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Abstract

Information theory and the theory of graphs have historically been
combined to “flow networks”. Networks with one sender and one source
have been extensively studied and bounds have been established. Settings
with multiple senders and/or multiple receivers (“multi-cast problems”)
have been reduced to an ascription to the case of a single source and a
single receiver. In 2000 these settings were changed by Ahlswede et al.
to encompass networks with flows of (exclusively) information, giving rise
to network coding as a new branch of coding theory. In 2008 Kötter and
Kschischang introduced a new mathematical setting for network coding
from which the need of new constructions of codes arose. These codes
are defined as sets of subspaces, residing in ambient vector spaces over
a finite field. Constructions, descriptions and bounds of codes with dif-
ferent properties have been studied. In the case of codes restricted to
a Grassmannian over a finite field, the supervisors introduced descrip-
tions of codes utilizing projective spaces of fitting parameters. We focus
on coding schemes with subspaces and computational aspects stemming
from the descriptions using projective spaces.

Chapter 1 treats the basic theory of graphs and considers different
aspects of a network. It presents classical results like the Max-Flow Min-
Cut theorem. Chapter 2 introduces the Grassmannian and extends it
to the set of subspaces. In Chapter 3 different types of networks and
problems therein are laid out and network coding is encountered. Chapter
4 picks up where we left the Grassmannian from Chapter 2 and defines
the projective space. This enables the building of a bridge from the sets
of subspaces which is done via the Plücker embedding in Chapter 5 and
describe codes in a new way. Chapters 6 and 7 extends this from an
enumerative viewpoint giving rise to results in computational complexity.
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Zusammenfassung

Informationstheorie und Graphentheorie haben ursprünglich Netzwer-
ke und Flüsse behandelt. Netzwerke mit nur einem Sender und einem
Empfänger wurden ausführlich studiert und Grenzgrössen sind bekannt.
Fälle von mehreren Sendern und/oder Empfängern (“multicast problems”)
wurden reduziert zu einer Beschreibung mittels einem Sender und einem
Empfänger. In Jahr 2000 wurde das von Ahlswede et al. geändert um
nur Netzwerke mit Flüssen von Informationen zu betrachten um daraus
einen neuen Zweig der Kodierungstheorie, die Netzwerkkodierung, zu be-
ginnen. Im Jahr 2008 führten Kötter und Kschischang neue mathemati-
sche Ansätze für die Netzwerkkodierung ein, woraus die Notwendigkeit für
neue Konstruktionen von Kodes entstand. Diese Kodes sind definiert als
Mengen von Unterräumen, und sind Teil eines grösseren Umgebungsrau-
mes, ein Vektorraum über einem endlichen Körper. Die Betreuer führten,
unter Benutzung von passenden Parametern, Beschreibungen von Kodes
mittels projektiven Räumen ein. Wir richten unser Augenmerk auf Ko-
dierungsarten mit Unterräumen und Aspekte der Berechnungen die von
der Beschreibung projektiven Räume herrühren.

Kapitel 1 behandelt die grundlegende Theorie der Graphen und be-
trachtet verschiedene Aspekte eines Netzwerks. Es zeigt klassische Re-
sultate wie das Max-Flow Min-Cut Theorem. Kapitel 2 führt die Grass-
mann’schen Mengen ein und erweitert das zur Menge der Unterräume. In
Kapitel 3 legen wir verschiedene Netzwerke und entsprechende Probleme
aus, und Netzwerkkodierung wird eingeführt. Kapitel 4 führt die Arbeit
von Kapitel 2 weiter und definiert den projektiven Raum. Dies befähigt
uns eine Brücke zur Menge von Unterräumen zu schlagen, was mit der
Plücker Einbettung in Kapitel 5 gemacht wird und Kodes auf eine neue
Art beschreibt. Kapitel 6 und 7 erweitert dies auf eine aufzählende Weise,
was wiederum Resultate der Berechnungskomplexität ermöglicht.
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minants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
7.1.1 Unoptimized Algorithm with One Loop . . . . . . . . . . 68
7.1.2 Division into Two Nested Loops . . . . . . . . . . . . . . 69
7.1.3 Division into Three Nested Loops . . . . . . . . . . . . . . 69

7.2 A Concretization of the Divide-and-Conquer Strategy for Matrices 71
7.2.1 Preparations and Proof of Concept for Matrices, One Loop 71
7.2.2 First Division. Iterating over Sub-matrices, Two Nested

Loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
7.2.3 Further Division. Iterating over Grouped Sub-matrices,

Three Nested Loops . . . . . . . . . . . . . . . . . . . . . 77
7.3 Computing the Determinant in each Loop Iteration . . . . . . . . 81

7.3.1 Computational Complexity with respect to the Divide-
and-Conquer Strategy . . . . . . . . . . . . . . . . . . . . 81

7.3.2 Detailed Formulation of the Algorithm . . . . . . . . . . . 83
7.3.3 Revisiting the Division Process with Specialized Lex-Order 84

7.4 Concluding Analysis of Running Time . . . . . . . . . . . . . . . 86

Appendices 89

A Fields 89

A.1 Finite Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

B Enumerate Elements of P1 over a Finite Field of Prime Car-
dinality 91

C Implementation in SAGE [27] of Sanity Checking M(n, k, t) 92

D Algorithm to Calculate i(i0) 94

References 96

Index 98

xi



List of Figures

Page

Section 1

1.1 Examples of Graphs represented geometrically . . . . . . . . . . 2
1.2 A Network with a feasible Flow . . . . . . . . . . . . . . . . . . . 14

Section 2

2.1 The Set of Subspaces over a Finite Field as a Hasse Diagram . . 18

Section 3

3.1 Networks with their five important sub-parts . . . . . . . . . . . 23
3.2 Schematic of Menger’s Theorem . . . . . . . . . . . . . . . . . . . 27
3.3 The Multi-cast Problem . . . . . . . . . . . . . . . . . . . . . . . 29
3.4 Butterfly Network Types . . . . . . . . . . . . . . . . . . . . . . . 29
3.5 Butterfly Network achieves Uni-cast Capacity . . . . . . . . . . . 30
3.6 Butterfly Network with Coding . . . . . . . . . . . . . . . . . . . 31
4.1 Schematic of P1 shown as “S1/ ∼” . . . . . . . . . . . . . . . . . 37

Section 4

4.2 Schematic of P2 as “S2/ ∼” . . . . . . . . . . . . . . . . . . . . . 38
4.3 Schematic of P1 depicted as a “closed” S1 . . . . . . . . . . . . . 39
4.4 Schematic of P1 by intersecting y = 1 . . . . . . . . . . . . . . . 40
4.5 Schematic Comparison of R3 and P2 . . . . . . . . . . . . . . . . 41
4.6 Projective Space generated as Group Actions of Fields or Matrices 44
4.7 Color coded F2 over a Finite Field. . . . . . . . . . . . . . . . . . 45
4.8 (F11)

2
with one line generated by two different points . . . . . . 47

4.9 A schematic comparison of R1 and P1 . . . . . . . . . . . . . . . 49
4.10 Schematic comparison of R2 and P2 . . . . . . . . . . . . . . . . 49
4.11 Two different schematics of P2 . . . . . . . . . . . . . . . . . . . 50
4.12 A schematic of P3 . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.13 A schematic of Projective Spaces build iteratively . . . . . . . . . 51
4.14 A schematic of F2 and P1 over a Finite Field . . . . . . . . . . . 52
4.15 A schematic of F3 and P2 over a Finite Field. . . . . . . . . . . . 52

Section 7

7.1 Schematic of Proof of Concept for Matrices . . . . . . . . . . . . 73
7.2 Illustration of Algorithm 7.2. Iterating over Matrices with Two

Nested Loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
7.3 Iterating over Matrices with Three Nested Loops . . . . . . . . . 80
7.4 Two similar looking matrices from the Innermost Loop . . . . . . 82

xii



List of Tables

Page

Section 5

5.1 Lexicographic and Bruhat ordering compared . . . . . . . . . . . 54

List of Algorithms

Page

Section 6

6.1 Compute different values of “µi1...ik = 0” for sanity checking . . . 66

Section 7

7.1 Simple Algorithm with One Loop, naive upper bound . . . . . . . 68
7.2 Algorithm divided into Two Nested Loops . . . . . . . . . . . . . 69
7.3 Algorithm divided into Three Nested Loops . . . . . . . . . . . . . 70
7.4 Proof of Concept Algorithm for Matrices, One Loop . . . . . . . . 72
7.5 Matrix Version of Algorithm 7.2. Iterating over Certain Sub-

matrices in Two Nested Loops . . . . . . . . . . . . . . . . . . . . 75
7.6 Inner Loop over Sub-matrices Am and Bm where Iterations are

Intertwined . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
7.7 Inner Loop over Sub-matrices Am and Bm where Iterations are

Decoupled. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
7.8 Matrix Version of Algorithm 7.3 . . . . . . . . . . . . . . . . . . . 79
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1 Preliminaries

We will start with some preliminary theory which is necessary to understand the
setting introduced in later sections. First we will cover graph theory (Section
1.1). Later we will specialize this to classical results of networks and flows in
Section 1.3, but not before we cover different aspects of modeling a network in
Section 1.2 and legitimize important decisions like the use of graphs without
loops, weighted graphs and directed graphs, and the number and configurations
of the senders and receivers.

1.1 Graph Theory

Graph Theory is a part of mathematics which in itself is interesting. Its usage
in applied settings is well-known, and its strengths particularly come into ef-
fect when modeling settings of transportation,“interconnectedness”, or forms of
“exchange”. We will explore the theory with an aim at covering the most basic
notions we will need for later. Most of this section can be found in any book
about graph theory, e.g. in [6]. The usual popular topics like trees1 and forests,
labeled graphs, planar and embedded graphs, or graph coloring will be omitted.
In later sections we will extend this to the theory of networks and flows, which
will then serve as a preliminary for network coding.

Definition 1.1 (Graph). A graph is a pair G = (V,E) where V is a set and E
is a subset of

(
V
2

)
, the subsets of V containing exactly 2 elements. The elements

of V are called vertices (or sometimes also nodes). If e = {u, v} is an element
of E, we say that e is an edge connecting the vertices u and v.

Example 1.2 (Example of a Graph). An example of a graph is the complete
graph K4, with vertices

V = {1, 2, 3, 4}

and all possible edges2 between the vertices

E =

(
V

2

)
= {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}} .

It is clear (with E =
(
V
2

)
) why this graph is called “complete”. With the vertices

V = {1, 2, 3, 4} given, the set E comprises all edges possible. Any other graph
with four vertices must have an edge-set which is a subset of E.

Usually a complete graph with n vertices is depicted as a regular n-gon. In
our case like this:

1 2

3 4

1We will omit the treatment of tree graphs, although we will heavily use them (implicitly).
The reason being that we only need the acyclic property of trees, and do not want to extend
this to search trees, CS-trees, etc. and/or develop tree algorithms.

2 As a set, E has no particular ordering. But we have enumerated the elements of E in
this example in a special order, namely lexicographically. We will later encounter this, when
formally defining it in Definition 5.3, and see where and how it can be used.
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Graphs are, according to the previous definition, are not much more than two
sets with a relationship among them. Thinking of graphs as sets and working
with them as sets are usually not the best ways to handle them. The power
of graph theory becomes apparent when we somehow represent graphs. For
example this could be done with one of the popular ways

• with an incidence matrix,

• as circles and lines.

Figure 1.1 shows a depiction of three graphs, using circles as vertices and
lines as edges. It also shows that one and the same graph can be depicted in very
different looking ways (graphs (a) and (b)), and that two very similar looking
graphs can be different graphs (graphs (a) and (c)). For further discussion about
isomorphism of graphs see [6].

(a) (c)(b)

Figure 1.1: Examples of three graphs [6]. Here the graphs are repre-
sented geometrically as circles and lines (as opposed to other representa-
tions like e.g. an incidence matrix). The circles represent the vertices and
the lines represent the edges. The graphs (a) and (b) are two different-
looking representations of the same graph, known as the Petersen graph.
The graph (c) is a different graph than (a) and (b). It is not the Petersen
graph, although the vertices are arranged identically like in the graph (a).

Definition 1.3 (Directed Graph). A directed graph, also called digraph, is a pair
(V,A) where V is a set of vertices, and A is a subset of V ×V . The elements of
A are called arcs.

An arc a = (u, v) is said to join the vertices u and v, and u is said to
dominate v. The head of a is v and the tail of a is u.

If u is a vertex, then the vertices that are dominated by u are called the out-
neighbours of u, and the vertices that dominate u are called the in-neighbours
of u.

For a vertex v, the set of all vertices which dominate v (i.e. its in-neighbours)
is called in(v). The set of vertices dominated by v (i.e. its out-neighbours) is
called out(v).

Until now we have allowed “looping arcs”, i.e. an arc like (v, v). We will
usually ignore such arcs and concentrate on loop-less digraphs.3

3and loopless undirected graphs, for that matter.

2



Example 1.4 (Directed Graph). Directed graphs are usually depicted using
circles and arrows (whereas undirected graphs are depicted using circles and
lines). Here we have different depictions, of a graph and a digraph, each with
three vertices.

v2
v3

v1

G1 = (V1, E1)

(i)

b
c

G2 = (V2, A2)

a

(ii)

b
c

G2 = (V2, A2)

(iii)

a

G1 is an undirected graph with vertices and edges

V1 = {v1, v2, v3}
E1 = {{v1, v2}, {v1, v3}, {v2, v3}}.

G2 is a directed graph with the three vertices. Its vertices and arcs are

V2 = {a, b, c}
A2 = {(a, b), (a, c), (b, c), (c, b)}

We note that G1 is the complete (undirected) graph with three vertices,
whereas G2 is not complete (since it is possible to add some arcs to G2).

When we have an arc in each direction between two vertices, like the arcs
(b, c) and (c, b), it is often depicted using one double-headed arrow, as seen in
(iii).

As can be seen well in Example 1.4, extending the definition of a graph to a
directed graph changes nothing in the set of the vertices,4 but just “attaches a
direction” to each edge. There is another important object which is defined by
“attaching” an additional property to the edges (or arcs), a weighted graph (or
weighted digraph).

Definition 1.5 (Weighted Graph). A weighted (undirected) graph is a pair
(G,w) where G = (V (G), E(G)) is a graph and w is a weight-function

w : E(G)→ R

assigning a weight to each edge.
A weighted directed graph is a pair (D,w) where D = (V (D), A(D)) is a

directed graph and w is a weight-function

w : A(D)→ R

assigning a weight to each arc.

4We have just named the vertices v1, v2, v3 and a, b, c, respectively, to avoid confusion
between the graph and the directed graph. We could have named the vertices of G1 and G2

the same and they would still be different objects; this is because the second set in the tuple
G, the set of edges (respectively arcs), is different. One is a graph and the other a digraph.

3



Example 1.6. This is a depiction of a weighted directed graph.
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The numbers on the arcs denote their respective weight. In this particular
example all “bi-directional” arcs have symmetric weights. For example we have
that w(C,L) = 4 = w(L,C), but this need not be the case in general.

To finish our preparations of the theory of graphs, we conclude with two
related definitions which will later be very useful; both definitions have to do
with distance in graphs, one in undirected and the other in directed graphs.
But first we need to define paths in graphs.

Definition 1.7 (Path). In a digraph D = (V,A), a path from the vertex u to
the vertex v is a series of arcs

a1, a2, a3, . . . , an

with

ai = (ui, vi) ∈ A

and it holds that

u1 = u

ui+1 = vi

vn = v.

Paths in undirected graphs are defined accordingly.

We are now ready to define distance in graphs.

Definition 1.8 (Distance in a Graph). Let G = (V,E) be a graph, and u, v ∈ V
two vertices. The distance d(u, v) between the vertices is defined as the length of
a minimal path from u to v. Clearly we want to have d(u, u) = 0 for all u ∈ V .
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It is a standard exercise to show that this is a metric on the vertices of a
graph, and we will not go into details about this.

All examples in this section have exclusively shown so called connected
graphs (compare Definition 1.9 on Page 9). Also we have not treated graphs
with multiple connected components with respect to the definition of the dis-
tance (what if vertex u can not reach vertex v?). This is no coincidence since
almost all interesting properties of graphs are valid “modulo a connected com-
ponent”.5 We will keep the tradition of concentrating on connected graphs and
reiterate on this decision in Section 1.2.6.

5in fact, connectedness is an equivalence relation.
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1.2 Modeling a Network

In the previous section we have seen the definition of a graph. By endowing the
edges with “directions” and “weights” we were able to define directed graphs
(Definition 1.3) and weighted graphs (Definition 1.5). We defer further develop-
ment of graph theory (the theory of networks and flows) for later. Here we will
start thinking about how we can model problems using graphs. To stay on topic
(with network coding in the back of the head) we will focus on transportation-
style problems. We will deliberately not be pushing the distinction between
undirected, directed or weighted graphs. Also we will try to work towards a
model which keeps things as simple as possible, as such a model can always
serve as a basis for further variations.

1.2.1 Considerations in a Model

The two main elements of a graph - vertices and edges (or arcs) - lend themselves
to model different things. Usually the vertices model something stationary, while
the edges model movements or connections - like transportations, propagations
or similar - between the stationary elements.

A lot of questions can be asked how we can extend and/or use graphs to
model a networked situation. Some popular themes to think about are

• Errors or interference during a
communication or transporta-
tion.

• Cycles in the graph.

• Loops at a vertex.

• Multiple edges between vertices
u and v.

• Special sending and receiving
nodes.

• The “relations” among edges, or
an edge-centric analysis. Could
we benefit from a line-graph? 6

• Capacity and throughput.

• What is a channel; is it the whole
graph, only a part of it or more
than the graph?

• How is time treated?

– Discretization.

– Delay.

• Buffering at the nodes.

• Performing operations at the
nodes.

• Connectivity and Reachability.

The rest of this subsection is dedicated to decide if and how it makes sense
to incorporate the aforementioned aspects in a model.

6A line-graph G′ is created from a graph G by defining V (G′) := E(G). The set of edges
E(G′) contains an edge e′ between the vertices e′1, e

′
2 ∈ V (G′) = E(G) if there exists v ∈ V

with either e′i ∈ in(v) or e′i ∈ out(v), for i = 1, 2. In other words, the edges of G become
the vertices of G′ and two vertices in G′ are connected if the they are incident in G to some
common vertex v. One could say that the line-graph is a tool which uses graphs to model the
edges in (other) graphs.
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1.2.2 Undirected and Directed Graphs

Undirected graphs are usually ignored in the context of networks (and -flows),
although there can be certain scenarios when undirected graphs make sense.7

However, since an undirected graph can be viewed as a special case of a directed
graph (where every arc is bidirectional), we will restrict ourselves to directed
graphs from now on. Furthermore, when speaking about graphs we will mean
directed graphs.

1.2.3 Sending and Receiving Nodes

Clearly we want to incorporate the notion of sending nodes and receiving nodes
in a model. Not much transportation style problems in networks make sense to
have no sending or receiving parts whatsoever. We have to ask what exactly it
means to be a receiver or sender (its defining properties), and how this relates to
non-receivers and non-senders. It is also important to ask whether our notions
make sense in every conceivable scenario, e.g. if senders and receivers are disjoint
and how we can achieve this.

Defining Properties So, like we mentioned before, we want to consider di-
rected graphs.

Conditions on Senders and Receivers If a node s is modeled as a
sending node, it makes sense for s to have no incoming edges (i.e. only outgoing,
“sending” edges). Vice versa a receiving node r fulfills out(r) = ∅.

Differences of Sender/Receivers to Inner Nodes The converse also
makes sense: If a node u has no incoming edges, it is not useful to consider u
in a network unless it is a source. Also if a node v has no outgoing edges it
cannot forward anything. It is a dead end. If v is thought of as an inner node,
it will be best not to send anything to it, since it can never reach a receiver.
Hopefully any strategy to “optimize flow” through the network will avoid such
inner nodes, supporting the decision to leave dead-end nodes out of the model.

Senders and Receivers should be disjoint

Reasons for disjointness In accordance with the subsection about loops
and cycles (1.2.5), and channel use and time, we want the senders and receivers
to be different. Also the defining property in the previous paragraph demands
it. If S is the set of sender nodes and R is the set of receiver nodes, it holds
that

R,S ⊂ V (G)

in the underlying graph; and additionally we impose

R ∩ S = ∅

in our model.

