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Chapter 1

Introduction

Originally, the motivation for this Master’s thesis was to generalize part of the theory
of network coding. In particular, the puprose was to extend statements which were
postulated over finite fields and vector spaces to results about finite rings and modules.
The importance and extent of the prerequisits for this topic were pointed out while setting
up the paper. They were premises not only for the initial aim, but also for several contents
in coding theory which deal with rings. In the search of an appropriate class of rings chain
rings came across. The reason for choosing this class of rings will become clear as soon as
we cover the structure of finite chain rings and modules over such rings. Although various
papers treat topics based on chain rings, the majority lack proofs of propositions needed
in their context. The new intention turned out to be a review of the theory of finite chain
rings and modules over the former. In addition we present a special kind of geometry that
is strongly related to finite modules over chain rings.
Chain rings need not to be commutative, so before examining them it is needed to
shift attention to Chapter 2 in which we discuss non-commutative algebra, especially
non-commutative rings with identity and modules. We pave the way for Wedderburn’s
Little Theorem and focus on definitions and statements which in turn are used for a
deeper understanding of chain rings. The justification of Chapter 2 lies in the fundamental
differences between common and non-commutative algebra. Although one is tempted to
think that the results in both fields are similar, the explanation how the results arise differ
basically.
Chapter 3 represents the core of this work and provides a basis for the subsequent chapters.
We introduce chain rings with their properties and establish their internal structure. A
ring is called a chain ring if its ideals build a chain with respect to inclusion. Examples
of chain rings are rings, whose properties lie closest to the properties of finite fields.
An important subclass of the chain rings are Galois rings which include, but are not
limited to, finite fields and integer residue rings of prime power order. This is why we
consider in each example a field, a ring of the form Zpn where p is a prime number
and n is a natural number and a non-commutative chain ring. The heart of Chapter 3
is the Characterization Theorem of chain rings 3.2.8. It delivers clear conditions of rings
being chain rings and provides an overview on the structure of chain rings. Due to
Wedderburn’s Little Theorem we are able to state this theorem in a more general way
than it has been done in previous work [12] and [13]. At the end of Chapter 3, we apply
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CHAPTER 1. INTRODUCTION 2

our results to Galois rings.
In Chapter 4 we are concerned with modules over finite chain rings and a classification of
such modules is provided. In order to achieve this, we have to elaborate first the theory
of partitions which will be used in the Classification Theorem of modules over chain rings
4.2.6. This theorem proves that every finitely generated module over a finite chain ring R
is isomorphic to a direct sum of cyclic R-modules. This allows us to introduce the concept
of shapes of modules which is a generalization of the dimension of a vector space. As
an application, we obtain several quantitative statements about the relations between a
module and its submodules.
Building on the developed theory projective Hjelmslev geometries are introduced. The
initial idea of this construct reaches far back in time. In this geometry there always exists
a line connecting two different points, but neither the line nor the intersection of two
different non-parallel lines have to be unique. J. Hjelmslev worked with axioms deduced
from experience and investigations. Empirically, it is not clear that there is a unique
line connecting two different points, but that there always exists a line connecting them.
He showed that this geometry is a generalization of the classical Euclidian geometry.
Furthermore, A. Kreuzer considered an extension of projective Hjelmslev planes of higher
dimension denoted as projective Hjelmslev spaces. We start Chaper 5 with some
definitions which lead to a system of axioms defining projective Hjelmslev spaces.
Subsequently, we derive two unexpected facts. Considering the structure of a free module
M over a chain ring of rank ≥ 3 and by taking the free rank 1 submodules of M for
points and the free rank 2 submodules of M for lines we get a projective Hjelmslev space.
Secondly, we conclude that every projective Hjelmslev space which is big enough can be
represented by a module over a chain ring.
In this place, I would like to bring up that if not mentioned otherwise all proofs have been
developed independently.

Acknowledgments. Firstly, I would like to thank Prof. Dr. Joachim Rosenthal for
motivating and inspiring me during all of the time and for giving me a free hand in
developing this work and Dr. Anna-Lena Trautmann for introducing me to this area in
mathematics, for revising and for assisting me in the construction of this thesis with
good advices. In addition, I am grateful for advice, suggestions and revises from Regula
Krapf. Finally, I thank everyone who supported me in manifold ways, most notably for
their moral support and being a real friend, especially Stefan Venhoda, Dr. Christoph
Schneider, my sister Dr. Brenda Brändli and last but not least my long-term girlfrend
Manuela Baur. Guys, you are the best!



Chapter 2

Preliminaries

In this chapter we acquire the basics for the following chapters. To understand chain rings
and modules over chain rings, we at first have to attend to non-commutative rings and
modules. Therefore, we especially treat topics in non-commutative algebra. We will gen-
eralize a lot of statements and definitions from commutative algebra. They will look quite
familiar at first sight, but in closer consideration it is often the case that the conclusions
and the proofs differ fundamentally from the ones known from commutative algebra.

2.1 Non-Commutative Rings

In this section we essentially collect information about non-commutative rings such as
definitions and basic properties. As mentioned previously, it might look quite similar to
the commutative case, but the little differences have significant consequences for other
proofs and results. Sections 2.1 and 2.2 deliver the fundament for Chapter 3. We start
with the definition of a ring.

Definition 2.1.1. A ring (R,+, ·) is a set R together with two operations

+ : R×R→ R, (a, b) 7→ a+ b

· : R×R→ R, (a, b) 7→ a · b

satisfying the following conditions:

• The pair (R,+) is an Abelian group.

1. The operation + is assiociative, i.e. all a, b, c ∈ R satisfy (a+b)+c = a+(b+c).

2. There is a neutral element 0 ∈ R called zero or zero element satisfying 0+a = a
for every a ∈ R.

3. For each a ∈ R there is an inverse element −a ∈ R such that a+ (−a) = 0.

4. The operation + is commutative, i.e. all a, b ∈ R satisfy a+ b = b+ a.

• The pair (R, ·) is associative, i.e. all a, b, c ∈ R satisfy (a · b) · c = a · (b · c).

3
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• The multiplication · is distributive over the addition +, i.e. for all a, b, c ∈ R one
has

1. a · (b+ c) = a · b+ a · c.
2. (a+ b) · c = a · c+ b · c.

Whenever it is obvious which operations + and · are used, one writes just R instead
of (R,+, ·). The ring is called a commutative ring, if additionally the operation · is
commutative. If there exists a multiplicative identity 1R satisfying 1R · a = a = a · 1R
for all a ∈ R, the ring is called a ring with identity. If R contains only finitely many
elements, one calls the ring a finite ring. For the multiplication of two elements a and b
we often use the abbreviation ab.

Convention. From now on, a ring always stands for a ring with identity 1 6= 0.

Definition 2.1.2. Let (R,+, ·) be a ring. If (R \ {0}, ·) is an Abelian group, one calls
(R,+, ·) a field. A field (R,+, ·) with exactly q ∈ N elements is written as Fq.

Definition 2.1.3. Let (R,+, ·) be a ring with multiplicative identity 1. The
characteristic of R, denoted χ(R), is defined to be the smallest n ∈ N≥0 such that

n · 1 = 1 + 1 + ...+ 1︸ ︷︷ ︸
n−times

= 0

(0 = zero element in the group (R,+)). If n · 1 6= 0 for all n ∈ N, we set χ(R) = 0.

Definition 2.1.4. Let R be a ring and I ⊆ R be a subset. The set I is called a left
respectively (right) ideal of R, if the following conditions hold:

1. 0 ∈ I.

2. a− b ∈ I for every a, b ∈ I.

3. L (left): for each a ∈ I and r ∈ R : ra ∈ I;
R (right): for each a ∈ I and r ∈ R : ar ∈ I.

The set I is called a two-sided ideal or simply an ideal, if 1, 2, 3L and 3R are fulfilled.

Definition 2.1.5. Let R be a ring and A ⊆ R be a subset. The left ideal generated
by A is defined to be

〈A〉l := {r1a1 + ...+ rnan | n ∈ N, ri ∈ R, ai ∈ A}.

The right ideal generated by A is defined to be

〈A〉r := {a1s1 + ...+ ansn | n ∈ N, si ∈ R, ai ∈ A}.

The ideal generated by A is defined to be

〈A〉 := {r1a1s1 + ...+ rnansn | n ∈ N, ri, si ∈ R, ai ∈ A}.
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Proposition 2.1.6. Let R be a ring and A ⊆ R be a subset. Then 〈A〉l is a left ideal,

〈A〉r is a right ideal and 〈A〉 is an ideal.

Proof. It is clear that 0 ∈ 〈A〉. Let a, b ∈ 〈A〉. We can write a = r1a1s1 + ...+ rnansn and

b = r′1b1s
′
1 + ...+ r′mbms

′
m for some ri, r

′
i, si, s

′
i ∈ R, ai, bi ∈ A. Then

a− b = (r1a1s1 + ...+ rnansn)− (r′1b1s
′
1 + ...+ r′mbms

′
m)

= r1a1s1 + ...+ rnansn + (−r′1)b1s′1 + ...+ (−r′m)bms
′
m.

Hence a− b ∈ 〈A〉. Let r ∈ R. Then

ra = r(r1a1s1 + ...+ rnansn)

= rr1a1s1 + ...+ rrnansn

= (rr1)a1s1 + ...+ (rrn)ansn.

Therefore, ra ∈ 〈A〉. In the same way we get ar ∈ 〈A〉. This shows that 〈A〉 is an ideal.

The proofs for 〈A〉l being a left ideal and 〈A〉r being a right ideal are similar.

Lemma 2.1.7. Let R be a ring, A ⊆ R be an ideal and a ∈ A. Then 〈a〉 ⊆ A.

Proof. Let b ∈ 〈a〉. We can write b = r1as1 + ... + rnasn for some ri, si ∈ R. Since A is

an ideal we have riasi ∈ A. We obtain b ∈ A. Thus 〈a〉 ⊆ A.

Remark 2.1.8. Let a ∈ R. If there exists no b ∈ R such that either ab = 1 or ba = 1, it

is still possible that 〈a〉 = R as illustrated in the following example.

Example 2.1.9. Let R =Mat(2× 2,R) and a =

(
1 0

0 0

)
.

Then

(
1 0

0 0

)
+

(
0 0

1 0

)
·
(

1 0

0 0

)
·
(

0 1

0 0

)
=

(
1 0

0 1

)
. Thus 〈a〉 = R.

Definition 2.1.10. Let R be a ring and A,B ⊆ R two subsets of R. The sum of

A and B is defined to be

A+B := {a+ b ∈ R | a ∈ A, b ∈ B}.

Remark 2.1.11. We have that

• If A,B ⊆ R are two left ideals, then A+B is a left ideal and A,B ⊆ A+B.

• If A,B ⊆ R are two right ideals, then A+B is a right ideal and A,B ⊆ A+B.

• If A,B ⊆ R are two ideals, then A+B is an ideal and A,B ⊆ A+B.
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Definition 2.1.12. Let R be a ring and A,B ⊆ R two subsets of R.

The product of A and B is defined to be

A ·B :=

{
n∑
i=1

ai · bi ∈ R | ai ∈ A, bi ∈ B, n ∈ N

}
.

Remark 2.1.13. We have that

• If A,B ⊆ R are two left ideals, then A ·B is a left ideal and A ·B ⊆ B.

• If A,B ⊆ R are two right ideals, then A ·B is a right ideal and A ·B ⊆ A.

• If A,B ⊆ R are two ideals, then A ·B is an ideal and

A ·B = 〈{a · b ∈ R | a ∈ A, b ∈ B}〉 ⊆ A,B.

• If A ⊆ R is a left ideal and r ∈ R, then A · r is a left ideal and

A · r = {a · r ∈ R | a ∈ A}.

• If A ⊆ R is a right ideal and r ∈ R, then r · A is a right ideal and

r · A = {r · a ∈ R | a ∈ A}.

Definition 2.1.14. Let R be a ring and I ⊆ R a left (right) ideal. Then I is called a

principle left (right) ideal, if there exists x ∈ R such that R · x = I (x ·R = I).

Definition 2.1.15. Let R be a ring. Then R is called a principle left (right) ideal

ring, if every left (right) ideal is a principle left (right) ideal. When this is fulfilled for

both left and right ideals, the ring R is called a principle ideal ring.

Definition 2.1.16. Let R be a ring and x ∈ R \ {0}. Then x is called a left (right)

zero divisor of R, if there exists y ∈ R \ {0} such that x · y = 0 (y · x = 0). If x is both

a left and a right zero divisor, it is simply called a zero divisor.

Definition 2.1.17. A ring R is called a domain, if it has neither left nor right zero

divisors. In other words, if x, y ∈ R such that xy = 0, then x = 0 or y = 0.

Definition 2.1.18. Let R be a ring and ρ ( R a two-sided ideal. Then ρ is called a prime

ideal, if it has the property that for every two ideals A,B ⊆ R such that A · B ⊆ ρ, one

has either that A ⊆ ρ or B ⊆ ρ.

An equivalent definition is, if a, b ∈ R such that aRb ⊆ ρ, then a ∈ ρ or b ∈ ρ and in the

commutative case an equivalent statement is, if a, b ∈ R such that ab ∈ ρ, then a ∈ ρ or

b ∈ ρ [25].
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Lemma 2.1.19. Let R be a ring, J any index set and Ii ⊆ R an ideal for all i ∈ J . Then
the intersection

⋂
i∈J Ii is also an ideal.

Proof. We have to check the conditions in Definition 2.1.4:

1. We have 0 ∈
⋂
i∈J Ii, since 0 ∈ Ii for all i ∈ J .

2. Let a, b ∈
⋂
i∈J Ii. Then a − b ∈ Ii for all i ∈ J , since a, b ∈ Ii for all i ∈ J .

Therefore, a− b ∈
⋂
i∈J Ii.

3. Let a ∈
⋂
i∈J Ii. Then a ∈ Ii for all i ∈ J . Hence Ra ⊆ Ii for all i ∈ J , and

therefore, Ra ⊆
⋂
i∈J Ii and similarly we obtain aR ⊆

⋂
i∈J Ii.

Definition 2.1.20. Let R be a ring. A left (right) ideal I ( R is called a maximal left
(right) ideal, if there exists no left (right) ideal J ( R such that I ( J ( R. If I is a
maximal left and a maximal right ideal, it is simply called a maximal ideal.

Definition 2.1.21. Let R be a ring.

• The prime radical N of R is defined to be the intersection of all prime ideals
of R.

• We define the Jacobson radical J of R to be the intersection of all maximal left
ideals of R.

Remark 2.1.22. The intersection of all maximal left ideals equals the intersection of all
maximal right ideals [25]. By Lemma 2.1.19 the prime radical and the Jacobson radical
are ideals.

Theorem 2.1.23. [4,21] Every ring contains a maximal left ideal, a maximal right ideal
and a maximal ideal.

Proof. [4, 21] We use Zorn’s Lemma which states, that if a partially ordered set P has
the property that every totally ordered subset has an upper bound in P , then the set P
contains a maximal element.
The set P of all proper left ideals of R is non-empty, since {0} ∈ P and P is partially
ordered by set inclusion ⊆. Let T be a non-empty totally ordered subset of P . We show
that J =

⋃
I∈T I ∈ P is an upper bound of T in P . Since T is non-empty, it contains

at least one left ideal which contains 0, hence 0 ∈ J . If a, b ∈ J , then there exist two
ideals A,B ∈ T such that a ∈ A, b ∈ B. Without loss of generality, we may assume that
B ⊆ A, hence a, b ∈ A and a − b ∈ A ⊆ J , and therefore, a − b ∈ J . Furthermore, if
r ∈ R, then ra ∈ A and ra ∈ J . This implies that J is an ideal of R. We are done, if we
show that J ∈ P (i.e. J 6= R). Assume that 1 ∈ J . This means that one of the members
of T contains 1 and thus is equal to R. But R /∈ P . Hence 1 /∈ J and J 6= R. Thus the
set P contains at least one maximal element which is a maximal left ideal. The proofs
for maximal right ideals and maximal ideals follow in a similar way.
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Proposition 2.1.24. [1, 4, 8] Let R be a ring and I ( R a maximal ideal.
Then I is a prime ideal.

Proof. From the definition of maximal ideals we already know that I is a two-sided ideal.
If A,B ⊆ R are two ideals such that A · B ⊆ I, the first observation is that A = R = B
is not possible, since otherwise we get the contradiction R = A · B ⊆ I ( R. If A = R,
then we have B = A · B ⊆ I and we are done. The same is true for B = R. We are
also done, if A = {0} or B = {0}. So without loss of generality, we may suppose that
{0} 6= A 6= R 6= B 6= {0}. Let A · B ⊆ I, a ∈ A and assume that B * I. Then
aB ⊆ A · B ⊆ I and there exists b ∈ B \ I such that ab ∈ I. We have I ( I + 〈b〉. As a
consequence of Proposition 2.1.6 and Remark 2.1.11 we get I + 〈b〉 = R. So by Lemma
2.1.7 there exist c ∈ I, b′ ∈ 〈b〉 ⊆ B such that c + b′ = 1. One obtains that ac, ab′ ∈ I.
Thus A ⊆ I, since

a = a1 = a(c+ b′) = ac+ ab′ ∈ I

for all a ∈ A. In the same way one gets B ⊆ I for A * I. For A,B ⊆ R two ideals such
that A ·B ⊆ I we conclude that A ⊆ I or B ⊆ I, so I is a prime ideal.

Definition 2.1.25. A ring R is called a local ring, if it has a unique maximal left
respectively right ideal.

Remark 2.1.26. [25] The property of having a unique maximal left ideal is equivalent
to the property of having a unique maximal right ideal. Hence, the Jacobson radical J
is the unique maximal ideal in a local ring.

Definition 2.1.27. Let (R,+, ·) and (S,+′, ·′) be two rings. A map f : R→ S is called
a ring homomorphism, if the following properties hold:

• For all a, b ∈ R we have that f(a+ b) = f(a) +′ f(b).

• For all a, b ∈ R we have that f(a · b) = f(a) ·′ f(b).

• We have that f(1R) = 1S.

If additionally f is injective and surjective, then f is said to be a ring isomorphism.
In particular, R and S are called isomorphic rings and one writes R ∼= S.

Corollary 2.1.28. [1, 8] Let (R,+, ·) and (S,+′, ·′) be two rings and f : R→ S a ring
homomorphism. Then ker(f) is an ideal of R and Im(f) is a ring.

Proof. By Lemma A.0.2 for ker(f) being an ideal it remains to show that ra, ar ∈ ker(f)
for all a ∈ ker(f) and for all r ∈ R, since f is also a group homomorphism from (R,+)
to (S,+′). Let a ∈ ker(f) and r ∈ R. Then

f(r · a) = f(r) ·′ f(a) = f(r) ·′ 0S = 0S,

f(a · r) = f(a) ·′ f(r) = 0S ·′ f(r) = 0S.



CHAPTER 2. PRELIMINARIES 9

By Lemma A.0.2 we have that (Im(f),+′) is a subgroup of (S,+′). Let c, d ∈ Im(f).
There exist a, b ∈ R such that f(a) = c, f(b) = d. Thus

c ·′ d = f(a) ·′ f(b) = f(a · b) ∈ Im(f).

Assiociativity of (Im(f), ·′) and distributivity of ·′ over +′ follow from the ring properties
of (S,+′, ·′).

Remark 2.1.29. Since f(1R) = 1S ∈ Im(f), Im(f) is an ideal of S if and only if
Im(f) = S.

Definition 2.1.30. Let (R,+, ·) be a ring and I ⊆ R an ideal. The factor ring of R
modulo I is the set R/I = {a+ I | a ∈ R} equipped with the two operations

+′ : R/I ×R/I → R/I, (a+ I, b+ I) 7→ (a+ b) + I

·′ : R/I ×R/I → R/I, (a+ I, b+ I) 7→ (a · b) + I

This means that a+I and b+I represent the same element in R/I if and only if a−b ∈ I.
There exists a surjective ring homomorphism ϕ : R→ R/I such that ϕ(a) = a + I. It is
called the projection from R to R/I.

Remark 2.1.31. A factor ring is a ring.

