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Abstract

A Toeplitz matrix is a matrix whose entries along every diagonal are the same. A Hankel matrix
is a matrix whose entries are equal along every antidiagonal. Note that by turning a Hankel
matrix by 90 ◦ in clockwise direction one obtains a Toeplitz matrix. Upper triangular Hankel
matrices are filled with zeros under the main antidiagonal and the entries on each antidiagonal
are equal. Furthermore, upper triangular superregular Hankel matrices have the additional
property that all proper submatrices have a nonzero determinant, or, in other words, that all
minors which are not trivially zero are nonzero. If we consider these kind of matrices over finite
fields, we are able to find (a) an upper bound of the matrix size and (b) an algorithm that
generates a list of all superregular ones.
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Chapter 1

Introduction

Coding theory deals with communication or, more precisely, with how information can be sent
without loosing parts of it. The beginnings of coding theory reach back to the year 1948 when
Claude Shannon first published its basis [20]. Simply put, information gets from the sender to
the receiver through a communication channel. CDs, hard disks and wireless communication
are only a few examples for such a channel [21]. However, due to the fact that channels have
physical and engineering limitations, they are themselves imperfect [18]. This means that some
information which is sent through the channel will arrive inevitably altered [18]. Such a channel
is called a noisy channel. Unfortunately, noise is unavoidable in real life [5]. Due to this fact,
but also because of high-speed data networks for the exchange, among other things, the world
has been needing more and more efficient and reliable digital data transmission technology in
recent years [12]. A main objective of today’s research, therefore, is to know how to handle
errors, i.e. how to reproduce the transmitted information reliably [12]. In order to alleviate this
issue, coding is used.

We consider information as a sequence of symbols of an alphabet [5]. An often-used alphabet
is the set of two elements 0 and 1 [5]. Before transmitting the information through the channel,
the encoder attaches some redundant parts to the information [12]. The encoded information is
then called a codeword. Codewords have to be transmitted through a communication channel,
which is noisy [12]. If at least one entry of the transmitted codeword has been changed, this
incident is then called an error [18]. When using the set of two elements, an error means that
a 0 is changed to a 1 or a 1 to a 0. For example, if we want to transmit ’1001’ it is encoded
into ’1001101’ [14]. The redundant part here is 101 at the end of the information. Assuming
that ’0001101’ has arrived after the transmission through a noisy channel, the decoder is either
confused if ’0001101’ is not a codeword or misinformed if it is a codeword which stands for
another information. In the former case, the decoder is able to correct the error, if the redundant
part was added cleverly. Presuming that not too many errors occurred during the transfer, the
decoder is then able to decode the information correctly. The basic process of communication
is described in Figure 1.1.

Noise

ChannelEncoderTransmitter Decoder Receiver

Figure 1.1: Communication model
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A well-written code has to feature three properties in order to be of good quality: (a)
information can be transmitted through a noisy channel as fast as possible, (b) the decoder is
able to reliably reproduce the information and (c) the cost of implementation is tolerable [12].

If a communication channel is very good, error detection is of greater importance than
correction [2]. Because if only a few errors occur, the detection and the retransmission of the
information requested by the receiver requires almost no time [2].

An example of a communication channel is the erasure channel. It was Elias [3] in 1955
who first introduced this channel. The main difference to other channels is that the erasure
channel handles lost or incorrect symbols differently. When symbols are transmitting through
the erasure channel, some may get lost or are simply incorrect. In both instances, these symbols
will be erased. Interestingly, it has been observed that erasures usually occur in bursts. This
means that the erasure probability increases if an erasure has already taken place. A second
observation is that undetected errors are rare and therefore being ignored. These properties
must always be kept in mind during the decoding process. [21]

An important example of an erasure channel is the Internet, where information is sent in the
form of packets. These packets can be modeled as an element or sequence of elements from an
alphabet, which is usually huge, as, for example, the finite field of 21000 elements. Furthermore,
the decoder is endowed with a cyclic redundancy check (CRC) code. If the CRC code fails after
transmitting a packet, the decoder knows that this packet is erased [22]. Since the position of a
packet within a stream is stored, the decoder always knows where the erasures have occurred.
This feature is essential for the decoding process. [21]

While most sources need a confirmation that the packet has arrived, some real-time transfers,
such as live broadcasts, do not need it, because a retransmission of erased packets would waste
too much time. Due to this fact, a good code is needed that is able to recover as many erasures
as possible. By the way: in order not to be confused, one speaks of correcting errors and of
recovering erasures. [21]

There are two different classes of codes: block codes and convolutional codes. The former
encodes the information block by block. A single block is always encoded in the same way and is
independent on its position within the sequence. The encoder is also said to be memoryless. The
second type of code uses block transmission, too. However, the difference is that convolutional
codes additionally include the information about the position of its blocks, since an encoded
block is also dependent on its previous blocks. Hence, the encoder has a memory. Which of the
two classes of codes is chosen depends on the communication channel [10]. [12]

Convolutional codes dispose of a necessary distance measure: the column distance. Tomás
[21] proved that the number of erasures that occur when transmitting over the erasure channel are
dependent on this measure. The bigger the column distance, the more erasures can be recovered.
However, the column distance is upper bounded and therefore the number of recovered erasures
is bounded, too. A maximum distance profile (MDP) convolutional code, first introduced by
Gluesing-Luerssen et al. in [4], has the property that the column distance reaches its upper
bound. Hence, when transmitting over the erasure channel, an MDP convolutional code would
be a good choice, since it has the potential to recover as many erasures as possible. [21]

In order to construct MDP convolutional codes, one considers lower triangular superregular
Toeplitz matrices or, more generally, block lower triangular superregular Toeplitz matrices. The
former ones are filled with zeros over the main diagonal and the entries on each diagonal are
equal. Furthermore, they have an additional property called superregularity, which means that
all minors which are not trivially zero are nonzero. A block lower triangular superregular Toeplitz
matrix can be considered as a lower triangular superregular Toeplitz matrix where all entries
are blocks. When designing an MDP convolutional code, one needs a block lower triangular
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superregular Toeplitz matrix. For a special case of MDP convolutional code it is enough to take
a lower triangular superregular Toeplitz matrix. [22]

The usage of MDP convolutional codes when transmitting over the erasure channel and the
construction and properties of (block) lower triangular superregular Toeplitz matrices, especially
over finite fields, are evolving areas of research. Hutchinson et al. [9], for example, have focused
on the field size such that a lower triangular Toeplitz matrix of a given size can be superregular.
The authors found an upper bound on the minimum field size. Almeida et al. [1] have concerned
themselves with the construction of lower triangular superregular Toeplitz matrices. They have
introduced a new class of matrices that are superregular over a sufficiently large finite field and
presented a bound for the field size required for these matrices. Moreover, the existence of
arbitrary MDP convolutional codes is investigated and established by Hutchinson et al. in [7].
Tomás [21] has suggested a method for the generation of superregular matrices. She pointed
out that these matrices are cleverer in a sense that they satisfy the superregular property in an
inverted direction. She called these matrices reverse-superregular. If one uses such a matrix for
an MDP convolutional code, then this code, which is called reverse-MDP convolutional code, is
able to recover more erasures, since it allows to reverse the direction of the decoding. Further-
more, she presented a recovering algorithm and showed how to reduce the waiting time during
the recovering process with stronger conditions to reverse-MDP convolutional codes. Through
simulations, she illustrated that such an improved reverse-MDP convolutional code performs
better than a comparable block code.

Expanding on the existing research, this master’s thesis focuses on the upper triangular su-
perregular Hankel matrices over finite fields, which are strongly related to the lower triangular
superregular Toeplitz matrices through a clockwise turn by 90 ◦. Consequently, an upper tri-
angular Hankel matrix is filled with zeros under the main antidiagonal and the entries on each
antidiagonal are equal. The superregularity is again given by the property that all minors which
are not trivially zero are nonzero.

The first part of this thesis explores the size of upper triangular superregular Hankel matrices
over an arbitrary, but fixed finite field. Due to the fact that finite fields have finitely many
elements, it may well be that there is an upper bound of the matrix size. Therefore, the first
research question is:

Research Question 1: Is there an upper bound of the size of upper triangular superregular
Hankel matrices over an arbitrary, but fixed finite field, and if yes, how good is this bound?

The second part of the thesis proposes an algorithm for the construction of such upper
triangular superregular Hankel matrices. This algorithm produces a list of all upper triangular
superregular Hankel matrices up to a given size and over a given finite field. Moreover, the
algorithm, contrary to brute-force methods, should be able to construct these matrices in a
computational efficient manner. With the received list, the researchers have been able to make
a better assertion or to disprove a claim by a counterexample more easily. According to the
above requested properties, the second research question is formulated as follows:

Research Question 2: What features does the construction algorithm need to have so that it
is computationally efficient?

The thesis is structured as follows: Chapter 2 gives an introduction to the basic concepts
needed for the thesis, Chapter 3 analyzes the upper bound of the matrix size, Chapter 4 presents
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an algorithm for the construction of the matrix and Chapter 5 discusses the findings by answering
the research questions and concludes with an outlook for further research opportunities.

We would like to remark that we do not examine particular decoding algorithms for con-
volutional codes in this thesis. We know however that codes constructed from superregular
matrices as described in this thesis have excellent potential in practical use and we refer the
reader to [21,22].



Chapter 2

Preliminaries

This chapter introduces the mathematical background that is needed for the thesis. The follow-
ing notations are used:

� F = Fq = Fps a finite field of q = ps elements, where p is prime

� F× = F \ {0} the multiplicative group of a finite field F

� 0 a zero vector (of the adapted size when not specified)

� O a zero matrix, I an identity matrix (both of them of the adapted sizes when not specified)

2.1 Toeplitz and Hankel matrices

Let A be an r×s matrix and let m ∈ {1, 2, . . . ,min{r, s}} for given r, s ∈ N. Let I = {i1, . . . , im},
with 1 ≤ i1 < · · · < im ≤ r, be an ordered set of row indices and J = {j1, . . . , jm} with
1 ≤ j1 < · · · < jm ≤ s be an ordered set of column indices of a matrix A. We denote by AIJ the
m×m submatrix of the matrix A formed by intersecting the rows indexed by the members of I
with the columns indexed by the members of J [9, Definition 1.3]. From now on, the submatrices
are always quadratic.

Example 2.1.1.

A =

[
1 2 3
4 5 6

]
, I = {1, 2}, J = {2, 3}, AIJ =

[
2 3
5 6

]
2

Definition 2.1.2 ( [6], Chapter 0.9.5). For any γ × γ matrix A = [aij ], the entries ai,γ−i+1 for
i = 1, . . . , γ comprise its main antidiagonal.

Definition 2.1.3 ( [6], Definition 0.9.8). A matrix A ∈ Fγ×γ of the form

A =


a1 · · · aγ−1 aγ
... . .