7In a simple network of water pipes water can flow in each direction. It is not before
gravity, siphon effects or other are introduced that it makes sense to think of water pipes as
directed edges.
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Accommodating disjointness of R and S This is not always in accor-
dance with the situation being modeled (and, most importantly, seem contra-
dictory to Subsections 1.2.5 and 1.2.8). But our model can still accommodate
to that. If one and the same entity “in the real world” has sending and re-
ceiving capabilities, we can just depict this as two virtual nodes. Then, like we
mentioned before, the sending “part” has only outgoing arcs and the receiving
“part” only outgoing arcs.

1.2.4 Capacity and Throughput

Capacity and throughput are certainly things we want to consider in our model.
We have already fixed our minds that the arcs will model things which move
from node to node. It is natural to think how to measure movement in a network.
The measure will quantify this “throughput”. An upper bound (“the capacity”)
is to be defined and analyzed, and questions of achievability of capacity are an
important question in a model.8

We will formally do this in Section 1.3. There we will also encounter limits
after pacing through some classical results, and have a glimpse how network
coding’s existence as its own discipline – opposed to graphs, networks and flows
– arose from limits in capacity and throughput. Later (in Section 3.4) we will re-
visit questions of capacity and encounter a model which seems to break classical
results by achieving a higher throughput.

1.2.5 Loops and Cycles

Cycles seem beneficial First of all, in this paragraph we will view loops
as a special form of cycles - cycles with length one. A cycle adds a lot of
capabilities to a network. It can serve as a buffer or storage of some kind. Some
consequences of cycles are

1. A loop at a vertex could model a “buffer”. The vertex could hold more
goods (by holding it in the loop) and use this to potentially perform a
more optimal operation (whatever operation that may be).

2. If one wants to increase movement through the network, it could be ben-
eficial to hold stuff in the cycle “on standby” instead of having the need
to wait until new goods arrive.

3. Similarly, if one wants to move bigger loads through the network, it could
be beneficial to hold transported goods inside the cycle to compensate for
temporary low supply. 9

We decide against Cycles Although the advantages in all the points above
seem obvious, we will decide against cycles in the underlying graph. The reason
is three-fold.

1. The complexity of the model would increase; and keeping it simple cer-
tainly also has its advantages.

8It is in fact a central part of every conceivable model arising from our discussed items.
9The Swiss postal service has introduced cheaper low priority stamps, called B-Post. Let-

ters with those stamps will only be processed after A-Post and serve to balance the load on
the facilities.
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2. If cycles add some value, then the cycle-free model gives a lower-bound
in the respective measures. Because solving a problem for the cycle-free
sub-graph gives a solution which is (hopefully) also a solution for the
super-graph containing cycles (although possibly not the optimal one).

And lastly, but most importantly

3. All supposed advantages of cycles are dependent on one thing we have not
discussed yet: the way we conceptualize time. On careful inspection one
notes that the advantages are only present if we treat each arc and node
separately at each time unit. Treating the network as a whole (which is
what we will do) asks for a “flushing” of the network in each time unit
and does not allow any buffering.

1.2.6 Connectivity and Reachability

Definition 1.9 (Reachability, Connectivity). In a graph or digraph G, one says
that vertex u can reach vertex v (or v is reachable from u) if there exists a path
from u to v. A digraph being connected means that for any arbitrarily chosen
vertices u, v, it holds that either u can reach v, or vice versa.

Clearly we only want to consider graphs having some connectedness.10 The
reason is that the receiver (or multiple receivers) should be reachable from the
source (or multiple sources). Furthermore, if there are some inner (compare with
Definition 1.10) nodes which are neither connected to the source or receiver, then
they are in a separate connected component. They can be considered as not
being part of the network without any harm done.

1.2.7 Multigraphs and Weighted Graphs

Multigraphs and weighted graphs are usually “very distant cousins”, but in the
context of networks they show an interesting connection.

Multigraphs Multigraphs are graphs where there can exist two or more edges
between two vertices.11

Thinking about modeling some scenario, different uses for multigraphs pop
into mind. For example modeling a transportation network: Between two ware-
houses there is usually more than one way to drive from A to B. Or in a public
transportation network of a city; usually one can choose between the bus and
the metro between here and there.

10By “connectedness” we mean here general properties of connectivity. This is not to be
confused with the graph theoretical notion of k-connectedness.

11The name “multigraph” and a possible definition is consistent with the situation where
the edges are multisets. A multiset is a tuple (A,m), with a set A and a multiplicity function
m : A → N≥1 indicating which element a ∈ A is contained how many times in the multiset.
To avoid problems with well-definedness and unnecessary complications, one usually does
not use multisets in multigraphs. It is rather common to define multigraphs “the other way
around”, compared to graphs and digraphs. Graphs are defined by starting with n vertices in
V , and the edges are related to these n elements in V . A multigraph is defined with m = |E|
edges, E = {e1, . . . , em}, and then define the vertices as being incident to the edges. Then
the set of edges, E, is a normal set instead of a multiset.
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Weighted Graphs The advantages of using weighted graphs are also appar-
ent. In a transportation network, getting from A to B usually has a different
cost (i.e. distance) than getting from A to C (and after that possibly to B). Also
taking the bus from here to there may take longer than taking the metro.

Why not both? First note that we did not discuss weighted multigraphs.12

Instead we will focus on the connection between multigraphs and weighted
graphs.

Weighted digraphs can have general real-valued weights. For simplicity we
assume that the weights are positive integers.13 So where is a difference between
one arc of weight 2, and two arcs each of weight 1? These are clearly different
scenarios. But having an information-network in the back of the head, we
can assume some “freedom to compartmentalize goods”. Multiplexing and de-
multiplexing are standard operations for any computer hardware nowadays. We
will also ignore the resulting overhead.

This justifies the bold statement: When modelling a network and its flow
we will think of the underlying graph as a weighted graph and multigraph
simultaneously. The chosen “side of the coin” is the one which suits our needs
(e.g. simplifying a proof or better conveying an idea).

Multigraphs and weighted graphs can in this context be used to express each
other.

Multigraphs as Weighted Graphs Starting with a multigraph (or di-
rected multigraph) we can just count the number of edges between two vertices.
Say, for example, that there are n edges between the vertices u and v. We
replace this multigraph with a weighted graph where the set of vertices is the
same, and between u and v is an edge with w(u, v) = n.

If we have a directed multigraph we perform the counts separately for each
direction, n1 edges in (u, v) and n2 edges in (v, u), and set the according weight.

Weighted Graphs as Multigraphs The reverse process is basically the
same. Starting with a weighted graph, one can generate a multigraph without
changing anything in the set of vertices. Between two vertices, say u and v, an
arc of weight n can be represented in a multigraph with n different edges. In
other words, when we have a weighted edge

e = (u, v)

w(e) = n,

in the corresponding multigraph it will hold that

e1 = (u, v), . . . , en = (u, v)

(after appropriately renaming the edges to e1, . . . , en). As we have argued be-
fore, the weights can be assumed to be positive integers.

12The definition is intuitive and will also not be discussed.
13If the modeled measures are fractional in nature, it is possible to scale all arcs by a common

denominator. For example, if the weights represent prices, 3.50 Fr. can be represented as 350
Rp.

10



1.2.8 Channel Use and Time

A channel and its modeling are of central importance.14 In our case we keep it
simple, but also try to keep it not too granular, such that it can serve as a base
for later enrichment and to present the basic results (as in “results of the basic
model”). We will also refer to a channel use as a “transmission”.

Also of central importance, as said earlier, is the conceptualization of time.
Then, at some point, we need to decide between discrete time and continuous
time. Seemingly the simpler, less complicated, alternative of the two seems
discrete time. We will decide here to focus on discrete time steps. With discrete
time steps the following questions come to mind.

• What are the time units? Does one step always take the same amount of
time or can steps have different timings?

• Do we wait for the network to synchronize or do we want to work in a
“trigger-response” fashion?

• What happens at a time step?

• Where can and does something happen at a time step?

Once again in the name of keeping it simple, we decide to use the same time
unit for all channel uses. Each channel use takes one amount of time (e.g. 1
second for simplicity’s sake).

On the decision of where (and how) something happens during a channel
use, we have to consider the following possibilities.

1. A channel use is the usage of the whole network. The receiver has (or
should have) received what has been sent by the source.

2. A channel use is the usage of only a part of the network, e.g. an edge
e = (u, v) or multiple edges, which can transport goods from u to v. The
receivers need not have received all that has been sent by the source(s),
and goods may remain inside the network after the channel use. There
are two possibilities how this can happen.

(a) Only one edge can transport during a channel use.

(b) During one channel use all edges can transport simultaneously.

Our mantra of keeping it simple dictates that we have to endorse the first
possibility: A channel use is the usage of the whole network. During the channel
use the sender sends goods, the inner nodes feed them forward and the receiver

14 The importance of properly modeling a channel is well illustrated by an anecdote, told
during a lecture by Prof. Lapidoth, ETH Zurich. In this anecdote, which involves a wise
secretary, a few researchers were sure that the best possible speed for a POTS line (“plain old
telephone service”) is 33 kilo-bits per second. After all it has been “proved” by information
theory. The secretary knew from experience that “they always say stuff like this, and then
it turns out different”. But the researchers still insisted on well-established information theo-
retical bounds. A few years later, modems with speeds of 56 kilo-bits per second were hitting
the market, and it turns out that the “known” bounds depended on modelling a channel
from your home computer to the server. Separately modeling the connection to your nearest
distribution panel enables speeds of up to whooping 56 kilo-bits per second, and gives merit
to the secretary’s experience.
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receives them. A schematic showing a channel use as the usage of the whole
network is given in Figure 3.1, p. 23. A more detailed view of a way to quantify
this is given in Definition 1.11.

There are other reasons to decide on this type of channel use as opposed to
“move one edge per time”. Having a view of the whole network gives better
possibilities to avoid unwanted buffering (compare with the conservation condi-
tion in Definition 1.11). Also if only one edge is allowed to transport during one
time unit, we still would probably want to guarantee “convergence of possible
results”.15

15For example if edges {a, b, c, d} move, permutations in time (i.e. variations on “who moves
first”) should ideally yield the same (controllable) result.
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1.3 Networks and Flows

In the last two sections we have been preparing for networks and flows. Section
1.2 has given a nice frame around our goal to analyze networks. In Section 1.1 we
have seen definitions and properties of graphs. We were able to extend graphs
to digraphs and weighted graphs. This has been done by endowing the edges
with an additional property, either a “direction” or a “weight”, respectively.
Here we will similarly extend the notion of graphs further by use of the – yet
untouched – vertex set. As in Section 1.1, we rely here heavily on the treatment
of networks and flows in [6].

Definition 1.10 (Network). A weighted digraph with two distinguished vertices
x and y is called a network, denoted by N := N(x, y). The vertices x and y are
called source and sink, respectively. All the other nodes are called inner nodes.
The weight-function on the underlying digraphs’ arc-set is usually denoted by
c, or capacity function.

This definition of a network (taken from [6]) has exactly one source and one
sink. This is also “all we need” in this section, because it culminates in the
classical Max-Flow-Min-Cut theorem (see Theorem 1.14, p. 15). This definition
is easily extended to multiple sources and/or multiple sinks. We will not do this
here because it would unnecessarily complicate the next few definitions.

Definition 1.11 (Flow). An (x, y)-flow (or simply flow) in a network N(x, y),
where the underlying weighted digraph is (V,A,w), is a function

f : A→ R

satisfying a conservation condition and a feasibility condition, explained in the
following.

Conservation condition. A flow f is conservating if for each vertex16the sum
of weights of incoming arcs in f is equal to the sum of weights of outgoing
arcs in f .

Feasibility condition. A flow f is feasible if it satisfies the capacity con-
straint17

0 ≤ f(a) ≤ c(a) for all a ∈ A.

The condition for conservation is needed to model a network which routes
(or “feeds forward”) the commodity which is being transported, whether it is a
tangible product or an abstract measure of information being transported. For
example, the vertices could model railway stations and the edges could model the
railroads. The feasibility condition then guarantees that the railroad company
actually can transport your product with their rail cars. The conservation
condition guarantees that your product gets loaded onto cars at each railway
station (instead of letting your product stand around in the sun and getting
spoiled).

16The flow in one node v does not necessarily use all its incoming/outgoing arcs. In such a
case the flow on the unused arcs can be viewed as having value 0.

17The constraint does not only set a relation between f and c via f(a) ≤ c(a), but also sets
non-negativity for f . This makes usually sense because a flow is intuitively thought of “going
forward”. If we would want to model a negative flow on the arc a1 = (u, v), it could usually
be done so with a positive flow on the arc a2 = (v, u). In this case the capacity condition
f ≤ c guarantees feasibility. Furthermore, combining positive flows on a1 and a2 (i.e. a
“backwash” from v to u) has to respect the conservation condition on the vertex v.
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Figure 1.2: A network with a feasible flow, taken from [6, p. 160].
The network has one source x and one sink y, depicted as the blue and
red vertices, respectively. The underlying digraph has only uni-directional
arcs. The weights of the arcs are written next to their corresponding arcs.
One possible valid (i.e. feasible and conservating) flow is depicted as the
bold-faced numbers next to the weight.
An (x-y-separating) cut is shown as the thicker arcs. A quick glance
reveals why the cut is separating. To check whether the cut is minimal,
however, one is inclined to grab paper and pencil and try to find another
cut with smaller weight. Theorem 1.14 will give a shortcut to see that
there must be smaller min-cuts. (The source can only input 9 + 4 = 13
into the network, which is less than the depicted x-y-separating cut).

Given that we deal here with a finite setting, i.e. finitely many vertices,
therefore finitely many edges, and only finite capacities, it is clear that there
are only a finite number of flows on a given graph G.18 As a consequence there
has to be a flow (not necessarily a unique one) which transports the maximum
amount from the source to the sink. The immediate question to ask is naturally:
given a network N , what is its maximum flow?

The answer to this question is a quite simple one and will be answered in
Theorem 1.14. To understand it fully we need paths in a graph, which we have
already defined (Definition 1.7 on Page 4) and we also need to define (separating)
cuts in a directed graph.

Definition 1.12 (Separating Cut). A separating cut is a set of arcs,

X ⊂ A

where, in the underlying (weighted) digraph, there does not exist a path from
the source x to the sink y in A \ X. The value, or capacity, of the separating
cut is the sum of the weights of arcs in X.

Definition 1.13 (Minimum Cut). A minimum cut is a (separating) cut C
where the sum of the weights of all the arcs in C is minimal.19 The capacity of

18A priori it is not clear whether flows exists at all, but the function

f : A→ R

a 7→ 0

fulfills the two conditions from Definition 1.11.
19This is well-defined because we only consider finite graphs.
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an (x, y)-separating minimum cut is denoted by

mincut(x, y).

Having defined this, we are now ready to formulate the theorem giving us a
quantification about the maximal flow. This particular wording can be found
in [6, p. 163]. A proof can also be found there. The interested reader is referred
to [9]. A synchronously, independently published proof giving an algorithmic
approach is found in [10].

Theorem 1.14 (The Max-Flow Min-Cut Theorem). In any network, the value
of a maximum flow is equal to the capacity of a minimum cut.

Note that this theorem does not quantify the value of a maximum flow.
Assigning a number to the maximum flow is done with Menger’s theorem (The-
orem 3.2, p. 26). An explanation of the quantification is given in Figure 3.2,
p. 27, and the interested reader may divert via Section 3.3 before continuing to
the next section.
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2 The Grassmannian

This section treats an important object which we will use later. We will define
the Grassmannian G(k,Fnq ) and the set of all subspaces P(Fq, n) (which is
basically a union of Grassmannians). The set of subspaces can be viewed as a
poset,20 where the partial ordering is the inclusion of spaces. It can be depicted
accordingly (which we will do in Figure 2.1), and hence can be treated as a
graph with distances between vertices (which we will do in Section 2.1). This
graph – for our intents and purposes – can be equipped with a distance function
(the minimum path distance from Section 1.1, see p. 4), which will enable us to
treat the set of subspaces as a metric space. This metric will, in a later section,
be used for a network coding solution (like in the setting of [15]).

Definition 2.1 (Grassmannian G(k,Fnq )). Consider Fq, the field with q ele-
ments, and let Fnq be the n-dimensional vector space over Fq. The Grassman-
nian for a given k is the set of all k-dimensional subspaces of Fnq and is denoted
by G(k,Fnq ).

For a particular, fixed k the Grassmannian is nothing else than all subspaces
of Fnq of dimension k. For the special cases k = 0 or k = n we already know that
we have just the trivial subspaces. Another important case is k = 1, which is the
set of all lines through the origin. (We will treat the case k = 1 extensively in
Section 4). Instead of looking at subspaces of a particular dimension, we could
also look at a subspace of some particular, but non-fixed, dimension. Such a
space resides in P(Fq, n).

Definition 2.2 (Set of subspaces P(Fq, n)). Let Fq be a finite field and Fnq
the n-dimensional vector space over Fq. The set of all subspaces is denoted by
P(Fq, n). It equals to the union of all Grassmannians,

P(Fq, n) =

n⋃
i=0

G(i,Fnq ).

One can think of P(Fq, n) as a generalization of Gq(k,Fnq ). The Grassman-
nian G(k,Fnq ) itself (of some non-trivial dimension k) is often thought of21 a
generalization of the the projective space (for now only known as G(1,Fnq )),
which we will encounter in Section 4. There we will give G(1,Fnq ) a structure,
depictions, and a form of coordinates. Here we can give P(Fq, n) a structure,
namely the structure of a partially ordered set (with inclusion of subspaces being
the partial order). A depiction as a Hasse diagram is given in Figure 2.1.

2.1 Grassmannian as Metric Space

Definition 2.3 (Partially Ordered Set, [20, Definition 2.2.5, p. 17]). A partially
ordered set P , or poset, is a set, which by abuse of notation we denote also by P ,
together with a binary relation denoted ≤, satisfying the following three axioms.

• Reflexivity : for any p ∈ P it holds p ≤ p.
20A set with a partial order on its elements, or a partially ordered set.
21and taught as
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G(i,Fnq ),
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U1 U2
... ... ... UNk−1−1 UNk−1

V1 V2
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... ... ... WNk+1−1 WNk+1

Z1 Z2
... ... ... ZN1−1 ZN1

Figure 2.1: The set of subspaces over a finite field has a partial order.
The partial order is the inclusion of subspaces into each other. Therefore
it can be depicted as a Hasse Diagram. In this case the subspaces can be
arranged in layers of increasing dimension. Each layer is a Grassman-
nian. The diagram can be viewed as a graph, where the subspaces are the
nodes. In this graph, the minimal path distance (Definition 1.8) endows
P(Fq, n) with a distance function, called the subspace distance. This
distance is the very reason that network coding (Section 3) is possible [1]
with subspace codes (Section 3.5) [15]. Another depiction (more “zoomed
in”) of this Hasse diagram can be found in [20, p. 18, Fig. 2.9]. The
isometry from Remark 2.8 can also be explained with this Hasse diagram
(and even better with the diagram in [20, p. 18, Fig. 2.9]).
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• Antisymmetry : for any p1, p2 ∈ P , if p1 ≤ p2 and p2 ≤ p1, then p1 = p2.

• Transitivity : for any p1, p2, p3 ∈ P , if p1 ≤ p2 and p2 ≤ p3, then p1 ≤ p3.

Definition 2.4 (Hasse Diagram, [20, Definition 2.2.6, p. 17]). Let P be a poset.
If p1, p2 ∈ P we say that p2 covers p1 if p1 < p2, i.e. p1 ≤ p2 and p1 6= p2, and
if no element p3 ∈ P satisfies p1 < p3 < p2. A Hasse diagram of the poset
P is a graph GP = (P,E) where the nodes are the elements of P and where
{p1, p2} ∈ E ⊂ {U ⊂ P | |U | = 2} if and only if either p1 covers p2 or p2 covers
p1.

In a graphical22 representation of the Hasse diagram, if p1, p2 ∈ P satisfy
p1 < p2, then we draw the node p1 in a lower level with respect to the level of
p2.