Theorem 2.1.32. [1, 8] (1st Isomorphism Theorem for Rings)
Let (R,+, ·) and (S,+′, ·′) be two rings and f : R→ S a ring homomorphism. Then

(R/ ker(f),+, ·) ∼= (Im(f),+′, ·′).

Proof. In the same way as in the proof of Theorem A.0.3 one sees that the map

ϕ′ : R/ ker(f)→ S, ϕ′(r + ker(f)) = f(r)

is a well-defined ring homomorphism and that Im(ϕ′) = Im(f). Thus the map

ϕ : R/ ker(f)→ Im(f), ϕ(r + ker(f)) = f(r)

is a well-defined surjective ring homomorphism.
It remains to show that ϕ is injective. Let r + ker(f), r′ + ker(f) ∈ R/ ker(f) such that
ϕ(r + ker(f)) = ϕ(r′ + ker(f)). Then f(r) = f(r′) and f(r − r′) = 0Im(f). Therefore,
r − r′ ∈ ker(f). Hence r + ker(f) = r′ + ker(f).

Lemma 2.1.33. Let R be a ring, I ( A ( R two ideals of R, {0} 6= B ⊆ R/I an ideal
of R/I and ϕ the projection from R to R/I. Then we have

1. ϕ(A) ⊆ R/I is an ideal and {0R/I} 6= ϕ(A) 6= R/I.

2. ϕ−1(B) ⊆ R is an ideal and I ( ϕ−1(B).
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Proof. In both proofs we use the definitions of an ideal and of a ring homomorphism.

1. We have ϕ(0) = 0R/I ∈ ϕ(A), since 0R ∈ A. Let c, d ∈ ϕ(A). Thus there exist
a, b ∈ A such that ϕ(a) = c, ϕ(b) = d. Then a− b ∈ A and

ϕ(a− b) = ϕ(a)− ϕ(b) = c− d ∈ ϕ(A).

Let r′ ∈ R/I. Thus there is r ∈ R such that ϕ(r) = r′. Then ra ∈ A and

ϕ(ra) = ϕ(r)ϕ(a) = r′c ∈ ϕ(A).

There exists a′ ∈ A such that a′ /∈ I, since I ( A. Then ϕ(a′) 6= 0R/I and
ϕ(A) 6= {0R/I}. Assume that ϕ(A) = R/I and take a′′ ∈ A satisfying
ϕ(a′′) = 1R/I = ϕ(1R). Then ϕ(1 − a′′) = 0R/I which implies that 1 − a′′ ∈ I ⊆ A.
But then 1 ∈ A which contradicts A ( R. Thus 1R/I /∈ ϕ(A) and ϕ(A) 6= R/I.

2. We have 0R ∈ ϕ−1(B), since ϕ(0R) = 0R/I ∈ B. Let a, b ∈ ϕ−1(B) and
c = ϕ(a), d = ϕ(b) ∈ B. Then

ϕ(a− b) = ϕ(a)− ϕ(b) = c− d ∈ B.

This implies a− b ∈ ϕ−1(B). Let r ∈ R and r′ = ϕ(r) ∈ R/I. Then

ϕ(ra) = ϕ(r)ϕ(a) = r′c ∈ B

and so ra ∈ ϕ−1(B). Moreover ϕ−1(0) = I and there exists b ∈ B \ {0} such that
ϕ−1(b) /∈ I. Thus I ( ϕ−1(B).

Definition 2.1.34. Let R be a ring and a ∈ R.

• Z(a) := {r ∈ R | ra = ar} is called the centralizer of a in R.

• Z(R) := {r ∈ R | ∀x ∈ R : rx = xr} is called the center of R.

Proposition 2.1.35. [1, 8] Let (R,+, ·) be a ring and a ∈ R. Then (Z(R),+, ·)
and (Z(a),+, ·) are rings.

Proof. By Definition 2.1.1 it remains to show that Z(R) is closed under addition and
multiplication, 0 ∈ Z(R) and that every element of Z(R) has an additive inverse.
Let a, b ∈ Z(R). For every r ∈ R we have that

r(a+ b) = ra+ rb = ar + br = (a+ b)r,

r(ab) = (ra)b = (ar)b = a(rb) = a(br) = (ab)r,

r · 0 = 0 = 0 · r,

r(−a) = r(−a) + ra− ra = −ra+ r(−a+ a) = −(ra) + r · 0 = −(ar) = (−a)r.
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So we can conclude that (Z(R),+, ·) is a ring.

We have to verify the same four conditions for (Z(a),+, ·). Let b, c ∈ Z(a). We have

a(b+ c) = ab+ ac = ba+ ca = (b+ c)a,

a(bc) = (ab)c = (ba)c = b(ac) = b(ca) = (bc)a,

a · 0 = 0 = 0 · a,

a(−b) = a(−b) + ab− ab = −ab+ a(−b+ b) = −(ab) + a · 0 = −(ba) = (−b)a.

So Z(a) is closed under +, · and 0,−a ∈ Z(a).

2.2 Non-Commutative Finite Rings

Now we restrict ourselves to the finite case. There can be found extensive literature about
finite rings, out of which we specifically select those facts which will be significant later
on. As one already is able to see in Proposition 2.2.2 the statement seems to be familiar,
but the proof shows that one needs a different approach in non-commutative algebra.

Example 2.2.1. We consider different finite rings:

1. Factor rings of the form Z modulo nZ are finite rings for n ∈ Z \ {0}.

• We will use the abbreviation Zn for the factor ring Z/nZ.

• The cardinality of the factor ring Zn is n.

• If n is a prime number, then Zn is a field.

2. Factor rings of the form Z[x]/〈f(x)〉 with f(x) ∈ Z[x] and degf(x) ∈ N≥1 are
finite rings as well.

3. The set R = F4 ⊕ F4 equiped with the operations given by

(a, b) + (c, d) = (a+ c, b+ d) and (a, b) · (c, d) = (ac, ad+ bc2)

is a finite non-commutative ring. Its multiplication table is given in Appendix B.
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Proposition 2.2.2. [24] Let R be a finite ring and let a, b ∈ R satisfying ab = 1. Then
one has also ba = 1.

Proof. [24] Let ab = 1. Without loss of generality, we can assume that a, b are non-zero.
Since R is finite, there exists n ∈ N such that

bR ⊇ b2R ⊇ ... ⊇ bnR = bn+1R.

If bnR = {0}, then bna = {0} and then

a = 1na = anbna = an(bna) = an · 0 = 0

which is a contradiction. Thus {0} 6= bnR = bn+1R. So there is x ∈ R such that
bn+1x = bn. Due to

bx = 1nbx = anbn+1x = anbn = 1

we have bx = 1. Thus
x = 1x = (ab)x = a(bx) = a

and we obtain
ba = bx = 1.

Definition 2.2.3. Let R be a finite ring. Then the setR∗ := {a ∈ R | ∃b ∈ R : ab = 1} is
called the set of multiplicative inverses of R. Proposition 2.2.2 justifies this definition,
since any left inverse is also a right inverse. An element of R∗ is called a unit of R.

Proposition 2.2.4. [1, 8] Let (R,+, ·) be a finite ring. Then (R∗, ·) is a group.

Proof. Let a, b ∈ R∗. Then we can find c, d ∈ R∗ such that ac = 1R and bd = 1R. Thus
(ab)(dc) = a(bd)c = 1R and (ab) ∈ R∗. Therefore, R∗ is closed under the group operation.
Clearly, 1R, a

−1 ∈ R∗ and 1R ∈ R∗ is the neutral element of (R∗, ·). The operation · is
associative, since (R,+, ·) is a ring.

Notation. We call (R∗, ·) the group of multiplicative inverses of R.

Definition 2.2.5. Let R be a finite ring. We call R a division ring, if every non-zero
element has a multiplicative inverse.

Proposition 2.2.6. Let R be a finite ring. Then R is a division ring if and only if
R is a domain.
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Proof. Let R be a division ring and x, y ∈ R such that xy = 0. Without loss of generality
we can assume that x 6= 0. Then there is a ∈ R satisfying ax = 1. We obtain

0 = a · 0 = a(xy) = (ax)y = 1y = y.

Thus R is a domain. Now let R be a domain such that |R| = n and x ∈ R \ {0}. We
consider the set {x1, x2, ..., xn+1}. Since |R| = n we can finde i, j ∈ {1, 2, ..., n + 1} such
that i < j and xi = xj. This implies that xi − xj = 0. So xi(1 − xj−i) = 0. The
assumption xi = 0 leads to the contradiction x = 0. Hence (1 − xj−i) = 0 and xj−i = 1.
Since xxj−i−1 = 1, every non-zero element has a multiplicative inverse.

Proposition 2.2.7. Let R be a finite local ring and J its maximal left (right) ideal. Then

1. J = R \R∗.

2. Jn = {0} for some n ∈ N.

3. J is a two-sided maximal ideal.

Proof. We verify all three statements.

1. If a ∈ R \R∗, then Ra 6= R is a left ideal. Therefore, a ∈ J for all a ∈ R \R∗, hence
R \ R∗ ⊆ J . Let b ∈ R∗. We have b /∈ J , since otherwise there exists c ∈ R such
that 1 = cb ∈ J . So J = R \R∗.

2. [24] We consider the chain J ⊇ J2 ⊇ ... . Due to the finiteness of the ring there
exists a minimal m ∈ N such that Jm = Jm+i for all i > 0. Let A denote the ideal
Jm. If A = {0}, we are done. So let us assume that A 6= {0}. Let B be minimal
among the set of left ideals of A such that A · B 6= {0}. Such B has to exist, since
A2 = JmJm = Jm 6= {0}. Then there is b ∈ B such that A · b 6= {0}. We have that
A · b ⊆ B ⊆ A. Thus, by minimality of B, A · b = B. So there is a ∈ A such that
ab = b. We get 0 = ab − b = (a − 1)b. Note that (a − 1) ∈ R∗, since otherwise we
obtain the contradiction that R(a− 1), Ra 6= R are left ideals, so R(a− 1), Ra ⊆ J
and (a − 1), a ∈ J , therefore, 1 ∈ J . Thus b = 0 which leads to the contradiction
A · b = {0}. Hence A has to be {0}.

3. Assume there exist a ∈ J, r ∈ R such that ar ∈ R∗. Then there is x ∈ R∗ satisfying
(ar)x = 1. Then a(rx) = 1 which implies that a ∈ R∗. This contradicts J 6= R.
Hence ar /∈ R∗. We obtain ar ∈ R \ R∗ = J for all a ∈ J and r ∈ R and therefore,
J is also a right ideal. Let A ( R be a right ideal. Suppose that A * J = R \ R∗.
Then there exists a ∈ A\J ⊆ R∗. But 1 = as ∈ A for some s ∈ R which contradicts
A 6= R. Consequently, A ⊆ J and J is also the unique maximal right ideal of R.
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2.3 Modules over Non-Commutative Rings

As in Section 2.1 we essentially gather information about modules over non-commutative
rings such as definitions and basic properties. Section 2.3 delivers the fundament for
Chapter 4.

Definition 2.3.1. Let R be a ring and M an Abelian group.

1. Let · : R × M → M , (r,m) 7→ r · m be an operation (called left scalar
multiplication). The triple (M,R, ·) is called a left R-module denoted as RM ,
if the following conditions hold:

• For all r, r1, r2 ∈ R and for all m,m1,m2 ∈M we have that

(a) (r1 + r2) ·m = r1 ·m+ r2 ·m.

(b) r · (m1 +m2) = r ·m1 + r ·m2.

• For all r1, r2 ∈ R and for all m ∈M we have that
r1 · (r2 ·m) = (r1 · r2) ·m.

• For all m ∈M we have that 1R ·m = m.

2. Let · : M × R → M , (m, r) 7→ m · r be an operation (called right scalar
multiplication). The triple (M,R, ·) is called a right R-module denoted as
MR, if the following conditions hold:

• For all r, r1, r2 ∈ R and for all m,m1,m2 ∈M we have that

(a) m · (r1 + r2) = m · r1 +m · r2.
(b) (m1 +m2) · r = m1 · r +m2 · r.

• For all r1, r2 ∈ R and for all m ∈M we have that
(m · r1)r2 = m · (r1r2).

• For all m ∈M we have that m · 1R = m.

When M is both, a left and a right R-module, then M is called simply R-module. If M
contains only finitely many elements, M is said to be a finite R-module.

Definition 2.3.2. Let (M,R, ·) be a left (right) R-module. If R is a field, then (M,R, ·)
is called a left (right) vector space over R. If (M,R, ·) is an R-module and R is a field,
then (M,R, ·) is called a vector space over R.

Definition 2.3.3. Let (M,R, ·) be a left (right) R-module and (N,+) a subgroup of
(M,+). If rn ∈ N (nr ∈ N) for all r ∈ R, n ∈ N , then (N,R, ·) is called a left (right)
submodule of (M,R, ·). If additionally R is a field, a left (right) vector subspace
(N,R, ·) of (M,R, ·) is defined in an analogous manner.

Remark 2.3.4. A (left/right) submodule of (M,R, ·) is a (left/right) R-module.
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Definition 2.3.5. Let (M,R, ·) be a left (right) R-module and m ∈M . Then

R ·m := {rm | r ∈ R}

(m ·R := {mr | r ∈ R})

is a left (right) submodule of (M,R, ·) calld the cyclic left (right) submodule of
(M,R, ·) generated by m.

Remark 2.3.6. Remark 2.3.4 implies that a cyclic left (right) submodule of (M,R, ·) is
also a cyclic left (right) R-module.

Definition 2.3.7. Let (M,R, ·) be a left R-module. If there exists n ∈ N and
m1,m2, ...,mn ∈M such that every element m ∈M can be represented as

m =
n∑
i=1

rimi

for some ri ∈ R, then (M,R, ·) is called a finitely generated left R-module and
{m1, ...,mn} is said to be a generating system of the module (M,R, ·). Finitely
generated right R-modules are defined similarly.

Remark 2.3.8. If (M,R, ·) is a finitely generated left (right) vector space over R, then
there exists a unique n ∈ N such that every generating system of (M,R, ·) contains
n elements which again build a generating system of (M,R, ·). This n is called the
dimension of M over R and one writes n = dimR(M). If additionally R is finite and
|R| = pt = q, then |M | = qn = pt·n.

For a finite ring R it is clear that the two notions ′′finitely generated R-module′′ and
′′finite R-module′′ are equivalent.

Definition 2.3.9. Let (M,R, ·) and (N,R, ·′) be two left R-modules. A map f : M → N
is called a left R-module homomorphism, if it fulfills the following conditions:

• For all m1,m2 ∈M we have that f(m1 +m2) = f(m1) + f(m2).

• For all m ∈M and for all r ∈ R we have that f(r ·m) = r ·′ f(m).

If f is additionally injective and surjective, it is said to be a left R-module
isomorphism. If there exists a leftR-module isomorphism between twoR-modulesM,N ,
thenM andN are called isomorphic left R-modules and one writesM ∼=Rl

N . Right
R-module homomorphisms and right R-module isomorphisms (M ∼=Rr N ) are
defined in an analogous manner. If the map f is a left and a right R-module
homomorphism (M and N have to be R-modules), one calls f simply R-module
homomorphism respectively isomorphism (M ∼=R N ).
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Definition 2.3.10. Let (M,R, ·) be a finitely generated R-module. Then (M,R, ·) is

called a free R-module, if

M ∼=R R⊕R⊕ ...⊕R︸ ︷︷ ︸
n−times

= Rn.

Furthermore, n denotes the rank of the module (M,R, ·) and is denoted as rk(M). If

R is a field, then M is a vector space over R and one calls n the dimension of M over

R, written as dimR(M).

Definition 2.3.11. Let M be a left R-module and N ⊆M a submodule of M . The set

M/N := {m+N | m ∈M}

equipped with the two operations

+′ : M/N ×M/N →M/N, (m+N,m′ +N) 7→ (m+m′) +N

·′ : R×M/N →M/N, (r,m+N) 7→ (r ·m) +N

forms a left R-module called the left quotient module of M modulo N . This means

that m+N and m′ +N represent the same element in M/N if and only if m−m′ ∈ N .

Right quotient modules are defined in an analogous manner.

Remark 2.3.12. There exists a surjective left R-module homomorphism ϕ : M →M/N

satisfying ϕ(m) = m+N called the projection from M to M/N .

Corollary 2.3.13. [1] Let (M,R, ·),(N,R, ·′) be two left (right) R-modules and

f : M → N a left (right) R-module homomorphism. Then ker(f) is a left (right)

submodule of (M,R, ·) and Im(f) is a left (right) submodule of (N,R, ·′).

Proof. We have that f is also a group homomorphism from (M,+) to (N,+′) and by

Lemma A.0.2 ker(f) is a subgroup of (M,+) and Im(f) is a subgroup of (N,+′). Let

a ∈ ker(f), b ∈ Im(f), c ∈M such that f(c) = b and r ∈ R. Then

f(ra) = rf(a) = r · 0 = 0, (f(ar) = f(a)r = 0 · r = 0)

f(rc) = rf(c) = rb, (f(cr) = f(c)r = br).

Therefore, ra ∈ ker(f) and rb ∈ Im(f). By Definition 2.3.3 we are done.
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Theorem 2.3.14. [1] (1st Isomorphism Theorem for Modules)
Let (M,R, ·) and (N,R, ·′) be two left (right) R-modules and f : M → N a left (right)
R-module homomorphism. Then

(M/ ker(f), R, ·) ∼=Rl (Im(f), R, ·′)

((M/ ker(f), R, ·) ∼=Rr (Im(f), R, ·′)).

Proof. In the same way as in the proof of Theorem A.0.3 one can observe that the map

ϕ′ : M/ ker(f)→ N,ϕ′(m+ ker(f)) = f(m)

is a well-defined left (right) R-module homomorphism and that Im(ϕ′) = Im(f). Thus
the map

ϕ : M/ ker(f)→ Im(f), ϕ(m+ ker(f)) = f(m)

is a well-defined surjective left (right) R-module homomorphism.
It remains to show that ϕ is injective. Let m+ ker(f),m′+ ker(f) ∈M/ ker(f) such that
ϕ(m+ ker(f)) = ϕ(m′ + ker(f)). Then f(m) = f(m′) and f(m−m′) = 0Im(f).Therefore,
m−m′ ∈ ker(f). Hence m+ ker(f) = m′ + ker(f).

Theorem 2.3.15. [1] (2nd Isomorphism Theorem for Modules)
Let (M,R, ·) be a left (right) R-module and K,L ⊆M two R-submodules such that K ⊆ L.
Then

(M/K)/(L/K) ∼=R M/L.

Proof. Consider the map

ϕ : M/K →M/L,ϕ(m+K) = m+ L.

Let m1,m2, x, y ∈ M such that x + K = y + K and r ∈ R. Then x − y ∈ K ⊆ L and
x+ L = y + L. As the following hold

ϕ(x+K) = x+ L

= y + L

= ϕ(y +K),

ϕ((m1 +K) + (m2 +K)) = ϕ((m1 +m2) +K)

= (m1 +m2) + L

= (m1 + L) + (m2 + L)

= ϕ((m1 +K)) + ϕ((m2 +K)),

ϕ(r(m1 +K)) = ϕ((rm1) +K)

= (rm1) + L

= r(m1 + L)

= rϕ(m1 +K),
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ϕ is a well-defined R-module homomorphism. We know that ker(ϕ) = {m+K | m ∈ L}.
Then ker(ϕ) = L/K, since 0 = ϕ(m + K) = m + L is equivalent to m ∈ L. By
Theorem 2.3.14 we obtain

(M/K)/(L/K) ∼=R M/L.

Proposition 2.3.16. Let (M,R, ·) be a finitely generated left (right) R-module and
{m1,m2, ...,mn} be a generating system for (M,R, ·). Then (M,R, ·) is isomorphic to
a left (right) submodule of (Rn, R, ·).

Proof. Let (M,R, ·) be a left R-module. We have Rmi = {rmi | r ∈ R} ⊆M . Hence

M = Rm1 +Rm2 + ...+Rmn.

