiener process, stochastic calculus, Itô processes,
and the Itô formula. An Itô process of high interest is that of the risky asset in
the Black-Scholes model. It meets the SDE of the form:

dS(t)
S(t) = µdt+ σdW (t). (2)

The appearance of this equation may look simple at first glance. The above no-
tation is more informal in its nature and associated with the stochastic equation

S(t) = S(0) + µ

∫ t

0
S(u) du+ σ

∫ t

0
S(u) dW (u),

which is not a usual Riemann- or Lebesgue-type integral. The integrand S(u)
and the integrator dW (u) both depend on the stochastic Wiener process. The
Wiener process does not share any differentiability conditions. While approach-
ing equation (2), also an informal notation of a stochastic integral, we find
reasonable evidence in starting with simple processes. With equation (2) in the
collection, we construct the Black-Scholes model and derive the formula of the
arbitrage-free price of the two vanilla European derivative securities. This mo-
tivates the formula of the European put and call option on the leveraged fund.
The embedding of the LETF into the Black-Scholes model takes place by solving
the SDE (1) with help of (2), which launches the discussion of admissible ratios.

The remainder of this thesis aims to deliver a solid background to attack the
subject of admissible leverage ratios. We do so in a step-by-step manner and
gather a lot of theory in analysis and probability theory:
We start with chapter 4, where we summarize the fundamental theory about
the Wiener process. First, we define the Wiener process and verify its exis-
tence followed by section 4.1, where we gather elementary properties. In 4.2, we
deal with the path properties such as differentiability and quadratic variation
of Wiener processes. Section 4.3 focuses on the Wiener process as a martingale
and we further discuss stopped processes in section 4.4. The chapter closes with
section 4.5, where we link Wiener processes to Markov processes.
The purpose of chapter 5 lies in the discussion about the stochastic (Itô) inte-
gral. In section 5.1, we begin with the definition of the stochastic integral for
simple integrands and expand it in 5.2 to general integrands. In both sections,
we also explore various properties such as the quadratic variation of the stochas-
tic integral. The main goal of the chapter takes place in section 5.3 where we
use the gathered theory to define the stochastic Itô process.
Chapter 6 is devoted to the derivation of the Itô formula which solves equation
(1). The chapter starts with an intuitive attempt in 6.1, where the formula
becomes motivated. The chapter states the Itô formula in several forms where
we consider fewer restrictions on the functions in use. Hence section 6.2 brings
the formula for functions of Wiener processes with compact support for one and
two variables. In section 6.3, we have a brief look at localising sequences which
opens the discussion of extending the Itô formula to general C1,2([0, T ] × R)
functions in 6.4 and the definition of local martingales in 6.5.
Chapter 7 is dedicated to the development of the single-stock Black-Scholes
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model, where all the theory of the previous chapter is combined. It begins with
section 7.1 introducing a description of the financial model in continuous time.
The main result of section 7.2 is the derivation of the equivalent martingale
measure (abbr. EMM). The EMM is applied when negating the opportunities
to gain risk-free profit in section 7.3 and the completeness of the Black-Scholes
model in 7.4. The chapter ends with section 7.5, where we state the famous
Black-Scholes option pricing formula for the two vanilla European derivative
securities.
The last remaining part is chapter 8, where we use the gathered knowledge to
embed the LETF into the Black-Scholes model. In 8.1, we clarify the subject
of ETF and LETF and discuss the market mechanics. We collect return prop-
erties of LETF in countable examples in section 8.2. The focus of section 8.3
lies in the manifestation of the conditions of LETF in the Black-Scholes model.
Section 8.4 is shown as a consequence of the Black-Scholes formula, where we
state the fair price of the European put and call option on leveraged funds. The
last section 8.5 delivers the main product of the whole thesis. Here, we hunt for
admissible leverage ratios. We define admissible leverage ratios via the median
return. In subsection 8.5.1, we construct a range of admissible leverage ratios
via the probability that considers the event of attaining negative LETF returns
for positive leverage ratios while the underlying records a positive return. In
8.5.2, we acquire the probability of the event, where the return loss is greater
than a chosen level z ∈ [0, 1]. This gives the admissible range for β ≤ −1.
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4 Wiener process
The following focuses on the study of stochastic processes in continuous time.
One considers an interval of the form [0, T ] ⊂ R as the time-space and studies
the behavior of a family of random variables X(t), t ∈ [0, T ]. For financial pur-
poses, the considered time interval is usually supposed to be bounded. However,
for the deviation of the basic definitions and the development of the first results,
we also work with unbounded intervals. This chapter’s main object of interest
is the time-continuous stochastic process called the Wiener process, which is
also often referred to as Brownian motion.

In 1827, the latter was motivated by Robert Brown who indicated the irreg-
ular movement of particles in a liquid. It took roughly 100 years before Norbert
Wiener successfully presented an accurate mathematical model describing this
very phenomenon. Hence we prefer the term Wiener process. In 1900, Louis
Bachelier used the Brownian motion in his Ph.D. thesis "Theorié de la Specu-
lation" to model the probabilistic dynamics of stock prices. This work became
again very important in context with the Black-Scholes option pricing model
published in 1973 [5]. Here, the Wiener process models the irregular behavior
of the stock price dynamics that we capture in Chapter 7 in more detail.

To state the very definition of a Wiener process, we need to formalize some
terminology beforehand. The Wiener process is a stochastic process that is com-
monly regarded as a family of random variables of the form X = {X(t) : t ∈ T},
where T = [0, T ], for 0 < T < ∞, or even T = [0,∞). In general, X is
viewed as a function on T × Ω, which is endowed with the product σ-algebra
B(T) ⊗ F = σ{B ×A : B ∈ B, A ∈ F} to ensure measurability. We capture the
above in the following definition.

Definition 4.0.1 (Stochastic process, [5]). A mapping X : T× Ω → R is called
a stochastic process if X is measurable w.r.t. the product σ-algebra B(T)⊗F .

The product σ-algebra is the smallest σ-algebra, where projections onto com-
ponents of the space are measurable. Hence for a stochastic process X, the
mapping X(t, ·) : Ω → R is a random variable.

Definition 4.0.2 (Path, [5]). The maps X(·, ω) : T → R with t 7→ X(t, ω)
for each fixed ω ∈ Ω, are called (sample) paths of the stochastic process X.
The finite-dimensional distributions of a stochastic process is the family of
probabilities

Pt1,...,tn(A1 × · · · ×An) = P(X(t1) ∈ A1, . . . , X(tn) ∈ An),

for every choice of t1, . . . , tn ∈ T, A1, . . . , An ∈ B(R).

If two random variables agree on a set of full probability, then they are consid-
ered identical. Speaking of stochastic processes, there is a natural extension in
this sense.

Definition 4.0.3 (Modifications and indistinguishable Processes, [6]). Let X =
{X(t) : t ∈ T} and Y = {Y (t) : t ∈ T} both be stochastic processes on the same
probability space (Ω,F ,P) with time set T. Then X and Y are called
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(i) modifications or versions of each other if for any t ∈ T, we have

P[{ω : X(t, ω) = Y (t, ω)}] = 1.

(ii) indistinguishable if

P[{ω : X(t, ω) = Y (t, ω) for each t ∈ T}] = 1.

Remark. From (i) of the above definition 4.0.3, we conclude that the modifica-
tions X and Y must have equal finite-dimensional distributions, meaning

P[X(t1) ∈ E1, . . . , X(tn) ∈ En] = P[Y (t1) ∈ E1, . . . , Y (tn) ∈ En],

for all measurable E1, . . . , En and t1, . . . , tn ∈ T. In particular, (ii) implies (i).
If X and Y are indistinguishable processes, then X is a modification of Y . The
converse is wrong in general but remains true if the paths of both processes are
continuous [6].
One may consider the Wiener process as a limit of a scaled random walk. How-
ever, it is not shown in this thesis. The Wiener process is rather used as a
tool to deal with random dynamics of stock price processes in the Black-Scholes
model, which is emphasized in chapter 7. For interested readers, we refer to [7]
chapter 3.2 delivering a strong idea.

Definition 4.0.4 (Wiener process, [5]). A Wiener process (resp. Brown-
ian motion) is a mapping W : [0,∞) × Ω → R for some probability space
(Ω,F ,P) measurable w.r.t. the product σ-algebra B([0,∞)) ⊗ F = σ{B × A :
B ∈ B([0,∞)), A ∈ F} and such that:
(1) W (0) = 0, P-almost surely.
(2) For 0 ≤ s < t < ∞, W (t) −W (s) ∼ N (0, t− s).
(3) For each n and each 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn, the increments W (tk+1)−W (tk)
are independent for each k = 0, . . . , n− 1.
(4) For almost all ω ∈ Ω, the paths are continuous.

Theorem 4.0.5 (Wiener, [8]). There exist probability spaces of the form (Ω,F ,P),
such that the Wiener process exists on (Ω,F ,P).

This fact is stated for completeness purposes. For an idea of the proof, we re-
fer to [8] theorem 1.3, where with the use of the Gaussian random vectors the
Wiener process is constructed as a uniform limit of continuous functions.
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Figure 1: Wiener process on a fixed path

Source: [6], Fig. 21.1 page 464.

Notice that the above graph is an approximation of the Wiener process W (t, ω)
for a certain path ω ∈ Ω over the period [0, 2]. An exact approximation of the
path of the Wiener process is not possible [5]. One may relate this computer
simulation to charts of stocks for example. If this process satisfies any mono-
tonicity or differentiability conditions is nontrivial. The Wiener process heavily
fluctuates even in short periods and exhibits numerous spiky structures.

4.1 Elementary properties
We launch a discussion about some properties of the Wiener process W =
{W (t) : t ∈ T} that are just consequences of definition 4.0.4. Luckily, we do
not require any specific groundwork. The key takeaways of this section are the
Markov property, theorem 4.1.2, the no differentiability condition w.r.t. time
t stated in proposition 4.1.3, and the identification with a centered Gaussian
process as in theorem 4.1.7.

Definition 4.1.1 (independent stochastic processes, [9]). Two stochastic pro-
cesses X and Y are said to be independent if for any times t1, . . . , tn ≥ 0 and
s1, . . . , sm ≥ 0, the vectors (X(t1), . . . , X(tn)) and (Y (s1), . . . , Y (sm)) are in-
dependent.

Theorem 4.1.2 (Markov property, [9]). Assume W is a Wiener process and let
s > 0. Then W (s) = {W (t+s)−W (s) : t ≥ 0} is a Wiener process independent
of the process {W (u) : u ∈ [0, s]}.

Proof. Since W is a Wiener process, we get W (s)(0) = 0. Due to the cancellation
of the W (s) terms, property (2) and (3) are satisfied in definition 4.0.4. Also
t 7→ W (s)(t, ω) is continuous as the sum of the continuous t 7→ W (t, ω) and a
constant W (s), for each ω ∈ Ω. Hence W (s) is a Wiener process for each s > 0.
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By independence of Wiener increments, we directly conclude the independence
of the random vectors (W (t1 + s) −W (s), . . . ,W (tn + s) −W (s)) and (W (s1) −
W (0), . . . ,W (sm) −W (0)).

In the following, we discuss some basic mean-square properties. The function
t 7→ W (t) is a mapping [0,∞) → L2(Ω), where L2(Ω) denotes the space of
square-integrable random variables on Ω.

Theorem 4.1.3 ([5]). As a function, W : [0,∞) → L2(Ω), the Wiener process
is continuous and nowhere differentiable.

Proof. Let t > 0 and observe

||W (t+ s) −W (t)||2L2(Ω) = E
[
(W (t+ s) −W (t))2] = V ar[W (t+ s) −W (t)] = s,

which becomes zero as s → 0. At t = 0, we only have right continuity. To show
the non-differentiability of the Wiener process, we consider

E

[(
W (t+ s) −W (t)

s

)2
]

= 1
s2V ar[W (t+ s) −W (t)] = 1

s
,

which has no defined limit for s → 0. Hence we cannot differentiate at any point
since t > 0 was arbitrarily chosen.

Continuing the discussion in the L2(Ω)-sense, we examine the covariance of
Wiener processes.

Lemma 4.1.4 ([5]). Let W be a Wiener process, then Cov[W (s),W (t)] =
min(s, t).

Proof. Suppose 0 ≤ s < t < ∞, then

Cov[W (s),W (t)] = E[W (s)W (t)] − E[W (s)]E[W (t)]
= E

[
W (s)2]+ E[W (s)(W (t) −W (s))]

= V ar[W (s)] = s.

We aim to show an alternative characterization of the Wiener process which
leads us to Gaussian processes.

Definition 4.1.5 (Gaussian vector, [5]). The n-dimensional random vector Y =
(X1, X2, . . . , Xn) is Gaussian with mean µ = (µ1, . . . , µn) and covariance Σ =
(σij)1≤i,j≤n with σij = E[(Xi − µi)(Xj − µj)] if its density w.r.t. the Lebesgue
measure ν is given by

(2π)− n
2 (det(Σ))− 1

2 exp
(

−1
2(x− µ)⊤Σ−1(x− µ)

)
, for all x ∈ Rn.

Here, ⊤ denotes the transpose of the vector and det is the determinant of a
matrix.
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Remark. If Σ is a diagonal matrix, then the random variables (Xk)0≤k≤n are
uncorrelated since Σij = σij = Cov[Xi, Xj ] = 0, for all i ̸= j. Moreover, the
random vector Y = (X1, . . . , Xn) with Xk = W (tk+1) −W (tk) is centered and
the covariance matrix Σ = (σij)0≤i,j≤n must be diagonal where σkk = tk+1 − tk,
for each 0 ≤ k ≤ n − 1. Therefore det(Σ) =

∏n−1
k=1 σkk, and the density of

Y becomes the product of the densities of Xk. In particular, this property
shows that the random variables (Xk)0≤k≤n are independent, which makes Y a
Gaussian vector.

Definition 4.1.6 (Gaussian process, [5]). A stochastic process X = {X(t) :
t ≥ 0} is a Gaussian process if for every choice of 0 ≤ t1 ≤ t2 ≤ . . . ≤ tn,
the vector of increments (X(t2) − X(t1), . . . , X(tn) − X(tn−1)) is a Gaussian
random vector.

The covariance function uniquely specifies the finite-dimensional distributions
of a centered Gaussian process, since a multivariate normal distribution is com-
pletely specified by its expectation vector and its covariance matrix. We have
all ingredients to state the relation between the Wiener process and Gaussian
processes.

Theorem 4.1.7 ([6]). Let X = {X(t) : t ≥ 0} be a stochastic process. Then
the following statements are equivalent:
(i) X is a Wiener process.
(ii) X has almost surely continuous paths and is a centered Gaussian process
with Cov[X(s), X(t)] = min(s, t), for each s, t ≥ 0.

Proof. • First, we check (i) implies (ii):
X is centered since E[X(t)] = 0, for each t. X is also continuous in t due to
property (4) in definition 4.0.4. Lemma 4.1.4 delivers the covariance property.
Since X has independent, normally distributed increments, it is a Gaussian
process.
• Now, we check (ii) implies (i):
We only need to show that the off-diagonal entries of the covariance matrix of
the vector (X(tk))1≤k≤n are all equal to zero. Let k < l and observe

Cov[X(tk+1) −X(tk), X(tl+1) −X(tl)]
= E[(X(tk+1) −X(tk))(X(tl+1) −X(tl))]
= E[X(tk+1)X(tl+1) −X(tk+1)X(tl) −X(tk)X(tl+1) −X(tk)X(tl)]
= Cov[X(tk+1), X(tl+1)] − Cov[X(tk+1), X(tl)] − Cov[X(tk), X(tl+1)] + Cov[X(tk), X(tl)]
= tk+1 − tk+1 − tk + tk = 0.

For s ≤ t, we get

Var[X(t) −X(s)] = E
[
(X(t) −X(s))2]− E[X(t) −X(s)]2

= Var[X(t)] − 2Cov[X(s), X(t)] + Var[X(s)]
= t− 2min(s, t) + s

= t− s.
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4.2 Path properties
The function t 7→ W (t, ω), ω ∈ Ω, is now under the scope. The continuity of
the path of Wiener processes is provided by definition. The main focus of this
section is devoted to the no differentiability property of Wiener paths 4.2.2 and
the quadratic variation of the Wiener process 4.2.4. One first result is that they
have no interval of monotonicity.

Proposition 4.2.1 ([10]). For all 0 < a < b < ∞, the Wiener process is almost
surely not monotone on [a, b].

Proof. Let 0 < a < b < ∞ and assume that W is monotone in [a, b]. We slice
[a, b] into n sub-intervals of the form [ak, ak+1], for k = 0, 1, . . . , n − 1, where
a = a0 < a1 < . . . < an = b. Each increment satisfies the following:

W (ak) −W (ak+1) ≥ 0 or W (ak) −W (ak+1) ≤ 0,

for each k = 0, 1, . . . , n− 1, with probability of at most

2
(

1
2

)n
→ 0 as n → ∞,

due to the symmetry of normal variables around their mean. Under considera-
tion of a countable union of intervals, almost surely, there exists no interval with
rational endpoints where W is monotone (Q is dense in R). For each interval
[a, b] ⊂ R, there exist a′, b′ ∈ Q, such that [a′, b′] ⊆ [a, b] and W is not monotone
in [a′, b′]. Thus W is also not monotone in [a, b].

When modeling financial markets, one may be interested in the change of stocks
over time where differentiability becomes useful. Economic quantities are prod-
ucts created by human minds. Similarly to figure 1, stock prices happen to
heavily fluctuate suddenly without an evident pattern [5]. To make the Wiener
process suitable for modeling financial markets such as the Black-Scholes model,
we have to deal with its path differentiability.

Theorem 4.2.2 ([5]). For each t, almost all paths of the Wiener process W
are not differentiable at t.

Proof. We fix some t ≥ 0. The goal is to prove that

D = {ω : t 7→ W (t, ω) has no derivative at t}

is a subset of a set with zero probability. By definition, if the derivative of a
function at t exists, then the ratio (W (t + h) − W (t))/h has a limit as h → 0.
Define

Dl
n =

{
ω : −l ≤ W (t+ h) −W (t)

h
≤ l, 0 < h <

1
n

}
=
{
ω : −l

√
h ≤ W (t+ h) −W (t)√

h
≤ l

√
h, 0 < h <

1
n

}
.

9



This ratio as a function of h must be bounded for small h, implying

D ⊆
∞⋃
l=1

∞⋃
n=1

Dl
n.

We seek an upper bound of the probability of Dl
n, for some fixed l. Since

(W (t+ h) −W (t))/
√
h ∼ N (0, 1), we get by independence of increments that

P[Dl
n] = P

[
W (t+ h) −W (t)√

h
∈ [−l

√
h, l

√
h]
]

= P
[
W (t+ h) −W (t)√

h
≤ l

√
h

]
− P

[
W (t+ h) −W (t)√

h
≤ −l

√
h

]
≤ Φ(l

√
n) − Φ(−l

√
n),

where Φ(x) = 1/
√

2π
∫ x

−∞ e−u2/2du is the cumulative distribution function
(abbr. cdf) of the standard normal distribution. The above must converge
to zero since

lim
n→∞

Φ
(

l√
n

)
= lim
n→∞

Φ
(

− l√
n

)
= Φ(0) = 1

2 ,

for each l. It holds that Dl
n ⊂ Dl

n+1. If ω ∈ Dl
n, then there is some h > 0, such

that

W (t+ h) −W (t)√
h

∈ [−l
√
n, l

√
n] ⊂ [−l

√
n+ 1, l

√
n+ 1],

implying ω ∈ Dl
n. We have Ω \ Dl

n+1 ⊂ Ω \ Dl
n. Since Dl

n = Ω \ (Ω \ Dl
n), we

conclude

P

[ ∞⋃
n=1

Dl
n

]
= P

[
Ω \

∞⋂
n=1

(Ω \Dl
n)
]

= 1 − lim
n→∞

P
[
Ω \Dl

n

]
= 0.

The above is true for each l ≥ 1. We obtain

P(D) ≤ P

[∞⋃
l=1

∞⋃
n=1

Dl
n

]
≤

∞∑
l=1

P

[ ∞⋃
n=1

Dl
n

]
= 0.

Remark. At first glance, the Wiener process W is not endowed with favorable
properties for integral calculus. From a financial modeling perspective, one
may claim that continuity is an undesired property because prices jump. In
particular, we are only able to track the position of a path in discrete-time
instants. A jump may be interpreted as large continuous changes over tiny
intervals [5].
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We want to strengthen the idea of the Wiener process as an integrator. For that
purpose, take their variation into account. Consider a partition

Πn(0, T ) = {t0, t1, . . . , tn}, (3)

where 0 = t0 < t1 < . . . < tn = T . Let the length of the largest subinterval be
defined by ||Πn(0, T )|| = max

0≤k≤n−1
(tk+1 − tk).

Definition 4.2.3 (Quadratic variation process, [5]). For any process X and
t ∈ [0, T ], we write

QX[0,t](n) = Q[0,t]((X(tk))0≤k≤n) =
n−1∑
k=0

(X(tk+1) −X(tk))2.

If there exists a process [X,X] = {[X,X](t) : t ∈ [0, T ]} such that for each t ∈
[0, T ] and any sequence of partitions of [0, t], QX[0,t](n) → [X,X](t) in probability
as n → ∞, then [X,X] is the quadratic variation process of X over the
interval [0, T ].

Remark. If there exists another quadratic variation process Y = {Y (t) : t ∈
[0, T ]}, such that QX[0,t](n) → Y (t) in probability as n → ∞, then Y = [X,X]
almost surely.

Theorem 4.2.4 (Quadratic variation of Wiener process, [5]). Let W be a
Wiener process, then [W,W ](t) = t for all t ≥ 0, almost surely.

Proof. As convergence in L2(Ω) implies convergence in probability, we show the
result by proving lim

n→∞
QW[0,t](n) = t in L2(Ω). For a given partition Πn(0, t) of

[0, t] as in equation (3), observe

E
[
QW[0,t](n) − t

]
= E

[
n−1∑
k=0

(W (tk+1) −W (tk))2 − (tk+1 − tk)
]

=
n−1∑
k=0

Var[(W (tk+1) −W (tk))] − (tk+1 − tk) = 0.

In other words, the expectation of the square is equal to the variance. Since the
increments are independent, we obtain

Var
[
QW[0,t](n) − t

]
=
n−1∑
k=0

Var[(W (tk+1) −W (tk))2 − (tk+1 − tk)]

=
n−1∑
k=0

Var[(W (tk+1) −W (tk))2].

(4)

ForN ∼ N (0, σ2), we have E[N4] = 3σ4, implying Var[N2] = E[N4]−
(
E[N2]

)2 =
2σ4. Recall that W (tk+1) −W (tk) ∼ N (0, tk+1 − tk). We continue the calcula-
tion in equation (4) as follows:
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n−1∑
k=0

Var[(W (tk+1) −W (tk))2] =
n−1∑
k=0

2(tk+1 − tk)2

≤ 2||Πn(0, t)||
n−1∑
k=0

(tk+1 − tk)

= 2||Πn(0, t)||t → 0,

as n → ∞, which derives us the convergence in L2(Ω).

Definition 4.2.5 (Variation, [5]). For any process X and t ∈ [0, T ], we write

V X[0,t](n) = V[0,t]((X(tk))0≤k≤n) =
n−1∑
k=0

|X(tk+1) −X(tk)|.

If there exists a process V X = {V X(t) : t ∈ [0, T ]} such that for each t ∈ [0, T ]
and any sequence of partitions of [0, t], V X[0,t](n) → V X(t) in probability as n →
∞, then V X is the variation process of X over the interval [0, T ].

Remark. In some literature, the variation and the quadratic variation are often
referred to as first- and second-order variation. In general, one can define the
variation process of any order k ≥ 1. If for a fixed k ≥ 1 the kth-order variation
of a square-integrable continuous martingale is finite, then all its variations of
lower order are infinite and all its variations of higher order are zero with positive
probability [11].

Theorem 4.2.6 ([5]). The variation of a Wiener process is infinite.

Proof. Recall the partition Πn(0, t) of [0, t], analog to equation (3), and observe

QW[0,t](n) ≤ max
0≤k≤n−1

(W (tk+1) −W (tk))
n−1∑
k=1

|W (tk+1) −W (tk)|.

Due to the continuity of Wiener paths, hence uniform continuity on bounded in-
tervals, we further note that max

0≤k≤n−1
(W (tk+1)−W (tk)) → 0 as lim

n→∞
||Πn(0, T )|| =

0. By contradiction, suppose that the variation of a Wiener process is finite,
meaning

sup
n−1∑
k=0

|W (tk+1) −W (tk)| < ∞.

Above supremum is considered among all possible partitions Πn(0, t) and thus

QW[0,t](n) ≤ max
0≤k≤n−1

(W (tk+1) −W (tk)) sup
n−1∑
k=0

|W (tk+1) −W (tk)|,

almost surely. But this contradicts the fact that [W,W ](t) = t, for each t ≥ 0,
which is a limit in probability. Hence there is a subsequence of each partition
converging to t as n → ∞ almost surely. We conclude the claimed result.
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4.3 Martingale properties
We are eager to explore further properties of the Wiener process. The most
important results of this section are theorem 4.3.6, where we show the indepen-
dence of Wiener increments W (t) −W (s), for s ≤ t, on the σ-algebra FW

s . We
further wish to identify certain functions of the Wiener process with martin-
gales as in theorem 4.3.7. Beforehand, we need to gather some definitions to
ensure measurability. Consider a stochastic process X = {X(t) : t ∈ T} on the
probability space (Ω,F ,P).

Definition 4.3.1 (Filtration, [5]). A family F = {Ft : t ∈ T} of sub-σ-algebras
of F is called a filtration, if Fs ⊂ Ft whenever s ≤ t. The filtration FX

t =
σ{X(s) : s ≤ t}, for t ∈ T, is called the natural filtration for the stochastic
process X or the filtration generated by X. If an arbitrary filtration F =
{Ft}t∈T is specified, then (Ω,F ,F,P) is called a filtered probability space.

Definition 4.3.2 (Adapted, [5]). A stochastic process X is adapted to the
filtration F = {Ft : t ∈ T} if for each t ∈ T, X(t) is Ft-measurable.

The natural filtration FX
t is the smallest filtration that X is adapted to. By

definition, stochastic processes demand measurability as a function of the pair
(t, ω). Thus the inverse images of Borel sets in R must be in the σ-algebra
B(T) ⊗ F . For any t ∈ T, the inverse image of Borel sets in R is in Ft if the
stochastic process X is in Ft.

Definition 4.3.3 (Progressive measurability, [5]). Given a filtration Ft, a stochas-
tic process X : T × Ω → R is progressively measurable (or short progres-
sive) w.r.t. Ft if for any t ∈ T, the map (s, ω) 7→ X(s, ω) is B([0, T ]) ⊗ Ft -
measurable.

The following links adapted processes to progressive measurability.

Proposition 4.3.4 ([5]). Let X : T× Ω → R be a path-continuous process that
is adapted to a filtration Ft. Then X is progressively measurable.

Proof. For some fixed t ∈ T, we define the piecewise constant map X(n) : [0, t]×
Ω → R, where

X(n)(s, ω) =
{
X
(

(k+1)t
2n

)
, if s ∈

[
kt
2n ,

(k+1)t
2n

]
, for k = 0, 1, . . . , 2n − 1

X(t, ω), if s = t.

By definition, X(n) is B([0, t]) ⊗ Ft-measurable. For almost all ω ∈ Ω, we have

lim
n→∞

X(n)(s, ω) = X(s, ω),

due to path-continuity. Thus the limit is B([0, t]) ⊗ Ft-measurable which makes
X progressively measurable.

Definition 4.3.5 (Martingale, [6]). Let (Ω,F ,P) be a probability space, T ⊂ R
the time-space, and F = {Ft : t ∈ T} the filtration. Let M be a real-valued,
adapted stochastic process such that E[|M(t)|] < ∞, for each t ∈ T. Such M is
called
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a martingale w.r.t. F, if E[M(t)|Fs] = M(s),
a submartingale w.r.t. F, if E[M(t)|Fs] ≥ M(s),

a supermartingale w.r.t. F, if E[M(t)|Fs] ≤ M(s),

for each s, t ∈ T with s ≤ t.

We turn our attention to the behavior of the Wiener process w.r.t. its natural
filtration FW

t .

Theorem 4.3.6 ([8]). For every s ≥ 0, the process W (s) = {W (t+ s) −W (s) :
t ≥ 0} is independent of FW

s = σ{W (u) : u ∈ [0, s]}.

Proof. FW
s is generated by {W (u) : u ∈ [0, s]}. Due to the Markov property

4.1.2, W (t) − W (s) and W (u) − W (0) are independent processes, whenever
u ≤ s ≤ t. Hence W (s) must be independent of FW

s , for each s ≤ t.

Theorem 4.3.7 ([5]). Each of the following processes is a martingale w.r.t.
FW
t :

(i) W (t).
(ii) W 2(t) − t.
(iii) exp

(
σW (t) − σ2

2 t
)

.

Proof. (i) Clearly, W (s) is FW
s -measurable and by the recent theorem 4.3.6,

W (t) −W (s) is independent of FW
s , for s ≤ t. Therefore we are left with

E[W (t)|FW
s ] = E[W (t) −W (s) +W (s)|FW

s ]
= E[W (t) −W (s)] + E[W (s)|FW

s ] = W (s),

because W (s) is FW
s -measurable.

(ii) For s ≤ t, one notes

E[(W (t) −W (s))2|FW
s ] = E[W 2(t)|FW

s ] − 2W (s)E[W (t)|FW
s ] +W 2(s)

= E[W 2(t)|FW
s ] −W 2(s) = E[W 2(t) −W 2(s)|FW

s ]
= Var[W (t)] − Var[W (s)] = t− s.

We conclude the claim since

E[W 2(t) − t|FW
s ] = E[W 2(t) −W 2(s)] − t+W 2(s) = W 2(s) − s.

(iii) Recall for N ∼ N (0, σ2), that E[exp(N)] = exp
( 1

2 Var[N ]
)

= exp
(
σ2

2

)
.

Thus we have
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E
[
exp

(
σW (t) − σ2

2 t

)
|FW
s

]
= exp

(
−σ2

2 t

)
E[exp(σ(W (t) −W (s) +W (s)))|FW

s ]

= exp
(
σW (s) − σ2

2 t

)
E[exp(σ(W (t) −W (s)))].

Since σ(W (t) −W (s)) ∼ N (0, σ2(t− s)), we obtain

E[exp(σ(W (t) −W (s)))] = exp
(
σ2

2 (t− s)
)
.

Conclude the desired result as

E
[
exp

(
σW (t) − σ2

2 t

)
|FW
s

]
= exp

(
σW (s) − σ2

2 s

)
.

In the following, we explore a useful property for any martingale M(t), which is
now defined on the filtered probability space (Ω,F ,F,P), where again F = {Ft :
t ∈ T}.

Proposition 4.3.8 ([5]). If M(t) is a martingale w.r.t. Ft, then for s ≤ t,

E[M2(t) −M2(s)|Fs] = E[(M(t) −M(s))2|Fs].

In particular,

E[M2(t) −M2(s)] = E[(M(t) −M(s))2].

Proof. We have

E[M2(t) −M2(s)|Fs] = E[M2(t)|Fs] − 2M(s)E[M2(t)|Fs] +M2(s)
= E[(M(t) −M(s))2|Fs].

By the tower property of conditional expectation, we get

E[(M(t) −M(s))2] = E[E[(M(t) −M(s))2|Fs]]
= E[E[M2(t) −M2(s)|Fs]]
= E[M2(t) −M2(s)].

4.4 Stopping times
This section concentrates on the concept of stopping times in interaction with
martingales. We aim for the optional stopping theorem 4.4.12 as well as the
optional sampling theorem 4.4.15. The first part is devoted to the preparation
for stopped processes.
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Definition 4.4.1 (Stopping time, [11]). Let a filtration F = {Ft : t ∈ T} be
given. A random variable τ : Ω → [0,∞] is a stopping time w.r.t. F, if

{ω : τ(ω) ≤ t} = {τ ≤ t} ∈ Ft, for all t ∈ T.

Furthermore, we call τ bounded if there exists T > 0, such that τ(ω) ∈ [0, T ]
for all ω ∈ Ω.

Lemma 4.4.2 ([5]). If τ and ϑ are F-stopping times. Then τ ∨ ϑ = max(τ, ϑ)
and τ ∧ ϑ = min(τ, ϑ) are also F-stopping times.

Proof. Since τ and ϑ are stopping times, we have {τ ≤ t}, {ϑ ≤ t} ∈ Ft. In
conclusion, we obtain

{τ ∨ ϑ ≤ t} = {τ ≤ t} ∩ {ϑ ≤ t} ∈ Ft,
{τ ∧ ϑ ≤ t} = {τ ≤ t} ∪ {ϑ ≤ t} ∈ Ft,

because the countable intersection/union of measurable events remains measur-
able in a σ-algebra.

Definition 4.4.3 ([5]). Let τ be a stopping time. The σ-algebra of events
known by time τ is defined as

Fτ = {A ∈ F : A ∩ {τ ≤ t} ∈ Ft, for all t ≥ 0}.

Proposition 4.4.4 ([5]). Fτ is a σ-algebra when τ is a stopping time.

Proof. We check the three properties of the definition of a σ-algebra. Recall
that F respectively Ft are σ-algebras by definition.

(i) Clearly, both Ω and ∅ are in Fτ since Ω ∩ {τ ≤ t} = {τ ≤ t} ∈ Ft and
∅ ∩ {τ ≤ t} = ∅ ∈ Ft.

(ii) Let {Ak}k∈N ⊆ Fτ . Then Ak ∩ {τ ≤ t} ∈ Ft for each k, which means
that

⋃
k∈N

(Ak ∩ {τ ≤ t}) =
(⋃
k∈N

Ak

)
∩ {τ ≤ t}) ∈ Ft.

Hence we have
⋃
k∈NAk ∈ Fτ .

(iii) Let A ∈ Fτ . Then A ∩ {τ ≤ t} ∈ Ft and we get

AC ∩ {τ ≤ t} = {τ ≤ t} \ (A ∩ {τ ≤ t}) ∈ Ft,

implying that AC ∈ Fτ .

We are ready to consider a new type of process X : [0,∞) × Ω → R given by
(t, ω) 7→ X(t ∧ τ(ω)), which shall be adapted to the filtered space (Ω,F ,F,P).
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Definition 4.4.5 (Stopped process, [5]). If X is an adapted process and τ : Ω →
[0,∞] a stopping time, then the stopped process Xτ is defined on [0,∞) × Ω
by

Xτ (t, ω) = X(t ∧ τ(ω), ω).

On a given path, Xτ is constant when t = τ(ω) is reached, meaning X(t ∧
τ(ω), ω) = X(τ(ω), ω), for each t ≥ τ(ω).

Proposition 4.4.6 ([5]). If X is a continuous, adapted process, then so is the
stopped process Xτ .