Remark 2.5. In a poset P , if an element p1 covers another element p2, we
draw p1 on a “higher level” than p2. The covering of elements is similar to
dominating vertices in a digraph (compare with Definition 1.3, p. 2). In fact
these two notions could be expressed with each other, but it would be necessary
to define the Hasse diagram as digraph. We will not do this (although it would
be easy), since we are only interested in the distances arising from the Hasse
diagram, as will become clear shortly.

Definition 2.6 (Subspace Metric on P(Fq, n)). In the undirected graph ob-
tained by the partial order “inclusion of spaces” in the set of subspaces P(Fq, n),
the metric induced by the graph is called subspace distance.

Definition 2.7 (Induced Metric on G(k,Fnq )). Instead of looking at the whole
P(Fq, n), we will concentrate here on a Grassmannian of fixed dimension k.
The subspace distance induces a metric on G(k,Fnq ). Since no two elements
U ,V ∈ G(k,Fnq ) can have a distance of 1 (and furthermore can only have even
distances, as can be seen in Figure 2.1), we can define the distance on the
Grassmannian to be half of the distance on P(Fq, n). We call this new distance
(for a particular dimension k) a fixed-dimension subspace distance.

Remark 2.8. The canonical embedding of the Grassmannian G(k,Fnq ) into the
set of all subspaces P(Fq, n) is an isometry when the distance function is dou-
bled.

Figure 2.1 gives a “bird’s eye” view of the Hasse diagram resulting from the
poset P(Fq, n). The induced subspace distance can be depicted when “zooming
in” on a few layers, as shown nicely in [20, Figure 2.9, p. 18].

22as in “pictorial”
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3 Network Coding

This section finally introduces the concept of network coding which is a special-
ized extension of problems of classical coding theory. Building upon the base
which has been laid out in Section 1.2 (“Modeling a Network”) we will treat
in Section 3.1 the differences between a classical setting (dubbed here as “com-
modity network”) and an information transportation network. The two sections
after that deal with the different configurations of cardinalities of senders and
receivers. The capabilities and limits of the Max-Flow Min-Cut theorem [9, 10]
(seen in Section 1.3, p. 15) will be explored; and after that its “limits” will be
broken in information transportation networks with the results of Ahlswede et
al. [1]. There we will encounter the infamous Butterfly Network. Lastly the
setting of Kötter and Kschischang [15] will be introduced in Section 3.5, which
gives a way to do network coding on time-varying network topologies using lin-
ear subspaces of vector spaces over finite fields (so called “random networks”).

3.1 Commodity and Packet Networks

Until now we have treated all possible kinds of networks similarly. A differ-
entiation we will now make is the treatment of commodity networks versus
information networks, whereby with “commodity” we mean tangible goods.23

Indeed, the problem types discussed in the following section have valid pendants
in commodity networks. The reason for the similar treatment is two-fold. First,
we have had set a good base before we think about too many things and lose
ourselves in unnecessary complications. Secondly, there is a distinction into dif-
ferent kinds of nodes which both transportation style networks have in common
(senders, inner nodes and receivers). The different treatment of commodity vs.
packet networks happens in the frame of reference set by this distinction.

We will first explore the similarities, namely the questions at the sender’s,
the inner nodes, and the receiver’s side. Then we will contemplate on the
differences, the central point being the inner nodes and its possibilities of local
operations. Later we will work towards packet networks and leave the tangible
goods be.

3.1.1 Common Considerations

Considerations on the Sender’s Side The considerations on the sender’s
side deal mainly with pre-processing.

• The modalities of how the goods are presented to the senders.

• Clear description of the operations the senders perform.

• What the senders need to take into consideration with respect to the kind
of attachment they have to the network (e.g. number and size of outgoing
arcs).

23 We make these differentiations in the knowledge that we are focusing on transportation-
style networks. There are other types of networked situations which call for different models.
Popular examples are e.g. Petri nets [22], state-transition networks [3], or kinds of distributed
(computer-)networks[12].
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All these issues can be attacked by once again using the approach of keeping
it simple. In accordance with the concept of channel use - one complete “pass
through” per time unit - we will assume that the packets arrive at the senders
in a nice, linear, global queue (as seen in Figure 3.1 on Page 23). The sorting
is being outsourced, so to speak.24

The next question is what operations the senders themselves do with the
packets. We will leave this out and just treat this as another part of pre-
processing. We assume that the packets the senders receive are “ready to go”.
The senders just inject the packages into the inner network on all available
connections. This brings us to the question of how the senders are “attached”
to the inner network (in Figure 3.1, on the left-hand side seen as part X, on the
right-hand side as single arcs for each source node).

As a simple case first consider only one sender, call it s, which has access
to the queue (i.e. a ready-to-go packet to send inside the network). It does not
really matter if s is attached via one link to the inner network, or via multiple
arcs. Since s has (during one channel use) only the capability of sending the
designated packet, it just sends it on all available links. This is the optimal
strategy.25

If we have multiple senders, s1, . . . , sn, there are additional questions to take
into account, shortly formulated as “who sends what”. For simplicity, assume
that we have two senders, s1 and s2. Suddenly the global queue from Figure 3.1
does not necessarily make sense. Multiple ideas26 come to mind to accommodate
the seeming shortcoming.

1. Change the size of the packages, or prepare the packages in some way (e.g.
de-multiplex or “trunk” them) to accommodate the situation of multiple
sources.

2. Change the queue to local queues, one for each si.

3. Reduce the multi-source case to the single-source case. (E.g. with a “super-
source”.)

These items need not be exclusive at all: The local queues from 2 certainly
seem nice. But how to generate the queues? Why not just take the trunked
packages from 1 and mark which sub-package goes into which queue? Certainly
we can do that. In addition we can weave these points into the “super-source”
case in 3. By introducing a virtual super-source ssuper we can have one single
global queue of packages. Each si has its own local queue, and treats it the
same as a global queue in the single-source case (ssuper distributes the packages
to each si).

As for the details of the sizes of packages (in a global queue like in Figure
3.1), it is an optimal preparation (in the pre-processing, e.g. building the queue)
to have one package be the size of the maximal cumulative attachment of all
senders.

24Questions like these are a topic of its own. The problem type is called “topological sort”.
It has its own interesting history and modeling which also makes heavy use of graph theory
[13, Section 2.2.3].

25Note that this strategy is optimal because we want the packet to be “flushed out” of the
network by the end of the channel use. We have omitted all forms of buffering.

26 We will deliberately not think about changing our treatment of time; this seems heuris-
tically the least-promising option.
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Considerations of Inner Nodes The inner nodes are the heart of each
network. The performance of the whole network depends on the inner nodes.
This is almost clear by the fact that typically the number of inner nodes is much
higher than the number of senders and receivers. Since we want to restrict
ourselves to the considerations common to commodity- and packet networks,
we cannot say anything significant at this point. The inter-connections at the
inner nodes are something specific to each network which we cannot change.
Other kinds of connections (like loops, cycles and multi-edges) have already
been covered in Section 1.2.

Considerations at the Receiver’s Side Similar to the sender’s side, we
mainly deal here with post-processing. In the case where we have only one
receiver, this post-processing is a non-problem. The receiver just builds its
queue at each channel use, similar to the queue of the senders.

In the case of multiple receivers it is more difficult. A topological sort27 is
an independent problem which we can leave outsourced. To be open about all
other types of post-processing we just think of each receiver building its own
queue.

A nice overview of the explications and their results are depicted in Figure
3.1.
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Figure 3.1: Networks with their five important sub-parts. On the left-
hand side we see the general layout of any network. The network can
be divided into three parts, (A) the sending facility (including prepara-
tion and such), (B) the inner network, and (C) the receiving and post-
processing side. This is accompanied by the connecting facilities (X) and
(Y). The general direction of movement through the network is shown by
the gray arrow.
The right-hand side depicts our preferred setting. The sender-nodes re-
ceive packets readily prepared, one at a time. The sender’s outgoing arcs
send the packets into the inner network, and the receivers receive them
via their incoming arcs. One movement through the network (from the
senders to the receivers) is one channel use, also called transmission.

3.1.2 The Differences

As we have seen in the previous subsection, we will concentrate on the inner
nodes, as they comprise the bulk of the network. The key difference when

27Compare with Footnote 24
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transporting tangible goods vs. information packets is the following.

• For tangible goods only routing (i.e. “forwarding as is”) is possible as
node-operation. That does not necessarily mean that the node has a
non-intelligent behaviour. It can take its time (remember our concept of
channel use), it can inspect the packages (within certain bounds) and then
decide how or where to forward them. But it can only combine packages
by putting them together in (some form of) a container (untouched), and
forward the container. Combining two packages to create a new one of
the same size is not possible.28

• With information packets a lot more is possible. A node can perform any
conceivable function on the packets and forward the output (or outputs)
of the function (or functions). The functions can have any property at
all. They can depend, for example, on the information packet itself, on
other received information packets, or a heuristic can be applied to decide
which function to use on what packets.

We have now two kinds of transportations-style networks. The relation
among them, with respect to problem statements and analyses, is that com-
modity networks are a special case of information networks. Consequently any
commodity problem and its strategy for solutions can be applied to information
networks. This is what has been done for a long time in information networks
(e.g. in the TCP/IP protocol and routing hardware). But treatment of infor-
mation networks as commodity networks (and the appropriate strategies) gives
us only a lower bound on the quantified transportation.

We will now turn our attention to the types of problems which can arise in
a network. We will classify them according to size of sender- and receiver-sets
which will give us problems to develop strategies for. Later we will see to which
problem type the treatment of information networks as commodity networks is
justified and where it is not.

28When transporting colored pencils to a destination, you want to have a pencil of each
original color sent. For example: a receiver may want to have two pencils of colors yellow and
blue, respectively. The receiver may not want two pencils of the color green.
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3.2 Flow Network Problem Types

The problem types of transportation-style networks can be differentiated by the
senders and receivers. More specifically the classification is based on the set of
senders, say S, and the set of receivers, say R, and their respective cardinalities.
It is not really important what exactly the cardinalities are, but rather if S and R
are singletons or not. That is where the biggest difference in “complicatedness”
is. This gives the following four problem types.

1 : 1 A single source and a single receiver.

1 : m A single source with multiple receivers.

n : 1 Multiple sources sending to a single receiver.

n : m Multiple sources and receivers, respectively.

These different problem types go by different names, but always in a self-
explaining manner. For example one can look at “single-source problems”, and
problems with multiple receivers are usually called “multi-cast problems”. With
all these types (with the exception of “1 : 1”) there is also the question of “who
sends what”, respectively “who is interested in receiving what”.

These problem types are not completely independent of each other. Some
problem types can be reduced to another one. The implications of the reduction
have to be discussed separately. Suffice it to say that the reductions work with
“super-sources” and an additional layer of attachment to the inner nodes.
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3.3 Uni-cast and Routing

In the previous subsection we have seen different settings, divided according to
the cardinality of S and R, the set of senders and receivers. The setting referred
as “1:1” in Section 3.2, also known as the uni-cast problem, is the simplest one.
It is not surprising that this type has been studied intensively, and is considered
mostly solved [4, 8, 9, 10]29 . Here we will see how this is done “without”
network coding (i.e. with routing, the simple,trivial border case of coding). For
this we will need to define the rate of communication.

Definition 3.1 (Rate of Communication). The rate of communication r is the
maximal number of distinct messages which can be sent by s, such that r can
reconstruct all messages in one transmission.

If C ⊆ E is an (s, r)-separating cut, every possible path from s to r intersects
C. For the messages and the rate of transmission this means that

r(s, r) ≤ mincut(s, r). (1)

Simply by sending each message along a different path, equality is achievable
in (1) by Menger’s theorem [5].

Theorem 3.2 (Menger’s Theorem). The size of a minimum x-y-separating cut
is equal to the maximum number of pairwise edge-independent paths from x to
y.

We will not go deeper into this but refer to the explanation which can be
seen in Figure 3.2.

By this reasoning it also becomes clear why a network coding solution (i.e.
a more sophisticated one, like what will be introduced in Section 3.4) cannot
give any gain to the achievable rates in the uni-cast problem.

29The citations are more commonly known as “Bellman-Ford algorithm”, “Dijkstra’s algo-
rithm”, “Ford-Fulkerson algorithm”.
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Figure 3.2: A schematic of Menger’s Theorem [5] in the edge-
connectivity version. As we have seen (e.g. in Figure 1.1), graphs can
have different arrangements of their nodes in a depiction. This means
that we can (re-)arrange the nodes to show the paths the messages take in
the theorem. The subnetwork “non-essential to a min-cut” is not drawn
(and only hinted as dotted lines). Also we depicted the relevant edge-
disjoint paths as also being vertex-disjoint, which can be justified with
“virtual vertices”. Messages can be transported from s to r, each on its
own path. An s-r-separating cut is any cut taking exactly one edge from
each path.

27



3.4 Multi-cast and Network Codes

We will concentrate in this section on the single-source multi-cast problem (Item
“1 : n” on the list from Subsection 3.2). Denote by s the (unique) sender and
by R the set of receivers. Let the receivers be labeled r1, r2, r3, . . . , rn.

We will look at the multi-cast problem in the simplest form without any
complications. That means that every ri wants to reconstruct every message
which was sent by s in the transmission.30

3.4.1 The Multi-cast Problem

As in the previous subsection we are interested in the rate of the transmission.
First we can look at possible transmission rates for each receiver separately.
Focusing on receiver ri and ignoring all other receivers, gives the transmission
rate r(s, ri). Since i was a general index, it holds that

r(s, ri) ≤ mincut(s, ri) ∀i. (2)

We can define the multi-cast rate r(s,R) as a canonical extension of the rate
defined previously. This is done by minimizing (2) over all i.

Definition 3.3 (Multicast Rate). Consider the single-source multi-cast problem
where s is the unique sender and R = {r1, r2, . . . , rn} the set of receivers. The
multi-cast rate r(s,R) is defined as

r(s,R) = min
ri

r(s, ri).

With Menger’s theorem [5] it follows immediately that the multi-cast rate
can equivalently be defined via a min-cut:31

r(s,R) = min
r∈R

mincut(s, ri).

3.4.2 The Butterfly Network

The most famous, and at the same time simplest example of a network where the
multi-cast rate is different from the possible uni-cast rates is called the Butterfly
Network, as introduced by Ahlswede et al [1].

The butterfly network usually consists of one source, s, and two receivers,
r1, r2. All edges have unit capacity, i.e. one edge can transport one message

30 A variant of this would be to define which receiver is interested in which message. This
variant itself could have different forms. In its “simplest” form the set R would be partitioned
into R = R1 t · · · t Rk, and each ri,j ∈ Ri is interested in reconstructing message mi. More
sophisticated forms would divide the receivers into non-disjoint sets, R = R1 ∪ · · · ∪Rl where
receivers in Rh want to reconstruct message mh.

31Note that the quantity
min
ri

mincut(s, ri)

is a priori not necessarily the same as

mincut(s,R),

and we will not investigate the relationship between the quantities any further at the moment.
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...

Figure 3.3: The multi-
cast problem. One single
source sends packets into
the inner network. Multi-
ple receivers are attached to
the “outgoing end” of the
inner network. Each re-
ceiver is interested in recov-
ering all the packets sent by
the source.

during one channel use. The multi-cast problem is the question whether the
multi-cast rate r(s,R) is achievable. The induced uni-cast problem is to achieve
the rate r(s, r1). The butterfly network, and variants thereof, are depicted in
Figure 3.4.

(A)
(B)

(C)

Figure 3.4: Butterfly networks received their names because of the rough
similarities to the spanned wings of a butterfly. Our main interest is
the network (B) in the middle. It is also the network made famous by
Ahlswede et al [1]. It is the simplest example of the setting from Figure
3.3 with a non-trivial solution. Network (A) shows the butterfly network
in a multi-sender multi-receiver setting. It is related to Network (B) via
the “super-source” mentioned in Section 3.1.1. Network (C) would be
the multi-source single-receiver setting, which will not be discussed any
further.

Uni-cast Capacity is achieved Because of the symmetry of the network,
achieving the uni-cast rate r(s, r1) is the same problem as achieving r(s, r2). We
will hence only look, without loss of generality, at r(s, r1).32

Suppose that the source accesses the next package in line. Since the source
s is connected via two arcs of unit capacity, the packages consist (optimally) of
two messages, say {x, y}. The strategy of s is to send each message along each
of its connecting arcs. Like we have seen in the previous subsection, the rate
r(s, r1) can be achieved with routing. In this particular network this is done
at the “bottleneck node”; it just has to make the right (i.e. pre-programmed)

32These are the only two possibilities of an induced uni-cast rate without changing the
underlying graph. Another way to change the butterfly network to a uni-cast problem is
to attach a “super-receiver” r∞. The nodes r1, r2 would only be “intermediate receivers”.
In this setting it would suffice for r1 and r2 to receive one packet each in order for r∞ to
reconstruct both packets. This setting would be similar to the model where every receiver ri
is only interested in a subset of packages (compare Footnote 30).
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decision which packet to forward and which package to drop.33 We can therefore
quantify the induced uni-cast capacity as

r(s, r1) = 2.

Multi-cast Capacity with routing is lower We will see (by inspection)
that the bound from Equation (1) (p. 26) for the multi-cast capacity is not
necessarily sharp. Following the same setting as before, the sender s sends each
packet along a different arc into the network. The immediately attached inner
nodes can only forward the packets without altering. The only difference can
occur at the bottleneck node. But because of the symmetry of the network this
“difference” is only a formality which is not relevant for us.

Without loss of generality, suppose that y is forwarded at the bottleneck,
and x is dropped. Only one of the receivers, r1, receives {x, y}. The other
receiver r2, on the other hand, receives {y}. A second channel use is needed for
both receivers, r1, r2, to be in possession of {x, y}. With a routing strategy (a
quite simple one for this particular network), it is possible for both receivers to
get 3 packets in 2 channel uses.34 This is a rate of

r(s,R) =
3

2
.

By careful inspection one finds that this is the maximum achievable multi-
cast rate for this network with routing.

s
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{x, y}

{x, y}

{y}

x
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Figure 3.5: The induced uni-cast capacity is achieved in the butterfly
network (from [1]). Because of the symmetry of the network, it suffices
to look at only one possible induced uni-cast rate. Let us fix our attention
to r(s, r1) and hence ignore r(s, r2). Every arc having unit capacity, it is
possible for the source s to infuse the network with two messages, visible
as the package {x, y} waiting in queue. The only place where a routing
decision has to be made is the “bottleneck node”, denoted v. Having the
rate r(s, r1) in mind, the best decision for v is to drop the message x, and
to forward the message y. The set of received messages at r1 is {x, y},
and at r2 only {y}. This gives a rate of r(s,R) = 3

2 .

33Keep in mind that our model of a network works without a buffer, hence “dropping a
package” means loosing it completely in this transmission.

34 Other, more complex networks, could require more complicated routing strategies.
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Coding on inner Nodes increases Multi-cast Capacity If there is any
chance to increase this rate of r(s,R) = 3

2 , it has to be done at the bottleneck
node. The very reason for the limitedness of the bottleneck is the fact that the
node is only allowed to route. Hence we need to change this to allow arbitrary
operations to be performed by the inner nodes (and especially at the bottleneck
v).

Instead of deciding which packet to forward, computing the sum x+ y and
sending this forward gives each receiver two different packets (instead of r1

receiving two and r2 receiving only one like in the routing solution). But neither
r1 nor r2 receives the full (original) set {x, y}.

r1: {x, x+ y}
r2: {y, x+ y}

However both receivers could reconstruct the original messages. We have
allowed the inner nodes to perform computations, we just need to give the
receiver nodes this capability as well.

r1: {x, (x+ y)− x} = {x, y}
r2: {y, (x+ y)− y} = {x, y}

s

v

r1

r2

{x, y}

{x, x+ y}

{y, x+ y}

x

y

x

y

x+ y

x

y

x+ y

x+ y

Figure 3.6: Butterfly network with coding allowed at the inner nodes
(from [1]). The source injects the package {x, y} with two message words
into the network. The bottleneck node v has two incoming arcs delivering
both x and y, one on each arc. But v can only send one message. Instead
of routing one message (and dropping the other), v calculates x + y and
sends this forward. The receivers r1, r2 have sets of incoming messages
{x, x+ y} and {y, x+ y}, respectively. Each receiver is capable of recov-
ering the originally sent messages {x, y}. This gives a multi-cast rate of
r(s,R) = 2.