Clearly, there exists a surjective left R-module homomorphism

ϕ : Rn →M,ϕ(a1, a2, ..., an) = a1m1 + a2m2 + ...+ anmn.

By Theorem 2.3.14 we obtain that M = Im(ϕ) ∼=Rl R
n/ ker(ϕ). And we are done, since

Rn/ ker(ϕ) is isomorphic as a left R-module to a submodule of Rn. The proof for right
R-modules is similar.

Notation. Let (M,R, ·) be a finitely generated left (right) R-module. By
Proposition 2.3.16 we know that there exists n ∈ N such that (M,R, ·) is a left (right)
submodule of Rn. One writes M ≤l Rn (M ≤r Rn).

2.4 Groundwork for Wedderburn’s Little Theorem

In appreciable contrast to commutative algebra, it is hard work to prove Wedderburn’s
Little Theorem 3.2.3 which states that every finite domain is a field. We are in need of Wed-
derburn’s Little Theorem 3.2.3 to prove the important Characterization
Theorem 3.2.8 of chain rings. In the proof of Wedderburn’s Little Theorem 3.2.3 we
will use the Lemmas 2.4.4 , 2.4.6 and 2.4.7. As the title of this section already says, we do
the preparation for Wedderburns Little Theorem, following mainly [22,29]. Therefore, we
have to make an excursion which includes function theory and cyclotomic polynomials.

Definition 2.4.1. For n ∈ N>0, ξn := e
2πi
n ∈ C denotes a primitive n-th root of unity.

Lemma 2.4.2. For k ∈ {1, 2, ..., n− 1} we have that ξkn 6= 1 and ξnn = 1.
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Proof. We can write ξn as cos(2π
n

) + i sin(2π
n

). Therefore, we obtain that

ξkn = cos(
k

n
2π) + i sin(

k

n
2π) 6= 1

for k ∈ {1, 2, ..., n− 1}, since 0 < k
n
< 1 and cos(a) 6= 1 for all 0 < a < 2π.

Definition 2.4.3. For n ∈ N>0,

Φn(x) :=
∏

1≤k≤n
gcd(k,n)=1

(x− ξkn) ∈ C[x]

denotes the n-th cyclotomic polynomial.

Lemma 2.4.4. We have that xn − 1 =
∏

d|n Φd(x). In particular, Φn(x) | xn − 1.

Proof. We use Definitions 2.4.1 and 2.4.3, some little ideas about sets and some well
known properties of the n-th roots of unity.
We know that for all j ∈ {1, 2, ..., n}, (ξjn) is a root of the polynomial xn − 1. Moreover,
for all i, j ∈ {1, 2, ..., n} we have ξin 6= ξjn for i 6= j. Therefore, we have n different roots of
the polynomial xn − 1 and by the Fundamental Theorem of Algebra A.0.8 we get that

xn − 1 =
n∏
j=1

(x− ξjn).

For j ∈ {1, 2, ..., n} we have that gcd(j, n) ∈ {1, 2, ..., n}. Either gcd(j, n) = 1 or j and n
have a common factor. Therefore, one has

n∏
j=1

(x− ξjn) =
∏
d|n

∏
j≤n

gcd(j,n)=d

(x− ξjn).

By combining these two equations we obtain

xn − 1 =
∏
d|n

∏
j≤n

gcd(j,n)=d

(x− ξjn). (2.1)

The two sets {j ∈ N | j ≤ n and gcd(j, n) = d} and {kd ∈ N | k ≤ n
d

and gcd(k, n
d
) = 1}

are equal. As a consequence, we get∏
j≤n

gcd(j,n)=d

(x− ξjn) =
∏
k≤n

d
gcd(k,n

d
)=1

(x− ξkdn ). (2.2)
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One can easily see that the following equation is true

ξdn = ξn
d
. (2.3)

By inserting (2.3) into (2.2) we get∏
j≤n

gcd(j,n)=d

(x− ξjn) =
∏
k≤n

d
gcd(k,n

d
)=1

(x− ξkn
d
). (2.4)

By combining (2.4) and (2.1) we obtain

xn − 1 =
∏
d|n

∏
k≤n

d
gcd(k,n

d
)=1

(x− ξkn
d
) (2.5)

Using Definition 2.4.3 and (2.5) we can derive

xn − 1 =
∏
d|n

Φn
d
(x) (2.6)

Let {d1, d2, ..., dt} be the set of all numbers between 1 and n which divide n. Then this
set is equal to { n

dt
, n
dt−1

, ..., n
1
}. Therefore, we have

∏
d|n

Φn
d
(x) =

∏
d|n

Φd(x) (2.7)

The claim follows as a combination of (2.6) and (2.7).

Corollary 2.4.5. For all n ∈ N≥1, we have Φn(x) ∈ Z[x].

Proof. We prove the statement by induction on n:

The base case is trivial since Φ1(x) = x− 1 ∈ Z[x].

In order to prove the inductive step, suppose that Φm ∈ Z[x] for all m ≤ n. Note that all
cyclotomic polynomials are monic. Lemma 2.4.4 implies that

xn+1 − 1 =
∏
d|n+1

Φd(x) = Φn+1(x) ·
∏
d|n

Φd(x).

By assumption we have for d ≤ n, that Φd ∈ Z[x] and that Φd is monic. Thus there exists
g(x) ∈ Z[x] monic satisfying

xn+1 − 1 = g(x) · Φn+1(x). (2.8)

Since xn+1 − 1 is monic, it follows from (2.8) that Φn+1(x) ∈ Z[x].
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Lemma 2.4.6. Let 1 ≤ d < n and d | n. Then we have that Φn(x) | xn−1
xd−1 .

Proof. Let 1 ≤ d < n and d | n. By Lemma 2.4.4 we have

xn − 1 =
∏
m|n

Φm(x) = Φn(x) ·
∏
m<n
m|n

Φm(x) = Φn(x) ·
∏
m|d

Φm(x)
∏
m-d
m|n
m<n

Φm(x).

Lemma 2.4.4 shows also that
xd − 1 =

∏
m|d

Φm(x).

Since Corollary 2.4.5 implies that ∏
m-d
m|n
m<n

Φm(x) ∈ Z[x],

there exists f(x) ∈ Z[x] such that

xn − 1 = Φn(x) · (xd − 1) · f(x).

Therefore, we have

Φn(x) · f(x) =
xn − 1

xd − 1

which implies that

Φn(x) | x
n − 1

xd − 1
.

Lemma 2.4.7. If q, n ∈ N such that q ≥ 1 and n ≥ 2, then |Φn(q)| > q − 1.

Proof. Let q, n ∈ N such that q ≥ 1 and n ≥ 2. Remember that

Φn(x) =
∏

1≤k≤n
gcd(k,n)=1

(x− ξkn).

We distinguish between two cases:

• If q = 1, then Φn(1) 6= 0. In particular, we get |Φn(1)| > 0 = q − 1.

• Now suppose that q ≥ 2. For 1 ≤ k ≤ n and gcd(k, n) = 1 one has |q − ξkn| > 1.
Therefore, it is sufficient to show that |q − α| > q − 1 for any n-th root of unity α
such that α 6= 1. Let

ξkn = cos(θ) + i sin(θ).
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Then cos(θ) < 1 (otherwise ξkn = 1). The statement |q − α| > q − 1 is equivalent to
|q − α|2 > (q − 1)2. We have

|q − α|2 =
√

(q − cos(θ))2 + (i sin(θ))2
2

= q2 − 2 cos(θ)q + 1

> q2 − 2q + 1

= (q − 1)2.

This verifies |q − α| > q − 1. And since |q − ξkn| > 1, we obtain

|Φn(q)| = |q − ξ1n| · |
∏

1<k≤n
gcd(k,n)=1

(x− ξkn)|

> (q − 1) · 1
= q − 1.



Chapter 3

Chain Rings

A ring is a left (right) chain ring if its left (right) ideals form a chain. Chain rings include
a lot of different rings. One of the most important classes of such rings are the Galois
rings which include, but are not limited to, finite fields and rings of the form Zpn where p
is a prime number and n ∈ N. At the beginnnig of this chapter we define chain rings and
go into their properties. Afterwards, we focus on finite chain rings and Galois rings and
we will characterize them. In each example we will concentrate on the following three
rings:

1. Fields

2. Rings of the form Zpn where p is a prime number and n ∈ N.

3. The smallest non-commutative chain ring

R = F4 ⊕ F4

equipped with the operations given by

(a, b) + (c, d) = (a+ c, b+ d) and (a, b) · (c, d) = (ac, ad+ bc2).

The multiplication table of this ring is given in Appendix B.

3.1 Chain Rings

Chain rings deserve this name, since their ideals build a chain with respect to inclusion.
This property implies many other features which we will see in the following. But at first,
we will consider the complete definition of a chain ring.

Definition 3.1.1. We call a ring R a left (right) chain ring, if for every a, b ∈ R,
either Ra ⊆ Rb or Rb ⊆ Ra (aR ⊆ bR or bR ⊆ aR).

Proposition 3.1.2. [2,25] Let R be a ring. R is a left (right) chain ring if and only if
A ⊆ B or B ⊆ A for any two left (right) ideals A,B ⊆ R.

23
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Proof. [2, 25] Let R be a left chain ring and A,B ⊆ R two left ideals. Without loss of
generality, we may assume that A * B. Then there exists a ∈ A \ B. Let b ∈ B. Then
by Definition 3.1.1 Ra ⊆ Rb or Rb ⊆ Ra. The first case cannot hold, since that would
imply a ∈ Rb ⊆ B. From Rb ⊆ Ra ⊆ A we get b ∈ A for any b ∈ B. Thus B ⊆ A. In the
same way we get B ⊆ A or A ⊆ B, if R is a right chain ring and A,B ⊆ R are two right
ideals. Let A ⊆ B or B ⊆ A for any two left (right) ideals A,B ⊆ R and a, b ∈ R. Then
Ra ⊆ Rb or Rb ⊆ Ra (aR ⊆ bR or bR ⊆ aR). Thus R is a left (right) chain ring.

Remark 3.1.3. Let R be a left (right) chain ring. By Proposition 3.1.2 the left (right)
ideals of R form a chain with respect to ⊆. So, if R has just finitely many left (right)
ideals, one can order all of them to a chain of the form

{0} = I1 ( I2 ( ... ( In = R

where (Ii)i=1,...,n are all left (right) ideals of R.

Example 3.1.4. Henceforth we will focus on the following examples.

1. It is clear that any field fulfills the definition of being a left or a right chain ring.

2. Let p be a prime number, n ∈ N>0 and a ∈ Zpn . We represent a in Z as the
number which lies in {0, 1, ..., pn − 1}. Then gcd(a, pn) ∈ {0, 1, p, p2, ..., pn−1} and
a · Zpn = gcd(a, pn) · Zpn . We obtain, that the left and right principle ideals of Zpn
are exactly

Zpn , pZpn , p2Zpn , ..., pn−1Zpn , pnZpn = {0Zpn}.

We get the chain

{0Zpn} = pnZpn ( pn−1Zpn ( ... ( pZpn ( Zpn .

Thus, since Zpn is commutative, the principle left and principle right ideals of Zpn
form a chain with respect to ⊆, and therefore, Zpn is a left and a right chain ring.

3. We consider the ring

R = F4 ⊕ F4 = {(a, b) | a, b ∈ {0, 1, x, x+ 1} such that x2 + x+ 1 = 0}

equipped with the operations given by

(a, b) + (c, d) = (a+ c, b+ d) and (a, b) · (c, d) = (ac, ad+ bc2).

With help of the multiplication table in Appendix B we list all principle left ideals:

{0} = R · (0, 0).

{(0,0), (0,1), (0,x), (0,x + 1)} = R · (0, 1) = R · (0, x) = R · (0, x+ 1).
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R = R · (1, 0) = R · (1, 1) = R · (1, x)

= R · (1, x+ 1) = R · (x, 0) = R · (x, 1)

= R · (x, x) = R · (x, x+ 1) = R · (x+ 1, 0)

= R · (x+ 1, 1) = R · (x+ 1, x) = R · (x+ 1, x+ 1).

We can observe that there exist only three different principle left ideals and they
fulfill the conditions of Definition 3.1.1. Hence R is a left chain ring. The principle
right ideals are exactly the same. Therefore, R is also a right chain ring.

Remark 3.1.5. Proposition 3.1.2 implies that chain rings are local rings.

Proposition 3.1.6. [2, 25] Let R be a left (right) chain ring and A ⊆ R a finitely
generated left (right) ideal. Then A is a principle left (right) ideal.

Proof. Let R be a left chain ring, A ⊆ R a finitely generated left ideal and
{a1, a2, ..., an} ⊆ A a generating system of A. Then

A = Ra1 +Ra2 + ...+Ran.

By Definition 3.1.1 there is i ∈ {1, 2, ..., n} such that Raj ⊆ Rai for every j ∈ {1, 2, ..., n}.
Thus A = Rai. The case that R is a right chain ring and A a finitely generated right
ideal, is analogous.

Example 3.1.7. We go through the examples of 3.1.4.

1. The only ideals a finite field K has are {0} and K itself. They are principle ideals,
since {0} = 0 ·K and K = 1 ·K.

2. Since Zpn is a finite ring, every ideal I ⊆ R is finitely generated. So there exist
a1, a2, ..., at ∈ R such that I = a1Zpn + ...+ atZpn . We were able to see in Example
3.1.4 that aiZpn ∈ {Zpn , pZpn , p2Zpn , ..., pn−1Zpn , 0Zpn}. Thus there is i ∈ {1, 2, ..., t}
satisfying I = aiZpn . Therefore, we obtain that all left and right ideals of Zpn are
principle ideals. Moreover, since Zpn is commutative, every left or right ideal is an
ideal and the ideals of Zpn are exactly

Zpn , pZpn , p2Zpn , ..., pn−1Zpn , pnZpn = {0Zpn}.

3. The ideals of the ring R = F4 ⊕ F4 from Example 3.1.4 are

{0}, {(0, 0), (0, 1), (0, x), (0, x+ 1)} and R itself,

since for all a ∈ R we have either Ra = {0}, Ra = {(0, 0), (0, 1), (0, x), (0, x+ 1)} or
Ra = R (we get the same for aR). Moreover, all of them are principle ideals.
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Proposition 3.1.8. [2, 25] Let R be a left (right) chain ring and I ⊆ R a left (right)
ideal.

1. For every a ∈ R, aR ⊆ RaR∗ ( Ra ⊆ R∗aR).

2. I is a two-sided ideal if and only if Id ⊆ I (dI ⊆ I) for every d ∈ R∗.

Proof. [2] We first prove 1. which in turn is used to show 2.

1. Let r ∈ R and J denote the maximal ideal of R. If r ∈ R∗ or ar ∈ Ra, we are done,
since ar ∈ aR∗ ⊆ RaR∗ or ar ∈ Ra ⊆ RaR∗. Thus let r ∈ R \ R∗ = J such that
ar /∈ Ra. Then by Definition 3.1.1 we obtain Rar * Ra, hence Ra ⊆ Rar. There
exist x ∈ R such that a = xar. Note that x ∈ J , since otherwise x ∈ R∗ and we
get the contradiction ar = x−1a ∈ Ra. From r, x ∈ J we get (1 + r), (1 + x) ∈ R∗,
since 1 /∈ J . We have

(1 + x)ar = ar + xar = ar + a = a(1 + r).

It follows
ar = (1 + x)−1a(1 + r) ∈ RaR∗.

This proves 1.

2. If I is a two-sided ideal, one clearly has Id ⊆ I for every d ∈ R∗. Conversely,
suppose that I is a left ideal such that Id ⊆ I for every d ∈ R∗. Let r ∈ R and
a ∈ I. Then aR∗ ⊆ I by assumption. Hence by 1. ar ∈ aR ⊆ RaR∗ ⊆ I. Therefore,
I is a two-sided ideal.

The proof for right chain rings is similar.

3.2 Finite Chain Rings

Now we focus on finite chain rings. We work towards the most central and important
statement of this chapter, the Characterization Theorem 3.2.8 which gives a complete
characterization of all finite chain rings.

Proposition 3.2.1. Let R be a finite left (right) chain ring. Then R has the following
properties:

• R is a local ring with maximal left (right) ideal J = R \R∗.

• The unique maximal left (right) ideal J ⊆ R is also the unique maximal right (left)
ideal, hence J is a maximal ideal.

• Jn = {0} for some n ∈ N.
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Proof. Let R be a left chain ring. Since the left ideals of R are linearly ordered, there
exists a unique maximal left ideal J . Hence R is a finite local ring. Therefore, we can
apply 2.2.7 and we get the results. If R is a right chain ring, the proof follows in the same
way.

Example 3.2.2. We consider again the examples introduced in 3.1.4.

1. It is clear that a finite field K is a local ring with maximal ideal J = K \K∗ = {0}
and J1 = {0}.

2. We observe:
(Zpn)∗ = {a+ pn · Z ∈ Zpn | p - a}.

The unique maximal ideal of Zpn is J = pZpn = Zpn \ (Zpn)∗. It is a two-sided ideal
and Jn = (pZpn)n = pnZpn = {0}.

3. We observe:
(F4 ⊕ F4)∗ = {(a, b) | a, b ∈ F4 with a 6= 0},

since then

(a, b)−1 =

(
1

a
,
−b
a3

)
.

One is able to see in Example 3.1.4 that the unique maximal left ideal of the ring
R = F4 ⊕ F4 is

J = {(0, 0), (0, 1), (0, x), (0, x+ 1)}

since otherwise J would include a unit which would lead to the contradiction
J = R. We see that J = R \ R∗. So J is also the unique maximal right ideal
of R, hence J is a maximal ideal satisfying J2 = {0}.

We now come to Wedderburn’s Little Theorem. In 1905, Wedderburn proved that
every finite division ring must be a field. In other words, the finiteness of a division ring
is strong enough to force commutativity. The proof from [22] was given by Ernst Witt.

Theorem 3.2.3. [22] (Wedderburn’s Little Theorem)
Every finite division ring is a field.

Proof. [22] Let D be a division ring and Z(D) its center. By Proposition 2.1.35 Z(D)
is a ring. By Definition 2.2.5 for every a ∈ Z(D)\{0} there exists a−1 ∈ R and we have
that a−1 ∈ Z(D), since for every r ∈ R we have

ra−1 = aa−1ra−1 = a−1ra−1a = a−1r.

This shows that Z(D) is a field. Moreover, by Definition 2.3.2 (D,Z(D), ·) is a finite
dimensional vector space over Z(D).
We set q = |Z(D)| and n = dimZ(D)(D), then we have that |D| = qn. We now want
to show that n = 1 which implies that D = Z(D) is a field. So let us assume that
n > 1 and let D∗ denote the multiplicative group of D, i.e. D∗ = D \ {0}. Obviously
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we have that Z(D)∗ = Z(D) \ {0} is the center of D∗. Let Z(a) denote the centralizer
of a in D, in particular, Z(a) = {r ∈ D | ra = ar}. Then by Proposition 2.1.35, Z(a) is
also a finite division ring and thus also a finite dimensional vector space over Z(D). Let
na = dimZ(D) Z(a) denote the dimension of Z(a) over Z(D). So we have that |Z(a)| = qna .
It is clear that Z(a)∗ = Z(a) \ {0} is the centralizer of a in the group (D∗, ·). By Lemma
A.0.6 we obtain |Ka| = qn−1

qna
in the multiplicative group D∗. Let there be exactly l

distinct conjugacy classes in D∗ and let {a1, a2, ..., al} ⊆ D∗ represent these classes such
that {a1, a2, ..., aq−1} = Z(D)∗. From the Class Equation Theorem A.0.7 we get:

qn − 1 = |D∗| = |Z(D)∗|+
l∑

j=q

|Kaj | = q − 1 +
l∑

j=q

qn − 1

qnaj − 1
. (3.1)

Lemmas 2.4.4 and 2.4.6 show that Φn(q) | (qn − 1) and Φn(q) | qn−1
q
naj−1 for j = 1, 2, ..., l.

By (3.1) we get that Φn(q) divides (q − 1), thus |Φn(q)| ≤ q − 1 which contradicts
Lemma 2.4.7. So we get n = 1 and therefore D = Z(D). This means that we can
conclude that D is a field.