.
. .
.

aγ+1

aγ−1 aγ . .
. ...

aγ aγ+1 · · · a2γ−1


5
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is a Hankel matrix. Each entry aij is equal to ai+j−1 for some given sequence a1, a2, . . . , a2γ−1.
The entries of A are constant along the diagonals parallel to the main antidiagonal. A Hankel
matrix is upper triangular if aij = 0 whenever i+ j − 1 > γ.

Definition 2.1.4. A matrix A ∈ Fγ(n−k)×γk of the form
A1 · · · Aγ−1 Aγ
... . .

.
. .
.

Aγ+1

Aγ−1 Aγ . .
. ...

Aγ Aγ+1 · · · A2γ−1


in which Ai ∈ F(n−k)×k for i = 1, . . . , 2γ − 1, is a block Hankel matrix. Each block Aij is
equal to Ai+j−1 for some given sequence A1, A2, . . . , A2γ−1. A block Hankel matrix is upper
triangular if Aij = O whenever i+ j − 1 > γ.

Definition 2.1.5. Consider a block upper triangular Hankel matrix

H =


Hγ · · · H2 H1

... . .
.

. .
.

O

H2 H1 . .
. ...

H1 O · · · O

 ∈ Fγ(n−k)×γk,

where each block has size (n− k)× k. Let I = {i1, . . . , im} be an ordered set of row indices and
J = {j1, . . . , jm} an ordered set of column indices of H. Then HIJ is said to be proper, if for
each ν ∈ {1, 2, . . . ,m} the inequality⌈

iν
n− k

⌉
+

⌈
jm−ν+1

k

⌉
≤ γ + 1

holds. We call H superregular if all proper submatrices of H have a nonzero determinant.

We call a determinant of a matrix trivially zero, if it contains a zero row or a zero column.
In other words, a submatrix is proper, if its determinant is not trivially zero and a matrix is
superregular, if all minors which are not trivially zero are nonzero. We can conclude directly from
the definition that if H is superregular, the entries in each block must be nonzero. Otherwise,
this entry can be considered as a 1× 1 proper submatrix with determinant zero.

If we set n = 2 and k = 1 we get an upper triangular Hankel matrix. The condition for
proper submatrices of this special case of block upper triangular Hankel matrices simplifies to
the inequality iν + jm−ν+1 ≤ γ + 1. Then Definition 2.1.5 can be reformulated as follows:

Definition 2.1.6. Consider an upper triangular Hankel matrix

H =


hγ · · · h2 h1
... . .

.
. .
.

0

h2 h1 . .
. ...

h1 0 · · · 0

 ∈ Fγ×γ .
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Let I = {i1, . . . , im} be an ordered set of row indices and J = {j1, . . . , jm} an ordered set of
column indices of H. HIJ is said to be proper if, for each ν ∈ {1, 2, . . . ,m}, the inequality
iν + jm−ν+1 ≤ γ+ 1 holds. Moreover, H is called superregular if every proper submatrix of H
has a nonzero determinant.

Since an upper triangular Hankel matrix is characterized only by its first row, we may simply
denote such a matrix as H[hγ , . . . , h2, h1].

Example 2.1.7. 2 1 1
1 1 0
1 0 0

 ∈ F3×3
5

is an upper triangular superregular Hankel matrix over the finite field F5.[
4 2 3 1
3 1 0 0

]
∈ F2×4

5

is a block upper triangular superregular Hankel matrix over the finite field F5. The blocks are
of size 1× 2. 2

To illustrate the equivalence of the condition of properness in the case of an upper triangular
Hankel matrix, we have to think about which rows and which columns we may choose in order
to get a proper submatrix. If we take the last row for the construction of a submatrix, we always
have to choose the first column, as well. If we do not, we will get a submatrix with the last row
being a zero row, which has a determinant trivially zero and is therefore not proper. The same
holds if we exchange “row” for “column”. We say that (i, j) is a pair, if i+ j ≤ γ+ 1 holds. For
that reason, (γ, 1) is a pair.

Another combination producing a zero row would be the second last row without the first
and second column. The next example illustrates the crucial point of these considerations:

Example 2.1.8. Let γ = 4 and

H =


h4 h3 h2 h1
h3 h2 h1 0
h2 h1 0 0
h1 0 0 0


Setting I = {2, 4} and J = {1, 3}, we get

HIJ =

[
h3 h1
h1 0

]
which is proper. Accordingly then, we have pairs (2, 3) and (4, 1). If we choose I = {3, 4} and
J = {1, 3} then we obtain

HIJ =

[
h2 0
h1 0

]
.

The determinant of this submatrix is trivially zero. Obviously, to be able to choose column 3,
we need a row with index at most 2, which we do not have. This yields exactly the inequality
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of above: i1 + 3 ≤ 5. 2

The same concepts can be introduced for Toeplitz structures instead.

Definition 2.1.9 ( [6], Definition 0.2.1). Suppose that A = [aij ] ∈ Fγ×γ . The main diagonal
of A is the list of entries a11, a22, . . . , aγγ .

Definition 2.1.10 ( [6], Definition 0.9.7). A matrix A = [aij ] ∈ Fγ×γ of the form

A =


a0 a−1 · · · a−γ+1

a1 a0
. . .

...
...

. . .
. . . a−1

aγ−1 · · · a1 a0


is a Toeplitz matrix. The entry aij is equal to ai−j for some given sequence a−γ+1, a−γ+2,
. . . , a−1, a0, a1, . . . , aγ−2, aγ−1. The entries of A are constant down the diagonals parallel to the
main diagonal. A Toeplitz matrix is lower triangular if aij = 0 whenever i− j < 0.

Definition 2.1.11. A matrix A ∈ Fγ(n−k)×γk of the form
A0 A−1 · · · A−γ+1

A1 A0
. . .

...
...

. . .
. . . A−1

Aγ−1 · · · A1 A0


in which Ai ∈ F(n−k)×k for i = −γ+ 1,−γ+ 2, . . . ,−1, 0, 1, . . . , γ− 2, γ− 1 is a block Toeplitz
matrix. Each blockAij is equal toAi−j for some given sequenceA−γ+1, . . . , A−1, A0, A1, . . . , Aγ−1.
A block Toeplitz matrix is lower triangular if Aij = O whenever i− j < 0.

Definition 2.1.12 ( [9], Definition 1.3). Consider a block lower triangular Toeplitz matrix

T =


T1 O · · · O

T2 T1
. . .

...
...

. . .
. . . O

Tγ · · · T2 T1

 ∈ Fγ(n−k)×γk,

where each block has size (n− k)× k. Let I = {i1, . . . , im} be an ordered set of row indices and
J = {j1, . . . , jm} an ordered set of column indices of T . Then T IJ is said to be proper, if for
each ν ∈ {1, 2, . . . ,m} the inequality

jν ≤
⌈

iν
n− k

⌉
k

holds. Furthermore, T is called superregular if all proper submatrices of T have a nonzero
determinant.
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The meaning of properness and superregularity is exactly the same as in the case of Hankel
matrices. Again, we can set n = 2 and k = 1 to get a lower triangular Toeplitz matrix.
The inequality in the condition for proper submatrices simplifies to jν ≤ iν and we obtain the
following definition:

Definition 2.1.13 ( [9, Definition 1.4]). Consider a lower triangular Toeplitz matrix

T =


t1 0 · · · 0

t2 t1
. . .

...
...

. . .
. . . 0

tγ · · · t2 t1

 ∈ Fγ×γ .

Let I = {i1, . . . , im} be an ordered set of row indices and J = {j1, . . . , jm} an ordered set of
column indices of T . Then T IJ is said to be proper if for each ν ∈ {1, 2, . . . ,m} the inequality
jν ≤ iν holds. Moreover, T is said to be superregular if every proper submatrix of T has a
nonzero determinant.

We are able to define such a matrix only with its first column. Therefore, we denote such a
matrix as T [t1, t2, . . . , tγ ].

Example 2.1.14. Clearly, 1 0 0
1 1 0
2 1 1

 ∈ F3×3
5

is a lower triangular superregular Toeplitz matrix over the finite field F5 and[
3 1 0 0
4 2 3 1

]
∈ F2×4

5

is a block lower triangular superregular Toeplitz matrix over the finite field F5. The blocks are
of size 1× 2. 2

We can easily see that proper submatrices of Toeplitz matrices correspond to proper sub-
matrices of Hankel matrices through a clockwise turn by 90 ◦, which affects only the sign of the
determinant.

Remark 2.1.15. To obtain (block) Hankel matrices from (block) Toeplitz matrices and vice
versa, we use the following transformation matrix:

Let Jγ be a γ × γ matrix of the form

Jγ =


0 0 · · · 0 1
0 0 · · · 1 0
... . .

. ...
0 1 · · · 0 0
1 0 · · · 0 0

 .

If T ∈ Fγ×γ is a lower triangular superregular Toeplitz matrix, then Jγ ·T is an upper triangular
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superregular Hankel matrix. Conversely, if H ∈ Fγ×γ is an upper triangular superregular Hankel
matrix, then Jγ · H is a lower triangular superregular Toeplitz matrix.

Similarly, we obtain a block lower triangular superregular Toeplitz matrix from a block
upper triangular superregular Hankel matrix and vice versa. In order to do so, we need a
γ(n− k)× γ(n− k) block transformation matrix Jγ(n−k) given by

Jγ(n−k) =


O O · · · O I
O O · · · I O
... . .

. ...
O I · · · O O
I O · · · O O

 .
2

2.2 Linear block codes

The theory of linear block codes is taken from the dissertation of Tomàs [21].

Definition 2.2.1. We say that an [N,K] linear block code C over F is a K-dimensional linear
subspace of the vector space FN . K and N are called the dimension and length of C, respectively.
An N ×K matrix G is said to be a generator matrix of the code C if its column form a basis
of C. Then an [N,K] linear block code C is described as

C = {Gu ∈ FN | u ∈ FK}.

Moreover, u is called the information vector which is of length K. It is encoded into the
code vector or codeword v of length N . We say that the code has rate K/N .

In order to describe such a linear subspace, there exists another possibility through a kernel
representation. Actually, there is an (N − K) × N matrix P called a parity check matrix
of C, such that v ∈ C if and only if Pv = 0. However, in many publications the parity check
matrix is denoted by H instead of P and G and P are not considered unique. The latter holds
since one can write many different bases for a subspace.

In the theory of linear block codes, we are interested in the maximum number of errors
that a code word can have in order to decode correctly. Therefore, we need the concept of the
minimum distance dmin(C). If v ∈ FN , the Hamming weight of v, wt(v), is defined as the
number of nonzero components of v, then the minimum distance of C is given by the following
expression

dmin(C) = min{wt(v) | v 6= 0 with v ∈ C}.

In order to compute the minimum distance of a linear block code, we can apply the following
lemma.

Lemma 2.2.2. If any combination of s columns of P is linearly independent but there exist
s+ 1 columns that are linearly dependent, then dmin(C) = s+ 1.

With the minimum distance, we are able to compute how many errors one can detect and
correct.
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Lemma 2.2.3. If dmin(C) = d then the code can detect at most d − 1 errors occurring during
the transmission of a codeword and can correct at most

⌊
d−1
2

⌋
of them.