This additional, last change (to allow the receivers to perform calculations)
is not only necessary, but also not problematic at all. The calculations introduce
two additional speed penalties: the coding of messages at the inner nodes, and
the de-coding of messages at receivers. But typically for any transportation
style network the rate of transport (speed, quantity, etc.) over a network is the
bottleneck of the overall performance, and the coding and post-processing (i.e.
reconstructing of messages) is waiting on the network.

Ahlswede et al. formalize this in [1]. Also given is a coding scheme (α-
codes) on more general types of networks than the butterfly network (including
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networks with directed cycles in the inner nodes). Furthermore [1] introduces
bounds on the information flow through such a network and delivers an analysis.

So from now on we will consider this case where the inner nodes are allowed
to perform calculations on the messages.
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3.5 Network Coding with Subspace Codes

The considerations in previous sections (3.4.1 and 3.4.2) have given not only the
breakthrough of network coding ([1]), but also a recipe to specify requirements
for a network coding strategy. We will try to capture the requirements in Sub-
section 3.5.1. In Subsection 3.5.2 the setting of Kötter and Kschischang [15] is
presented, which implements the requirements by using subspaces (and metrics
on P(Fq, n)) and works even on non-coherent networks.35

3.5.1 Requirements for a Coding Scheme

The requirements might look something like in the following.

• We need a space X . Codewords are elements of X , i.e. a code C fulfills
C ⊂ X .

• X should ideally be extensible to a X ′ to suit the needs (typically size) of
a code.

• Some operation, call it + for now, should be available on the codewords.

1. The operation should have some invertibility property.

2. The operation could have a requirement that it should, in some sense,
not change the codeword.

The requirements are a necessity stemming directly from Subsection 3.4.2,
and in particular the paragraph of network coding and its butterfly network in
Figure 3.6. The obstacle of finding something which fulfills the requirements
satisfactorily can effectively be overcome by the setting in [15], which we will
introduce now.

3.5.2 The Kötter-Kschischang Setting

1. The codewords are residing in an (ambient) vector space X .

2. A code C is a collection of subspaces (i.e. C ⊂ P(X )36 ).

3. A subspace U ⊂ X is represented with a basis. The elements of the basis
are sent into the network.

4. The basis-elements are vectors which can be added together. This addition
is idempotent with respect to membership of the subspace.

The poset P(Fq, n) from Section 2 lends itself to fulfill this (i.e. to fulfill the
role of X ). We will present the definition of a network code from the Kötter-
Kschischang setting [15] and give the result of the main theorem.

Definition 3.4 (Network Code C, [20, Definition 2.2.10][15]). A code, or net-
work code, C is a nonempty subset of P(Fq, n). We speak about constant dimen-
sion codes when C ⊂ G(k,Fnq ), i.e. when all codewords have the same dimension
k.

35That is, the Kötter-Kschischang setting does not assume knowledge of the topology of
the inner network.

36We use here an abuse of notation: with P(X ) we mean P(Fq , n), for appropriate q, n.
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The proof of concept of this type of code is given by the following theorem.

Theorem 3.5 ([16, Theorem 2][15]). Consider a network represented by a di-
rected acyclic multigraph G = (V,E), s ∈ V and R ⊂ V a nonempty subset such
that s 6∈ R, in(s) = ∅ and out(r) = ∅ for any r ∈ R. Let M = Fnq . If q > |R|,
then, for any v ∈ V \ (s ∪ R) and any e ∈ out(v), there exists a choice of the
linear local encoding functions ϕv,e for which

r(s,R) = min
r∈R

mincut(s, r).

Remarkable in this setting is that it works in networks of a “non-coherent” or
“channel oblivious” nature; this means that we have a random network, where
the inner nodes and their connections are not fixed for every channel use but
may vary over time. The vector space preserving property property of addition
of vectors is crucial in that matter. Also notable are other results as, but not
limited to, a sphere packing and a sphere covering bound. The interested reader
is referred to [15].
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4 The Projective Space

Let F be a field and consider the finite-dimensional (F-)vector space, denoted by
Fn. We want to define the projective space, i.e. the set of all lines in Fn which
go through the origin. Since a line needs at least two different points, it has to
contain at least one non-zero point. Each non-zero point, say p, generates a line
through the origin,37 span(p). This already enables us to define the projective
space.

Definition 4.1 (Projective Space). The projective space Pn−1 is defined as

P
n−1 = {span(p) | p ∈ Fn, p 6= 0} .

This is the same as

P
n−1 = {{λp} | p ∈ Fn, p 6= 0, λ ∈ F} .

We can already infer an important property, namely that for two non-zero
points it is an equivalence relation to lie on the same line through the origin.
This gives us the following lemma.

Lemma 4.2. The set {{λp} | p ∈ Fn, p 6= 0, λ ∈ F} imposes a partitioning on
Fn \ {0}. Or, in other words, for two non-zero points p1, p2 ∈ Fn, it holds
either that {λp1} = {λp2} or {λp1} ∩ {λp2} = {0}.

Proof. Let us consider the set A = Fn \ {0} and two distinct points in A. If

{λp1} ∩ {λp2} = {0}

then there is nothing to prove. In the case where equality in the equation does
not hold, then there must exist some

z ∈ {λp1} ∩ {λp2}

such that z 6= 0. From this it follows that there exist λ1, λ2 ∈ F \ {0} with

λ1p1 = z = λ2p2.

But then, since λ1, λ2 6= 0, it also holds that

p1 = λ−1
1 λ2p2

and finally by a renaming argument that

{λp1} = {λp2}.

Another way to proof the lemma would be to make use of group actions.
One can construct a map

G×X → X

37the “second point on the line” being the origin itself.
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with the λp as the definition. In this case we would need to take X = Fn and
G = F \ {0}, giving us

(F \ {0})×Fn → F
n

(λ, p) 7→ λp

The (non-zero) points of Fn then span the lines through the origin. These
lines are the orbits of F \ {0} acting on Fn. The orbits give a partitioning of
Fn, with an equivalence relation of “being in the same orbit”. The origin would
be an orbit of its own. Removing this special case of the “null-orbit”, we have a
partitioning of Fn \ {0}, which is exactly the partitioning into sets of the form
{λp} from the previous definition and lemma.

Having seen the equivalence property, we could also use this as a basis for
an alternative definition of the projective space. Such a definition would be
equivalent to Definition 4.1 which is covered in the following lemma.

Lemma 4.3. We define

P
n−1 = (Fn \ {0}) / ∼

where x ∼ y :⇔ ∃λ ∈ F∗ s.t. x = λy. This definition is equivalent to Pn−1 from
Definition 4.1.

In the case where Fn is a normed vector space, (Fn, ‖·‖), we have the ability
to define a unit sphere. This can in some sense simplify the equivalence relation
from Lemma 4.3.

Lemma 4.4. Let Fn be a normed vector space. Consider the unit sphere Sn−1

in Fn. Let the projective space be defined as

P
n−1 = Sn−1/ ∼

where two antipodal points are identified (i.e. x ∼ y :⇔ x = −y). Then this
definition is equivalent to Definition 4.1, and therefore to the one in Lemma
4.3.

Let us have a look at some examples.

Example 4.5. The simplest vector space is the one-dimensional space F1.

F1

P0

In this space there is only one line, namely the space itself (thought of as gen-
erated by 1 ∈ F). Therefore the induced projective space is only one element,
depicted as one point.

The original definition on Page 35 (Definition 4.1) is only really suited for
this simple example. Depicting higher dimensional spaces seems too troublesome
without the last two lemmas. By using the lemmas we can give further examples.
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R2

x

y

P1

Figure 4.1: Schematic of P1 as a result of identification of antipodal
points on S1. On the left-hand side is R2 with a circle S1 centered at
the origin. All lines through the origin (the red lines) intersect the circle
exactly two times. That is, each line gives us two representatives of one
element of P1. We choose the representatives on the upper half-circle
(in positive y direction). On the x-axis we choose the representative on
the right-hand side. It is noteworthy that, for this schematic depiction,
it does not matter which representative half-circle we choose. If we had
chosen some other half-circle (e.g. the left-hand half-circle), and chosen
an according “end-point”, the schematic would just be rotated but still
look the same. The “end-point” is depicted as closed on one end and
open at the other end. This is because it is one and the same point (see
also Figure 4.3 on p. 39).

Example 4.6. Figure 4.1 shows how, in R2, all lines through the origin go
through the unit circle S1. This aligns nicely with the definition from Lemma
4.4.

We see that P1 is “smaller” than F2. But it is also bigger than F1. We will
later clarify in what sense Pn is bigger than Fn.

We can also go one dimension higher and use S2 (embedded into F3) to
depict P2.

Example 4.7. Similar to Example 4.6, we can go one dimension up and build
P2 by identifying antipodal points of S2. Figure 4.2 shows the same setting as
in Figure 4.1, but with S2 generating P2.

The “representing half-sphere” has been chosen to be the upper half-sphere
(in positive z-direction). The border of the upper half-sphere consists of a circle
in the x-y-plane. From this circle we also need to choose representatives, and
we choose to depict the right-hand side of the circles as representatives.

The previous examples brings a peculiarity of projective spaces to light. On
the right hand side in Figure 4.1 we see that P1 has one closed “end” and
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R3 and S2 P2

Figure 4.2: Schematic of P2 obtained by identifying antipodal points of
S2. Every line through the origin (the red lines) intersect S2 exactly two
times (seen in the schematic on the left-hand side). The points chosen to
represent the equivalence class are the ones from the “upper” half-sphere,
“right-hand” half-circle, and “front” point, as seen in the depiction of P2

on the right-hand side.

the other “end” is open (or missing). The missing end is more than just “not
there”, it is actually redundant because it is the same point as the closed end
(just like the missing half-circle is the redundant version of the depicted half-
circle). Having said this, we could also depict P1 from Example 4.6 as a full
circle, which we will now see how exactly.

Example 4.8. Until now, every line through the origin has in some sense been
redundantly represented by two “directions”. In the previous examples (seen in
Figures 4.1 and 4.2) we had to choose a representing half-line (or half-sphere,
respectively). These half-lines (or “rays from 0”)38 are enough to represent
the projective space, i.e. we only need to choose a direction. In Figure 4.3 we
construct P1 in a similar manner, using half-lines and a differently positioned
circle S1. Every ray from 0 goes through exactly one point in the depicted circle.

The origin itself can be reached by a special ray, namely the tangent (or
half-tangent since we ignore the redundant half-line).

The circles in Figures 4.1 and 4.3 have been chosen (as a shape-giving form)39

partly because of the description of the projective space from Lemma 4.4. But
it is not necessary to use circles as a helping tool. Looking closer at the figures it
becomes clear that every object can be used, if it fulfills the following condition:
every line through the origin (or ray from 0, respectively) intersects the object
exactly once. The following example illustrates this idea in R2 and R3.

38Be aware that some (older) books denote as “ray” what we call here a “line through the
origin”, fully aware that a ray can be understood to only extend in one direction.

39 Note that the depiction of P1 in Figure 4.3 looks exactly like S1 itself. Moreover, one
can look at P1 in Figure 4.1 and think of “contracting together” the open and closed end
until the form of Figure 4.3 is reached.
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R2 P1

Figure 4.3: Schematic of P1 depicted as S1 after considering half-lines
starting from the origin. Unlike in some other depictions (e.g. in Figures
4.1 and 4.2), here every ray from 0 intersects S1 in exactly one other
(non-origin) point, giving P1 on the right-hand side (without having to
choose a representative). Comparing with Figure 4.1 indicates that P1

can be “shaped” as a half-circle and simultaneously as a full-circle. This
is not contradictory, because the “two end-points” in P1 from Figure 4.1
are really one and the same point, depicted here as the “south pole”.

Example 4.9. A simple object which has the desired property, e.g. in R2, is
the line given by y = 1, as seen in Figure 4.4. The projective space P1 is here
depicted as a straight line. Topologically it is the same as the depiction of P1

in Figure 4.1.
Figure 4.5 depicts the same situation in R3. The plane z = 1 intersects the

lines outside the x-y-plane, and the circle lying in the x-y-plane intersects all
the other lines. The circle results in the border of P2, where (as seen before)
antipodal points are identified.

Until now we were more or less only thinking of lines through the origin
as sets of points. When Fn is a vector space (a set endowed with vector-
addition and scalar multiplication) we know that lines through the origin are
linear subspaces.40 For this reason we can describe the projective space using the
tools known from linear algebra. This enables yet another equivalent definition
of the projective space in the following lemma.

Lemma 4.10. Consider the space M of full-rank (n− 1)× n matrices

M =
{
A ∈ Mat(n−1)×n(F) | rankA = n− 1

}
and denote the orthogonal complement of a subspace of Fn by the symbol “⊥”.
Define the projective space Pn−1 as

P
n−1 = {rowsp(A)⊥ |A ∈M}.

Then this definition is equivalent to Definition 4.1.

40For clarity’s sake we omit the notation (Fn,+, ·), or even (Fn,+, ·, ‖·‖), and use the more
flexible Fn.
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R2 with lines through 0 Intersecting {y = 1}

P1

y = 1

Figure 4.4: Schematic of P1 by intersecting y = 1. Here P1 can be
obtained by considering all lines through the origin (red) and intersecting
them with a line (here y = 1). The line {y = 0} also goes through the
origin but does not intersect the affine line {y = 1}. For this “special”
line we choose a separate representative point. On the right-hand side
P1 is depicted as a composition of the line {y = 1} and the single point
which represents the x-axis (the case y = 0).

We will postpone the proof of this lemma until later and prove it as part of
Lemma 4.11.

Reflections on previous Approaches to the Projective Space Before
we give a proof of the lemma we will first explore the different possible definitions
of the projective space we have encountered until now. Lemma 4.10 will then be
rephrased and clarified to Lemma 4.11, which will be proved. We will analyze
the projective spaces given by Definition 4.1 and Lemmas 4.3, 4.4 and 4.10,
relations among them, and the definition from Lemma 4.10 in particular.

Definitions of Projective Space with apparent Equivalences Lem-
mas 4.3 and 4.4 mention explicitly an equivalence relation, whereas in the “orig-
inal” Definition 4.1 the equivalence relation becomes apparent when we observe
that the “bottom up”-approach uses a representative and “extends” it to an
equivalence class (a point p representing its line).

The definition using kernels of matrices (from Lemma 4.10) is yet a little
different regarding equivalences. After defining the set M , a particular line
through the origin is the set of points p ∈ Fn for which Ap = 0 holds for a
some (in general non-unique) matrix A. Describing a line from scratch, i.e.
from points p for which Ap = 0 holds, needs more trickery. Either in form of
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Figure 4.5: Schematic Comparison of R3 and P2. The lines through
the origin in R3 can be distinguished by one feature, whether a partic-
ular (fixed, agreed upon) coordinate is zero or not (here depicted as the
z-coordinate). One set of lines lie in the x-y-plane (the plane {z = 0}).
The other lines all cross a plane parallel to the x-y-plane (e.g. the plane
{z = 1}). The lines in the plane {z = 0} intersect a circle at two an-
tipodal points, respectively (similarly as in Figure 4.1), giving the points
at infinity in P2. The lines outside the plane {z = 0} intersect the plane
{z = 1} at one well-defined point, giving the affine points in P2.

an equivalence relation,41 or in form of a union of singletons of points.42 But
since a line is also a linear subspace we can take the “high road” to describe it
as the orthogonal complement of rowsp(A). With a dimension argument, and
because the rank of A is n− 1, the orthogonal complement of the rowsp(A) are
the lines we want to have.

Also notable in the definition of Lemma 4.10 is that it would be perfectly fine
to take square n× n matrices which have row-rank n− 1. The only important
thing is that the row-rank of the matrices fits.

Definitions using no apparent Equivalences At this point we can ask
ourselves if the need for an equivalence was magically removed with Lemma
4.10. The answer is Yes and No.

For one, we do not need to mention any equivalence in the descriptive defini-
tion of Pn−1. On the other hand it is not immediately clear that the definition
from Lemma 4.10 is well-defined. Working out the details reveals that two
matrices can generate the same element of Pn−1, and it turns out that such
matrices are row-equivalent.43 These last remarks about the definition from

41In such a case we could have defined the projective space as

P
n−1 =

{
x = (x1, . . . , xn)> ∈ Fn |Ax = 0 for some A ∈M

}
/ ∼,

and the equivalence relation x ∼ y :⇔ ∃λ ∈ F∗ s.t. x = λy. This is clearly well-defined since
A(λx) = λ(Ax) = 0.

42 In such a case we could have defined the projective space as

P
n−1 =

 ⋃
p∈Fn

{p} ⊂ Fn

∣∣∣∣∣Ap = 0 for some A ∈M

 .

43As we know from linear algebra, two matrices are row-equivalent, or, generate the same
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Lemma 4.10 are worth to work out in a lemma of its own.

Lemma 4.11. As in Lemma 4.10 define the set M as

M =
{
A ∈ Mat(n−1)×n(F) | rankA = n− 1

}
and the projective space Pn−1 as

P
n−1 = {rowsp(A)⊥ ∈ Fn |A ∈M}.

Then the following three things hold.

(i) The definition is well defined. That is, two matrices A1, A2 ∈ M either
fulfill

rowsp(A1)⊥ ∩ rowsp(A2)⊥ = {0}
or

rowsp(A1)⊥ = rowsp(A2)⊥.

(ii) Two matrices A1, A2 ∈M have the property

rowsp(A1)⊥ = rowsp(A2)⊥

if and only if A1 and A2 are row-equivalent.

(iii) As stated in Lemma 4.10, the spaces rowsp(A)⊥ are exactly the ones from
Definition 4.1.

Proof. The properties i and iii are easy to see with a dimension argument. For
property i, we know that if

rowsp(A1)⊥ ∩ rowsp(A2)⊥ 6= {0},

then
rowsp(A1)⊥ ∩ rowsp(A2)⊥ ⊆ rowsp(A1)⊥.

For dimensions we know that

dim(rowsp(A1)⊥ ∩ rowsp(A2)⊥) ≥ 1

dim(rowsp(A1)⊥) = 1.

Combining the different facts gives

rowsp(A1)⊥ = rowsp(A2)⊥.

For property iii, we remark that for a matrix A ∈ M the rank is n− 1 and
the co-dimension of its row-space is 1, the same as the spaces from Definition
4.1. Furthermore, given a space {λp} from Definition 4.1, one can consider
the orthogonal complement {λp}⊥, choose n − 1 linearly independent vectors,
v1, . . . , vn−1 ∈ {λp}⊥, and take the matrix

A :=

 v1

...
vn−1

 .
row-space, if and only if the can be transformed from one into the other by elementary row-
operations.
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This matrix A is in M (since v1, . . . , vn−1 are linearly independent), and since
v1, . . . , vn−1 ∈ {λp}⊥ it holds that

{λp} = rowsp(A)⊥.

It remains to prove property ii. For this let A1, A2 ∈M be two matrices with

rowsp(A1)⊥ = rowsp(A2)⊥.

But then, taking orthogonal complements, it also holds that

rowsp(A1) = rowsp(A2)

and from linear algebra we know that this is true if and only if A1 and A2 are
row-equivalent.

Some notes on Equivalences and Ambiguities

Remark 4.12. Having seen this last Lemma 4.11, we note that the equivalences
from Definition 4.1 and Lemmas 4.3, 4.4 have shifted away from Fn or Pn−1.
That is, formally and notationally, the definition of Pn−1 from Lemma 4.10
does not have an equivalence. One finds an equivalence only in the mentioned
row-equivalence.

Figure 4.6 shows a schematic of a vector space and its lines through zero
(giving a projective space), which can be generated by either a field acting on
the vector space (as described above) or generated by a matrix space (as describe
by the previous lemma).