Proof. The goal is to show that for any Borel set B containing real numbers
and for each t ≥ 0, {Xτ ∈ B} ∩ {τ ≤ t} ∈ Ft. For fixed t, the mapping
Xτ : [0, t] × Ω → R with (s, ω) 7→ X(s ∧ τ(ω), ω) is a composition of two
maps. Consider a map g : [0, t] × Ω → [0, t] × Ω with (s, ω) 7→ (s ∧ τ(ω), ω).
The stopping time t ∧ τ is Ft∧τ -measurable and because of Ft∧τ = Ft ∩ Fτ
also Ft-measurable. As a consequence, g is B([0, t]) ⊗ Ft-measurable. We can
compose g with X as X(s ∧ τ(ω), ω) = X ◦ g(s, ω). By proposition 4.3.4, X is
progressively measurable. Thus for each t ≥ 0, X restricted on [0, t] × Ω must
be B([0, t]) ⊗ Ft-measurable.

Corollary 4.4.7 ([5]). If X is continuous and τ is a stopping time, then the
random variable X(τ) = X(τ(ω), ω) is Fτ -measurable.

Proof. Since Xτ is adapted to Fτ and τ is a stopping time, we directly conclude
the result. For any Borel subset B and each t ≥ 0, we have

{X(τ) ∈ B} ∩ {τ ≤ t} = {X(t ∧ τ) ∈ B} ∩ {τ ≤ t} ∈ Fτ ,

because both sets of the intersection are Fτ -measurable.

Proposition 4.4.8 ([12]). Let X be a path-continuous process adapted to a
filtration {Ft}t∈[0,T ]. Then the first hitting time of a real closed set is a Ft-
stopping time.

Proof. Suppose C ⊆ R is closed. Define the first hitting time as ϑ(ω) = inf{t ∈
[0, T ] : X(t, ω) ∈ C}. Consider a sequence of open neighbourhoods of C written
as An = {x ∈ R : inf

y∈C
(|x − y|) < 1

n
}. Let τn be the associated hitting time of

An by C. The goal is to show that for any t ∈ [0, T ], it holds

{τn < t} =
⋃

q∈[0,t)∩Q

{X(q) ∈ An}.

If some q ∈ [0, t)∩Q satisfiesX(q) ∈ An for some n, then inf
s∈[0,T ]

{X(s) ∈ An} < t.

On the other hand, if this infimum is smaller than t, then X(q) ∈ An for some
q ∈ [0, t) ∩ Q by path-continuity of X. This implies {τn < t} ∈ Ft. {τn}n≥1 is
increasing and satisfies τn < ϑ, for each n. Thus τ = lim

n→∞
τn ≤ ϑ. We aim to

show that τ = ϑ. If τ = 0, we are done. However on {τ > 0}, there exists some
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m(ω) > 1, such that τk = 0 for all k < m(ω). Hence if τk(ω) > 0 for k ≥ m(ω),
the hitting times are strictly increasing and bounded by ϑ, because An are open
and An+1 ⊂ An, for all n. Since C =

⋂
n≥1 An, we get X(ϑ) = lim

n→∞
X(τn)

by path-continuity. X(τk) is in the closure of Ak and thus also in Al, for
l < k. We let k → ∞ and obtain X(ϑ) ∈ Al, giving ϑ ≤ τ . We conclude
{ϑ ≤ t} =

⋂
n≥1{τn < t} ∈ Ft. In other words, ϑ is a stopping time.

Now, we extend the above theory to continuous L2-bounded martingales. If the
considered time set is of the form [0, T ], the Wiener process W is included as
Var[W (s)] = E[W 2(s)] = s, for each s ∈ [0, T ]. For the remainder of this section,
the supposed filtered probability space is given by (Ω,F ,F,P). We consolidate
some facts from the discrete-time setting. The respective proofs are left out
because we are only interested in results from continuous time.

Theorem 4.4.9 (Discrete optional stopping, [6]). A stopped process Mτ =
{M(t∧ τ(ω)) : t ≥ 0} is a martingale for each martingale M and stopping time
τ .

Proof. For this result, we refer to [6] theorem 10.15.

Lemma 4.4.10 ([5]). For every L2-bounded martingale M , say E[M2(n)] ≤ c
for c ∈ R and n ∈ N, there exists a L2-bounded random variable X such that:

(i) P
[

lim
n→∞

M(n) = X
]

= 1.
(ii) lim

n→∞
E
[
(M(n) −X)2] = 0.

(iii) M(n) = E[X|Fn], for any n ∈ N.

Proof. Interested readers may have a look at [5] theorem 1.39.

Theorem 4.4.11 (Discrete optional sampling, [5]). Let M be a L2-bounded
martingale such that M(n) = E[X|Fn] for any n ∈ N and for some square-
integrable random variable X. Then for stopping times τ, ϑ with τ ≤ ϑ it holds
that E[M(ϑ)|Fτ ] = M(τ).

Proof. This result is shown in [5] theorem 1.40.

Theorem 4.4.12 (Optional stopping, [5]). Let M = {M(t) : t ≥ 0} be a
continuous L2-bounded martingale and τ : Ω → [0,∞) be a finite valued stopping
time for the filtration Ft. Then the stopped process defined by M(t ∧ τ) is also
a Ft-martingale.

Proof. Let s ≤ t and consider the set of dyadic rationals
{
k

2n : n ≥ 1, k ∈ Z
}

which is dense in R. Define τn(ω) = min{a ∈ An : a ≥ τ(ω)}, where An ={
s+ k

2n (t− s) : k ∈ Z
}

. By density of the dyadic rationals, we deduce that
τn(ω) is decreasing to its limit τ(ω) as n → ∞, for any ω ∈ Ω. We choose
ak = s+ k

2n (t− s) and observe the stopping time property of τn(ω), since

{τ = ak} = {τ ≤ ak} \ {τ ≤ ak−1} ∈ Fak
.

Indeed, M(a ∧ τn) for a ∈ An is a martingale by the discrete optional stopping
theorem 4.4.9. This forces E[M(t∧ τn)|Fs] = M(s∧ τn), because s, t ∈ An. Due
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to the path-continuity of M , we further have M(s∧ τn(ω)) → M(s∧ τ(ω)) and
M(t∧ τn(ω)) → M(t∧ τ(ω)) as n → ∞, for each ω ∈ Ω. M(t∧ τn) is integrable
for each t ∈ [0, T ] due to dominated convergence, because |M(t∧τn)| is a discrete
submartingale. We apply lemma 4.4.10 on the L2-bounded M(a ∧ τn), a ∈ An,
which ensures almost sure convergence of M(t∧ τn) to the limit M(t∧ τ) in the
L2-norm. We conclude E[M(t ∧ τ)|Fs] = M(s ∧ τ), for each s ≤ t.

Before showing the optional sampling theorem in continuous time we collect two
lemmas.

Lemma 4.4.13 ([5]). Let Ht =
⋂
s>t Fs be the right continuous extension of

{Ft}t≥0. Then τ is a Ht-stopping time if and only if {τ < t} ∈ Ft, for each
t ≥ 0.

Proof. Clearly, Ft ⊆ Ht because Fs ⊆ Ft, for s ≤ t. On the other hand,
Ht ⊆

⋂
s>t Fs = Ft by right continuity. Hence they are equal. Assume τ is a

Ht-stopping time, meaning

{τ < t} =
⋃
n≥1

{
τ ≤ t− 1

n

}
∈
⋃
n≥1

Ht− 1
n

⊆ Ft.

Conversely when {τ < t} ∈ Ft, for each t ≥ 0, we have {τ ≤ t} =⋂
n≥1{τ < s} ∈ Ht.

Lemma 4.4.14 ([5]). Assume {τn}n∈N is a decreasing sequence of Ft-stopping
times with limit τ . Then τ is a Ht-stopping time and Hτ =

⋂
n≥1 Hτn

. If in
addition τn is finite valued and τn > τ for all n ∈ N, then Hτ =

⋂
n≥1 Fτn

.

Proof. It holds that

{τ < t} =
⋃
n≥1

{τn < t} =
⋃
n≥1

⋃
k≥1

{
τn ≤ t− 1

k

}
∈ Ft,

By lemma 4.4.13, τ is a Ht-stopping time. We also have Hτ ⊆ Hτn which gives
Hτ ⊆

⋂
n≥1 Hτn

. Suppose there is some set H, such that A ∩ {τn < t} ∈ Ft for
all n ≥ 1 and t > 0, then

A ∩ {τ < t} =
⋃
n≥1

(A ∩ {τn < t}) ∈ Ft.

Thus A ∈ Hτ . Since τ < τn by assumption, we write

A =
⋃
q∈Q

(A ∩ {τ < q < τn}).

A ∈ Hτ ensures that both A ∩ {τ < q} and {τn > q} are in Fq ⊂ Ft. This
derives the result, because

A ∩ {τ < q} ∩ {τn > q} ∩ {τn ≤ t} ∈ Ft,

which implies A ∈ Fτn
.
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Theorem 4.4.15 (Optional sampling, [5]). Let M = {M(t) : t ≥ 0} be a
continuous L2-bounded martingale and let τ, ϑ : Ω → [0,∞) be finite-valued
stopping time for Ft with τ ≤ ϑ. Then

E[M(ϑ)|Fτ ] = M(τ).

Proof. For ω ∈ Ω, we fix n ≥ 1 and select τn(ω) = k
2n whenever k−1

2n ≤ τ(ω) <
k

2n , where τ is a finite valued Ft-stopping time. Let A ∈ Ht =
⋂
s>t Fs. It holds

that

A ∩
{
τn = k

2n

}
=
(
A ∩

{
τ <

k

2n

})∖(
A ∩

{
τ <

k − 1
2n

})
∈ F k

2n
.

{τn}n∈N is a decreasing sequence with limit τ , because |τn(ω) − τ(ω)| ≤ 1
2n → 0

as n → ∞. The following steps are shown only for τn. Note that the same can
be applied to ϑn. Both sequences {τn}n∈N and {ϑn}n∈N are countable. As M is
L2-bounded, we conclude by the discrete optional sampling theorem 4.4.11, that∫
A
M(τn)dP =

∫
A
M(ϑn)dP, for each A ∈ Fτn

. Lemma 4.4.14 ensures that this
statement must be also true for every A ∈ Hτ and hence for every A ∈ Fτ . By
path-continuity of M , we further have M(τn(ω), ω) → M(τ(ω), ω) as n → ∞,
for almost all ω ∈ Ω, which brings convergence in probability. Consider the
finite index set

{
k

2n+1 : k ≥ 0
}

∩ [0, t+ 1]. Then the discrete optional sampling
theorem delivers the integrability condition of M(τn). Additionally, we get
E[M(τn)|Fτn+1 ] = M(τn+1), since Fτn+1 ⊆ Fτn

. In other words, M(τn) is a
so-called backward martingale w.r.t. Fτn

. We observe

M(τn) = E[M(τn−1)|Fτn ]
= E[E[M(τn−2)|Fτn−1 ]|Fτn ]
= . . .

= E[M(τ1)|Fτn ].

We have convergence ofM(τn(ω), ω) to the limitM(τ(ω), ω) w.r.t. the L2-norm,
since

⋂
n∈N = Hτ . Let A ∈ Fτ , then

lim
n→∞

E[1A(M(τn) −M(τ))] = 0,

lim
n→∞

E[1A(M(ϑn) −M(ϑ))] = 0.

As A ∈ Fτ was arbitrarily chosen, we receive
∫
A
M(τ)dP =

∫
A
M(ϑ)dP.

4.5 Markov property
In theorem 4.1.2, we emphasized that the Wiener process "forgets the past". In
other words, one may restart a Wiener process when its path has accomplished a
specified state. We aim to show that this property remains even under stopping
times. Theorem 4.5.4 proves this fact.
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Definition 4.5.1 (Markov process, [5]). An adapted process X = {X(t) : t ≥ 0}
is Markov if for all bounded Borel functions f : R → R and for all
0 ≤ s ≤ t ≤ T < ∞, it holds that

E[f(X(t))|Fs] = E[f(X(t))|FX
s ]. (5)

The Wiener process with its natural filtration FW
t = σ{W (s) : s ∈ [0, t]} is an

example of a Markov process as we capture in the next proposition.

Proposition 4.5.2 ([5]). A process with independent increments is a Markov
process w.r.t. its natural filtration.

Before showing the proof, we need a lemma as support.

Lemma 4.5.3 ([13]). Let (Ω,F ,P) be a probability space and let G ⊂ F be a
σ-algebra. Suppose that X : Ω → R is a G-measurable random variable and
Y : Ω → R is a random variable independent of G. If f : R × R → R is a
bounded Borel measurable function, then G : R → R defined for any x ∈ R by
G(x) = E[f(x, Y )] is a bounded Borel measurable function. Moreover, we have

E[f(X,Y )|G] = G(X), P − almost surely.

Proof. The proof of this lemma is out of the scope of this thesis. Hence we refer
to [13] Theorem 4.27 for details.

Proof of proposition 4.5.2. In the spirit of theorem 4.3.6, X(t) − X(s) is in-
dependent of FX

s for s ≤ t, whenever X has independent increments. Let
f be a bounded Borel function and set f(X(t)) = f(X(t) − X(s) + X(s) =
F (X(s), X(t) −X(s)), where f(x+y) = F (x, y). By the above lemma 4.5.3, we
get

E[f(X(t))|FX
s ] = G(X(s)),

with G(x) = E[F (x,X(t) −X(s))]. We conclude

E[f(X(t))|FX(s)] = G(X(s)).

We now formalize the mentioned restart condition.

Theorem 4.5.4 ([5]). Let W be a Wiener process and τ a finite-valued stopping
time. Then the process W (τ) = {W (τ + t) − t : t ≥ 0} is a Wiener process w.r.t.
the filtration {FWτ+t : t ≥ 0} and its increments are independent of the σ-algebra
FW
τ .

Proof. Let Πn(0, t) = {t0, t1, . . . , tn} be a partition of [0, t] in the form of (3).
Let Jk = W (τ)(tk+1)−W (τ)(tk) = W (τ + tk+1)−W (τ + tk) represent the incre-
ments of W (τ) and let lk = tk+1 − tk be the length of the partition subintervals
for k = 0, 1, . . . , n−1. The first task is to show that for any x0, x1, . . . , xn−1 ∈ R
and any bounded FW

τ -measurable random variable V , we have
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E

[
V exp

(
i

n−1∑
k=0

xkJk

)]
= E[V ]

n−1∏
k=0

exp
(

−1
2x

2
klk

)
. (6)

Fix some N > 0. We want to use the optional sampling theorem 4.4.15 on some
arbitrary chosen stopping time ϑ and the martingale M(t) = exp(iW (t)+ 1

2x
2t),

which is L2-bounded on [0, N ]. Consider ϑN = ϑ ∧N . We get

E[M(ϑN + t)|FW
ϑN

] = M(ϑN ).

Thus it holds that

exp
(

1
2x

2(ϑN + t)
)
E
[
exp(ixW (ϑN + t))|FW

ϑN

]
= exp

(
1
2x

2ϑN

)
exp(ixW (ϑN )),

and hence we obtain

E
[
exp

(
ix(W (ϑN + t) −W (ϑN )) + 1

2x
2t

)
|FW
ϑN

]
= 1.

For N → ∞, the above equation implies

E
[
exp

(
ix(W (ϑ+ t) −W (ϑ)) + 1

2x
2t

)
|FW
ϑ

]
= 1, (7)

since W is path-continuous and ϑN is monotonically increasing to the limit ϑ.
As V is FW

τ -measurable, by conditioning on FW
τ+tn−1

within the expectation,
we have

E

[
V exp

(
n−1∑
k=0

ixkJk + 1
2 lk

)]

= E

[
V E

[
exp

(
n−1∑
k=0

ixkJk + 1
2xklk

)
|Fτ+tn−1

]]

= E

[
V exp

(
n−2∑
k=0

ixkJk + 1
2x

2
klk

)
E
[
ixn−1Jn−1 + 1

2x
2
n−1ln−1|FW

τ+tn−1

]]
.

We choose ϑ = τ + tn−1. With help of equation (7), the inner conditional
expectation now reads as

E
[
exp

(
ixn−1Jn−1 + 1

2x
2
n−1ln−1

)
|FW
τ+tn−1

]
= E

[
exp

(
ixn−1(W (τ + tn) −W (τ + tn−1)) + 1

2x
2
n−1ln−1

)
|FW
τ+tn−1

]
= E

[
exp

(
ixn−1(W (ϑ+ ln−1) −W (ϑ)) + 1

2x
2
n−1ln−1

)
|FW
ϑ

]
= 1.
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It follows that

E

[
V exp

(
n−1∑
k=0

ixkJk + 1
2x

2
klk

)]
= E

[
V exp

(
n−2∑
k=0

ixkJk + 1
2x

2
klk

)]
.

By iterating this technique for k = n − 2, n − 1, . . . , 1, 0, we can remove the
terms in the sum one by one by conditioning on FW

τ+tk . This derives equation
(6).

The next task is to show that for the given partition Πn(0, t), the increments
Jk, for k = 0, 1, . . . , n − 1, are independent normally distributed random vari-
ables with zero mean, variance equal to tk+1 − tk, and independence of the
σ-algebra FW

τ . Choose V = 1. Equation (6) delivers the characteristic function
of the random vector J = (Jk)0≤k≤n−1 = (W (τ)(t1) −W (τ)(t0), . . . ,W (τ)(tn) −
W (τ)(tn−1)), since

E

[
exp

(
n−1∑
k=0

ixkJk

)]
=
n−1∏
k=0

exp
(

−1
2x

2
klk

)
.

In other words, the increments of the process W (τ) are centered and Gaussian,
which has a diagonal covariance matrix with diagonal entries lk. The density of
J can be written as the product of densities of Jk, which makes the increments
independent. W (τ) inherits its path-continuity from the Wiener process W and
also W (τ)(0) = 0, by construction.
Consider exp(ixI) for some arbitrary FW

τ -measurable random variable I and
x ∈ R. Equation (6) now takes the form:

E

[
exp(ixI) exp

(
i

n−1∑
k=0

xkJk

)]
= E [exp(ixI)]

n−1∏
k=0

exp
(

−1
2x

2
klk

)

= E [exp(ixI)]E
[

exp
(
i

n−1∑
k=0

xkJk

)]
.

The characteristic function of the pair (I, J) is the same as the product of their
respective characteristic functions making I and J independent. Since I is FW

τ -
measurable, for any given partition Πn(0, t), the vector of increments of W (τ)

is independent of FW
τ .
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5 Stochastic calculus
The main goal of this chapter is to become familiar with stochastic calculus to
develop the Itô formula 6.4.2 in the following chapter. This work is fundamen-
tal for the understanding of stock price dynamics in the Black-Scholes model.
Apart from ordinary calculus which focuses on deterministic changes, stochastic
calculus deals with random changes in continuous time.

5.1 Itô integral for simple processes
The last section showed that the Wiener process does not share any differentia-
bility conditions and finite variation properties. In other words,

∫ b
a
f(t)dW (t)

is not a usual Riemann- or Lebesgue-type integral. It is currently unclear how
dW (t) can be interpreted. This motivates to start in a basic manner with simple
processes. Limits of simple processes enable us to give meaning to the integrals
in focus. The following is devoted to defining the stochastic integral for simple
processes, definition 5.1.6, and the Itô isometry for simple integrands, theorem
5.1.10.

We start with a class of stochastic processes we want to utilize as integrands.
It is crucial to consider finite time intervals.

Definition 5.1.1 (space of M2 integrands, [6]). Let T > 0 and define

M2 :=
{
f : [0, T ] × Ω → R, f product measurable and adapted, E

[∫ T

0
f2(t) dt

]
< ∞

}
.

We can already identify a class of processes surely contained in M2.

Proposition 5.1.2 ([5]). If f is product measurable, adapted, and bounded,
such that for some c ∈ R, |f(t, ω)| ≤ c for each t, ω, then f ∈ M2.

Proof. Since |f(t, ω)| ≤ c < ∞, for all t, ω, the claim follows as

E

[∫ T

0
f2(t) dt

]
≤ E

[∫ T

0
c2 dt

]
= Tc2 < ∞.

Proposition 5.1.3 ([5]). Let W be a Wiener process, then W ∈ M2.

Proof. W is almost surely finite in [0, T ], product measurable and adapted. Due
to Fubini, we are allowed to take the expectation into the integral on a bounded
interval. Indeed, it holds that

E

[∫ T

0
W 2(t) dt

]
=
∫ T

0
E[W 2(t)] dt =

∫ T

0
t dt = T 2

2 < ∞.

Now, we launch the discussion about a new class of processes that creates a
base for all the following theory in this section.
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Definition 5.1.4 (simple process, [5]). We say that f ∈ M2 is a simple
process, writing f ∈ E, if there exists a partition 0 = t0 < t1 < . . . < tn = T
and Ftk -measurable random variables ξk with E[ξ2

k] < ∞, for k = 0, . . . , n − 1,
such that

f(t, ω) = ξ0(ω)1{0}(t) +
n−1∑
k=0

ξk(ω)1(tk,tk+1](t). (8)

We capture the first result underlining the importance of simple processes when
working in M2.

Theorem 5.1.5 ([5]). For every progressively measurable process f ∈ M2, there
exists a sequence {fn}n∈N ⊂ E of simple processes such that

lim
n→∞

E

[∫ T

0
(f − fn)2(t) dt

]
= 0. (9)

Proof. Suppose f is continuous and bounded. Let {fn}n∈N with fn(0) = 0 and

fn(t) = 1[0,T ](t)
2n−1∑
k=0

f(k2−nT )1Ak
(t),

where Ak = (k2−nT, (k + 1)2−nT ], for k = 0, 1, . . . , 2n − 1. By definition,
{fn}n∈N ⊂ E , and we get lim

n→∞
fn(t, ω) = f(t, ω), for all t > 0 and ω ∈ Ω. We

conclude equation (9) by the dominated convergence theorem. Furthermore,
suppose f is progressively measurable and bounded. We aim to verify the
existence of continuous, adapted processes {fn}n∈N satisfying equation (9). For
t ≥ 0 and all n ∈ N, let

fn(t) =
∫ min(t,T )

max( t−1
n ,0)

f(s) ds.

Such fn is continuous, adapted and also bounded as supt∈[0,T ] |f(t)| < ∞. Due
to the fundamental theorem of calculus, we conclude lim

n→∞
fn(t, ω) = f(t, ω), for

Lebesgue-almost all t ∈ [0, T ] and for all ω ∈ Ω. With help of Fubini and the
dominated convergence theorem, we obtain

lim
n→∞

E

[∫ T

0
(f − fn)2(s) ds

]
= lim
n→∞

∫
[0,T ]×Ω

(f − fn)2(s, ω) (ν ⊗ P)(d(s, ω)) = 0.

For the last step, we assume f is progressively measurable with E
[∫∞

0 f2(t)dt
]
<

∞. We take fn(t) = f(t)1{|f(t)|<n}(t). Thus {fn}n∈N is a bounded, progres-
sively measurable process which satisfies equation (9).

Remark. In other words, theorem 5.1.5 states that w.r.t. the L1((Ω,F ,P),L2([0, T ]))-
topology, E is dense in M2.
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As mentioned at the beginning of this section, stochastic calculus is designed
for dealing with random changes in continuous time. The idea is to treat the
integral of a simple process as a random variable.

Definition 5.1.6 (Itô integral of simple processes, [5]). The stochastic Itô
integral of a simple process f ∈ E on [0, T ], written in the form of (8), is given
by

I(f) =
n−1∑
k=0

ξk(W (tk+1) −W (tk)) =
∫ T

0
f(t) dW (t).

For any subinterval [a, b] ⊆ [0, T ], we have 1[a,b]f ∈ E and write

∫ b

a

f(t) dW (t) = I(1[a,b]f).

We capture the first properties of the Itô integral w.r.t. simple processes.

Proposition 5.1.7 ([5]). Let f, g ∈ E and a, b ∈ R, then

I(af + bg) = aI(f) + bI(g).

Proof. By definition, the linear combination of simple functions must remain
simple. Let X,Y ∈ E be of the form

X(t, ω) = ξ0(ω)1{0}(t) +
n−1∑
k=0

ξk(ω)1(tk,tk+1](t),

Y (t, ω) = ψ0(ω)1{0}(t) +
n−1∑
k=0

ψk(ω)1(tk,tk+1](t).

{tk}0≤k≤n shall be the smallest partition such that X and Y can be represented
exactly as above. We obtain the claim since

I(aX + bY ) =
n−1∑
k=0

(aξk + bψk)(W (tk+1) −W (tk))

= a

n−1∑
k=0

ξk(W (tk+1) −W (tk)) + b

n−1∑
k=0

ψk(W (tk+1) −W (tk))

= aI(X) + bI(Y ).

Proposition 5.1.8 ([5]). If f ∈ E and 0 ≤ a < c < b ≤ T , then

I(1[a,b]f) = I(1[a,c]f) + I(1[c,b]f).
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Proof. We extend a given partition of [a, b] by adding c such that a = t0 < . . . <
tk < c ≤ tk+1 < . . . < tn = b. This partition does not affect the value of the
integral, because each factor ξk of f is fixed on the respective half-open interval
(tk, tk+1]. We manipulate the sum in the following way:

ξk(W (tk+1) −W (tk)) = ξk(W (tk+1) −W (c) +W (c) −W (tk))
= ξk(W (tk+1) −W (c)) + ξk(W (c) −W (tk)).

The above equation gives the result as

I(1[a,b]f) =
∫ T

0
1[a,b](t)f(t) dW (t) =

∫ b

a

f(t) dW (t)

=
n−1∑
l=0

ξl(W (tl+1) −W (tl))

=
k−1∑
l=0

ξl(W (tl+1) −W (tl)) + ξk(W (c) −W (tk))

+ ξk(W (tk+1) −W (c)) +
n−1∑
l=k+1

ξl(W (tl+1) −W (tl))

=
∫ c

a

f(t) dW (t) +
∫ b

c

f(t) dW (t)

=
∫ T

0
1[a,c](t)f(t) dW (t) +

∫ T

0
1[c,b](t)f(t) dW (t)

= I(1[a,c]f) + I(1[c,b]f).

Wiener increments have zero expectation by definition. The combination of the
Markov property, theorem 4.1.2, and the tower property of conditional expec-
tation brings the next claim.

Proposition 5.1.9 ([5]). For f ∈ E, we have E
[∫ T

0 f(t) dW (t)
]

= 0.

Proof. Note that ξk is Fk-measurable and observe by the tower property:

E[ξk(W (tk+1) −W (tk))] = E[E[ξk(W (tk+1) −W (tk))|Fk]]
= E[ξkE[W (tk+1) −W (tk)|Fk]]
= E[ξkE[W (tk+1) −W (tk)]] = 0.

Therefore we get the result in the target:

E[I(f)] = E

[
n−1∑
k=0

ξk(W (tk+1) −W (tk))
]

=
n−1∑
k=0

E[ξkE[W (tk+1) −W (tk)]] = 0.
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We now state the main result of this section by utilizing the equality between
the variance of Wiener increments and the time step.

Theorem 5.1.10 (Itô isometry for simple integrands, [11]). For every f ∈ E,
it holds that

E[I2(f)] = E

[∫ T

0
f2(t) dt

]
.

Proof. The left-hand side of the above equation claimed can be written as

E[I2(f)] = E[I(f)I(f)]

= E

 n−1∑
k,l=0

ξkξl(W (tk+1) −W (tk))(W (tl+1) −W (lk))


= E

[
n−1∑
k=0

ξ2
k(W (tk+1) −W (tk))2

]

+ 2E

 n−1∑
k,l=0
k ̸=l

ξkξl(W (tk+1) −W (tk))(W (tl+1) −W (lk))

 .
The first summand of the above equation becomes by the tower property

E

[
n−1∑
k=0

ξ2
k(W (tk+1) −W (tk))2

]
=
n−1∑
k=0

E
[
ξ2
kE[(W (tk+1) −W (tk))2|Ftk ]

]
=
n−1∑
k=0

E
[
ξ2
kVar[W (tk+1) −W (tk)]

]
=
n−1∑
k=0

E
[
ξ2
k(tk+1 − tk)

]
= E

[∫ T

0
f2(t) dt

]
.

We receive the claim as the second summand is zero. For l < k, we observe

E

 n−1∑
k,l=0
k ̸=l

ξkξl(W (tk+1) −W (tk)(W (tl+1) −W (lk))


=

n−1∑
k,l=0
k ̸=l

E [E[ξkξl(W (tk+1) −W (tk))(W (tl+1) −W (lk))|Fl]]

=
n−1∑
k,l=0
k ̸=l

E [ξkξl(W (tk+1) −W (tk))E[W (tl+1) −W (tl)]] = 0.
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5.2 Itô integral for general integrands
In the following, we want to determine the stochastic integral for arbitrary
f ∈ M2. In the same fashion as in section 5.1, we define the Itô integral for
general integrands, definition 5.2.1, and the respective Itô isometry 5.2.5. To
do so we consider {fn}n∈N ⊂ E , such that

lim
n→∞

E

[∫ T

0
(f − fn)2(t) dt

]
= 0,

as in theorem 5.1.5. We already have the stochastic integral of simple functions
fn in the form of I(fn). Hence we aim to show that I(fn) converges as n → ∞.
To reach convergence in the L2(Ω) sense, the sequence {I(fn)}n∈N requires to
be Cauchy in L2(Ω). The Itô isometry for simple integrands 5.1.10 provides this
property, because {fn}n∈N satisfies the Cauchy condition in L2([0, T ] × Ω):

E

(∫ T

0
(fn − fm)(t) dW (t)

)2
 = E

[∫ T

0
(fn − fm)2 (t) dt

]
= 0,

for any n,m ≥ 0 as n,m → ∞. Due to the linearity of the integral, we further
obtain I(fn − fm) = I(fn) − I(fm) and therefore have I(fn) being Cauchy in
L2(Ω).

Definition 5.2.1 (Itô integral for general integrands, [5]). We write

lim
n→∞

I(fn) =
∫ T

0
f(t) dW (t) = I(f), (10)

and call this random variable the stochastic Itô integral of f .

Proposition 5.2.2 ([5]). The stochastic integral I(f) as in equation (10) is
independent of the chosen sequence {fn}n∈N, which approximates f .

Proof. Let {fn}n∈N, {gn}n∈N ⊂ E , such that for some f ∈ M2,

lim
n→∞

E

[∫ T

0
(hn − f)2(t) dt

]
= 0,

with hn ∈ {fn, gn}. We observe

E

[∫ T

0
(fn − gn)2(t) dt

]
= E

[∫ T

0
((fn − f) − (gn − f))2 (t) dt

]

= E

[∫ T

0
(fn − f)2(t) dt

]
+ E

[∫ T

0
(gn − f)2(t) dt

]

− 2E
[∫ T

0
((fn − f)(gn − f))(t) dt

]

≤ 2E
[∫ T

0
(fn − f)2(t) dt

]
+ 2E

[∫ T

0
(gn − f)2(t) dt

]
→ 0
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as n → ∞. The integrals I(fn) and I(gn) are assumed to exist. Moreover, the
limits of I(fn) and I(gn) exist in L2(Ω). It remains to show that the limit of
I(fn) corresponds to the limit of I(gn). By linearity of the mean and the Itô
isometry, we obtain

E
[
(I(fn) − I(gn))2] = E

(∫ T

0
fn(t) dW (t) −

∫ T

0
gn(t) dW (t)

)2


= E

(∫ T

0
(fn − gn)(t) dW (t)

)2


= E

[∫ T

0
(fn − gn)2 (t) dt

]
→ 0

as n → ∞, the desired result.

Next, we show that the properties for simple integrands also remain in the limit
f ∈ M2.

Proposition 5.2.3 (Linearity, [7]). Let f, g ∈ M2 and a, b ∈ R, then

I(af + bg) = aI(f) + bI(g).

Proof. Let {fn}n∈N, {gn}n∈N ⊂ E , such that for f, g ∈ M2,

lim
n→∞

E

[∫ T

0
(fn − f)2(t) dt

]
= lim
n→∞

E

[∫ T

0
(gn − g)2(t) dt

]
= 0.

Thus afn → af respectively bgn → bg in L2([0, T ]×Ω). We deduce that (af+bg)
must also converge in L2([0, T ] × Ω), since {afn + bgn}n∈N ⊂ E . Consequently,
we obtain

lim
n→∞

I(afn + bgn) = I(af + bg).

The linearity in E concludes the claim:

lim
n→∞

I(afn + bgn) = lim
n→∞

aI(fn) + lim
n→∞

bI(gn)

= aI(f) + bI(g).

Proposition 5.2.4 ([5]). Let f ∈ M2 and a < c < b, then∫ b

a

f(t) dW (t) =
∫ c

a

f(t) dW (t) +
∫ b

c

f(t) dW (t).

Proof. Let {fn}n∈N ⊂ E approximate f ∈ M2. We first show that changing
the integral at some arbitrary point does not affect the value of the Itô integral.
Consider a partition Πn,m(0, T ) = {tn,k}0≤k≤m of [0, T ] with
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0 = tn,0 < tn,1 < . . . < tn,m = T , for each n,m ∈ N, and a family of random
variables {ξn,k}0≤k≤m suitable for fn, such that

I(fn) =
m−1∑
k=0

ξn,k(W (tn,k+1) −W (tn,k)).

For arbitrary x ∈ [0, T ], there exists some l satisfying

E
[
(I(fn) − I(1[0,x)∪(x,T ]fn))2] = E

[
(1{x}ξn,l)2(W (tn,l+1) −W (tn,l))2]

= E
[
(1{x}ξn,l)2E

[
(W (tn,l+1) −W (tn,l))2|Ftl

]]
= E

[
(1{x}ξn,l)2(tn,l+1 − tn,l)

]
≤ ξ2

n,l||Πn,m(0, T )|| → 0

as n → ∞. To end the proof, consider a < c < b and observe that

∫ b

a

f(t) dW (t) =
∫ T

0
(1[a,b]f)(t) dW (t)

=
∫ T

0
(1[a,c]f + 1[c,b]f)(t) dW (t)

=
∫ T

0
(1[a,c]f)(t) dW (t) +

∫ T

0
(1[c,b]f)(t) dW (t)

=
∫ c

a

f(t) dW (t) +
∫ b

c

f(t) dW (t).

Theorem 5.2.5 (Itô isometry, [5]). Let f ∈ M2, then f satisfies the Itô isom-
etry

E

(∫ T

0
f(t) dW (t)

)2
 = E

[∫ T

0
f2(t) dt

]
.

Proof. Since every norm is a continuous function on a vector space, ||·||L2([0,T ]×Ω)
is continuous on L2([0, T ] × Ω). Let {fn}n∈N ⊂ E and f ∈ M2, such that

lim
n→∞

||f − fn||L2([0,T ]×Ω) = 0.

In particular, this means

lim
n→∞

E

[∫ T

0
(f − fn)2(t) dt

]
= 0,

which implies
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lim
n→∞

E

[∫ T

0
f2
n(t) dt

]
= E

[∫ T

0
f2(t) dt

]
.

By theorem 5.1.10, we get

lim
n→∞

E

(∫ T

0
fn(t) dW (t)

)2
 = E

(∫ T

0
f(t) dW (t)

)2
 .