Therefore, reliable communication is achieved by codes with a large minimum distance.
Though, the minimum distance is upper bounded.

Theorem 2.2.4 (Singleton Bound). If C is an [N,K] linear block code then dmin(C) satisfies

dmin(C) ≤ N −K + 1. (2.1)

If dmin(C) = N −K + 1, then C is said to be maximum distance separable (MDS).

Hence, a linear block code of rate K/N is able to correct the maximum number of errors if
it is MDS.

Roth [18] noticed that the largest length of an MDS block code of fixed dimension over a
fixed finite field seems to be bounded. Given a finite field Fq and a positive integer K, we denote
by Lq(K) the largest length of any MDS block code of dimension K over Fq. If such codes exist
for arbitrarily large lengths, define Lq(K) = ∞. The goal is to get Lq(K) for any K and q.
For several cases, he has already found this number. But in the general case, it is still an open
question.

Conjecture 2.2.5 (The MDS conjecture).

Lq(K) =



∞ if K = 1

q + 1 if K ∈ {2} ∪ {4, 5, . . . , q − 2}
q + 1 if K ∈ {3, q − 1} and q is odd

q + 2 if K ∈ {3, q − 1} and q is even

k + 1 if K ≥ q.

In the case of linear block codes we have a generator matrix G that is constant and scalar.
This means that an information vector is always encoded in the same way. But what would
happen if time mattered? The consequence should be that the same information vector is not
encoded into the same codeword for two different points in time.

The next section presents an introduction to how such codes are constructed.

2.3 Convolutional codes: module point of view

In this section we present an overview of the theory of convolutional codes with the description
of the module point of view. This is mostly based on [21], but also on [4, 10,15,16,22].

In order to achieve the property where time has an influence on the encoding process, we
introduce a variable z which is usually called the delay operator. Thereby, we indicate the
instant in which each information arrived or each codeword was transmitted. The information
is now represented by a polynomial sequence

u(z) = u0 + u1z + · · ·+ ulz
l ∈ Fk[z]
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as well as the codeword
v(z) = v0 + v1z + · · ·+ vlzl ∈ Fn[z].

Nevertheless, the block code

C = {Gu(z) | u(z) ∈ Fk[z]} = imF[z]G

still has a fixed generator matrix and the encoding process remains static. Therefore, we allow
the generator matrix to be polynomial instead of scalar. It is now represented as

G(z) = G0 +G1z + · · ·+Gmz
m.

Now, we have the possibility that a message is not encoded as the same codeword at two different
instants.

We are ready to define a convolutional code by thinking of Fn[z] and Fk[z] as F[z]n and F[z]k,
respectively.

Definition 2.3.1. A convolutional code C of rate k/n is a submodule of F[z]n that can be
described as

C = {v(z) ∈ F[z]n | v(z) = G(z)u(z) with u(z) ∈ F[z]k},

where G(z) is an n × k full rank polynomial matrix called a generator matrix of C, u(z) is
the information vector and v(z) is the code vector or codeword. The variable m is called
the memory of the generator matrix.

A convolutional code remembers past inputs. Consequently, this brings variations on the
encoding process. The memory indicates the duration of the influence of the information on the
output.

The maximum of the degrees of all the determinants of all k×k submatrices of the generator
matrix is defined as the degree of C.

Note that a generator matrix G(z) of a convolutional code is not unique. If U(z) ∈ GLk(F[z]),
i.e. det(U(z)) ∈ F×, then G(z)U(z) generates the same code as G(z). The degree of the
generated codes is invariant under this transformation.

We call a convolutional code of rate k/n and of degree δ an (n, k, δ)-convolutional code
[13].

A convolutional code C is called observable, if the generator matrix has a polynomial left
inverse. In this way we can avoid circumstances in which a sequence u(z) with an infinite
number of nonzero coefficients can be encoded into a sequence v(z) with a finite number of
nonzero coefficients. In other words, we want to prevent getting infinitely many errors when
recovering the original information sequence after decoding finitely many errors on the received
code sequence. From now on, we restrict ourselves to observable codes.

Due to the observability we obtain another representation of convolutional codes. Namely,
there is an (n− k)× n full rank polynomial matrix P (z) such that

C = {v(z) ∈ Fn[z] | P (z)v(z) = 0}

where P (z) is called a parity-check matrix of the code. Note that in most literature the
parity-check matrix is denoted by H(z) instead of P (z).

We can write v(z) as a vector polynomial v(z) = v0 + v1z+ · · ·+ vlz
l for l ≥ 0 and P (z) as

a matrix polynomial P (z) = P0 + P1z + · · ·+ Pνz
ν , where Pi = O for i > ν which leads to the
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following kernel representation

P0

...
. . .

Pν · · · P0

. . .
. . .

Pν · · · P0

. . .
...
Pν




v0

v1

...
vl

 = 0. (2.2)

The weight of a code vector v(z), denoted by wt(v(z)), is the sum of the Hamming weights
of the coefficients of v(z), i.e. wt(v(z)) =

∑l
i=0 wt(vi). The free distance dfree is defined as

dfree(C) = min{wt(v(z)) | v(z) ∈ C and v(z) 6= 0} (2.3)

which is an important measure of the usefulness of the code.

Lemma 2.3.2 ( [22], Lemma 2.1). Let C be a convolutional code with free distance d = dfree.
If during the transmission at most d − 1 erasures occur, then these erasures can be uniquely
decoded. Moreover, there exist patterns of d erasures which cannot be uniquely decoded.

The free distance of an (n, k, δ)-convolutional code has an upper bound given by

dfree ≤ (n− k)

(⌊
δ

k

⌋
+ 1

)
+ δ + 1 (2.4)

which was shown by Rosenthal and Smarandache in [16]. They call this bound the generalized
Singleton bound since it generalizes the concept of the Singleton bound of block codes which
corresponds to the case that δ = 0. Rosenthal and Smarandache call an (n, k, δ)-convolutional
code that reaches the singleton bound a maximum distance separable (MDS) code.

In [10], another important distance measure is introduced. It is called the j -th column
distance, is denoted by dcj(C) and defined by

dcj(C) = min{wt(v[0,j](z)) | v(z) ∈ C and v0 6= 0},

where v[0,j] = v0 + v1z + . . .vjz
j represents the j-th truncation of the codeword v(z) ∈ C. The

two distance measures are related as follows:

dfree(C) = lim
j→∞

dcj(C).

Furthermore, Hutchinson, Rosenthal, Smarandache and Gluesing-Luerrsen [4, 8] observed that
the j-th column distance is upper bounded by

dcj(C) ≤ (n− k)(j + 1) + 1. (2.5)

If the column distance reaches the maximum for some j, it follows that dci (C) reaches the maxi-
mum for all i ≤ j, i.e., if dcj(C) = (n− k)(j + 1) + 1 for some j, then dci (C) = (n− k)(i+ 1) + 1
for all i ≤ j.

The maximum degree of all polynomials in the j-th column of G(z) is called the j-th column
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degree of G(z). It is denoted by δj . Note that the memory m of a generator matrix is the
maximum over all column degrees and that, unlike the degree, it is not an invariant. We call
the (m+ 1)-tuple (dc0(C), dc1(C), . . . , dcm(C)) the column distance profile of the code C.

Since all the column distances are smaller or equal than the free distance, there must be a
largest integer L for which dcL(C) can reach the bound (2.5) since

(n− k)(j + 1) + 1 ≤ (n− k)

(⌊
δ

k

⌋
+ 1

)
+ δ + 1

holds if and only if j ≤
⌊
δ

k

⌋
+

δ

n− k
.

Thus the desired integer is

L =

⌊
δ

k

⌋
+

⌊
δ

n− k

⌋
. (2.6)

Definition 2.3.3 ( [4,8]). An (n, k, δ)-convolutional code C with dcL(C) = (n− k)(L+ 1) + 1 is
called a maximum distance profile (MDP) code.

Therefore, an MDP convolutional code is characterized by column distances which are all
maximal. To characterize an MDP convolutional code algebraically, we first have to assume that
the generator matrix and the parity-check matrix are given in polynomial representation, namely
G(z) =

∑m
i=0Giz

i and P (z) =
∑ν

i=0 Piz
i, respectively. Secondly, for all j ≥ 0 we introduce two

block matrices

Gj =


G0 G1 · · · Gj

G0 · · · Gj−1
. . .

...
G0

 ∈ F(j+1)k×(j+1)n (2.7)

and

Pj =


P0

P1 P0

...
...

. . .

Pj Pj−1 · · · P0

 ∈ F(j+1)(n−k)×(j+1)n (2.8)

where Gj = O resp. Pj = O for j > ν.
The next theorem gives an algebraic characterization of MDP convolutional codes:

Theorem 2.3.4 ( [4], Theorem 2.4). Let Gj and Pj given by equations (2.7) and (2.8). Then
the following statements are equivalent:

a) dcj(C) = (n− k)(j + 1) + 1.

b) Every (j + 1)k × (j + 1)k full-size minor of Gj formed from the columns with indices
1 ≤ t1 ≤ · · · ≤ t(j+1)k, where tsk+1 > sn for s = 1, 2, . . . , j is nonzero.

c) Every (j + 1)(n− k)× (j + 1)(n− k) full-size minor of Pj formed from the columns with
indices 1 ≤ r1 ≤ · · · ≤ r(j+1)(n−k), where rs(n−k) ≤ sn for s = 1, 2, . . . , j is nonzero.

In particular, if j = L, then C is an MDP convolutional code.
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Note that we need the index conditions to guarantee that we only have to check those minors
that are not trivially zero.

A convolutional code that satisfies the conditions of the previous theorem is said to have the
MDP property [22].

2.4 Convolutional codes: systems theory point of view

This section introduces an additional representation of convolutional codes. It is mostly sum-
marized from [17] and [21].

Definition 2.4.1. Consider the matrices A ∈ Fδ×δ, B ∈ Fδ×k, C ∈ F(n−k)×δ and D ∈ F(n−k)×k.
A rate k/n convolutional code C of degree δ can be described by the linear system governed
by the equations

xt+1 = Axt +But

yt = Cxt +Dut

vt =

(
yt
ut

)
x0 = 0. (2.9)

We call xt ∈ Fδ the state vector, ut ∈ Fk the information vector, yt ∈ Fn−k the parity
vector and vt ∈ Fn the code vector, each at time t. This system is known as the input-
state-output representation of C.

Let j be a positive integer, then the matrices

Φj(A,B) =
[
B AB A2B · · · Aj−2B Aj−1B

]
and

Ωj(A,C) =



C
CA
CA2

...
CAJ−2

CAj−1


are called the controllability and observability matrices of the system, respectively. We call
(A,B) a controllable pair if rank Φδ(A,B) = δ. The controllability index of (A,B) is defined
by the smallest integer κ such that rank Φκ(A,B) = δ. The pair (A,C) is called observable
if rank Ωδ(A,C) = δ and the smallest integer µ such that rank Ωµ(A,C) = δ is called the
observability index of (A,C).