Still there is one thing similar to equivalence which all the definitions we
have seen so far have in common, namely ambiguity in specifying elements from
Pn−1. In Definition 4.1 we can choose a point p to represent a line {λp}. In
the definition of Lemma 4.10 we can choose a matrix A to represent the line
rowsp(A)⊥. In both these cases there is ambiguity44 and it is now the goal of
the next section to have a clear or consistent way in referring to elements of
Pn−1.

44If the corresponding spaces, e.g. the underlying field and the dimension, are big enough.
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Figure 4.6: Projective space generated as group actions of fields or
matrices. The vector space in the middle (big, light red rectangle) consists
of many elements (red dots). Dividing these into equivalence classes (of
lines through zero, Lemma 4.2) gives the elements of the corresponding
projective space. This is depicted as the thinner rectangles (stacked inside
the vector space). The projective space can also be generated as the result
of actions of a field (as seen in Definition 4.1, Lemma 4.3, depicted as
orange rectangle with gray arrows), or as the result of matrices from a
matrix space (depicted as blue rectangle with) acting on the vector space
(brown arrows), like we have seen in Lemmas 4.10/4.11.
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Figure 4.7: Color coded two-dimensional vector space F2 over a finite
field (in this case the field is F7). All lines through zero have an individ-
ually assigned color. To generate P1 over this F2, we have to choose one
representant of each color. Note how we can choose each color exactly
once to achieve a nice, straight shape (like in Figure 4.14). Concentrat-
ing on a specific color, one can “almost see” the lines appearing like in
Figure 4.8.

45



4.1 Projective Coordinates

To define projective coordinates, the definition from Lemma 4.3 lends itself
nicely to the task. We first note that from the definition, it is clear that the
origin (0, . . . , 0) can never be a representant. This in mind, every linear subspace
has at least one non-zero entry and we can just choose a (non-zero) point p to
represent the line it spans. We will call this its “projective coordinate”45.

Example 4.13. Consider the two dimensional vector space F × F over the
field F = F11 = {0, 1, 2, . . . , 8, 9, X̄}. Choose an arbitrary element p ∈ F2, say
p = (−3, 5) = (8, 5). The line from zero in F2 going through (8, 5), i.e. the
equivalence class [(8, 5)], consists of the following elements (marked with black
squares in Figure 4.8):

(8,5) (7,3) (6,1)
(5,10) (4,8) (3,6)
(2,4) (1,2) (0,0)
(10,9) (9,7)

Each of these elements (except (0,0) of course) can be used to denote the line
[(8, 5)] ∈ P1. A “nice” choice would e.g. be (1, 2). To see that [(8, 5)] is really the
same as [(1, 2)] we could make a quick geometric sanity check (using the red and
blue lines in Figure 4.8) or verify it arithmetically with the above “brute force”
method of listing all the elements. A smarter way would be taking λ = 7 ∈ F11

and calculating in F11

7 · (8, 5) = (56, 35) = (1, 2) ∈ F2
11.

From this it follows

{λ(8, 5)} = F · (8, 5) = F · (1, 2) = {λ(1, 2)},

which finishes the verification.
Taking 7 ∈ F11 to bring (8, 5) into the “nicer form” (1, 2) was no coincidence.

First we note that in F11 7 is the multiplicative inverse of 8, i.e. 7−1 = 8, or
equivalently 7 · 8 = 1. Secondly, we note that putting a condition on the first
coordinate (in our case being equal to one) makes the representant of the line
unique. This “trick” works always, as long as our projective space is over a field,
i.e. elements have multiplicative inverses.

Definition 4.14 (Projective Coordinate). LetF be a field, Fn the n-dimensional
vector space over the field, and Pn−1 the associated projective space.

If x = (x1, . . . , xn) is a non-zero element of Fn, the line it spans is an
equivalence class, usually denoted [(x1, . . . , xn)]. As notation we use either

(x1 : · · · : xn)

or
[x1, . . . , xn]

and call this the projective coordinate of the line.

45keep in mind that the coordinate is only unique up to equivalence
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(0, 0)

(10, 10)

(10, 0)

(0, 10)

Figure 4.8: One line in the two-dimensional vector space over F11. The
line is the set of dark squared elements. It is generated by (1, 2) (depicted
as the “red path”), and it is also generated by the element (8, 5) (depicted
as the “blue path”).

If the first46 non-zero coordinate is equal to one, we say that the projective
coordinate is normalized. A normalized projective coordinate is of the form

[0 : · · · : 0 : 1 : ? : · · · : ?]

where the stars denote any possible coordinate entries from the field F (even
zeroes).

It is clear that this definition is well-defined. Every projective coordinate can
be normalized since there is always a non-zero entry in (x1, . . . , xn) ∈ Pn−1.47

It is also clear which entry from the coordinate 48 contains the first non-zero
digit. This enables us to give yet another possible definition of the projective
space.

Definition 4.15 (Affine and infinite points). The projective space as a set of
normalized projective coordinates is defined as

P
n−1 = (1 : ? : · · · : ?) t (0 : 1 : ? : · · · : ?) t · · · t (0 : · · · : 0 : 1)

where the t are disjoint unions, and each tuple has n entries.49 The elements
(1 : ? : · · · : ?) are called affine (or finite) points. The other elements are all
called points at infinity (or also infinite points).

A consequence of normalized coordinates (or, more directly, from Defini-
tion 4.15) is that the cardinality of a finite projective space is easily calculated

46i.e. in the ordering x1 < x2 < x3 < · · · < xn
47 The normalization works as in Example 4.13.
48up to renaming or reordering
49We make here use of an abuse of notation. The tuples (e.g. (1 : ? : · · · : ?)) are really sets

of tuples and should be written as {(1 : ? : · · · : ?)}.
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(compare Lemma 4.16). Another consequence of Definition 4.15 is that the ter-
minology of “finite” and “infinite” points needs to be justified, which will be
done in Remark 4.17.

Lemma 4.16. For the field Fq of size q, the cardinality of the projective space
Pn−1 is

P
n−1 =

n−1∑
i=0

qi. (3)

Further information about Equation 3, and other formulas related to finite
projective spaces can be found in [14, 23].

Remark 4.17. As we have seen, the finite coordinates are of the form

(1 : ? : · · · : ?︸ ︷︷ ︸
n−1 positions

).

Since we can use any element from the field (even zeroes), the n − 1 starred
positions (and thus the finite points of Pn−1) are isomorphic to the (n − 1)-
dimensional vector space Fn−1.

The infinite points justify their name by the fact that they carry the infor-
mation “what direction the finite points can point to”.50

Lemma 4.18. Definition 4.15 could also have been written in the following
equivalent form:

P
n := Fn tPn−1.

This can be carried on inductively, giving us yet another view of the projec-
tive coordinates.

Corollary 4.19. By Definition 4.15, Remark 4.17 and Lemma 4.18 the projec-
tive space (or, more to the point, the projective coordinate space) can be defined
as

P
n := Fn tFn−1 tFn−2 t · · · tF0,

where the “t” denotes the disjoint union.

Remark 4.20. The vector spaces

F
i, i = 0, . . . , n,

seen in the disjoint unions from the previous corollary are in one-to-one corre-
spondence with the coordinates

(0 : · · · : 1 : ? : · · · : ?)

from Definition 4.15, where the normalized entry of the coordinate is at position
n− i+ 1.

The last definition gives us a completely different view of the projective space
Pn. Before we have seen that Pn can be constructed from a (n+1)-dimensional
vector space Fn+1. Now there is also a way to build if from Fn! In a manner
of speaking, Pn is just Fn with points added at infinity.

50 It is important not to mix the notions of projective lines and affine lines.
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Example 4.21. The simplest way to add points at infinity to a space is to take
the simplest space, which is F1. Figure 4.9 shows how F1 can be extended to
P1 by adding a point at infinity.51 Figure 4.10 shows how F2 can be extended
to P2 in the same manner.

R1

P1

Figure 4.9: A schematic comparison of R1 and P1. The vector space
R1 (at the top) extends in one dimension and is open at the ends. The
projective space P1 looks exactly like R1 but contains an additional point
at infinity.

R2 P2

Figure 4.10: A schematic comparison of R2 and P2. The vector space
R2 is open at its border (as seen on the left). The projective space P2

looks the same as R2 but with added points at infinity (seen on the right).
The points at infinity do not “close the border” everywhere, but only once
in each direction. Like in other examples we have to choose a representing
depiction. The points at infinity here in P2 look like a P1 (e.g. as seen
in Figure 4.1).

For a given dimension n, we have now seen two ways of generating the
projective space Pn, namely “from above” with Fn+1 or by extending Fn to Pn.
We have also depicted the construction of the spaces accordingly. A comparison
of depictions of P2 generated by the different methods is shown in Figure 4.11.

Until now the method of “extending Fn to Pn” has given us only a marginal
advantage. Its power comes to light when we “one-up the dimension”. We
know that F4 cannot be shown using spatial dimensions only, but F3 can! This
enables us to depict P3 by extending F3 with some infinite points, as shown in
Figure 4.12.

In accordance with Lemma 4.18 there is even the possibility of an iterative
depiction of P1,P2,P3,P4, as shown in Figure 4.13.

51Note that, before now, we have seen how F
1 generates P0 in Example 4.5, and how P

1

can be generated by F2, e.g. in Figure 4.3 or 4.4.
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P2 as generated by S2 where
antipodal points are identified

P2 depicted as F2 with
added points at infinity

Figure 4.11: Two different schematics of P2. On the left-hand side
is the same depiction as in Figure 4.2 and on the right-hand side the
depiction from Figure 4.10.

Most previous depictions show infinite projective spaces (e.g. constructed
from Rn, an infinite set). Clearly the definitions work also for finite vector
spaces Fn. Figures 4.14 and 4.15 show schematics of two- and three-dimensional
projective spaces, respectively, constructed using finite base fields.
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P3

R3

Figure 4.12: A schematic of P3. Since R4 cannot be drawn with only
spacial dimensions, the constructive approach coming from R4 must be
omitted. Instead we see that P3 is R3 with added points at infinity.

P0 F1 P1

&

P2P1

&

F2

P3

P2

&

F3

Figure 4.13: A schematic of different projective spaces built iteratively.
Starting with the space P0, which is a single point, the higher-dimensional
projective spaces P1, P2, etc. can be built iteratively by “pasting” the
projective space Pn−1 unto an affine space Fn, giving Pn.
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(0, 0)

(6, 6)(0, 6)

(6, 0)

(F7)
2

P1 over F7

Figure 4.14: A schematic of F2 and P1 over a finite field. A line
through (0, 0) in F2 needs to go through one additional point. Fixing the
first coordinate as 1 gives us the affine points (the straight line of blue
squares). Allowing the first coordinate to be 0 gives us the only infinite
point (here represented by (0, 1)). Note that this “nice” shape of P1 can be
achieved by going back to Figure 4.7 (p. 45) and choosing a representant
of each color exactly once.

(F5)3
P2 over F5

Figure 4.15: A Schematic of F3 and P2 over a finite field. For clarity
(“de-cluttering”), coordinates have been omitted. The points with first
coordinate zero, the set {(0 : ? : ?)}, are depicted in darker red, the other
other points are depicted in different orange tones. The affine points are
among the orange points. They are a whole “slice”, isomorphic to F2

(circled in blue). The infinite points are among the red ones and look
exactly line in Figure 4.14 (framed in blue squares). Putting the affine
and infinite points together gives the depiction of P2 on the right-hand
side.

52



5 The Plücker Embedding

We have finished the treatment of the projective space in the previous section.
Earlier, in Section 2, we have encountered the Grassmannian. Some books treat
the Grassmannian as a generalization of the projective space. We have delib-
erately presented the Grassmannian before the projective space, because the
Plücker embedding works “the other way around”. It embeds a Grassmannian
G(k,Fnq ) into a projective space over the field Fq. It achieves this by fitting the
dimension of the projective space to the parameters k, n of the Grassmannian.

We start with a few notions which we will use. After defining the two
orderings – the lexicographic order and the Bruhat order – we will be ready to
define the Plücker embedding.

Definition 5.1 (Totally Ordered Set [11, p. 435]). Remember that a partially
ordered set P (see Definition 2.3, p. 17) has the properties of Reflexivity, Anti-
symmetry, Transitivity . If a poset has the additional property of

• Comparability, i.e. for distinct elements x, y ∈ P it holds either x ≤ y or
y ≤ x,

then P is a totally ordered set.

Remark 5.2. Since every totally ordered set is – by definition – also a partially
ordered set, it has an associate Hasse diagram. (Remember Definition 2.4,
p. 19). It is an easily derived fact that the Hasse diagram of a totally ordered
set is depicted as a line. This means that for sets of finite cardinality the Hasse
diagram has one element per level, and each element has a unique predecessor
and ancestor. Because of this, totally ordered sets are sometimes referred to as
chains or linearly ordered sets [11, p. 435].

Definition 5.3 (Lexicographic Order). Consider the set Nk of k-tuples of nat-
ural numbers. For two elements i = (i1, . . . , ik), j = (j1, . . . , jk) ∈ Nk, we define

i >lex j :⇔

{
i` > j` ∀`, or

∃N ∈ N : i` = j` ∀` < N and iN > jN .

The relation >lex is a total order, and is called the lexicographic order.

Definition 5.4 (Bruhat Order). For two tuples of length k, i = (i1, . . . , ik) and
j = (j1, . . . , jk), it holds that

i � j :⇔ i` ≤ j` ∀` ∈ {1, . . . , k}.

The relation � is an order relation (a partial order), but not a total ordering.
It is called the Bruhat order (or also strong order).

Remark 5.5. Since the Bruhat order is an order relation (but not a total ordering
as can be seen in the next example), a finite set of k-tuples could be depicted in
a Hasse diagram, similarly like we have done with the set of subspaces P(Fq, n)
in Figure 2.1 (p. 18).

Example 5.6. Let us explore a few tuples as an example. It is easy to see,
that if we have two k-tuples i and j with

i � j,
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this implies
i <lex j

if i and j are different tuples. This is about the only correspondence the relations
“<lex” and “�” have between each other. That the converse implication is not
necessarily true can be easily seen by a counter-example, e.g. with the following
tuples:

i = (2, 3, 4, 5)

j = (2, 3, 4, 6)

k = (1, 4, 5, 6).

Table 5.1 gives a nice overview about the detailed combinations of these tuples.

both yes different both no
Lex Order i <lex j k <lex i i ≮lex k

Bruhat Order i � j k � i i � k

Table 5.1: Lexicographic and Bruhat orderings compared. Taken from
Example 5.6 are the tuples i = (2, 3, 4, 5), j = (2, 3, 4, 6), k = (1, 4, 5, 6).
The table uses these tuples to show possible combinations with the Bruhat
order and lexicographic order. Each column compares the same two tu-
ples. The different columns are the possible outcomes with the orderings.

Definition 5.7 (The Plücker Embedding). The Plücker embedding of a k-
dimensional vector space (residing in in n-dimensional ambient vector space)
over Fq, into projective space (also over Fq) is given by

ϕ : G(k,Fnq )→ P(nk)−1

rowsp(U) 7→ [µ1,...,k : µ1,...,k−1,k+1 : · · · : µn−k+1,...,n]

where U ∈ Matk×n(Fq), µi1,...,ik = detU [i1, . . . , ik] and U [i1, . . . , ik] = U [i]
denotes the k × k minor of U with columns i1, i2, . . . , ik, where i1 < · · · < ik.
The µi are ordered lexicographically in the projective coordinates.52

Remark 5.8. The elements of a projective space can be assigned coordinates (so
called “projective coordinates”see Section 4.1). This means that a Grassman-
nian G(k,Fnq ) can be assigned coordinates, namely the projective coordinates
given by the (Plücker-)embedding of the subspaces of G(k,Fnq ) into a projective
space. This gives us the following definition.

Definition 5.9 (Plücker Coordinates). For a space U ∈ G(k,Fnq ), we refer
to its projective coordinates induced by the Plücker embedding as its Plücker
coordinates.

52This means that, by writing N for
(n
k

)
, the elements of PN−1 have coordinates

[· · · : µi : . . . ] ,

and the µi are ordered themselves. This means the coordinate entry µi precedes µj in the
manner [

· · · : µi : · · · : µj : . . .
]

if i <lex j.
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Lemma 5.10. ϕ is a well-defined embedding.

Proof. We show that the map ϕ is well-defined (i and ii), and that ϕ is injective
(iii).

i) First we show that ϕ is a well-defined map in the sense that for each U ∈
G(k,Fnq ) it holds that ϕ(U) ∈ P(nk)−1

q . For this suppose that U ∈ G(k,Fnq )
and U = rowsp(U) for some U ∈ Matk×n(Fq). Since rank(U) = k, it has
to hold that detV 6= 0 for at least one k × k minor V of U .

ii) We show that ϕ is independent of the chosen basis. For this let U,U ′ ∈
Matk×n(Fq), rankU = rankU ′ = k and rowspU = rowspU ′. We have to
show that the Plücker coordinates of U and U ′ coincide. Since rowspU =
rowspU ′, it follows that

∃A ∈ Glk(Fq) s.t. AU = U ′.

We can write U,U ′, respectively, as column vectors

U =
[
u1 . . . un

]
U ′ =

[
u′1 . . . u′n

]
and would get

AU =
[
Au1 · · · Aun

]
=
[
u′1 · · · u′n

]
.

Comparing columns, this means

Au` = u′` ∀` = 1, . . . , n.

If we fix one coordinate entry i = (i1, . . . , ik), it holds that

det
([

u′i1 · · · u′ik
])

= det
([

Aui1 · · · Auik
])

= det
(
A ·
[
ui1 · · · uik

])
= det (A) · det

([
ui1 · · · uik

])
,

where det(A) is independent of the k × k minor of U , and the conclusion
follows.

iii) Last it remains to show that ϕ is injective. We will show that

U 6= V ⇒ ϕ(U) 6= ϕ(V)

for subspaces U ,V. Let the subspaces U and V be generated by matrices
U, V , respectively,

U = rowsp(U)

V = rowsp(V ),

and we may assume that U, V are in reduced row echelon form (RREF).
That is, they are of the form

1 ? · · · 0 ? · · · 0 ? · · · 0 ? · · · ?

0 ? · · · 1 ? · · · 0
... 0 ?

. . .
. . . ?

... 0 . . . 1 ? 0 ? · · · ? · · · ?
...

. . .
. . .

... ?
. . .

. . . ?
0 · · · 0 0 1 ? · · · ? · · · ?


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We proceed with a distinction of cases (with respect to the positions of the
leading 1’s in U and V ).

(a) If the leading 1’s of the matrices U and V are in different positions,
it follows that ϕ(rowsp(U)) and ϕ(rowsp(V )) are different projective
coordinates, and the map is injective.

(b) Now assume that both U and V have the leading 1’s in the same posi-
tion, say i = (i1, . . . , ik). This means that the entry of the projective
coordinate at position i equals to one,

µi = µi1,...,ik = 1, (4)

for both ϕ(rowsp(U)) and ϕ(rowsp(V )). Since U and V are different
subspaces, it follows by linear algebra that the matrices U and V
must have a position, say i0, where the columns are different. I.e. the
matrices have the following shapes:

U =



1 ? · · · 0 ? · · · 0 ? · · · 0 ? · · ·
... · · · ?

0 ? · · · 1 ? · · · 0
... 0 ?

. . .
...

. . . ?
... 0 . . . 1 ? 0 ? · · · ui0 · · · ?

...
. . .

. . .
... ?

. . .
...

. . . ?

0 · · · 0 0 1 ? · · ·
... · · · ?



V =



1 ? · · · 0 ? · · · 0 ? · · · 0 ? · · ·
... · · · ?

0 ? · · · 1 ? · · · 0
... 0 ?

. . .
...

. . . ?
... 0 . . . 1 ? 0 ? · · · vi0 · · · ?

...
. . .

. . .
... ?

. . .
...

. . . ?