Theorem 3.2.4. Let R be a finite ring and I ⊆ R an ideal. Then R/I is a field
if and only if I is a maximal ideal.

Proof. Let ϕ denote the projection from R to R/I. Assume that I is no maximal ideal.
Then there exists a maximal ideal J ( R such that I ( J . By Lemma 2.1.33 ϕ(J) ( R/I
is an ideal and ϕ(J) 6= {0}. Hence there exists 0 6= a ∈ ϕ(J) such that there exists no
b ∈ R/I satisfying ab = 1. This implies that R/I is no field. Thus, if R/I is a field, we
get that I is a maximal ideal. Let I ( R be a maximal ideal. By Lemma 2.1.33 the only
ideals of R/I are {0} and R/I. Let 0 6= a ∈ (R/I \ {0}). Then R/I · a ·R/I ⊆ R/I is an
ideal and R/I · a · R/I 6= {0}. Thus R/I · a · R/I = R/I and there exists b ∈ R/I such
that ab = 1R/I . By Definition 2.2.5 R/I is a finite division ring. Hence by Wedderburn’s
Little Theorem 3.2.3 R/I is a field.

Theorem 3.2.5. Let R be a finite left (right) chain ring and N its prime radical. Then
R is a field if and only if N = {0}.

Proof. If R is a field, then clearly N = {0}.
Conversely, let R be a left (right) chain ring, {0} = I0 ( I1 ( ... ( In = R its left

(right) ideals and N = {0}. Since all left ideals and therefore all prime ideals lie in a chain
and N = {0} is the intersection of all prime ideals, {0} has to be a prime ideal. We show
that {0} has to be the maximal ideal. Assume that there exists a maximal ideal J ∈ R
such that J 6= {0}. We consider the chain J ⊇ J2 ⊇ ... . Due to the finiteness of the ring
there is a unique minimal m ∈ N such that Jm = Jm+i for every i > 0. Let A denote the
ideal Jm. If A = {0}, we are done, since J ·Jm−1 = Jm = A = {0} is no prime ideal. So let
us suppose that A 6= {0}. Let B be minimal with respect to ⊆ among the set of left ideals
of A such that A · B 6= {0}. Such B has to exist, since A2 = JmJm = Jm 6= {0}. Then
there exists b ∈ B such that A·b 6= {0}. We have that A·b ⊆ B ⊆ A. Thus, by minimality
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of B, A · b = B. So there is a ∈ A such that ab = b. We get 0 = ab− b = (a− 1)b. From
Proposition 3.2.1 we have that J = R\R∗. So a ∈ A ⊆ J = R\R∗. Therefore, (a−1) ∈ R∗
because otherwise 1 ∈ J . Then (a− 1)b = 0 implies b = 0 which contradicts A · b 6= {0}.
Therefore, {0} has to be the maximal ideal.
Let a ∈ R \ {0} = R \ J = R \ (R \ R∗) = R∗. Hence a has to be an element of R∗.
By Definition 2.2.5 R is a finite division ring. Wedderburn’s Little Theorem 3.2.3 implies
that R is a field.

Remark 3.2.6. In Theorem 3.2.8 we will work with the prime radical. One can show
the same results with the Jacobson radical.

Theorem 3.2.7. Let R be a finite left (right) chain ring and J its Jacobson radical.
Then R is a field if and only if J = {0}.

Proof. If R is a field, then clearly J = {0}.
Conversely, let R be a left (right) chain ring, {0} = I0 ( I1 ( ... ( In = R its left

(right) ideals and J = {0}. Since all left ideals and therefore all maximal ideals lie in
a chain and J = {0} is the intersection of all maximal ideals, {0} has to be a maximal
ideal. Proposition 3.2.1 leads to a ∈ R\{0} = R\J = R\ (R\R∗) = R∗. Hence a has to
be an element of R∗. By Definition 2.2.5 R is a finite division ring. Wedderburn’s Little
Theorem 3.2.3 implies that R is a field.

To sum up, we can conclude that R is either a field or its prime (or Jacobson) radical
N (or J ) is non-zero. The next theorem summarizes our results on finite left (right) chain
rings and characterizes them.

Based on Theorem 1 in [12] or on Theorem 2.1 in [13] we get the following theorem.
It is a generalization of the two previous theorems whereby the radical N does not have
to be non-zero.

Theorem 3.2.8. (Characterization Theorem of Chain Rings)
For a finite ring R and its prime radical N the following conditions are equivalent:

1. R is a left chain ring.

2. The principle left ideals of R build a chain with respect to ⊆.

3. R is a local ring with maximal ideal

N :=

{
Rθ for each θ ∈ N \N2, if N 6= {0}
{0}, otherwise.

4. R is a right chain ring.

Moreover, one has that if R satisfies these equivalent conditions, then every left (right)
ideal of R is of the form N i = Rθi = θiR for some i ∈ N≥0, where N0 = R and θ0 = 1.
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Proof. The crutial part will be to connect the third condition with the others.

(1.⇒ 2.) By Proposition 3.1.2 all left ideals of R lie in a chain, thus all principle left
ideals of R build a chain.

(2.⇒ 1.) Suppose that a, b ∈ R. Then Ra ⊆ Rb or Rb ⊆ Ra by assumption.

(1.⇒ 3.) Proposition 3.2.1 states that R is a local ring with maximal ideal N = R \R∗.
If N = {0}, we are done by Theorem 3.2.5. So let N 6= {0}. As a consequence of
Proposition 3.1.6 there exists a ∈ N \ {0} such that N = Ra. Assume that there is
a left ideal B ⊆ R such that N2 ( B ( N . Then by Proposition 3.1.6 there exists
b ∈ N \ N2 such that B = Rb. Therefore, we can finde r ∈ R such that ra = b.
Note that r ∈ R \ R∗ = N , since otherwise a = r−1b ∈ B from which we get the
contradiction B = Ra = N . But then b = ra ∈ N2 which is impossible. Hence such
an ideal B cannot exist. Let θ ∈ N \N2. Then N2 ( Rθ ⊆ N implies Rθ = N for
each θ ∈ N \N2.

(3.⇒ 2., 4.) If N = {0}, then R/N = R/0 ∼= R is a field by 3.2.4 and we are done. So let
N 6= {0}. We first show that N/N2 is a one-dimensional vector space over the field
R/N . Therefore, we have to check the conditions of Definition 2.3.1. We consider
the map

· : R/N ×N/N2 → N/N2, (a+N, b+N2) 7→ (a+N) · (b+N2) = ab+N2.

Let a + N, a′ + N ∈ R/N and b + N2, b′ + N2 ∈ N/N2 such that a + N = a′ + N
and b + N2 = b′ + N2. This means that a − a′ ∈ N and b − b′ ∈ N2. So there is
n ∈ N,m ∈ N2 satisfying a = a′ + n and b = b′ + m. To verify that the map ′′ · ′′
is welldefined we have to prove

(a+N) · (b+N2) = (a′ +N) · (b′ +N2).

This is equivalent to prove

ab+N2 = a′b′ +N2.

Thus we have to show
ab− a′b′ ∈ N2.

By using a = a′ + n, b = b′ +m we get

ab− a′b′ = (a′ + n)(b′ +m)− a′b′

= a′b′ + a′m+ nb′ + nm− a′b′

= a′m+ nb′ + nm.

Since m ∈ N2, n, b′ ∈ N and N2 is an ideal, we obtain ab − a′b′ ∈ N2 and have
shown that the map ′′ · ′′ is welldefined.
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Let a1 +N, a2 +N ∈ R/N and b1 +N2, b2 + n2 ∈ N/N2.

((a1 +N) + (a2 +N)) · (b1 +N2) = ((a1 + a2) +N) · (b1 +N2)

= ((a1 + a2) · b1) +N2

= (a1b1 + a2b1) +N2

= (a1b1 +N2) + (a2b1 +N2)

= (a1 +N) · (b1 +N2) + (a2 +N) · (b1 +N2).

(a1 +N) · ((b1 +N2) + (b2 +N2) = (a1 +N) · ((b1 + b2) +N2)

= (a1 · (b1 + b2)) +N2

= (a1b1 + a1b2) +N2

= (a1b1 +N2) + (a1b2 +N2)

= (a1 +N) · (b1 +N2) + (a1 +N) · (b2 +N2).

(a1 +N) · ((a2 +N) · (b1 +N2) = (a1 +N) · ((a2b1) +N2)

= (a1a2b1) +N2

= ((a1a2)b1) +N2

= (a1a2 +N) · (b1 +N2)

= ((a1 +N) · (a2 +N)) · (b1 +N2).

1R/N · (b1 +N2) = (1 +N) · (b1 +N2)

= (1b1) +N2

= b1 +N2.

Thus N/N2 is a left vector space over R/N . In the same way we show that N/N2

is a right vector space over R/N . Hence N/N2 is a vector space over R/N . We also
know that R · θ = N . So for all a ∈ N there is r ∈ R such that rθ = a. Therefore,
for all a+N2 ∈ N/N2 there is r +N ∈ R/N satisfying

(r +N) · (θ +N2) = rθ +N2 = a+N2.

We obtain
R/N · (θ +N2) = N/N2.

This implies that dimR/N(N/N2) = 1 and shows that N/N2 is a one-dimensional
vector space over the field R/N . The next step is to prove that Rθ = θR. Since
N/N2 is a one-dimensional vector space, we get

(θ +N2) ·R/N = N/N2.

Then for all a ∈ N there exists r ∈ R such that

(θ +N2) · (r +N) = θr +N2 = a+N2.

Therefore θr − a ∈ N2. Thus there is x ∈ N2 such that θr − a = x. This means
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that a = θr − x ∈ θR +N2. We obtain

N = θR +N2.

Using Nm = {0} for some m ∈ N from Proposition 3.2.1 and a special technique
of [6] we get

Rθ = N

= θR +N2

= θR + (θR +N2)N

= θR + θRN +N3

= θR +N3

= ...

= θR +Nm

= θR.

Thus we conclude that

Rθ = θR.

Moreover, we have that

N i = RθRθR...Rθ︸ ︷︷ ︸
i−times

= Rθi.
We now want to show that for each x ∈ R we have that Rx = Rθi for some
i ∈ {0, 1, ...,m−1}. Let m denote the smallest natural number such that Nm = {0}.
We consider the chain

R ) N ) N2 ) ... ) Nm = {0}.

We can write R as a disjoint union

R = (R \N) ∪ (N \N2) ∪ ... ∪ (Nm−1 \Nm) ∪Nm.

This implies that for each x ∈ R there exists exactly one i ∈ {0, 1, ...,m − 1} such
that x ∈ N i \ N i+1, where we use the convention that N0 = R. Since N i = Rθi,
there is r ∈ R satisfying x = rθi. If r /∈ R∗ we get the contradiction x /∈ N i \N i+1.
So we can finde r−1 ∈ R∗ such that r−1x = θi. This shows Rx = Rθi. Thus the
only principle left ideals of R are R,N,N2, ..., Nm = {0}. Therefore, the principle
left ideals of R build a chain and we get (3. ⇒ 2.). In the same way as before we
get that xR = θiR = N i for an i ∈ {0, 1, ...,m − 1}, since N i = Rθi = θiR. Hence
the principle right ideals of R build a chain and this proves (3.⇒ 4.).

(4.⇒ 3.) In the same way as in (1.⇒ 3.) we get the third statement in which we have to
replace Rθ by θR. And in the same way as in (3.⇒ 2.) we obtain Rθ = θR. Thus
we have shown (4.⇒ 3.).
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Example 3.2.9. Let R be a chain ring, N its maximal ideal and let q denote the
cardinality of the field R/N . The chain rings of cardinality at most 16 are the
following [12]:

|R| = 2 : q = 2 : F2 = Z2

|R| = 3 : q = 3 : F3 = Z3

|R| = 4 : q = 2 : Z4; F2[x]/〈x2〉
q = 4 : F4

|R| = 5 : q = 5 : F5 = Z5

|R| = 7 : q = 7 : F7 = Z7

|R| = 8 : q = 2 : Z8; F2[x]/〈x3〉; Z4[x]/〈x2 + 2, 2x〉;
q = 8 : F8

|R| = 9 : q = 3 : Z9; F3[x]/〈x2〉;
q = 9 : F9

|R| = 11 : q = 11 : F11 = Z11

|R| = 13 : q = 13 : F13 = Z13

|R| = 16 : q = 2 : Z16; Z4[x]/〈x2 + 2〉; Z4[x]/〈x2 + 2x+ 2〉;
Z4[x]/〈x3 + 2, 2x〉; F2[x]/〈x4〉;

q = 4 : F4[x]/〈x2〉; Z4[x]/〈x2 + x+ 1〉;
F4[x] ⊕ F4[x] of
Example 3.1.4.3.

q = 16 : F16

Remark 3.2.10. From the proof of Theorem 3.2.8 we obtain that in a chain ring R we
have:

• Finite left chain rings are finite right chain rings and vice versa. Therefore, we call
left and right chain rings simply chain rings.

• The only prime ideal of R is the prime radical N .

• The two expressions ′′prime radical′′ and ′′Jacobson radical′′ are equivalent.

• A ring R is a finite chain ring if and only if R is a finite local principle ideal ring.

Convention. If not stated explicitely otherwise we use the following conventions:

• From now on a (chain) ring always stands for a finite (chain) ring.

• For a chain ring the letters N and θ always have the same meaning as in
Theorem 3.2.8, where θ = 0 for N = {0}.

• We denote m as the index of nilpotency of N , this means that m is the smallest
natural number such that Nm = {0}, where m = 1 for N = {0}.

• By Theorem 3.2.4 R/N is a field. The cardinality of the finite field R/N is denoted
by q = pr (so R/N ∼= Fq).
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Definition 3.2.11. Let R be a finite Ring and x, y ∈ R. Then x and y are called left
(right) associated, if there exists z ∈ R∗ such that y = zx (y = xz). We use the
notation x ∼l y (x ∼r y). If additionally R is commutative, then the two definitions are
equivalent. In this case, one calls such x and y simply associated and one writes x ∼ y.

Remark 3.2.12. Let R be a chain ring, N its prime radical, m the index of nilpotency
of R, |R/N | = q and let θ have the same meaning as in Theorem 3.2.8. From the proof
of Theorem 3.2.8 we can conclude:

1. If m > 1, then for 0 ≤ i ≤ m − 1, the R/N -module N i/N i+1 is a vector space of
dimension 1 and |N i/N i+1| = q which means that |R| = qm. If m = 1, then we
deduce trivially that |R| = q.

2. Consequently, we get |N i| = qm−i and |R/N i| = qi for i ∈ {0, 1, 2, ...,m}.

3. We have that |R∗| = |R\N | = |R| − |N | = qm − qm−1 = qm−1(q − 1).

4. For each x ∈ R we obtain that Rx = xR.

5. For x, y ∈ R we have that x, y ∈ Rθi\Rθi+1 if and only if x is associated to y
(written x ∼ y).

3.3 Galois Rings

As mentioned Galois rings build a big subclass of chain rings. For this reason we should
also discuss them and consider their structures closer.

Definition 3.3.1. Let p be a prime number, m ∈ N>0 and f ∈ Zpm [x] a monic
polynomial of degree r ≥ 1 such that its image modulo p in Fp[x] is irreducible. Then the
Galois ring GR(pm, r) denotes the ring Zpm [x]/(f) with characteristic pm of rank r.

Remark 3.3.2. [16] There are different possibilities to choose the polynomial f in
Definition 3.3.1; however, a different choice of a polynomial f ′ wich satisfies the same
conditions as f leads to an isomorphic ring.

Remark 3.3.3. [16] A Galois ring GR(pm, r) is a chain ring. The terms N and θ of
Theorem 3.2.8 correspond to R · p and p.

Corollary 3.3.4. [16] Let p, m, r, q = pr, f and R = GR(pm, r) have the same meaning
as in Definition 3.3.1.

1. Such an f is irreducible over Zpm [x].

2. The cardinality of the Galois ring GR(pm, r) is pmr.

3. Every finite field Fpr is a Galois ring.

4. Factor rings of the form Zpm, where p is prime, are Galois rings.
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5. Galois rings are local commutative principle ideal rings.

6. The unique maximal ideal of GR(pm, r) is the principle ideal Rp.

7. The ideals of R build a chain of the form

{0} = Rpm ( Rpm−1 ( ... ( Rp0 = R.

Due to this property, m is also called the chain length of R.

8. There exists a ring isomorphism between the factor ring R/Rp and Fq.

9. The letters m and q from Definition 3.3.1 coincide with the index of nilpotency and
the cardinality of R/N from Theorem 3.2.8.

10. For x, y ∈ R we have that x, y ∈ Rpi\Rpi+1 for some i ∈ {0, ...,m−1} if and only if
x is associated to y (written x ∼ y).

Proof. We check all the points:

1. Assume that f is not irreducible over Zpm [x]. Then there exist g, h ∈ Zpm [x] such
that g · h = f and 1 ≤ deg(g), deg(h) < deg(f). Since f is monic, the leading
coefficients of g and h are not divisible by p. Thus g, h 6= 0 modulo p and their de-
grees stay the same. Hence f is reducible modulo p in Fp[x] which is a contradiction.
Therefore,
f has to be irreducible over Zpm [x].

2. We have |Zpm [x]/(f)| = |{s0 + s1x
1 + ...+ sr−1x

r−1 | si ∈ Zpm}| = (pm)r = pmr.

3. We see that GR(p, r) ∼= Fpr .

4. We see that GR(pm, 1) = Zpm .

5. Chain rings are local principle ideal rings. Since Zpm is commutative, so is
GR(pm, r)= Zpm [x]/(f).

6. The unique maximal ideal of a chain ring is N = Rθ = Rp.

7. We have pi 6= 0 for i = 0, 1, ...,m− 1 and pm = 0. So m is the index of nilpotency.
The rest follows from Theorem 3.2.8.

8. We have |Zpm [x]/(f)| = pmr and ((N i/N i+1), R/N, ·) = ((Rpi/Rpi+1), R/(Rp), ·) is
a vector space of dimension one for i = 0, ...,m − 1. Thus |R/(Rp)| = qmr

qm
= qr.

Hence the field R/Rp is isomorphic to Fpr = Fq.

9. Clear from (G) and (H).

10. Follows from the proof of Theorem 3.2.8.



Chapter 4

Modules over Finite Chain Rings

There is a classification of finite modules over chain rings. For this purpose we at first have
to work out the theory of partitions in Section 4.1. Afterwards we derive the Classification
Theorem 4.2.6 of finite modules over chain rings. In Section 4.3 we make ourselves familiar
with the concept of shapes. A shape of a finite module over a chain ring is a generalization
of the dimension of a vector space. It describes the module up to isomorphism. By the
aid of shapes we get a lot of informations of modules and submodules over chain rings in
Section 4.4.

Convention. From now on R will always denote a finite chain ring and M will denote
a finite R-module. Thus the following statements will also hold for Galois rings and in
particular, for factor rings of the form Zpm and for finite fields.

4.1 Partitions

A partition is a decreasing finite sequence. We will see in Section 4.2 that every module
over a chain ring possesses a unique partition which will be called shape in Section 4.3.

Definition 4.1.1. We use the following definitions.

• A partition is a decreasing finite sequence λ = (λ1, λ2, ..., λn) such that λi > 0 for
i = 1, 2, ..., n. Henceforth λj = 0 for j > n.

• The length of λ is written as l(λ) and denotes the number of partition elements
of λ. Thus in the case above we have l(λ) = n.

• The height of λ is written as λ1 and is the largest member.

• The weight of λ is written as #λ and denotes the sum of the partition elements.

• The exponential representation of the partition, whose first a1 members equal
λ1, the next a2 equal λ2 ... and the last an members equal λn is (λa1

1 , λ
a2
2 , ..., λ

an
n ).

36
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Example 4.1.2. Let λ = (4, 3, 1, 1, 1) be a partition. Then we have

• l(λ) = 5

• λ1 = 4

• #λ = 4 + 3 + 1 + 1 + 1 = 10

• λ = (41, 31, 13).