Thus the Itô isometry remains in the limit.

Proposition 5.2.6 ([5]). Let f ∈ M2, then

E

[∫ T

0
f(t) dW (t)

]
= 0.

Proof. Let {fn}n∈N ⊂ E be an approximating sequence of f ∈ M2. Proposition
5.1.9 brings E[I(fn)] = 0, for every n ∈ N, meaning

(E [I(f)])2 = (E[I(f)] − E[I(fn)])2

= (E[I(f) − I(fn)])2

≤ E
[
(I(f) − I(fn))2] ,

where the above inequality follows from Jensen’s inequality. We now apply the
Itô isometry, which leads us to

E
[
(I(f) − I(fn))2] = E

[∫ T

0
(f − fn)2(t) dt

]
→ 0

as n → ∞, the desired result.

5.3 Itô processes
This section covers plenty of central results that are applied in the following
chapters. Besides various other crucial results, we wish to define a process
based on the stochastic integral - the Itô process 5.3.3. We further state the
conditional Itô isometry 5.3.7. In theorem 5.3.8, we extend theorem 4.3.7 (ii)
for a specific version of Itô processes. The quadratic variation of the Itô process
is covered in theorem 5.3.12. The section ends with theorem 5.3.13, where we
state the unique representation of each Itô process.

So far we specified the stochastic Itô integral over arbitrary intervals of the
form [a, b] ⊆ [0, T ]. We continue our work for intervals [0, t], with t ∈ [0, T ], and
are interested in defining a process satisfying
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t 7→
∫ t

0
f(s) dW (s) =

∫ T

0
(1[0,t]f)(s) dW (s), (11)

where f ∈ M2. The random variables
∫ t

0 f(s)dW (s) only exist almost surely
as the limit case of a sequence of random variables. Equation (11) is only
reasonable in a set of full probability. Even though for each t,

∫ t
0 f(s)dW (s)

is defined everywhere except on a set Nt with zero probability, the union may
satisfy P [

⋃
tNt] > 0. The goal of the next steps is to define a continuous

martingale X, which is a modification of (11).

Theorem 5.3.1 ([5]). If f ∈ M2, then there exists a continuous martingale X,
such that for all t ∈ [0, T ],

P

[
X(t) =

∫ T

0
(1[0,t]f)(s) dW (s)

]
= 1. (12)

Proof. By theorem 5.1.5, there exists {fn}n∈N ⊂ E satisfying equation (9). Since

E

[∫ T

0
(1[0,t]fn)2(s) ds

]
≤ E

[∫ T

0
f2
n(s) ds

]
< ∞,

we have 1[0,t]fn ∈ E , for all n ∈ N. This ensures that

Xn(t) =
∫ T

0
(1[0,t]fn)(s) dW (s)

is well-defined for t ∈ [0, T ]. Suppose fn satisfies

fn(s) = ξ01{0}(s) +
n−1∑
k=0

ξk1(tk,tk+1](s),

where {ξn}n∈N ⊂ L2(Ω) and ξk is Ftk -measurable. We fix some t ∈ [0, T ], thus
t ∈ [tm, tm+1] for some m ∈ N, and receive

1[0,t](s)fn(s) = 1[0,t]

(
ξ01{0}(s) +

n−1∑
k=0

ξk1(tk,tk+1](s)
)

= ξ01{0}(s) +
m−1∑
k=0

ξk1(tk,tk+1](s) + ξm1(tm,t](s).

This delivers the stochastic integral of a simple function,

Xn(t) =
∫ T

0
(1[0,t]fn)(s) dW (s)

=
m−1∑
k=0

ξk(W (tk+1) −W (tk)) + ξm(W (t) −W (tm)).
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Xn(t) is continuous in t, because t only occurs in the last term and almost all
Wiener paths are continuous. To preserve path-continuity in the limit X(t), we
need to verify uniform convergence of the paths of the process Xn(t). Let s < t
with s ∈ (tl, tl+1] and l ≤ m, then

E[Xn(t)|Fs] = E

[
m−1∑
k=0

ξk(W (tk+1) −W (tk)) + ξm(W (t) −W (tm))|Fs

]

= E

[
l−1∑
k=0

ξk(W (tk+1) −W (tk))|Fs

]
+ E [ξl(W (tl+1) −W (tl))|Fs]

+ E

[
m−1∑
k=l+1

ξk(W (tk+1) −W (tk))|Fs

]
+ E [ξm(W (tm+1) −W (tm))|Fs]

= E

[
l−1∑
k=0

ξk(W (tk+1) −W (tk))|Fs

]
+ ξl(W (s) −W (tl))

= Xn(s).

Indeed, Xn is a martingale. By Doob’s inequality, we get

P

[
sup
t∈[0,T ]

|X(t)| > z

]
≤ 1
z2E[X2(T )], (13)

for any martingale X ∈ M2. Thus for each n and j, we obtain

P

[
sup
t∈[0,T ]

|Xn(t) −Xj(t)| > z

]
≤ 1
z2E

[
(Xn(T ) −Xj(T ))2] .

We now want to calculate the expectation of the above RHS. The Itô isometry
delivers

E[(Xn(T ) −Xj(T ))2] = E

(∫ T

0
fn(s) dW (s) −

∫ T

0
fj(s) dW (s)

)2


= E

(∫ T

0
(fn − fj)2(s) dW (s)

)2


= E

[∫ T

0
(fn − fj)2(s) ds

]
.

Because lim
n→∞

E

[∫ T

0
(f − fn)2(s)ds

]
= 0, there is some n1 ≤ j such that

E

[∫ T

0
(fj − fn1)2(s) ds

]
< 2−3.
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Furthermore, there exists n2 > n1 such that

E

[∫ T

0
(fj − fn2)2(s) ds

]
<
(
2−3)2

,

for all n2 ≤ j. Generally speaking, there exists nk > nk−1 such that

E
[
(Xj(T ) −Xnk

(T ))2] = E

[∫ T

0
(fj − fnk

)2(s) ds
]
< 2−3k,

for all nk ≤ j. We apply inequality (13) to conclude that

P

[
sup
t∈[0,T ]

|Xnk+1(t) −Xnk
(t)| > z

]
≤ 2−3k

z2 , (14)

for each k and any z. Hence we choose z = 2− k
2 , which gives an upper bound

of 2−2k of the above inequality. Since
∑
k 2−2k < ∞, as a consequence of the

Borel-Cantelli lemma, there exists some set Ω∗ with P[Ω∗] = 1, such that for
any ω ∈ Ω∗, it holds

sup
t∈[0,T ]

|Xnk+1(t, ω) −Xnk
(t, ω)| ≤ 2−k,

for k ≥ l(ω). Here, l(ω) represents some index depending on ω. Xnk
(t, ω) is

Cauchy in (C([0, T ]), ||.||∞) endowed with the supremum norm, i.e. the space
of continuous functions on [0, T ], where ||f ||∞ = supt∈[0,T ] ||f(t)||. Therefore
Xnk

(t, ω) is also uniformly convergent w.r.t. t ∈ [0, T ], for all ω ∈ Ω∗. The
above estimates also deliver the convergence of the random variables Xnk

(t) on
Ω∗, for each t. This gives almost sure convergence to X(t) on Ω. Combined
with equation (14), we receive convergence in L2. The martingale property of
Xnk

(t) is preserved in the limit. Hence X is a martingale. In the following, we
attack equation (12) and note

E

(∫ T

0
(1[0,t](f − fnk

))(s) dW (s)
)2
 = E

[∫ T

0
(1[0,t](f − fnk

))2(s) ds
]

≤ E

[∫ T

0
(f − fnk

)2 ds

]
→ 0

as nk → ∞. It follows that

E

(X(t) −
∫ T

0
(1[0,t]fnk

)(s) dW (s)
)2
 → 0

as nk → ∞. Since the limit of the sequence is unique, we conclude the claim.
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Remark. From now on,
∫ t

0 f(s)dW (s) always represents the continuous mar-
tingale X as in theorem 5.3.1. We do not distinguish between different mod-
ifications of a given process. With the above theorem in hand, we can relate
the stochastic process (t, ω) 7→

∫ T
0 (1[0,t]f)(s, ω)dW (s, ω) to a martingale X(t)

for every f ∈ M2. This idea also works for W ∈ M2, because the stochastic
process t 7→

∫ T
0 (1[0,t]W )(s, ω)dW (s, ω) can be identified with the martingale

1
2 (W 2(t) − t).

Theorem 5.3.2 ([5]). If a continuous martingale X satisfies

P

[
X(t) =

∫ T

0
(1[0,t]W )(s) dW (s)

]
= 1,

for each t ∈ [0, T ], then such X takes the form

X(t) = 1
2(W 2(t) − t).

Proof. We begin by comparing the mean and the variance of the respective
processes. As a consequence of the Itô isometry and theorem 5.1.6, we have

Var
[∫ T

0
W (s) dW (s)

]
= E

(∫ T

0
W (s) dW (s)

)2


= E

[∫ T

0
W s(s) ds

]

=
∫ T

0
Var[W (s)] ds = T 2

2 .

Since W (t) ∼ N (0, t), it is clear that

E
[

1
2(W 2(T ) − T )

]
= 1

2(Var[W (T )] − T ) = 0,

which brings us to

Var
[

1
2(W 2(T ) − T )

]
= 1

4Var[W 2(T )]

= 1
4
(
E[W 4(T )] − T 2)

= 1
4(3T 2 − T 2) = T 2

2 .

Let tn,k = kT
n , for k = 0, 1, . . . , n− 1, and define

fn(t) =
n−1∑
k=0

W (tn,k)1(tn,k,tn,k+1](t),
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with fn(0) = 0, for all n ∈ N. Consider the identity 2y(x−y) = (x2−y2)−(x−y)2

for x, y ∈ R, which delivers

E[I(fn)] = E

[
n−1∑
k=0

W (tn,k)(W (tn,k+1) −W (tn,k))
]

= 1
2E
[
n−1∑
k=0

(W 2(tn,k+1) −W 2(tn,k)) −
n−1∑
k=0

(W (tn,k+1) −W (tn,k))2

]

= 1
2E
[
W 2(T ) −

n−1∑
k=0

(W (tn,k+1) −W (tn,k))2

]

= 1
2

(
Var[W (T )] −

n−1∑
k=0

E[(W (tn,k+1) −W (tn,k))2]
)

= 1
2

(
T −

n−1∑
k=0

E[W 2(tn,k+1 − tn,k)]
)

= 1
2

(
T − 1

n

n−1∑
k=0

T

)
= 0,

as W (t)−W (s),W (t−s) ∼ N (0, t−s) and tn,k+1 −tn,k = T
n . The independence

of the increments shows that

Var
[
n−1∑
k=0

(W (tn,k+1) −W (tn,k))2

]
=
n−1∑
k=0

Var[(W (tn,k+1) −W (tn,k))2]

=
n−1∑
k=0

Var
[
W 2

(
T

n

)]

= n

(
3
(
T

n

)2
−
(
T

n

)2
)

→ 0,

as n → ∞, which completes the proof.

Definition 5.3.3 (Itô process, [6]). Let b : [0, T ] × Ω → R and σ ∈ M2 be
progressively measurable stochastic processes with

∫ t
0 (σ2 + |b|)(s, ω)ds < ∞, P-

almost surely for every t ∈ [0, T ]. Then the process X defined by

X(t) = X(0) +
∫ t

0
b(s) ds+

∫ t

0
σ(s) dW (s), for t ∈ [0, T ], (15)

is called an Itô process with characteristics b and σ. b is called the drift and
σ is called the diffusion coefficient.

Remark. The above equation (15) is often written in its stochastic differential
equation (abbr. SDE) form:

dX(t) = b(t)dt+ σ(t)dW (t). (16)
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To be precise, equation (16) has no particular mathematical meaning and is just
an informal notation for equation (15).
We gather some properties of the Itô process.

Proposition 5.3.4 ([5]). Almost all paths of X as in (15) are continuous.

Proof.
∫ t

0 b(s)ds is defined path-wise and is continuous as a function depending
on t. Since σ ∈ M2 by definition,

∫ t
0 σ(s)dW (s) has P-almost surely continuous

paths as a consequence of theorem 5.3.1.

Proposition 5.3.5 ([5]). If E
[∫ t

0 |b(s)|ds
]
< ∞, then

E[X(t)] = X(0) +
∫ t

0
E[b(s)] ds.

Proof. We have

E[X(t)] = E
[
X(0) +

∫ t

0
b(s) ds+

∫ t

0
σ(s) dW (s)

]
.

The proof ends by applying proposition 5.2.6 and Fubini’s theorem, since

E[X(t)] = E[X(0)] +
∫ t

0
E[b(s)] ds+ E

[∫ t

0
σ(s) dW (s)

]
= X(0) +

∫ t

0
E[b(s)] ds.

The following theorem asserts that the Itô isometry remains true also for con-
ditional expectation. Beforehand, an additional fact is needed.

Lemma 5.3.6 ([5]). If X is Fa-measurable and bounded, then, for f ∈ M2, it
holds that

X

∫ b

a

f(s) dW (s) =
∫ b

a

Xf(s) dW (s).

Proof. For bounded X, say |X| ≤ C, we have X2f2 ≤ C2f2. This guarantees
Xf ∈ M2. Let {fn}n∈N, such that fn converges to f in M2, then

lim
n→∞

E

(X ∫ b

a

f(s) dW (s) −X

∫ b

a

fn(s) dW (s)
)2


≤ lim
n→∞

C2E

(∫ b

a

f(s) dW (s) −
∫ b

a

fn(s) dW (s)
)2
 = 0.

The claim follows since

lim
n→∞

E

[∫ T

0
(Xf −Xfn)2(s) ds

]
≤ lim
n→∞

C2E

[∫ T

0
(f − fn)2(s) ds

]
= 0.
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Theorem 5.3.7 (Conditional Itô isometry, [5]). If f ∈ M2 and [a, b] ⊆ [0, T ],
then

E

(∫ b

a

f(s) dW (s)
)2

|Fa

 = E

[∫ b

a

f2(s) ds|Fa

]
.

Proof. 1A is bounded and Fa-measurable for every A ∈ Fa. By the Itô isometry
and the previous lemma 5.3.6, we receive the desired result:

E

1A(∫ b

a

f(s) dW (s)
)2
 = E

(∫ b

a

1Af(s) dW (s)
)2


= E

[∫ b

a

(1Af(s))2 ds

]

= E

[
E

[∫ b

a

1Af
2(s) ds|Fa

]]

= E

[
1AE

[∫ b

a

f2(s) ds|Fa

]]
.

By theorem 4.3.7, the Wiener process W (t) and W 2(t)− t are both martingales.
For the latter process, one may interpret t as a compensator, which is subtracted
from the submartingale W 2(t). W 2(t) − [W,W ](t) is also a martingale, since
[W,W ](t) = t. Our next task is to extend these thoughts to stochastic integrals
and seek their compensator.

Theorem 5.3.8 ([5]). If f ∈ M2 and X(t) =
∫ t

0 f(s)dW (s), then X2(t) −∫ t
0 f

2(s)ds is a martingale.

Proof. The following calculations are consequences of proposition 4.3.8 and the
conditional Itô isometry. For s < t, we observe

E[X2(t) −X2(s)|Fs] = E[(X(t) −X(s))2|Fs]

= E

[(∫ t

0
f(u) dW (u) −

∫ s

0
f(u) dW (u)

)2

|Fs

]

= E

[(∫ t

s

f(u) dW (u)
)2

|Fs

]

= E
[∫ t

s

f2(u) du|Fs
]

= E
[∫ t

0
f2(u) du−X2(s)|Fs

]
.

We subtract the very last expression of the above equation from the first ex-
pression and are left with the claim:
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E
[
X2(t) −

∫ t

0
f2(u) du|Fs

]
= E

[∫ s

0
f2(u) du+

∫ t

s

f2(u) du

−
∫ t

0
f2(u) du|Fs

]

= E
[
X2(s) −

∫ s

0
f2(u) du|Fs

]
= X2(s) −

∫ s

0
f2(u) du.

Any given Itô process can be transformed into a martingale. There is some
compensator which is in the form of

∫ t
0 f

2(s)ds. The following shall deliver clar-
ification to the relation between the compensator and the quadratic variation.
It opens the opportunity to state the uniqueness of the representation of any
Itô process.

Lemma 5.3.9 ([5]). If X is a martingale with continuous paths and |X(t, ω)| ≤
C < ∞, then

E

[
n−1∑
k=0

((X(tk+1) −X(tk))4

]
→ 0

as ||Πn(0, t)|| → 0, where Πn(0, t) = {tk}0≤k≤n is a partition of [0, t].

Proof. Since we only take bounded intervals into account, the paths of X are
uniformly continuous. Thus for every ϵ > 0, there exists δ > 0, such that
||Πn(0, t)|| < δ implies max

0≤k≤n−1
(X(tk+1) −X(tk))2 ≤ ϵ2. This gives X(tk+1) −

X(tk) almost sure convergence to zero. Consider the following estimate using
proposition 4.3.8:

E

[
n−1∑
k=0

(X(tk+1) −X(tk))2

]
= E

[
n−1∑
k=0

E[(X(tk+1) −X(tk))2|Ftk ]
]

= E

[
n−1∑
k=0

E[X2(tk+1) −X2(tk)|Ftk ]
]

= E

[
n−1∑
k=0

X2(tk+1) −X2(tk)
]

= E[X2(t) −X2(0)] ≤ 2C2.

(17)

Due to the Cauchy-Schwarz inequality, we observe
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E

[
n−1∑
k=0

(X(tk+1) −X(tk))4

]

≤ E

[
max

0≤k≤n−1
(X(tk+1) −X(tk))2

n−1∑
k=0

(X(tk+1) −X(tk))2

]

≤

√√√√E

[(
max

0≤k≤n−1
(X(tk+1) −X(tk))2

)2
]√√√√√E

(n−1∑
k=0

(X(tk+1) −X(tk))2

)2.
With the dominated convergence theorem on the bounded martingale, we receive

lim
n→∞

E

[(
max

0≤k≤n−1
(X(tk+1) −X(tk))2

)2
]

= 0.

It remains to show that E
[(∑

(X(tk+1) −X(tk))2)2
]

is bounded and indepen-
dent of the chosen partition Πn(0, t). Doing some algebra leads us to

(
n−1∑
k=0

(X(tk+1) −X(tk))2

)2

≤
n−1∑
k=0

(X(tk+1) −X(tk))4 + 2
n−1∑
k,l=0
k ̸=l

(X(tk+1) −X(tk))2(X(tl+1) −X(tl))2

≤ 4C2
n−1∑
k=0

(X(tk+1) −X(tk))2 + 2
n−1∑
k=0

(X(tk+1) −X(tk))2
n−1∑
l=k+1

(X(tl+1) −X(tl))2.

By adding the expectation, the first sum of the above very RHS is bounded,
because

E

[
n−1∑
k=0

(X(tk+1) −X(tk))2

]
= E

[
n−1∑
k=0

X2(tk+1) −X2(tk)
]

≤ 2C2.

We apply the technique used in equation (17) for the second sum as well, which
brings the desired result:

E

[
n−1∑
k=0

(X(tk+1) −X(tk))2
n−1∑
l=k+1

(X(tl+1) −X(tl))2

]

= E

[
n−1∑
k=0

(X(tk+1) −X(tk))2E

[
n−1∑
l=k+1

(X(tl+1) −X(tl))2|Ftl+1

]]

= E

[
n−1∑
k=0

(X(tk+1) −X(tk))2E[X2(t) −X2(tk+1)]
]

≤ 2C4.
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Theorem 5.3.10 ([5]). Suppose f ∈ M2 is such that
∫ T

0 f2(s)ds ≤ c and
X(t) =

∫ t
0 f(s)dW (s) satisfies |X(t)| ≤ d for some c, d > 0. Then

[X,X](t) =
∫ t

0
f2(s) ds.

Proof. Let t ∈ [0, T ] and let Πn(0, t) = {t0, t1, . . . , tn} be a partition of [0, t],
analog to equation (3). Our goal is to show that

Xn =
n−1∑
k=0

(X(tk+1) −X(tk))2 −
∫ t

0
f2(s) ds → 0,

as lim
n→∞

||Πn(0, t)|| = 0. The above integral becomes separated into a sum of
integrals over the subintervals [tk, tk+1], for k ∈ {0, 1, . . . , n−1}. In this fashion
we acquire

Xn =
n−1∑
k=0

Zk,

where we defined Zk = (X(tk+1) − X(tk))2 −
∫ tk+1
tk

f2(s)ds. We prove conver-
gence in probability by showing Xn → 0 in L2. Hence we consider

E[X2
n] = E

(n−1∑
k=0

Zk

)2

= E

n−1∑
k=0

Z2
k + 2

n−1∑
k,l=0
k ̸=l

ZkZl


=
n−1∑
k=0

E[Z2
k ] + 2

n−1∑
k,l=0
k ̸=l

E[ZkZl].

(18)

Let k < l. Due to the tower property of conditional expectation, we have

E[ZkZl] = E [E[ZkZl|Ftl ]] = E [ZkE[Zl|Ftl ]] .

We are interested in the value of the conditional expression. With theorem
5.3.7, we further get

E[Zl|Ftl ] = E
[
(X(tl+1) −X(tl))2 −

∫ tl+1

tl

f2(s)ds|Ftl
]

= E
[
X2(tl+1) −X2(tl) −

∫ tl+1

tl

f2(s) ds|Ftl
]

= E
[
X2(tl+1) −

∫ tl+1

0
f2(s) ds|Ftl

]
−
(
X2(tl) −

∫ tl

0
f2(s) ds

)
= 0,
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since X2(t) +
∫ t

0 f
2(s)ds is a martingale by theorem 5.3.8. Equation (18) now

reduces to

E[X2
n] =

n−1∑
k=0

E[Z2
k ].

For arbitrary a, b ∈ R, it holds that (a − b)2 ≤ 2a2 + 2b2. We choose a =
(X(tk+1) −X(tk))2 and b =

∫ tk+1
tk

f2(s)ds in order to receive

n−1∑
k=0

E[Z2
k ] ≤ 2

n−1∑
k=0

E
[
(X(tk+1) −X(tk))4]+ 2

n−1∑
k=0

E

[(∫ tk+1

tk

f2(s) ds
)2]

.

(19)

By lemma 5.3.9, the first term of the above RHS converges to 0 as n → ∞.
We fix ω ∈ Ω. The function of the form h(t, ω) =

∫ t
0 f

2(s, ω)ds, t ∈ [0, T ],
is continuous on [0, T ], because f2(t, ω) is integrable. Thus h : t 7→ h(t, ω)
is uniformly continuous on [0, T ]. Moreover, for every sequence {ϵn}n∈N with
ϵn → 0 and ϵn > 0 for all n ∈ N, there exists a sequence {δn}n∈N also converging
to zero, such that ||Πn(0, t)|| < δn implies

∫ tk+1
tk

f2(s, ω)ds < ϵn. Therefore we
obtain

n−1∑
k=0

E

[(∫ tk+1

tk

f2(s) ds
)2]

≤
(

max
0≤k≤n−1

∫ tk+1

tk

f2(s) ds
) n−1∑
k=0

∫ tk+1

tk

f2(s) ds

≤ ϵn

∫ t

0
f2(s) ds ≤ ϵnc → 0

as n → ∞. Indeed, the RHS in equation (19) converges to zero almost surely,
which dominates the convergence of E[X2

n].

Proposition 5.3.11 ([5]). If X(t) = X(0) +
∫ t

0 b(s)ds, then [X,X](t) = 0, for
all t ∈ [0, T ].

Proof. We use analog reasoning as for h(t, ω) from the previous proof of theorem
5.3.10. For X(t, ω), there exists a sequence {ϵn}n∈N with ϵn → 0 and ϵn > 0 for
each n ∈ N, such that

n−1∑
k=0

(X(tk+1, ω) −X(tk, ω))2 ≤ max
0≤k≤n−1

|X(tk+1, ω) −X(tk, ω)|
n−1∑
k=0

|X(tk+1, ω) −X(tk, ω)|

≤ ϵn

∫ T

0
|b(s, ω)| ds → 0,

because ||Πn(0, T )|| → 0 as n → ∞. We conclude that
∑n−1
k=0(X(tk+1, ω) −

X(tk, ω))2 converges to zero almost surely.

The remaining task is to state the two last central results of this section.
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Theorem 5.3.12 (Quadratic variation of Itô process, [5]). For an Itô pro-
cess dX(t) = b(t)dt + σ(t)dW (t) with

∫ T
0 σ(s)dW (s) bounded, it holds that

[X,X](t) =
∫ t

0 σ
2(s) ds.

Proof. Let X(t) = Xb(t) + Xσ(t) with Xb(t) = X(0) +
∫ t

0 b(s)ds and Xσ(t) =∫ t
0 σ(s)dW (s), then

n−1∑
k=0

(X(tk+1) −X(tk))2 =
n−1∑
k=0

(Xb(tk+1) −Xb(tk) +Xσ(tk+1) −Xσ(tk))2

=
n−1∑
k=0

(Xb(tk+1) −Xb(tk))2 +
n−1∑
k=0

(Xσ(tk+1) −Xσ(tk))2

+ 2
n−1∑
k=0

(Xb(tk+1) −Xb(tk))(Xσ(tk+1) −Xσ(tk)).

As in the proof of proposition 5.3.11, we conclude that
∑n−1
k=0(Xb(tk+1)−Xb(tk))2 →

0, because ||Πn(0, T )|| → 0 for finer partitions. Furthermore,
∑n−1
k=0(Xσ(tk+1)−

Xσ(tk))2 →
∫ t

0 σ
2(s)ds by theorem 5.3.10. To show the convergence of the third

term, we use the Cauchy-Schwarz inequality:

n−1∑
k=0

(Xb(tk+1) −Xb(tk))(Xσ(tk+1) −Xσ(tk))

≤

√√√√n−1∑
k=0

(Xb(tk+1) −Xb(tk))2

√√√√n−1∑
k=0

(Xσ(tk+1) −Xσ(tk))2.

Indeed, the above upper bound converges to zero as the product of a sequence
with limit zero and a bounded sequence.

Theorem 5.3.13 (Uniqueness of representation of Itô processes, [5]). The rep-
resentation of an Itô process in the form dX(t) = b(t)dt+ σ(t)dW (t) is unique.
That is: Suppose

dX(t) = bX(t)dt+ σX(t)dW (t),
dY (t) = bY (t)dt+ σY (t)dW (t),

with
∫ T

0 σZ(s)dW (s) bounded, for Z ∈ {X,Y }, and assume that X(t) = Y (t) al-
most surely. Then bX(t) = bY (t) and σX(t) = σY (t), for almost all t, Lebesgue-
almost surely.

Proof. Consider Z = X + Y and observe by linearity:

Z(t) =
∫ t

0
(bX − bY )(s) ds+

∫ t

0
(σX − σY )(s) dW (s).
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Hence Z is an Itô process. By assumption, Z(t, ω) = 0 for almost all ω ∈ Ω.
Thus

b̃(t) =
∫ t

0
(bX − bY )(s) ds = −

∫ t

0
(σX − σY )(s) dW (s) = σ̃(t).

We have [b̃(t), b̃(t)](t) = 0 due to proposition 5.3.11. However, it also holds

[b̃(t), b̃(t)](t) = [σ̃(t), σ̃(t)](t) =
∫ t

0
(σX − σY )(s)2 ds.

To have the last integral be equal to zero, we need σX(t, ω) = σY (t, ω), for
almost all ω ∈ Ω. We deduce σ̃(t) = 0, for almost all ω ∈ Ω, which gives

∫ t

0
(bX − bY )(s) ds = 0, for all t ∈ [0, T ]. (20)

Let b(t) = bX(t) − bY (t) and define b+ ≥ 0 as the positive part of b respectively
b− ≥ 0 as the negative part of b, such that b(t) = b+(t) − b−(t). By equation
(20), we have

∫ d

c

b+(s) ds =
∫ d

c

b−(s) ds = 0, for almost all [c, d] ⊆ [0, T ]. (21)

Next, let b̃+(E) =
∫
E
b+(s)ds resp. b̃−(E) =

∫
E
b−(s)ds, for E ∈ B([0, T ]).

Both b̃+ and b̃− satisfy the measure conditions on B([0, T ]) and by equation (21),
we conclude b̃+([c, d]) = b̃−([c, d]), for all [c, d] ⊆ [0, T ]. B([0, T ]) is generated
by intervals of such kind. Hence we obtain b̃+(E) = b̃−(E), for all E ∈ B([0, T ]).

By contradiction, we assume the set {t : b(t) ̸= 0} = {t : b+(t) ̸= b−(t)}
has positive Lebesgue-measure. In this case, at least one of the sets B+ =
{t : b+(t) > b−(t)} or B− = {t : b+(t) < b−(t)} must have positive Lebesgue-
measure. Consequently, we deduce

b̃+(E) − b̃−(E) =
∫
E

(b+ − b−)(s) ds > 0, for E ∈ {B−, B+},

contradicting b̃+(E) = b̃−(E), for all E ∈ B([0, T ]). This forces b+ − b− =
bX − bY = 0 almost surely on [0, T ].

45



6 Itô formula
The focus of this chapter is the following question: If F (t, x) is a smooth function
depending on two variables and X is an Itô process, is F (t,X(t)) again an
Itô process? Which form would its characteristics take? For simplicity, we
first consider only smooth F (W (t)) and answer this question in a step-by-step
manner. The beginning of this chapter is rather informal.

6.1 Intuitive attempt
This section is mainly inspired by [5] and is devoted to giving a brief idea of the
Itô formula. We want to design F (W (t)) in the form

F (W (t)) = F (W (0)) +
∫ t

0
bF (s) ds+

∫ t

0
σF (s) dW (s),

and identify its corresponding characteristics bF and σF . We start our guess in
some tiny interval [t, t + h], for very small h > 0. By Taylor expansion for a
suitable smooth function F , we have

F (t+ h) = F (t) +
∞∑
k=1

F (k)(t)
k! hk.

We replace t by W (t), and h by W (t + h) − W (t). The above equation now
becomes

F (W (t+ h)) − F (W (t)) =
∞∑
k=1

F (k)(W (t))
k! (W (t+ h) −W (t))k.

We analyze the sum of the above RHS term by term. The first term may be
recognized as

∫ t+h
t

F ′(W (s))dW (s). Because (F ′ ◦ W )(t) is continuous in t,
the stochastic integral of the simple process 1(t,t+h](s)F ′(W (t)) takes the form
F ′(W (t))(W (t + h) − W (t)), that is close to 1(t,t+h](s)F ′(W (s)), for tiny h,
due to theorem 5.1.5. Hence for tiny h > 0, we capture arbitrary W (t + h) −
W (t) informally as dW (t). Since the quadratic variation of a Wiener process
over [t, t + h] is h, the second term may be regarded as an ordinary Riemann
resp. Lebesgue integral of 1/2F ′′(W (s)) over [t, t + h] w.r.t. s. Therefore one
informally identifies (W (t+h) −W (t))2 with dW (t)dW (t) = dt, for tiny h > 0.
As W (t + h) − W (t) ∼ N (0, h), we obtain by the Cauchy-Schwarz inequality
that

E[|W (t+ h) −W (t)|3] ≤
√
E[(W (t+ h) −W (t))4]E[(W (t+ h) −W (t))2]

=
√

(4 − 1)!!h2h

=
√

3h 3
2

vanishes for h → 0. Thus one may represent (W (t+h)−W (t))3 by dW (t)dt = 0
for tiny h and forget about all terms of order k ≥ 3.
The Itô process in question may be represented in the form:

46



F (W (t+ h)) = F (W (t)) +
∫ t+h

t

bF (s) ds+
∫ t+h

t

σF (s) dW (s),

where bF (s) = F ′(s) and σF (s) = 1/2F ′′(s). Therefore one informally identifies
the above equation in differential form by

dF (W (t)) = 1
2F

′′(W (t))dt+ F ′(W (t))dW (t).

We now wish to formalize our conjectured results. In the last chapter 5, we
constructed the Itô integral for simple functions as sums of Wiener increments.
This allowed the definition for f ∈ M2 due to the means of the Itô isometry.

6.2 Formula for functions of Itô processes
In order to obtain a formula for a large class of functions F , we start with some
technical restraints on F . In the first place, this very formula shall be stated
for bounded, continuous F with compact support which depends on a Wiener
process as an input variable, theorem 6.2.3. This fact is applied in theorem 6.2.4
to acquire an extension for general functions in C2 with compact support. The
construction begins with a result in L2-convergence.

Proposition 6.2.1 ([5]). If f ∈ M2 has continuous paths, then for each t ∈
[0, T ] and sequence Πn,m(n)(0, t) = {tn,k}0≤k≤m(n) of partitions of [0, t] with
||Πn,m(n)(0, t)|| → 0 as n → ∞, we have

lim
n→∞

E


∫ t

0
f(s) dW (s) −

m(n)−1∑
k=0

f(tn,k)(W (tn,k+1) −W (tn,k))

2
 = 0.

Proof. Let Πn,m(n)(0, t) be as assumed and

fn(s) = 1{0}(s)f(0) +
m(n)−1∑
k=0

1(tn,k,tn,k+1](s)f(tn,k).

In the proof of theorem 5.1.5, we approximated any f ∈ M2 by simple processes
{fn}n∈N ⊂ E , for arbitrary intervals [0, t]. Therefore fn meets the property:

lim
n→∞

E
[∫ t

0
(f − fn)2(s) ds

]
= 0.

We conclude by the Itô isometry and linearity that
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lim
t→∞

E
[∫ t

0
(f − fn)2(s) ds

]
= lim
t→∞

E

[(∫ t

0
f(s) dW (s) −

∫ t

0
fn(s) dW (s)

)2]

= lim
t→∞

E


∫ t

0
f(s) dW (s) −

m(n)−1∑
k=0

f(tn,k)(W (tn,k+1) −W (tn,k))

2
 = 0.

Corollary 6.2.2 ([5]). Assume G : R → R is continuous and G(x) = 0 for
x /∈ [−c, c], c > 0, then

lim
t→∞

E

∫ t

0
G(W (s)) dW (s) −

m(n)−1∑
k=0

G(W (tn,k))(W (tn,k+1) −W (tn,k))2

 = 0.

Proof. The integral
∫ t

0 G(W (t))dW (t) exists, because G(W (t)) ∈ M2 as it is
bounded. The result directly follows from proposition 6.2.1.

Theorem 6.2.3 (Itô formula for functions of Wiener processes, [5]). Assume
that F : R → R is twice continuously differentiable and F (x) = 0 for x /∈ [−c, c],
c > 0. Then the Itô formula holds:

F (W (t)) − F (W (0)) =
∫ t

0
F ′(W (s)) dW (s) + 1

2

∫ t

0
F ′′(W (s)) ds.

Proof. We choose an equidistant partition {tk}0≤k≤n, for some n ∈ N, such that
tk = k tn , for all k. We treat the above LHS as a telescope sum and observe

F (W (t)) − F (W (0)) =
n−1∑
k=0

(F (W (tk+1)) − F (W (tk))). (22)

Let zk be some value in between of W (tk) and W (tk+1). Then by the Taylor
formula we have

F (W (tk+1)) − F (W (tk)) = F ′(W (tk))(W (tk+1) −W (tk)) + 1
2F

′′(W (zk))(W (tk+1) −W (tk))2.