0 · · · 0 0 1 ? · · ·
... · · · ?


where the vectors ui0 and vi0 are different. It follows that ϕ(rowsp(U))
and ϕ(rowsp(V )) must differ in at least one entry. Together with Equa-
tion (4) they cannot be “scaled” representations of the same projective
(Plücker) coordinate.
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5.1 The Description of a Simple Ball in the Plücker Em-
bedding

The Grassmannian G(k,Fnq ) (and also the set of all subspaces P(Fq, n)) can
be equipped with various distances, the most notable being the subspace dis-
tance as we have seen on p. 19. The elements of the Grassmannian have different
Plücker embeddings, and it is a valid question how the metric on G(k,Fnq ) trans-
lates into the setting of the projective space. In [25] Rosenthal and Trautmann
give a description of a ball around a simple subspace in terms of the “Plücker
coordinates” using the previously defined orders. To formulate the proposition
we need to induce the Bruhat order on a special subset of Nk.

Definition 5.11 (
(

[n]
k

)
, Ordered Monomials up to n of Length k). Consider

Nk, the set of k-tuples. If i = (i1, . . . , ik) ∈ Nk fulfills the conditions

• i has entries in {1, . . . , n},

• i1 < i2 < · · · < ik, i.e. the k entries are all distinct and are ordered
lexicographically,

then we say that i is an ordered monomial up to n of length k. We denote the
set of all these tuples as(

[n]

k

)
= {(i1, . . . , ik) : ij ∈ {1, . . . , n} ∀j and i1 < · · · < ik}.

Remark 5.12. The Bruhat order from Definition 5.4 is induced on
(

[n]
k

)
, i.e. for

k-tuples i, j ∈
(

[n]
k

)
, the Bruhat order is

(i1, . . . , ik) � (j1, . . . , jk) :⇔ il ≤ jl ∀l = 1, . . . , k.

To formulate a proposition which describes a ball in the Plücker embedding,
we need to extend our treatment of metrics/distances on the set of subspaces
P(Fq, n) from Section 2.1 (see Definition 2.6 on p. 19).

Remark 5.13. We will re-define here the subspace distance from Definition 2.6.
Before we used a definition which is based on metrics given by shortest paths
in graphs (the graph induced by the representation of P(Fq, n) as a Hasse
diagram). Here we will define the subspace distance via dimensions of individual
elements of P(Fq, n). It is an easy exercise to show that these two ways of
defining the subspace distance are equivalent.

Definition 5.14 (Subspace and Injection Distance on P(Fq, n)). Consider the
set of all subspaces of Fnq

P(Fq, n) =

n⋃
k=0

G(k,Fnq ).

Define on P(Fq, n) the subspace distance as

dS(U ,V) = dim(U + V)− dim(U ∩ V)

= dim(U) + dim(V)− 2 dim(U ∩ V)
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and the injection distance as

dI(U ,V) = max{dim(U),dim(V)} − dim(U ∩ V).

Note that if U and V are both of the same dimension, then

dS(U ,V) = 2dI(U ,V).

Definition 5.15 (Balls Around a Space). The previously defined metrics give us
a notion of “balls” around spaces (i.e. spaces which have a “particular nearness”
to each other). We denote the ball of radius r around a subspace U as

Br(U) = {V ∈ P(Fq, n) | dI(U ,V) ≤ r} ⊆ P(Fq, n)

with respect to the injection distance dI . The induced balls on the Grassman-
nian G(k,Fnq ) are denoted by Bkr (U):

Bkr (U) =
{
V ∈ G(k,Fnq ) | dI(U ,V) ≤ r

}
⊆ G(k,Fnq ).

Proposition 5.16 (Description of a simple ball in the Plücker Embedding [25,
Proposition 6]). We define

U0 := rowsp
[
Ik×k 0k×n−k

]
.

For V ∈ G(k,Fnq ), let ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n] be the Plücker coordi-

nates of V, and let � be the Bruhat order on
(

[n]
k

)
. Then Bkt (U0) is described

with the k-tuple

m = (t+ 1, . . . , k, n− t+ 1, . . . , n)

as

Bkt (U0) = {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n],

µi1,...,ik = 0 ∀(i1, . . . , ik) � m}.

A proof of the proposition is given by the supervisors in [25]. We will give
here an independent proof which relies on rewriting the conditions in the defi-
nition of the ball. We will proceed now in the following way:

1. rewrite the conditions on the ball to a more “compact” form,

2. prove that the new conditions are equivalent,

3. use this to prove Proposition 5.16.

5.1.1 Rewrite of the Conditions on the Ball

Let us re-write the conditions on the set in Proposition 5.16. The ball is given
with the (fixed) k-tuple m = (t+ 1, . . . , k, n− t+ 1, . . . , n) as

Bkt (U0) = {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n],

µi1,...,ik = 0 ∀(i1, . . . , ik) � m}
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and we can rewrite the all-quantor as an implication

= {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n], and

(i1, . . . , ik) � m⇒ µi1,...,ik = 0}.

When we rewrite “�” using the definition of the Bruhat order and the entries
of m we get

Bkt (U0) = {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n], and

¬(∀i1, . . . , ik : i1 ≤ t+ 1, i2 ≤ t+ 2, . . . , ik−t ≤ k,
ik−t+1 ≤ n− t+ 1, . . . , ik ≤ n)⇒ µi1,...,ik = 0}.

We can now “pull the negation inside the parentheses” and rename the k-tuple
(t+ 1, . . . , k, n− t+ 1, . . . , n) as (l1, . . . , lk), giving us

Bkt (U0) = {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n], and

(∃j ∈ {1, . . . , k} : ij > lj)⇒ µi1,...,ik = 0}.

At this time we remind ourselves that we have the condition i1 < i2 < · · · < ik on
the k-tuple (i1, . . . , ik) (coming from Definition 5.11, since (i1, . . . , ik) ∈

(
[n]
k

)
).

This is what allows us ultimately to rewrite the above set in a different, and
more compact, way as in the following:

Bkt (U0) = {V ∈ G(k,Fnq ) |ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n],

µi1,...,ik = 0 if ik−t > k}.

This last step may need a more thorough explanation.

Explanation of the last step Writing πj for the projection onto the j-th
entry, we claim that the condition

∃ij ∈ {i1, . . . , ik} with ij > πj(t+ 1, . . . , k, n− t+ 1, . . . , n) (5)

holds if and only if

ik−t > k.

We first explain why condition (5) is sufficient and then why it is necessary.

Condition (5) is sufficient To see this, let first be ij ∈ {i1, . . . , ik} with

ij > πj(t+ 1, . . . , k, n− t+ 1, . . . , n).

We want to show that then necessarily

ik−t > k.
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We have that

i1 > t+ 1

and i2 > t+ 2

and i3 > t+ 3

...
...

and ik−t > k

and ik−t+1 > n− t+ 1

and ik−t+2 > n− t+ 2

...
...

and iik > n.

Let the index l ∈ {1, . . . , k} be minimal with the property (5). We proceed with
a distinction of the cases l < k − t, l = k − t, l > k − t.

i) Let l < k − t. il > t + l ⇒ il+1 > t + l + 1 ⇒ · · · ⇒ ik−t = il+(k−t−l) >
t+ l + (k − t− l) = k

ii) Let l = k − t. We are done.

iii) Let l > k−t. We want to show that this is not possible. Setting l := k−t+α
leads to

il = ik−t+α

and
πl = πk−t+α

for α ∈ {1, . . . , t}. However, we have

πk−t+α(t+ 1, . . . , k, n− t+ 1, . . . , n) = n− t+ α.

Considering that i1 < i2 < · · · < ik and by increasing α up to t we would
get

ik = ik−t+t > n− t+ t = n

or, shortly written,
ik > n

which is a contradiction to our definition of ordered monomials (Definition
5.11, p. 57).

Condition (5) is necessary The other implication is trivial: If we have
that ik−t > k, then taking l := k − t gives us immediately

il > πl(t+ 1, . . . , k, n− t+ 1, . . . , n).

Having explained the last step of rewriting the condition, we are now “allowed
to” rewrite the ball in Proposition 5.16 like this:

Bkt (U0) = {V ∈ G(k,Fnq ) :ϕ(V) = [µ1,...,k : · · · : µn−k+1,...,n]

µi1,...,ik = 0 if ik−t > k}
(6)

60



On the brevity of the new formulation The compactness comes not only
from the fact that the written form of the set uses less space, but also that we
have a somewhat straighter way to decide if an entry in a Plücker coordinate
is relevant for being in Bkt (U0). I.e. we do not need to check if (i1, . . . , ik) �
(t+ 1, . . . , k, n− t+ 1, . . . , n) holds in the Bruhat order but “only” if ik−t > k
holds.

5.1.2 Proof of the Proposition

We will now prove Proposition 5.16 and follow mostly the steps in [28].

Proof. Let U0 = rowsp[Ik×k 0k×n−k]. Let V ∈ G(k,Fnq ), V = rowsp(V ) for a
full rank V ∈ Matk×n(F). We want to analyze the distance between the spaces
V and U0. For this, consider the following calculations, which is based on the
dimensional properties of the distances from Definition 5.14.

dS(U0,V) = 2k − 2 · dim(U0 ∩ V)

= 2k − 2 ·

(
2k − rank

[
U
V

]
2k×n

)

= 2k − 4k + 2 rank

[
U
V

]
2k×n

= 2 rank

[
U
V

]
2k×n

− 2k.

Since we are considering fixed-dimension codes, the injection distance is just
half the subspace distance. Thus we impose

dS(U0,V) = 2 rank

[
U
V

]
− 2k ≤ 2t.

This gives us

2 rank

[
U
V

]
≤ 2t+ 2k

⇔ rank

[
U
V

]
≤ k + t.

Now, each row vector of V which lies in U0 decreases the rank of the following
matrix by one: [

Ik×k 0k×(n−k)

V

]
.

This means, for [ I 0
V ] to have at most rank k + t, it is necessary that at least

k− t rows of V lie in U0. For this to see, note that [ I 0 ], the upper “half”, has
rank k, and the size of [ I 0

V ] is 2k× n. In this case, because these row vectors
have zero entries at positions k + 1, . . . , n (because of the definition of U0), V
has the following shape:

V =

 ∗ 0(k−t)×(n−k)

∗ ∗

 . (7)
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So far we have only played around with the matrices U , V and their respective
row-spaces. But what does this all mean for the Plücker coordinates?

When calculating the coordinates of the space V with respect to V , one has
to choose k different columns of V (out of the n possibilities) and calculate
its determinant.53 One immediately sees from (7) that choosing more than t
columns from {k + 1, . . . , n} (columns from the “right-hand side” of (7)) will
have linearly dependent columns and yield a zero determinant. But equivalent
to choosing more than t columns from {k + 1, . . . , n}, is choosing less than k− t
columns from {1, . . . , k}. For the “special index” ik−t this just means

ik−t > k.

Remark 5.17. As we have seen before, this last condition just means in terms
of the Bruhat order that

(i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n). (8)

53the determinant of the k × k sub-matrix resulting from the k chosen columns.
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6 Counting the Number of Equations in Bk
t (U0)

In the situation where one has a constant (k-)dimensional code in Fnq , for fixed
q, k, n, Proposition 5.16 gives a nice description of a ball around U0 when given
a radius t. This ball is defined via equations of the form

µi1,...,ik = detU [i1, . . . , ik] = 0. (9)

When one has a given space

W = rowspW ∈ G(k,Fnq )

and wants to decide if

W ∈ Bkt (U0),

one must check conditions of the type (9). This could be done by computing
different determinants. From a complexity point of view this means counting
the number of equations which define Bkt (U0). Our rather tedious computations
in Section 5.1.1 will turn out to be a huge help.

Corollary 6.1. The number of equations in the set Bkt (U0) from Proposition
5.16 is

M(n, k, t) :=

n−k−t∑
j=1

(
k + j − 1

k − t− 1

)(
n− k − j

t

)
. (10)

Proof. We want to count the number of k-tuples from
(

[n]
k

)
for which the con-

dition

ik−t > k

holds. We proceed in the following way:

i Count the possibilities for ik−t, the coordinate entry at position k − t.

ii Sum over the possible entries from part i.

Possible entries at position k − t For part i it is clear that the possible
values for entry ik−t are of the form

{k + 1, k + 2, . . . , N}.

We just need to think about N . Since there are t more positions after ik−t
in (i1, . . . , ik), and since we have the condition i1 < i2 < · · · < ik (compare
Definition 5.11), it follows that N can not be larger than n− t. This means

ik−t ∈ {k + 1, . . . , n− t}.

This set has cardinality

(n− t)− (k + 1) + 1 = n− k − t.

which is the number of possible entries for ik−t.
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Summing over the possibilities For part ii we consider ik−t = k+ j for an
arbitrary but fixed j ∈ {1, . . . , n− k − t}. It follows that

i1, . . . , ik−t−1 ∈ {1, . . . , k + j − 1},
ik−t+1, . . . , ik ∈ {k + j + 1, . . . , n}.

Combining Parts i and ii To combine parts i and ii we first remember that

ik−t 6= jk−t ⇒ (i1, . . . , ik) 6= (j1, . . . , jk),

so we can simply sum over the possibilities in part i. Since we have chosen k+ j
arbitrary in part ii we can just sum over those expressions. This gives

n−k−t∑
j=1

=

(
k + j − 1

k − t− 1

)(
n− k − j

t

)
.

6.1 Sanity-Checking the Formula of the Corollary

Just by looking at Formula (10) in Corollary 6.1, and examining its proof, it
becomes clear that it is a quite error-prone endeavour. To have some form of
sanity check we can use a computer to check if the formula has errors.

The way such a sanity check would work, is by feeding a program (and/or
some computer algebra system) with different parameters, and see if results for
the different parameters meet the expectations. The feeding of these parameters
can be part of the program, too.

If all results add up, Formula (10) is likely correct. If some parameters give
unexpected results, the formula is likely to be lacking something.54

The parameters which need to be fed are

n, k, t,

mentioned in Formula (10). Things to calculate and compare can be different
things. For a given set of parameters this might include:

• What is the result of the formula for these parameters?

• How many subspaces are in a ball with these parameters?

• How many tuples, given the parameters, are there which have the condi-
tion on the Bruhat order?

• How many tuples, given the parameters, are there which fulfill the simpli-
fied 55 condition

ik−t > k,

54This reasoning naturally depends on the program and its implementation being correct.
55The condition is simplified in the sense that “ik−t > k” is easily implementable in a

computer with basic tools every programming environment has (not every computer algebra
system is aware of the Bruhat order). Also the “>” on the simplified condition is a total
ordering, while the Bruhat order is a partial ordering.
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which, as we have seen, is equivalent to the condition

(i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n)

on the Bruhat order?

Take note that it is not easy to check all these possibilities on a computer.
For example the set of subspaces P(Fq, n) (or some Grassmannian G(k,Fnq ))
might not be available in a software; and even if so, might not be available
as a metric space. Also it is not necessary to compute everything mentioned,
since the purpose is only to give a form of sanity check. Algorithm 6.1 is the
formulation of how to perform a structured sanity check. It does not make use of
the subspaces P(Fq, n), only of most basic elements of a programming language,
to compare these three things: Formula (10), the condition “ik−t > k” and the
condition on the Bruhat order.

This algorithm may seem enough to leave it like this, without a concrete
implementation. But an ordered, well-defined iteration over the set

(
[n]
k

)
may

prove difficult to implement correctly. Therefore a working implementation in
the computer algebra system SAGE [27] is given in Appendix C.
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Data: n, k, t, with k ≤ n
2 .

Result:

a:
∑n−k−t
j=1

(
k+j−1
k−t−1

)(
n−k−j

t

)
b: the number of elements in

(
[n]
k

)
with

(i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n) in Bruhat order.

c: the number of elements in
(

[n]
k

)
with ik−t > k.

1 initialization;
2 a← 0;
3 b← 0;
4 c← 0;
5 compute a;
6 for j = 1, . . . , n− k − t do

7 a← a+
(
k+j−1
k−t−1

)(
n−k−j

t

)
8 compute b and c;
9 for m = (1, . . . , k), . . . , (n− k + 1, . . . , n) do

10 if m � (t+ 1, . . . , k, n− t+ 1, . . . , n) then
11 b← b+ 1

12 if m[k − t] > k then
13 c← c+ 1

Algorithm 6.1: Compute different “candidate values” for number of equa-
tions µi1,...,ik = 0, and possibly compare them as a sanity check. The values
are a: the value given in Corollary 6.1, b: how many ordered tuples ful-
fill the Bruhat order condition in Proposition 5.16, c: how many ordered
tuples fulfill the simplified condition ik−t > k. An implementation of this
algorithm in the computer algebra system SAGE [27] is given in Appendix
C.
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7 Computational Complexity of µi1,...,ik = 0

Corollary 6.1 gives a way to estimate the computational complexity when one
wants to check whether a subspace rowsp(W ) lies in Bkt (U0). Let M(n, k, t) be
the number of equations defining Bkt (U0) (as seen in (10)):

M(n, k, t) :=

n−k−t∑
j=1

(
k + j − 1

k − t− 1

)(
n− k − j

t

)
. (11)

Furthermore let pdet(k) be the complexity to calculate the determinant of a k×k
matrix. The following facts follow immediately:

1. The complexity to check whether a subspace rowsp(W ) lies in Bkt (U0)
using Plücker coordinates is bounded by above by the complexity of cal-
culating its Plücker coordinates. This is summarized in its own corollary
further down.

2. The calculation of Plücker coordinates is trivially parallelizable, namely
by assigning each compute node a different set of coordinates to compute.

Lemma 7.1 (Complexity of Calculating a Determinant [29, p. 111]). The com-
plexity of calculating a k × k determinant, denoted by pdet(k) is

pdet(k) ∈ O(k4 + k3) = O(k4)

if we ignore logarithmic factors of input size, and ignore logarithmic factors of
maximal memory usage.

Corollary 7.2 (Computational Complexity of Plücker Coordinates). Given a
space W, then representing it by a matrix and checking whether W ∈ Bkt (U0)
by calculation of its Plücker coordinates is in the order of

O(M(n, k, t)pdet(k)),

where pdet(k) is the complexity of calculating a k × k determinant.

Proof. This follows directly from Algorithm 7.1.

If one wants to tweak the computational effort of Plücker coordinates a
little, a way to try this is to look closer at M(n, k, t) and use its form to group
the computations smartly. This results in a divide-and-conquer strategy, which
we will explore now. In Section 7.1 we will see a general divide-and-conquer
strategy as a “proof of concept”. This will be not much more than a reordering
of the M(n, k, t) many loop-iterations (which could also be done in one loop
instead of three nested loops). In Section 7.2 we will concretize this divide-and-
conquer strategy to matrices and work out some details to see that the division
process is transferable to matrices. In Section 7.3 we will see how the reordering
of iterations has resulted in a regrouping of “similar looking matrices” (e.g. as
seen in Figures 7.3, p. 80, and 7.4, p. 82) and explore how this can be beneficial
to computing determinants (Lemma 7.10, p. 82). Finally, in Section 7.4 we will
see the effect this has had on the computational effort.
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7.1 A general Divide-and-Conquer Strategy Arising from
M(n, k, t) for the Massive Computation of Plücker Co-
ordinates with Determinants

In this section we present a strategy which comes naturally from the form of
M(n, k, t) (Corollary 6.1 on p. 63). The strategy takes the form of formulating
a first, simple algorithm, and then repeatedly reformulating this into newer
algorithms. The equivalency of the presented algorithms will be clear by the
reformulations. Each consecutive reformulation is a reordering which will give
a nesting of loops.

Before we start presenting the algorithms (and its reformulations) we need
to introduce a bit of notation.

Definition 7.3 (Submatrix by Choice of Columns). For a matrix M of size
k × n, and t being an ordered k-monomial up to n, denote by Mt the k × k
matrix which results by choosing the columns from M indicated by t.

Remark 7.4. In the coming subsection we will encounter a few sub-matrices of
the form “Mt”. However, we will usually not have t as input ready in form of
a tuple in upcoming formulations of algorithms. As we will see (in Algorithms
7.1, 7.2, 7.3), we will use a counting variable which symbolizes the iterations
over tuples, and we will use this counting variable to infer the tuple. For this
we will define the following notation.

Definition 7.5 (Enumeration of Series of Tuples). For a series of tuples counted
by i = 1, 2, 3, . . ., denote by i(i0) the tuple at position i0 in the series.

For nested counting variables the definition is analogous.56

In this section we make use of “i(i0)” as sub-index in our algorithms. We
will not go into details on how to compute this sub-index and refer to Appendix
D for details on this matter.