Remark 2.4.2. If (A,B) forms a controllable pair, it is possible to map a given state vector to
any other state vector in a finite number of steps. If (A,C) forms an observable pair, then it is
possible to determine the state vector of the system at time t0 by observing a finite number of
outputs starting with t0. 2
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In the rest of the thesis we simply assume that (A,B) is a controllable pair and (A,C) is
an observable pair. Such an input-state-output representation (A,B,C,D) is called a minimal
realization and the associated δ is known as the McMillan degree that achieves its minimum
value.

The aforementioned distance measures in Section 2.3 can also be defined in the case of
input-state-output representation of the code. For the free distance, we get

dfree(C) = min

{ ∞∑
t=0

wt(yt) +
∞∑
t=0

wt(ut)

}
,

where the minimum is taken over all possible nonzero codewords and where wt denotes the
Hamming weight. If we truncate the codewords at the j-th iteration of the system, we get the
j-th column distance

dcj(C) = min
u0 6=0

{
j∑
t=0

wt(yt) +

j∑
t=0

wt(ut)

}
.

If we iterate the equations of the system (2.9), we get a description of the behavior of the
system starting at any instant t:


yt
yt+1
...

yγ−1
yγ

 =


C
CA
...

CAγ−t−1

CAγ−t

xt +


D
CB D
...

. . .

CAγ−t−2B CAγ−t−3B · · · D
CAγ−t−1B CAγ−t−2B · · · CB D




ut
ut+1

...
uγ−1
uγ

 (2.10)

together with the evolution of the state

xλ = Aλ−txt +
[
Aλ−t−1B · · · AB B

]  ut
...

uλ−1

 , λ = t+ 1, t+ 2, . . . , γ + 1. (2.11)

The equation (2.10) is called the local description of trajectories. It contains a block lower
triangular Toeplitz matrix that we denote by

Fj =


F0

F1 F0

F2 F1 F0

...
...

. . .
. . .

Fj Fj−1 · · · F1 F0

 =


D
CB D
CAB CB D
...

...
. . .

. . .

CAj−1B CAj−2B · · · CB D

 . (2.12)

The importance of this matrix can be recognized through the following theorem:
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Theorem 2.4.3 ( [8], Theorem 2.4). Let C be an (n, k, δ)-convolutional code described by ma-
trices (A,B,C,D) and consider the block Toeplitz matrix Fj introduced in (2.12). Then C has
j-th column distance dcj(C) = (n − k)(j + 1) + 1 if and only if there are no zero entries in Fj,
0 ≤ i ≤ j, and every minor of Fj which is not trivially zero is nonzero.

This theorem shows how the matrix in (2.12) is related to the maximality of the column distances
of the code. Therefore, we get an algebraic criterion for an MDP convolutional code. Moreover,
note that the theorem implies the superregularity of Fj .

Corollary 2.4.4 ( [8], Corollary 2.5). Let L =
⌊
δ
k

⌋
+
⌊

δ
n−k

⌋
. Then, the matrices (A,B,C,D)

generate an MDP (n, k, δ)-convolutional code, if and only if, the matrix FL has the property that
every minor which is not trivially zero is nonzero.

In order to formulate a criterion for an MDP convolutional code only with full size minors,
we are able to make some transformations on the equation (2.10). By considering x0 = 0 we
receive


D
CB D

−I CAB CB D
...

...
. . .

. . .

CAL−1B CAL−2B · · · CB D





y0
y1
...
yL

u0

u1

...
uL


= 0. (2.13)

Then Corollary 2.4.4 can be reformulated into the following property.

Corollary 2.4.5. An (n, k, δ)-convolutional code C having an MDP if and only if each of the
(L + 1)(n − k) × (L + 1)(n − k) not trivially zero full size minors of the matrix [−I | FL] in
(2.13) is nonzero.

2.5 Construction of MDP convolutional codes

This section shows how to construct MDP convolutional codes with block upper triangular
superregular Hankel matrices. Subsection 2.5.1 presents the procedure in the case of module
representation. Subsection 2.5.2 explains the input-state-output representation.

2.5.1 Module point of view

In order to get an MDP convolutional code from the point of view of modules, we have to
think about how to construct its parity check matrix. Firstly, we have to choose an arbitrary
(L + 1)(n − k) × (L + 1)k block lower triangular superregular Toeplitz matrix T . Afterwards,
we form the matrix P̂L = [I(L+1)(n−k)|T ]. The matrix PL is of the form given in equation

(2.8) which we obtain from P̂L by left multiplication with a suitable invertible matrix and by
column permutations [9,22]. The matrix PL is the parity check matrix of an MDP convolutional



18 CHAPTER 2. PRELIMINARIES

code, because the nonzero minors of any size of the block lower triangular superregular matrix T
translate into nonzero full size minors of PL which shows the MDP property (Theorem 2.3.4) [22].

In this thesis we are interested in constructing MDP convolutional codes using Hankel ma-
trices. To make this possible, we choose an arbitrary (L + 1)(n − k) × (L + 1)k block upper
triangular superregular Hankel matrix. Subsequently, we apply Lemma (2.1.15) to get a block
lower triangular superregular Toeplitz matrix. Then we proceed as explained above.

Example 2.5.1. We want to construct an MDP (3, 2, 1)-convolutional code over F5 using a
Hankel matrix. Since L = 1, we have to find a 2× 4 block upper triangular superregular Hankel
matrix with blocks of size 1× 2. We take the matrix introduced in Example (2.1.7):

H =

[
4 2 3 1
3 1 0 0

]
∈ F2×4

5

and the associated block lower triangular superregular Toeplitz matrix is

T =

[
3 1 0 0
4 2 3 1

]
∈ F2×4

5

Then we get

P̂1 =

[
1 0 3 1 0 0
0 1 4 2 3 1

]
∈ F2×6

5 .

P1 must be of the form

P1 =

[
P0 O
P1 P0

]
∈ F2×6

5 .

The blocks Pi are of size 1× 3. If we swap columns 2 with 4 and 5 with 6 in P̂1, we get

P1 =

[
1 1 3 0 0 0
0 2 4 1 1 3

]
∈ F2×6

5 .

All 2× 2 full size minors of P1 formed from the columns with indices 1 ≤ r1 ≤ r2, where r1 ≤ 3
are nonzero. Theorem (2.3.4) implies that P1 is the parity check matrix of a (3, 2, 1) MDP
convolutional code. 2

2.5.2 System theory point of view

Constructing an MDP convolutional code in the input-state-output representation, we are inter-
ested in applying Corollary 2.4.4. Therefore, we choose a block lower triangular Toeplitz matrix
FL that is superregular. Since FL is of the form

FL =


D
CB D
CAB CB D
...

...
. . .

. . .

CAL−1B CAL−2B · · · CB D

 .

we can find all matrices A,B,C and D that describe the input-state-output representation of
an MDP convolutional code. Note again that when we start with a block upper triangular
superregular Hankel matrix, we first have to make a transformation described in Remark 2.1.15
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in order to get an appropriate Toeplitz matrix.

Example 2.5.2. We would like to construct an MDP (3, 2, 1)-convolutional code over F5 that is
represented in the input-state-output system. In order to apply Corollary 2.4.4 and since L = 1
we need a 2 × 4 block lower triangular superregular Toeplitz matrix with blocks of size 1 × 2.
For simplicity, we choose the matrix shown in Example 2.1.14. Therefore, we have

F1 =

[
F0 O
F1 F0

]
=

[
D O
CB D

]
=

[
3 1 0 0
4 2 3 1

]
∈ F2×4

5 .

We immediately see that
D =

[
3 1

]
and for A ∈ F1×1

5 we conveniently take

A =
[
1
]
.

Since B ∈ F1×2
5 and C ∈ F1×1

5 we choose

B =
[
2 1

]
and C =

[
2
]
.

Hence, (A,B,C,D) defines an MDP (3, 2, 1)-convolutional code over F5. 2

2.6 Extension fields

Definition 2.6.1 ( [11]). Let F be a field. A subset K of F that is itself a field under the
operations of F will be called a subfield of F . In this context, F is called an extension field
of K.

Theorem 2.6.2 ( [11], Subfield Criterion). Let Fq be the finite field with q = ps elements. Then
every subfield of Fq has order pt, where t is a positive divisor of s. Conversely, if t is a positive
divisor of s, then there is exactly one subfield of Fq with pt elements.

Theorem 2.6.3. If the upper triangular Hankel matrix H is superregular over Fpt and if s is a
positive multiple of t, then it is superregular over Fps, too.

Proof. If t is a positive divisor of s then it follows from the Subfield Criterion that Fpt is a
subfield of Fps or in other words, Fps is an extension field of Fpt . Hence, they have the same
characteristic as well. The field operations of the subfield are inherited from the extension
field. Therefore, all proper submatrices which have nonzero determinant over the subfield, have
nonzero determinant over the extension field, too. �

2.7 Additional Definitions

Definition 2.7.1. In this thesis, an array is an ordered list of elements of finite fields. A
two-dimensional array is an array where their elements are again arrays. These contained
arrays do not have to be of the same length.
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Definition 2.7.2. An upper triangular Hankel array is a two-dimensional array of the form

Hq :

b0 b1 b2 · · · bq−2 bq−1

b1 b2 . .
.

bq−1

b2 . .
.
bq−1

... . .
.

. .
.

bq−2 bq−1
bq−1

where the first row is of length q, the second row is of length q − 1, etc. Hence, the right lower
half of the array is unfilled.

These definitions are only relevant for the beginning of Chapter 3.



Chapter 3

Properties

Roth and Seroussi [19] showed in 1985 how to construct upper triangular arrays over the finite
field F which have the Hankel structure and satisfy the condition that every square submatrix
is nonsingular. Note that in general, arrays, unlike matrices, do not contain rows of the same
length. The next theorem states the construction. Further details can be found in [19].

Theorem 3.0.3 ( [19], Theorem 5). Let β be an element of Fq2 such that βq+1 is the smallest
positive power of β that lies in Fq and let P (x) = x2 + µx + η be the minimal polynomial of β
in Fq. Let {σi}i≥−2 be the sequence over Fq defined by the linear recursion

σi + µσi−1 + ησi−2 = 0, i ≥ 0,

with initial conditions σ−2 = − 1
η and σ−1 = 0. Let Hq denote the upper triangular Hankel array

Hq :

b0 b1 b2 · · · bq−2 bq−1

b1 b2 . .
.

bq−1

b2 . .
.
bq−1

... . .
.

. .
.

bq−2 bq−1
bq−1

where bi = 1
σi

for all 0 ≤ i ≤ q − 1. Then every square submatrix of Hq is nonsingular.