(23)

We combine equations (22) and (23), which gives

F (W (t)) − F (W (0)) =
n−1∑
k=0

F ′(W (tk))(W (tk+1) −W (tk))

+ 1
2

n−1∑
k=0

F ′′(W (zk))(W (tk+1) −W (tk))2.
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We receive an expression for the limit in L2(Ω) of the first term of the above
RHS by corollary 6.2.2, since

lim
n→∞

n−1∑
k=0

F ′(W (tk))(W (tk+1) −W (tk)) =
∫ t

0
F ′(W (s)) dW (s).

Thus there exists a subsequence that converges almost surely. Next, we claim
that

lim
n→∞

n−1∑
k=0

(F ′′(zk) − F ′′(W (tk)))(W (tk+1) −W (tk))2 = 0, (24)

almost surely. F and the Wiener paths are uniformly continuous. Hence for any
ϵ > 0, there exists δ > 0, such that |u− v| < δ implies |F ′′(u) −F ′′(v)| < ϵ. For
almost all ω ∈ Ω, given δ > 0 there exists ν(ω), such that |t− s| < ν(ω) implies
|W (t, ω) −W (s, ω)| < δ. We fix a certain path ω ∈ Ω and an arbitrarily chosen
ϵ > 0. The condition on F gives δ, which provides ν(ω) from the condition on
the Wiener paths. Let h(ω) > 0 be satisfying t

h(ω) < ν(ω). For n ≥ h(ω), it
holds that |zk − W (tk)| < δ and therefore |F ′′(W (zk)) − F ′′(W (tk))| < ϵ, for
k = 0, 1, . . . , n. Thus for almost all ω ∈ Ω, we conclude

E

[
n−1∑
k=0

(F ′′(zk) − F ′′(W (tk)))(W (tk+1) −W (tk))2

]
< ϵE

[
n−1∑
k=0

(W (tk+1) −W (tk))2

]

= ϵ

n−1∑
k=0

(tk+1 − tk) = ϵt.

Indeed,
∑

(W (tk+1)−W (tk)))2 is finite for almost all ω ∈ Ω. We derive equation
(24), because ϵ > 0 was arbitrarily chosen. The next goal is to show that

lim
n→∞

n−1∑
k=0

F ′′(W (tk))(W (tk+1) −W (tk))2 =
∫ t

0
F ′′(W (s)) ds.

The above RHS may be approximated by
∑
F ′′(W (tk))(tk+1 − tk). Since t 7→

F ′′(W (t)) is continuous we have

lim
n→∞

n−1∑
k=0

F ′′(W (tk))(tk+1 − tk) =
∫ t

0
F ′′(W (s)) ds,

almost surely. The current task reduces to proving that

lim
n→∞

n−1∑
k=0

F ′′(W (tk))(W (tk+1) −W (tk))2 − (tk+1 − tk)) = 0.
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We aim for convergence in L2(Ω). Observe

E

(n−1∑
k=0

F ′′(W (tk))Zk

)2 = E

[
n−1∑
k=0

(F ′′(W (tk))Zk)2

]

+ 2E

 n−1∑
k,l=0
k ̸=l

F ′′(W (tl))F ′′(W (tk))ZlZk

 ,
(25)

with Zk = (W (tk+1) −W (tk))2 − (tk+1 − tk). For l < k, the expectation of the
cross terms in equation (25) equals zero, since the increment W (tk+1) −W (tk)
is independent of the σ-algebra by theorem 4.3.6. Furthermore, independence
of Zl, F ′′(W (tl)) and F ′′(W (tk)), all Ftk -measurable, is also given. The tower
property and independence deliver

E[F ′′(W (tl))F ′′(W (tk))ZlZk] = E[E[F ′′(W (tl))F ′′(W (tk))ZlZk|Ftk ]]
= E[F ′′(W (tl))F ′′(W (tk))ZlE[Zk|Ftk ]]
= E[F ′′(W (tl))F ′′(W (tk))Zl]E[Zk]
= E[F ′′(W (tl))F ′′(W (tk))Zl](Var[W (tk+1) −W (tk)] − (tk+1 − tk))
= 0.

The square term of (25) is now under the scope. By assumption, we have
sup

x∈[−c,c]
(F ′′(x))2 = J and thus

E

[
n−1∑
k=0

(F ′′(W (tk))Zk)2

]
≤ JE

[
n−1∑
k=0

Z2
k

]
= J

n−1∑
k=0

E[Z2
k ].

We claim that the above expression converges to zero. For that purpose, we
have proper a look at E[Z2

k ] and derive

E[Z2
k ] = E[(W (tk+1) −W (tk))4]

− 2Var[W (tk+1) −W (tk)](tk+1 − tk) + (tk+1 − tk)2

= E[(W (tk+1) −W (tk))4] −
(
t

n

)2

= 2t2

n2 .

(26)

This delivers

lim
n→∞

n−1∑
k=0

E[Z2
k ] = lim

n→∞
n

(
2t2

n2

)
= 0,

which guarantees the almost sure convergence of a subsequence.
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The above fact shall be directly extended to Itô processes.
Theorem 6.2.4 (Itô formula for functions of Itô processes - one variable, [5]).
Assume that F : R → R with F ∈ C2 and F (x) = 0 for x /∈ [−c, c], c > 0.
Assume that X is an Itô process of the form

dX(t) = b(t)dt+ σ(t)dW (t),

where σ ∈ M2, both b and σ have continuous paths, and where X and σ are
bounded by some constant. Then the process F (X(t)) is an Itô process and the
Itô formula holds:

F (X(t)) = F (0) +
∫ t

0
F ′(X(s))b(s) ds

+
∫ t

0
F ′(X(s))σ(s) dW (s) + 1

2

∫ t

0
F ′′(X(s))σ2(s) ds.

This can be informally identified with the SDE of the form:

dF (X(t)) =
(
F ′(X(s))b(s) + 1

2F
′′(X(s))σ2(s)

)
ds+ F ′(X(s))σ(s)dW (s).

Proof. We again write F (X(t)) − F (0) as a telescope sum and recall equation
(23) w.r.t. the Itô process X, then

F (X(t)) − F (0) =
n−1∑
k=0

F (X(tk+1)) − F (X(tk))

=
n−1∑
k=0

F ′(X(tk))(X(tk+1) −X(tk)) + 1
2

n−1∑
k=0

F ′′(zk)(X(tk+1) −X(tk))2,

(27)

where tk = k tn and zk is in between of X(tk) and X(tk+1)). The first term in
the very RHS of equation (27) may be written as

n−1∑
k=0

F ′(X(tk))
(∫ tk+1

tk

b(s) ds+
∫ tk+1

tk

σ(s) dW (s)
)
.

F ′(X(t)) is uniformly continuous. Hence for each ϵ > 0, there exists δ > 0, such
that |u− v| < δ implies |F ′(X(u)) −F ′(X(v))| < ϵ. Consider some m > 0, such
that n ≥ m and 1/m < δ, which gives

∣∣∣∣∣
n−1∑
k=0

F ′(X(tk))
∫ tk+1

tk

b(s) ds−
∫ tk+1

tk

F ′(X(s))b(s) ds

∣∣∣∣∣
≤
n−1∑
k=0

∫ tk+1

tk

|b(s)||F ′(X(s)) − F ′(X(tk))| ds

≤ ϵ

∫ t

0
|b(s)| ds.
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To deal with the second term in the very RHS of equation (27), we define
σn(t) =

∑n−1
k=0 1[tk,tk+1)(t)σ(tk). Thus

E

(n−1∑
k=0

F ′(X(tk))σ(tk)(W (tk+1) −W (tk)) −
n−1∑
k=0

F ′(X(tk))
∫ tk+1

tk

σ(s) dW (s)
)2

= E

[
n−1∑
k=0

(F ′(X(tk))Zk)2

]
+ 2E

∑
k,l=0
k ̸=l

F ′(X(tl))F ′(X(tk))ZlZk

 ,
(28)

with Zk =
∫ tk+1
tk

(σn − σ)(s) dW (s). For the first term in the RHS of (28), we
conclude

E

[
n−1∑
k=0

(F ′(X(tk))Zk)2

]

≤ sup
t∈[0,T ]

|F ′(X(t))2|
n−1∑
k=0

E

[(∫ tk+1

tk

(σn − σ)(s) dW (s)
)2]

≤ sup
t∈[0,T ]

|F ′(X(t))2|
n−1∑
k=0

[∫ tk+1

tk

(σn − σ)2(s) dW (s)
]
,

which converges to zero as n → ∞. The second term in the RHS of (28) is zero
because for l < k, we have

E[F ′(X(tl))F ′(X(tk))ZlZk] = E[F ′(X(tl))F ′(X(tk))Zl]E[Zk|Ftk ] = 0,

due to the martingale property of the stochastic integral. Next, we aim to show
that

lim
n→∞

n−1∑
k=0

(F ′′(zk) − F ′′(X(tk))(X(tk+1) −X(tk))2 = 0, (29)

almost surely. We translate the reasoning and notation from equation (24) and
below. Hence for n ≥ h(ω), it holds that |zk − W (tk)| < δ implies |F ′′(zk) −
F ′′(W (tk))| < ϵ for k = 0, 1, . . . , n− 1. Thus for almost all ω ∈ Ω, it holds

n−1∑
k=0

(F ′′(zk) − F ′′(X(tk)))(X(tk+1) −X(tk))2 ≤ ϵ

n−1∑
k=0

(X(tk+1) −X(tk))2,

which converges to ϵ
∫ t

0 σ
2(s)ds in L2(Ω) as n → ∞. Equation (29) follows, be-

cause it is true for every ϵ > 0. Furthermore, there exists a bounded subsequence
converging almost surely. We need to show that
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lim
n→∞

n−1∑
k=0

F ′′(X(tk))(X(tk+1) −X(tk))2 =
∫ t

0
F ′′(X(s))σ(s) ds in L2(Ω).

The increments of X are integrals that are multiplied by F ′′(X(t)) at fixed times
t. Because σ has continuous paths, we consider

∑n−1
k=0 F

′′(X(tk))
∫ tk+1
tk

σ2(s)ds.
F ′′ is bounded by some constant C. Hence

∣∣∣∣∣
n−1∑
k=0

F ′′(X(tk))
(∫ tk+1

tk

σ2(s) ds− σ2(tk)(tk+1 − tk)
)∣∣∣∣∣

≤ C

n−1∑
k=0

∫ tk+1

tk

|σ2(s) − σ2(tk)| ds

≤ C

n−1∑
k=0

sup
|s−u|≤ t

n

|σ2(s) − σ2(u)|(tk+1 − tk)

= Ct sup
|s−u|≤ t

n

|σ2(s) − σ2(u)|,

which converges to zero as n → ∞. The claim now reduces to showing

lim
n→∞

n−1∑
k=0

F ′′(X(tk))
(

(X(tk+1) −X(tk))2 −
∫ tk+1

tk

σ2(s) ds
)

= 0, (30)

almost surely. The Itô process X is decomposed into two components, the drift
and a stochastic integral which is a martingale. Thus we consider

n−1∑
k=0

F ′′(X(tk))(X(tk+1) −X(tk))2 =
n−1∑
k=0

F ′′(X(tk))
(∫ tk+1

tk

b(s) ds+
∫ tk+1

tk

σ(s) dW (s)
)2

.

(31)

As
∫ t

0 |b(s)|ds < ∞ almost surely, we further have

n−1∑
k=0

F ′′(X(tk))
(∫ tk+1

tk

b(s) ds
)2

≤ sup
x∈[−C,C]

|F ′′(x)| max
0≤k≤n−1

∣∣∣∣∫ tk+1

tk

b(s) ds
∣∣∣∣ n−1∑
k=0

∫ tk+1

tk

|b(s)| ds

and

∣∣∣∣∣
n−1∑
k=0

F ′′(X(tk))
(∫ tk+1

tk

b(s) ds
)(∫ tk+1

tk

σ(s) dW (s)
)∣∣∣∣∣

≤ sup
x∈[−C,C]

|F ′′(x)| max
0≤k≤n−1

∣∣∣∣∫ tk+1

tk

σ(s) dW (s)
∣∣∣∣ n−1∑
k=0

∫ tk+1

tk

|b(s)| ds.
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Because t 7→
∫ t

0 b(s)ds and t 7→
∫ t

0 σ(s)dW (s) are continuous functions, they are
also uniformly continuous on [0, T ]. Moreover,

∑∫
|b(s)|ds is bounded, meaning

both upper bounds of the above converge to zero almost surely. Combining
equations (30) and (31), it remains to prove that

lim
n→∞

n−1∑
k=0

F ′′(X(tk))
((∫ tk+1

tk

σ(s) dW (s)
)2

−
∫ tk+1

tk

σ2(s) ds
)

= 0,

almost surely. Let Z(t) =
∫ t

0 σ(s)dW (s), so

E

(n−1∑
k=0

F ′′(X(tk))
(

(Z(tk+1) − Z(tk))2 −
∫ tk+1

tk

σ2(s) ds
))2 (32)

is currently in the scope. First, we want to show that the cross-terms in equation
(32) are zero. For l < k, we use the tower property w.r.t. Ftk and remove
everything out of the conditional expectation but the (Z(tk+1) − Z(tk))2 −∫ tk+1
tk

σ2(s)ds term. If this very term is zero within the conditional expectation
it remains to deal with the square terms in equation (32). As a consequence of
theorem 4.3.8, we obtain

E
[
(Z(tk+1) − Z(tk))2 −

∫ tk+1

tk

σ2(s) ds|Ftk
]

= E[Z2(tk+1) − Z2(tk)|Ftk ] − E
[∫ tk+1

tk

σ2(s) ds|Ftk
]

= E
[
Z2(tk+1) −

∫ tk+1

0
σ2(s) ds|Ftk

]
−
(
Z2(tk) −

∫ tk

0
σ2(s) ds

)
= 0,

where we get the last equality by theorem 5.3.8. All cross-terms in (32) vanish.
Next, we take the square term in equation (32) into account. Consider the
identity (x+ y)2 ≤ 2x2 + 2y2. Since F ′′ is bounded, we have

E

[
n−1∑
k=0

(F ′′(X(tk)))2
(

(Z(tk+1) − Z(tk))2 −
∫ tk+1

tk

σ2(s) ds
)2]

≤ 2CE
[
n−1∑
k=0

(Z(tk+1) − Z(tk))4 +
(∫ tk+1

tk

σ2(s) ds
)2]

≤ 2CE
[
n−1∑
k=0

(Z(tk+1) − Z(tk))4

]
+ 2C max

0≤k≤n−1

∣∣∣∣∫ tk+1

tk

σ2(s) ds
∣∣∣∣ n−1∑
k=0

∫ tk+1

tk

σ2(s) ds

≤ 2CE
[
n−1∑
k=0

(Z(tk+1) − Z(tk))4

]
+ 2C max

0≤k≤n−1

∣∣∣∣∫ tk+1

tk

σ2(s) ds
∣∣∣∣ ∫ t

0
σ2(s) ds.

The first of the above upper bound converges to zero due to lemma 5.3.9, because
the process Z is a bounded, continuous martingale. Regard the second term of
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the above upper bound. We note that t 7→
∫ t

0 σ
2(s)ds is continuous, hence also

uniformly continuous, and
∫ t

0 σ
2(s)ds < ∞. For that reason, the upper bound

converges to zero almost surely. Again there is a subsequence almost surely
converging.

We turn our attention to functions of two variables t and x. Beforehand, we
implement some new notation on which the following Itô formulae depend.

Definition 6.2.5 ([5]). For any function F : [0, T ] × R → R with (t, x) 7→
F (t, x), the notation of its partial derivatives is now given by:

Ft = ∂F

∂t
,

Fx = ∂F

∂x
,

Fxx = ∂2F

∂x2 .

Moreover, let C1,2([0, T ] × R) be the collection of all functions F (t, x) with
continuous partial derivatives Ft, Fx and Fxx.

Theorem 6.2.6 (Itô formula of Itô processes - two variables, [5]). Assume
F (t, x) ∈ C1,2([0, T ] × R) and F (t, x) = 0 for x /∈ [−c, c], c > 0. Let X be
bounded by a constant and satisfy

dX(t) = b(t)dt+ σ(t)dW (t),

with σ ∈ M2 and b, σ having continuous paths. Then F (t,X(t)) is an Itô process
attaining the formula:

F (t,X(t)) = F (0, 0) +
∫ t

0
Ft(s,X(s)) ds

+
∫ t

0
Fx(s,X(s))b(s) ds+

∫ t

0
Fx(s,X(s))σ(s) dW (s)

+ 1
2

∫ t

0
Fxx(s,X(s))σ2(s) ds.

(33)

Proof. Again let tk = k tn , for k = 0, 1, . . . , n. By Taylor formula, we get
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F (t,X(t)) − F (0, 0) =
n−1∑
k=0

F (tk+1, X(tk+1)) − F (tk, X(tk))

=
n−1∑
k=0

Ft(tk, X(tk))(tk+1 − tk)

+
n−1∑
k=0

(Ft(sk, X(tk)) − Ft(tk, X(tk)))(tk+1 − tk)

+
n−1∑
k=0

Fx(tk, X(tk))(X(tk+1) −X(tk))

+ 1
2

n−1∑
k=0

Fxx(tk, zk)(X(tk+1) −X(tk))2,

(34)

where sk ∈ [tk, tk+1] and zk is in between of X(tk) and X(tk+1). The first sum in
the very RHS of equation (34) is an approximation of

∫ t
0 Ft(s,X(s))ds, whereas

the second sum converges to zero due to the continuity of Ft. We already dealt
with the third and fourth sum in the proof of theorem 6.2.4, which derives the
claim.

Assuming that F is zero outside some bounded interval is very restrictive. The
Itô formula is currently not applicable to basic functions such as constants or
the exponential. For that purpose, we want to develop techniques to gain access
to a wider class of functions that can be considered in unbounded intervals.

6.3 Extending the integral
The goal of this section is to provide tools for the extension of the Itô formula
for general functions in C1,2([0, T ] × R). We do so in exploring the localisation,
definition 6.3.1, and further aim for proposition 6.3.4. Theorem 6.3.5 ensures the
existence of the limit process which is independent of the choice of localisation.
Let X = {X(t, ω) : t ∈ [0, T ], ω ∈ Ω} be a stochastic process with continuous
paths. For some c > 0 and ω ∈ Ω, define

τc(ω) = inf{t ∈ [0, T ] : |X(t, ω)| ≥ c},

where inf{∅} := T . In other words, we want to stop the process once it reaches
a given level c and remains constant from then on. If X is assumed to be
{Ft}t∈[0,T ]-adapted, then

{τc > t} =
⋂

s∈[0,t]∩Q

{|X(s)| < c} ∈ Ft,

which makes τc a stopping time. Let

Xc(t) = 1[0,τc](t)X(t) + 1(τc,∞)(t)c,
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which satisfies |Xc(t)| ≤ c. Thus we apply the instruments available that we
gathered for bounded processes. If c → ∞, then Xc is the original X and we
only need to pass to the limit. Continuous paths are bounded on bounded in-
tervals. If c is above this bound, we have τc = T . Hence if the process remains
below the boundary c, a process must not be stopped.

We introduce a new class of stopping times. It helps to verify that once a
given process is stopped we receive a process in M2.

Definition 6.3.1 (Localising stopping time, [5]). Let X : [0, T ] × Ω → R be a
stochastic process. We call a sequence of stopping times {τn}n∈N localising for
X in M2 if:

(1) τn ≤ τn+1, for each n ≥ 1.
(2) 1{t≤τn}X ∈ M2, for each n ≥ 1.
(3) P [

⋃∞
n=1{ω : τn(ω) = T}] = 1.

The class of localising stopping times is key for the extension of the stochastic
integral. We define the space

P2 =
{
f : [0, T ] × Ω → R, f product measurable and adapted,

∫ T

0
f(s) ds < ∞ P − a.s.

}
.

If f ∈ M2, we have E[
∫ T

0 f2(s)ds] < ∞. This implies
∫ T

0 f2(s)ds < ∞, P-almost
surely. Therefore f ∈ P2, i.e. M2 ⊂ P2.

Proposition 6.3.2 ([5]). If f ∈ P2, then the sequence of stopping times defined
for n ≥ 1 by

τn = inf
{
s ∈ [0, T ] :

∫ s

0
f2(u) du ≥ n

}
,

where inf{∅} = T , is a localising sequence of f in M2.

Proof. By definition, {τn}n∈N is an increasing sequence. For each ω ∈ Ω, we
have

∫ T

0
1{s≤τn}(s)f2(s, ω) ds =

∫ τn

0
f2(s, ω) ds ≤ n.

This implies

E

[∫ T

0
(1{s≤τn}f

2)(s) ds
]

≤ n < ∞,

which guarantees 1{t≤τn}f ∈ M2. Moreover for each ω ∈ Ω with
∫ T

0 f2(s, ω)ds <
∞, there exists n ∈ N such that

∫ T
0 f2(s, ω)ds ≤ n. The claim follows as

P

[⋃
n∈N

{ω : τn(ω) = T}

]
≥ P

[{
ω ∈ Ω :

∫ T

0
f2(s, ω) ds < ∞

}]
= 1.
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The extension of the stochastic integral begins as follows: For every f ∈ P2,
there is some localising sequence for f in M2, such that there exists a continuous
martingale Xn(t) satisfying

Xn(t) =
∫ T

0
(1[0,t]1[0,τn]f)(s) dW (s). (35)

Definition 6.3.3 ([5]). For f ∈ P2, we define its stochastic integral as

∫ t

0
f(s) dW (s) = lim

t→∞
Xn(t),

with Xn(t) as in equation (35).

A process X with continuous paths
∫ T

0 F (X(t))dt can now be defined because,
given F continuous,

∫ T
0 F 2(X(t))dt < ∞ almost surely. In the following step,

we aim to relate stopping times to stochastic integrals. In particular, we prove
the following: If the values of two stochastic processes remain the same until
some stopping time τ , for some ω ∈ Ω, then their stochastic integrals are equal
until every time t ≤ τ(ω), for almost all ω.

Proposition 6.3.4 ([12]). Let f, g ∈ M2 and let τ, ϑ both be stopping times,
such that f(t, ω) = g(t, ω), if τ ≤ t < ϑ. Then for any τ ≤ s ≤ t < ϑ, we have
for almost all ω,

∫ t

s

f(u) dW (u) =
∫ t

s

g(u) dW (u).

Proof. Fix s and t, such that s ≤ t. We need to ensure that if f(t, ω) = 0 on
E = {(t, ω) ∈ [0, T ] × Ω : t ∈ [τ, ϑ]}, then

∫ t
s
f(u)dW (u) = 0 on A(t) = {ω ∈ Ω :

t ∈ [τ, ϑ)} = {τ ≤ t}∩(Ω \ {ϑ ≤ t}) ∈ Ft. Assume f ∈ E is as in definition 5.1.4.
There exists l ≤ k for any ω ∈ Ω, such that τ ∈ (tl, tl+1] and ϑ ∈ (tk, tk+1].
If f vanishes on E, we need ξj(ω) = 0, for l ≤ j ≤ k. Let s ∈ (tl, tl+1] and
t ∈ (tk, tk+1], then

(∫ t

s

f(u) dW (u)
)

(ω) =
(∫ t

0
f(u) dW (u)

)
(ω) −

(∫ s

0
f(u) dW (u)

)
(ω)

=
k−1∑
j=1

ξj(W (tj+1, ω) −W (tj , ω)) + ξk(ω)(W (t, ω) −W (tk, ω))

−
l−1∑
j=1

ξj(W (tj+1, ω) −W (tj , ω)) − ξl(ω)(W (s, ω) −W (tl, ω)).

If τ ≤ s ≤ t ≤ ϑ, then ξj(ω) = 0, for l ≤ j ≤ k. Thus the above sum equals
zero. Let f be bounded and assume the existence of an increasing sequence
{fn}n∈N ⊆ E converging to f in M2. Further let hn(t, ω) = 1A(t)(t)fn(t, ω),
which is an adapted process. We have that

∫ t
s
hn(u)dW (u) = 0, for τ ≤ s ≤
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t ≤ ϑ. As fn converges to f in M2, we get that hn converges to 1A(t)f and
conclude

lim
n→∞

∫ t

s

hn(u) dW (u) =
∫ t

s

f(u) dW (u) in L2(Ω).

There exists a subsequence converging almost surely. Moreover,
∫ t
s
f(u)dW (u) =

0, for τ ≤ s ≤ t ≤ ϑ, is true on a set of full probability Ωt. We observe

∫ q

s

f(u) dW (u) = 0 on
⋃

q∈[s,t]∩Q

Ωq.

This result can be extended to all t ∈ [0, T ], by continuity. To close the proof let
f ∈ M2 and fn(t, ω) = 1{|f(t,ω)|≤n}(ω)f(t, ω), which converges to f pointwise.
Due to dominated convergence, we deduce convergence in M2. Linearity of the
stochastic integral and the Itô isometry deliver

∫ t
s
fn(u)dW (u) converging to∫ t

s
f(u)dW (u) in L2(Ω). Since fn is bounded, it is also zero for τ ≤ s ≤ t ≤ ϑ.

Indeed,
∫ t
s
fn(u)dW (u) = 0 holds, forcing

∫ t
s
f(u)dW (u) = 0.

Remark. Notably, the above proposition implies equality of the stochastic inte-
grals over [0, t] by taking τ(ω) = 0, for all ω ∈ Ω.

Theorem 6.3.5 ([5]). There exists a continuous process X(t), such that X(t) =
lim
n→∞

Xn(t) almost surely. The limit does not depend on the choice of localising
sequences {τn}n∈N used to define Xn as in equation (35).

Proof. Let {τn}n∈N be a localising sequence and consider Ω∗ =
⋃
n{ω ∈ Ω :

τn(ω) = T}, which has full probability. Furthermore, let Ωn ⊆ Ω with P[Ωn] =
1, for all n ∈ N, such that ω ∈ Ωn implies t 7→ Xn(t, ω) has continuous paths. Let
Ω∗ =

⋂
n Ωn. Since P [

⋃
n Ω \ Ωn] = 0, we get P[Ω∗] = 1 and also P[Ω∗ ∩Ω∗] = 1.

We denote the smallest n, such that τn(ω) = T , for ω ∈ Ω∗∩Ω∗, by m(ω). Define
fn(t, ω) = f(t, ω)1[0,τn(ω)](t) (i.e. Xn(t) =

∫ T
0 (1[0,t]fn)(s)dW (s)) and let τ =

τn. For any (t, ω) with t ≤ τ(ω), we have fn(t, ω) = fn+1(t, ω), because {τn}n∈N
is an increasing sequence. As a consequence of the previous proposition 6.3.4,
for any (t, ω) with t ≤ τ(ω), it holds that

∫ t
0 fn(s)dW (s) =

∫ t
0 fn+1(s)dW (s).

Therefore Xn(t, ω) = Xn+1(t, ω) holds. This is enough to ensure for ω ∈ Ω∗ ∩Ω∗

and n ≥ m(ω) (i.e. τn(ω) = T ), we have Xn(t, ω) = Xn+1(t, ω), for all t ≤ T .
We conclude that Xn(t, ω) may be constant and write X(t, ω) = Xn(t, ω).
The path-continuity of the limit X(t) follows from those of Xn(t). We wish to
prove the independence of X(t) of the chosen localising sequence. Let ϑn be
another localising sequence of f in M2 and define Yn(t) =

∫ t
0 (1[0,ϑn]f)(s)dW (s).

Also, let

Γ =
⋂
n∈N

{ω ∈ Ω : τn(ω) = T and ϑn(ω) = T}.

By definition, P[Γ] = 1 as both {τn}n∈N and {ϑn}n∈N are localising. Again we
apply proposition 6.3.4 and consider
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fτn
(t, ω) = 1[0,τn(ω)](t)f(t, ω),

fϑn
(t, ω) = 1[0,ϑn(ω)](t)f(t, ω).

Define ζn = τn∧ϑn which is a stopping time by lemma 4.4.2. Clearly, fτn
(t, ω) =

fϑn
(t, ω) for all ω ∈ Ω with t ≤ ζn(ω). Since P[Γ] = 1, it follows from propo-

sition 6.3.4 that Xn(t) = Yn(t) almost surely, for each t ≤ T . Thus we have
lim
n→∞

Xn(t) = lim
n→∞

Yn(t).

All the necessary work is done to attack Itô processes for more general inte-
grands.

Definition 6.3.6 ([5]). Let b, σ be given progressively measurable processes sat-
isfying

∫ T
0 |b(s)|ds < ∞ and

∫ T
0 σ2(s)ds < ∞, almost surely. If the process X

is of the form

X(t) = X(0) +
∫ t

0
b(s) ds+

∫ t

0
σ(s) dW (s), (36)

then such X is called an Itô process. The differential form of X as in equation
(36) satisfies

dX(t) = b(t)dt+ σ(t)dW (t).

Next, we restate proposition 6.3.4 for a more general space of integrands.

Proposition 6.3.7 ([5]). If τ is a stopping time and f, g ∈ P2, such that
f(t, ω) = g(t, ω), for each t ≤ τ(ω), then

∫ t

0
f(s) dW (s) =

∫ t

0
g(s) dW (s),

for almost all ω with t ≤ τ(ω).

Proof. Let f, g ∈ P2, and consider h = f − g ∈ P2. By assumption, we have
h(t, ω) = 0 almost surely, for t ≤ τ(ω). We define the localising sequence for h
in M2:

τn(ω) = min
{
t ∈ [0, T ] :

∫ t

0
h2(s, ω) ds ≥ n

}
.

Due to theorem 6.3.5, the sequence

Xn(t) =
∫ t

0
(1{t≤τn}f)(s) dW (s)

has a stochastic process X as limit. It holds that h(t, ω)1{t≤τn(ω)}(t) = 0, for
t ≤ τ(ω). We obtain
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∫ t

0
(1{t≤τn}h)(s) dW (s) = 0, for every t ≤ τ(ω).

We conclude the claim as lim
n→∞

Xn(t) = X(t, ω) = 0, if t ≤ τ(ω).

Certain paths of stochastic integrals are equal if the very same paths of the
integrands are equal. The next task is to apply the gathered theory for the final
version of the Itô formula. Beforehand, we want to highlight the importance of
a more general space of functions. For b with

∫ T
0 |b(s)|ds < ∞ and σ ∈ P2, the

Itô process X takes the form

X(t) = X(0) +
∫ t

0
b(s) ds+

∫ t

0
σ(s) dW (s).

We need the existence of the stochastic integral
∫ t

0 Fx(s,X(s)dW (s). M2 is
not a suitable space, because Fx(t,X(t))σ(t) is not necessarily contained in M2

for general σ ∈ M2. Then |Fx(t,X(t))σ(t)| may be unbounded. Moreover,
we required X to be bounded by some deterministic constant as in theorem
6.2.3 and 6.2.6. X contains a Wiener process W . Consequently,

∫ t
0 σ(s) dW (s)

needs to be bounded. This excludes constants σ, which does not apply to our
intentions in the Black-Scholes model. Thus we need localisation to relax the
restrictions. P2 only asks for X and Fx to be continuous, which means that
t 7→ Fx(t,X(t)) is bounded on bounded intervals. Hence

∫ T
0 F 2

x (s,X(s))σ2(s)ds
is well defined. However, there is no counterpart to theorem 5.3.1 anymore. In
other words, t 7→

∫ t
0 (1[0,t]σ)(s)dW (s) is not a martingale in general.

6.4 Itô formula for general integrands
The goal of this section is the construction of the general Itô formula 6.4.2 and
Lévy’s theorem 6.4.4. The previous section 6.3 delivered a new technique called
localisation. This opens the derivation of more general versions. In the same
fashion as in section 6.2, we begin with the Itô formula for functions of Wiener
processes.

Theorem 6.4.1 (general Itô formula for functions of Wiener processes, [5]). If
F : R → R with F ∈ C2, then

F (W (t)) = F (W (0)) +
∫ t

0
F ′(W (s)) dW (s) + 1

2

∫ t

0
F ′′(W (s)) ds. (37)

Proof. Let F ∈ P2 and define

Ωn = {ω ∈ Ω : |W (t, ω)| ≤ n, for all t ∈ [0, T ]}.

There exists Ω∗ ⊆ Ω of full probability, such that W (t, ω) has continuous paths
on Ω∗. It holds that Ω∗ ⊆

⋃
n∈N Ωn, because continuous paths are also bounded

on compact intervals. Let ω∗ ∈ Ω∗ and n ∈ N large enough, such that ω∗ ∈ Ωn.
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Consider Fn ∈ C2 with Fn(x) = F (x), for x ∈ [−n, n], and Fn(x) = 0, for all
x /∈ [−(n+ 1), n+ 1]. By the Itô formula, we obtain

Fn(W (t)) − Fn(W (0)) =
∫ t

0
F ′
n(W (s)) dW (s) + 1

2

∫ t

0
F ′′
n (W (s)) ds.

Define τ(ω) = min{t ∈ [0, T ] : |W (t, ω)| ≥ n} and thus F ′
n(W (t)) = F ′(W (t)),

for all (t, ω) with t ≤ τ(ω). Proposition 6.3.4 states that

∫ t

0
F ′
n(W (s)) dW (s) =

∫ t

0
F ′(W (s)) dW (s),

for any (t, ω). Moreover, the chosen ω∗ ∈ Ω∗ satisfies τ(ω∗) = T . Therefore
we receive the Itô formula as in equation (37), for all t ∈ [0, T ], since the other
terms Fn can be exchanged by F .

Consider τ = min{t ∈ [0, T ] : X(t) ≥ c}. For X ∈ P2, X(t ∧ τ) ∈ M2 is
a martingale. We now wish to state the main result of the whole chapter for
c → ∞, where X(t ∧ τ) → X(t).