7.1.1 Unoptimized Algorithm with One Loop

The previously mentioned upper bound of O(M(n, k, t)pdet(k)) for the compu-
tational complexity of checking whether a subspace belongs to Bkt (U0) is derived
from a simple algorithm of the following form:

1 for i = 1, . . . ,M(n, k, t) do
2 compute the determinant of Ui(i);

3 where i counts tuples with i(i) � (t+ 1, . . . , k, n− t+ 1, . . . , n)}
Algorithm 7.1: Simple algorithm with one loop. The loop has M(n, k, t)
iterations, each of which has a complexity of O(pdet(k)) (which, when
combined, gives the result from Corollary 7.2).

The usefulness of this algorithm is (because of its simplicity) “only” the
establishment of the upper bound in Corollary 7.2.

Remark 7.6. Algorithm 7.1 is not necessarily suited for implementation. In a
previous algorithm (see p. 66) we have outlined a similar loop. There we have

recognized the difficulty in iterating over the ordered tuples
(

[n]
k

)
, and for this

reason we have given an implementation in Appendix C.

56In such a case, i takes multiple arguments.
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It remains open to iterate over the particular subset of ordered monomials57

from Algorithm 7.1 and we will not pursue this matter further at the moment.

7.1.2 Division into Two Nested Loops

Division arising from the algebraic description We remember the alge-
braic description of M(n, k, t) as a sum of the form

M(n, k, t) =

f(n,k,t)∑
j=1

gj(n, k, t)

where we have abstracted some expressions to functions f, g. Because the values
of each summand are non-negative, the expression M(n, k, t) as a sum consti-
tutes a partition of the number M(n, k, t). This partition can be used to formally
divide the loop in the algorithm into two nested loops:

1 for Variable j counting f(n, k, t) many iterations do
2 in iteration j do gj(n, k, t) many iterations;

or, expressed with a explicitly written second (inner) loop

1 for Variable j1 counting f(n, k, t) many iterations do
2 for Variable j2 counting gj1(n, k, t) many iterations do
3 do something;

Formulation of resulting Nested Loops By concretizing the previous
paragraph with respect to Algorithm 7.1, and also accounting for the values
of the iterations and functions f, g, we will rewrite it in two nested loops like
this

1 for j1 = 1, . . . , n+ k − t do

2 for j2 = 1, . . . ,
(
n+j1−1
k−t−1

)(
n−k−j1

t

)
do

3 compute the determinant of Ui(j1,j2);

Algorithm 7.2: Algorithm divided into two nested loops. This algorithm
performs the same calculations as Algorithm 7.1. Note that the upper
limit for the outermost loop changed from M(n, k, t) to (n+ k − t), which
corresponds exactly to the upper limit from the sum of M(n, k, t) (see (11),
p. 67).

7.1.3 Division into Three Nested Loops

In the same way that we have divided the loop from Algorithm 7.1 into two
nested loops (giving Algorithm 7.2), we can take the inner loop and divide it
further into two (additionally) nested loops, giving three nested loops “three
consecutive levels deep”.

To validate using the same way of dividing a loop as before, we remark
that we have used the M(n, k, t) many iterations (written as a sum of, say, N
summands), to divide the loop into an outer loop of N iterations, and an inner

57It is the same set of ordered monomials from (8) on p. 62.
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loop (each with as many iterations as the summand i = 1, . . . , N has). That is,
we need a partitioning of the number of iterations of the inner loop of Algorithm
7.2. However, this is easily obtained by writing a product as a sum:

(
n+ j1 − 1

k − t− 1

)(
n− k − j1

t

)
=

(n+j1−1
k−t−1 )∑
i=1

(
n− k − j1

t

)
(12)

(note that the variable i in the sum only has a counting function and is inde-
pendent of the summand).

This gives us the following, yet more nested, algorithm:

1 for j1 = 1, . . . , n+ k − t do

2 for j2 = 1, . . . ,
(
n+j1−1
k−t−1

)
do

3 for j3 = 1, . . . ,
(
n−k−j2

t

)
do

4 compute the determinant of Ui(j1,j2,j3);

Algorithm 7.3: Algorithm divided into three nested loops. This algo-
rithm does the same as Algorithms 7.1 and 7.2. The specification of the
outermost loop has not changed since the version with two loops (Algo-
rithm 7.2). The inner loop has been divided into (yet another two) nested
loops, giving nestings three levels deep. The upper limits of the two inner
loops are exactly the two factors in (12), or, alternatively, the summand
and upper limit of the sum.
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7.2 A Concretization of the Divide-and-Conquer Strategy
for Matrices

Previously we have analyzed the computational complexity of checking the con-
dition “µi1...ik = 0” (from the ball mentioned in Proposition 5.16). A concrete
algorithm was given (Algorithm 7.1, p. 68) which gave us an upper bound.

Later we saw that the algorithm can be refactored to other, similar, algo-
rithms (Algorithms 7.2, 7.3). The resulting algorithms have the same amount
of iterations but in a different form (namely two and three nested loops, re-
spectively). The new algorithms did not give us improvements in terms of
complexity, only in terms of “dividing” it. A possible improvement on the com-
plexity is still to be determined. Also the iteration over the “right tuples”58 has
been left open.

Another major point is the question whether the (purely theoretical) de-
scription of the divide-and-conquer strategy is adaptable to the calculation of
determinants and matrices. (We have, after all, computed determinants of some
sub-matrices in the innermost loop, see Algorithms 7.1-7.3).

This subsection is dedicated to transfer the previous thoughts towards an
implementation. We will concretize the description of the matrices and sub-
matrices. A first “proof of concept” algorithm will be given consisting of only
one loop. The purely theoretical divide-and-conquer strategy will be mimicked
and re-iterated using matrices. The resulting iterations of the (nested) loops
(and respective limits of counting variables) will be described in more detail.
As before we make use of the sub-index “i(i0)” in our algorithms for indicating
a tuple i enumerated by a counting index i0 and refer to Appendix D for details
on this matter.

7.2.1 Preparations and Proof of Concept for Matrices, One Loop

Before we can mimic the evolution of algorithms from Section 7.1 we have to
think about giving a “proof of concept” towards an implementation. A few
things come to mind which need to be done: transforming the iterations over
a subset of tuples into a manageable task, and specifying the (sub-)matrices
needed for the computations of the determinants. It is a plausible decision to
use the simplest algorithm for this proof of concept, which is Algorithm 7.1 (on
p. 68) which consists of only one loop.

Since it is the simplest algorithm we have, it will not be a great task. Algo-
rithm 7.4 is formulated straightforwardly; it looks almost exactly like Algorithm
7.1 from the previous section, except that the data is specified to stem from a

58i.e. iterating over the ordered tuples which fulfill

(i) = (i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n)
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concrete matrix.

Data: A matrix U of size k × n with U = rowsp(U), radius t.
Result: The Plücker coordinates relevant for Bkt (U0) as seen in

Proposition 5.16, p. 58.
1 for i = 1, . . . ,M(n, k, t) do
2 Compute det(Ui(i))

3 where i is the counting variable, and i(i) iterates over all tuples with
(i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n).

Algorithm 7.4: Proof of concept algorithm for matrices. The only differ-
ence to Algorithm 7.1 which is apparent immediately are the specifications
of the data and result. The k×k sub-matrices needed are the ones given by
the “function” i(i), giving a set of columns i = (i1, . . . , ik) for each count-
ing index i. The desired k × k sub-matrix is then generated by choosing
columns i1, . . . , ik from U . The iterations do not happen over

(
[n]
k

)
, but

only over a subset. We may assume that the desired subset is known (see
Remark 7.7). We iterate over the tuples in lexicographic order.

Remark 7.7. The subset of tuples which fulfill the condition of Algorithm 7.4 (or,
equivalently, the tuples which fulfill the condition of Bkt (U0) from Proposition
5.16) is described as

(i1, . . . , ik) � (t+ 1, . . . , k, n− t+ 1, . . . , n).

This does not pose a problem in implementing the subset of ordered monomials
to iterate over. As we have seen in Section 5.1.1 this can also be described as
the tuples which fulfill

ik−t > k,

which is very implementation-friendly.

This last remark guarantees only that we know which tuples to iterate over
but does not say anything about in what order they should be iterated. This can
be overcome by “just choosing an order” to iterate over. The first thing which
comes to mind about this choice is the lexicographic ordering from Section 5
(see Definition 5.3 on p. 53) and we will fix this choice for the rest of this section.

Remark 7.8. An iterator for lexicographically ordered tuples has already been
implemented as part of Appendix C.

Figure 7.1 shows a schematic of the process described.
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k

n

Matrix U

i1 i2 ik

Submatrix
Ui(i)

det

Figure 7.1: Schematic of proof of concept for matrices. The matrix
U is of size k × n with the property that rowsp(U) = U . The ordered
k-tuple (i1, . . . , ik) chooses k columns from U which then build up Ui(i)

(whose determinant can be computed). The tuple (i1, i2, . . . , ik) increases
lexicographically (depicted as orange arrows) which corresponds to the
iterations in the for-loop from Algorithm 7.4 (p. 72).
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7.2.2 First Division. Iterating over Sub-matrices, Two Nested Loops

After the proof of concept with one loop we will now make the transformation
crucial to this whole section. We will mimic the process from the correspond-
ing parts of the previous section (going from 7.1.1 to 7.1.2). We just have to
make sure that the transformations are compatible with our matrix versions of
the algorithms. For this, remark the following two (related) facts about the
transformation from Algorithm 7.1 to Algorithm 7.2 from Section 7.1.

• Loop limits. In the simplest form (Algorithm 7.1, p. 68) we described a
loop counting

1, . . . ,M(n, k, t),

which was transformed to a nested form (in Algorithm 7.2, p. 69) counting
iterations

1, . . . , n− k − t.

• Looping over summands. The dividing/nesting of loops arose directly
from the algebraic description of M(n, k, t) (see e.g. (11), p. 67), which is
the upper limit of the first algorithm, and divided this quantity into its
summands (i.e. partitioning it).

With these two facts in mind, we can “dig deeper” and combine it to give a
more concrete description about which (sub-)matrices to iterate over, and in
which “combinations/nestings”.

First let us keep in mind that the value M(n, k, t) was defined as

M(n, k, t) :=

n−k−t∑
j=1

(
k + j − 1

k − t− 1

)(
n− k − j

t

)

(see equation (11), p. 67). Now remember that the sum of M(n, k, t) arose from
the fact that we “grouped” the tuples (i1, . . . , ik) by the value ik−t.

This grouping of summands is exactly the division of iterations into two loops
(in Algorithm 7.2). This observation is supported by remarking the following
two facts:

• There are n − k − t summands in (11); and there are n − k − t possible
values for ik−t. (This is a form of sanity check for the work done until
now).

• Each summand in (11) has a value of
(
k+j−1
k−t−1

)(
n−k−j

t

)
(where j is the sum’s

index) and each inner loop has exactly the same amount of iterations
(where, in that case, j would be the index of its outer loop).

We now only need to translate these thoughts about iterating over tuples,
into iterating over matrices (and sub-matrices).

Iterating over Sub-matrices grouped by a Fixed Column For this let

ik−t := k + α
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where
α ∈ {1, . . . , n− k − t}.

There are (
k + α− 1

k − t− 1

)(
n− k − α

t

)
such tuples. They correspond to k × k-minors of the form

...
...

...
. . . Am . . . U [ik−t] . . . Bm . . .

...
...

...


,

(13)

which we will continue to call Ui(i). For each of these k× k minors it holds that

1. ik−t = k + α is fixed,

2. m = 1, . . . ,
(
k+α−1
k−t−1

)(
n−k−α

t

)
, and

3. Am, Bm are of size k × (k − t− 1), k × t, respectively.

We can now put this already together to a pseudo-code having two nested loops
iterating over tuples and columns:59

1 for all possible ik−t do
2 for all possible matrices Am, Bm do
3 Put together the sub-matrix, calculate its determinant;

Algorithm 7.5: Matrix version of Algorithm 7.2. The total number of
iterations is, as in previous algorithms, M(n, k, t) (Corollary 6.1, p. 63).
The ik−t iterate over all possibilities, i.e. k+α, α ∈ {1, . . . , n−k− t}. The
Am, Bm are intertwined by m (the iterating index). For each fixed ik−t,
the Am, Bm iterate over all tuples which fulfill ik−t = k + α.

Since the iterating and putting together of sub-matrices in Algorithm 7.5
is still a little vague, we will provide in Figure 7.2 a graphic to illustrate this
process.

59or, correspondingly, over sub-matrices.
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7.2.3 Further Division. Iterating over Grouped Sub-matrices, Three
Nested Loops

We have seen previously how we can divide the iterations over the choice of
columns in a matrix. This can be seen particularly nicely in Figure 7.2. There
we see that the outer loop iterates over one particular column (in our case ik−t),
whereas the inner loop iterates over all possible “other columns”. Now we will
try to redo this work and see if a further, even deeper, nesting of loops is possible.
Before we can do this we will analyze the advantages and disadvantages of the
previous nesting. There we will see that the inner loop itself can be divided,
provided that the iterating over its sub-matrices is further clarified. We will
describe this with more details and and give an evolved form of the previous
algorithms.

Advantages and Disadvantages of previous work The advantage of the
previous work in this section is obvious, namely giving a “proof of concept”;
that is, translating the (then hypothetical) divide-and-conquer from Section 7.1
into a matrix calculation setting. We have first given a proof-of-concept for
matrices in Section 7.2.1, and then a proof-of-concept for a divide and conquer
approach with nested loops in Section 7.2.2.

The disadvantage is an (a priori) cosmetical one. The matrices Am and Bm
share the same index m (e.g. seen in the inner loop of Algorithm 7.5); this means
that the iterations in the inner loop intertwine the choice of columns for Am
and Bm.60 This is not a problem per se, but it may further complicate (in an
attempt at an implementation) how to iterate tuples (i1, . . . , ik) if we keep in
mind that (a) in each inner loop the column/variable ik−t is fixed, and (b) the
tuple has the property i1 < i2 < · · · < ik (remember Definition 5.11, p. 57) .

Removing the (perceived) Inconveniences We will now explain how to
remove this “inconvenience” of the intertwined index “m” in the sub-matrices
Am, Bm.

Am and Bm will be iterated separately (think of it as Am1
and Bm2

). The
indices i1, . . . , ik−t−1 will be decoupled from the indices ik−t+1, . . . , ik. As a
consequence of this decoupling we will parallel the evolution from Algorithm
7.2 to Algorithm 7.3, and apply this to Algorithm 7.5.

Description of the (further) Division Process We can immediately
see (e.g. in (13) or Figure 7.2) that an intuitive division of iterating over Am, Bm
is to take the inner loop from Algorithm 7.5 and divide and nest it further.
This is only logical, because that is where the Am, Bm are intertwined. This
decoupling would look something like this:

1 for matrices Am, Bm do
2 do something;

Algorithm 7.6: Inner loop
with intertwined iterations over
sub-matrices Am and Bm.

1 for matrices Am1
do

2 for matrices Bm2(m1) do
3 do something;

Algorithm 7.7: Inner loop
with decoupled sub-matrices
Am and Bm.

60the light blue columns in Figure 7.2.
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We can achieve this goal by cleverly partitioning the choice of columns.
Fixing “the left-hand side”, e.g. fixing Am0

(of size k× (k− t− 1)), gives us the
following situation:

i) i1, . . . , ik−t−1 is fixed by hypothesis, and

ii) ik−t = k + α is fixed (“inherited” from the outermost loop).

Having this in mind, it remains to iterate over the possibilities of Bm. But first
we need to adapt the limit of the loops because of the decoupling.

Adapting the Limits of the Loops The upper limits of the loops have
to be adapted, and “only” the upper limits (because our variable has only a
counting function). Whereas in Algorithm 7.5 we iterate

m = 1, . . . ,

(
k + α− 1

k − t− 1

)(
n− k − α

t

)
,

we have here already fixed chosen columns for the first k − t− 1 indexes:

i1, . . . , ik−t−1 ∈ {1, . . . , k + α− 1}.

(The variable α comes from the choice of ik−t, or, equivalently, from the outer-
most loop of Algorithm 7.5). This corresponds to an upper limit for the outer
loop up to (

k + α− 1

k − t− 1

)
,

and each of the iterations has an inner loop of size(
n− k − α

t

)
.

Remark 7.9. The division of the
(
k+α−1
k−t−1

)(
n−k−α

t

)
iterations into nested loops

corresponds to a rewriting of this product as a sum:(
k + α− 1

k − t− 1

)(
n− k − α

t

)
=

(
k + α− 1

k − t− 1

)
+ · · ·+

(
k + α− 1

k − t− 1

)
︸ ︷︷ ︸

(n−k−α
t ) many times

or “the other way around”(
k + α− 1

k − t− 1

)(
n− k − α

t

)
=

(
n− k − α

t

)
+ · · ·+

(
n− k − α

t

)
︸ ︷︷ ︸

(k+α−1
k−t−1) many times

Written this way, our division and nesting we do here is almost the same as
in Section 7.2.2, where we have fixed one column which corresponds to the
sum/summands in M(n, k, t).
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The sub-matrices look similar to before. Each partition (in the innermost
loop) has k × k-minors of the form

...
...

...
. . . A . . . U [ik−t] . . . Bi . . .

...
...

...


,

where A is constant in each partition, the U [ik−t] has been fixed (“inherited”
from the outermost loop) and the Bi are being iterated over. There we iterate
over all choices of indices

ik−t+1, . . . , ik ∈ {k + α+ 1, . . . , n}

i = 1, . . . ,

(
n− k − α

t

)
(keep in mind that we always have the condition ik−t+1 < . . . ik, and the index
i is just a counting variable).

We are now ready to put these previous thoughts together into the following
pseudo-code algorithm:

1 for all possible ik−t do
2 for all possible matrices Am do
3 for all possible matrices Bi do
4 Put together the sub-matrix, calculate its determinant;

Algorithm 7.8: Matrix version of Algorithm 7.3 or, alternatively, the
evolved version of Algorithm 7.5, or the “complete” version of Algorithm
7.7.

Figure 7.3 shows the described further division and nesting of loops in a
schematic.
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7.3 Computing the Determinant in each Loop Iteration

In Section 7.1 we have described how the computation of Plücker coordinates
can be performed in a divide-and-conquer strategy. Section 7.2 was dedicated to
transform this divide-and-conquer approach in a description using matrices and
sub-matrices for the computation of determinants. During these past sections
we have always (implicitly) assumed that the computation of determinants is
“outsourced” (in the sense that it is known how to perform the computations).
We will now do away with this assumption and analyze the possibilities of
computing determinants of (sub-)matrices.

7.3.1 Computational Complexity with respect to the Divide-and-
Conquer Strategy

Remember that we started setting a base with Corollary 6.1 (p. 63) for analyzing
the computational complexity of Proposition 5.16. We then introduced the
number M(n, k, t) (see (11), p. 67) as the amount of relevant Plücker coordinates
for the elements in the set Bkt (U0). This led to Corollary 7.2, which gave an
upper estimate for the complexity of the calculations needed:

O(M(n, k, t)pdet(k)).

Divide-and-Conquer does not change Corollary 7.2’s Result Even if
we take into account the the evolution from Algorithm 7.1 (p. 68) to Algorithm
7.8 (p. 79), we would have done nothing more than divide one big loop into
three nested loops. The total number of iterations over all loops in all respective
algorithms does not change, it is always M(n, k, t). As a consequence all the
divide-and-conquer from Sections 7.1, 7.2 will do us no immediate good with
respect to the complexity O(M(n, k, t)pdet(k)). If there is to be any merit in
the divide-and-conquer it has to come from the factor “pdet(k)”.

A look at the input for the computations Increasing the speed of the
factor pdet(k) can happen in one of two possible ways. Either the calculation
itself gets an increase in speed61 with results from numerical linear algebra or
computer algebra. Or, alternatively, which is what we will do now, we take into
account the context of the calculations and use this for faster computations of
Plücker coordinates.