A crucial observation we have already seen in the preliminaries is that the upper triangular
Hankel array Hq is not a matrix where the unfilled entries are zero. Therefore, the square
submatrices of Hq are constructed only by the values b0, . . . , bq−1 and do not overlap with the
main antidiagonal. Unfortunately, we cannot expand this theorem to the case where Hq is a
matrix where the right lower half is filled with zeros. In fact, we would have an upper triangular
Hankel matrix, but this matrix is not superregular in general, as the following counterexample
shows:

21
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Counterexample 3.0.4. For q = 5 we get from [19]

H5 :

1 4 4 2 4
4 4 2 4
4 2 4
2 4
4

using the primitive polynomial P (x) = x2 +x+ 2. Consider the upper triangular Hankel matrix

H5 =


1 4 4 2 4
4 4 2 4 0
4 2 4 0 0
2 4 0 0 0
4 0 0 0 0


and look at the submatrix

S =

1 4 2
4 4 4
4 2 0

 .
Unfortunately, S has determinant zero and thus H5 is not superregular. 2

Nevertheless, this theorem has prompted us to study the construction and properties of upper
triangular superregular Hankel matrices more deeply. In the following section we are interested
in finding an upper bound for the size of upper triangular superregular Hankel matrices over a
fixed finite field.

3.1 Upper bound of the size of superregular Hankel matrices

3.1.1 Motivation

We have seen in the preliminaries that there is a so-called MDS conjecture (Conjecture 2.2.5)
in the case of linear MDS block codes. It provides information about the maximum achievable
length of a linear MDS block code of dimension k over the finite field Fq.

In this section, we try to develop something similar. One is interested in finding the largest
γ such that a γ × γ upper triangular superregular Hankel matrix over a given finite field Fps
exists. We denote this largest size by L(p, s).

In the following subsection, we find an upper bound for γ and hence for L(p, s).

3.1.2 A first bound

In this subsection we derive a formula which gives an upper bound of the size of an upper trian-
gular superregular Hankel matrix over a fixed finite field. This can be achieved by considering
proper 2× 2 submatrices.

Let Fps be an arbitrary but fixed finite field. Let H be an upper triangular Hankel matrix
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of size γ. If H is of the form

H =



x x

x x


for an arbitrary x ∈ F×ps then there is a proper 2 × 2 submatrix S =

(
x x
x x

)
, where all entries

are equal and therefore, its determinant is zero and H is not superregular. In the following,
we want to investigate this type of upper triangular Hankel matrices. We claim that if the size
of the matrix is big enough, we can always find a proper 2 × 2 submatrix where all entries are
identical.

Due to the Hankel structure, the above matrix can be represented as

H =



x x x x

. .
.

. .
.

x x


where the number of entries between the first and the second and between the third and the
fourth occurrence of x in row 1 are equal. Since an upper triangular Hankel matrix is determined
by the entries of the first row, we conclude that if

H[ x ∗ · · · ∗︸ ︷︷ ︸
length1

x x ∗ · · · ∗︸ ︷︷ ︸
length2

x ]

where length1 = length2 then H is not superregular.

Let x be an element of the first row of H. Let Mx be the set of ordered pairs where the first
entry describes the index of the entry x in the first row of the Hankel matrix, which has the
property that on the right the entry x appears again. The number of entries between these two
x, increased by 1, is stored in the second entry of the pair. More precisely,

Mx = {(i, j) ∈ N2
>0 | hi = x ∧ hi+j = x}

if H[h1, h2, . . . , hγ ].

The number of occurrences of the entry x is stored in

Ax = #{i | hi = x}.

It is clear that 0 ≤ Ax ≤ γ.

Therefore, the cardinality of Mx is

|Mx| =
(
Ax
2

)
=
Ax(Ax − 1)

2
.
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From
∣∣F×ps∣∣ = ps − 1 it follows that

max{Ax | x ∈ F×ps} ≥
⌈

γ

ps − 1

⌉
. (3.1)

The lower bound is achieved when the entries in the first row satisfy

max{|Ax −Ay| : x, y entries of H} ≤ 1.

Consider the projection of Mx onto the second entry

pr2 : Mx → N>0 , (i, j) 7→ j

where the image is a subset of {1, . . . , γ − 1}.

Lemma 3.1.1. If there exists an entry x ∈ F×ps in the first row of H such that |Mx| ≥ γ, then
H is not superregular.

Proof. If |Mx| ≥ γ, then the projection pr2 is not injective. This implies that there are two
different elements in Mx that are mapped to the same value. In our context, this means that
there are at least four occurrences of x in the first row with the property that the number of
entries between the first two and the last two x’s are equal. This in turn means that there is
a proper 2× 2 submatrix where all entries are identical, hence the determinant is zero and the
upper triangular Hankel matrix is not superregular. �

The following theorem gives an upper bound for the size of an upper triangular superregular
Hankel matrix.

Theorem 3.1.2. If H is a γ × γ upper triangular superregular Hankel matrix with entries in
Fps, then

γ ≤

((ps − 1)
√

2 +
√

2(ps − 1)2 + 4(ps − 1)

2

)2
 .

It follows that

L(p, s) ≤

((ps − 1)
√

2 +
√

2(ps − 1)2 + 4(ps − 1)

2

)2
 .

Proof. First, we want to apply Lemma 3.1.1. We need to analyse when we get the case |Mx| ≥ γ
for an x in the first row of H to be sure that there is no γ × γ superregular Hankel matrix. Let
x be an entry of the first row such that Ax = max{Ay | y ∈ F×ps}. Then,

|Mx| =
Ax(Ax − 1)

2
≥

⌈
γ

ps−1

⌉(⌈
γ

ps−1

⌉
− 1
)

2
≥

(
γ

ps−1 − 1
)2

2

!
≥ γ

where the first inequality is a consequence of the inequality (3.1). Equivalently transforming the
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last inequality yields

γ

ps − 1
− 1 ≥

√
2γ

γ ≥ (ps − 1)(
√

2γ + 1)

m2 ≥ (ps − 1)(
√

2m+ 1) (m :=
√
γ)

0 ≥ −m2 + (ps − 1)
√

2m+ (ps − 1)

m ≥
(ps − 1)

√
2 +

√
2(ps − 1)2 + 4(ps − 1)

2
(m ∈ R+)

γ = m2 ≥

(
(ps − 1)

√
2 +

√
2(ps − 1)2 + 4(ps − 1)

2

)2

.

Since γ describes the size of the matrix, it must be a natural number. Therefore, if

γ ≥


(

(ps − 1)
√

2 +
√

2(ps − 1)2 + 4(ps − 1)

2

)2
 ,

there is no γ × γ upper triangular superregular Hankel matrix over Fps . By reversing this
statement we obtain the claim. �

Example 3.1.3. We apply Theorem 3.1.2 to the finite field F3 = {0, 1, 2}:

γ ≤

((31 − 1)
√

2 +
√

2(31 − 1)2 + 4(31 − 1)

2

)2
 = b11.7c = 11.

Thus, there is no 12× 12 or bigger upper triangular Hankel matrix over F3 that is superregular.
In order to better understand this bound, we try to systematically construct an upper triangular
Hankel matrix as big as possible. For that, we only want to avoid the case in which the Hankel
matrix does not contain a proper 2× 2 submatrix with identical entries. Below we illustrate all
possibilities for the first row of the Hankel matrix. In F3 we only have two options for the entries,
namely 1 and 2. We assume that the first entry of the row is 1. Starting with 2 corresponds to
all possibilities for a row starting with 1 multiplied with 2. This would not affect the size of the
matrix and hence neither the bound.

1

1 2
1 2 2 -
2 1 2 1 -

2
1

1 2 2 -
2 2 1 1 -

2 1
1 2 1 2 -
2 1 1 -

If we choose 1 for the first and the second entry of the row, we have to choose 2 for the third
entry, since otherwise we get two pairs (1, 1) and (2, 1) (in the notation of Mx = M1) with the
same number of entries in between. Then for the fourth entry we can choose either 1 and 2. If
we choose 1, then we have to select 2 for the fifth entry. Otherwise, we would get the pairs (1, 1)
and (4, 1). In the sixth entry, we have to choose 2 again, in order to avoid getting pairs (2, 2)
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and (4, 2). We are not able to fill the seventh entry, because if we choose 1, then we get pairs
(1, 3) and (4, 3) and if we choose 2, then we receive pairs (5, 1) and (6, 1). All other possibilities
are constructed using similar arguments. Therefore, we get the bound 8 which is consistent with
the upper bound we have computed.

Below there is a table of finite fields of up to 11 elements and the corresponding bounds
resulted from Theorem 3.1.2:

Field Bound

F2 3

F3 11

F4 = F22 23

F5 39

F7 83

F8 = F23 111

F9 = F32 143

F11 219

Table 3.1: Bounds achieved through Theorem 3.1.2

2

Tomás studied in her dissertation [21] upper triangular superregular Toeplitz matrices. She
presented a table (Table 3.2) that gives information about the minimum field sizes needed for
constructing superregular Toeplitz matrices. Since superregular Toeplitz matrices are related to
superregular Hankel matrices (see Remark 2.1.15), we may adopt the minimum field sizes that
are necessary to find a superregular Hankel matrix.

matrix size min. field size

4× 4 5

5× 5 7

6× 6 11

7× 7 17

8× 8 31

9× 9 59

10× 10 ≤ 127

Table 3.2: Minimum necessary field sizes [21]

We may rewrite the above table such that we have the dependence between the finite field
and the largest size for an upper triangular superregular Hankel matrix.

field Fps largest integer L(p, s)

F5 4

F7 5

F8 5

F9 5

F11 6

Table 3.3: Rewritten Table 3.2
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If we compare these values with the bounds achieved in Table 3.1, we notice that the bounds
are quite far away from the exact value (see Table 3.4).

Field Bound largest integer
L(p, s)

F2 3

F3 11

F4 23

F5 39 4

F7 83 5

F8 111 5

F9 143 5

F11 219 6

Table 3.4: Assembled Table 3.1 and Table 3.3

3.1.3 Improvement

The bound which we presented in Theorem 3.1.2 could be improved if we consider proper 2× 2
submatrices with determinant zero which do not only contain identical entries. A submatrix
S =

( s1,1 s1,2
s2,1 s2,2

)
has determinant zero if the rows (or columns) are linearly dependent. This means

if the scalar λ ∈ F× with s1,1 = λs2,1 also fulfil the equation s1,2 = λs2,2. When we want to
proceed analogously as in Subsection 3.1.2, we will fail, because it is not clear how to construct
an analogous set to Mx and we do not find a similar statement to Lemma 3.1.1, which we need
for the theorem.

Therefore, finding a better estimation remains an open question.





Chapter 4

Construction Algorithm

This chapter illustrates how we are able to construct upper triangular superregular Hankel
matrices over finite fields. We want to get a list of all upper triangular superregular Hankel
matrices of all sizes up to a given bound and over an arbitrary, but fixed finite field. Therefore,
we limit ourselves to the case of block size 1× 1 and consequently n = 2, k = 1. We focus only
on those Hankel matrices which have the neutral element with respect to the multiplication of
the finite field in each entry of the main antidiagonal. The reason why we do so, is because we
have the following proposition.

Proposition 4.0.4. If H is an upper triangular superregular Hankel matrix over F, then αH
is an upper triangular superregular Hankel matrix over F, too, for all α ∈ F×.