Theorem 6.4.2 (general Itô formula, [5]). Assume that F : [0, T ]×R → R with
F ∈ C1,2 and let X be an Itô process

dX(t) = b(t)dt+ σ(t)dW (t),

where
∫ T

0 |b(s)|ds < ∞, almost surely, and σ ∈ P2. Then the process F (t,X(t))
is an Itô process and attains the Itô formula:

F (t,X(t)) = F (0, 0) +
∫ t

0
Ft(s,X(s)) ds+

∫ t

0
Fx(s,X(s))b(s) ds

+
∫ t

0
Fx(s,X(s))σ(s) dW (s) + 1

2

∫ t

0
Fxx(s,X(s))σ2(s) ds.

(38)

Proof. Let Fn ∈ C1,2 with Fn(t, x) = F (t, x), for x ∈ [−n, n], and Fn(t, x) = 0,
for x /∈ [−(n+ 1), n+ 1]. We further define τn(ω) = min{t ∈ [0, T ] : |X(t, ω)| ≥
n or |σ(t, ω)| < n}. Due to the continuity of the paths t 7→ X(t, ω) on [0, T ], we
have

P

[⋃
n∈N

{τn = T}

]
= 1. (39)

We take the stopped process Xτn
into account, which satisfies |Xτn

(t)| ≤ n. We
aim to show that

dXτn(t) = bτn(t)dt+ στn(t)dW (t),
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with bτn
= b1[0,τn] and στn

= σ1[0,τn], is an Itô process. If t ≤ τn(ω), then
bτn(s, ω) = b(s, ω), for s ∈ [0, t]. We deduce that

∫ t
0 bτn(s, ω)ds =

∫ t
0 b(s, ω)ds by

proposition 6.3.4 and similarly for στn
(s, ω) = σ(s, ω), that

∫ t
0 στn

(s, ω)dW (s) =∫ t
0 σ(s, ω)dW (s), which gives Xτn

= X. Furthermore, bτn
(t) = 0 and στn

(t) =
0, for t > τ(ω). Thus Xτn

(t) = X(τn). For bounded Fn, we already have
the Itô formula in the form of equation (33). If t ≤ τ(ω), then we also have
(Fn)x(t,Xτn

(t))στn
(t) = Fx(t,X(t))σ(t), because Fn(t, x) = F (t, x) for x ∈

[−n, n]. Hence for t ≤ τ(ω), we obtain

∫ t

0
(Fn)x(s,Xτn

(s))στn
(s) dW (s) =

∫ t

0
Fx(s,X(s))σ(s) dW (s).

If t ≤ τ(ω), when Fn(t,Xτn
(t)) is written in the form of equation (33), we

exchange Fn with F , Xτn
with X, bτn

with b, and στn
with σ. We receive the

expression as in equation (38). This remains true almost surely by equation
(39).

In addition, we show two applications of the Itô formula.

Corollary 6.4.3 (Product rule, [7]). Let X,Y both be Itô processes of the form:

dX(t) = bX(t)dt+ σX(t)dW (t),
dY (t) = bY (t)dt+ σY (t)dW (t).

Then their product XY is also an Itô process, which satisfies

d(XY ) = XdY + Y dX + σXσY dt.

Proof. For F (t, x) = x2, so Ft = 0, Fx = 2x, Fxx = 2, the Itô formula 6.4.2
delivers

dF (t,X(t)) = 2X(t)(bX(t)dt+ σX(t)dW (t)) + 1
22σ2

X(t)dt

= σ2
X(t)dt+ 2X(t)dX(t),

meaning

X2(t) = X2(0) +
∫ t

0
σ2
X(s) ds+ 2

∫ t

0
X(s) dX(s).

We use this fact on (X + Y )2 and observe

(X(t) + Y (t))2 = (X(0) + Y (0))2 +
∫ t

0
(σX + σY )2(s) ds+

∫ t

0
(X + Y )2(s)d(X + Y )(s).

The claim follows immediately as

X(t)Y (t) = 1
2((X(t) + Y (t))2 − (X2(t) + Y 2(t))).
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Recall that W (t) and W 2(t) − t are martingales by theorem 4.3.7. The useful
fact below characterizes a specific class of stochastic processes with the Wiener
process.

Theorem 6.4.4 (Lévy - one dimension, [14]). Let X = {X(t) : t ∈ [0, T ]} be
a stochastic process on the probability space (Ω,F ,P). Suppose that X(t) is a
continuous martingale w.r.t. the Wiener filtration FW

t , which satisfies X(0) = 0
and [X,X](t) = t, P-almost surely. Then X is a Wiener process.

Proof. Almost all paths of X start at zero and are continuous w.r.t. the Wiener
filtration. Let γ ∈ R and consider F (t, x) = exp

(
γx− 1

2γ
2t
)

∈ C1,2([0, T ] × R).
Thus Ft(t, x) = − 1

2γ
2F (t, x), Fx(t, x) = γF (t, x) and Fxx(t, x) = γ2F (t, x).

Such F satisfies Ft(t, x) + 1
2Fxx(t, x) = 0. The Itô formula 6.4.2 gives the

martingale property of F (t,X(t)), because

dF (t,X(t)) = Ft(t,X(t))dt+ Fx(t,X(t))dX(t) + 1
2Fxx(t,X(t))d[X,X](t)

= −1
2γ

2F (t,X(t))dt+ γF (t,X(t))dX(t) + 1
2γ

2F (t,X(t))dt

= γF (t,X(t))dX(t).

Let s < t, then

E
[
exp

(
γX(t) − 1

2γ
2t

)
|Fs
]

= exp
(
γX(s) − 1

2γ
2s

)
,

which implies

E [exp (γ(X(t) −X(s)))] = E [E [exp (γ(X(t) −X(s))) |Fs]]

= E
[
exp

(
1
2γ

2(t− s)
)]

= exp
(

1
2γ

2(t− s)
)
.

The above expression is the moment-generating function of the standard normal
In particular, X(t) −X(s) ∼ N (0, t− s). Moreover, it holds that

E[γX(t)|Fs] = exp
(
γX(s) + 1

2γ
2(t− s)

)
.

Let 0 ≤ t1 < t2 < . . . < tn ≤ T and {γk}1≤k≤n ⊂ R. We observe
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E

[
exp

(
γ1X(t1) +

n∑
k=2

γk(X(tk) −X(tk−1))
)]

= E

[
exp

(
n−1∑
k=1

(γk − γk+1)X(tk) + γnX(tn)
)]

= E

[
E

[
exp

(
n−1∑
k=1

(γk − γk+1)X(tk) + γnX(tn)
)

|Ftn−1

]]

= E

[
exp

(
n−1∑
k=1

(γk − γk+1)X(tk)
)
E[γnX(tn)|Ftn−1 ]

]

= E

[
exp

(
n−1∑
k=1

(γk − γk+1)X(tk)
)]

exp
(

1
2γ

2
n(tn − tn−1)

)
= . . .

= exp
(

1
2γ

2
1t1 + 1

2

n∑
k=2

γ2
k(tk − tk−1)

)

= exp
(

1
2γ

2
1t1

) n∏
k=2

exp
(

1
2γ

2
k(tk − tk−1)

)
.

The above calculation verifies that X(t1) − X(0), X(t2) − X(t1), . . . , X(tn) −
X(tn−1) are independent increments. Indeed, X is a Wiener process on (Ω,F ,P),
since each condition in definition 4.0.4 is satisfied.

6.5 Local martingales
Localisation allowed the derivation of the Itô formula for more general processes
f ∈ P2. The price we paid is that we gave up the martingale property of the
stochastic integral

∫ t
0 f(s)dW (s). This section is a small collection of tools

applied in section 7.3, where we erase opportunities to gain risk-free profit in
the Black-Scholes model. We aim to capture propositions 6.5.2 and 6.5.4.
Definition 6.5.1 (Local martingale, [5]). The process X(t) adapted to Ft is
a local martingale, if there exists a sequence {τn}n≥1 of stopping times so
that for each ω ∈ Ω, there is some N(ω) ∈ N, such that n ≥ N(ω) implies
τn(ω) ≥ T . Moreover for each n, Xτn

is a martingale w.r.t. Ft.
By definition, every martingale is a local martingale as the martingale property
remains under general stopping times. We state the first result linking processes
f ∈ P2 to local martingales.
Proposition 6.5.2 ([5]). Let f ∈ P2, then X(t) =

∫ t
0 f(s)dW (s) is a local

martingale.
Proof. In the spirit of definition 6.3.3, the stochastic integral for processes of
f ∈ P2 was defined as

X(t) =
∫ t

0
f(s) dW (s) = lim

t→∞
Xn(t),
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with the continuous P-martingale

Xn(t) =
∫ T

0
(1[0,T ]1[0,τn]f)(s) dW (s).

The limit X is independent of the choice of localising sequence {τn}n∈N used to
define Xn due to theorem 6.3.5. Consider

τn = inf
{
t ≤ T :

∫ t

0
f2(s) ds ≥ n

}
,

with the convention inf{∅} = ∞. Notably, a process must not be stopped if the
integral remains below the upper bound n. The calculations below verify the
martingale property of the stopped process Xτn

= {X(τn ∧ t) : t ∈ [0, T ]}:

Xτk
(t) = X(τk ∧ t) = lim

n→∞
Xn(τk ∧ t)

= lim
n→∞

∫ T

0
(1[0,τk∧t]1[0,τn]f)(s) dW (s)

= lim
n→∞

∫ T

0
(1[0,t]1[0,τk]1[0,τn]f)(s) dW (s)

=
∫ T

0
(1[0,t]10,τk

f)(s) dW (s) = Xk(t).

We obtained the second last equation because τn ≥ τk, for n ≥ k. Thus
1[0,τk](s) ≤ 1[0,τn](s), for each s.

Lemma 6.5.3 (Conditional Fatou, [5]). Let {xn}n≥1 be a sequence of non-
negative random variables on a probability space (Ω,F ,P). Then for any σ-
subalgebra G ⊆ F , it holds that

E
[
lim inf
n→∞

xn|G
]

≤ lim inf
n→∞

E[xn|G].

Proof. Interested readers may consult [5] theorem 4.27 for the full proof.

Proposition 6.5.4 ([5]). Every non-negative local martingale is a supermartin-
gale.

Proof. Consider a non-negative local martingale X = {X(t) : t ∈ [0, T ]} and
an associated sequence of stopping times {τn}n≥1, such that τn ≥ T whenever
n ≥ N(ω) ∈ N, for some path ω ∈ Ω. This gives the martingale property to
Xτn

(t) = X(τn ∧ t) as

E[Xτn
(t)|Fs] = Xτn

(s), for all 0 ≤ s ≤ t ≤ T.

Moreover, for n large enough it holds that τn ∧ t = t. We deduce
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lim inf
n→∞

Xτn
(t) = X(t) and lim inf

n→∞
Xτn

(s) = X(s), almost surely.

Let Zn = Xτn(t) ≥ 0. By conditional Fatou 6.5.3, we receive the desired result:

E[X(t)|Fs] = E
[
lim inf
n→∞

Xτn(t)|Fs
]

= E
[
lim inf
n→∞

Zn|Fs
]

≤ lim inf
n→∞

E[Zn|Fs]

= lim inf
n→∞

E[Xτn(t)|Fs]

= lim inf
n→∞

Xτn
(s) = X(s).
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7 Black-Scholes Model
This chapter is dedicated to constructing an environment, which models the
random price dynamics in a continuous time financial market, the Black-Scholes
option pricing model. Its main purpose lies in the fair price of a contingent claim
only exercisable at maturity and independent of risk or expected return. The
leveraged exchange-traded fund becomes embedded in this model in the next
chapter 8.

7.1 Model description
The main tools to construct the Black-Scholes model are delivered in this section.
We seek the solution of the SDE modeling the risky asset in the Black-Scholes
model, covered in theorem 7.1.4. In theorem 7.1.6, we prove the uniqueness of
this solution.
First, we turn our attention to the continuous time price processes of the only
two assets in the (single-stock) Black-Scholes model.

Definition 7.1.1 (Risk-free asset, [12]). The risk-free asset, also called money
market account, satisfies the property

dB(t) = rB(t)dt, B(0) = 1, (40)

where r ≥ 0 is the risk-free interest rate. In particular, equation (40) is an
ordinary differential equation of the form B′(t) = rB(t). Equation (40) admits
the unique solution

B(t) = ert.

Since B(t) is fully deterministic. One may associate the risk-free asset B(t) to
a bank account with fixed interest rate r.

Besides the risk-free asset, we wish to model the time evolution of the stock
price S(t) assumed to be an Itô process. From an economical point of view, it
is reasonable to split S(t) into two parts, a systematic part and a random part.
The systematic part may be modeled by µdt for a constant, known µ ∈ R, called
the drift. It represents the mean rate of return of the stock. The random part
may be modeled by σdW (t), where W is the usual Wiener process responsible
for the random dynamics in the stock value. The volatility σ > 0 represents
the fluctuations caused by W . However, if σ = 0 there is no risk involved.
Therefore, we assume σ > 0 for the remainder of this thesis.

Definition 7.1.2 (Risky asset, [12]). The risky asset in the Black-Scholes model
is represented by an Itô process, which satisfies

dS(t) = µS(t)dt+ σS(t)dW (t), S(0) > 0, (41)

with µ ∈ R and σ > 0.

68



Remark. In some literature, the process described by equation (41) is often
referred to as Geometric Brownian motion. We consider the filtered proba-
bility space (Ω,F ,FW

t ,P) on W . The filtration FS
t = σ{S(u) : u ∈ [0, t]} mea-

sures the stock price fluctuations and coincides with FW
t = σ{W (u) : u ∈ [0, t]},

the natural Wiener filtration. S(t) and W (t) only differ by some deterministic
function. Hence they share the same source of randomness. We understand
equation (41) in integral form as

S(t) = S(0) + µ

∫ t

0
S(u) du+ σ

∫ t

0
S(u) dW (u),

which is solvable thanks to the work done in the last chapter 6. Beforehand, we
need to verify that the above Itô integral exists.

Proposition 7.1.3 ([5]). If the process S = {S(t) : t ∈ [0, T ]} is of the form

S(t) = S(0) exp
((

µ− σ2

2

)
t+ σW (t)

)
, (42)

then S ∈ M2.

Proof. S in equation (42) inherits its product measurability and adaptation
from the Wiener process. By definition 5.1.1, it remains to show that

E

[∫ T

0
S2(t) dt

]
< ∞.

Recall the moment-generating function of W (t) ∼ N (0, t), namely

E[exp(W (t))] = exp
(

1
2Var[W (t)]

)
= exp

(
1
2 t
)
.

We want to change the integration order. Fubini’s theorem delivers the claim
as

E

[∫ T

0
S2(t) dt

]
= S2(0)

∫ T

0
E
[
exp

(
2µt− σ2t+ 2σW (t)

)]
dt

= S2(0)
∫ T

0
exp

(
2µt− σ2t

)
E [exp(2σW (t))] dt

= S2(0)
∫ T

0
exp(2µt− σ2t) exp(2σ2t) dt

= S2(0)
∫ T

0
exp(2µt+ σ2t) dt < ∞.

Theorem 7.1.4 ([5]). The process described by equation (42) solves the SDE
(41).
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Proof. With theorem 6.4.2 in hand, we set S(t) = F (t,W (t)) with F (t, x) =
S(0) exp

((
µ− σ2

2

)
t+ σx

)
, which delivers the partial derivatives

Ft(t, x) = S(0)
(
µ− σ2

2

)
exp

(
µt− σ2

2 t+ σx

)
,

Fx(t, x) = S(0)σ exp
(
µt− σ2

2 t+ σx

)
,

Fxx(t, x) = S(0)σ2 exp
(
µt− σ2

2 t+ σx

)
.

By the general Itô formula 6.4.1, we can write dS(t) as below:

dS(t) = (Ft(t, x) + 1
2Fxx(t, x))dt+ Fx(t, x)dW (t)

=
(
S(0)

(
µ− σ2

2

)
exp

((
µ− σ2

2

)
t+ σW (t)

)
+ S(0)σ

2

2 exp
((

µ− σ2

2

)
tσW (t)

))
dt+ S(0)σ exp

((
µ− σ2

2

)
t+ σW (t)

)
dW (t)

= µS(t)dt+ σS(t)dW (t).

Next, we aim to show that the process meeting equation (42) is the unique
solution to (41).

Lemma 7.1.5 (Gronwall, [6]). Let f, g : [0, T ] → R be integrable and let c > 0,
such that

f(t) ≤ g(t) + c

∫ t

0
f(s) ds, for all t ∈ [0, T ].

Then

f(t) ≤ g(t) + c

∫ t

0
exp(c(t− s))g(s) ds, for all t ∈ [0, T ].

In particular, if g(t) ≡ a ∈ R is constant, then

f(t) ≤ aect, for all t ∈ [0, T ].

Proof. The proof is shown in [6] lemma 26.9 page 593.

Theorem 7.1.6 (Unique solution, [5]). Equation (41) admits at most one so-
lution in M2.

Proof. Assume there exists some X,Y ∈ M2, such that

Z = Z(0) +
∫ t

0
µZ(u) du+

∫ t

0
σZ(u) dW (u), for Z ∈ {X,Y }.
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This construction allows the following estimate:

(X − Y )2(t) =
(∫ t

0
µ(X − Y )(u) du+

∫ t

0
σ(X − Y )(u) dW (u)

)2

≤ 2µ2
(∫ t

0
(X − Y )(u) du

)2

+ 2σ2
(∫ t

0
(X − Y )(u) dW (u)

)2

.

We further see that

E
[
(X − Y )2(t)

]
≤ 2µ2E

[(∫ t

0
(X − Y )(u) du

)2]
+ 2σ2E

[(∫ t

0
(X − Y )(u) dW (u)

)2]

= 2µ2E

[(∫ t

0
(X − Y )(u) du

)2]
+ 2σ2E

[∫ t

0
(X − Y )2(u) du

]
,

where the second summand of the above RHS was due to Itô isometry. We
want to approach something similar for the first summand. By Cauchy-Schwarz
inequality, we get

(∫ t

0
µ(X − Y )(u) du

)2

≤
∫ t

0
µ2 du

∫ t

0
(X − Y )2(u) du

≤ µ2T

∫ t

0
(X − Y )2(u) du.

Furthermore, it holds that

E
[
(X − Y )2(t)

]
≤ 2E

[(∫ t

0
µ(X − Y )2(u) du

)2]
+ 2E

[(∫ t

0
σ(X − Y )(u) dW (u)

)2]

≤ 2µ2T

∫ t

0
E
[
(X − Y )2(u)

]
du+ 2σ2

∫ t

0
E
[
(X − Y )2(u)

]
du

= 2(µ2T + σ2)
∫ t

0
E
[
(X − Y )2(u)

]
du.

Observe for f(t) = E[(X − Y )2(t)], f(0) = 0, that

f(t) ≤ 0 + 2(µ2T + σ2)
∫ t

0
f(u) du,

which delivers f(t) ≤ 0. We conclude the claim by the Gronwall lemma 7.1.5.

We introduce some additional definitions which we hereby assume all to be
preserved in the model.
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Definition 7.1.7 (European contingent claim, [5]). A European contingent
claim (abbr. ECC) is a contract represented by a random variable H on the
probability space (Ω,F ,P) supporting the Wiener process W equipped with its
natural filtration FWT = σ{W (t) : t ∈ [0, T ]}. H is sometimes also called a
European derivative security.

The ECC H, the stock price process S, and the Wiener process W all share the
same measurability conditions. Let f be some Borel measurable function and
H = f(S(T )), then the contingent claim is path independent. In other words,
if S(T, ω1) = S(T, ω2) for some ω1, ω2 ∈ Ω, then H(ω1) = H(ω2). However, the
opposite is not true in general since the σ-algebra FS

T is generated by the whole
process S and not just by S(T ).

Definition 7.1.8 (European put option, [15]). A European put option P on
a risky asset with price process S, strike price K ∈ (0,∞) and maturity date T
is a contract, which provides the holder the right but not the obligation to sell S
at time T for price K. In particular, such P satisfies

P (T ) = (K − S(T ))+ = max{K − S(T ), 0}.

Definition 7.1.9 (European call option, [15]). A European call option C
on a risky asset with price process S, strike price K ∈ (0,∞) and maturity date
T is a contract, which provides the owner the right but not the obligation to buy
S at time T for price K. In particular, such C satisfies

C(T ) = (S(T ) −K)+ = max{S(T ) −K, 0}.

Remark. Contingent claims of such kind are bought/sold at time 0. In some
literature, they are often referred to as the two vanilla options.

Definition 7.1.10 (Trading strategy, [12]). A trading strategy in the underlying
(single-stock) market is an adapted process of the form

ψ = (x, y) = {(x(t), y(t)) : t ∈ [0, T ]}.

x(t) represents the number of shares of stock and y(t) is the number of units in
the money market account held at time t.

We assume a trading strategy ψ = (x, y) to be square-integrable, i.e.
∫ T

0 x2(t)dt <
∞ and

∫ T
0 y2(t)dt < ∞, P-almost surely. These conditions guarantee that

∫ t

0
x(u) dS(u) = µ

∫ t

0
(xS)(u) du+ σ

∫ t

0
(xS)(u) dW (u),∫ t

0
y(u) dB(u) = r

∫ t

0
(yB)(u) du

are finite P-almost surely. Practically speaking, there is reasonable evidence as
we want an investor’s wealth to remain finite.
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Definition 7.1.11 (Value of the trading strategy, [12]). Let ψ = (x, y) be a
trading strategy. The value of the strategy Vψ = {Vψ(t) : t ∈ [0, T ]} is defined
as

Vψ(t) = x(t)S(t) + y(t)B(t).

Definition 7.1.12 (self-financing, [15]). A trading strategy ψ is called self-
financing if Vψ is a continuous adapted process, such that

dVψ(t) = x(t)dS(t) + y(t)dB(t), P − almost surely.

In integral form, the above equation is understood as

Vψ(t) = Vψ(0) +
∫ t

0
x(u) dS(u) +

∫ t

0
y(u) dB(u), for all t ∈ [0, T ].

The self-financing condition guarantees that there is no possibility to make
money "out of nothing". Changes in the portfolio value stem from changes in
the money market account B or the stock price S.

Definition 7.1.13 (Discounted processes, [15]). Let ψ be a trading strategy
Then one calls

(i) S̃ = {S̃ : t ∈ [0, T ]} a discounted stock price process, if

S̃(t) = S(t)
B(t) = e−rtS(t), for t ∈ [0, T ].

(ii) Ṽψ = {Ṽψ(t) : t ∈ [0, T ]} a discounted value process associated to ψ, if

Ṽψ(t) = Vψ(t)
B(t) = e−rtVψ(t), for t ∈ [0, T ].

The next proposition states that the increment in the risk-free asset vanishes
when speaking of discounted values. In other words, the position taken in the
risk-free asset has no influence.

Proposition 7.1.14 ([12]). A trading strategy ψ = (x, y) is self-financing if
and only if

dṼψ(t) = x(t)dS̃(t).

Proof. Let ψ = (x, y) be self-financing. Then due to the product rule 6.4.3, we
have

dṼψ(t) = d(e−rtVψ(t)) = −re−rtVψ(t)dt+ e−rtdVψ(t)
= −re−rt(x(t)S(t) + y(t)B(t))dt+ e−rt(x(t)S(t) + y(t)dB(t)).
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Since dB(t) = rB(t)dt and d(e−rt) = −re−rtdt, we are left with

dVψ(t) = x(t)(−re−rtS(t)dt+ e−rtdS(t))
= x(t)dS̃(t).

Suppose that dṼψ(t) = x(t)S̃(t). Again by the product rule, we receive

dV (t) = d(ertṼψ(t))
= rertṼψ(t)dt+ ertdṼψ(t)
= rVψ(t) + ertx(t)dS̃(t).

Insert dS̃(t) = −re−rtS(t)dt+ e−rtdS(t) and calculate dV (t) as follows:

dV (t) = r(x(t)S(t) + y(t)B(t))dt+ ertx(t)(−re−rtS(t)dt+ e−rtdS(t))
= ry(t)B(t)dt+ x(t)dS(t) = y(t)dB(t) + x(t)dS(t),

which meets the self-financing condition.

7.2 Equivalent martingale measure
In a well-functioning market, the opportunity to create income without attain-
ing any risk is an unwanted feature. In the discrete-time setting, the absence
of such opportunities is equivalent to the existence of a probability measure P̃
sharing the identical null sets with the given probability measure P, such that
discounted price processes are P̃-martingales. This result is captured as the first
fundamental theorem of asset pricing. However, this task is rather sophisti-
cated in the continuous-time setting. One cannot state an analog of the first
fundamental theorem immediately. This unwanted feature may be erased if
we exclude all trading strategies creating such opportunities. It turns out that
the main tool in this context remains such a measure P̃. Before discussing this
feature in context with the Black-Scholes model, we need some additional theory.

This section attacks the existence and form of the probability measure P̃. A
crucial instrument for this task is a simple version of Girsanov’s theorem 7.2.11.
This brings equation (52), the main object of interest of the following. We start
the discussion with some results from measure theory.

First, note that the distribution measure of some random variable X on the
probability space (Ω,F ,P) is defined by

PX [E] = P[X ∈ E], for every E ∈ B(R).

We are allowed to integrate functions with PX over R, since PX is a probability
measure on R. The fact below links the Lebesgue integrals over R to those over
Ω.
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Proposition 7.2.1 ([7]). Let X be a random variable on the probability space
(Ω,F ,P) and let f be a Borel-measurable function on R, then

E [|f(X)|] =
∫
R

|f(u)| dPX(u).

If this quantity is finite, then

E[f(x)] =
∫
R
f(u) dPX(u).

Proof. The proof of this claim can be found in [7] theorem 1.5.1.

Remark. In other words, the above proposition states that if one is interested
in computing E[X] =

∫
Ω X(ω)dP(ω), it is enough to compute the integral∫

R f(u)dPX(u).

The current task is to accomplish a change of measure from P to P̃. To do so
one may consider a random variable R giving a relation between P and P̃ in the
form of

R(ω) = P̃(ω)
P(ω) , for each ω ∈ Ω. (43)

We want to avoid a division by zero. Hence we rewrite the above equation (43)
as

R(ω)P(ω) = P̃(ω). (44)

This equation is always meaningful but completely disregards the value of R,
since any value times zero remains zero. Anyway, equation (44) delivers a solid
start and we continue this task preferably set by set rather than path by path.

Theorem 7.2.2 ([7]). Let R be a random variable on (Ω,F ,P), such that R ≥ 0
almost surely and E[R] = 1. For E ∈ F , we define

P̃[E] =
∫
E

R(ω) dP(ω). (45)

Then such P̃ is a probability measure. Moreover, if a random variable Z ≥ 0
P-almost surely, then

Ẽ[Z] = E[ZR]. (46)

If even R > 0, P-almost surely, then for every random variable Z ≥ 0, we have

E[Z] = Ẽ
[
Z

R

]
. (47)
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Proof. This proof is not shown here. We hence refer to [7] theorem 1.6.1. for
detailed proof.

Remark. We introduced Ẽ as in equation (46) representing the expectation
under P̃ to distinguish it from the expectation E under P. In fact, Ẽ satisfies

Ẽ[Z] =
∫

Ω
Z(ω) dP̃(ω)

=
∫

Ω
(ZR)(ω) dP(ω).

Definition 7.2.3 (Equivalent probability measure, [15]). Two probability mea-
sure P and P̃ defined on (Ω,F) are said to be equivalent, if for each E ∈ F we
have

P[E] = 0 if and only if P̃[E] = 0.

P and P̃ in (45) are equivalent under the circumstances of theorem 7.2.2 when
R > 0, P-almost surely. We apply theorem 7.2.2 and rewrite (46) and (47) as
follows:

∫
Ω
Z(ω) P̃(ω) =

∫
Ω

(ZR)(ω) dP(ω),∫
Ω
Z(ω) dP(ω) =

∫
Ω

Z(ω)
R(ω) dP̃(ω).

From the above equation, one may formally interpret R(ω) = dP̃(ω)/dP(ω). We
catch this in the definition right below.

Definition 7.2.4 (Radon-Nikodým derivative, [7]). Let P and P̃ be two equiv-
alent probability measures on (Ω,F) and consider a random variable R > 0,
almost surely, relating P to P̃ as in equation (45). Then such R is called a
Radon-Nikodým derivative of P̃ w.r.t. P. We write

R = dP̃
dP
. (48)

We proceed by doing a change of measure on N ∼ N (0, 1) on some probability
space (Ω,F ,P). The standard normal probability density function (abbr. pdf)
is given by

φ(x) = 1√
2π

exp
(

−x2

2

)
(49)

and thus

P[N ∈ E] =
∫
E

φ(x) dx, for each E ∈ B(R).

76



Let c > 0 be some constant and let Y = N + c. Under P, Y is normally
distributed as the sum of a normal variable and some deterministic constant
which satisfies E[Y ] = c and still Var[Y ] = 1. The new probability measure P̃
on (Ω,F) in target shall change Y to a standard normal variable. In particular,
we want Ẽ[Y ] = 0 and Ẽ[Y 2] = 1. This is accomplished by associating more
probability to those ω, where Y (ω) < 0, and less probability to those ω, where
Y (ω) > 0, rather than subtracting c from Y . In other words, the goal is to
change only the distribution of Y without modifying the random variable Y
itself. In financial applications, the change from the currently given probability
measure P into a new probability measure P̃ affects the asset prices’ distribution
but not the asset prices themselves. We take a different random variable R into
account satisfying

R(ω) = exp
(

−c2

2 − cX(ω)
)
, for every ω ∈ Ω.

This random variable R shares two crucial properties, namely R(ω) > 0 for all
ω ∈ Ω (which is stronger than P[R > 0] = 1) and

E[R] =
∫
R

exp
(

− c2

2 − cx

)
φ(x) dx

= 1√
2π

∫
R

exp
(

−1
2
(
x2 + 2cx+ c2)) dx

= 1√
2π

∫
R

exp
(

−1
2(x− c)2

)
dx

=
∫
R
φ(y) dy = 1,

where we substituted x+c by y. Hence R provides a Radon-Nikodým derivative,
which allows the construction of a new probability measure P̃ as below:

P̃[E] =
∫
E

R(ω) dP(ω), for all E ∈ F .

We now claim that Y ∼ N(0, 1) under the above P̃. Let d ∈ R and observe

P̃[Y ≤ d] =
∫ d

−∞
R(ω) dP(ω)

=
∫

Ω
(1{Y≤d}R)(ω) dP(ω)

=
∫ ∞

−∞
(1{N≤d−c}f)(u) exp

(
−c2

2 − cu

)
du

= 1√
2π

∫ d−c

−∞
exp

(
−1

2(x+ c)2
)
dx =

∫ d

−∞
φ(y) dy,

showing that indeed Y ∼ N (0, 1) under P̃.
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The next result guarantees the existence of such R when P and P̃ are equiv-
alent. In particular, we are content with fewer restrictions.

Definition 7.2.5 (Absolute continuity of measures, [13]). Given two measures
µ and θ defined on the same σ-algebra F on Ω, we write θ ≪ µ and call θ
absolutely continuous w.r.t. µ if for any E ∈ F it holds that

µ(E) = 0 =⇒ θ(E) = 0.

Remark. Comparing definitions 7.2.3 and 7.2.5, we observe that two probability
measures P and P̃ are equivalent if and only if P̃ ≪ P and P ≪ P̃. Moreover, if
P̃ ≪ P is provided, then dP̃

dP exists.

Theorem 7.2.6 (Radon-Nikodým, [13]). Let P and P̃ both be probability mea-
sures defined on the same σ-algebra F on Ω, such that P̃ ≪ P. Then there exists
a random variable R ∈ L1(P), such that

P̃[E] =
∫
E

R(ω) dP(ω), for each E ∈ F .

Proof. The proof of this result is shown in [13] theorem 4.54.

Next, we want to make the above theory applicable to financial mathematics.
We now translate it to stochastic processes under the usual probability space
(Ω,F ,P).

Definition 7.2.7 (Radon-Nikodým derivative process, [7]). Let R be a random
variable on (Ω,F ,P), such that R > 0 almost surely and E[R] = 1. Further let
P̃ be a probability measure, such that

P̃[E] =
∫
E

R(ω) dP(ω), for all E ∈ F .

Then we call the process of the form

U(t) = E[R|Ft], for t ∈ [0, T ], (50)

a Radon-Nikodým derivative process.

Corollary 7.2.8 ([7]). U as in equation (50) is a P-martingale.

Proof. Let 0 ≤ s ≤ t ≤ T , then

E[U(t)|Fs] = E[E[R|Ft]|Fs]
= E[R|Fs] = U(s).

Lemma 7.2.9 ([7]). Let t ∈ [0, T ] and let Z be an Ft-measurable random
variable, then

Ẽ[Z] = E[ZU(t)].
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Proof. As before, this is just a consequence of the tower property for conditional
expectation. By theorem 7.2.2 equation (46), we conclude

Ẽ[Z] = E[ZR]
= E[E[ZR|Ft]]
= E[ZE[R|Ft]]
= E[ZU(t)].

Lemma 7.2.10 ([7]). Let 0 ≤ s ≤ t ≤ T and let Z be an Ft-measurable random
variable, then

Ẽ[Z] = 1
U(s)E[ZU(t)|Fs].

Proof. Clearly, 1/U(s)E[ZU(t)|Fs] is Fs-measurable. We wish to have

Ẽ
[
1E

1
U(s)E[ZU(t)|Fs]

]
=
∫
E

1
U(s)E[ZU(t)|Fs] dP̃

=
∫
E

Z dP̃, for all E ∈ Fs.

With lemma 7.2.9 in hand, we are left with

Ẽ
[
1E

1
U(s)E[ZU(t)|Fs]

]
= E[1EE[ZU(t)|Fs]]

= E[E[1EZU(t)|Fs]]
= E[1EZU(s)]
= Ẽ[1EZ]

=
∫
E

Z dP̃.

We are ready to state the main results of this chapter.

Theorem 7.2.11 (Girsanov - simple version, [7]). Let W = {W (t) : t ∈ [0, T ]}
be a Wiener process on the probability space (Ω,F ,P), where Ft for t ∈ [0, T ]
is the natural Wiener filtration. Let σ = {σ(t) : t ∈ [0, T ]} be an adapted,
progressively measurable process and define

R(t) = exp
(

−1
2

∫ t

0
σ2(s) ds−

∫ t

0
σ(s) dW (s)

)
,

W̃ (t) =
∫ t

0
σ(s) ds+W (t).

Moreover, suppose that
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E

[∫ T

0
(σR)2(s) ds

]
< ∞.

If R = R(T ), then E[R] = 1 and w.r.t. the probability measure P̃ as in equation
(45), the process W̃ =

{∫ t
0 σ(s)ds+W (t) : t ∈ [0, T ]

}
is a Wiener process.

Proof. W̃ starts at zero, has continuous paths and [W̃ , W̃ ](t) = t, since the
corresponding integral term

∫ t
0 σ(s)ds becomes zero in the quadratic variation.

Furthermore, it holds that dW̃ (t)dW̃ (t) = (σ(t)dt+ dW (t))2 = dt. We define

X(t) = −1
2

∫ t

0
σ2(s) ds−

∫ t

0
σ(s) dW (s).

Thus for F (x) = ex, we get

dR(t) = dF (X(t))

= F ′(X(t))dt+ 1
2F

′′(X(t))(dX(t))2

= eX(t)
(

−1
2σ

2(t)dt− σ(t)dW (t)
)

+ 1
2e

X(t)σ2(t)dt

= −σ(t)R(t)dW (t).