A partition can be represented by a Young diagram (see Figure 4.1).
Thereby one represents each λi in the i-th row as λi boxes. This means that
#λ = # {boxes in the diagram}.

Definition 4.1.3. Let λ be a partition. Then the partition (#{j ∈ N|λj ≥ i})i=1,...,λ1 is
called the conjugated partition to λ and is denoted by λ′.

One can read λ′ directly from its Young diagram, which one gets with the aid of the
Young diagram of λ by setting

λ′i = #{ boxes in the i-th column of the Young diagram of λ}.

Furthermore, it corresponds to the reflection of the Young diagram of λ along the
diagonal which goes from the upper left corner to the lower right corner.

Figure 4.1: Young diagram of a partition and its conjugated partition

Lemma 4.1.4. [14, 16] Let λ be a partition. Then we have

• (λ′)′ = λ

• #λ = #λ′

• l(λ′) = λ1

• l(λ) = λ′1.
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Proof. All statements become obvious, if one regards λ′ as the reflection of the Young
diagram of λ along the diagonal which goes from the upper left corner to the lower right
corner.

Definition 4.1.5. Let µ and λ be two partitions such that l(µ) ≤ l(λ).
One writes µ ≤ λ, if µi ≤ λi, for 1 ≤ i ≤ l(λ), where µi = 0 for l(µ) < i ≤ l(λ).

The relation µ ≤ λ means that the Young diagram of µ is contained in the one of λ.

Example 4.1.6. Let λ = (9, 4, 2, 2, 2, 1) and µ = (8, 4, 2, 1). Then we have µ ≤ λ.

Lemma 4.1.7. [16] Let µ and λ be two partitions. Then µ ≤ λ is fulfilled
if and only if µ′ ≤ λ′.

Proof. It follows directly from Definitions 4.1.3 and 4.1.5.

4.2 Finitely Generated Modules over Finite Chain

Rings

The core of Chapter 4 is the Classification Theorem 4.2.6. It says that every module over
a chain ring is isomorphic to a direct sum of cyclic R-modules. In this way it allows us
to determine the isomorphism class of each module over a chain ring. Thus we can make
a lot of statements about modules or submodules if we know their isomorphism class.

Definition 4.2.1. Let R be a chain ring, M an R-module, x ∈M and let θ have the same
meaning as in Theorem 3.2.8.. The period of x is the smallest integer i ∈ {0, 1, ...,m}
such that θix = 0.

Remark 4.2.2. One obtains from Remak 3.2.12.5 that the period in Definition 4.2.1 is
well defined.

Example 4.2.3. In each example we consider a finitely generated module M over a ring
of Example 3.1.4. Let θ have the same meaning as in Theorem 3.2.8.

1. If R is a field, then M is a finitely generated vector space over R and θ = 0. The
period of every x ∈ M\{0M} is one, since θ1x = 0 and θ0x = 1x = x 6= 0 and the
element 0M ∈M has period zero.

2. Let R = Zpm , M = Rn and x = (a1, a2, ..., an) ∈ M . From Theorem 3.2.8 and
Remak 3.2.12.5 we know, that each r′ ∈ R can be represented as θjr for some
r ∈ R∗, j ∈ {0, 1, ...,m}. So let (a1, a2, ..., an) = (θj1r1, θ

j2r2, ..., θ
jnrn) with

ri ∈ R∗, ji ∈ {0, 1, ...,m} for i ∈ {0, 1, ..., n}. Then the period of x is
max({m− ji}i=1,2,...,n).
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3. Let R = F4 ⊕ F4 be the ring from Example 3.1.4, M = Rn and
x = (a1, a2, ..., an) ∈ M . In the same way as in 2. we get that the period of x
is max({2− ji}i=1,2,...,n).

Lemma 4.2.4. Let R be a chain ring with index of nilpotency m and let θ and N have the
same meanings as in Theorem 3.2.8. Then the two R-modules Rθj = N j and R/Rθm−j =
R/Nm−j are isomorphic for all j ∈ {0, 1, ...,m}.

Proof. We consider the map

f : R→ Rθj, f(a) = aθj.

Then R clearly defines a surjective R-module homomorphism and ker(f) = Rθm−j. Thus
by Theorem 2.3.14 we get

N j = Rθj ∼= R/Rθm−j = R/Nm−j.

Example 4.2.5. For j = 0 and j = m it should be clear that

N j = Rθj ∼= R/Rθm−j = R/Nm−j.

We consider the three different rings of Example 3.1.4.

1. For a finite field R with maximal idealN and index of nilpotency m we have N = {0}
and m = 1. Hence N0 = R ∼= R/{0} = R/Nm−0 and N1 = {0} ∼= R/R = R/Nm−1.

2. Let R = Zpm . Corollary 3.3.4 allows us to set θ = p and N = Zpmp. We consider
the Zpm-module homomorphism.

f : Zpm → Zpmpj, f(a) = apj.

It is clear that f is surjective since Zpmpj ⊆ Zpm . Now we show that
ker(f) = Zpmpm−j. Let a ∈ Zpmpm−j. There is b ∈ Zpm such that a = bpm−j. Then
f(a) = f(bpm−j) = bpm−jpj = bpm = b0 = 0. Therefore, we get Zpmpm−j ⊆ ker(f).
Let x /∈ Zpmpm−j. By Remark 3.2.12 there is y ∈ Z∗pm and i ∈ {0, 1, ...,m − j − 1}
such that x = ypi. Then f(x) = f(ypi) = ypipj = ypi+j. We know that i + j < m.
Therefore, pi+j 6= 0 and ypi+j 6= 0, since y ∈ Z∗pm . We obtain that x /∈ ker(f) which
implies that ker(f) = Zpmpm−j. By Theorem 2.3.14 we conclude that

Zpmpj ∼= Zpm/Zpmpm−j.

3. Let R = F4 ⊕ F4 be the ring of Example 3.1.4 and let θ = (0, 1). We know that the
index of nilpotency m = 2. Analogous to 2. we get R(0, 1)j ∼= R/R(0, 1)2−j.
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Theorem 4.2.6. [11–15,17] (Classification Theorem of Chain Ring Modules)
Let R be a chain ring with index of nilpotency m, M a finite R-module and let θ and
N have the same meanings as in Theorem 3.2.8. Then there exists a unique partition
λ = (λ1, λ2, ..., λn) satisfying λ1 ≤ m such that M is isomorphic as an R-module to the
following direct sum of cyclic R-modules:

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn ,

where λ = µ′ and the partition µ = (µ1, µ2, ..., µm) is defined by µi = dimR/N(θi−1M/θiM)
for 1 ≤ i ≤ m.

Proof. [11] Firstly, we prove uniqueness. Let m ≥ λ1 ≥ λ2 ≥ ... ≥ λn ≥ 1 such that

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

As we saw in the proof of Theorem 3.2.8 in ′′(3⇒ 2., 4.)′′, N i/N i+1 is a one-dimensional
vector space over R/N for every i ∈ {0, 1, ...,m− 1}. So

dimR/N(θ0M/θ1M) = dimR/N((θ0 · (R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn)))/(θ1 ·
(R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn))

= dimR/N((R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn)/(N/Nλ1 ⊕
N/Nλ2 ⊕ .....⊕N/Nλn))

= dimR/N(R/Nλ1/(N/Nλ1)⊕ R/Nλ2/(N/Nλ2)⊕ .....⊕
R/Nλn/(N/Nλn))

Theorem 2.3.15
= dimR/N(R/N ⊕R/N ⊕ .....⊕R/N︸ ︷︷ ︸

n−times

)

= n

= λ′1.

In the same manner we compute dimR/N(θi−1M/θiM) and we get that dimR/N(θi−1M/θiM)
equals the number of λj’s which are greater than or equal to i. So

dimR/N(θi−1M/θiM) = (#{j ∈ N|λj ≥ i})

for 1 ≤ i ≤ m. Thus

(dimR/N(θi−1M/θiM))i=1,...,λ1 = (#{j ∈ N|λj ≥ i})i=1,...,λ1 = λ′.

Therefore, the partition λ = (λ1, λ2, ..., λn) is unique.
Now we prove existence. Any cyclic R-module is isomorphic to a submodule of R.

The submodules of R correspond to the ideals of R. By Theorem 3.2.8 every ideal of R is
of the form N i = Rθi for some i ∈ {0, 1, ...,m}. Using Lemma 4.2.4 we obtain that every
cyclic R-module is isomorphic to R/N j for some i ∈ N≥0. Thus, if we show that M is a
direct sum of cyclic R-modules, we have proved existence. We use induction on |M |.
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The base case is trivial since |M | = 1 implies M ∼= R/N0.

In order to prove the inductive step, we choose x1 ∈ M of maximal period which means
that θλ1x = 0 for each x ∈M and θλ1−1x1 6= 0. Since |M/Rx1| < |M | and by assumption,
we get that

M/Rx1 = Ry2 ⊕Ry3 ⊕ .....⊕Ryn. (4.1)

Let x′i ∈M such that yi = x′i +Rx1 for i ∈ {2, 3, ..., n}. We obtain that

M = Rx′1 +Rx′2 +Rx′3 + .....+Rx′n. (4.2)

The right side of the equation 4.2 does not yet have to be a direct sum. Therefore we
have to choose the x′i’s in a special way. Let λi denote the order of yi for i ∈ {2, 3, ..., n}.
This implies that θλix′i ∈ Rx1. So there exists r′ ∈ R satisfying θλix′i = r′x1. Since the
order or x1 is greater than or equal to the order of x′i, we know that r′ ∈ Rθλi = θλiR.
Take r ∈ R such that θλir = r′. We get that θλix′i = θλirx1. Hence θλi(x′i − rx1) = 0.
We have that θλi−1x′i /∈ Rx1, since otherwise the order of yi would be smaller than λi and
θλi−1rx1 ∈ Rx1. We conclude that θλi−1(x′i − rx1) = θλi−1x′i − θλi−1rx1 6= 0 and that the
order of x′i− rx1 is λi. We define xi ∈M as x′i− rx1 for i ∈ {2, 3, ..., n} and by 4.2 we get

M = Rx1 +Rx2 +Rx3 + .....+Rxn.

Now we consider

a1x1 + a2x2 + a3x3 + .....+ anxn = 0 where ai ∈ R.

Taking the equation modulo Rx1 we get

a2y2 + a3y3 + .....+ anyn = 0.

From 4.1 we obtain aiyi = 0 for i ∈ {1, 2, ..., n}. This means that ai ∈ Rθλi . Using this
fact and that the order of xi is λi gives us a2x2 = a3x3 = ..... = anxn = 0 which also
implies that a1x1 = 0.

Remark 4.2.7. By Theorem 4.2.6 and Theorem 3.2.8 it should be clear that the smallest
integer i ∈ {0, 1, ...,m} such that θix = 0 equals the smallest integer i ∈ {0, 1, ...,m} such
that xθi = 0.

Example 4.2.8. For each ring of Example 3.1.4 we work out an example. Let M be
a finitely generated module over a chain ring R, let λ and µ be the partitions of M
mentioned in Theorem 4.2.6 and let θ and N have the same meanings as in Theorem
3.2.8.

1. If R is a field, then M is a finitely generated vector space over R, θ = 0 and N = 0.
Let n denote its dimension. It is clear that

M ∼= Rn = R⊕R⊕ .....⊕R︸ ︷︷ ︸
n−times

= R/{0}1 ⊕R/{0}1 ⊕ .....⊕R/{0}1︸ ︷︷ ︸
n−times

.
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Then λ = (1n) which coincides with λ = µ′, since

µi = dimR/N(θi−1M/θiM) = dimR(0i−1M/0iM)

implies that
µ = (n) and µ′ = (n)′ = (1n) = λ.

2. Let R = Zpm , m ≥ 8 and

M = R(0, p7, 1) +R(pm−1, 0, pm−2) +R(p, p, p). (4.3)

In a simlar way as in the existence part of the proof of Theorem 4.2.6 we will find
the classification of M . Since pm(0, p7, 1) = 0 and pm−1(0, p7, 1) = (0, 0, pm−1) 6= 0,
the element (0, p7, 1) ∈M is of maximal period m. Taking (4.3) modulo R(0, p7, 1)
we get

M/R(0, p7, 1) = R[(pm−1, 0, pm−2)] +R[(p, p, p)]. (4.4)

One is able to check that the right side of (4.4) already is a direct sum. We now want

to replace (pm−1, 0, pm−2) and (p, p, p) in (4.3) to get a direct sum decomposition.

It is easy to see that the periods of (pm−1, 0, pm−2) and (p, p, p) in M/R(0, p7, 1) are

1 and m− 1. We have

p(pm−1, 0, pm−2) = (0, 0, pm−1) = p(pm−2(0, p7, 1)).

So we get

0 = p((pm−1, 0, pm−2)− (pm−2(0, p7, 1))) = p(pm−1, 0, 0).

In the same way we get

0 = pm−1((p, p, p)− p(0, p7, 1)) = pm−1(p, p− p8, 0).

Analogous to the existence part of the proof of Theorem 4.2.6 we have a direct sum

decomposition

M = R(0, p7, 1)⊕R(pm−1, 0, 0)⊕R(p, p− p8, 0).

We can conclude that

M = R(0, p7, 1)⊕R(pm−1, 0, 0)⊕R(p, p− p8, 0)

∼= Rp0 ⊕Rpm−1 ⊕Rp1

∼= R/Nm ⊕R/N1 ⊕R/Nm−1

∼= R/Nm ⊕R/Nm−1 ⊕R/N1.
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3. Let R = F4 ⊕ F4 be the ring from Example 3.1.4 and

M = R((1, 0), (x, x), (0, 0))+R((0, 0), (0, 1), (0, x))+R((0, x+1), (0, 0), (0, 1)). (4.5)

This example is structured in the same manner as the previous. The element
((1, 0), (x, x), (0, 0)) ∈ M is of maximal period 2. Equation (4.5) modulo
R((1, 0), (x, x), (0, 0)) gives us

M/R((1, 0), (x, x), (0, 0)) = R[((0, 0), (0, 1), (0, x))] +R[((0, x+ 1), (0, 0), (0, 1))].
(4.6)

One is able to check that the right side of (4.6) already is a direct sum. We now
want to replace ((0, 0), (0, 1), (0, x)) and (0, x+1), (0, 0), (0, 1) in (4.5) to get a direct
sum decomposition. It is easy to see that the periods of ((0, 0), (0, 1), (0, x)) and
(0, x+ 1), (0, 0), (0, 1) in M/R((1, 0), (x, x), (0, 0)) are 1 and 1.

We take θ = (0, 1) and then we get

(0, 1) · ((0, 0), (0, 1), (0, x)) = (0, 0, 0) = (0, 1) · ((0, 1) · ((1, 0), (x, x), (0, 0))).

So we get

0 = (0, 1) · (((0, 0), (0, 1), (0, x))− (0, 1) · ((1, 0), (x, x), (0, 0)))

= (0, 1) · (((0, 0), (0, 1), (0, x))− ((0, 1), (0, x+ 1), (0, 0)))

= (0, 1) · ((0, 1), (0, x), (0, x)).

Doing the same for ((0, x+ 1), (0, 0), (0, 1)) gives us

(0, 1) · ((0, x+ 1), (0, 0), (0, 1)) = (0, 0, 0) = (0, 1) · ((0, 1) · ((1, 0), (x, x), (0, 0))).

So we get

0 = (0, 1) · (((0, x+ 1), (0, 0), (0, 1))− (0, 1) · ((1, 0), (x, x), (0, 0)))

= (0, 1) · (((0, x+ 1), (0, 0), (0, 1))− ((0, 1), (0, x+ 1), (0, 0)))

= (0, 1) · ((0, x), (0, x+ 1), (0, 1)).

Analogous to the existence part of the proof of Theorem 4.2.6 we have a direct sum
decomposition

M = R((1, 0), (x, x), (0, 0))⊕R((0, 1), (0, x), (0, x))⊕R((0, x), (0, x+ 1), (0, 1)).

We can conclude that

M = R((1, 0), (x, x), (0, 0))⊕R((0, 1), (0, x), (0, x))⊕R((0, x), (0, x+ 1), (0, 1))
∼= Rθ0 ⊕Rθ1 ⊕Rθ1
∼= R/N2 ⊕R/N1 ⊕R/N1.
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Theorem 4.2.9. [16] Let R be the Galois ring GR(pm, r) and M a finitely generated
R-module. Then there exists a unique partition λ = (λ1, ..., λn) satisfying λ1 ≤ m, such
that M is isomorphic as an R-module to the following sum of cyclic R-modules:

M ∼= Rpm−λ1 ⊕Rpm−λ2 ⊕ .....⊕Rpm−λn ,

where λ = µ′ and the partition µ is defined by µi = dimR/(Rp)(p
i−1M/piM) for 1 ≤ i ≤ m.

Proof. By Theorem 4.2.6 there exists a partition (λ1, ..., λn) such that

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

So by Lemma 4.2.4 we have

R/Nλi ∼= Nm−λi = Rθm−λi = Rpm−λi .

Thus we obtain

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn

∼= Rpm−λ1 ⊕Rpm−λ2 ⊕ .....⊕Rpm−λn .

The uniqueness of (λ1, ..., λn) follows directly from the uniqueness in Theorem 4.2.6.

Remark 4.2.10. Theorem 4.2.9 holds also for chain rings, as one is able to see in the
proof. And the unique partition of M in Theorem 4.2.9 coincides with the unique partition
of M in Theorem 4.2.6.

Example 4.2.11. We consider a chain ring R with index of nilpotency m and an
R-module M satisfying

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

Let θ and N have the same meanings as in Theorem 3.2.8.

1. If R is a finite field one clearly has

M ∼= R01−λ1 ⊕R01−λ2 ⊕ .....⊕R01−λn .

2. If R = Zpt we get
M ∼= Rpt−λ1 ⊕Rpt−λ2 ⊕ .....⊕Rpt−λn .

3. If R = F4 ⊕ F4 is the ring of Example 3.1.4, then

M ∼= R · (0, 1)2−λ1 ⊕R · (0, 1)2−λ2 ⊕ .....⊕R · (0, 1)2−λn .
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4.3 Shapes

The shape of a module M over a chain ring represents the isomorphism class of M . We
also introduce the term of a conjugated shape which will be used for certain formulas in
Section 4.4.

Definition 4.3.1. Let R be a chain ring, M a finite R-module, λ and µ the partitions
of M from Theorem 4.2.6 and let θ and N have the same meanings as in Theorem 3.2.8.

• The partition λ is called the shape of M , noted as shp(M).

• The partition µ is called the conjugated shape of M , noted as cshp(M).

• The number µ1 = dimR/N(M/θM) denotes the rank of M written as rk(M) as
usual. One has rk(M) = µ1 = l(λ).

By Theorem 4.2.6 the shape is a generalization of the concept of the dimension of a
vector space.

Example 4.3.2. We take the results of Example 4.2.8. Let θ and N have the same
meanings as in Theorem 3.2.8.

1. If R is a field, then M is a finitely generated vector space over R. Let n denote its
dimension. It is clear that

M ∼= Rn = R⊕R⊕ .....⊕R︸ ︷︷ ︸
n−times

= R/{0}1 ⊕R/{0}1 ⊕ .....⊕R/{0}1︸ ︷︷ ︸
n−times

.

Hence
shp(M) = (1, 1, ..., 1)︸ ︷︷ ︸

n−times

= (1n) and rk(M) = n.

2. Let R = Zpm , m ≥ 8 and

M = R(0, p7, 1) +R(pm−1, 0, pm−2) +R(p, p, p).

In Example 4.2.8 we saw that

M ∼= R/Nm ⊕R/Nm−1 ⊕R/N1.

This implies that

shp(M) = (m,m− 1, 1) and rk(M) = 3.

3. Let R = F4 ⊕ F4 be the ring from Example 3.1.4 and

M = R((1, 0), (x, x), (0, 0)) +R((0, 0), (0, 1), (0, x)) +R((0, x+ 1), (0, 0), (0, 1)).
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In Example 4.2.8 we concluded that

M ∼= R/N2 ⊕R/N1 ⊕R/N1.

Therefore
shp(M) = (2, 1, 1) and rk(M) = 3.