Proof. Let S be an arbitrary proper submatrix of H which is of size t and has a nonzero
determinant. The according submatrix of αH is αS which is proper, too. The determinant of
αS is as well nonzero, since det(αS) = αt det(S) with α 6= 0 and det(S) 6= 0, and because units
are non-zero-divisors. �

We have to keep in mind that in the end we have to multiply the superregular matrices with
every element of F× in order to receive the complete list.

A brute-force algorithm would be the easiest to implement, since it just generates all upper
triangular Hankel matrices of a given size and checks all determinants of their proper submatri-
ces. However, this would be computationally highly inefficient.

Therefore, our goal is to find an algorithm with a higher computational efficiency. We thus
consider the following proposition.

Proposition 4.0.5. Let Hold be an upper triangular Hankel matrix

Hold =


hγ · · · h2 h1
... . .

.
. .
.

0

h2 h1 . .
. ...

h1 0 · · · 0

 ∈ Fγ×γ .

If the upper triangular Hankel matrix

29
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Hnew =


hγ+1 Hold
...
h2
h1 0 · · · 0

 ∈ F(γ+1)×(γ+1)

is superregular, then Hold is superregular, too.

Proof. (Contraposition) If Hold is not superregular, then there exists a proper submatrix S that
has determinant zero. Since S is also a proper submatrix of Hnew, it follows that Hnew is not
superregular, neither. �

The converse of the above proposition does not hold. However, the idea of constructing
an upper triangular superregular Hankel matrix from an upper triangular superregular Hankel
matrix, which is one size smaller, is very useful since most of the proper submatrices are already
checked in terms of the determinant.

The following subsection explains how we proceed in constructing the algorithm and presents
it accordingly. For simplicity, we use the same notation as MAPLE for the pseudo codes.

4.1 Remaining Proper Submatrices

We are in the situation where we have a (γ + 1) × (γ + 1) upper triangular Hankel matrix
Hnew where the nested γ × γ upper triangular Hankel matrix Hold is superregular. The main
antidiagonal is filled with the neutral element. It is not clear, whether Hnew is superregular. We
will always demonstrate our thoughts for the case γ = 4:

Hnew =


h4 h3 h2 h1 1
h3 h2 h1 1 0
h2 h1 1 0 0
h1 1 0 0 0
1 0 0 0 0

 ∈ F5×5, Hold =


h3 h2 h1 1
h2 h1 1 0
h1 1 0 0
1 0 0 0

 ∈ F4×4.

We have to think about which proper submatrices of Hnew are left to check. Thus, we
construct a procedure called remainingProperSubmatrix which returns a list of information
about the row and column indices that creates proper submatrices, whose determinant have not
yet been checked. The elements of this list are again lists. These lists are of length two, where
the first entry gives a list of row indices I and the second entry a list of column indices J of the
same lengths. Hence the returned list looks like:

[ list I1 list J1 list I2 list J2 . . . list Ir list Jr ]

where each element list Ii list Ji generates a proper submatrix which is not a proper
submatrix of Hold.

We only have to concentrate on those submatrices where the first column or the last row
of Hnew is involved. Otherwise, we would get a submatrix of Hold. The last row only contains
one entry which is nonzero and this entry is stored in the first column. If we choose the last
row among others, but not the first column to construct the submatrix, we do not get a proper
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submatrix since its last row only contains zeros and therefore the determinant of the submatrix
is trivially zero.

Example 4.1.1. I = {1, 2, 5}, J = {2, 3, 4} we get HIJ =
(
h3 h2 h1
h2 h1 1
0 0 0

)
which has trivially zero

determinant. 2

We can deduce that the first column always has to be taken, if we want to construct an
additional proper submatrix.

If we do not choose the first row for the submatrix, we get a proper submatrix of Hold, since
– thanks to the Hankel structure – it is the same submatrix which we would get after moving
one entry to the right and one up. Its determinant is, therefore, already nonzero.

Example 4.1.2. I = {2, 3}, J = {1, 3} we get HIJ =
(
h3 h1
h2 1

)
but if I ′ = {1, 2}, J ′ = {2, 4}

then HI′J ′ = HIJ and HI′J ′ is a proper submatrix of Hold. 2

We are again able to reduce the number of missing proper submatrices by conditioning
that we always have to choose the first row as well as the first column for constructing a new
proper submatrix. This means that the submatrices must involve the only additional entry
hγ = Hnew[1, 1].

If we choose the last row or the last column we get a new proper submatrix. This resulting
submatrix has (1, 0, . . . , 0) as its last row or (1, 0, . . . , 0)T as its last column. In the first case,
we can apply Laplace’s formula in which we expand along to the last row. It follows that
the determinant is ±1 multiplied with the determinant of nested submatrix of the submatrix.
This nested submatrix is a proper submatrix with nonzero determinant of Hold. Hence, the
determinant is nonzero.

Example 4.1.3. I = {1, 3, 5}, J = {1, 2, 3} we get HIJ =
(
h4 h3 h2
h2 h1 1
1 0 0

)
where

detHIJ = 1 · det
(
h3 h2
h1 1

)
︸ ︷︷ ︸

6=0

6= 0. 2

The second case is analogous. We are again able to reduce the number of proper submatrices
that have to be checked, as we always have to take the first row and the first column, but never
the last row and the last column.

The following remarks show how we can reduce this even further.

Remark 4.1.4. At the moment we would check the following 2× 2 proper submatrices in our
example:

H[1,2]
[1,2] =

[
h4 h3
h3 h2

]
,H[1,2]

[1,3] =

[
h4 h2
h3 h1

]
,H[1,2]

[1,4] =

[
h4 h1
h3 1

]
,

H[1,3]
[1,2] =

[
h4 h3
h2 h1

]
,H[1,3]

[1,3] =

[
h4 h2
h2 1

]
,H[1,3]

[1,4] =

[
h4 h1
h2 0

]
,

H[1,4]
[1,2] =

[
h4 h3
h1 1

]
,H[1,4]

[1,3] =

[
h4 h2
h1 0

]
,H[1,4]

[1,4] =

[
h4 h1
h1 0

]
.
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We notice that for every submatrix in this list, its transposed matrix is stored in the list, too.
Since the determinant of a matrix is the same as the determinant of its transposed one, we only
need to check one of them which means that we only have to check HIJ and not HJI = (HIJ)T .
We skip the one submatrix HIJ of the two with I >lex J , where >lex is the lexicographical order.

Therefore, the 2× 2 submatrices H[1,2]
[1,2], H

[1,2]
[1,3], H

[1,2]
[1,4], H

[1,3]
[1,3], H

[1,3]
[1,4], H

[1,4]
[1,4] remain to check. 2

Remark 4.1.5. If the first entry in the last row of a proper submatrix is nonzero, but the
second one is zero, then all remaining entries in that row are zero, too. In this case, we know
by Laplace that the determinant is nonzero. Therefore, a triangular submatrix has always a
nonzero determinant.

In summary, this means that if we have a proper m×m submatrix HIJ with

im + j2 ≥ γ + 3 (4.1)

then we skip it. 2

In order to get an algorithm to find these proper 2 × 2 submatrices in the general case,
we proceed as follows. Possible row and column indices are [1, 2], [1, 3], [1, 4], . . . , [1, γ]. First,
we systematically write down all combinations with row indices [1, 2]. The root of the trees
expresses the row indices. The children stand for the column indices.

[1, 2]

[1, 2] [1, 3] [1, 4] [1, γ − 2] [1, γ − 1] [1, γ]

All these combinations describe proper 2×2 submatrices which we have to check. In the following
we highlight submatrices that do not have to be checked in red.
In the case of row indices [1, 3], we have

[1, 3]

[1, 2] [1, 3] [1, 4] [1, γ − 2] [1, γ − 1] [1, γ]

The submatrix highlighted on the left side is the transpose of a submatrix that is already checked
(Remark 4.1.4). The one on the right side is a triangular matrix (Remark 4.1.5).
In the case of row indices [1, 4], we have

[1, 4]

[1, 2] [1, 3] [1, 4] [1, γ − 2] [1, γ − 1] [1, γ]

The two highlighted submatrices on the left are again the transposes of submatrices of previous
cases. The ones on the right describe triangular matrices.

Now we see what is left to check: For each pair of row indices [1, i], i ∈ {2, . . . , γ}, we start
with column indices [1, i] and proceed until the criterion for triangular matrices, inequality (4.1),
is not fulfilled anymore.

Let us have a look at how it works for 3× 3 submatrices.

Remark 4.1.6. In the case of proper 3×3 submatrices, there is the same phenomenon with the
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transposed submatrices, where we can directly skip the transposed submatrices and go ahead.
We get the checking list

H[1,2,3]
[1,2,3] =

h4 h3 h2
h3 h2 h1
h2 h1 1

 ,H[1,2,3]
[1,2,4] =

h4 h3 h1
h3 h2 1
h2 h1 0

 ,H[1,2,3]
[1,3,4] =

h4 h2 h1
h3 h1 1
h2 1 0

 ,
H[1,2,4]

[1,2,4] =

h4 h3 h1
h3 h2 1
h1 1 0

 ,H[1,2,4]
[1,3,4] =

h4 h2 h1
h3 h1 1
h1 0 0

 ,H[1,3,4]
[1,3,4] =

h4 h2 h1
h2 1 0
h1 0 0

 .
The last submatrix H[1,3,4]

[1,3,4] is a triangular matrix which implies that the determinant is nonzero.

Therefore, we can skip this submatrix. The determinant of the second last submatrix H[1,2,4]
[1,3,4] is,

by Laplace, h1 · det
(
h2 h1
h1 1

)
. The result is nonzero, since

(
h2 h1
h1 1

)
is a proper submatrix with

nonzero determinant of the superregular matrix Hold.

Hence, the only proper 3×3 submatrices that have to be checked are H[1,2,3]
[1,2,3], H

[1,2,3]
[1,2,4], H

[1,2,3]
[1,3,4],

H[1,2,4]
[1,2,4]. 2

In order to get an algorithm for listing all proper 3× 3 submatrices in the general case, we
proceed as follows. Possible row and column indices are

[1, 2, 3], [1, 2, 4], [1, 2, 5], [1, 2, 6], . . . , [1, 2, γ − 1], [1, 2, γ],
[1, 3, 4], [1, 3, 5], [1, 3, 6], . . . , [1, 3, γ − 1], [1, 3, γ],

[1, 4, 5], [1, 4, 6], . . . , [1, 4, γ − 1], [1, 4, γ],
...

...
[1, γ − 2, γ − 1], [1, γ − 2, γ],

[1, γ − 1, γ].

the row indices are [1, 2, 3] we need to check all possibilities of column indices:

[1, 2, 3]

[1, 2, 3] [1, 2, 4] [1, 2, 5] [1, γ − 2, γ − 1] [1, γ − 2, γ] [1, γ − 1, γ]

If we have row indices [1, 2, 4] then

[1, 2, 4]

[1, 2, 3] [1, 2, 4] [1, 2, 5] [1, γ − 2, γ − 1] [1, γ − 2, γ] [1, γ − 1, γ]

On the left we get a submatrix that is the transpose of one in the previous case. On the right
we get a submatrix that is triangular. Consequently, we skip both of them.