This proves that R(t) is a P-martingale and also a Wiener process w.r.t. P, by
Lévy’s theorem 6.4.4. Integration gives R(t) = R(0)−

∫ t
0 (σR)(s)dW (s), which is

a martingale as a stochastic integral, i.e. R(t) = E[R(T )|Ft] = E[R|Ft]. Indeed,
R(t) is a Radon-Nikodým derivative process because it meets all conditions
in definition 7.2.7. Consider W̃ (t)R(t) and use the product rule 6.4.3, which
delivers

d(W̃R(t)) = W̃ (t)dR(t) +R(t)dW̃ (t) + dW̃ (t)dR(t)
= − σ(t)R(t)dW (t) +R(t)dW (t) + σ(t)R(t)dt− σ(t)R(t)(dW (t))2

− σ(t)R(t)(dW (t))2 − σ2(t)R(t)dtdW (t)
= (1 − σ(t)W̃ (t))R(t)dW (t).

There appears no expression with some dt term. Thus W̃ (t)R(t) is a P-martingale.
We now apply lemma 7.2.10 on W̃ (t)R(t). For 0 ≤ s ≤ t ≤ T , we deduce

Ẽ[W̃ (t)|Fs] = 1
R(s)E[W̃ (t)|Fs] = 1

R(s)W̃ (s)R(s) = W̃ (s).

In other words, W̃ (t) is a P̃-martingale.

Girsanov’s theorem 7.2.11 gives rise to a probability measure P̃ with nice prop-
erties in context with the discounted stock price process S̃(t) = S(t)/B(t).
Beforehand, we examine the expectation of S̃ under P.
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Corollary 7.2.12 ([12]). Let 0 ≤ u ≤ t, then

E[S̃(t)|Fu] = S̃(u) exp((µ− r)(t− u)).

Proof. The proof just consists of some basic calculation steps we have already
seen throughout the entire work. We begin by pulling out the deterministic
terms,

E[S̃(t)|Fu] = S(0) exp
((

µ− r − σ2

2

)
t

)
E[σW (t)|Fu].

We again use the identity W (t) = W (t) −W (u) +W (u) and recall that W (t) −
W (u) is independent of Fu. This is also true for exp(W (t) − W (u)). We now
have that

E[S̃(t)|Fu] = S(0) exp
((

µ− r − σ2

2

)
t+ σW (u)

)
E[σ(W (t) −W (u))|Fu].

Since E[exp(σ(W (t) −W (u)))] = exp(σ2/2(t− u)) the claim follows as

E[S̃(t)|Fu] = S(0) exp
((

µ− r − σ2

2

)
t+ σW (u)

)
exp

(
σ2

2 (t− u)
)

= S(0) exp
((

µ− r − σ2

2

)
u+ σW (u)

)
exp((µ− r)(t− u))

= S̃(u) exp((µ− r)(t− u)).

We notice that S̃ would be a martingale under P if µ = r. This is not given in
general and one is not allowed to add this condition on the expectation w.r.t.
P. Therefore we seek a new probability measure P̃ sharing the same null sets
with P, which is equipped with the martingale condition. By theorem 4.3.7,
exp(−σ2/2 + σW (t)) is a P-martingale. For that purpose, we rewrite S̃ in a
related form:

S̃(t) = S(0) exp
(

−σ2

2 t+ σW̃ (t)
)
,

where we defined

W̃ (t) = µ− r

σ
t+W (t). (51)

We apply a Girsanov transformation as follows: Let γ = (µ − r)/σ, called the
market price of risk, and define the Radon-Nikodým derivative process as

R(t) = exp
(

−γ2

2 t− γW (t)
)
.
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Then by Girsanov’s theorem 7.2.11, W̃ = {γt + W (t) : t ∈ [0, T ]} is a Wiener
process under the probability measure

P̃[E] =
∫
E

R(t) dP, for E ∈ F .

Using the density fW (x) = 1/
√

2π exp(−x2/(2t)) of the Wiener process W , we
have that

P̃[E] = Ẽ[1E ] =
∫

Ω
1E(t) dP

=
∫
E

R(t) dP =
∫
E

R(x)fW (x) dx

=
∫
E

exp
(

−γ2

2 t− γx

)
1√
2π

exp
(

−x2

2t

)
dx.

(52)

In other words, dP̃ = R(t)dP and since R(t) > 0 for every t ∈ R, P̃ is equivalent
to P. Indeed, W̃ has the desired expectation under P̃, because

Ẽ[W̃ (t)] = E[W̃ (t)R(t)] =
∫

Ω
W̃ (t)R(t) dP

=
∫

Ω

(
µ− r

σ
t+W (t)

)
exp

(
−γ2

2 t− γW (t)
)
dP

=
∫ ∞

−∞
(γt+ x) exp

(
−γ2

2 t− γx

)
1√
2πt

exp
(

−x2

2t

)
dx

= 1√
2πt

∫ ∞

−∞
(γt+ x) exp

(
− (γt+ x)2

2t

)
dx = 0.

Furthermore, S̃ is a P̃-martingale, since

Ẽ[S̃(t)|Fu] = Ẽ
[
exp

(
−σ2

2 t+ σW̃ (t)
)

|Fu
]

= S̃(u), for u ≤ t.

We give P̃ in equation (52) a formal meaning.
Definition 7.2.13 (Equivalent martingale measure, [15]). An equivalent mar-
tingale measure (abbr. EMM) is a probability measure P̃ on (Ω,F) equivalent
to P, such that discounted stock price processes are martingales under P̃.
Remark. In some literature, the EMM is also referred to as risk-neutral mea-
sure.

7.3 No Arbitrage Principle
We collected enough theory to launch the discussion about the undesired feature
we mentioned at the very beginning of section 7.2. This short section aims for
the extinction of opportunities that create riskless wealth in the Black-Scholes
model, covered in theorem 7.3.4. This task starts by giving the unwanted feature
some mathematical embodiment and continues by defining respective trading
strategies negating such opportunities.
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Definition 7.3.1 (Arbitrage opportunity, [11]). A self-financing trading strat-
egy ψ = (x, y) is called an arbitrage opportunity, if the value of the process
Vψ satisfies the following three conditions:

(i) Vψ(0) = 0.
(ii) P[Vψ(T ) ≥ −c] = 1, for all t ∈ [0, T ] and for some c ≥ 0.
(iii) P[Vψ(t) > 0] > 0, for some t ∈ [0, T ].

Remark. Suppose a European contingent claim is traded whose price process,
denoted by H(t) with H(T ) = H, is an FT -measurable random variable. We
extend the market by adding the derivative security which consists of the assets
S(t), B(t) and H(t). In other words, the considered trading strategies are now
triples ζ = (x, y, z) with value process Vζ(t) = x(t)S(t) + y(t)B(t) + z(t)H(t).
We assume H(t) to be an Itô process and

∫ T
0 z2(s)ds < ∞, P-almost surely.

Hence the associated self-financing condition now reads as
dVζ(t) = x(t)dS(t) + y(t)dB(t) + z(t)dH(t). The respective arbitrage opportu-
nities are defined equally by just replacing ψ = (x, y) with ζ = (x, y, z).
An arbitrage opportunity represents the opportunity to gain risk-free profit.
They occur with certain classes of trading strategies. This motivates a new
class of trading strategies, which erases arbitrage.

Definition 7.3.2 (Tame strategy, [11]). A self-financing trading strategy ψ =
(x, y) is called tame if

Ṽψ(t) ≥ 0, for all t ∈ [0, T ].

Next, we catch a result concerning the discounted value of the process w.r.t.
tame strategies under the equivalent martingale measure P̃.

Proposition 7.3.3 ([12]). Let ψ = (x, y) be a tame trading strategy, then Ṽψ
is a supermartingale w.r.t. the EMM P̃.

Proof. ψ = (x, y) is self-financing by proposition 7.1.14. Since dS̃(t) = σS̃(t)dW̃ (t),
we obtain

dṼ (t) = x(t)dS̃(t) = σx(t)S̃(t)dW̃ (t).

As a consequence of proposition 6.5.2, this very stochastic integral must be a
non-negative local P̃-martingale. We conclude the claim with help of proposition
6.5.4.

We are ready to state the main result of this short section.

Theorem 7.3.4 ([11]). The (single-stock) Black-Scholes model contains no ar-
bitrage opportunities w.r.t. tame strategies.

Proof. Let ψ be tame, then Ṽψ is a supermartingale by proposition 7.3.3 and
thus

Ẽ[Ṽψ(t)|Fs] ≤ Vψ(s), for all 0 ≤ s ≤ t ≤ T.
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Assume that such ψ is an arbitrage opportunity. Thus Ṽψ(0) = e−rtVψ(0) = 0
and from the above we get Ẽ[Vψ(t)] ≤ 0, for all t ∈ [0, T ]. As ψ is also tame,
Ṽψ(t) ≥ 0 for each t ∈ [0, T ]. We conclude that Ẽ[Ṽψ(t)] = 0 for each t ∈ [0, T ].
Since P and P̃ are equivalent we have by definition of arbitrage opportunity,
that

P̃[Vψ(T ) ≥ 0] = P[Vψ(T ) ≥ 0] = 1.

Both these facts imply

P̃[Vψ(T ) > 0] = P[Vψ(T ) > 0] = 0,

contradicting the properties of the arbitrage opportunity ψ. Hence the Black-
Scholes model is free of arbitrage w.r.t. tame trading strategies.

7.4 Completeness
From now on, we assume that arbitrage opportunities are non-existent in the
model. We want to use this base to approach the pricing of European contingent
claims. But how can we model the value process of such claims? In finance,
it is common to assume a certain class of trading strategies such that its value
at maturity equals the payoff process of the contingent claim. Then one may
consider the behavior of the trading strategy until maturity which simulates the
value of the contingent claim at any time before maturity.

Definition 7.4.1 (Replicating strategy, [12]). A trading strategy ψ = (x, y)
replicates a random variable H(t), that models the payoff process of a derivative
security if Vψ(T ) = H.

Replication only considers strategies involving the assets available in the un-
derlying market. Replication in the extended market seems trivial as one takes
x(t) = y(t) = 0 and z(t) = 1, for all t ∈ [0, T ]. The key takeaway of this
section is theorem 7.4.16, where we state that under specific restrictions any
payoff process H is replicable. One of the crucial results used for this fact is
the martingale representation theorem 7.4.14, which identifies any martingale
under the Wiener filtration with a continuous modification.

Definition 7.4.2 (Completeness, [12]). The market model is said to be com-
plete if every FS

T -measurable random variable H can be replicated.

We want to highlight that replicating strategies only consider assets from the
underlying market. Next, we catch a result linking replication to the No Ar-
bitrage Principle. In particular, we state that if both the stock price process
S(t) and the derivative price process H(t) are Itô processes, then they have
to coincide at each t ∈ [0, T ] in order to maintain the No Arbitrage Principle.
Beforehand, we introduce a small lemma as support.

Lemma 7.4.3 ([12]). If the value of a process X satisfies dX(t) = f(t)X(t) for
a stochastic process f , then f(t) = r, P-almost surely for all t ≥ 0.
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Proof. W.l.o.g. assume that X(0) = 1. We aim to show that X satisfies the
conditions in (40). Let x(t) indicate the holdings of X(t) at time t and y(t)
the holdings in the money bank account B(t), where x(t) = 1{X(t)>B(t)}(t) and
y(t) = −x(t). The value of the respecting strategy ψ(x, y) now reads as

Vψ(t) = x(t)X(t) + y(t)B(t)
= (1{X(t)>B(t)}(t) − 1{X(t)<B(t)}(t))(X(t) −B(t)),

and meets the condition

dVψ(t)
dt

= x(t) d
dt
X(t) + y(t) d

dt
B(t)

= x(t)dX(t) + y(t)dB(t).

The above implies that ψ is self-financing with V ψ(0) = 0 and we also have
Vψ(t) ≥ 0 for all t ≥ 0 by construction. Due to the No Arbitrage Principle, we
conclude Vψ(t) = 0 for all t ≥ 0 which shows that indeed X(t) = B(t) = ert.

Theorem 7.4.4 ([12]). If H is replicated by ψ = (x, y) and its price process
H(t) is an Itô process, then the No Arbitrage Principle implies Vψ(t) = H(t),
for each t ∈ [0, T ].

Proof. For simplicity purposes, we assume that w.l.o.g. B(t) = 1, for all
t ∈ [0, T ]. The value of the trading strategy ψ now reads as Vψ(t, ω) =
x(t, ω)S(t, ω) + y(t, ω), for all t and ω. If ψ = (x, y) replicates H(t), then
Vψ(T ) = H(T ). Suppose that for some t∗ ∈ [0, T ) and ω ∈ Ω∗, with P[Ω∗] > 0,
we have Vψ(t∗, ω) ̸= H(t∗, ω). We write Ω∗ as the union of two disjoint sets of
the form

Ω1 = {ω ∈ Ω : Vψ(t∗, ω) < H(t∗, ω)},
Ω2 = {ω ∈ Ω : Vψ(t∗, ω) > H(t∗, ω)}.

By construction, P[Ω1] > 0 or P[Ω2] > 0. Let ζ = (a, b, c) be an arbi-
trage strategy. For t < t∗, we choose a(t) = b(t) = c(t) = 0, so Vζ(t, ω) =
a(t, ω)S(t, ω) + b(t, ω) + c(t, ω)H(t, ω) = 0. There is no incentive to take any
action into account. Notably, Vζ(t, ω) remains the zero portfolio for ω /∈ Ω∗. At
t ≥ t∗, depending on whether ω ∈ Ω1 or ω ∈ Ω2, we buy the cheaper and sell the
expensive asset to invest the difference risk-free. We wish to ensure that the arbi-
trage strategy never falls below −h, for some constant h ≥ 0. Therefore we con-
struct a, b, c w.r.t. a sequence of stopping times, which indicate the management
periods. We wish to avoid losses caused by an unfavorable difference between
H and Vψ. Further, let D(t, ω) = |Vψ(t, ω) −H(t, ω)|. One may set the limit of
loss to 1

2D(t∗, ω) under the assumption that D(t∗, ω) ≤ h. The value of the ar-
bitrage strategy now reads as Vψ(t, ω) = a(t, ω)S(t, ω) + b(t, ω) + c(t, ω)H(t, ω),
where

a(t, ω) = (1Ω1(ω) − 1Ω2(ω))x(t, ω),
b(t, ω) = (1Ω1(ω) − 1Ω2(ω))y(t, ω) + 1Ω∗(ω)D(t∗, ω),
c(t, ω) = −1Ω1(ω) + 1Ω2(ω),
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implying Vψ(t∗) = 0. Assume ω ∈ Ω1, then if H(t, ω) − Vψ(t, ω) < D(t∗, ω),
for some t ≥ t∗. We have no incentive to do something, because Vζ(t, ω) =
−(H(t, ω) − Vψ(t, ω)) + D(t, ω) > 0. But if in that case H(t, ω) − Vψ(t, ω) >
D(t∗, ω), we need to protect ourselves from the losses falling below −h. For
ω ∈ Ω2, the above is analog. We define the stopping time

τ1 = 1Ω∗(ω) inf
{
t > t∗ : D(t, ω) ≥ 3

2D(t∗, ω)
}

∧ T + 1Ω\Ω∗(ω)T,

with convention inf{∅} = ∞. τ1 as the first hitting time of a closed set is a Ft-
stopping time, because H and Vψ have continuous paths by proposition 4.4.8.
If ω ∈ Ω, both holdings in H and Vψ are liquidated at t = τ1(ω). This forces
a(t, ω) = c(t, ω) = 0 and b(t, ω) = − 1

2D(t∗, ω). Hence Vζ(t, ω) = − 1
2D(t∗, ω).

This value coincides with the left limit:

lim
t→(τ1(ω))−

Vζ(t, ω) = −1
2D(t∗, ω).

All changes are performed within the available funds. Indeed, Vζ(t) is also path-
continuous at τ1(ω). At t ≥ τ1(ω), we aim to recover some loss which is possible,
because lim

t→T
H(t)−V ψ(t) = 0 by replication. There is some τ2(ω), where D(t, ω)

crosses 5
4D(t∗, ω). We may assume that the Itô process H(t)−Vψ(t) has infinite

variation. If otherwise, then its stochastic part is zero since it has the same
dynamics as the risk-free asset by lemma 7.4.3. Thus there is some t ∈ (τ1, T ),
such that D(t) > 3

2D(t∗) while D(T ) = 0. Define

τ2 = 1Ω∗(ω) min
{
t ≥ max

{
τ1, T − T − t∗

2

}
: D(t, ω) ≥ 5

4D(t∗, ω)
}

∧ T + 1Ω\Ω∗(ω)T.

At t = τ2(ω) for ω ∈ Ω∗, we reconstruct the holdings in H and Vψ by choosing

a(t, ω) = (1Ω1(ω) − 1Ω2(ω))x(t, ω),

b(t, ω) = (1Ω1(ω) − 1Ω2(ω))y(t, ω) + 1Ω∗(ω)
(

−1
2D(t∗, ω) + 5

4D(t∗, ω)
)
,

c(t, ω) = −1Ω1(ω) + 1Ω2(ω).

Our actions at τ1 and τ2 brought a holding in cash of 3
4D(t∗, ω) at τ2. We

continue in the above style and gain a general setting for ω ∈ Ω∗ by choosing
τ0 = t∗. Hence for n > 0, let

τ2n+1 = 1Ω∗(ω) min
{
t ≥ τ2n : D(t, ω) ≥

(
1 + 1

2n+1

)
D(t∗, ω)

}
∧ T + 1Ω\Ω∗(ω)T,

τ2n+2 = 1Ω∗(ω) min
{
t ≥ max

{
τ2n+1, T − T − t∗

2n+ 2

}
: D(t, ω) ≤

(
1 + 1

2n+2

)
D(t∗, ω)

}
∧ T + 1Ω\Ω∗(ω)T.

Clearly, τn converges to T . In this fashion, we keep the value above −h at any
time t ∈ [0, T ] and maintain an arbitrage profit of at least 1

2D(t∗, ω) at t = T ,
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for all ω ∈ Ω∗. Construct the general arbitrage strategy ζ = (a, b, c) as follows:
Define

Cn = {(t, ω) : τn(ω) ≤ t < τn+1(ω), ω ∈ Ω∗} ,

for n ∈ N. On C2n, we buy the cheap and sell the expensive asset. On C2n+1,
we keep all our holdings in the bank account which remains constant, because
B(t) = 1. For ω ∈ Ω∗, we consider

a(t, ω) =
∞∑
k=0

1C2k
(t, ω)(1Ω1(ω) − 1Ω2(ω))x(t, ω),

b(t, ω) =
∞∑
k=0

1C2k
(t, ω)(1Ω1(ω) − 1Ω2(ω))y(t, ω)

+
∞∑
k=0

1C2k∪C2k+1(t, ω)
(

1 + 1
2n+1

)
D(t∗, ω),

c(t, ω) =
∞∑
k=0

1C2k
(t, ω)(−1Ω1(ω) + 1Ω2(ω)).

For ω /∈ Ω∗, choose a(t, ω) = c(t, ω) = 0 and b(t, ω) constant depending on the
profit gained. The self-financing condition for ζ reads as Vζ(t) =

∫ t
0 a(s)dS(s) +∫ t

0 c(s)dH(s), for all t ∈ [0, T ]. For t < t∗, we keep the zero portfolio. Let [t∗, T )
be fixed. There exists a deterministic m ∈ N, such that τm ≤ t < τm+1 for
some ω ∈ Ω∗. The above expressions for a, b, and c are all finite. Moreover, let
A0 = {ω ∈ Ω∗ : t ∈ [t∗, τ1(ω)}. Due to proposition 6.3.4, for ω ∈ A0, we have

∫ t

t∗
(1Ω1 − 1Ω2)(ω) (1C0x)(s, ω) dS(s) +

∫ t

t∗
(−1Ω1 + 1Ω2)(ω)1C0(s, ω) dH(s)

= (1Ω1(ω) − 1Ω2(ω))1A0(ω)
(∫ t

t∗
x(s) dS(s) − (H(t) −H(t∗))

)
= (1Ω1(ω) − 1Ω2(ω))(Vψ(t) − Vψ(t∗) − (H(t) −H(t∗)))
= a(t)S(t) + b(t) − 1Ω∗(ω)D(t∗) + c(t)H(t) + (1Ω1(ω) − 1Ω2(ω))(H(t∗) − Vψ(t∗))
= Vζ(t).

For A1 = {(t, ω) : τ1(ω) ≤ t < τ2(ω)}, we choose a(t) = c(t) = 0, thus∫ t
τ1
a(s)dS(s) +

∫ t
τ1
c(s)dH(s) = 0, but also Vζ(τ1) = Vζ(t). In additional active

periods where a(t), c(t) ̸= 0, we argue similarly as above for A0 when consider-
ing Ck for k even. When k is odd, we hold Vζ constant on Ck. This proves the
self-financing condition of the arbitrage strategy ζ.

Remark. In other words, the above theorem means that holding the replicat-
ing portfolio and holding the contingent claim are the same from a financial
perspective.

Definition 7.4.5 (Admissible trading strategy, [12]). A self-financing trad-
ing strategy ψ = (x, y) is called admissible, if ψ is tame and Ṽψ(t) is a P̃-
martingale.
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Remark. Admissible in the context of trading strategies is not to be confused
with admissible in the context of leverage ratios.

Proposition 7.4.6 ([12]). If a derivative security H can be replicated by two
admissible strategies ψ = (x, y) and ψ∗ = (x∗, y∗), then

x(t) = x∗(t),
y(t) = y∗(t).

Proof. As both strategies ψ and ψ∗ are admissible and replicate the same deriva-
tive security, we obtain the following after discounting with e−rT :

Ẽ[H̃(T )|Ft] = Ẽ[Ṽψ(T )|Ft] = Ṽψ(t),
Ẽ[H̃(T )|Ft] = Ẽ[Ṽψ∗(T )|Ft] = Ṽψ∗(t),

where H̃(t) = H(t)e−rt is the discounted payoff. Both expressions in between
the equation signs are equal as they replicate the same derivative security. Thus
we also have equality for the RHS. After multiplying by ert, we get

Vψ(t) = Vψ∗(t).

Let G(t) = Vψ(t) − Vψ∗(t) = 0. We now use the self-financing property, which
gives the Itô differential of G:

dG = dVψ(t) − dVψ∗(t)
= x(t)S(t) + y(t)dB(t) − (x∗(t)dS(t) + y∗(t)dB(t))
= (x(t) − x∗(t))dS(t) + (y(t) − y∗(t))dB(t)
= ((x(t) − x∗(t))µS(t) + (y(t) − y∗(t))rB(t)) dt+ (x(t) − x∗(t))σS(t)dW (t).

Since the representation of an Itô process in the form dX(t) = b(t)dt+σ(t)dW (t)
is unique by theorem 5.3.13 and G is the zero process, we conclude that the
characteristics are zero as well. Therefore it hols that x(t) − x∗(t) = 0 and
y(t) − y∗(t) = 0, for all t.

In the following, we want to show that a large class of derivative securities is
replicable in the Black-Scholes model. We introduce a central martingale prop-
erty beforehand. In section 5.3, we have seen that, provided a Wiener process
W , every square-integrable martingale w.r.t. its natural filtration FW

t can be
represented by an Itô process. This enables a straight computation of the price
process of an arbitrary path-independent European contingent claim. For this
purpose, we seek the explicit formulae of the European put and European call
options.

Suppose H(t) is a value process of a derivative that can be replicated by an
admissible trading strategy ψ = (x, y), such that Vψ(t) = H(t). Hence the dis-
counted process H̃(t) = e−rtH(t) is a P̃-martingale, which allows to write H̃(t)
in the form:
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H̃(t) = Ẽ[H̃(T )|Ft] = Ẽ
[
e−rTH|Ft

]
. (53)

Moreover, since ψ is also self-financing, it holds that

dṼψ(t) = x(t)S̃(t)σdW̃ (t).

Thus in stochastic notation, we set

Ṽψ(t) = V (0) + σ

∫ t

0
x(u)S̃(u) dW̃ (u).

By equation (53), we deduce

Ẽ
[
e−rTH|Ft

]
= V (0) + σ

∫ t

0
x(u)S̃(u) dW̃ (u).

The following task is to define a process X such that its stochastic integral is
equal to a martingale M as in the form of the above equation’s LHS.
Due to theorem 5.3.1, M(t) =

∫ t
0 f(s)dW (s) is a martingale for f ∈ M2 with

M ∈ L2(Ω). We now desire to prove that the converse is true as well. In
particular, we wish to show that each square-integrable martingale M w.r.t. the
natural Wiener filtration FW

t is a stochastic integral. We start the discussion
about the representation of martingales with an example.

Proposition 7.4.7 ([12]). For any bounded (deterministic) function g : [0, T ] →
R, there exists fg ∈ M2, such that

exp
(

−1
2

∫ t

0
g2(s) ds+

∫ t

0
g(s) dW (s)

)
= 1 +

∫ t

0
fg(s) dW (s).

Proof. Consider Y (t) = eX(t) with

X(t) = −1
2

∫ t

0
g2(s) ds+

∫ t

0
g(s) dW (s).

We use the Itô formula on Y (t) = F (X(t)) with F (x) = ex = Fx(x) = Fxx(x)
and

dX(t) = −1
2g

2(t)dt+ g(t)dW (t).

Observe that

dY (t) = −1
2
(
Fx(X(t))g2(t) − Fxx(X(t))g2(t)

)
dt+ Fx(X(t))g(t)dW (t)

= Y (t)g(t)dW (t).
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Since Y (0) = 1, we conclude

Y (t) = 1 +
∫ t

0
Y (s)g(s) dW (s).

Therefore we choose fg(t) = Y (t)g(t). The next step is to show that fg ∈ M2.
g is bounded, say |g| ≤ c for some c ∈ R. With help of Fubini, we conclude

E

[∫ T

0
Y 2(t)g2(t) dt

]
≤ c2E

[∫ T

0
Y 2(s) dt

]

= c2E

[∫ T

0
exp

(
−
∫ t

0
g2(s) ds+ 2

∫ t

0
g(s) dW (s)

)
dt

]

= c2 exp
(

−
∫ t

0
g2(s) ds

)
E

[∫ T

0
exp

(
2
∫ t

0
g(s) dW (s)

)
dt

]

= c2 exp
(

−
∫ t

0
g2(s) ds

)∫ T

0
E
[
exp

(
2
∫ t

0
g(s) dW (s)

)]
dt

= c2 exp
(

−
∫ t

0
g2(s) ds

)∫ T

0
exp

(
2
∫ t

0
g2(s) ds

)
ds

≤ c2T exp
(

−
∫ t

0
g2(s) ds+ 2c2T

)
< ∞,

which verifies that fg ∈ M2.

The following result enables a simple interpretation of the random variables
w.r.t. stochastic integrals.

Proposition 7.4.8 ([12]). Assume that for arbitrary FT -measurable X ∈ L2(Ω),
there exists fX ∈ M2, such that almost surely it holds

X = E[X] +
∫ T

0
fX(s) dW (s). (54)

Then any martingale M ∈ L2(Ω) can be written in the form

M(t) = M(0) +
∫ t

0
fM (s) dW (s),

almost surely for some fM ∈ M2.

Proof. If M(t) is a square-integrable martingale so is M(t) −M(0). We choose
M(0) = 0. Let X = M(T ) and fM = fX , which delivers

M(T ) =
∫ T

0
fM (s) dW (s).
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Using the conditional expectation w.r.t. FW
t on the above equation, we obtain

M(t) = E[M(T )|FW
t ] = E

[∫ T

0
fM (s) dW (s)|FW

t

]
.

Furthermore, the stochastic integral allows one to write

E

[∫ T

0
fM (s) dW (s)|FW

t

]
=
∫ t

0
fM (s) dW (s).

Proposition 7.4.9 ([12]). An FT -measurable X ∈ L2(Ω) can be written in the
form of equation (54) uniquely. In particular, if some fX , gX ∈ M2 satisfy

X = E[X] +
∫ T

0
fX(s) dW (s),

X = E[X] +
∫ T

0
gX(s) dW (s),

then fX = gX , P ⊗ ν([0, T ])-almost surely.

Proof. We take the above notations and notice

X −X =
∫ T

0
(fX − gX)(s) dW (s).

Hence by the Itô isometry, we receive

E

(∫ T

0
(fX − gX)(s) dW (s)

)2
 = E

[∫ T

0
(fX − gX)2(s) ds

]
= 0.

For almost all ω ∈ Ω, we conclude that

∫ T

0
(fX − gX)(s, ω) ds = 0.

Moreover, for each ω ∈ Ω we have fX(t, ω) = gX(t, ω) almost surely w.r.t. t.
Since fX , gX ∈ M2, which is a L2-space w.r.t. (t, ω), they are also equal in
M2.

We search for a representation of general random variables. To do so we con-
struct an approximating sequence of some special random variables of which
representation we are already aware. Thanks to proposition 7.4.7, we have a
stochastic integral representation of a certain class of random variables.
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Proposition 7.4.10 ([12]). Random variables of the form

X = exp
(

n∑
k=1

ck(W (tk+1) −W (tk))
)
,

with tk ∈ [0, T ], tk < tk+1, and ck ∈ R, admit the representation as in equation
(54). The same holds for their linear combination with deterministic coefficients.

Proof. Consider the deterministic, bounded step function

g(t) =
n∑
k=1

ck1[tk,tk+1).

By proposition 7.4.7, we get

exp
(

−1
2

∫ T

0
g2(s) ds+

∫ T

0
g(s) dW (s)

)
= 1 +

∫ T

0
fX(s) dW (s).

We multiply both sides by exp
(

1
2
∫ T

0 g2(s)ds
)

, which delivers the result in tar-
get. The linearity of the stochastic integral derives the claim.

In the next step, we extend the representation to some complex random vari-
ables. Let f : [0, T ]×Ω → C be a complex process. We introduce the class M2

C,
where we ask the real part fre and the imaginary part fim both to be elements
in M2. We define the stochastic integral of some complex process f as

∫ t

0
f(s) dW (s) =

∫ t

0
fre(s) dW (s) + i

∫ t

0
fim(s) dW (s).

This extension prepares the necessary tools for the martingale representation
theorem 7.4.14 without needing too much of additional theory. We may redirect
results for complex random variables to results for real random variables by just
showing that the respective imaginary part is zero.

Proposition 7.4.11 ([12]). Linear combinations of random variables of the
form

X = exp
(
i

n∑
k=1

ck(W (tk+1) −W (tk))
)
,

with tk ∈ [0, T ], tk < tk+1, and ck ∈ R, admit the representation as in equation
(54) by means of a complex-valued process fX ∈ M2

C.

Proof. We want to show that

Y (t) = exp
(

1
2

∫ t

0
g2(s) ds+ i

∫ t

0
g(s) dW (s)

)
= 1 + i

∫ t

0
g(s)Y (s) dW (s).
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We split Y into real and imaginary parts and get

Y (t) = exp
(

1
2

∫ t

0
g2(s) ds

)
cos
(∫ t

0
g(s) dW (s)

)
+ i exp

(
1
2

∫ t

0
g2(s) ds

)
sin
(∫ t

0
g(s) dW (s)

)
= Yre(t) + iYim(t),

where Yre represents the real part of Y respectively Yim the imaginary part of
Y . We now apply the Itô-formula on Yre = f(t, Z(t)) with Z(t) =

∫ t
0 g(s)dW (s),

dZ(t) = g(t)dW (t), and

f(t, x) = exp
(∫ t

0
g2(s) ds

)
cos(x),

ft(t, x) = 1
2g

2(s) exp
(∫ t

0
g2(s) ds

)
cos(x),

fx(t, x) = − exp
(

1
2

∫ t

0
g2(s) ds

)
sin(x),

fxx(t, x) = − exp
(

1
2

∫ t

0
g2(s) ds

)
cos(x).

Thus we obtain

dYre(t) = −g(t) exp
(

−1
2

∫ t

0
g2(s) ds

)
sin
(∫ t

0
g(s) dW (s)

)
.

In a similar way for Yim(t), we observe

dYim(t) = ig(t) exp
(

−1
2

∫ t

0
g2(s) ds

)
cos
(∫ t

0
g(s) dW (s)

)
.

The results follows by proposition 7.4.7, since

dY (t) =
(

cos
(∫ t

0
g(s) dW (s)

)
+ i sin

(∫ t

0
g(s) dW (s)

))(
ig(t) exp

(
−1

2

∫ t

0
g2(s) ds

))
= ig(t)Y (t).

Let L2
C(Ω) denote the space of complex-valued, square-integrable random vari-

ables. We add a fact from functional analysis to the collection.

Lemma 7.4.12 ([12]). The family L of all linear combination of random vari-
ables

X = exp
(
i

n∑
k=1

ck(W (tk+1) −W (tk))
)

is dense in L2
C.
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Proof. This proof is not shown here. Interested readers may consult [12] lemma
3.6 for the full proof.

The above lemma provides an extension of the representation.

Proposition 7.4.13 ([12]). For any FT -measurable real-valued X ∈ L2(Ω),
there exists a unique fX ∈ M2, such that almost surely it holds

X = E[X] +
∫ T

0
fX(s) dW (s).

Proof. By lemma 7.4.12, there exists some {Xn}n∈N ⊂ L, such that lim
n→∞

Xn =
X in L2

C(Ω). Due to proposition 7.4.11, these random variables can be written
as a stochastic integral in the form of

Xn = E[Xn] +
∫ T

0
fXn

(s) dW (s).

Each sequence of random variables converging in L2
C also converges in L1

C, be-
cause the computation of the integral is w.r.t. a probability measure. Thus
lim
n→∞

E[Xn] = E[X]. Since the sequence {Xn}n∈N converges in L2
C, the sequence

{Xn − E[Xn]}n∈N is Cauchy in L2
C(Ω). Therefore {fn}n∈N is Cauchy in L2

C(Ω).
The Itô isometry delivers {fXn}n∈N being Cauchy in L2

C(Ω). In other words,
there exists fX ∈ M2

C such that lim
n→∞

fXn = fX w.r.t. the M2
C-norm. Again

with help of the Itô isometry, we receive

lim
n→∞

∫ T

0
fXn

(s) dW (s) =
∫ T

0
fX(s) dW (s) in L2

C.

This gives

X = E[X] +
∫ T

0
fX(s) dW (s).

It remains to show that with means of a real-valued process, we obtain the
representation of a real random variable. For real X, we have E[X] ∈ R and∫ T

0 fX(s)dW (s) ∈ L2(Ω). Hence it holds that

∫ T

0
fim(s) dW (s) = 0.

As a consequence of the Itô isometry, we have

E

[∫ T

0
f2
im(s) ds

]
= 0.

This implies that fim(t) = 0, almost surely on Ω × [0, T ].
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Theorem 7.4.14 (Martingale representation theorem, [12]). If M is a mar-
tingale w.r.t. the Wiener filtration, such that M ∈ L2(Ω), then there exists a
unique process fM ∈ M2 such that almost surely it holds

M(t) = M(0) +
∫ t

0
fM (s) dW (s). (55)

Proof. We receive the respective fM of the process M(T ) by proposition 7.4.13.
The representation of M(t) is obtained by proposition 7.4.8. M(t) is an Itô
process by construction. Therefore the uniqueness of fM is ensured by the
uniqueness of the Itô process characteristics.