Proposition 4.3.3. [14, 16] Let R be a chain ring, M a finite R-module and let N
have the same meaning as in Theorem 3.2.8. If U is a submodule of M , then we have
shp(U) ≤ shp(M).

Proof. Let shp(M) = λ = (λ1, λ2, ..., λn) and shp(U) = µ = (µ1, µ2, ..., µk). Then by
Definition 4.3.1 we have that

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

If U is a submodule of M , then by embedding U in the same way into R⊕R⊕ .....⊕R︸ ︷︷ ︸
n−times

as M we obtain µi ≤ λi for i ∈ {1, 2, ..., n}. Therefore we get µ ≤ λ which implies
shp(U) ≤ shp(M).

Lemma 4.3.4. [13, 14, 16] Let R be a chain ring with index of nilpotency m, N its

maximal ideal, M be a finite R-module and q = |R/N |. We have

1. |M | = q#shp(M) = q#cshp(M).

2. M is a free R-module of rank k if and only if shp(M) = (mk) and that is the case,

if and only if cshp(M) = (km).

3. If R is a finite field, then M is a finite vector space over R and we have

dimR(M) = n if and only if shp(M) = (1n) and that is the case if and only if

cshp(M) = (n).

Proof. We will check the three points.

1. By Theorem 4.2.6 we know that M ∼= R/Nλ1 ⊕ R/Nλ2 ⊕ ..... ⊕ R/Nλn . Thus

|M | = |R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn|
= |R/Nλ1| · |R/Nλ2| · ..... · |R/Nλn|

Lemma 4.2.4
= |Nm−λ1| · |Nm−λ2 | · ..... · |Nm−λn|
= qλ1 · qλ2 · ..... · qλn

= qλ1+λ2+.....+λn

= q#shp(M)

Lemma 4.1.4
= q#cshp(M).
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2. Let M be a free module of rank k. Then

M ∼= Rk = R⊕R⊕ .....⊕R︸ ︷︷ ︸
k−times

= R/Nm ⊕ .....⊕R/Nm︸ ︷︷ ︸
k−times

.

This holds if and only if shp(M) = (mk). We clearly have shp(M) = (mk) if and

only if cshp(M) = (km).

3. Let R be a finite field (N = {0}) and dimR(M) = n. Then

M ∼= R⊕ .....⊕R︸ ︷︷ ︸
n−times

= R/{0}1 ⊕ .....⊕R/{0}1︸ ︷︷ ︸
n−times

.

This is satisfied if and only if shp(M) = (1n). We obviously have shp(M) = (1n) if

and only if cshp(M) = (n).

4.4 Submodules over Finite Chain Rings

In this section we will consider many relations between modules and submodules over

chain rings. We especially give focus to the quantitative context. For example we will

determine how many submodules of a given shape a module contains from which the

shape is known and vice versa. We will also show what the shape of a quotient module

or an orthogonal module looks like.

Definition 4.4.1. Let λ and µ be two partitions. The generalized Gaussian

coefficient is defined to be[
λ

µ

]
q

:=
∞∏
i=1

(
qµi+1(λi−µi) ·

[
λi − µi+1

µi − µi+1

]
q

)
,

where λi = 0 for i > l(λ), µj = 0 for j > l(µ) and for n, k ∈ Z,

[
n

k

]
q

corresponds to the

conventional Gaussian coefficient

[
n

k

]
q

:=


0, if n < k

1, if k ∈ {0, n}
(qn−1)(qn−1−1)·...·(qn−k+1−1)

(q−1)(q2−1)·...·(qk−1) , if k ∈ {1, 2, ..., n− 1}.

Remark 4.4.2. [14, 16, 26–28] The conventional Gaussian coefficient describes the

number of k-dimensional subspaces of a n-dimensional vector space over Fq.
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Theorem 4.4.3. [13, 14, 16, 17, 23] Let R be a chain ring, λ and µ two partitions, let θ

and N have the same meanings as in Theorem 3.2.8 and let q = |R/N |. Then we have

1. An R-module of shape λ contains a submodule of shape µ, if and only if µ ≤ λ.

2. An R-module of shape λ contains exactly

[
λ′

µ′

]
q

submodules of shape µ.

Proof. Let M be an R-module of shape λ = (λ1, λ2, ..., λn). Then by Definition 4.3.1 we

have that

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

1. Let U be a submodule of M such that shp(U) = µ = (µ1, µ2, ..., µk). By embedding

U in the same way into R⊕R⊕ .....⊕R︸ ︷︷ ︸
n−times

as M we obtain µi ≤ λi for i ∈ {1, 2, ..., n}.

Therefore we get µ ≤ λ. On the other hand, if µ is a partition satisfying µ ≤ λ,

then the R-module

R/Nµ1 ⊕R/Nµ2 ⊕ .....⊕R/Nµk

clearly is a submodule of

R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

Using the R-module isomorphism between M and R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn

we obtain that M contains a submodule of shape µ.

2. Since the proof requires knowledge about a whole lot of topics, which we will not

need furtheron, we leave it out. The underlying idea is to determine the number of

possible bases for such a submodule and to divide it by the number of combinations

which lead to the same submodule. For the special case R = Zm it is known from [3]

or from [5]. For the case of general R we refer to [23].

Example 4.4.4. We consider a chain ring R with index of nilpotency m = 5 and an

R-module M satisfying shp(M) = λ = (5, 4, 1). Let θ and N have the same meaning as

in Theorem 3.2.8.

1. We want to calculate the number of free rank 1 submodules of M . From

Definition 4.3.1 we know that

M ∼= R/N5 ⊕R/N4 ⊕R/N1.

A free submodule of rank 1 is isomorphic to R ∼= R/N5 and can be generated by
one element x ∈ M of period m = 5. So the number of free rank 1 submodules
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of M equals the number of elements in R/N5 ⊕ R/N4 ⊕ R/N1 of period 5 which
generate different submodules. An element (a1, a2, a3) ∈ R/N5 ⊕ R/N4 ⊕ R/N1

has period 5 if and only if a1 ∈ (R/N5)∗. There are q − 1 different possibilities
to choose such a1. There are q4 different possibilities to choose a2 and q1 to choose
a3. So there are (q − 1) · q4 · q different elements in R/N5 ⊕ R/N4 ⊕ R/N1 of
period 5. We consider R(a1, a2, a3). Let r ∈ R∗ such that ra1 = 1R/N5 . Then
R(a1, a2, a3) = Rr(a1, a2, a3) = R(1R/N5 , ra2, ra3). This means that for each
(a1, a2, a3) ∈ R/N5 ⊕ R/N4 ⊕ R/N1 of period 5 there exists
(1R/N5 , a′2, a

′
3) ∈ R/N5⊕R/N4⊕R/N1 such that R(a1, a2, a3) = R(1R/N5 , a′2, a

′
3). To

get the number of elements in R/N5 ⊕ R/N4 ⊕ R/N1 of period 5 which
generate different submodules we have to divide the number of different elements in
R/N5 ⊕ R/N4 ⊕ R/N1 of period 5 by the number of different a′1s since it is clear
that (1R/N5 , a2, a3) 6= (1R/N5 , a′2, a

′
3) implies that R(1R/N5 , a2, a3) 6= R(1R/N5 , a′2, a

′
3).

We get
(q − 1) · q4 · q

q − 1
= q5.

Using Theorem 4.4.3 we have to get the same. We have shp(M) = λ = (5, 4, 1)
and the shape of the submodule is µ = (5). This implies that λ′ = (3, 2, 2, 2, 1) and
µ′ = (1, 1, 1, 1, 1). So the number of free submodules of rank 1 is

[
(3, 2, 2, 2, 1)

(1, 1, 1, 1, 1)

]
q

=
∏∞

i=1

(
qµ
′
i+1(λ

′
i−µ′i) ·

[
λ′i − µ′i+1

µ′i − µ′i+1

]
q

)

= q1(3−1)·

[
3− 1

1− 1

]
q

·q1(2−1)·

[
2− 1

1− 1

]
q

·q1(2−1)·

[
2− 1

1− 1

]
q

·

q1(2−1) ·

[
2− 1

1− 1

]
q

· q0(1−1) ·

[
1− 0

1− 0

]
q

· 1 · 1 · 1 · .....

= q2 ·

[
2

0

]
q

·q1 ·

[
1

0

]
q

·q1 ·

[
1

0

]
q

·q1 ·

[
1

0

]
q

·q0 ·

[
1

1

]
q

= q2 · 1 · q1 · 1 · q1 · 1 · q1 · 1 · q0 · 1

= q5.

2. Now we want to calculate the number of submodules of M of shape µ = (4, 2).

We use Theorem 4.4.3, λ′ = (3, 2, 2, 2, 1) and µ′ = (2, 2, 1, 1). So the number of

submodules of M of shape µ = (4, 2) is
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[
(3, 2, 2, 2, 1)

(2, 2, 1, 1)

]
q

=
∏∞

i=1

(
qµ
′
i+1(λ

′
i−µ′i) ·

[
λ′i − µ′i+1

µ′i − µ′i+1

]
q

)

= q2(3−2)·

[
3− 2

2− 2

]
q

·q1(2−2)·

[
2− 1

2− 1

]
q

·q1(2−1)·

[
2− 1

1− 1

]
q

·

q0(2−1) ·

[
2− 0

1− 0

]
q

· q0(1−0) ·

[
1− 0

0− 0

]
q

· 1 · 1 · 1 · .....

= q2 ·

[
1

0

]
q

·q0 ·

[
1

1

]
q

·q1 ·

[
1

0

]
q

·q0 ·

[
2

1

]
q

·q0 ·

[
1

0

]
q

= q2 · 1 · q0 · 1 · q1 · 1 · q0 · q2−1
q−1 · q

0 · 1

= q3 · (q + 1)

= q4 + q3.

Corollary 4.4.5. [13] Let R be a chain ring with index of nilpotency m and let M be
an R-module. Suppose that (shp(M))′ = λ′ = (λ′1, λ

′
2, ..., λ

′
n). The number of free rank 1

submodules of M is exactly

qλ
′
1+λ

′
2+...+λ

′
m−1−m+1 ·

[
λ′m
1

]
q

.

Proof. Applying Theorem 4.4.3.2 and Lemma 4.3.4.2 the number of free submodules of
rank 1 which are contained in M equals

 λ′

µ′ = (1, 1, ..., 1︸ ︷︷ ︸
m−times

)


q

=
∏∞

i=1

(
qµ
′
i+1(λ

′
i−µ′i) ·

[
λ′i − µ′i+1

µ′i − µ′i+1

]
q

)

=

(
q1(λ

′
1−1) ·

[
λ′1 − 1
1− 1

]
q

)
·

(
q1(λ

′
2−1) ·

[
λ′2 − 1
1− 1

]
q

)
· ..... ·(

q1(λ
′
m−1−1) ·

[
λ′m−1 − 1

1− 1

]
q

)
·

(
q0(λ

′
m−1) ·

[
λ′m − 0
1− 0

]
q

)
·(

q0(λ
′
m+1−0) ·

[
λ′m+1 − 0

0− 0

]
q

)
· .....
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=

(
qλ
′
1−1 ·

[
λ′1 − 1

0

]
q

)
·

(
qλ
′
2−1 ·

[
λ′2 − 1

0

]
q

)
·

..... ·

(
qλ
′
m−1−1 ·

[
λ′m−1 − 1

0

]
q

)
·

(
1 ·
[
λ′m
1

]
q

)
·(

1 ·
[
λ′m+1 − 0

0

]
q

)
· .....

= (qλ
′
1−1 · 1) · (qλ′2−1 · 1) · ..... · (qλ′m−1−1 · 1) ·

(
1 ·
[
λ′m
1

]
q

)
·

(1 · 1) · (1 · 1) · (1 · 1) · .....

= qλ
′
1−1+λ′2−1+...+λ′m−1−1 ·

[
λ′m
1

]
q

= qλ
′
1+λ

′
2+...+λ

′
m−1−m+1 ·

[
λ′m
1

]
q

.

Example 4.4.6. We consider the Example 4.4.4.1 in which R is a chain ring with index of

nilpotency m = 5 and M is an R-module satisfying shp(M) = λ = (5, 4, 1). We know that

λ′ = (3, 2, 2, 2, 1). So the number of free submodules of rank 1 is

qλ
′
1+λ

′
2+...+λ

′
m−1−m+1 ·

[
λ′m

1

]
q

= q3+2+2+2−5+1 ·

[
1

1

]
q

= q5.

Corollary 4.4.7. [14, 17] Let R be a chain ring with index of nilpotency m and let M
be an R-module. Suppose that (shp(M))′ = λ′ = (λ′1, λ

′
2, ..., λ

′
n). The number of free

rank k submodules of M is exactly

q
k·
m−1∑
i=1

λi −(m−1)·k2
·
[
λ′m
k

]
q

.

Proof. The proof is the same as the one of Corollary 4.4.5. The only difference is that
the shape of a free rank k submodule is (m,m, ...,m︸ ︷︷ ︸

k−times

). Therefore we have to replace in
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the proof (1m) by (km) and we get

qk(λ
′
1−k)+k(λ′2−k)+...+k(λ′m−1−k) ·

[
λ′m
k

]
q

.

Definition 4.4.8. Let R be a chain ring with index of nilpotency m and M a free
R-module of rank k (i.e. shp(M) = (mk)) and λ a partition. We define the Grassmann
variety G(M,λ) as the set of all submodules of M of shape λ′.

Corollary 4.4.9. [16] Let R be a chain ring with index of nilpotency m and let M be a
free R-module of rank k, we have

#G(M,λ) =

[
(km)
λ′

]
q

.

Proof. Follows from Lemma 4.3.4 together with Theorem 4.4.3.2.

Definition 4.4.10. Let λ = (λ1, λ2, ...λn) be a partition such that λ ≤ (mk). Then λ
denotes the complementary partition of λ and corresponds to (m − λk−i+1)i∈{1,...,k},
where λi = 0 for n ≤ i.

To visualize this, we can consider the Young diagram. One gets the complementary
partition by adding boxes to the Young diagram of λ until one obtains a big rectangle
of k ×m boxes, afterwards only the additional boxes are taken and are turned by 180°.
Figure 4.2 shows an example of this for k = 6 and m = 5.

Figure 4.2: Young diagram of a complementary partition.
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Theorem 4.4.11. [13, 14, 16] Let R be a chain ring with index of nilpotency m, N its
maximal ideal and M ≤ Rk be a submodule such that shp(M) = λ = (λ1, λ2, ..., λn). Then
the quotient module Rk/M has shape λ.

Proof. We know that

A. Rk ∼= R⊕R⊕ .....⊕R︸ ︷︷ ︸
k−times

,

B. M
4.3.1∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn , n ≤ k,

C. λi = 0 , for i ≥ n.

D. R/Nλt
4.2.4∼= Nm−λt .

E. λ
4.4.10
= (m− λk,m− λk−1, ...,m− λn+1,m− λn,m− λn−1, ...,m− λ1)
D.
= (m,m, ...,m︸ ︷︷ ︸

(k−n)−times

,m− λn,m− λn−1, ...,m− λ1)

Thus we get

Rk/M
A.+B.∼= (R⊕R⊕ .....⊕R︸ ︷︷ ︸

k−times

)/(R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn)

D.∼= (R⊕R⊕ .....⊕R︸ ︷︷ ︸
k−times

)/(Nm−λ1⊕Nm−λ2⊕.....⊕Nm−λn⊕0R ⊕ .....⊕ 0R︸ ︷︷ ︸
(k−n)−times

)

∼= R/Nm−λ1 ⊕R/Nm−λ2 ⊕ .....⊕R/Nm−λn ⊕R⊕ .....⊕R︸ ︷︷ ︸
(k−n)−times

∼= R/Nm−λ1 ⊕R/Nm−λ2 ⊕ .....⊕R/Nm−λn ⊕R/Nm ⊕ .....⊕R/Nm︸ ︷︷ ︸
(k−n)−times

∼= R/Nm ⊕ .....⊕R/Nm︸ ︷︷ ︸
(k−n)−times

⊕R/Nm−λn ⊕R/Nm−λn−1 ⊕ .....⊕R/Nm−λ1

E.∼= R/Nm−λk ⊕R/Nm−λk−1 ⊕ .....⊕R/Nm−λn+1 ⊕R/Nm−λn⊕
R/Nm−λn−1 ⊕ .....⊕R/Nm−λ1 .

Hence we conclude that

shp(Rk/M) = (m− λk−i+1)i∈{1,...,k} = λ.
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Definition 4.4.12. Let R be a chain ring, x = (x1, ..., xn), y = (y1, ..., yn) ∈ Rn and
let S ⊆ Rn be any subset.

1. The product of x and y is defined as x · y :=
∑n

i=1 xiyi.

2. The left orthogonal submodule of S is defined to be

S⊥ := {x ∈ Rn | x · y = 0 ∀y ∈ S} ⊆ Rn.

3. The right orthogonal submodule of S is defined to be

⊥S := {x ∈ Rn | y · x = 0 ∀y ∈ S} ⊆ Rn.

4. If R is commutative, then we have ⊥S = S⊥. In this case one simply speaks of an
orthogonal submodule and one usually writes S⊥.

Remark 4.4.13. It is clear that S⊥ and ⊥S are R-modules.

Theorem 4.4.14. [12–14,16] Let R be a chain ring and M ≤ Rn a submodule. We have

1. shp(M⊥) = shp(M), (shp(⊥M) = shp(M)).

2. ⊥(M⊥) = M , ((⊥M)⊥ = M).

3. (U + V )⊥ = U⊥ ∩ V ⊥, (⊥(U + V ) =⊥ U ∩⊥ V ), for all submodules U, V ⊆ Rn.

4. (U ∩ V )⊥ = U⊥ + V ⊥, (⊥(U ∩ V ) =⊥ U +⊥ V ), for all submodules U, V ⊆ Rn.

Proof. We will give the proof for each statement mentioned at first. The proofs for the
statements in brackets mentioned secondly are simlar. As usual m denotes the index of
nilpotency of R and N its maximal ideal.

1. We want to show that M⊥ ∼= Rn/M . By Theorem 4.2.6 there exists a partition
λ = (λ1, λ2, ..., λn) such that

M ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .

One can conclude that

(R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn)⊥ ∼= Nλ1 ⊕Nλ2 ⊕ .....⊕Nλn .

From Lemma 4.2.4 we get the two statements

Nλ1 ⊕Nλ2 ⊕ .....⊕Nλn ∼= R/Nm−λ1 ⊕R/Nm−λ2 ⊕ .....⊕R/Nm−λn .
and

Nm−λ1 ⊕Nm−λ2 ⊕ .....⊕Nm−λn ∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn .
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Thus we obtain that

M⊥ ∼= R/Nm−λ1 ⊕R/Nm−λ2 ⊕ .....⊕R/Nm−λn

∼= Rn/(Nm−λ1 ⊕Nm−λ2 ⊕ .....⊕Nm−λn)
∼= Rn/(R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn)
∼= Rn/M .

Theorem 4.4.11 says that

shp(Rn/M) = shp(M).

We can conclude that

shp(M⊥) = shp(Rn/M) = shp(M).

2. We use the same ideas as in the proof of 1.

⊥(M⊥) ∼= ⊥(R/Nm−λ1 ⊕R/Nm−λ2 ⊕ .....⊕R/Nm−λn)

∼= R/Nm−(m−λ1) ⊕R/Nm−(m−λ2) ⊕ .....⊕R/Nm−(m−λn)

∼= R/Nλ1 ⊕R/Nλ2 ⊕ .....⊕R/Nλn

∼= M.

Hence we know

|⊥(M⊥)| = |M |.

Considering Definition 4.4.12 1. and 2. one observes that M ⊆ ⊥(M⊥). Since Rn is

finite, we obtain that ⊥(M⊥) = M .