Consider all the combinations with row indices [1, 2, 5]:
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[1, 2, 5]

[1, 2, 3] [1, 2, 4] [1, 2, 5] [1, γ − 3, γ] [1, γ − 2, γ − 1] [1, γ − 2, γ] [1, γ − 1, γ]

As always, the two submatrices on the left are the transposes of submatrices in previous cases.
The last three submatrices contain in its last row only one nonzero entry (Remark 4.1.5).

In our example, the last remaining proper submatrix that we have to check is

H[1,2,3,4]
[1,2,3,4] =


h4 h3 h2 h1
h3 h2 h1 1
h2 h1 1 0
h1 1 0 0

 .
The pseudo code of this procedure can be found in Algorithm 1. It requires as an input an

integer > 2 which describes the size of Hnew. It excludes sizes 1 and 2 since 1 × 1 resp. 2 × 2
upper triangular Hankel Matrices are always superregular.

We use some MAPLE-functions that have to be explained. The op() function extracts
operands from an expression. If u := [1, 4, 9] then op(u) = 1, 4, 9. The choose(n,m) function
returns a list of all combinations of the first n integers of size m, for example: choose(3, 2) =
[[1, 2], [1, 3], [2, 3]]. We use the notation + ∼ for element-wise addition. If l := [1, 2, 3] then
l+ ∼ 1 = [2, 3, 4].
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Algorithm 1 pseudo code to determine the remaining proper submatrices

1: procedure remainingProperSubmatrix(size)

2: //size ∈ N>2 (size of the Hankel matrix)

3: //returns a list with information which submatrices of the Hankel matrix we have to check

4: checkList := [ ] :

5: finalList := [ ] :

6: for r := 1→ size− 2 do

7: listcombi := [ ] :

8: list1 := choose(size− 2, r) :

9: listsize := numelems(list1) : . number of elements of list1

10: for m := 1→ listsize do

11: testlist := [1, op(list1[m]+ ∼ 1)] :

12: listcombi := [op(listcombi), testlist] :

13: end for

14: checkList := [op(checkList), listcombi] :

15: end for

16: listsize2 := numelems(checkList) :

17: for i1 := 1→ listsize2 do

18: listcombi := checkList[i1] :

19: listsize := numelems(listcombi) :

20: for i := 1→ listsize do

21: rows := listcombi[i] :

22: rlast := rows[i1 + 1] :

23: for j := i→ listsize do

24: cols := listcombi[j] :

25: c2 := cols[2] :

26: if (rlast + c2) < (size+ 2) then

27: finalList := [op(finalList), [rows, cols]] :

28: else

29: break . break the for-loop and go to step 31

30: end if

31: end for

32: end for

33: end for

34: return finalList

35: end procedure
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Example 4.1.7. remainingProperSubmatrix(5) = [[[1, 2], [1, 2]], [[1, 2], [1, 3]], [[1, 2], [1, 4]],
[[1, 3], [1, 3]], [[1, 2, 3], [1, 2, 3]], [[1, 2, 3], [1, 2, 4]], [[1, 2, 3], [1, 3, 4]], [[1, 2, 4], [1, 2, 4]],
[[1, 2, 3, 4], [1, 2, 3, 4]]] 2

Table 4.1 illustrates the importance of reducing the number of proper submatrices that have
to be checked. We compare three cases. In all the cases we assume that the upper triangular
Hankel matrix contains a superregular nested matrix. In the first case, we count the number
of proper submatrices, if we approach naively and if we do not consider the nested submatrix.
In the second case, we use the fact that the nested submatrix is superregular by knowing that
row 1 and column 1 always have to be taken. However, we do not yet take advantage of the
transposed submatrices and of Laplace’s formula. In the last case, we count the number of
proper submatrices that we get by applying Algorithm 1. In all the cases we do not count 1× 1
proper submatrices.

matrix size case 1 case 2 case 3

3 7 5 1

4 31 18 3

5 116 61 9

6 407 206 27

7 1401 703 86

8 4825 2430 288

9 16750 8501 1005

10 58730 30055 3612

Table 4.1: Comparison of the number of proper submatrices

4.2 Algorithm

This section presents the algorithm that prints a list of all upper triangular superregular Hankel
matrices of all sizes up to a given bound and over a fixed finite field. As already mentioned
in the introduction, we restrict to those matrices with the neutral element with respect to
the multiplication in every entry on the main antidiagonal. Algorithm 2 describes the main
algorithm that the user has to execute. Within this algorithm two auxiliary procedures are called;
the remainingProperSubmatrix procedure (Algorithm 1) that is indicated in the previous
subsection, and the GetBiggerSuperregularHankel procedure (Algorithm 3) that can be found
at the end of this subsection. In the algorithm we use the MAPLE-function H[i1..im, j1..jt] that

describes the same as H[i1,...,im]
[j1,...,jt]

.
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Algorithm 2 pseudo code of the main algorithm

1: procedure GetSuperregularHankel(smax,p,s)

2: //smax ∈ N

3: //p is prime, s ∈ N

4: //prints all upper triangular superregular Hankel matrices of size up to smax over Fps

5: H1 := Matrix(1) :

6: H1[1, 1] := 1 :

7: FF := GF (p, s) : . Let x s.t. 〈x〉 = FF×

8: L := [ ] :

9: for i := 3→ smax do

10: Ltemp := remainingProperSubmatrix(i) :

11: L := [op(L), Ltemp] :

12: end for

13: GetBiggerSuperregularHankel(smax,H1, p, s, FF, L) :

14: end procedure

As an input the user may give a natural number smax, a prime number p, and a natural
number s. We need p and s to specify over which finite field Fps we are working. With smax we
indicate the maximum size of the upper triangular superregular Hankel matrices we are looking
for.

In a first step, we construct the only 1×1 upper triangular superregular matrix H1 with the
neutral element with respect to the multiplication of the finite field, H1 =

(
1
)
.

In a second step, we construct a finite field FF of ps elements. We consider x as the generator
of the multiplicative group FF×.

In a third step, we want to generate a list that stores information about which proper
submatrices we have to check with reference to the determinant.

Now, we are ready to call the procedureGetBiggerSuperregularHankel(smax,H1, p, s, FF ).
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Algorithm 3 pseudo code of an auxiliary procedure for the main algorithm

1: procedure GetBiggerSuperregularHankel(smax,Hold,p,s,FF ,L)

2: //smax ∈ N

3: //Hold upper triangular superregular Hankel matrix with 1 on main antidiagonal

4: //p prime, s ∈ N, FF = Fps

5: //L = list of remaining proper submatrices, i.e. L[i] = remainingProperSubmatrix(i+2) for i ∈ {1, . . . , smax−2}

6: //prints all upper triangular superreglar Hankel matrices over FF of size up to smax where Hold is always

contained right above

7: sizeold := Size(Hold, 1) :

8: sizenew := sizeold + 1 :

9: Hnew := Matrix(snew) :

10: Hnew[1..sizeold, 2..snew] := Hold[1..sizeold, 1..sizeold] :

11: Hnew[2..sizenew, 1] := Hold[1..sizeold, 1] :

12: for pow := 0→ ps − 2 do

13: Hnew[1, 1] := xpow :

14: isSuper := true :

15: if sizenew 6= 2 then

16: listSubmat := L[snew − 2] :

17: listsize := numelems(listSubmat) :

18: for i2 := 1→ sizesize while (issuper = true) do

19: templist := listSubmat[i2] :

20: S := SubMatrix(Hnew, templist[1], templist[2]) :

21: D := Det(S) : . Determinant of S over FF

22: if D = 0 then . The zero element of FF

23: issuper := false :

24: end if

25: end for

26: end if

27: if issuper and (snew < smax) then

28: print(Hnew);

29: GetBiggerSuperregularHankel(smax,Hnew, p, s, FF, L) :

30: else if issuper and (snew = smax) then

31: print(Hnew);

32: end if

33: end for

34: end procedure

As an input for algorithm 3, we have (a) again smax for declaring the maximum matrix size,
(b) an upper triangular superregular Hankel matrix Hold, (c) p, s and FF to define the finite
field, and (d) the list L which contains lists with the information which proper submatrices we
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have to check for the appropriate matrix size.
The idea of this procedure is to construct and print upper triangular superregular Hankel

matrices Hnew where Hold is contained as a nested submatrix in the upper right corner.

Hnew =



? . . . ?

Hold
...

...
? . . . ?

? . .
.

1 0 · · · 0

? . .
.

0 0 · · · 0
1 0 0 0 · · · 0


∈ Fb×b where b ≤ smax

If we expand the size of Hold by one then we only need one additional entry Hnew[1, 1],
because of the Hankel structure. We choose a nonzero element such that the superregularity is
not jeopardized. We represent this element as a power of the generator x of the multiplicative
group of the finite field.

As a next step, we need to test out all remaining proper submatrices according to its de-
terminant. The information about them is stored in L. The construction of these submatrices
are done with the help of the function SubMatrix(H, r, c). It returns a matrix created by
using the entries of H that are in the intersection of the rows and columns specified by the
lists r and c. It is the same as the meaning of the notation Hr

c from the preliminaries. If
one of the proper submatrices have determinant zero, we stop and choose another element of
F×ps for Hnew[1, 1] that will test again according to the superregularity. Otherwise, we find a
new upper triangular superregular Hankel matrix. If the size has not yet reached smax, we
can expand the matrix again by one and proceed as before. To do so, we call the procedure
GetBiggerSuperregularHankel(smax,Hnew, p, s, FF, L) recursively.

The process of this procedure is illustrated below by a flow chart which describes the Algo-
rithm 3 non-recursively.
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Start

Hold (of size b <
smax, superregular)

t := b
pow := [0, . . . , 0] (of

length smax − b)

Hnew :=


0

Hold
?
...
?

1 0 · · · 0

Hold := Hnew

t := t + 1

e := pow[t − b]

Hnew[1, 1] := xe

Hnew su-
perregular?

e < ps − 2?
pow[t − b] :=
pow[t − b] + 1

Hnew :=
Hnew[1..t − 1, 2..t]

t := t − 1

t = b?

pow[t− b] <
ps − 2?

pow[t − b + 1] := 1

Stop

Print Hnewt < smax?

no

yes

no

yes

no

yes

no

yes

yes

no
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4.3 Results

Example 4.3.1. If we call getSuperreglarHankel(3, 2, 1), that means we want all upper tri-
angular superregular Hankel matrices over F2 up to size 3, we get the list

[
1
]
,

[
1 1
1 0

]
.

Since there is no nonzero element which is not one, these are the only upper triangular super-
regular Hankel matrices over F2.