Remark. The martingale representation theorem 7.4.14 states that {M(t) :
t ∈ [0, T ]} and

{
M(0) +

∫ t
0 fM (s)dW (s) : t ∈ [0, T ]

}
are modifications of each

other. Hence every F-martingale has a continuous modification. Indeed, the
martingale in equation (55) has continuous paths as a stochastic integral pro-
vided by the Wiener process W .
Moreover, theorem 7.4.14 enables us to attack the question of completeness in
the Black-Scholes model. Assume the path independent European derivative
security satisfies H = h(S(T )) with h ∈ B(R), and meets the conditions

H ≥ 0 and E[Hn] < ∞, for some n > 2. (56)

If H has arbitrary sign, one splits H into a positive and a negative part, such
that H = H+ − H−, where H+, H− ≥ 0. Each component is priced individu-
ally. Hence the price of H results by additivity. The second property helps to
guarantee the square integrability of H w.r.t. the martingale probability. We
enhance the regularity conditions on the initial measure. The EMM P̃ satisfies

P̃[E] =
∫
E

exp
(

−γ2

2 T − γW (T )
)
dP.

By setting γ = (µ− r)/σ, we get

Ẽ[H2] = E
[
H2 exp

(
−γ2

2 T − γW (T )
)]

.

The single-stock derivative pricing model is defined over the probability space
(Ω,F ,P) and the considered time-space [0, T ]. The underlying asset S is en-
dowed with its natural filtration FS

t , which coincides with the natural Wiener
filtration FW

t . We want to exclude all trading strategies leading to arbitrage.
First, we add a lemma that ensures the required square-integrability w.r.t. the
EMM P̃.

Lemma 7.4.15 ([12]). If E[Hn] < ∞ for some n > 2, then Ẽ[H2] < ∞, where
P̃ is the EMM in the Black-Scholes model.
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Proof. Let X,Y be two real-valued random variables. Due to the Hölder in-
equality, we have

E [|XY |] ≤ (E[Xp])
1
p (E[Y q])

1
q ,

where p > 1 and 1
p+ 1

q = 1. We apply this onX = H2, Y = exp
(

−γ2

2 T − γW (T )
)

and choose p = α
2 (implying q = α

α−2 ). This gives the claim as

E
[
H2 exp

(
−γ2

2 T − γW (T )
)]

≤
(
E
[(
H2)α

2
]) 2

α

(
E
[
exp

(
− α

α− 2
γ2

2 T − α

α− 2γW (T )
)])α−2

α

= (E[Hα])
2
α exp

(
−γ2

2 T
)(

E
[
exp

(
− α

α− 2γW (T )
)])α−2

α

= (E[Hα])
2
α exp

(
−γ2

2 T
)

exp
(

α

α− 2
γ2

2 T
)

= (E[Hα])
2
α exp

(
γ2

α− 2T
)
< ∞.

All necessary theory is collected to attack the main result of this section.

Theorem 7.4.16 (Completeness, [12]). The Black-Scholes model is complete
in the following sense: For each FT -measurable H ≥ 0 with E[Hn] < ∞ for
some n > 2, there is an admissible replicating strategy ψ = (x, y), such that

Vψ(t) = Ẽ
[
e−r(T−t)H|Ft

]
.

Proof. By choosing t = T , the replication property follows immediately as H is
FT -measurable,

Vψ(T ) = Ẽ[H|FT ] = H.

Recall that B(t) = ert. Hence it holds that

Vψ(t) = Ẽ[B(T )e−rTH|Ft] = B(t)Ẽ[e−rTH|Ft]. (57)

The process M(t) = Ẽ[e−rTH|Ft] is defined by the conditional expectation of a
square-integrable martingale. Thus

E[M2(t)] = Ẽ[Ẽ[e−rTH|Ft]2]
≤ Ẽ[Ẽ[e−2rTH2|Ft]]
= e−2rT Ẽ[H2] < ∞,

where the inequality is obtained by Jensen’s inequality on the convex function
f(x) = x2. We are looking for an admissible strategy, such that
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Vψ(t) = B(t)Ẽ[H|Ft]. (58)

Because the assumptions on the martingale representation theorem are satisfied,
we write M(t) = Ẽ[H|Ft] as a stochastic integral w.r.t. W̃ . Hence there exists
a unique adapted process fM (t), such that

M(t) = M(0) +
∫ t

0
fM (s) dW (s),

with dM(t) = fM (t)dW̃ (t). We now have a proper look at equation (58) and
compute their respective differentials. Due to the self-financing condition, we
have on the LHS:

dVψ(t) = x(t)dS(t) + y(t)dB(t)
= x(t)rS(t)dt+ x(t)σS(t)dW̃ (t) + y(t)rB(t)dt,

(59)

where dS(t) = rS(t)dt+σS(t)dW̃ (t). On the RHS of equation (58), the product
rule 6.4.3 gives the differential as follows:

d(B(t)M(t)) = B(t)dM(t) +M(t)dB(t)
= B(t)fM (t)dW̃ (t) + rB(t)M(t)dt.

(60)

We insert equations (59) and (60) into equation (58). After rearranging, we are
left with

(x(t)rS(t) + y(t)rB(t) − rB(t)M(t)) dt+ (x(t)σS(t) −B(t)fM (t)) dW̃ (t) = 0.

Since the differential representation of any Itô process is unique, we conclude

x(t)rS(t) + y(t)rB(t) − rB(t)M(t) = 0,
x(t)σS(t) −B(t)fM (t) = 0.

The latter equation reads as

x(t) = B(t)fM (t)
σS(t) , (61)

which we put into the first equation and obtain

B(t)fM (t)
σS(t) rS(t) + y(t)rB(t) − rB(t)M(t) = 0.

We get an expression for y(t) after dividing by rB(t), such that
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y(t) = σM(t) − fM (t)
σ

.

We insert x(t) and y(t) into the self-financing condition and observe

Vψ(t) = B(t)fM (t)
σS(t) S(t) + σM(t) − fM (t)

σ
B(t)

= M(t)B(t)

= Ẽ
[
e−r(T−t)H|Ft

]
.

Indeed, this identity at t = T ensures that ψ = (x, y) is a replicating strategy
of H. Moreover, ψ = (x, y) is also tame, since H ≥ 0. Hence for all t ∈ [0, T ],
it holds that

Vψ(t) = Ẽ
[
e−r(T−t)H|Ft

]
≥ 0.

As a consequence of equation (57), we observe that

Ṽψ(t) = Vψ(t)
B(t) = M(t)

is a P̃-martingale. Finally, we need to check for the self-financing condition. To
do so we reconsider equation (61) and solve for fM . We receive

fM (t) = σx(t)S(t)
B(t) = σx(t)S̃(t),

with S̃(t) = S(t)e−rtB(t). It holds that

dṼψ(t) = dM(t)
= fM (t)dW̃ (t)
= σx(t)S̃(t)dW̃ (t)
= σx(t)dS̃(t).

By proposition 7.1.14, we conclude that ψ is admissible.

7.5 Derivative Pricing
One of the main purposes of the Black-Scholes model lies in the fair pricing of
European contingent claims, in particular the European put and call option. As
mentioned in the introduction of this thesis, we are also interested in deviat-
ing the prices of European contingent claims on leveraged funds. The required
groundwork is settled in this section. The main result of this section concerns
theorem 7.5.7, which clarifies the pricing task in focus.
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In section 7.2, we constructed an EMM P̃ as in equation (52). We are in-
terested in the question of whether the Black-Scholes model is equipped with
another EMM P∗, where discounted price and discounted value processes are
P∗-martingales with value H̃ = e−rTH = e−rTh(S(T )) at expiration. The
martingale representation theorem 7.4.14 brings a useful expression for the dis-
counted value process,

Ṽψ(t) = e−rtVψ(t) = Ẽ
[
e−rTH|Ft

]
,

which introduces the first result.

Theorem 7.5.1 ([12]). The martingale probability P̃ as in equation (52) is
unique in the Black-Scholes model.

Proof. W.l.o.g. let H = 1A, for some A ∈ FS
T , regarded as the payoff of a

derivative security. Let P∗ be another EMM with its respective expectation E∗.
By definition of H, we get

e−rTP∗[A] = E∗[e−rTH] = E∗[H̃]
= E∗[E∗[H̃|FT ]] = E∗[Ṽψ(T )]
= E∗[V (0)] = V (0),

where we used the replication property and the EMM condition of P∗. By
reversing the above calculations, we are left with

V (0) = e−rT Ẽ[H] = e−rT P̃[A].

Since A ∈ FS
T was arbitrarily chosen, we showed that both EMMs P∗ and P̃

must coincide. Indeed, P̃ is the unique EMM in the Black-Scholes model.

We gathered various promising properties of the Black-Scholes model. There
exists a unique EMM P̃. Furthermore, w.r.t. admissible trading strategies,
the Black-Scholes model is not only free of arbitrage but also complete. This
enables the discussion of the pricing of general derivative securities. Consider
an arbitrary path-independent derivative security H, with H = h(S(T )) for
h ∈ B(R), where the stock price process S meets the condition

S(T ) = S(0) exp
((

µ− σ2

2

)
T + σW (T )

)
= S(t) exp

((
r − σ2

2

)
(T − t) + σ(W̃ (T ) − W̃ (t))

)
,

with W̃ (t) as in equation (51). We want to calculate

H(t) = Ẽ[e−r(T−t)H|Ft] = Ẽ[e−r(T−t)h(S(T ))|Ft]

= Ẽ
[
e−r(T−t)h

(
S(t) exp

((
r − σ2

2

)
(T − t) + σ(W̃ (T ) − W̃ (t))

))
|Ft
]
.

(62)
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The next lemma provides a useful tool to solve this problem.

Lemma 7.5.2 ([13]). Let (Ω,F ,P) be a probability space and let G ⊆ F be
a σ-algebra. Assume that Z : Ω → R is a G-measurable random variable and
X : Ω → R is a random variable independent of G. If Θ : R2 → R is a bounded
Borel measurable function, then ϑ : R → R defined by

ϑ(z) = E[Θ(X, z)] =
∫
R

Θ(x, z) dPX(x), z ∈ R,

is a bounded Borel measurable function. Moreover, it holds that

E[Θ(X,Z)|G] = ϑ(Z), P − almost surely.

Proof. The proof of this fact is stated in [13] theorem 4.27.

We choose X = W̃ (T ) − W̃ (t), Z = S(t) and deduce

ϑ(t, z) = Ẽ[Θ(t, z,X)|Ft]

= Ẽ
[
e−r(T−t)h

(
z exp

((
r − σ2

2

)
(T − t) + σX

))]
= e−r(T−t)Ẽ

[
h

(
z exp

((
r − σ2

2

)
(T − t) + σX

))]
.

(63)

Since X = W̃ (T ) − W̃ (t) ∼
√
T − tN , N ∼ N (0, 1), we continue equation (63)

as follows:

ϑ(t, z) = e−r(T−t)Ẽ
[
h

(
z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tN

))]
= e−r(T−t)

∫ ∞

−∞
φ(x)h

(
z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tx

))
dx.

(64)

This general expression is useful for the evaluation of the Black-Scholes option
pricing formula for the European put since its payoff h(z) = (K−z)+ ∈ [0,K] is
bounded. h satisfies both conditions in equation (56), because it is non-negative
and integrable to any power n > 2. ϑ in equation (64) now satisfies

ϑ(t, z) = e−r(T−t) 1√
2π

∫ ∞

−∞
exp

(
−x2

2

)(
K − z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tx

))+

dx.

We seek an upper bound of the integral range, which solves the non-linearity of
the payoff function. Observe that
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(
K − z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tx

))+

≥ 0

⇐⇒ exp
((

r − σ2

2

)
(T − t) + σ

√
T − tx

)
≤ K

z

⇐⇒ σ
√
T − tx ≤ ln

(
K

z

)
−
(
r − σ2

2

)
(T − t)

⇐⇒ x ≤ d(t, z),

where

d(t, z) =
ln
(
K
z

)
−
(
r − σ2

2

)
(T − t)

σ
√
T − t

. (65)

We obtain ϑ = ϑ+ − ϑ− = ϑ+ w.r.t. d(t, z). Hence by linearity,

ϑ(t, z) = e−r(T−t)
∫ d(t,z)

−∞
φ(x)

(
K − z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tx

))
dx

= e−r(T−t)

(∫ d(t,z)

−∞
φ(x)K dx−

∫ d(t,z)

−∞
φ(x)z exp

((
r − σ2

2

)
(T − t) + σ

√
T − tx

)
dx

)
.

(66)

One may read the first term within the bracket in (66) as

KΦ(d(t, z)), (67)

where Φ represents the cdf of the standard normal,

Φ(z) =
∫ z

−∞
φ(x) dx, (68)

with the standard normal pdf φ as in (49). Consider the variable change y =
x − σ

√
T − t with dy = dx. We can manipulate the second term within the

bracket in (66) as follows:

1√
2π

∫ d(t,z)

−∞
zer(T−t) exp

(
−x2

2 + σ
√
T − tx− σ2

2

)
dx

= er(T−t)z
1√
2π

∫ d(t,z)

−∞
exp

(
−1

2

(
x− σ

√
T − t

)2
)
dx

= er(T−t)z
1√
2π

∫ d(t,z)−σ
√
T−t

−∞
exp

(
−y2

2

)
dy

= er(T−t)zΦ
(
d(t, z) − σ

√
T − t

)
.

(69)
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We insert (67) and (69) in (66). This gives

ϑ(t, z) = e−r(T−t)
(
KΦ(d(t, z)) − er(T−t)zΦ

(
d(t, z) − σ

√
T − t

))
= Ke−r(T−t)Φ(d(t, z)) − zΦ

(
d(t, z) − σ

√
T − t

)
.

Corollary 7.5.3 ([12]). For t ≤ T , it holds

Ẽ
[
1{S(T )≤K}|Ft

]
= Φ(d(t, S(t)))

and

Ẽ
[
S(T )1{S(T )≤K}|Ft

]
= er(T−t)S(t)Φ

(
d(t, S(t)) − σ

√
T − t)

)
.

Proof. The calculations are restricted to the case, where S(T ) ≤ K, which
provides linearity. Hence the put price takes the following form:

P (t) = Ẽ[e−r(T−t)(K − S(T ))+|Ft]
= Ẽ[e−r(T−t)(K − S(T ))1{S(T )≤K}|Ft]
= e−r(T−t) (Ẽ[K1{S(T )≤K}|Ft] − Ẽ[S(T )1{S(T )≤K}|Ft]

)
.

We recall equations (66), (67), and (69), where we obtained expressions for these
two terms separately. We deduce the claim.

Due to lemma 7.5.2, we acquired the expression for the payoff of a European
put option,

P (t) = ϑ(t, S(t)) = e−r(T−t)Ẽ[h(S(T ))|Ft],

which allows us to state the first central result of this section.

Theorem 7.5.4 (Price of European put option, [12]). The price of the European
put option, with strike price K at time t ∈ [0, T ], is given by

P (t) = Ke−r(T−t)Φ(d(t, S(t))) − S(t)Φ
(
d(t, S(t)) − σ

√
T − t

)
,

with d(t, z) as in (65) and Φ(x) as in (68).

Proof. By lemma 7.5.3, we receive the payoff of a European put option,

P (t) = ϑ(t, S(t)) = e−r(T−t)Ẽ[h(S(T ))|Ft].

Since h(Z) = (K − Z)+ = (K − Z)1{Z≤K}, we write

P (t) = e−r(T−t)Ẽ[K1{S(T )≤K}|Ft] − e−r(T−t)Ẽ[S(T )1{S(T )≤K}|Ft].

Corollary 7.5.3 brings the claim.
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We turn our attention to the price of the European call option. An increase in
the stock price forces an increase for the call and a decrease for the put option. If
the stock price decreases, the opposite is the case. The payoff of the call option
must satisfy the conditions (56). Hence we need to verify (S(T ) −K)+ ∈ Ln(P)
for some n > 2. It holds that

E[(S(T ) −K)n] ≤ E[(|S(T )| + |K|)n]
≤ 2nE[|S(T )|n + |K|n]
= 2n(E[|S(T )|n] + E[|K|n]) < ∞.

Moreover, we have a nice bound for S(T ):

E[S(T )p] = S(0)pE
[
exp

((
µ− σ2

2

)
T + σW (T )

)p]
≤ S(0)p exp

(
p

(
µ− σ2

2

)
T

)
E[exp(pσW (T ))]

= S(0)p exp
(
p

(
µ− σ2

2

)
T + (σp)2

2 T

)
< ∞.

The price process of a European call option C(t) must be equal to the value
process of its replicating strategy, which becomes a P̃-martingale if discounted.
We state an important result showing the connection between the respective
price processes.

Theorem 7.5.5 (Put-call parity, [11]). Let P (t) and C(t) denote the prices of
a European put and a European call option on the underlying asset S with strike
price K and exercise date T respectively. Then we have the put-call parity:

S(t) + P (t) − C(t) = Ke−r(T−t).

Proof. We distinguish between the following two cases:

If S(T ) −K ≥ 0, then

S(T ) − (S(T ) −K)+ + (K − S(T ))+ = S(T ) − (S(T ) −K) = K.

On the other hand, if S(T ) −K ≤ 0, then

S(T ) − (S(T ) −K)+ + (K − S(T ))+ = S(T ) + (K − S(T )) = K.

In either case, we have

S(T ) − C(T ) − P (T ) = S(T ) − (S(T ) −K)+ + (K − S(T ))+ = K.

By multiplying with e−rT , we obtain
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e−rTK = e−rT (S(T ) − C(T ) + P (T )) = S̃(T ) − C̃(T ) + P̃ (T ).

S̃(t), C̃(t), and P̃ (t) are P̃-martingales. We conclude the desired result after
multiplying by ert as follows:

S(t) − C(t) + P (t) = (S̃(t) − C̃(t) + P̃ (t))ert

= Ẽ[(S̃(T ) − C̃(T ) + P̃ (T ))ert|Ft]
= Ẽ[Ke−r(T−t)|Ft]
= Ke−r(T−t).

With the price of the European put option and the put-call parity in the col-
lection, the next crucial fact is proven with a small effort.

Theorem 7.5.6 (Price of European call option, [12]). The price of the European
call option, with strike price K at time t ∈ [0, T ], is given by

C(t) = S(t)Φ
(

−
(
d(t, S(t)) − σ

√
T − t

))
−Ke−r(T−t)Φ(−d(t, S(t))),

with d(t, z) as in (65) and Φ(x) as in (68).

Proof. The put-call parity theorem 7.5.5, delivers

S(t) − P (t) − C(t) = Ke−r(T−t) ⇐⇒ C(t) = S(t) + P (t) −Ke−r(T−t).

As a consequence of the fair price of a European put option 7.5.4, we conclude

C(t) = S(t) +Ke−r(T−t)Φ(d(t, S(t)))

− S(t)Φ
(
d(t, S(t)) − σ

√
T − t

)
−Ke−r(T−t)

= S(t)
(

1 − Φ
(
d(t, S(t)) − σ

√
T − t

))
− ke−r(T−t)(1 − Φ(d(t, S(t))).

(70)

Since the standard normal cdf Φ is symmetric around its mean 0, we get

1 − Φ(d) = 1√
2π

(∫ ∞

−∞
exp

(
−x2

2

)
dx−

∫ d

−∞
exp

(
−x2

2

)
dx

)

= 1√
2π

∫ ∞

d

exp
(

−x2

2

)
dx

= 1√
2π

∫ −d

−∞
exp

(
−x2

2

)
dx = Φ(−d).

(71)

Finally, we apply this to equation (70) and receive the claim.
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We summarize the results from this section in the following theorem.

Theorem 7.5.7 (Black-Scholes formula, [12]). The arbitrage-free prices of the
European put and the European call option are given by

P (t) = Ke−r(T−t)Φ(d(t, S(t))) − S(t)Φ
(
d(t, S(t)) − σ

√
T − t

)
,

C(t) = S(t)Φ
(

−
(
d(t, S(t)) − σ

√
T − t

))
−Ke−r(T−t)Φ(−d(t, S(t))),

with d(t, z) as in (65) and Φ(x) as in (68).

An immediate consequence of the Black-Scholes formula is the prices at time
t = 0.

Corollary 7.5.8 ([12]). The prices of the European put and European call op-
tion at time t = 0 are

P (0) = Ke−rTΦ(d(0, S(0))) − S(0)Φ(d(0, S(0)) − σ
√
T ),

C(0) = S(0)Φ
(

−
(
d(0, S(0)) − σ

√
T
))

−Ke−rTΦ(−d(0, S(0))),

with d(t, z) as in (65) and Φ(x) as in (68).
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8 Leveraged ETF
This chapter covers the main object of interest in this thesis - leveraged
exchange-traded funds (abbr. LETF). In sections 8.1 and 8.2, a superficial
introduction to the LETF and its return properties takes place. The embed-
ding of the leveraged fund in the Black-Scholes model is the purpose of section
8.2, where we complete the preparation for the discussion of admissible leverage
ratios. Section 8.4 is devoted to the fair pricing of the European put and call
options based on leveraged funds. We do so by applying the results from section
7.5. The remaining part, section 8.5, is dedicated to the research of admissible
leverage ratios, the main goal of the entire thesis.

8.1 Introduction of LETF
In the same manner as stocks, exchange-traded funds (abbr. ETF) are traded on
large exchanges like NYSE or NASDAQ. Equal to index funds or mutual funds,
ETFs are investment funds as well. In contrast, most ETFs are created to track
a specific index, which can consist of bond index, stock index, commodity index,
and many more. Over time, a small expense fee is charged. This market opens
an opportunity for investors to get access to trade in various international asset
classes and sectors [1][16].

Figure 2: ETF Market

Source: [1], Fig. 1.1 page 2.

Figure 2 illustrates how the ETF market works. In the so-called primary
market, ETFs are created or redeemed because of trading interactions between
some authorized participant and the ETF provider. The authorized participants
consist of authorized dealers, market makers, and ETF managers who represent
an ETF provider such as ProShares for example. ETF managers receive ETF
units from authorized dealers, whereas they give underlying assets in return.
Reversely, the ETF manager creates and delivers units of the ETF of equal cash
value to some physical basket that is provided by the authorized participant.
The consequence of this creation process is the effective increase in the amount
of ETF units. The secondary market consists of exchanges, in which ETFs
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can be traded liquidly. There, buyers obtain shares from real ETF holders [1].

In 2006 in the United States, leveraged exchange-traded funds joined as a new
member to the ETF family. LETFs are publicly traded funds that provide
(positive and negative) multiples of daily returns on some underlying index
or benchmark. To satisfy this condition, leverage is used in the fund that
stems from derivatives such as forward and future contracts [1]. A classifi-
cation of LETFs may be based on their leverage ratio. Possible leverage ratios
may be −1x,±2x,±3x. Those with negative leverage ratios are often called
inverse/short/bear LETFs that aim to give the exact (multiple of the) addi-
tive inverse of the underlying’s daily returns [16]. For instance, the −2x-LETF
ProShares UltraShort S&P 500 (SDS) promises minus two times the daily re-
turns of the S&P 500 index. On the other hand, those LETFs with a positive
ratio are called long/bull LETFs. The +2x-LETF ProShares Ultra S&P 500
(SSO) creates two times the daily returns of the S&P 500 minus some small ex-
pense fee [1]. The leverage ratio is supposed to remain constant throughout the
whole management period. Thus there is an attached rebalancing mechanism,
where a reallocation of securities takes place to rebuild the desired ratio. In
daily rebalancing, this exposure adjustment is executed each day as a response
to the movements of the underlying. This rebalancing mechanism may cause
discrepancies between the multiple long-term returns of the underlying and the
LETF returns [16]. In this thesis, we do not pay any more attention to this
feature.

In September 2015, the global LETF industry consisted of over $70.1 billion
assets under management (abbr. AUM) [17]. AUM represents the volume of
the client’s accumulated funds. Popularity rose among investors as it reached
globally $84.5 billion AUM in October 2020. 43% of the 2020 AUM was held
in short LETFs with leverage ratios between −1 and −3. The remaining 57%
AUM was held in long LETFs with ratios β ≥ 2. The ratio 2 itself was the most
preferred with a volume of roughly $24.51 billion AUM [3]. LETFs only repre-
sent a small partition of the ETF market. For instance, the US ETF industry
consisted of $2.1 trillion AUM in 2015 [1].

8.2 Returns of LETF
This section gives a brief insight into the returns of leveraged funds in daily
examples. We want to gather some indentation of the compounding effect. The
following mainly stems from [1].

LETFs promise a constant multiple of the daily returns of some underlying
index or asset by design. Let Rk represent the return of the reference of the
k-th trading day and β the leverage ratio provided by the LETF. Ln denotes
the value of the LETF on day n,

Ln = L0

n∏
k=0

(1 + βRk). (72)
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This is also known as the leverage benchmark. After several days, the com-
pounded returns of the LETF are not just β times the compounded returns of
the ETF. If the underlying is moving in the desired direction, then the leverage
ratio β can enhance returns. Doing some algebra on equation (72), we observe

Ln
L0

=
n∏
k=0

(1 + βRk) ⇐⇒ ln
(
Ln
L0

)
=

n∑
k=0

ln(1 + βRk).

The requirement Rk > − 1
β , for each k, is crucial here because only then the

above expression is well-defined. However, if there exists some k such that
Rk ≤ − 1

β , then a total loss of capital occurs. By taking the derivative w.r.t. β,
we get

d

dβ

(
ln
(
Ln
L0

))
=

n∑
k=0

Rk
1 + βRk

.

ln
(
Ln

L0

)
and also Ln are both increasing in β, if Rk > 0 for each k. If the ref-

erence asset’s value increases, bigger positive leverage ratios are preferred as an
amplification of the return. Moreover, given Rk < 0 for each k, smaller β also
yield to higher ln

(
Ln

L0

)
and hence Ln as well. If the reference asset decreases in

worth, more negative leverage ratios β enlarge the return [1]. The following ex-
ample shows the consequence of keeping constant leverage ratios (here ±2) when
nondirectional movements (i.e. some Rk > 0 and some Rl < 0 for k ̸= l) happen:

Table 1: Compounded daily LETF returns

Example over four trading days for β ∈ {±1, ±2}. For β = 1, the LETF is the ETF itself.

By daily design, long and short LETFs are supposed to move in opposite direc-
tions. As illustrated in this example, it may be the case that both short and
long LETFs have negative cumulative returns over a longer holding period. If
the ETF records a loss, so does any long LETF because the leverage ratio also
amplifies negative returns. After four trading days, we recorded a loss of 0.18%
on the ETF and an even greater loss of 0.72% on the +2x-LETF, which is more
than the doubled ETF loss, since 2 · 0.18% = 0.36% < 0.72%. Interestingly,
both the −1x-LETF and the −2x-LETF do not end up with a positive return.
The −1x-LETF records the same loss of 0.18% as the ETF. The −2x-LETF
records the same loss as the +2x-LETF.
Independent of the sign of the leverage ratio, we manifest an erosion in value
in volatile markets in a short period due to the compounding effect. Over a
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holding period of longer than one day, the LETF return can deviate from the
promised multiple of the underlying. Both negative and positive leverage ratios
can amplify negative returns.

Figure 3: Returns of SSO and SDS against the multiple of SPY returns

The SSO is on the left and the SDS is on the right. The considered management periods
were single day (top row), two weeks (middle row), and two months (bottom row) within the
period 29.09.2010 − 30.09.2012. Source: [1], Fig. 2.2 page 11.

In figure 3, the returns of the ProShares Ultra S&P 500 ETF (SSO) with a
leverage ratio of β = +2 and the ProShares Ultra-Short S&P 500 ETF (SDS)
with a leverage ratio of β = −2 are compared to those of the ±2 return multiples
of SPY. Each of the 1-day returns follows the straight line with slope one. This
indicates that both SSO and SDS replicate the multiple daily returns of the
underlying ETF. By stretching to a 14-day respectively to a 60-day holding
period, return discrepancies become visible. The dots are below the straight
line, which implies a weaker performance of the LETF against the multiple of
the underlying. We record the same phenomenon of decay in value as in table
1.

109



8.3 LETF in the Black-Scholes model
This section is devoted to the embedding of the LETF in the Black-Scholes
model. In section 7.1, we defined the performance of the stock price process
according to the SDE:

dS(t)
S(t) = µdt+ σdW (t),

where W is a Wiener process w.r.t. the probability measure P. We now link
the above SDE to the SDE defining the LETF based on S. The key result of
this section is the solution of the SDE following the leveraged price dynamics,
theorem 8.3.2. Afterwards, we manifest its distribution in proposition 8.3.3.

In terms of a LETF L = {L(t) : t ∈ [0, T ]} with β ≥ 1, for any given time
t, βL(t) is invested in the underlying stock price process S. (β − 1)L(t) is bor-
rowed from the risk-free asset B at the risk-free interest rate r ≥ 0. Usually, a
small expense ratio c ≥ 0 is charged. The β-LETF value satisfies the following
SDE:

dL(t)
L(t) = β

dS(t)
S(t) − (β − 1)dB(t)

B(t) − cdt

= β
dS(t)
S(t) − ((β − 1)r + c)dt.

(73)

In addition, for a short-leveraged ETF with negative leverage ratio β ≤ −1, a
short position of a value equal to |βL(t)| in S is taken, whereas (1−β)L(t) is kept
in the money market account. There may be a rate of borrowing λ ≥ 0 for taking
a short position on S. In order to include this in equation (73), simply replace
µ by µ + λ. One may construct a constant proportion portfolio considering
β ∈ (−1, 1). Since most typical leverage ratios in practice are β ∈ {±2,±3}, we
do not want to pay any more attention to it. Furthermore, we assume continuous
rebalancing [1].
Remark. The expense fee c represents the internal operating cost. This fee is the
portion of the total investor’s account value that is removed annually [18]. In
the model, this removal happens continuously. Since the expense fee is paid by
the investor, we assume r− c ≥ 0 for the remainder of this thesis. For instance,
this assumption will avoid the discussion of complex solutions in equations (94),
(99), and (103).
The next goal is to solve equation (73). In the same spirit as for the research
of the solution of the SDE in definition 7.1.2, we wish to ensure the existence
of the Itô integral in the target.

Proposition 8.3.1. If the process L = {L(t) : t ∈ [0, T ]} satisfies

L(t) = L(0)
(
S(t)
S(0)

)β
exp

(
−((β − 1)r + c)t+ β(1 − β)σ

2

2 t

)
, (74)

with S as in equation (42), then L ∈ M2.
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Proof. To hold calculation steps tight, define

y(β) = −((β − 1)r + c) + β(1 − β)σ
2

2 . (75)

Clearly, L is product measurable and adapted because S ∈ M2 by proposition
7.1.3. We need to verify that

E

[∫ T

0
L2(t) dt

]
< ∞.

Recall that S(t) = S(0) exp
((
µ− σ2/2

)
t+ σW (t)

)
and observe

E

[∫ T

0
L2(t) dt

]
= L2(0)E

[∫ T

0
exp

(
2β
(
µ− σ2

2

)
t+ 2y(β)t

)
exp(2βσW (t)) dt

]
.

The Lebesgue measure is finite on [0, T ] and P is finite on Ω. Thus the integral
remains finite after a change of integration order. Note that E [exp(2βσW (t))] =
exp(2(βσ)2t). We deduce the claim by Fubini’s theorem, since

E

[∫ T

0
L2(t) dt

]
= L2(0)

∫ T

0
exp

(
2β
(
µ− σ2

2

)
t+ 2y(β)t

)
E [exp(2βσW (t))] dt

= L2(0)
∫ T

0
exp

(
(σβ)2t+ 2(µ− r)βt+ 2(r − c)t

)
dt < ∞.

Theorem 8.3.2. The process described by equation (74) solves the SDE (73).

Proof. Recall y(β) from equation (75). Let

z(t, x) = β

(
µ− σ2

2

)
t+ σβx

and

F (t, x) = L(0)
(
S(t)
S(0)

)β
exp

(
−((β − 1)r + c)t+ β(1 − β)σ

2

2 t

)
= L(0) exp(z(t, x)) exp(y(β)t).

Hence we have

Ft(t, x) =
(
β

(
µ− σ2

2

)
+ y(β)

)
F (t, x),

Fx(t, x) = σβF (t, x),
Fxx(t, x) = (σβ)2F (t, x).
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By applying the Itô formula 6.4.2 on dL(t), we deduce

dL(t) =
(
Ft(t, x) + 1

2Fxx(t, x)
)
dt+ Fx(t, x)dW (t)

= L(t)
((

β

(
µ− σ2

2

)
− ((β − 1)r + c)

+ β(1 − β)σ
2

2 + (σβ)2

2

)
dt+ σβdW (t)

)
= L(t) (β(µdt+ σdW (t)) − ((β − 1)r + c)dt)

= L(t)
(
β

(
dS(t)
S(t)

)
− ((β − 1)r + c)dt

)
.

Remark. The value of the LETF is always above zero as its price dynamics are
given by S in (41). Note that this is a consequence of the assumed continuous
rebalancing mechanic. For example, if a LETF is rebalanced monthly, then the
LETF value may reach zero.
The following concentrates on the preparation for the discussion about admis-
sible leverage ratios. First, we consolidate the derivative of the β-LETF return
w.r.t. the leverage ratio: We observe

L(t)
L(0) − 1 = exp

(
β(µ− r)t+ βσW (t) − β2σ

2

2 t+ (r − c)t
)

− 1

and therefore

∂
(
L(t)
L(0) − 1

)
∂β

= ((µ− r)t+ σW (t) − βσ2t)L(t)
L(0) .

The influence of β on the LETF return (and also on the LETF value) is deter-
mined by the constant parameters µ, σ, r over time t. Furthermore, the leverage
ratio directly amplifies the random fluctuations of the Wiener process. For a
more accurate determination, we take the distribution of LETF returns into
account.

Proposition 8.3.3 ([19]). If the β-LETF value process is described by equation
(74), then

ln
(
L(t)
L(0)

)
∼ N

(
β

(
µ− σ2

2

)
t+ y(β)t, (βσ)2t

)
with y(β) as in (75).

Proof. From equation (74), we deduce

ln
(
L(t)
L(0)

)
= β ln

(
S(t)
S(0)

)
+ y(β)t

= β

((
µ− σ2

2

)
t+ σW (t)

)
+ y(β)t.
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Therefore ln(L(t)/L(0)) must be normally distributed as a sum of some deter-
ministic constant and the Wiener process W (t) ∼ N (0, t). The mean can be
computed easily,

E
[
ln
(
L(t)
L(0)

)]
= β

(
µ− σ2

2

)
t+ y(β)t.

The second moment can be obtained as follows:

E
[
ln2
(
L(t)
L(0)

)]
= E

[
β2 ln2

(
S(t)
S(0)

)
+ 2βy(β) ln

(
S(t)
S(0)

)
+ y2(β)t2

]
= β2

((
µ− σ2

2

)2

t2 + σ2t

)
+ 2βy(β)

(
µ− σ2

2

)
t+ y2(β)t2

=
(
β

(
µ− σ2

2

)
t+ y(β)t

)2

+ (βσ)2t

= E2
[
ln
(
L(t)
L(0)

)]
+ (βσ)2t.