Matrices in the same super-loop look similar The context in the
calculation of our determinants is that all are k × k sub-matrices, generated
by choosing k columns from a bigger matrix. Naturally, the sheer amount of
possibilities62 to choose these k columns forces some of the k×k (sub-)matrices
to have some columns in common. Let us take a look at two k × k matrices
(generated by choosing k columns), say M1 and M2, taken from the same inner-
most loop from Algorithm 7.8, p. 79 (i.e. the two outer-most loops have fixed
variables). The matrices M1,M2 have the following property between them:

61This increase in speed means a decrease in the polynomial exponent of pdet(k).
62It is

(n
k

)
many. One has to take into account that we consider ordered tuples (i.e. with

the condition i1 < · · · < ik).
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• All left-most k − t columns are identical, i.e. M1[ij ] = M2[ij ] for all j =
1, . . . , k − t. This is clear because these are the columns being fixed from
the two outermost loops.

Figure 7.4 shows this in a schematic depiction.

Figure 7.4: Two similar looking matrices from the innermost loop. Both
matrices are of size k×k and generated in the same manner. The leftmost
k− t many columns are the same in both matrices, depicted in yellow and
orange. This is because they are “handed down” from the two outermost
loops. The columns k − t + 1, . . . , k differ in two such matrices. This
likeness can be taken into consideration when computing determinants of
both matrices, as we will see in Lemma 7.10 and its corollaries (7.11 and
7.12), and Algorithm 7.9.

Take note that we did not use the similarity of matrices of the same loop
when we formulated Corollary 7.2. We have always taken for granted that
the similar parts (i.e. the identical columns, yellow in Figure 7.4) affect the
calculations as would two completely uncorrelated matrices. But we know better
than that!

We need the next lemma which is a fact from basic linear algebra.

Lemma 7.10 (Transformation of Block-Matrices, [17, p. 119, exercise 5.4(a)]).
Let the (square) n× n matrix

A =

(
P Q
R S

)
be divided into blocks by the r × r matrix P , the (n − r) × r matrix R, the
r× (n− r) matrix Q and the (n− r)× (n− r) matrix S, where P is invertible.
Then A can be transformed by elementary (row- and column-) operations into
the form (

P 0
R S −RP−1Q

)
. (14)

We give here a proof for this “exercise”.

Proof. Since P is invertible we can multiply A from the left with(
P−1 0

0 I

)
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transforming A (via row-operations) into(
I P−1Q
R S

)
,

where the I-blocks denote identity matrices of respective sizes (and likewise with
the 0-blocks).

Our goal is to make the upper right block to zero. For this we can use the
upper left r × r identity matrix. Performing the necessary column-operations
corresponds with subtracting IP−1Q from the upper right block. But these
column-operations also affect the lower blocks. In this case we subtract RP−1Q
from the lower right block, giving the desired form like in equation (14):(

I P−1Q
R S

)
−
(

0 IP−1Q
0 RP−1Q

)
=

(
I 0
R S −RP−1Q

)

Corollary 7.11 (Determinants of Block-Matrices, [17, p. 119, exercise 5.4(b)]).
Let the n× n (square) matrix

A =

(
P Q
R S

)
be as in Lemma 7.10. Then the determinant of A is

det(A) = det(P ) · det(S −RP−1Q).

Proof. By Lemma 7.10 the form of A as seen in equation (14) is achieved using
elementary (row- and column-)operations. Since this has block-matrix triangle
form, we can multiply determinants of square matrices which are located on the
main diagonal[17, p. 116, Satz 5.4.12],63 meaning

det(A) = det(P ) · det(S −RP−1Q),

which is the desired result.

7.3.2 Detailed Formulation of the Algorithm

A direct consequence of Lemma 7.10 is the following corollary.

Corollary 7.12. For a square matrix M with the form[
A U [ik−t] Bi

]
=

(
P Q
R S

)
,

where P is invertible, the following things hold.

1. The determinant det(M) can be computed by

det(M) = det(P ) det(S −RP−1Q).

63To be pedantic, the theorem in [17, p. 116, Satz 5.4.12] is only formulated for a block-
matrix in upper triangle form. This is easily fixed for lower triangle form (like in equation
(14)) by transposing the matrix, which does not change the determinant[17, p. 110, Theorem
5.4.1].
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2. In that case M has zero determinant if and only if one of the following
conditions hold

i) The n× r matrix ( PR ) has rank smaller than r.

ii) det(S −RP−1Q) = 0

Proof. Both parts of the corollary are easily derived from basic, known facts.
Point 1 follows from basic linear algebra with the computation of determi-

nants of block-matrices, after applying Lemma 7.10 to the matrix M .
In the second point we need to show two things. Part i) follows from the

condition of linearly independent rows and columns in determinants [17]. Part
ii) follows immediately if we note that the co-domain of the determinant map
is the underlying field, which is an integral domain.

With these preparations we are ready to formulate yet another algorithm
(with keeping in mind that the sub-matrix P need not necessarily be invertible),
this time to check subspaces for being inBkt (U0) using Lemma 7.10 and Corollary
7.12 as aids while filling in the details which have been missing in e.g. Algorithm
7.8.

This is given in Algorithm 7.9.

7.3.3 Revisiting the Division Process with Specialized Lex-Order

Note that the simple, one-loop Algorithm 7.4, e.g. as seen in Figure 7.1 takes
one thing implicitely as given. Namely that an ordered k-tuple, having entries
1, 2, 3, . . . , k, is also lexicographically ordered as 1 <lex 2 <lex 3 <lex . . . <lex k.
Or, in other words, the lexicographic ordering of k-tuples is performed by giving
the highest priority to the first entry, the next higher priority to the second entry,
and so forth. But (as can be seen e.g. in [7]) a lexicographic ordering may be
defined with a different priority in mind. Rethinking what we did in the previous
sections, and in particular in Figures 7.2 and 7.3, we could reformulate Section
7.2 in the following corollary.

Corollary 7.13. The work from Section 7.2 (and the reformulations seen in
Figures 7.1–7.3) can be reformulated to arise naturally from a lexicographic
ordering of k-tuples, if we give the entry positions in the tuple the following
precedence:

k − t <lex 1 <lex . . . <lex k − t− 1 <lex k − t+ 1 <lex . . . <lex k.

I.e. the entry at position k−t has highest priority, the entries before this position
(1, . . . , k − t− 1) have second-highest priority, and entries after (k − t+ 1, . . . , k)
have lowest priority.
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Data: Matrix V of size k × n with V = rowsp(V ). Radius t.
Result: True if V ∈ Bkt (U0). False else.

1 for α = 1, . . . , n− k − t do
2 j := k + α;

3 for β = (1, . . . , k− t− 1), . . . , (α+ t+ 1, . . . , k+α− 1) ∈
(

[k+α−1]
k−t−1

)
do

4 Generate matrix X as X :=
[
V [β] V [j]

]
;

5 if rankX < k − t then
6 break;
7 else

8 write X as

[
P
R

]
;

9 if P is invertible then
10 compute T = RP−1;
11 for γ = (k + α+ 1, . . . , k + α+ t), . . . , (n− t+ 1, . . . , n) do

12 Write Y :=
[
V [γ]

]
as

[
Q
S

]
;

13 Compute H := S − T ·Q;
14 if detH 6= 0 then
15 return False;

16 else
17 for γ = (k + α+ 1, . . . , k + α+ t), . . . , (n− t+ 1, . . . , n) do
18 Write Y :=

[
V [γ]

]
;

19 if det [X|Y ] 6= 0 then
20 return False;

21 return True;

Algorithm 7.9: Algorithm to check whether V ∈ Bkt (U0) by use of Plücker
coordinates. We clearly see the structure of a 3-looped algorithm in Lines
1, 3 and 11/17. This reflects the development from Section 7.2 to its final
form in Subsection 7.2.3. Line 9 checks the invertibility condition from
Corollary 7.12. After that, Lines 12 – 15 treat the “fast case” (like in
Figure 7.4 where we have similar looking matrices), and enter a for-loop to
calculate determinant of (k−t)×(k−t) matrices in the manner of Corollary
7.12. Lines 17 – 20 are a “fallback” in case the invertibility condition from
Corollary 7.12 is not fulfilled and just calculate determinants of k × k
matrices without taking into account any similarities between them. After
an unoptimized innermost for-loop (the “fallback case”) the index gets
increased by one and the next loop has another chance of being more
efficient (i.e. Line 9 decides again if we can enter the “fast case”).
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7.4 Concluding Analysis of Running Time

As noted before, Algorithms 7.2 and 7.3 and its “sister-algorithms” from Section
7.2 (Algorithms 7.4–7.8) have all the same number of iterations as the more
trivial version, Algorithm 2, no matter if we perform the iterations in one loop,
two loops, or even three loops. The running time of both algorithms is in the
same order, namely M(n, k, t) with a polynomial factor. This factor is the time
to compute the determinant of a matrix, denoted by pdet(k) for a matrix of size
k × k. We have seen that pdet(k) ∈ O(k4) (see Lemma 7.1, p. 67).

In Algorithm 7.8 we grouped matrices with common columns together, iter-
ated over the groupings in nested loops, and used Lemma 7.10 (p. 82) and its
corollary (p. 83) to work this into Algorithm 7.9. Remember that we wrote a
(square) k × k matrix A as

A =

[
P Q
R S

]
where P is of size (k− t)× (k− t) and S of size t× t. The determinants have to
be computed for P and S. This would give a polynomial factor of pdet(k − t).
With our knowledge of the comlexity of pdet, this means

pdet(k − t) ∈ O
(
(k − t)4

)
.

Remark 7.14. We have only addressed time complexity and have omitted mem-
ory complexity. Suffice it to say that since we are working over a finite field it
is negligable. The interested reader is referred to [29].64

With above observations, this means that Algorithm 7.9 runs in the order
of up to ( k

k−t )
4 times faster than the trivial, one-loop algorithm (see p. 72).

We will put this down in writing in the following corollary.

Corollary 7.15. Algorithm 7.1 is in the order of

O(M(n, k, t)pdet(k))

as we have seen in Corollary 7.2 (see p. 67).

The optimizatons from Section 7.3 may only speed this up by Algorithm 7.9
to the order of

O(M(n, k, t)pdet(k − t)).

Remark 7.16. Until now, and in particular in this subsection, we have con-
centrated on the computation of determinants. This can be seen particullarly
well in Corollary 7.15. But note that computing the M(n, k, t) many determi-
nants are not the only computations in Algorithm 7.9. There are also matrix-
multiplications, subtractions and computations of inverses. However, all these
other operations have an order of complexity smaller than computing determi-
nants [29].

64Note that in [29] computation of determinants over finite fields is not treated at all. Rather
computation of determinants over Z is treated, and possible exploding memory complexities
are solved via the Chinese Remainder Theorem. Our case of determinants over finite fields is
just a special case of this solution.
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Appendices

Appendix A Fields

Most of this section can be found in any undergraduate book introducing ab-
stract algebra, e.g. in [2]. A special treatment of fields of finite cardinality can
be found in [19].

Definition A.1 (Group). A pair (G, ◦) where G 6= ∅ and ◦ is a function

◦ : G×G→ G

is called a group if ◦ has the following properties.

(i) Associativity, i.e. it holds that

a ◦ (b ◦ c) = (a ◦ b) ◦ c ∀a, b, c ∈ G.

(ii) G has a neutral element with respect to ◦, i.e.

∃e ∈ G s.t. a ◦ e = a = e ◦ a ∀a ∈ G.

(iii) Every element in G is invertible, i.e.

∀a ∈ G ∃b ∈ G s.t. a ◦ b = b ◦ a = e,

where e is the neutral element.

G is called a commutative group if, in addition to being a group, ◦ is commu-
tative, i.e.

a ◦ b = b ◦ a∀a, b ∈ G.

Definition A.2 (Ring, Field). A structure (R,+, ·) is called a ring if R is a
non-empty set, (R,+) is a commutative group, (R, ·) is associative, and the two
operations + and · are linked by the following distributive law:

(i) a · (b+ c) = a · b+ a · c ∀a, b, c ∈ R.

(ii) (a+ b) · c = a · c+ b · c ∀a, b, c ∈ R.

If a set F is a ring and, in addition, (F, ·) is a commutative group where
1 6= 0, then F is said to be a field (1 and 0 being the neutral elements for the
respective operations).
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A.1 Finite Fields

As is to be expected, a finite field is a field with finite cardinality. Also when
we have fields E,F,G with the inclusions

E ⊂ F ⊂ G,

we say that E (with the induced operations) is a sub-field of F, and we also say
that G is a super-field of F, etc. The following lemma is given without proof as
it is a straightforward matter to work out the details.

Lemma A.3 (Intersection of Fields). Let F be a field. If E1 and E2 are sub-
fields of F, then the intersection

E1 ∩E2 ⊂ F

is also a field.

A direct consequence of Lemma A.3 is the existence and well-definedness of
the smallest sub-field of a field F. For this we have the following

Definition A.4 (Prime Field). Let F be a field. The set A defined as

A :=
⋂
E⊆F,

E is a field

E

is a field. It is the smallest field contained in F and called the prime field of F.

Finite fields are usually denoted Fn, where n is the cardinality of the field.
The following lemma sums up some well-known facts about the size, existence,
and uniqueness of finite fields.

Lemma A.5 (Cardinality of a Finite Field). If Fq is a finite field, then the
cardinality q fulfills

q = pk, where p is a prime number, k ∈ N> 0.

If E and F are two finite fields of size q then they are isomorphic. The isomor-
phism65 is not necessarily unique.66 If F is a field of size q = pk, then its prime
field is Fp.

65Field isomorphisms are defined analogously to isomorphisms between vector spaces,
groups, etc. For a definition a lot of resources are available, e.g. [19].

66The number of isomorphisms between two non-equal fields of size Fn
q is exactly n, as seen

in e.g. [19].
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Appendix B Enumerate Elements of P1 over a
Finite Field of Prime Cardinality

The following is a script for the computer algebra software Sage [27]. It was
used to help generate Figure 4.7 on page 45.

### I n i t i a t e v a r i a b l e s

# Dict ionary o f l i n e s and t h e i r e lements
A={}

# The under ly ing base f i e l d and the p r o j e c t i v e space
FF=GF(7)
XX=Pro j ec t i veSpace (1 ,FF)

p r in t (XX)

f o r i in XX:
# i t e r a t e over a l l e lements o f PF(2 ,GF( 7 ) )

#1: Put the element o f PF in to the d i c t i o n a r y
#2: f i l l the l i s t f o r element ‘ i ’
#3: g ive a n i c e pr in tout
A[ i ] = [ ]
f o r j in [ y f o r y in FF i f y != FF. zero ( ) ] :

i new = copy ( i )
i new . s c a l e b y ( j )
A. get ( i ) . append ( i new )

p r in t s t r ( i ) + ” c o n s i s t s o f \n” + s t r (A. get ( i ) ) + ”\n”
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Appendix C Implementation in SAGE [27] of
Sanity Checking M(n, k, t)

# This sage s c r i p t checks 3 d i f f e r e n t formulas .
#
### a ) ###
# sum { j =1}ˆ{n−k−t } binom ( k+j −1, k−t−1)∗binom (n−k−j , t )
#
### b ) ###
# count the c a r d i n a l i t y o f
# ( i 1 , . . . i k ) \ n l e q ( t + 1 , . . . , k , n−t −1 , . . . n)
# where the ‘\ n l e q ’ i s in the Bruhat order
#
### c ) ###
# count the c a r d i n a l i t y o f t u p l e s where
# i {k−t } > k

# Prepare s t u f f
n=42
k=13
t=5
# d e f i n e the t u p l e ( t + 1 , . . . , k , n−t + 1 , . . . n)
magic tup le=range ( t +1,k+1)
magic tup le . extend ( range (n−t +1,n+1))

# compute a )
a = 0
for j in range (1 , n−t−k+1): # +1 because range (1 ,3)=[1 ,2 ]

a = a + binomial ( k+j −1,k−t−1)∗ binomial (n−k−j , t )

# compute b ) and c ) by i t e r a t i n g over a l l t u p l e s

b = 0
c = 0

tuple = range (1 , k+1) # = [ 1 , 2 , . . . , k ]
l a s t t u p l e c o u n t e d = False

while ( l a s t t u p l e c o u n t e d == False ) :
# f i n d out i f we s h a l l count t h i s t u p l e f o r b )
for i in range ( k ) : # k = 0 , . . . , k−1

i f tuple [ i ] <= magic tup le [ i ] :
i s l e q = True

else :
i s l e q = False
break

c o u n t c u r r e n t t u p l e = not i s l e q
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# count the t u p l e in b ) i f necessary
i f c o u n t c u r r e n t t u p l e :

b = b+1
# count the t u p l e in c ) i f necessary
i f tuple [ k−t−1] > k :

c = c+1

# i n c r e a s e the t u p l e in l e x order
index = k−1 # i n d i c e s s t a r t a t 0
f o rb idden va lue = n+1
while ( index>=0):

i f tuple [ 0 ] >= n−k+1:
l a s t t u p l e c o u n t e d = True
break

i f tuple [ index ]+1 < f o rb idden va lue :
l ower va lue=tuple [ index ]
while ( index<k ) :

tuple [ index ] = lower va lue+1
index=index+1
lower va lue=lower va lue+1

break
else :

f o rb idden va lue = tuple [ index ]
index = index−1

print ( ”a = ” + a . str ( ) )
print ( ”b = ” + b . str ( ) )
print ( ”c = ” + c . str ( ) )
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Appendix D Algorithm to Calculate i(i0)

In Section 7.1 we have encountered submatrices of the form “Ui(i0)”. Here we
will show how to generate i(i0). We will do this in algorithmic form. As can be
seen cleary by the algebraic description “Ui(i0)”, the input of the algoritm is i0,
and the output is i(i0).

Data: i0, n, k, t, where i0 is from a series i = 1, 2, 3, . . . counting tuples
Result: i(i0) = (i1, . . . , ik) where i(i0) � (t+ 1, . . . , k, n− t+ 1, . . . , n)

1 (i1, i2, . . . , ik)← (0, 0, . . . , 0);
2 j ← 0;

3 while
(
k+j−1
k−1−1

)(
n−k−j

t

)
< i0 do

4 j ← j + 1;

5 ik−t ← j;
6 (i1, . . . , ik−t−1)← REV ENUM(k − t− 1, j − 1);
7 (ik−t+1, . . . , in ← REV ENUM(j + 1, n);

Algorithm D.1: Calculates i(i0) like mentioned in Section 7.1. This algo-
rithm works in a “keep it simple” fashion: substantially it only calculates
the entry ik−t of i(i0) and makes an external call toLEXREV for calcu-
lating the missing parts on “the left-hand side” and on “the right-hand
side”.

As we see Algorithm D.1 calls another function, “REVENUM” for some
tasks. We provide the function here.

Data: k, nlower, nupper, i
Result: The i-th (in lex-order) ordered monomial of length k with

entries between nlower and nupper

1 j ← 0;

2 while
(
nupper−nlower+1−j

k−j
)
< i do

3 j ← j + 1;

4 rest ← REVENUM(k − 1, j + 1, nupper, i−
(
nupper−nlower+1−j

k−j
)
);

Function REVENUM(k,nlower, nupper, i). This algorithm calculates the i-
th lexicographically ordered tuples of length k with entries between nlower

and nupper.
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Plücker embedding . . . . . . 54, 53–57
point

- at infinity . . . . . . . . . . . . . . . . . . 49,
see also infinite point, see also
projective space

affine - . .47, see also affine point,
see also projective space

antipodal points . . . . . . . . . . . . . . 36
finite - . . . 47, see also finite point
infinite - . . . . . 47, see also infinite

point
point at infinity 41, 49, 51, see also

infinite point
poset . . . 17, 17, 18, 33, 53, see also

partially ordered set
positive flow . . . . . . 13, see also flow
post-processing. . . . . . . . . . . . . .23, 31
pre-processing . . . . . . . . . . . . . . . . . . 22
problem

multi-cast - . . . . . . . . . . . . . . . 28, 29
single-source multi-cast . . . . . . . 28
transportation -. . . . . . .6, see also

transportation problem
types . . . . . . . . . . . . . . . . . . . . . . . . . 25
uni-cast - . . . . . . . . . . . . . . . . . . . . . 29

projection . . . . . . . . . . . . . . . . . . . 59, 60
projective coordinate 46, 48, 54, 56

- of Grassmannian . . . 54, see also
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