If we want the list of all upper triangular superregular Hankel matrices over F3 up to size 4,
we call getSuperreglarHankel(4, 3, 1):

[
1
]
,

[
1 1
1 0

]
,

2 1 1
1 1 0
1 0 0

 , [2 1
1 0

]
,

2 2 1
2 1 0
1 0 0

 .
The multiplicative group of F3 only contains 2, besides 1. The remaining superregular matrices
are therefore: [

2
]
,

[
2 2
2 0

]
,

1 2 2
2 2 0
2 0 0

 , [1 2
2 0

]
,

1 1 2
1 2 0
2 0 0

 .
2

This example shows us that the minimum field size for 2× 2 and for 3× 3 upper triangular
superregular Hankel matrices is 2 and 3, respectively.

In the following, we give one example of an upper triangular superregular Hankel matrix for
each finite field. These matrices have the biggest possible size. This size is shown in Table 3.3
that can be found in Chapter 3. Notice, that all right upper nested submatrices are superregular,
too, so these are examples of upper triangular superregular Hankel matrices with lower size, too.
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field superregular matrix generator of F×ps

F4

x x 1
x 1 0
1 0 0

 x, s.t. x2 + x+ 1 = 0

F5


2 3 3 1
3 3 1 0
3 1 0 0
1 0 0 0

 3

F7


2 3 5 5 1
3 5 5 1 0
5 5 1 0 0
5 1 0 0 0
1 0 0 0 0

 5

F8


x x4 x x 1
x4 x x 1 0
x x 1 0 0
x 1 0 0 0
1 0 0 0 0

 x, s.t. x3 + x+ 1 = 0

F9


x x3 x x 1
x3 x x 1 0
x x 1 0 0
x 1 0 0 0
1 0 0 0 0

 x, s.t. x2 + x+ 2 = 0

F11



5 1 4 8 8 1
1 4 8 8 1 0
4 8 8 1 0 0
8 8 1 0 0 0
8 1 0 0 0 0
1 0 0 0 0 0

 8

F13



5 9 5 11 11 1
9 5 11 11 1 0
5 11 11 1 0 0
11 11 1 0 0 0
11 1 0 0 0 0
1 0 0 0 0 0

 11

F16



x8 x x4 x x 1
x x4 x x 1 0
x4 x x 1 0 0
x x 1 0 0 0
x 1 0 0 0 0
1 0 0 0 0 0

 x, s.t. x4 + x+ 1 = 0

F17



8 5 2 8 13 14 1
5 2 8 13 14 1 0
2 8 13 14 1 0 0
8 13 14 1 0 0 0
13 14 1 0 0 0 0
14 1 0 0 0 0 0
1 0 0 0 0 0 0


14

Table 4.2: Examples for upper triangular superregular Hankel matrices
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4.4 Improvement

In this subsection, we discuss how to speed up the runtime of the presented algorithms (Section
4.1 and 4.2).

Algorithm 1 describes the procedure of finding the remaining proper submatrices that have
to be checked with respect to the determinant for showing or disproving the superregularity of
upper triangular Hankel matrices. In this procedure, we consider for now only 2×2 submatrices.
We begin in the same way as described in Section 4.1. We have seen that after going to the
next row indices (lex order) there are less possibilities for column indices. In order to be precise,
two more combinations are omitted, one on the left hand side (due to the property of transpose
matrices) and one on the right hand side (due to Laplace’s formula). At the moment, we
check each combination with inequality (4.1). This generates computational inefficiencies that
could be avoided. By erasing two combinations of row and column indices after each step, no
combinations are left, when the amount of steps has reached half the size of the list that contains

all possible column indices. Hence, we can stop searching after considering row indices [1,
⌈
γ+1
2

⌉
]

in the case of (γ + 1)× (γ + 1) upper triangular Hankel matrices.

Note that, in the case of row indices [1,
⌈
γ+1
2

⌉
], there are two possibilities for column indices,

if γ is odd but only one if γ is even. Moreover, if γ is odd, we have

[1,
⌈
γ+1
2

⌉
]

[1, 2] [1,
⌈
γ+1
2

⌉
− 1] [1,

⌈
γ+1
2

⌉
] [1,

⌈
γ+1
2

⌉
+ 1] [1,

⌈
γ+1
2

⌉
] + 2 [1, γ]

since
⌈
γ+1
2

⌉
+
(⌈

γ+1
2

⌉
+ 1
)

= γ + 1 + 1 = γ + 2 < γ + 3

and
⌈
γ+1
2

⌉
+
(⌈

γ+1
2

⌉
+ 2
)

= γ + 1 + 2 = γ + 3 ≥ γ + 3.

If γ is even, then

[1,
⌈
γ+1
2

⌉
]

[1, 2] [1,
⌈
γ+1
2

⌉
− 1] [1,

⌈
γ+1
2

⌉
] [1,

⌈
γ+1
2

⌉
+ 1] [1, γ]

since
⌈
γ+1
2

⌉
+
⌈
γ+1
2

⌉
= γ + 2 = γ + 2 < γ + 3

and
⌈
γ+1
2

⌉
+
(⌈

γ+1
2

⌉
+ 1
)

= γ + 2 + 1 = γ + 3 ≥ γ + 3.

Finally, the improved version of Algorithm 1 can be found.
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Algorithm 4 revised pseudo code to determine the remaining proper submatrices

1: procedure remainingProperSubmatrix(size)

2: //size ∈ N>2 (size of the Hankel matrix)

3: //returns a list with information which submatrices of the Hankel matrix we have to check

4: checkList := [ ] :

5: finalList := [ ] :

6: for r := 1→ size− 2 do

7: listcombi := [ ] :

8: list1 := choose(size− 2, r) :

9: listsize := numelems(list1) : . number of elements of list1

10: for m := 1→ listsize do

11: testlist := [1, op(list1[m]+ ∼ 1)] :

12: listcombi := [op(listcombi), testlist] :

13: end for

14: checkList := [op(checkList), listcombi] :

15: end for

16: listcombi := checkList[1] :

17: listsize := numelems(listcombi) :

18: for i := 1→
⌊
listsize+1

2

⌋
do

19: rows := listcombi[i] :

20: if size mod 2 = 0 then . γ is odd

21: z :=
⌊
listsize+1

2

⌋
+ 1 :

22: else

23: z :=
⌊
listsize+1

2

⌋
:

24: end if

25: for j := i→ z do

26: cols := listcombi[j] :

27: finalList := [op(finalList), [rows, cols]] :

28: end for

29: end for

30: listsize2 := numelems(checkList) :

31: for i1 := 2→ listsize2 do

32: listcombi := checkList[i1] :

33: listsize := numelems(listcombi) :

34: for i := 1→ listsize do

35: rows := listcombi[i] :

36: rlast := rows[i1 + 1] :

37: for j := i→ listsize do

38: cols := listcombi[j] :

39: c2 := cols[2] :

40: if (rlast + c2) < (size+ 2) then

41: finalList := [op(finalList), [rows, cols]] :

42: else

43: break . break the for-loop and go to step 45

44: end if

45: end for

46: end for

47: end for

48: return finalList

49: end procedure
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Conclusion

This master’s thesis has analyzed upper triangular superregular Hankel matrices. In a first step,
we have found an upper bound of the size of upper triangular superregular Hankel matrices over
an arbitrary, but fixed finite field Fps , and this result seems to be new:

Theorem 3.1.2 If H is a γ × γ upper triangular superregular Hankel matrix with entries in
Fps, then

γ ≤

((ps − 1)
√

2 +
√

2(ps − 1)2 + 4(ps − 1)

2

)2
 .

We defined L(p, s) as the largest γ such that a γ × γ upper triangular superregular Hankel
matrix over a given finite field Fps exists. The bound given by Theorem 3.1.2 is therefore also
a bound for L(p, s). Unfortunately, this bound differs strongly from the value L(p, s). In Table
3.4 this is evident:

Field Bound largest integer
L(p, s)

F2 3

F3 11

F4 23

F5 39 4

F7 83 5

F8 111 5

F9 143 5

F11 219 6

Table 3.4: Assembled Table 3.1 and Table 3.3

The reason for this unsatisfying bound is that we only considered proper 2× 2 submatrices
of the form

(
x x
x x

)
. This means that if the size of an upper triangular Hankel matrix exceeds this

bound, then we will always get a proper submatrix of the form
(
x x
x x

)
which has determinant zero

and therefore the upper triangular Hankel matrix is never superregular. Since there are other

45
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possibilities for proper submatrices with determinant zero, it should be possible to improve this
bound. Hence, an opportunity for further research is to expand this study by considering more
general proper submatrices which have determinant zero, for example 2 × 2 submatrices with
linear dependent rows. A more general suggestion for research is to find a formula for L(p, s) for
all p and s. As mentioned in the preliminaries, upper triangular superregular Hankel matrices
are strongly related to the lower triangular superregular Toeplitz matrices. Therefore, all these
results and research topics can be used for Toeplitz matrices, too.

In a second step, we have proposed Algorithm 2 in order to get a list of all upper triangular
superregular Hankel matrices with the neutral element on the main antidiagonal up to a given
size and over an arbitrary, but fixed finite field. For sure, all entries above the main antidiagonal
are nonzero such that the superregularity is not jeopardized. In order to maintain computational
efficiency, it is important to proceed cleverly instead of a naive brute-force algorithm. The main
idea was to reuse already analyzed information and try to avoid analyzing the same thing
multiple times. Therefore, we used a recursive procedure: an already constructed n × n upper
triangular superregular Hankel matrix is taken as a nested submatrix of a new (n+ 1)× (n+ 1)
upper triangular Hankel matrix in the right upper corner. Since proper submatrices of the nested
submatrix are proper submatrices of the bigger one, too, and since all the proper submatrices
of the nested submatrix have a nonzero determinant, this implies that we do not have to check
these submatrices again.

Furthermore, we found out that row 1 and column 1 have to be chosen for constructing a
new proper submatrix. With this approach (Table 4.1, case 2) we are able to save almost half
of the computations in comparison to a naive brute-force algorithm (Table 4.1, case 1) when
considering a 10× 10 matrix.

matrix size case 1 case 2 case 3

3 7 5 1

4 31 18 3

5 116 61 9

6 407 206 27

7 1401 703 86

8 4825 2430 288

9 16750 8501 1005

10 58730 30055 3612

Table 4.1: Comparison of the number of proper submatrices

This result can be further improved if we benefit from the properties of the transpose and
of Laplace’s formula. Since the transpose of a proper submatrix is a proper submatrix, too,
and since the determinant of a matrix equals the determinant of its transpose, we only need
to check one of them. Moreover, whenever we get a proper submatrix where the last row or
the last column only has one entry that is nonzero, then we already know that this submatrix
has a nonzero determinant due to Laplace’s formula. Hence, we omit checking all those proper
submatrices. For the case of a 10 × 10 matrix this means we only have to analyze around 6%
of the proper submatrices (Table 4.1, case 3) compared to the brute-force algorithm (Table 4.1,
case 1). The whole process is visualized by a flow chart on page 40.

A suggestion for future research is to find a method for constructing upper triangular super-
regular Hankel matrices over a finite field (generalization of Theorem 3.0.3).
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