3. Let a ∈ (U + V )⊥. Then a · (u+ v) = 0 for all u ∈ U, v ∈ V . Regarding 0 ∈ U, V we

get a ·u = 0 and a ·v = 0 for all u ∈ U, v ∈ V . Then, a ∈ U⊥ and a ∈ V ⊥. Therefore,

a ∈ U⊥ ∩ V ⊥ and (U + V )⊥ ⊆ U⊥ ∩ V ⊥. Now let b ∈ U⊥ ∩ V ⊥. Then b ∈ U⊥

and b ∈ V ⊥. This means that b · u = 0 and b · v = 0 for all u ∈ U, v ∈ V . Hence

b · (u+ v) = 0 for all u ∈ U, v ∈ V . We get b ∈ (U + V )⊥ and U⊥ ∩ V ⊥ ⊆ (U + V )⊥.

We conclude that (U + V )⊥ = U⊥ ∩ V ⊥.

4. We show first, that ⊥((U ∩ V )⊥) = ⊥(U⊥ + V ⊥). From 2. and 3. we get that

⊥((U ∩ V )⊥) = U ∩ V

and
⊥(U⊥ + V ⊥) = ⊥(U⊥) ∩ ⊥(V ⊥) = U ∩ V.
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Hence we obtain that
⊥((U ∩ V )⊥) = ⊥(U⊥ + V ⊥).

This implies 4., since

(U ∩ V )⊥ = (⊥((U ∩ V )⊥))⊥ = (⊥(U⊥ + V ⊥))⊥ = U⊥ + V ⊥.

Lemma 4.4.15. Let R be a chain ring and U , M two submodules of Rk. We have U ≤M
if and only if M⊥ ≤ U⊥.

Proof. Let U ≤ M . Then by Definition 4.4.12 one sees that M⊥ ≤ U⊥. Now let
M⊥ ≤ U⊥. Again by Definition 4.4.12 we get ⊥(U⊥) ≤ ⊥(M⊥). Using Theorem 4.4.14.2
we conclude that U ≤M .

Theorem 4.4.16. [16] Let R be a chain ring, U ≤ Rk a submodule and µ, λ ≤ (km) two
partitions such that shp(U) = µ. Then the number of submodules of Rk of shape λ which
contain U is exactly [

(µ)′

(λ)′

]
q

.

Proof. Theorem 4.4.14.2 combined with Lemma 4.4.15 implies a set including and a shape
forming duality for orthogonalisation. Therefore, we can conclude that

|{M ≤ Rk | shp(M) = λ, U ≤M}| = |{M⊥ ≤ Rk | shp(M⊥) = λ,M⊥ ≤ U⊥}|.

Applying Theorem 4.4.3.2 we obtain the statement.



Chapter 5

Projective Hjelmslev Geometries

We will introduce a ′′geometry of reality′′. In this geometry there always exists a line
connecting two different points, but in contrast to the geometry by Euclid the line
does not have to be unique. Further, the intersection of two different non-parallel lines
does not have to be a unique point either. These ideas already appeared by Aristoteles
and Protagoras [9], but J. Hjelmslev initiated a theory which tries to describe that
geometry, he called it ′′Die natürliche Geometrie′′ [10] (in english ′′natural geometry′′). He
considered the old axioms as too strong. In reality, especially in mechanics, it often is
the case that there exists no sharp bound. If for example, one is able to stem maximal
100kg, how is it with 100kg and one gram? The axioms of the ′′geometry of reality′′ are
based on experience and investigations, they empirically are true. Hjelmslev showed that
these axioms deduce the theorems of the Euclidean geometry if one requires uniqueness
(fixes a sharp bound). Thus, the ′′geometry of reality′′ is a generalization of the classical
geometry.
Based on the ideas of J. Hjelmslev, W. Klingenberg [18,19] established a system of axioms
describing structures more general than projective planes which now are called projective
Hjelmslev planes.
A. Kreuzer [20] constructed a Hjelmslev geometry axiomatically. He considered an exten-
sion of projective Hjelmslev planes of higher dimension and named it projective Hjelmslev
spaces. In this chapter we especially will treat projective Hjelmslev spaces.
Albert Einstein [7] said once: As far as mathematical propositions refer to reality, they
are not sure and as far as they are sure, they do not refer to reality.

5.1 Projective Hjelmslev Spaces

We introduce projective Hjelmslev geometries. At first, we give an axiomatic definition
of a projective Hjelmslev space and afterwards we consider the structure of projective
Hjelmslev spaces and their properties.

Definition 5.1.1. An incidence structure is a triple C = (P, L, I) where P 6= ∅ is a
set of ′′points′′, L is a set of ′′lines′′ and I ⊆ P ×L is the incidence relation. The elements
of I are called flags. If (p, l) ∈ I, we say that the point p ′′lies on′′ the line l.

57
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Definition 5.1.2. An incidence structure is called a projective space, if additionally
the following conditions are fullfilled:

(P1) For all x, y ∈ P such that x 6= y there exists a unique Sxy ∈ L such that
(x, Sxy), (y, Sxy) ∈ I.

(P2) For all S ∈ L there exist x, y, z ∈ P pairwise distinct such that
(x, S), (y, S), (z, S) ∈ I.

(P3) Let a, b, c ∈ P such that there is no line S ∈ L satisfying (a, S), (b, S), (c, S) ∈ I.
Let Tab, Tac, Tbc denote the unique lines mentioned in (P1) and let x, y ∈ P such
that x 6= y and (x, Tab), (y, Tac) ∈ I. Then Tbc ∩ Txy 6= ∅.

Remark 5.1.3. One may work more abstractly with incidence structures. However, one
often takes L to be concretely a set of subsets of P and the incidence relation is defined
in a natural way by set-theoretical inclusion

(p, l) ∈ I if and only if p ∈ l.

Example 5.1.4. Let P and L be the classical set of points and set of lines of R2. Then
the relation I defined by

((x, y), l) ∈ I iff (x, y) ∈ l

defines an incidence relation and (P,L, I) defines an incidence structure, but not a
projective space, since this incidence structure does not fulfill (P3).

Definition 5.1.5. Let C = (P,L, I) be an incidence structure. One defines a neighbor
relation ∼ on P and on L by the following conditions:

(N1) Two points x, y ∈ P are called neighbors denoted by x ∼ y, if there exist two
different lines S, T ∈ L such that {(x, S), (y, S), (x, T ), (y, T )} ⊆ I.

(N2) Two lines S, T ∈ L are called neighbors denoted by S ∼ T , if for every point
x ∈ P such that (x, S) ∈ I there is a point y ∈ P such that (y, T ) ∈ I and x ∼ y;
and conversely, for every point y ∈ P such that (y, T ) ∈ I there is a point x ∈ P
such that (x, S) ∈ I and y ∼ x.

Notation. The following notations will help us express several properties.

• Let C = (P,L, I) be an incidence structure and x, y ∈ P such that there exists
precisely one line S ∈ L incident with both of them. This means that S is the only
line in L such that (x, S), (y, S) ∈ I. We write x, y := S.

• For x ∈ P and S ∈ L we write x ∼ S, if there exists (y, S) ∈ I such that x ∼ y.

• For S ∈ L we define |S| := |{x ∈ P : (x, S) ∈ I}|.

• For S, T ∈ L we use the notation S ∩ T := {x ∈ P : (x, S), (x, T ) ∈ I}.
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Definition 5.1.6. An incidence structure Π = (P,L, I) with neighbor relation ∼ is called
a projective Hjelmslev space (PHS), if it satisfies the following axioms:

(H1) For any two points x, y ∈ P there exists a line S ∈ L such that (x, S) ∈ I and
(y, S) ∈ I.

(H2) Every line S ∈ L is incident with at least three points of P which are non-neighbors.

(H3) Two lines S, T ∈ L such that S ∩ T 6= ∅ are neighbors if and only if |S ∩ T | ≥ 2.

(H4) Let x, y, z ∈ P such that x ∼ y and y ∼ z. Then x ∼ z.

(H5) Let (x, S), (x, T ), (y, S), (z, T ) ∈ I such that y, z � x and y ∼ z. Then S ∼ T.

(H6) For any x ∈ P and S ∈ L such that (x, S) /∈ I and x ∼ S there exist y, z ∈ P such
that y � S, (z, S) ∈ I and (x, y, z) ∈ I.

(H7) Let y, z ∈ P, S ∈ L such that (y, S), (z, S) ∈ I and x ∈ P such that x � S. For any
(y′, x, y) ∈ I and (z′, x, z) ∈ I there exists a line T ∈ L such that (y′, T ), (z′, T ) ∈ I
and S ∩ T 6= ∅.

Remark 5.1.7. One can easily check that the following is true.

• Let Π = (P,L, I) be a projective Hjelmslev space and x, y ∈ P such that x � y.
Then the line x, y ∈ L always exists and is unique.

• In the proof of Proposition 5.1.9 we will see that for every x ∈ P the relation x ∼ x
holds for any projective Hjelmslev space (P,L, I) with |L| ≥ 2. We want x ∼ x to
hold in any case, therefore, we also set x ∼ x for all x ∈ P , if |L| = 1.

Proposition 5.1.8. [20] Every projective space is a projective Hjelmslev space.

Proof. Let C = (P,L, I) be a projective space. Then by Definition 5.1.6 the triple C =
(P,L, I) has to be an incidence structure. By (P1) the set of neighbors for
every point x ∈ P is exactly {x}, the set of neighbors for every line S ∈ L is
exactly {S} and for x ∈ P, S ∈ L we have x ∼ S if and only if (x, S) ∈ I, for
otherwise we have no uniqueness in (P1). We go through (H1) - (H7):

(H1) The condition is satisfied by (P1).

(H2) The property is a consequence of (P2) and by the fact, that any two points x, y ∈ P
with x 6= y accomplish x � y.

(H3) The requirement is fulfilled, since the only neighbor of a given line or a given point
is the line or the point itself.
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(H4) The axiom holds, since the only neighbor of a given point is the point itself.

(H5) Let (x, S), (x, T ), (y, S), (z, T ) ∈ I such that y, z � x and y ∼ z. Then y = z.
Since Sxy ∈ L is unique, we get S = T . Thus S ∼ T .

(H6) The condition is true, since such a pair (x, S) ∈ P × L cannot exist.

(H7) The property follows from (P3).

Proposition 5.1.9. [20] Let Π = (P,L, I) be a projective Hjelmslev space.
The neighbor relation ∼ defines an equivalence relation on P and on L.

Proof. Let x ∈ P . If |L| = 1, then x ∼ x by Remak 5.1.7. If |L| ≥ 2, then by (H1) there
exist lines S, T ∈ L such that (x, S) ∈ I and S 6= T . If (x, T ) ∈ I, we have x ∼ x. So let
(x, T ) /∈ I. If there exists b ∈ P such that (b, T ) ∈ I and x ∼ b, we again obtain x ∼ x.
So for all b ∈ P such that (b, T ) ∈ I let x � b. Let b′ ∈ P such that (b′, T ) ∈ I. Since
x � b′ and by (H1), there is a unique line U = x, b′ ∈ L such that (x, U), (b′, U) ∈ I. If
U 6= S, we again get x ∼ x. If U = S, by (H2) there is b′′ ∈ P such that (b′′, T ) ∈ I
and b′ � b′′. Since x � b′′ and by (H1) there exists a unique line W = x, b′′ ∈ L such
that (x,W ), (b′′,W ) ∈ I. It is not possible that W = S = U , since otherwise we get
the contradiction b′ ∼ b′′. Therefore, W 6= S and x ∼ x. Hence x ∼ x in any case.
Let x, y ∈ P such that x ∼ y. Then there exist lines S, T ∈ L such that S 6= T and
{(x, S), (y, S), (x, T ), (y, T )} ⊆ I. So there exist lines S, T ∈ L such that S 6= T and
{(y, S), (x, S), (y, T ), (x, T )} ⊆ I which implies that y ∼ x. Let x, y, z ∈ P such that
x ∼ y and y ∼ z. By (H4) we get x ∼ z. The conclusion is that the neighbor relation ∼
defines an equivalence relation on P .
Now we will verify that ∼ is an equivalence relation on L. Let S ∈ L. It is obvious that
S ∼ S holds, since we can set y = x in (N2). Clearly, (N2) implies that ∼ is symmetric.
Let S, T, U ∈ L such that S ∼ T and T ∼ U . Then by (N2) for all s ∈ P such that
(s, S) ∈ I there exists t ∈ P satisfying (t, T ) ∈ I and s ∼ t. And for all t ∈ P such that
(t, T ) ∈ I there exists u ∈ P satisfying (u, U) ∈ I and t ∼ u. By (H4) we have s ∼ u.
Hence for all s ∈ P such that (s, S) ∈ I there exists u ∈ P such that (u, U) ∈ I and s ∼ u.
Vice versa we have that for all u ∈ P such that (u, U) ∈ I there exists s ∈ P such that
(s, S) ∈ I satisfying u ∼ s. Therefore, we can obtain S ∼ U which shows transitivity.
The conclusion is that the neighbor relation ∼ defines an equivalence relation on L.

Definition 5.1.10. Since ∼ defines an equivalence relation we can collect some notations:

• We write [x] := {y ∈ P | y ∼ x} and [S] := {T ∈ L | T ∼ G} for the equivalence
class of a point x ∈ P , respectively a line S ∈ L.

• We denote by Pσ:= {[x] | x ∈ P} the set of all equivalence classes of points in P
and by Lσ:= {[S] | S ∈ L} the set of all equivalence classes of lines in L.

• For [x] ∈ Pσ and [S] ∈ Lσ we define Iσ ⊆ Pσ ×Lσ to be the incidence relation such
that ([x], [S]) ∈ Iσ, if there exist y ∈ [x] and T ∈ [S] such that (y, T ) ∈ I.
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Proposition 5.1.11. [20] Let Π = (P,L, I) be a projective Hjelmslev space. If there
exist points a, b ∈ P such that a 6= b and a ∼ b, then for every x ∈ P there exists y ∈ P
such that x 6= y and x ∼ y.

Proof. [20] Let a, b, x ∈ P such that a 6= b, a ∼ b and x � a. By Proposition 5.1.9 we
also have x � b. Thus by Remark 5.1.7 the lines a, x, b, x ∈ L exist and are unique. By
(H5) we obtain a, x ∼ b, x. Moreover, (H3) implies that there exists y ∈ P satisfying
(y, a, x), (y, b, x) ∈ I such that y 6= x. If a, x 6= b, x, one has by (N1) that x ∼ y and we
are done. So let S = a, x = b, x. Since a ∼ b by (N1) there exists T ∈ L such that S 6= T
and (a, T ), (b, T ) ∈ I. Since also (a, S), (b, S) ∈ I, we get by (H3) S ∼ T . By (N2) we can
finde y′ ∈ P such that (y′, T ) ∈ I and x ∼ y, as a consequence of (x, S) ∈ I. Considering
(x, T ) ∈ P × L we observe that (x, T ) /∈ I, since otherwise (x, T ), (a, T ), (x, S), (a, S) ∈ I
implies that x ∼ a which contradicts our assumptions. Hence x 6= y′ and x ∼ y′.

Proposition 5.1.12. [20] Every projective Hjelmslev space Π = (P,L, I) in which there
exists a point x ∈ P satisfying [x] = {x} is a projective space.

Proof. By Definition 5.1.6 the space Π = (P,L, I) has to be an incidence structure. Let
x ∈ P such that [x] = {x}. By Proposition 5.1.11 we know that the neighborhood of
every point in P is the point itself.

(P1) Let x, y ∈ P such that x 6= y. By (H1) there exists a line S ∈ L such that
(x, S), (y, S) ∈ I. Let T ∈ L with the same properties as S ∈ L. Since the
neighborhood of every point in P is the point itself, we get S = T .

(P2) The condition is satisfied by (H2).

(P3) It is a direct consequence of (H7).

Proposition 5.1.13. [20] Let Π = (P,L, I) be a projective Hjelmslev space, x, y ∈ P
such that x � y, x′ ∈ [x] and y′ ∈ [y]. Then we have x′, y′ ∼ x, y.

Proof. [20] We have x′ ∼ x � y ∼ y′. By Proposition 5.1.9 we get x′ � y′. Hence
by Remark 5.1.7 the two lines x′, y′ and x, y exist and are unique. Applying (H5) twice,
once for x ∼ x′ � y and once for y′ ∼ y � x′, we get x′, y ∼ x, y and x′, y ∼ x′, y′.
Proposition 5.1.9 then implies x′, y′ ∼ x, y.

Proposition 5.1.14. [20] Let Π = (P,L, I) be a projective Hjelmslev space.
Then (Pσ, Lσ, Iσ) is a projective space.

Proof. We check the conditions given in Definition 5.1.2.
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(P1) Firstly we show existence. Let [x], [y] ∈ Pσ such that [x] 6= [y]. Then x � y
and x, y ∈ L is unique. By Definition 5.1.10 we have ([x], [x, y]), ([y], [x, y]) ∈ Iσ.
For the uniqueness proof let [S] ∈ Lσ such that ([x], [S]), ([y], [S]) ∈ Iσ. Then by
Definition 5.1.10 there exist x′ ∈ [x], y′ ∈ [y], S1, S2 ∈ [S] such that
(x′, S1), (y

′, S2) ∈ I. We know that x′ � y′, since x′ ∼ x � y ∼ y′ and with
Proposition 5.1.13 we get x, y ∼ x′, y′. We assume that S1 � x′, y′. By (H3) x′ ∈ P
is the only point such that (x′, S1), (x

′, x′, y′) ∈ I. As S1, S2 ∈ [S] we know that
S1 ∼ S2. Therefore, there exists y′′ ∈ P such that (y′′, S1) ∈ I and y′′ ∼ y′,
since (y′, S2) ∈ I. So we have (x′, S1), (x

′, x′, y′), (y′, x′, y′), (y′′, S1) ∈ I such that
y′, y′′ � x′ and y′ ∼ y′′. Using (H5) we get S1 ∼ x′, y′. Hence S ∼ S1 ∼ x′, y′ ∼ x, y.
This implies [S] = [x, y].

(P2) Let [S] ∈ Iσ. By (H2) there exist x, y, z ∈ P satisfying (x, S), (y, S), (z, S) ∈ I such
that x, y, z are non-neighbors. Therefore, [x], [y], [z] are pairwise different points
satisfying ([x], [S]), ([y], [S]), ([z], [S]) ∈ Iσ.

(P3) Let [a], [b], [c] ∈ Pσ such that there exists no line [S] ∈ Lσ satisfying
([a], [S]), ([b], [S]), ([c], [S]) ∈ Iσ and let [Tab], [Tac], [Tbc] ∈ Lσ denote the unique
lines such that ([a], [Tab]), ([b], [Tab]), ([a], [Tac]), ([c], [Tac]), ([b], [Tbc]), ([c], [Tbc]) ∈ Iσ.
In addition let [x], [y] ∈ Pσ such that [x] 6= [y] and ([x], [Tab]), ([y], [Tac]) ∈ Iσ. Then
there exist b′ ∈ [b], c′ ∈ [c], T ′ab ∈ [Tab], Tac ∈ [Tac] such that (b′, T ′ab), (c

′, T ′ac) ∈ I. By
Proposition 5.1.13 we have b′, c′ ∼ b, c. This means that [b′, c′] = [b, c]. Using (H7)
we get b′, c′ ∩ b, c 6= ∅ hence [b′, c′] ∩ [b, c] 6= ∅.

Definition 5.1.15. Let Π = (P,L, I) be a projective Hjelmslev space and Q ⊆ P . We
denote by L(Q) := {S ∈ L | (x, S) ∈ I =⇒ x ∈ Q} the set of lines of Q and by
IQ:= I ∩ (Q × L(Q)) a relation between Q and L(Q). The triple (Q,L(Q), IQ) is called
a Hjelmslev subspace of Π, if it satisfies the following condition:

(S) For all x, y ∈ Q there exists a line S ∈ L(Q) such that (x, S), (y, S) ∈ I.

Remark 5.1.16. [14, 20] Every Hjelmslev subspace (Q,L(Q), IQ) of a projective
Hjelmslev space is a projective Hjelmslev space. The proof is the whole Chapter 5 in [20].
The important part of it is that points in Q which are neighbors in P are neighbors in Q.

Definition 5.1.17. Let Π = (P,L, I) be a projective Hjelmslev space and Q ⊆ P .

• We define the hull〈Q〉 to be the intersection of all Hjelmslev subspaces with set of
points containing Q.