We conclude

Var
[
ln
(
L(t)
L(0)

)]
= E

[
ln2
(
L(t)
L(0)

)]
− E2

[
ln
(
L(t)
L(0)

)]
= (βσ)2t.

Let L d= L(t)
L(0) − 1 and N ∼ N (0, 1), then the cdf of the β-LETF takes the form

FL(x) = P
[
L(t)
L(0) − 1 ≤ x

]

= P

N ≤
ln(1 + x) −

(
βt
(
µ− σ2

2

)
+ y(β)t

)
|β|σ

√
t


= Φ

 ln(1 + x) −
(
βt
(
µ− σ2

2

)
+ y(β)t

)
|β|σ

√
t

 ,

(76)

where Φ is the cdf of the standard normal as in equation (68). We acquire the
respective pdf by taking the derivative of the cdf w.r.t. x, which becomes

fL(x) = ∂FL(x)
∂x

= 1
|β|σ

√
t(1 + x)

φ

 ln(1 + x) −
(
βt
(
µ− σ2

2

)
+ y(β)t

)
|β|σ

√
t

 ,

(77)

where φ is the pdf of the standard normal as in equation (49). We now con-
solidate an arbitrarily selected example of the pdf and cdf of the returns of a
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β-LETF. There, we compare different positive and negative leverage ratios β
for positive and negative drift parameters µ.

Figure 4: Cdf of LETF returns for positive drift

FL as in equation (76) among different leverage ratios β, for µ = 10%, σ = 20%, r = 2%,
c = 0.95%, λ = 0%, and t = 1.

Figure 5: Pdf of LETF returns for positive drift

fL as in equation (77) among different leverage ratios β, for µ = 10%, σ = 20%, r = 2%,
c = 0.95%, λ = 0%, and t = 1.

As shown in figure 4, if the drift µ is positive and bigger than the interest rate
r, here µ − r = 8%, we see that the larger leverage ratios β the higher the
probability to receive large gains. On the other hand, also the probability of a
significant loss increases. The −1x-LETF performs the worst in the cdf sense
among the chosen ratios, given µ > r, because the underlying is expected to
grow. Both the +2x-LETF and the +10x-LETF have a probability of roughly
22% to reach a return of more than 50%. Meanwhile the probability to attain a
return of −50% is significantly different: The +2x-LETF only has a probability
of approximately 3%, whereas the +10%-LETF has a probability of almost 60%
within the given time t = 1.
Figure 5 shows that the pdf is likely symmetric at x = 0 for β = 1. While
increasing the leverage ratio and keeping the other parameters constant, the
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maximum of the pdf moves the left side towards x = −1. Somewhere in between
β = +5 and β = +10, the pdf becomes a strictly monotonically decreasing
function. Adapting this observation to their respective cdfs, the graphs deform
from an approximate S-shape to a logarithmic shape. Indeed, the cdf of the
+10x-LETF return becomes flatter but remains slowly raising as x increases.

Figure 6: Cdf of LETF returns for negative drift

FL as in equation (76) among different leverage ratios β, for µ = −10%, σ = 20%, r = 2%,
c = 0.95%, λ = 3%, and t = 1.

Figure 7: Pdf of LETF returns for negative drift

fL as in equation (77) among different leverage ratios β, for µ = −10%, σ = 20%, r = 2%,
c = 0.95%, λ = 3%, and t = 1.

Considering figure 6, we recognize a similar pattern when the trend is go-
ing downwards w.r.t. the interest rate r and the rate of borrowing λ (here
µ+ λ− r = −9%). The probability to reach significantly high returns still be-
comes bigger if the leverage ratio increases in absolute value. Even though the
+1x-LETF contains no rate of borrowing, here λ = 3%, it performs the worst.
We notice that the −2x-LETF happens to have a probability of about 12% to
attain a return of more than 50% while the −10x-LETF has a probability of
approximately 37% for the very same event. If we check for a −50% return
then −2x-LETF has a probability of less than 1% and the −10x-LETF has a
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probability of about 33%.
Looking at figure 7, we observe a similar pattern as in figure 5. Without know-
ing the shape of the pdf of the −10x-LETF return one may not notice that the
respective cdf is still an S-shaped function.

8.4 Pricing of LETF
The following covers the byproduct of this thesis, the pricing of the European
put and call options on the leveraged fund in the Black-Scholes model, theorems
8.4.2 and 8.4.3. The derivation of the Black-Scholes formula 7.5.7 provides the
desired answers. Hence we first emphasize the behavior of the leveraged fund
w.r.t. the Wiener process W̃ as in equation (51) under the unique EMM P̃.

Corollary 8.4.1 ([20]). If the leveraged fund L is described by equation (73),
then

dL(t)
L(t) = (r − c)dt+ βσdW̃ (t), (78)

with W̃ as in (51).

Proof. Since the stock price process S satisfies the identity
S(t) = S(0) exp(r − σ2/2)t+ σW̃ (t)), the Itô formula gives

dS(t)
S(t) = rdt+ σdW̃ (t). (79)

We insert this into the LETF SDE and derive

dL(t)
L(t) = β

dS(t)
S(t) − ((β − 1)r + c)dt

= β(rdt+ σdW̃ (t)) − ((β − 1)r + c)dt
= (r − c)dt+ βσdW̃ (t).

The SDE (78) has many similarities to the SDE (79). We are interested in how
these small changes affect the pricing of their respective European contingent
claims. Let H = h(S(T )) be a general path-independent European derivative
security, where the leveraged price process L satisfies

L(T ) = L(0)
(
S(T )
S(t)

)β
exp

(
−((β − 1)r + c)T + β(1 − β)σ

2

2 T

)
= L(t) exp

((
r − c− (βσ)2

2

)
(T − t) + βσ(W̃ (T ) − W̃ (t))

)
.

We want to calculate
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H(t) = e−r(T−t)Ẽ[h(S(T ))|Ft]

= Ẽ
[
e−r(T−t)h

(
L(t) exp

((
r − c− (βσ)2

2

)
(T − t) + βσ(W̃ (T ) − W̃ (t))

))
|Ft
]
.

In the spirit of lemma 7.5.2, we choose G = Ft, X = W̃ (T )−W̃ (t) and Z = L(t).
Thus we obtain

Θ(t, z, x) = e−r(T−t)h

(
z exp

((
r − c− (βσ)2

2

)
(T − t) + βσx

))
.

Since W̃ (T ) − W̃ (t) ∼ |β|σ
√
T − tN with N ∼ N (0, 1) under P̃, it holds that

ϑ(t, z) = Ẽ[Θ(t, z,X)|Ft]

= Ẽ
[
e−r(T−t)h

(
z exp

((
r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tN

))]
= e−r(T−t)

∫ ∞

−∞
φ(x)h

(
z exp

((
r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tx

))
dx,

(80)

where φ(x) is the standard normal pdf as in equation (49).

We now attack the pricing of the European put option with payoff function
h(z) = (K − z)+. This function satisfies the crucial integrability conditions
(56), because max{0,K − L(T )} ∈ [0,K]. Inserting this into the general form,
we have

ϑ(t, z) = e−r(T−t)
∫ ∞

−∞
φ(x)

(
K − z exp

((
r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tx

))+

dx.

To gain linearity for the above expression, we want to set an upper bound.
Consider

K − z exp
((

r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tx

)
≥ 0,

which delivers an upper bound of the form

x ≤ d(t, z) =
ln
(
K
z

)
−
(
r − c− (βσ)2

2 (T − t)
)

|β|σ
√
T − t

. (81)

Therefore ϑ can be written as

ϑ(t, z) = e−r(T−t)
∫ d(t,z)

−∞
φ(x)K dx

− e−r(T−t)
∫ d(t,z)

−∞
φ(x)z exp

((
r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tx

)
dx.

(82)
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The first term of the above equation (82) is recognized as

Ke−r(T−t)Φ(d(t, z)).

For the second term in equation (82), we consider the change of variable y =
x− |β|σ

√
T − t, dy = dx, and we further get

e−r(T−t)
∫ d(t,z)

−∞
φ(x) exp

((
r − c− (βσ)2

2

)
(T − t) + |β|σ

√
T − tx

)
dx

= ze−r(T−t)
∫ d(t,z)

−∞

1√
2π

exp
(

−1
2

(
x− |β|σ

√
T − t

)2
)
dx

= ze−c(T−t)
∫ d(t,z)−|β|σ

√
T−t

−∞
φ(x) dx

= ze−c(T−t)Φ
(
d(t, z) − |β|σ

√
T − t

)
.

Theorem 8.4.2. The price of the European put option on the leveraged fund
L described by equation (74) with strike price K is at t ≤ T given by

P (t) = Ke−r(T−t)Φ(d(t, L(t))) − L(t)e−c(T−t)Φ
(
d(t, L(t)) − |β|σ

√
T − t

)
,

with Φ(x) as in (68) and d(t, z) as in (81).

Proof. We recall that

P (t) = Ẽ[e−r(T−t)(K − L(T ))+|Ft]
= Ke−r(T−t)Ẽ[1{L(T )≤K}|Ft] − e−r(T−t)Ẽ[L(T )1{L(T )≤K}|Ft].

Due to corollary 7.5.3 and the previous calculations above this theorem, we
conclude

Ẽ[1{L(T )≤K}|Ft] = Φ(d(t, L(t)))

and

Ẽ[L(T )1{L(T )≤K}|Ft] = e−(r+c)(T−t)L(t)Φ
(
d(t, L(t)) − |β|σ

√
T − t

)
.

To receive the formula of the European call option on the leveraged fund L, we
recall the respective put-call parity:

P (t) − C(t) = Ke−r(T−t) − L(t)e−c(T−t). (83)

This introduces the price of the European call option.
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Theorem 8.4.3. The price of the European call option on the leveraged fund
L described by equation (74) with strike price K is at t ≤ T given by

C(t) = L(t)e−c(T−t)Φ
(

−
(
d(t, L(t)) − |β|σ

√
T − t

))
−Ke−r(T−t)Φ(−d(t, L(t))),

with Φ(x) as in (68) and d(t, z) as in (81).

Proof. Recall equation (71), then the put-call parity (83) immediately derives
the claim:

C(t) = P (t) + L(t)e−c(T−t) −Ke−r(T−t)

= L(t)e−c(T−t)
(

1 − Φ
(
d(t, L(t)) − |β|σ

√
T − t

))
−Ke−r(T−t)(1 − Φ(d(t, L(t))).

8.5 Choice of admissible leverage ratios
A leverage ratio β is considered as admissible if its β-LETF satisfies given risk
constraints. This last section is devoted to the main object of interest of the
entire thesis: The analytical hunt for ranges of admissible leverage ratios. We
start by defining intervals via the median return of LETFs, which provides ad-
missible ratios for both short and long LETFs. Hereby, we capture an expression
showing strong performance in the asymptotic sense. In subsections 8.5.1 and
8.5.2, we attack this task separately. The first subsection begins with exploring
an undesired feature of negative LETF while recording positive returns of the
underlying. We obtain the probability of this event, which provides a range of
admissible leverage ratios β > 1, given a specified risk tolerance α+ ∈ [0, 1].
In the latter subsection, we consider the probability of LETF return losses ex-
ceeding a chosen level z ∈ [0, 1]. We define admissible leverage ratios under a
specified risk tolerance α− ∈ [0, 1].

By proposition 8.3.1, L(t) has log-normal distribution. Without much effort,
one can calculate the mean, the variance, and the median M of the LETF re-
turn [19]:

E
[
L(t)
L(0) − 1

]
= exp(βµt− ((β − 1)r + c)t) − 1, (84)

Var
[
L(t)
L(0) − 1

]
= exp(2βµt− 2((β − 1)r + c)t)(exp((βσ)2t) − 1), (85)

M
[
L(t)
L(0) − 1

]
= exp

(
βµt− ((β − 1)r + c)t− (βσ)2

2 t

)
− 1. (86)

The fluctuations caused by the Wiener process can be significantly amplified by
the choice of the leverage ratio since Var[σβW (t)] = (σβ)2t. This expression
represents the leading term of order two w.r.t. β within the exponential in (85)
and (86). At the end of section 8.1, we emphasized a phenomenon noted as
volatility erosion in expanded periods. It seemingly has a further appearance
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as Var[σβW (t)] has a negative sign in (86). We have a look at the values of
the above expressions depending on the leverage ratio in a given example. The
volatility below is the square root of the variance as in equation (85).

Table 2: Mean, variance, and median of LETF return

Performance of different leverage ratios for µ = 10%, σ = 20%, r = 2%, c = 0.95%, λ = 0%,
and t = 1. All values are rounded to two digits after the decimal point.

Only for β = −1, we record a negative mean return. Both the mean and the
variance are increasing in β. The mean return of the +5x-LETF is almost three
times the mean return of the +2x-LETF, whereas the volatility is roughly four
times larger. Its consequences become visible when considering the respective
median returns. Those of the −1x-LETF and of the +5x-LETF are both equally
negative while on the +2x-LETF, we record the highest median return of 9.47%.
The median is symmetric at the maximum β = 2. This observation is not too
surprising due to the polynomial in the exponential. As the expressions in (84)
- (86) already suggested, the variance and the median of the β-LETF returns
are more sensitive w.r.t. the leverage ratio as compared to the mean return.
The volatility grows from 18.85% for β = −1 to more than its decuple 197.62%,
the volatility for β = 5. The median changes its sign twice.

We quickly summarize the impressions regarding the influence of the leverage ra-
tio on the β-LETF return: Regardless of the considered time setting and length
of the period, we recorded examples of the erosion of compounded LETF returns
in volatile markets over expanded management periods. In other words, LETFs
are inconvenient for long-term investments, because compounded returns likely
deviate from the promised ratio. The longer the management period and the
larger the leverage ratio, the fiercer the compounding effect [16]. The leverage
ratio may amplify the fluctuations caused by the Wiener process. Independent
of the drift µ, an inappropriate choice of leverage ratio significantly increases
the probability of negative returns (figures 4 and 6). Recall table (2). Even
though the mean LETF return is increasing in β, the median return reached its
peak at β = 2 and turned negative again for β = 5. Nevertheless, it may be
favorable to exclude at least all leverage ratios that have a different sign as the
drift.

We now give the above a bit more mathematical embodiment. Thus we start
with an intuitive attempt. The derivative of the expected return w.r.t. β takes
the form:

∂E
[
L(t)
L(0) − 1

]
∂β

= t(µ− r) exp(βµt− ((β − 1)r + c)t).
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The expected return is increasing in β, if µ > r. It is also increasing for decreas-
ing β, when µ < r or particularly for short β-LETF µ+ λ < r. Regarding this
derivative, it is reasonable to choose β ≥ 1, if µ > r, and β ≤ −1, if µ+ λ < r.
From a naive perspective, one may consider large |β| in each case because the
expected return is rising in |β|. If µ > r and t > 0, then

lim
β→∞

E
[
L(t)
L(0) − 1

]
= ∞. (87)

If µ+ λ < r and t > 0, then

lim
β→−∞

E
[
L(t)
L(0) − 1

]
= ∞. (88)

We have a look at the asymptotic behavior of the variance and median of the
β-LETF return w.r.t. the leverage ratio and time. Given |(βσ)2| > 2|βµ−((β−
1)r + c)| and σ > 0, then

lim
t→∞

Var
[
L(t)
L(0) − 1

]
= ∞.

If only | − (βσ)2| > |βµ− ((β − 1)r + c)| and σ > 0, then

lim
t→∞

M
[
L(t)
L(0) − 1

]
= −1.

Hence over enlarged management periods, due to the amplified volatility, the
β-LETF is more likely to attain significant amounts of losses. We obtain equal
results when |β| → ∞. As long as both σ, t > 0, it holds that

lim
|β|→∞

Var
[
L(t)
L(0) − 1

]
= ∞

and

lim
|β|→∞

M
[
L(t)
L(0) − 1

]
= −1.

From the above, we conclude that under any management period [0, t], a risk-
averse investor may never consider large |β| in any case. For |β| large enough,
we may have negative median returns even though the expected return is sup-
posed to increase in value. Indeed, there is reasonable evidence behind this
assumption. Even besides the observations in (87) and (88), where the return
diverges under given restrictions, for any σ > 0, we have that

lim
|β|→∞

FL(0) = lim
|β|→∞

Φ
(

−βµt+ ((β − 1)r + c)t+ (βσ)2

2 t

|β|σ
√
t

)
= 1,
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with FL as in equation (76). Combining this with equation (87) and (88), we
emphasize that a high expected return is accompanied by a high probability
of attaining a loss. Thus investors cannot simply maximize the expected fund
value in order to maximize the expected return. For that reason, we adapt the
strategy for finding admissible leverage ratios and hence pay more attention
to the median return. It turns out there is an "optimal" leverage ratio in the
median sense that maximizes the expected growth rate [4]. If t, σ > 0, we define
it as below:

∂M
[
L(t)
L(0) − 1

]
∂β

= 0 ⇐⇒ β = β∗ = µ− r

σ2 . (89)

Interestingly, the optimal leverage ratio in the median sense is independent of the
expense fees c and also of the time t. It remains the same over each considered
management period [0, t]. The expected growth rate of the LETF can be
written as follows [4]:

1
t
E
[
ln
(
L(t)
L(0)

)]
= β

(
µ− σ2

2

)
− ((β − 1)r + c) + β(1 − β)σ

2

2

=
(

−σ2

2

)
β2 + (µ− r)β + (r − c).

(90)

The above expression is a polynomial of second order w.r.t. β that is decom-
posed into the following three terms:

(i) The multiple expected growth rate of the underlying

1
t
E

[
ln
((

S(t)
S(0)

)β)]
= β

(
µ− σ2

2

)
.

(ii) The refinancing cost −((β − 1)r + c).
(iii) The volatility term β(1 − β)σ2/2.
Remark. The sum of the refinancing cost and the volatility term is equal to the
correction term y(β) mentioned in (75).
Indeed, β∗ as in equation (89) is the maximizing ratio since

∂
(

1
tE
[
log
(
L(t)
L(0)

)])
∂β

= 0 ⇐⇒ β = β∗,

and

∂2
(

1
tE
[
log
(
L(t)
L(0)

)])
∂β2 = −σ2 < 0.

β∗ supports the conclusions, where we analyzed the expected return: For µ−r >
0, we exclude β ≤ −1. Similarly for µ + λ − r < 0, β ≥ 1 is not preferable.

122



Moreover, β∗ is equipped with some nice asymptotic properties over time. If
β∗ ̸= 0 and σ > 0, then

lim
t→∞

FL(0)
∣∣∣∣
β=β∗

= lim
t→∞

Φ
(− 1

2σ2 (µ− r)2t− (r − c)t
|β∗|σ

√
t

)
= 0. (91)

When µ = 10%, σ = 20% and r = 2%, we get β∗ = 2. Replace µ = 10% by
µ + λ = −10% and observe β∗ = −3. However, regarding the form of β∗, one
needs matching parameters µ, σ, r, and λ (for short LETF) in order to have
β∗ ∈ Z \ {0}. For example, given β∗ = 1.8, it is not clear if β = 2 is a better
choice than β = 1. Under given risk constraints, β = 2 may be too risky. Thus
we search for a range of admissible leverage ratios rather than a fixed value. For
that purpose, we consider

M
[
L(t)
L(0) − 1

]
≥ 0 ⇐⇒

(
−σ2

2 t

)
β2 + (µ− r)tβ + (r − c)t ≥ 0, (92)

which is a usual polynomial of second order w.r.t. β. Notice the similarity to
equation (90). The global maximum is in β∗. Furthermore, the above is similar
to the task of solving

∂M
[
L(t)
L(0) − 1

]
∂t

≥ 0. (93)

If t = 0, we have equality in both (92) and (93) independent of the value of β.
If t > 0, the midnight formula allows us to define the first range of admissible
leverage ratios regarding a non-negative median return in the form of [β−, β+],
where

β± = 1
σ2

(
(µ− r) ±

√
(µ− r)2 + 2σ2(r − c)

)
. (94)

The above expressions is defined in R, given (µ − r)2 + 2σ2(r − c) ≥ 0. One
may consider each β ∈ [β−, β+] as an admissible choice in this context: Each
such ratio attains both non-negative median returns and non-negative expected
growth rates. Due to the symmetry of the median around β∗, it always holds
that

β∗ = µ− r

σ2 = β+ + β−

2 ∈ [β−, β+].

Depending on the sign of µ − r, the form of [β−, β+] allows both positive and
negative leverage ratios. In particular, for µ, σ, r, c, and λ as in table 2, we
receive [β−, β+] ≈ [−0.13, 4.13]. Hence β ∈ {1, 2, 3, 4} are admissible choices for
all t > 0. On the other hand, if µ + λ = −10% and σ, r, c as before, we obtain
[β−, β+] ≈ [−6.09, 0.09]. This makes β ∈ {−6, . . . ,−1} admissible.
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Figure 8: Median of LETF returns

M is as in equation (86) for σ = 20%, r = 2%, c = 0.95%. For the red line, µ + λ = −10%
was chosen, while for the blue line µ = 10% and λ = 0%.

Indeed, the red line reaches its maximum for β = −3, the blue line has its
maximum at β = 2. The associated intervals [β−, β+] computed above figure 8
match the intersection points of the red and the blue line with the horizontal
line, where the median return is zero. However, a clear weakness of the ad-
missible ratio in the median sense is the disregard for time. Under a specified
management period, some β ∈ [β−, β+] may heavily enhance the volatility such
that the LETF returns are significantly deformed downwards compared to the
multiple returns of the underlying (table 1 and figure 3).

8.5.1 Admissible leverage ratios for long LETF

We recall equation (74) and obtain

ln
(
L(t)
L(0)

)
= β ln

(
S(t)
S(0)

)
+ y(β)t,

with y(β) as in (75). The log return of the leveraged fund is always less than
β times the log return of S because of the added "correction term" y(β)t. This
must not be the case when comparing arithmetical returns among different
leverage ratios. We recall table 2 and have a closer look at the mean return
row. The doubled mean ETF return is more than twice the of the mean +2x-
LETF return, since 2 · 9.47 = 18.94 > 18.59. However, this is not true when
comparing the ETF and the +3x-LETF as 3 · 9.47 = 28.41 < 28.47, analog for
the +5x-LETF. We record the probability of this very event formally.

Proposition 8.5.1 ([19]). Let A denote the probability of the event that the
arithmetical return of the leveraged fund L is less than β times the return of the
associated underlying stock index S. Then A is of the following form:

A(β) = Φ

 ln(zu) −
(
µ− σ2

2

)
t

σ
√
t

− Φ

 ln(zl) −
(
µ− σ2

2

)
t

σ
√
t

 , (95)
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where Φ is as in (68), and where zl resp. zu denote the two solutions of the
equation zβ exp(y(β)t) − βz + (β − 1) = 0, with y(β) as in (75).

Proof. For simplification of the notation, we write V = L(t)/L(0) and Z =
S(t)/S(0). Equation (74) now becomes

V = Zβ exp(y(β)t).

Since y(β) = −((β − 1)r + c) + β(1 − β)σ2/2, we have y(β) < 0 if and only
if β > 1. By assumption, the probability A can be represented as A(β) =
P[V − 1 < β(Z − 1)]. It holds that

V − 1 < β(Z − 1) ⇐⇒ Zβ exp(y(β)t) − βZ + (β − 1) < 0.

Consider f(z) = zβ exp(y(β)t) − βz + (β − 1) satisfying

f ′(z) = 0 ⇐⇒ βzβ−1 exp(y(β)t) − β = 0

⇐⇒ z = z∗ = exp
(

− y(β)t
β − 1

)
≥ 1,

which is a minimum on z ∈ (0,∞), because f ′′(z) = β(β − 1)zβ−2 exp(y(β)t) ≥
0. Furthermore, we have f(z∗) = z∗(1 − β) < 0, while also f(0) = β − 1 > 0
for each β > 1. Since lim

z→∞
f(z) = ∞, there must exist zl, zu ≥ 0, such that for

z > 0, we receive

zβ exp(y(β)t) − βz + (β − 1) < 0, for z∗ ∈ (zl, zu).

Because of ln(Z) d= (µ− σ2/2)t+ σ
√
tN with N ∼ N (0, 1), we conclude

A(β) = P[V − 1 < β(Z − 1)]
= P[ln(Z) ∈ (ln(zl), ln(zu))]

= P

N <
ln(zu) −

(
µ− σ2

2

)
σ

√
t

− P

N <
ln(zl) −

(
µ− σ2

2

)
σ

√
t

 .
We recall table 1, but with a small modification. On trading day 4, we assume
a change of +3.25% instead of +3%. Then the underlying ETF would record a
return of 96.91 · 1.0325 − 100 ≈ 0.06 while the +2x-LETF would experience a
return of 93.66 · 1.065 − 100 ≈ −0.25. This event seems rather counterintuitive.
We manifest the possibility of attaining negative returns for leverage ratios β > 1
even though the underlying stock price index records a positive return.

Proposition 8.5.2 ([19]). Let U+ denote the probability of the event that the
leveraged fund L with leverage ratio β > 1 decreases while the associated under-
lying stock price index S increases. Then we have
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U+(β) = Φ

−y(β)t− β
(
µ− σ2

2

)
t

|β|σ
√
t

− Φ

−

(
µ− σ2

2

)
t

σ
√
t

 , (96)

with y(β) as in (75).

Proof. We adopt the notations V and Z from the proof of proposition 8.5.1. By
definition, U+ = P[{V < 1} ∩ {Z > 1}] and we obtain

V < 1 ⇐⇒ Zβ exp(y(β)t) < 1

⇐⇒ Z < exp
(

−y(β)t
β

)
,

because we only take β > 1 into account. We further receive

P[{V < 1} ∩ {Z > 1}] = P
[
1 < Z < exp

(
−y(β)t

β

)]
= P

[
0 < ln(Z) < −y(β)t

β

]
.

Using N ∼ N (0, 1), we deduce

U+(β) = P
[
ln(Z) < −y(β)t

β

]
− P[ln(Z) < 0]

= P

N <
−y(β)t− β

(
µ− σ2

2

)
t

|β|σ
√
t

− P

N < −

(
µ− σ2

2

)
t

σ
√
t

 ,
which is equal to the claimed equation (96).

Remark. This phenomenon is also explainable by recalling equation (73),

dL(t)
L(t) = β

dS(t)
S(t) − (β − 1)dB(t)

B(t) − cdt, for β > 1.

If the underlying S records a gain but not sufficiently large enough, then besides
the expense fees c also the short position in the risk-free asset B may cause a
loss in the LETF value.

Corollary 8.5.3 ([19]). Let A be the probability as in equation (95) and U+
the probability as in equation (96). For β > 1, it holds that U+ ≤ A.

Proof. Recall thatA(β) = P[V−1 < β(Z−1)] and U+(β) = P [{V < 1} ∩ {Z > 1}].
We conclude the claim since {V < 1} ∩ {Z > 1} ⊆ {V < 1 + β(Z − 1)}.

Corollary 8.5.4 ([19]). If (βσ)2

2 + r ≥ c and σ > 0, then the derivative of U+
as in equation (96) w.r.t. the leverage ratio, i.e. ∂U+/∂β, is non-negative.
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Proof. We recall the standard normal cdf Φ with Φ′(x) = φ(x) = 1/
√

2π exp(−x2/2) >
0 as the respective pdf. The derivative of the correction term y(β) satisfies

y′(β) = −r + (1 − 2β)σ
2

2 .

By assumption, we derive the result in the target:

∂U+

∂β
=

√
t

β2σ
(−y′(β)β + y(β))φ

−y(β)t− β
(
µ− σ2

2

)
t

βσ
√
t


=

√
t

β2σ

(
(βσ)2

2 + r − c

)
φ

−y(β)t− β
(
µ− σ2

2

)
t

βσ
√
t

 ≥ 0.

We choose a risk tolerance α+ ∈ [0, 1], such that

α+ − U+ ≥ 0. (97)

Due to the form of U+, we can solve this inequality w.r.t. β and obtain a range
of admissible leverage ratio attaining equation (97). We focus on the largest
β > 1 that just meets this very condition, meaning

Φ

−y(β)t− β
(
µ− σ2

2

)
t

|β|σ
√
t

− Φ

−

(
µ− σ2

2

)
t

σ
√
t

 = α+. (98)

We write J = −(µ − σ2/2)/(σ
√
t), which is independent of β. The above

equation holds if and only if

− y(β)t− β

(
µ− σ2

2

)
t = βσ

√
tΦ−1(α+ + Φ(J))

⇐⇒
(
σ2

2 t

)
β2 +

(
(r − µ)t− σ

√
tΦ−1(α+ + Φ(J))

)
β − (r − c)t = 0,

which is a polynomial of order two w.r.t. β. The midnight formula gives the
solutions:

β± = 1
σ2

√
t
(−Γ+ ± Λ+), (99)

where we defined

Γ+ = (r − µ)t− σ
√
tΦ−1(α+ + Φ(J)),

Λ+ =
√

Γ2
+ + 2(r − c)(σt)2.
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Given Γ2
+ + 2(r− c)(σt)2 ≥ 0, let A+ represent the range of admissible leverage

ratios w.r.t. U+, given a risk tolerance α+ (i.e. respecting inequality (97)), then

A+ =


∅, if max(β−, β+) < 1
{1}, if max(β−, β+) ∈ [1, 2).
[1, ⌊max(β−, β+)⌋], else

We illustrate an example. Here, we allow us to forget about the expense fee c.

Figure 9: Probability U+(β, t)

U+(β, t) as in equation (96) among different management periods t ∈ {0.25, 0.5, 0.75, 1}, for
µ = 10%, σ = 20%, r = 2%, c = 0%, and λ = 0%. The risk tolerance is α+ = 5%.

One may consider investing in a +2x-LETF until t = 0.75 w.r.t. U+. For
t = 0.75, the admissible range of leverage ratio is A+ = [1, ⌊2.00521⌋], hence
β = 2 ∈ A+ is admissible. If the management period is set to one year, then
U+(2, 1) ≈ 5.76% > α+ and thus also A+[1, ⌊1.8628⌋] = {1}. In other words,
each β > 1 is too risky.
Given t > 0, U+ increases as the leverage ratio β increases. Here, U+ is
not as strongly affected by the time t as compared to the leverage ratio. If
β = 2, then U+(2, 0.25) ≈ 2.95% and U+(2, 1) ≈ 5.67%. However, the prob-
ability is significantly increased when considering higher leverage ratios, since
U+(5, 0.25) ≈ 9.52% and U+(5, 1) ≈ 18.73% for instance. The sensitivity of the
leverage ratio is large relative to the sensitivity of time.

At the end of this subsection, we again highlight the nice asymptotic prop-
erties of β∗ over time as in (89), but w.r.t. U+. We do some basic algebra and
observe similarity to equation (91). Let σ, µ > 0, then

lim
t→∞

U+(β∗, t) = lim
t→∞
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 = 0.
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In other words, inequality (97) is satisfied regardless of the risk-tolerance α+ ≥
0. One may consider β∗ = µ−r

σ2 as an admissible choice in the above asymptotic
sense.

8.5.2 Admissible leverage ratios for short LETF

The following is inspired by [1]. Here, we want to find a range of admissible
leverage ratios A−, for β ≤ −1. In table 1, we emphasized that short LETFs
may record a loss even if the underlying records negative returns. In figure 6,
we observed that short LETFs seem to have significantly high probabilities of
attaining negative returns. We wish to protect our investments from such losses.
Due to proposition 8.3.3, we have the identity in distribution ln(L(t)/L(0)) d=
|β|σ

√
tN + β(µ+ λ− σ2/2)t+ y(β)t with y(β) as in (75) and N ∼ N (0, 1). For

β ≤ −1, we define the probability that the LETF attains a loss greater than
some level z ∈ [0, 1] given an investment horizon t:

U−(β) = P
[
1 − L(t)

L(0) > z

]
= P

[
ln
(
L(t)
L(0)

)
< ln(1 − z)

]

= Φ

 ln(1 − z) −
(
β
(
µ− λ− σ2

2

)
t+ y(β)t

)
|β|σ

√
t

 .

(100)

In the same spirit as in inequality (97), we choose a risk tolerance α− ∈ [0, 1]
such that

α− − U− ≥ 0. (101)

Again due to the beneficial form of U−, we can solve this inequality w.r.t. β
and acquire a range of admissible leverage ratios for short LETF. We focus on
the smallest β ≤ −1, that just meets the condition in (101) and solve

α− = Φ

 ln(1 − z) −
(
β
(
µ+ λ− σ2

2

)
t+ y(β)t

)
|β|σ

√
t

 . (102)

We obtain the solution of the above equation similarly as for equality (98). There
exists a polynomial of second order w.r.t. β as follows: The above equality (102)
remains true for β ≤ −1 (i.e. |β| = −β) if and only if

βσ
√
tΦ−1(α−) = − ln(1 − z) + β

(
µ+ λ− σ2

2

)
+ y(β)t

⇐⇒
(

−σ2

2 t

)
β2 +

(
(µ+ λ− r)t− σ

√
tΦ−1(α−)

)
β + (r − c)t− ln(1 − z) = 0.

The midnight formula provides the solution to the above equation. Therefore
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β± = 1
−σ2t

(−Γ− ± Λ−) (103)

solves equation (102), where

Γ− = (µ+ λ− r)t− σ
√
tΦ−1(α−),

Λ− =
√

Γ2
− + 2((r − c)t− ln(1 − z))σ2t.

We require Γ2
− + 2((r − c)t − ln(1 − z))σ2t ≥ 0 in order to receive solutions in

R. If this property is satisfied, then

A− =


∅, if min(β−, β+) > −1
{−1}, if min(β−, β+) ∈ (−2,−1]
[⌈min(β−, β+)⌉,−1], else

represents the range of admissible leverage ratios w.r.t. U−, given a risk toler-
ance α− ∈ [0, 1] and a level of relative loss z ∈ [0, 1].

Figure 10: Probability U−(β, t)

U−(β, t) as in equation (100) among different management periods t ∈ {0.25, 0.5, 0.75, 1}, for
µ = −10%, σ = 20%, r = 2%, c = 0%, and λ = 3%. The risk tolerance is α− = 15% and the
relative loss is z = 20%.

For illustrative purposes, the scaling in the horizontal axis is reversed. The
probability is increasing when |β| increases. For larger management periods t,
the whole graph is moving upwards. If t = 0.25, the −2x-LETF is an admissi-
ble choice, because A− = [⌈−2.4437⌉,−1]. For t ∈ {0.5, 0.75, 1}, β = −2 is ex-
cluded, since U−(−2, 0.5) ≈ 15.84% > 15%. Thus A− = [⌈−1.929⌉,−1] = {−1},
for t ≥ 0.5. U− is increasing in t in figure 10. This plot suggests a high sensi-
tivity of U− w.r.t. β, since U−(−5, 0.25) ≈ 33.31% and U−(−2, 0.25) ≈ 10.28%
is almost three times smaller. This is highly significant even though the con-
sidered investment horizon is small. However, U−(β, t) is relatively insensible
w.r.t. the investment horizon t as for example U−(−3, 0.25) ≈ 20.17% and
U−(−3, 1) ≈ 28.44%.
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