• The set Q is said to be independent, if for any x ∈ Q we have that x � y for all
y ∈ 〈Q\{x}〉.
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Remark 5.1.18. [13, 14,20] With this new definitions one can deduce that

• The hull of Q defines a Hjelmslev subspace.

• We have (Q,L(Q), IQ) is a Hjelmslev subspace if and only if 〈Q〉 = (Q,L(Q), IQ).

Definition 5.1.19. Let Π = (P,L, I) be a projective Hjelmslev space and B ⊆ P .

• The point set B is a basis of Π, if B is independent and 〈B〉 = Π.

• The dimension of Π is defined to be dim(Π) := |B| − 1.

Remark 5.1.20. [13, 14, 20] Let Π = (P,L, I) be a projective Hjelmslev space, Q ⊆ P
and (Q,L(Q), IQ) a Hjelmslev subspace. Then

• The dimension of the projective Hjelmslev space Π = (P,L, I) is equal to the
dimension of the projective space (Pσ, Lσ, Iσ).

• There exists a basis for (Q,L(Q), IQ).

• Every independent subset of Q can be completed to a basis of (Q,L(Q), IQ).

• The cardinality of any two bases of (Q,L(Q), IQ) is the same.

5.2 Geometrization of Modules over Chain Rings

There is an important construction of projective Hjelmslev spaces derived by coordinate
geometries from modules over chain rings. In this section we will see, how the structure
of a free module over a chain ring of rank n ≥ 3 defines in a special way a projective
Hjelmslev space.

Definition 5.2.1. Let R be a chain ring and let RM be a finite free (left) R-module of
rank n ≥ 3.

• We define by P (RM) the set of all free rank 1 submodules of RM .

• For the set of all free rank 2 submodules of RM we write L(RM).

• The relation I(RM) ⊆ P (RM)×L(RM) stands for set inclusion. This means that

(p, l) ∈ I(RM) if and only if p ⊆ l.

• We denote by PHG(RM) the triple (P (RM), L(RM), I(RM)).
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Lemma 5.2.2. Let R be a chain ring with index of nilpotency m, RM a finite free (left)
R-module and U ≤R M a free rank 1 submodule of RM . Then there exists x ∈ U of period
m such that U = Rx.

Proof. Since U is a free rank 1 R-submodule, there exists a left R-module isomorphism
f : R → U . We know R1R = R. Thus we get Rf(1R) = U . Therefore, we have found
f(1R) = x ∈ U such that U = Rx. It is clear that this x has the same period as 1R which
is m.

Lemma 5.2.3. Let R be a chain ring with index of nilpotency m, RM a finite free (left)
R-module and U ≤R M a free rank 2 submodule of RM . Then there exists x, y ∈ U , each
of period m, such that U = Rx⊕Ry.

Proof. Since U is a free rank 2 R-submodule, there exists a left R-module isomorphism
f : R ⊕ R → U . We know R(1R, 0R) ⊕ R(0R, 1R) = R ⊕ R. Thus we get
Rf((1R, 0R)) ⊕ Rf(0R, 1R) = U . Therefore we have found f((1R, 0R)) = x ∈ U and
f((0R, 1R)) = y ∈ U such that U = Rx ⊕ Ry. It is clear that these x, y have the same
period as (1R, 0R) and (0R, 1R) which is m.

Theorem 5.2.4. [14, 15,20] (Geometrization of Modules over Chain Rings )
The triple PHG(RM) = (P (RM), L(RM), I(RM)) is a projective Hjelmslev space.

Proof. We actually have to go through (H1) - (H7), but (H4) - (H7) and the direction
back in (H3) require a giant prework including a lot of different intermediate steps.
Concretely, this prework is given in [20] (pages 1-73). Now we focus on (H1), (H2) and
on the first direction in (H3), since these parts need a reasonable effort. We assume that
R is a chain ring with index of nilpotency m, RM is a finite free R-module of rank n ≥ 3
and that θ has the same meaning as in Theorem 3.2.8.

(H1) Let p1, p2 ∈ P (RM). By Lemma 5.2.2 there exist x, y ∈ RM such that p1 = Rx and
p2 = Ry. We denote S = Rx + Ry. If S is a free rank 2 submodule of RM , then
(p1, S), (p2, S) ∈ I(RM). If S is not a free rank 2 submodule of RM , then, since
rank(RM) ≥ 3, there is z ∈ RM such that Rx+Ry ⊆ Rx+Rz and Rx+Rz is a free
rank 2 submodule. We denote S ′ = Rx+Rz and we get (p1, S

′), (p2, S
′) ∈ I(RM).

(H2) Let S ∈ L(RM). Then by Lemma 5.2.3 there exist x, y ∈ RM both of period
m such that Rx ⊕ Ry = S. Let k denote the period of (x + y). If k < m,
then 0 = θk(x + y) = θkx + θky and we get a contradiction to the direct sum of
Rx ⊕ Ry = S. So the period of (x + y) has to be m. It is clear that
(Rx, S), (Ry, S), (R(x + y), S) ∈ I(RM). It remains to show that Rx,Ry,R(x + y)
are non-neighbors. Let T ∈ L(RM) such that (Rx, T ), (Ry, T ) ∈ I(RM). This
implies that x, y ∈ T . Therefore, S = Rx + Ry ⊆ T . Since rank(S) = 2 =rank(T ),
we get T = S which means that S is the only free rank 2 submodule of RM
containing Rx and Ry. Therefore, Rx and Ry are non-neighbors. In the same
way one can show that Rx,R(x+ y) and Ry,R(x+ y) are non-neighbors.
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(H3) Let S, T ∈ L(RM) and a ∈ RM such that (Ra, S), (Ra, T ) ∈ I(RM). There are
x, y ∈ RM both of period m satisfying S = Ra ⊕ Rx and T = Ra ⊕ Ry. Let S
and T be neighbors. It is clear that Rx,Ry ∈ P (RM), (Rx, S), (Ry, T ) ∈ I(RM)
and Rx 6= Ra 6= Ry. Since S and T are neighbors, there is b ∈ RM of period
m such that (Rb, T ) ∈ I(RM) and Rx ∼ Rb. This means that there are two
different free rank 2 submodules of RM containig Rx and Rb. If Rx ∩ Rb 6= {0},
then there exists 0 6= c ∈ Rx ∩ Rb. We observe that R(a + c) ∈ P (RM) and
(R(a + c), S), (R(a + c), T ) ∈ I(RM). Hence |S ∩ T | ≥ 2. So let us assume that
Rx ∩ Rb = {0}. This means that Rx + Rb = Rx⊕ Rb is a free rank 2 submodule.
In the same manner as in (H2) we get that Rx + Rb ∈ L(RM) is the only free
rank 2 submodule which contains Rx and Rb. This is a contradiction, since Rx and
Rb are neighbors. Thus we have |S ∩ T | ≥ 2 in any case.

Definition 5.2.5. One calls the projective Hjelmslev space PHG(RM) the coordinate
geometry of RM .

Proposition 5.2.6. [14, 20] Let R be a chain ring, RM a finite free (left) R-module
of rank n ≥ 3 and P ′ ⊆ P (RM) any subset. The set P ′ forms a Hjelmslev subspace of
PHG(RM) if and only if P ′ is the union of all points (free submodules of rank 1) of a free
submodule U of RM . Moreover, one has that dim(P ′) = rk(U)− 1.

Proof. Let P ′ be the union of all points (free submodules of rank 1) of a free submodule
U of RM . Then P ′ = P (RU) and by Theorem 5.2.4 we get that

PHG(RU) = (P ′, L(RU), I(RU))

is a projective Hjelmslev space. Now let (P ′, L(P ′), I(P ′)) be a Hjelmslev subspace of
PHG(RM) and x1, x2, ..., xn ∈R M such that {Rx1, Rx2, ..., Rxn} ⊆R M is a basis of
(P ′, L(P ′), I(P ′)). We define RU = Rx1 + Rx2... + Rxn. Since {Rx1, Rx2, ..., Rxn} is a
basis, we have RU = Rx1 ⊕ Rx2 ⊕ ... ⊕ Rxn is a free submodule of RM , for otherwise
we get the contradiction, that there is some i ∈ {1, 2, ..., n} and
y ∈ 〈{Rx1, Rx2, ..., Rxi−1, Rxi+1, ..., Rxn}〉 such that Rxi ∼ y. Hence P ′ is the union
of all points (free submodules of rank 1) of a free submodule U of RM and one is able to
see that dim(P ′) = rk(U)− 1.
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Proposition 5.2.7. [14] Let R be a chain ring and let RM and RM
′ be finite free (left)

R-modules satisfying rank(RM) = rank(RM
′) = n ≥ 3. Then

PHG(RM) ∼= PHG(RM
′) ∼= PHG(RR

n).

Proof. Let f : RM → RM
′ be a R-module isomorphism. Then f preserves free

modules and ranks. Therefore f induces an isomorphism between the incident structures
PHG(RM) and PHG(RM

′). Since RM ∼= RR
n, we get

PHG(RM) ∼= PHG(RM
′) ∼= PHGRR

n.

5.3 Coordinate Hjelmslev Geometries

In Theorem 5.2.4 we saw that a module over a chain ring which is big enough defines a
projective Hjelmslev space. Now we will see the converse direction, that every projective
Hjelmslev space which is big enough is a coordinate geometry of a module over a chain
ring. These two facts and Proposition 5.2.7 allow us to restrict our further observations
on coordinate Hjelmslev geometries to PHG(RR

n).

Theorem 5.3.1. [13, 14,20] (Coordinatization of Projective Hjelmslev Spaces)
Let Π be a projective Hjelmslev space of dimension n ≥ 3 such that on each line of Π lie
at least five pairwise non-neighboring points. Then there exists a chain ring R such that
PHG(RR

n+1) and Π are isomorphic.

The proof of Theorem 5.3.1 is given in [20], it involves the whole book.

Theorem 5.3.2. [12, 14,15] Let R be a chain ring with index of nilpotency m.

1. Let 1 ≤ k ≤ n. Then there are

q(m−1)k(n−k) ·
[
n
k

]
q

different (k − 1)-dimensional Hjelmslev subspaces of PHG(RR
n).

2. Let 1 ≤ t ≤ k ≤ n. Then there are

q(m−1)(n−k)(k−t) ·
[
n− t
n− k

]
q

different (k − 1)-dimensional Hjelmslev subspaces of PHG(RR
n) containig a fixed

(t− 1)-dimensional Hjelmslev subspace.



CHAPTER 5. PROJECTIVE HJELMSLEV GEOMETRIES 67

Proof. 1. By Theorem 5.3.1 and by Proposition 5.2.6 the number of different
(k−1)-dimensional Hjelmslev subspaces of PHG(RR

n) is equal to the number of free
rank k submodules of RR

n. From Lemma 4.3.4.B we know that cshp(RR
n) = (nm).

So Corollary 4.4.7 implies that the number of different (k−1)-dimensional Hjelmslev
subspaces of PHG(RR

n) is

q

k(n− k) + k(n− k) + ...+ k(n− k)︸ ︷︷ ︸
(m−1)−times


·
[
n
k

]
q

= q(m−1)k(n−k) ·
[
n
k

]
q

.

2. Again, Theorem 5.3.1 and Proposition 5.2.6 allow us to identify the number of dif-
ferent (k − 1)-dimensional Hjelmslev subspaces of PHG(RR

n) which contain a fixed
(t− 1)-dimensional Hjelmslev subspace with the number of free rank k submodules
of RR

n wich contain a fixed free submodule of RR
n of rank t. From Lemma 4.3.4.B

we know that the shape of a free rank k or t submodule is mk respectively mt. So
the complementary partition (Definition 4.4.10) of a free rank k or t submodules of

RR
n is mn−k respectively mn−t. Conjugating them leads to (n− k)m and (n− t)m.

Now, Theorem 4.4.16 says that the number of free rank k submodules of RR
n wich

contain a fixed free submodule of RR
n of rank t is[

(n− t)m
(n− k)m

]
q

.

Theorem 4.4.3 implies that this number is equal to the number of free submodules
of rank (n− k) of a free rank (n− t) R-module. Using Corollary 4.4.7 implies that
the number we are looking for is

q∗ ·
[

(n− t)
(n− k)

]
q

= q(m−1)(n−k)(k−t) ·
[
n− t
n− k

]
q

where ∗ =

(n− k)((n− t)− (n− k)) + ...+ (n− k)((n− t)− (n− k))︸ ︷︷ ︸
(m−1)−times

 .
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Corollary 5.3.3. [14] Let R be a chain ring with index of nilpotency m.

1. The number of points of PHG(RR
n) is

q(m−1)(n−1) ·
[
n
1

]
q

.

2. The number of lines of PHG(RR
n) is

q(m−1)2(n−2) ·
[
n
2

]
q

.

3. The number of hyperplanes of PHG(RR
n) is

q(m−1)(n−1) ·
[
n
1

]
q

.

4. The number of points on a hyperplane in PHG(RR
n) is

q(m−1)(n−2) ·
[
n− 1

1

]
q

.

5. The number of hyperplanes through a point in PHG(RR
n) is

q(m−1)(n−2) ·
[
n− 1

1

]
q

.

Proof. In all proofs we use Theorem 5.3.2.1/2.

1. Points in PHG(RR
n) correspond to free rank 1 submodules of RR

n. Therefore, we
can set k = 1 in Theorem 5.3.2.1 and we are done.

2. Lines in PHG(RR
n) correspond to free rank 2 submodules of RR

n. Therefore, we
can set k = 2 in Theorem 5.3.2.1 and we are done.

3. Hyperplanes in PHG(RR
n) correspond to free rank (n − 1) submodules of RR

n.
Therefore, we can set k = (n− 1) in Theorem 5.3.2.1 and we are done.

4. We consider a hyperplane as PHG(RR
n+1), use Theorem 5.3.2.1 with k = 1 and we

are done.

5. We use Theorem 5.3.2.2 with t = 1 and k = (n− 1) and we are done.
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Appendix A

Common Facts from Algebra

Definition A.0.1. Let G be a group and a ∈ G.

• Z(a) := {g ∈ G | ga = ag} is called the centralizer of a in G.

• Z(G) := {g ∈ G | ∀x ∈ G : gx = xg} is called the center of G.

Lemma A.0.2. [1, 8] Let G and H be two Abelian groups and f : G → H a group
homomorphism. Then ker(f) is a subgroup of G and Im(f) is a subgroup of H.

Proof. Let a, b ∈ ker(f). Then 0G,−a, a+ b ∈ ker(f), since

1. f(a+ 0G) = f(a) + f(0G) for all a ∈ G implies that f(0G) = 0H .

2. 0H = f(0G) = f(a− a) = f(a) + f(−a) = 0H + f(−a) = f(−a).

3. f(a+ b) = f(a) + f(b) = 0H + 0H = 0H .

Let c, d ∈ Im(f). There exist a, b ∈ G such that f(a) = c, f(b) = d. Then
0H ,−c, c+ d ∈ Im(f) , since

1. f(0G) = 0H ∈ Im(f).

2. 0H = f(0G) = f(a − a) = f(a) + f(−a) = c + f(−a) implies that
f(−a) = −c ∈ Im(f).

3. f(a+ b) = f(a) + f(b) = c+ d ∈ Im(f).

Theorem A.0.3. [1, 8] (1st Isomorphism Theorem for Groups)
Let (G,+), (H,+) be two groups and ϕ : G→ H a group homomorphism. Then

G/ ker(ϕ) ∼= Im(ϕ).

Proof. We define K = ker(ϕ) and ϕ′ : G/K → H, ϕ′(a+K) = ϕ(a).
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1. Let a+K, b+K ∈ G/K such that a+K = b+K. Then a− b ∈ K and

0H = ϕ(0G)

= ϕ′(0G/K)

= ϕ′((a− b) +K)

= ϕ(a− b)
= ϕ(a)− ϕ(b)

= ϕ′(a+K)− ϕ′(b+K).

Therefore, ϕ′(a+K) = ϕ′(b+K) and we see that ϕ′ is well-defined.

2. Let a+K, b+K ∈ G/K. Then

ϕ′(a+K + b+K) = ϕ′((a+ b) +K)

= ϕ(a+ b)

= ϕ(a) + ϕ(b)

= ϕ′(a+K) + ϕ′(b+K).

Thus ϕ′ is a group homomorphism.

3. Let a + K, b + K ∈ G/K such that ϕ′(a + K) = ϕ′(b + K). Then ϕ(a) = ϕ(b).
Therefore, ϕ(a− b) = 0H and a− b ∈ K. Thus a+K = b+K and ϕ′ is injective.

4. Im(ϕ′) = {ϕ(a) | a ∈ G} = Im(ϕ).

We conclude that ϕ′ defines a group isomorphism between G/ ker(ϕ) and Im(ϕ).

Theorem A.0.4. [1, 8] (Lagrange’s Theorem)
Let G be a finite group and H ⊆ G a subgroup of G. Then the cardinality of H divides
the cardinality of G.

Definition A.0.5. Let G be a finite group and x ∈ G. We define the conjugacy class
of x as

Kx := {x′ ∈ G | x′ = gxg−1 for g ∈ G}.

Lemma A.0.6. [1, 8] We have

1. Two different conjugacy classes are disjoint.

2. G equals the union of all conjugacy classes.

3. |G| = |Kx| · |Z(x)|, where Z(x) denotes the centralizer of x in G.

4. |Kx| = 1 for x ∈ Z(G).

Proof. We go through the four points.
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1. Let a, x, x′ ∈ G such that a ∈ (Kx ∩ Kx′). Then there exist g, g′ ∈ G such that
a = gxg−1 and a = g′x′g′−1. Then

Kx = {c′ ∈ G | c′ = bxb−1 for b ∈ G}
= {c ∈ G | c = bg−1agb−1 for b ∈ G}
= Ka

= {c ∈ G | c = bg′−1ag′b−1 for b ∈ G}
= {c′ ∈ G | c′ = bx′b−1 for b ∈ G}
= Kx′ .

2. We have x ∈ Kx, since x = xxx−1 ∈ Kx.

3. The orbit-counting theorem says that |G| is equal to

|{ elements in the orbit of x w.r.t.∗}| · |{ elements in the stabilizer of x w.r.t.∗}|.

In our case the operation ∗ is ∗ : G × G → G, (a) ∗ (x) = a · x · a−1,
{elements in the orbit of x } = Kx and the stabilizer of x is Z(x).

4. Let x ∈ Z(G) then gxg−1 = gg−1x = x for all g ∈ G.

Theorem A.0.7. [1, 8] (Class Equation Theorem)
Let G be a finite group with exactly t different conjugacy classes and {x1, x2, ..., xt} ⊆ G
a set of representative elements from each conjugancy class. Then

|G| = |Kx1|+ |Kx2|+ ...+ |Kxt|.

Proof. The statement follows directly from Lemma A.0.6.

Theorem A.0.8. [1, 8] (Fundamental Theorem of Algebra)
Every non-zero, single-variable, degree n ≥ 1 polynomial with complex coefficients has,
counted with multiplicity, exactly n roots in C.

Theorem A.0.9. [1, 8] Let Fq be a finite field. Then there exists a prime p ∈ N and a
number n ∈ N>0 satisfying q = pn.

Proof. As Fq is finite, there exists p ∈ N>0 such that χ(Fq) = p. Then p has to be a
prime number, since otherwise we get the contradiction that (Fq \ {0}, ·) is no Abelian
group. Then (Fq,Z/pZ,+) is a finitely generated vector space over Z/pZ with cardinality
pdimZ/pZ(Fq).



Appendix B

Multiplication Table of F4 ⊕ F4

The sequel shows the multiplication of the smallest non-commutative chain ring

R = F4 ⊕ F4.

We assume the following conditions:

• The ring is equipped with the operations given by

(a, b) + (c, d) = (a+ c, b+ d) and (a, b) · (c, d) = (ac, ad+ bc2).

• We represent the field F4 as

F2[x]/〈x2 + x+ 1〉.

• The elements of F4 are {0, 1, x, x+ 1} where x2 + x+ 1 = 0.

• In the table the element x+ 1 is replaced by y.

• The entries stand for l · r.
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